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Umemura quadric fibrations and maximal subgroups
of Cr,(C)

Enrica Floris and Sokratis Zikas

Abstract. We study the equivariant geometry of special quadric fibrations, called Umemura quadric
fibrations, as well as the maximality of their automorphism groups inside Cr, (C). We produce
infinite families of pairwise non-conjugate maximal connected algebraic subgroups of Cr; (C).

1. Introduction

We work over an algebraically closed field k of characteristic 0.

The Cremona group Cr, (k) is the group of birational transformations of the projec-
tive space P” over a field k. A classical problem in the theory of Cremona groups is the
classification of their maximal connected algebraic subgroups, that is, subgroups acting
rationally on P” that are maximal with this property (see [8, Definition 1.1] for the pre-
cise definition of a rational action). While maximal connected algebraic subgroups and
their classification are objects of interest by themselves, they also admit a nice geomet-
ric description: they correspond to automorphism groups of “highly symmetric” rational
varieties.

Enriques [9] classified maximal connected algebraic subgroups of Cr; (k) and showed
that they are conjugate to Aut®(S), where S = P2 or [F, with n # 1. In dimension 3 a
similar classification was obtained by Umemura in a series of four papers [19-22].

Blanc, Fanelli and Terpereau in [2, 3] used an approach based on the Minimal Model
Program MMP to recover most of the classification of Umemura. More precisely, if G
is a connected subgroup of Cr, (K) acting rationally on P”, then by Weil’s regularization
theorem there is a rational variety Z such that G acts regularly on Z. After running an
MMP on Z, we obtain a Mori fiber space X — S with X rational, together with a regular
action of G on X.

The group G is maximal if for every G-equivariant Sarkisov program from X /S to
another Mori fiber space Y/ T, the group Aut®(Y') coincides with G (see [11]). The groups
appearing in the classification of maximal subgroups of Cr, (k) are thus automorphism
groups of Mori fiber spaces.

Mathematics Subject Classification 2020: 14E07 (primary); 14E05, 14E30 (secondary).
Keywords: Cremona group, rational varieties.


https://creativecommons.org/licenses/by/4.0/

E. Floris and S. Zikas 2

In total contrast to the case of dimension 2 and 3, where we have a full classification,
and apart from some reduction results in dimension 4 (see [4]) there is no classification
theory of maximal connected algebraic subgroups of Cr, (k) for n > 4. In this paper we
aim at initiating a study of maximal subgroups in higher dimensions.

It is worth noting that, while in dimension 2 and 3 as a byproduct of the classification
every subgroup is contained in a maximal one, this is not true in dimension n > 4 by [10,
16].

In this note, we produce many examples of pairwise non-conjugated maximal sub-
groups of Cry, (k) for n > 3. More specifically, we study a certain class of n-dimensional
quadric fibrations, called Umemura quadric fibrations, and give necessary and sufficient
criteria for when their automorphism groups are maximal in Cry, (k).

Denote by &, the vector bundle (9;51" ® Op1(—a) over P!, let g € K[to, ;] be a homo-
geneous polynomial of degree 2a. Then the Umemura quadric fibration associated to g is
the following divisor inside P (&,):

Qg = {x{ —xox2 + X3 + -+ x7_; + gto. 11)x; = 0} C P(Ea).

See Definition 3.1 for more details. The restriction 7: @z — P! of the projective
bundle structure is a Mori fiber space. If g has more than two roots, then Aut®(Qg) =
SO, (k) (see Proposition 3.8 for a complete discussion of the automorphism group).

Automorphism groups of Umemura quadric fibrations occupy a remarkable place in
the theory of maximal subgroups in dimension 3. They appear in the classification of
Umemura and Blanc—Fanelli-Terpereau and are the only ones lying in continuous fami-
lies. In dimension 4, they serve as natural candidates for producing maximal subgroups
from the point of view of [4]. Moreover, finite subgroups of them have been utilized by
Krylov to produce surprising results in the theory of finite subgroups of the Cremona
group Cr3 (k) [18].

Our main result is the following.

Theorem 4.7. Let g € k[ty, t1] be a homogeneous polynomial of degree 2a and w: Qg —
P! the associated Umemura quadric fibration. Write g = f2h, where f,h € k[ty, t;] are
homogeneous polynomials with h being square-free. Then Aut®(@g) is conjugated to a
subgroup of Aut®(@p).

Moreover; if h and h' are two square-free polynomials, we have:

(1) Aut®(@y,) is a maximal connected algebraic subgroup of Cry, (k) if and only if h is
constant or has at least 4 roots;

(2) Aut®(@p) and Aut® (@) are conjugate if and only if h(to,t1) = h'(a(tg, t1)), with
a € PGL, (k).

The outline of the paper is as follows: in Section 2, we collect some preliminary results
that will be used throughout the paper; in Section 3, we introduce Umemura quadric fibra-
tions, compute their automorphism groups and analyze their equivariant geometry; finally,
in Section 4, we study birational relations among Umemura quadric fibrations and deter-
mine maximality of their automorphism groups in Cry (k).
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2. Preliminary results

This section contains some preliminary definitions and results on the geometry of bira-
tional maps of varieties with terminal singularities. We refer to [17] for the basic notions
of the MMP.

2.1. Extremal divisorial contractions

Definition 2.1. Let Y be a variety with terminal singularities and I' C Y an irreducible
subvariety of codimension at least 2. An extremal divisorial contraction is a birational
morphism
ffECX —TcCY

such that:
* X is Q-factorial and has terminal singularities;
* flx\g anisomorphism and E a prime divisor;
* —Kx is f-ample;
.« p(X/Y)=1.

Typical examples of extremal divisorial contractions are blowups as well as an infinite
family of weighted blowups. However Remark 4.4 shows these are not the only examples,
even when the center is a smooth point. The situation is different if the center is an orbit

of codimension 2 and f is equivariant with respect to some group G, as in this case
by [5, Proposition 2.4] we have only blowups.

Example 2.2. Consider the standard (1, ..., 1, b)-weighted blowup of 0 € AZ:}I

Proj (@Ik) — AL

k>0

where T = ({xg® + ... Xy 7 1™ | mg + ++ + muy—1 + bmy, > k}). This can also be

described as
X = A""YG,, — A"
(M:ixg:-:1xp—1:1) — (uxo,. ..,uxn_l,ubt),
where G, acts linearly with weights (—1,1,...,1, ). We demonstrate how to extract the
valuation of £ = {u = 0} using the tower construction [14, Construction 3.1].

Denote by U the open subset {xo = 1} C X. Since E + 0 € A", the first step of the
tower construction is the blowup of 0 € A”, locally described by

_ Aan+1 n+1
Vi = Avl,xi,t — A

(v1, X1, ..., Xp—1,1) —> (V1, V1 X1, ..., V1Xp—1, U1])

Ei:={v; =0} +—0.
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The induced birational map between V; and U is given by
(u,x1,...,xp—1,t) —> (U, X1,...,Xp—1,ut)

and E +— I'1 := {v; =t = 0}. The second step is the blowup of V; along I';, locally
described by

V,=A'Tl s 1,

V2,X;,t
(v2,X1,..., Xp—1,1) —> (V2, X1, ..., Xp—1, V2t)

Ez = {1)2} > Fl.
Again, the induced birational map between U and V5 is given by
(u,x1,...,xXp—1,t) — (U, X1,...,Xpn—1,Ut).

Continuing like that, we get the diagram

/Va
P

7
6,7 :

/

, |
// Vl
‘ ; i

U—)A"'H,

where, for 1 <i < b, Eij+; C Vig1 — I3 C V; is the blowup of V; along T, with T
being the intersection of E; with the strict transform of {t = 0} C A" *1,
We will return to this example again in Proposition 4.3.

2.2. Action on a product of quadrics

Let O, € P"*1 be a smooth hypersurface of degree 2. In this subsection we recall some
basic facts on the action of Aut®(Q,) on O, X Q.

Lemma 2.3. Letn>3 be an integer. Let Q,, CP" 1 be a smooth hypersurface of degree 2.
Let x € Qy be a point and G, the stabiliser of x in Aut®(Q,). Let H be the cone over
a quadric of dimension n — 2 obtained as intersection of Q, with the projective tangent
space in x. The orbits of Gy on Q,, are

* the point {x};
o the Al-bundle H \ {x);
* theopenset O, \ H.

Proof. Without loss of generality we may assume that

Q,,:{xoxl—|—x§—i—---—i—x,2,4rl =0} and x=(1:0:---:0).
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Consider the birational map

On -——>P"
(xo:xp i i Xpg1) — (X1 0+ Xpg1)
2 2
x2+...+x 1
(X—"Jr:xl:---:xn_H (—|(X12"'1Xn+1),
1

with its resolution (p, q): W — Q, x P”", where:
() p:W — Q@ is the blowup along x;
(2) g: W — P" is the contraction of the strict transform of H.
By (1) Aut®(W) = G,. Moreover, ¢ coincides with the blowup of P” along Q,—, :=
{x1 = x3 + -+ x2_, = 0}, and thus
pGep~' = Aut®(W) = qAut®(P"; Qp2)q ™"

The group Aut®(P”; Q,—») consists of matrices of the form

where @ #£0 and B* B=AI,_5. The orbits of Aut®(P"; Q,_») are Qp—2,{x1 =0} \ Oy
and P” \ {x; = 0}. The orbits of Aut®(W) are the intersection Z of the exceptional divisor
E of g and the strict transform P of {x; = 0}, the complements P \ Z and E \ Z and
W \ (E U P). Finally, the orbits of G in Q, are the images of the orbits of Aut®(W) on
W . Therefore the claim follows. ]

The case n = 2 is similar, yet slightly different.

Lemma 2.4. Let Q5 C P3 be a smooth hypersurface of degree 2. Let x € Q, be a point
and Gy, the stabiliser of x in Aut®(Q»). The intersection of Q with the projective tangent
space at x is the union of two lines Iy, l,. The orbits of Gy on Q,, are

* the point {x};

o thelinesly \ {x} and I \ {x},

o the openset O, \ (I1 U ).

Proof. The proof is mutatis mutandis the one of Lemma 2.3, the caveat being that in
this case Q,—» = Qp is the union of 2 distinct points P;, P,. Consequently, the group
Aut(P2; Qy) is not connected. Restricting to the connected component containing the
identity we get the claimed orbits. ]

Lemma 2.5. Letn>2 be an integer. Let Q, CP" ! be a smooth hypersurface of degree 2.
Let G = Aut®(Q,,) and consider the diagonal action of G on Q, x Q. Let A C Q, x Oy
be the diagonal and

T:=(0,x0,)NTQ, C P"1 xprtl
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where TQ,, denotes the projectivized tangent bundle of Q.

o Ifn > 3, the orbits of the action of G on Q,, X Qp are: A, T\ A, Qp X Op \ T,

* Ifn =2 T =T, UT, and the orbits of the action of G on Q, X Q, are: A, Ty \ A,
To\NA,Qnx On\T.

Proof. Since the action of G on Q,, is transitive, A is an orbit.

We show the statement for n > 3. Let (x, y), (x’, y’) € T. Let g € G be such that
g(x") = x.Then g(y’) € Tgx'Q». By Lemma 2.3 there is 1 € G4 (x) such that h(g(y’)) =
y,and so (hg) - (x,y) = (x/, y"). The proof that Q,, x Q, \ T is an orbit is similar.

We now treat the case n = 2. By Lemma 2.4, for any x € Q,, the fiber over x of the
projection T — @, to the first factor has two irreducible components, namely the two
1-dimensional orbits of Gy Let (x,y) € T, x’ € O, and h € G such that 2(x) = x’. Then
for every g € G with g(x) = x/, h(y) and g(y) lie in the same irreducible component:
indeed hg~! € G, and hg~'(g(y)) = h(y). Thus the orbit of (x, y) is a proper subset
of T, that has the same dimension as its complement. If we denote by 7 the closure of
G - (x, y) and T, the closure of its complement we have T = T; U T,. The rest of the
proof is verbatim the proof of the higher-dimensional case of the previous step. ]

2.3. A useful lemma

We end the section with the following lemma, which is well known to experts. We give
the proof for the readers convenience.

Lemma 2.6. Let Z be a smooth projective variety and £; for i = 1,2 line bundles on
Z such that £1 # &L,. Denote by P the projectivization Pz(£1 ® £2) together with the
induced morphism p: P — Z and by Z; the sections of p induced by £; — £1 @ L.
Then every section of p meets either Z or Z».

If moreover Z has Picard rank one and £\ ® &£, is anti-ample, then

NE(P) = R4[f] + ix(NE(Z>))
where f is a fiber of p andi: Z, — P is the immersion.
Proof. Let 7 be a section of p. There are divisors D, D, on Z such that
Z~Zi+p*Di, Zy~Zi+ p*Ds.
Assume that Z is disjoint from Z; U Z,. Then
0= Zs|z = Zilz + p*Dalz = p*Ds|3.

Thus D, ~ 0, implying that Z; and Z, are linearly equivalent. But this would imply
that the linear equivalence classes of Op(1)|z, and Op(1)|z, are the same. Indeed, let
D be a divisor such that Op (1) ~ Op(Z1 + p*D). Thus Op(l) ~ Op(Z; + p*D) ~
Op(Z, + p* D). Taking restrictions to Z; and to Z,, we get Op(1)|z, ~ Op(p*D)|z,
and Op(1)|z, ~ Op(p* D)|z,. This is a contradiction as Op(1)|z, ~ £; and £ # L,.
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For the second part of the statement, we have p(P) = 2 and so NE(P) is a cone with
2 extremal rays, one generated by the class f of a fiber of p. Note that we have

Op(Z2) = p*(£)) @ Op(1).
For any curve C C Z,, we have

Zy-C = p*(&Y)-C +Op(1)-C = £} - puC + Op(D)|z, - C
= (£} ® £5) - puC < 0. )

Thus [C] cannot be in the interior of NE(P) since it has negative intersection with an
effective divisor. Therefore, i« (NE(Z;)) is the second extremal ray. |

3. Umemura quadric fibrations
In this section, we introduce Umemura quadric fibrations and study their basic properties.

3.1. Definition and basic properties

Leta=(ay,...,a,) withay,...,a, € Z. Denote by &, the vector bundle @?:0 Opi(—a;)
over P!. Then the projective bundle P(&,) can be described as the geometric quotient of
(A"T1\ {0}) x (A2 \ {0}) by G2 with the action given by:

Gy x (A" {0}) x (A% \ {0}) — (AFF1\ {0}) x (A% \ {0})
(A, ), (x0, X1, .., Xnito, 1) —> A %xg, A % xq, ..., A~ x5 o, i)
In the special case when a = (0,0, ..., a), we will simply denote &, by &,.

Definition 3.1. Letn > 3,a € N and let g € K[t¢, #1]24 be a homogeneous polynomial of
degree 2a. We define the Umemura quadric fibration associated to g as

Qg = {xl2 — XoX2 + x% + -+ x,zl_1 + g(lo,tl)x,zl = 0} C P(&,).
We will denote by 7: @; — P! the projection to P!.

The choice of a non-diagonal equation is to highlight the existence of a section (see [6]).

Remark 3.2. @, is rational: indeed, in the open subset {x, = 1}, we may solve

xl2 — XoX2 + x§ 4+ -4 g(to, tl)x,% =0 for xp;

therefore, the projection (xq : -+- : Xp;to,21) > (X1 :-++ 1 Xpu;to, 1) gives us a birational
map to IP((?B?{’ 1 @ Op1(—a)), the latter being rational.

The following lemma and corollary show that Umemura quadric fibrations appear
naturally as standard birational models of quadric fibrations.



E. Floris and S. Zikas 8

Lemma 3.3. Let K be a field with char(K) # 2 and let Q C Pg be a smooth quadric,
n > 3. Assume moreover that Q(K) # @. Then up to a change of coordinates Q is given
by the equation

k—1 n
2 2 2
xl—xoxz—l—g xi—i—g wix; =0
i=3 i=k

and W; satisfying the condition that there exist no ag, . . . ,a, € K such that Z?:k afui is
a non-zero square in K.

Proof. Since Q(K) # 0, up to a change of coordinates, we may assume that (1:0:---:0)
€ Q(K). Then Q N {x3 = x4 = --- = x, = 0} is a plane quadric containing (1 : 0 : 0)
and, again up to change of coordinates, we may assume Q is given by the equation

n
x% — XoX3 + Zlixi =0 (%)
i=3

with /; € K[xg,...,x,]1. Let M be the matrix of the quadratic form (). The top-left 3 x 3
block is given by the coefficients of x? — xox,. After two changes of coordinates of the

form x, = x5 — A(x3,...,X,) and x; = x; — u(x3,...,X,), Xo = X0 — V(X3,...,Xy)
for some A, u,v € K[xo, ..., x,]1, we may assume that there is ¢ € K[xs, ..., x,]2 such
that Q is given by the equation x? — xox2 + ¢ = 0. Thus we diagonalize ¢ and we get
the desired form. [

Proposition 3.4. Let 7: X — P! be a Mori fiber space where the generic fiber Xy
is isomorphic to a smooth quadric hypersurface Pk"(t). Let G = Autg(X)p1. Then X is
G -equivariantly birational to a hypersurface

Qg = {x? — xoxz + x3 +---+x,§ +g1x,3+1 44 gix2 =0}
1
c P(ag{‘“ D OPI(—a,-))
i=1
where a; € N and g; € klty, t1]24, are homogeneous polynomials of degree 2a;.

Proof. By Lemma 3.3 the generic fiber of 7 is of the form

k—1 n
2 2 2
X7 — Xox2 + in + Z/Lixi =0,
i=3 i=k

where p; = ;—z ek()fori =k,...,n.

Denote by H the closure of the subset {xg = 0} C 7! (U), where U is the locus of
P! where the s; do not vanish. Since . Oy (H) is a locally free sheaf of rank n + 1 (it is
a torsion free sheaf over P1), it is a direct sum of line bundles

& = P Op:1 (by).
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Consider the rational map

X - - - -= Y CP(T[*(@X(H)))

with Y the image of X. Note that, since p(X /P!)=1, Ox (H) is G-invariant and so y is G-
equivariant. Over U the sections {xg, ..., Xg—1, Sk Xk, - - -, S Xp } generate Ho(n7 U, &,).
Thus y is locally given by

7 Y (U) — U x P"

(x0 i Xpito,t1) > (X0 & vvv P Xp—1 D SkX © - SpXp).
Taking g; = r;s; € K[to, t1]24; We recover the claimed equation and weights. ]

The following lemma is a computation of the Picard group and Mori cone of Q.. We
omit the proof as it follows the same lines as [3, Lemma 4.4.3].

Lemma 3.5. Let g €klto,11] be a homogeneous polynomial of degree 2a and w: Qg — P!
the associated Umemura quadric fibration. Let F be a fiber of w1, H = {x, = 0}, e a curve
in a fiber of w and o the section of w definedaso = {(1:0:---:0;t9 : 11)| (to : t1) € P1).
Then

(1) Pic(Qg) = Z[F] + Z[H].
(2) NE(Qg) = Ry [e] + Ry [o] and curves with class in Ry [o] cover the divisor H.
(3) Kg, =—(n—2)H + (a —2)F.
(4) The intersection numbers with the canonical divisor of Q4 are
Kg,-e=n—1 and Kg,-0=a—2.
Proposition 3.6. Let g €k[tg,t1] be a homogeneous polynomial of degree 2a and w: Q ; —
P! the associated Umemura quadric fibration.

(1) The singular locus of Qg is the discrete set
Sing(@g) = {(O 2eee 10 1589, 1) | (t0, 1) is a multiple root of g = O}.

(2) Qg has terminal singularities and is Q-factorial.

(3) m: Qg — Pl isa Mori fiber space.

Proof. Ttem (1) follows from the Jacobian criterion. Terminality and Q-factoriality follow
from [15, Section 1.42] and [13, XI, Corollaire 3.14].

For (3), the variety @ is terminal and QQ-factorial by (2). Moreover, p(@¢) = 2 by
Lemma 3.5 and therefore p(Q,/P') = 1. Finally, let F denote a general fiber of @, —
P!, Then F is isomorphic to a smooth quadric Q,—; C P" and thus —Ka,|F = —KF is
ample, the equality obtained by adjunction formula. ]
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3.2. Automorphism group

In this subsection, we will compute the automorphism group of @g. We first begin by
analyzing the automorphism group of the ambient space P (&,).

Lemma 3.7. Let a > 0 and write &, for the vector bundle
O ® Op1(—a).
Then Aut(P(&,))p1 equals
M e GL, (k),

€ PGL, 41 (k[l(),ll]) f c k[t p ] X Gm/has
i 0-'1]a

where |1, denotes the group of a-th roots of unity, with the first factor acting on the coor-
dinates x; and the second on the t; diagonally.

Proof. The statement follows from [12, Proposition 2] and the discussion that follows
that result, and some easy observations on Aut(&,). See also [1, Section 6.1] for a sample
computation in dimension 2. ]

Proposition 3.8. Let g €k[ty,t1] be a homogeneous polynomial of degree 2a and w: @ g —
P! the associated Umemura quadric fibration. Then Aut®(Qg)p1 = SO, (k).
Moreover, we have

Aut®(Qg)p1, if g has more than 2 roots;

Aut®°(@ x Gy, if @ has exactly 2 roots;

AU (@) = (Qg)pr xGm,  ifg ctly
Aut®(@g)p1 x Gg, if g has exactly 1 root;

Aut®(Qg)p1 x PGL,, if g is constant.

In particular, H acts trivially on P if g has more than 2 roots, and with an open orbit,
otherwise.

Proof. By Lemma 3.5, we have p(Q, /P!) = 1. Moreover, the restriction map
H°(P (&), 0(1)) — H®(Qg, 0()le,)

is surjective, and so the embedding @, — IP(&,) is given by a complete linear system
over PL. It is therefore Aut®(Q,)-equivariant. In particular, Aut®(@¢)p1 coincides with
the stabilizer of @, in Aut’(P(&,))p:. If @ € Aut(P(&,))p1, by Lemma 3.7 there is
M e GL, (Kk), there are f; € K[to, #1], such that
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If « stabilizes Qg, we get: f; =0,i =0,...,n—1, M € O,(k) and the action on the #;
is trivial. If moreover @ € Aut’(P(&,))p1 then M € SO, (k).
For the second part, consider the short exact sequence

0 — Aut’(@g)p1 — Aut’(Qy) — H — 0, 1)

where H is the image of the homomorphism Aut®(€@,) — PGL, induced by Blanchard’s
lemma. Note that Aut®(@,) must permute the singular fibers, therefore H is a connected
group permuting the roots of g. Thus, in the four cases of the Proposition, we have that
H < G <PGL;,, where G = 0, G,,, G, and PGL, respectively.

If g has exactly two roots then, up to change of coordinates, g = tg 01t with 0 < ag <
a1 <2a and ag + a; = 2a. In this case we have the G,,,-action

Ae(Xg 1+t Xpito.11) > (Xg i+ ATOx,1 00, A1),

which shows that H = G, and also provides a section to (t).

In a similar fashion, if g has 1 root or is constant, we can write a G-action on @,
which furthermore commutes with the action of Aut®(@g)p1, showing that the product is
direct. ]

Remark 3.9. In Proposition 3.8 the automorphism group only depends on the number of
roots without multiplicity. Nevertheless, we do not assume that the roots of g are of multi-
plicity one, as multiple roots naturally appear when performing the Sarkisov program, see
Example 4.1.

We are now ready to compute the orbits of Aut®(@g)p1 on Q.

Lemma 3.10. Let g € klty, t1] be a homogeneous polynomial of degree 2a and w: @, —
P! the associated Umemura quadric fibration. Set H, = {x, = 0}. Then Aut®(Qg)p:
acts on Q¢ with the following orbits:
(1) ift € P! is not a root of g, then we have the orbits Ty := n~1(t) N H, and its
complement w1 (t) \ Ty;
(2) ift € Pl is a root of g, then we have the orbits p = (0:---:0: 1;1), T; :=
7~ (t) N Hy, and their complement 7= (¢) \ (I'; U {p}).

Proof. The specific description of the orbits follows from the explicit action given in
Lemma 3.7. u

Remark 3.11. When g has more than 2 roots, Lemma 3.10 gives a description of the
orbits of Aut®(@g). This follows from Proposition 3.8, since in that case Aut®(Qg) =
Aut®(Qg)p:1.

3.3. A structural result for equivariant birational maps to @,

The next two subsections consist of a collection of technical computations, that culmi-
nate in results essential to the proof of Proposition 4.3. For the reader uninterested in the
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technical details, we now briefly describe the results necessary to skip ahead directly to
Section 4. In what follows G denotes the group Aut®(Qg)p:.

In Section 3.4, we produce a “minimal” G-equivariant log-resolution X,, — @, of
the pair (@, F) where F is a fiber of 7: @, — P!. More specifically, in Corollary 3.13,
we show that it is obtained by repeatedly blowing up the unique singular point P in the
fiber over 7w (P). In Proposition 3.15, we describe the relative Mori cone NE(X,,/@,). In
Corollary 3.17, we describe the irreducible components of the preimage of F in X,.

In Section 3.5, we study G -equivariant birational morphisms X — X,,, centered over P.
In Lemma 3.18, we show that all orbits over P have codimension at most 2 and so,
by [5, Proposition 2.4], X — X,, is a composition of smooth blowups. More specifi-
cally, Lemma 3.18 shows that the dual graph of the fiber over 7 (P) is a chain. We end the
subsection with Proposition 3.22, by computing the relative cone of curves NE(X/Q),
as well as some intersection numbers of its extremal rays with Kx.

3.4. An equivariant resolution

In this subsection, we compute an explicit Aut’(€ )p1-equivariant resolution of singular-
ities for @,. We also we compute the orbits of the action on the resolution.

A very useful feature of the projective bundle P (&,) is that it admits an open covering
by affine spaces U; j := {x; =1; = 1} = A"*! fori =0,...,n, j =0, 1. The following
lemma is a local calculation on the chart U, ;.

Lemma 3.12. Ler y(t) € k[t] and consider the hypersurface
Up := {x} — xox2 + x3 + -+ x2_ +t*y(t) = 0} c AZT}

with k > 0 and y(0) # 0. Then Uy is singular at the origin if and only if k > 2.
Suppose k > 2, let f:X — A" be the blowup of the origin, Uy the strict transform
of Uy and E the exceptional divisor of Uy — U.

(1) There exists an open neighborhood V- = A"*! of X, intersecting E such that
Uy = (70 nv = {xf — XoX2 + x% + -+ xﬁ_l + tk_zy(z) = ()}
(2) V contains all the singular points of Uo over the origin.

() Let m: Uy — Al be the restriction of the projection A" — Al onto the last
factor. Let F be the fiber of w over 0 € A" and F its strict transform in Uy. Then

(a) F is an A -bundle over a smooth quadric in P"1; the intersection FNE
is a section of the A'-bundle.

(b) Ifk = 2 the divisor E is a smooth quadric in P".

(c) Ifk > 3 the divisor E is a cone over a smooth quadric in P"~1. Let e be a
generator of the ruling in E. Then e - F|g = 1 and F N E does not contain
the singular point of E.

(4) Finally, we have
Kg, = [*Kyy+(n—=2)E and f*F =F +E.
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Proof. The first claim is a straightforward application of the Jacobian criterion: all partial
derivatives vanish at the origin if and only if k > 2.

We now proceed to the calculations on the blowup. The blowup of A” at the origin
may be described as

1t
X0y -y Xn—1,1), Ceee i ynp_g o 8)) AT P rank(xo *1 Yn—1 ):l}.
{(( 0 n—1 ) ()’0 Yn—1 )) | Yo V1 --r Y1 S

This is covered by the open subsets V; := {y; = 1},i =0,...,n —land V; := {s = 1},
all isomorphic to the affine space A"*1. Set V = V.

The strict transform Uy is givenby {yf —yoy2 +y3 + -+ yi_, + t**2y(t) = 0}
in V', proving (1). A local calculation in the open sets V;,i = 0,...,n — 1 reveals that 170
has no singular points over the origin there, proving (2).

We now prove (3). The fiber F is an affine quadric cone, the blowup of the vertex is a
desingularization and F is an A'-bundle. Moreover, F N E is the preimage of the vertex
in F and is thus a section of the A'-bundle. This proves (a). Let E = IP” be the exceptional
divisor of the blowup of A”*! at the origin, with coordinates (yg : -+ : y,—1 : s). Then
equation of E in E is

y%‘)’oyz —I—y§ +~--+y,2,_1 +52y(0) =0 ifk =2,
V2= yoya+ ¥4+ 4y2, =0 ifk>3.
Let I be the strict transform of the fiber of A”t! — A! over 0 € Al. Then
e - Flg=e-Flg =1.

The intersection F N E is cut out by the equation s = 0 in E, proving that it does not
contain the vertex (0 : ---: 0 : 1) and concluding the proof of (b) and (c).

The final claim on the pullback of the canonical divisor follows from the adjunction
formula. As for the pullback of F, we have f*F = F + aE, for some a > 0. Moreover,
if e is as in (3¢), we have

0= f*F-e=F-e4+aE-e=1—a
and the claim follows. [

Corollary 3.13. Let g € k[to,t1] be a homogeneous polynomial of degree 2a and w: Qg —
P! the associated Umemura quadric fibration. Over every singular point P € Sing(Q,),
there exists a log resolution of (Q4, F)

X — Xm—1 — -+ — Xo =04

obtained by repeatedly blowing up the unique singular point over P (locally described
in Lemma 3.12), where F is the fiber over the point w(P) € P, In particular, it is
Aut®(Qg)p1 -equivariant.
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Proof. The existence of the resolution follows from Lemma 3.12 (1) and (2). Indeed notice
that after i successive blowups X; — :-+ — Xo = @, X; is locally, around its unique
singular point p; over p, given by

{xf —XoX2 + x5+ + X + =2y () = 0}.

Moreover, by Lemma 3.12 (3), p; is the vertex of the quadric cone E; :=Exc(X; — X;_1).
Thus the strict transform of E; in any further blowup is smooth. After m = [%] blowups
Xm is smooth and the preimage of F' is a union of smooth prime divisors meeting transver-
sally.

As for its equivariance, the action of Aut®(@,)p: on Sing(@,) is trivial, since the
former is connected and the latter discrete. This proves the equivariance of the first/ = L%J
blowups. If & is not even, the action of Aut®(@g)p: on X; fixes the quadric cone E; and
thus its vertex. ]

Notation 3.14. Let g € k[to, 1] be ahomogeneous polynomial of degree 2a and 7: @ —

P! the associated n-dimensional Umemura quadric fibration. Let P € @, be a singular

point, let F be the fiber over the point 7 (P) € P! and let f: X,, — @, be the log resolu-

tion of Corollary 3.13. We write f = f;, o--- o f1 as decomposition of blowups. Denote

by

* E; the strict transform in X, of the exceptional divisor of f;,

 E; the pullback of the exceptional divisor of f;,

e ¢ CE;jfori =1,...,m— 1 the generator of the ruling of E;,

e ¢9C F be the generator of the ruling,

* e, the generator of NE(E,,) (note that E,, is either isomorphic to P*~! or to Q,_;
by Corollary 3.17).

Proposition 3.15. Notation as in 3.14. Then
(1) NE(Xpm/Qg) = Y7L, Ryleil.

(2) The intersections with the canonical divisor of the resolution of singularities are
computed by

—(n—2), i =mifmiseven,
—(n—=1), i =mifmisodd,
0, i=1,....m—1,

-1, i =0.

Ll =

m

Proof. We prove the statement if n > 5, the proof in the case n = 4 being similar. We
prove by induction on k that NE(X; /@) = Zf;l R [e;]. By a slight abuse of notation
we denote by e; the push-forward on Xj of ¢; € X, If kK = 0, we have X = @ and
the claim is true. Assume that NE(X;/@,) = Zle R [e;] and let Xg4+1 — X be the
blowup along the singular point.
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Let C be an irreducible curve in Exc(Xx4; — @g). Let i be an integer such that
C C E;. We prove by induction on k¥ —i + 1 that C is numerically equivalent to a positive
combination of e;, ... ,eg41.If i =k + 1, since p(Ex+1) = 1 the curve C is numerically
equivalent to a positive multiple of ex4,. If i < k + 1, then E; is a P!-bundle over a
smooth quadric of dimension n — 2. The Mori cone of E; can be written as R [e;] +
R [yi] where y; is contained in E; N E; 4. Indeed E; N E;41 is the exceptional divisor
of fit+1|g; and the curves which span it are thus extremal.

Thus there are a, b > 0 such that C = a;e; + by;. The curve y; is contained in E; 1,
thus, by inductive hypothesis, there are @; 41, . . ., ar 41 such that

Vi = ai+1€i+1 "+ Ak +1€k+1-

Part (1) follows.
Lemma 3.12 (4) implies that

f*F=F+E ++En1+7rEn,
where r = 1 if m is even and 2 otherwise. For 1 <i <m — 1 we have
0= f*F-e;=Ei-1-e;+Ei-ei+ Eit1-¢; = Ej-e; =-2.
Similarly we get I*:'eo =FE,-en=—1.
Again by Lemma 3.12 (4) we get that
m—1
Kx, = f*Ka, + Z i(n—2)E; + (s(m —1)(n—2) +t)Em,
i=1
were (s,1) = (1,n —2) if m is even and (2,n — 1) otherwise. Part (2) follows by computing
the intersections using the formulas above. ]

3.5. Equivariant geometry of @,

Let g € Kk[fo, 71] be a homogeneous polynomial of degree 2a and 7: @, — P! the associ-
ated Umemura quadric fibration. Let P € @, be a singular point, let I be the fiber over the
point 7(P) € P!. In Corollary 3.13 we provided an explicit Aut®(Qg)p1-equivariant log
resolution f: X, — Qg of (Qg, F). In this section we describe the action of Aut®(Q4)p1
on X,, over F as well as its action on higher models. We also compute some intersection
numbers on these higher models.

Lemma 3.16. Let y € k[t] and consider the hypersurface
Up = {x] — xoxz + x5 + -+ x2_; +t5p(t) =0} C A" x A}

with k > 2 and y(0) # 0. Consider the group G = SO, (k) acting on A% by preserving
quadratic form
x12 — XoX2 —i—x% +--- —}—x,zhl.

Let Eg be the G-invariant subset {t = 0} N U.
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Let f: Uy — Uy be the blowup along the origin, E¢ the strict transform of Ey and E
the exceptional divisor. Then f is G-equivariant and
(1) ifk =1, E; = P"!; the G-orbits contained in E,| are the smooth (n — 2)-
dimensional quadric E1 N Eo and its complement;
(2) ifk =2, Ey is an (n — 1)-dimensional smooth quadric, the G-orbits contained in
E1 are the hyperplane section E1 N Eq and its complement;

(3) ifk = 3, then Eq is a quadric cone with vertex Py; the G-orbits contained in E;
are Py, the base of the cone E1 N Ey and their complement.

Proof. The action of G on E|) is transitive, thus Ey is an orbit. The same is true for its strict

transform Eo and thus its intersection E1 N Eo with E. The rest is a local calculation:

using the notation used in the first part of the proof of Lemma 3.12, the complement of

Ei N Eo is E1 N Vy; the description of the action of G on the coordinates yy, ..., V5,1,

s can be deduced by its action on xo, ..., X,—1, t together with the equations x; = 7y;.
For the second part we choose H to be the subgroup of G acting via

- (X0, X1, X2, X3, + -, Xn—1,1) > (Ax0, X1, A7 X2, X3, ..., Xn1, 1),

with A € k*. Using the notation of Lemma 3.12 we take V = V; := {y¢ = 1}. There the
exceptional divisor is given by E1 = {h := x¢ = 0} and the rest follows. |

Corollary 3.17. Let g € k[to,11] be a homogeneous polynomial of degree 2a and w: Qg —
P! the associated Umemura quadric fibration. Let P € Qg be the singular point of a
singular fiber F. Let

Xm —> mel —_— s —> XO = @g
be the log-resolution of (Qg, F) of Corollary 3.13, with exceptional divisors E; :=
Exc(X; — Xi—1) and Ey := F. We have that
(1) fori < m the divisor E; is a P'-bundle over a quadric Q of dimension n — 2, not
isomorphic to the product P' x Q;
(2) for 0 <i < m the action of Aut’(Qg)p1 on E; has exactly three orbits: the 2
disjoint sections E; N E;11 and their complement.
(3) E,, is isomorphic to P~ ifm is odd and to a quadric hypersurface of dimension
n —1ifmiseven;
(4) the action of Aut®(Qg)p1 on Ey, has exactly two orbits: E,, N E,—y and its
complement.

Proof. Assume that i < m. Lemma 3.16 implies that the exceptional divisor E; C X; of
fi is a cone over a quadric Q = Q,_; of dimension n — 2. Thus, its strict transforms in
X; for j > i are P!-bundles over Q, isomorphic to P(Og & Q¢ (—1)) The computation
of the orbits follows readily by Lemma 3.16. ]

We now proceed to studying the action of Aut®(@g)p1 on higher models of X,,,.
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Lemma 3.18. Let g € klto, t1] be a homogeneous polynomial of degree 2a and w: @y —
P! the associated n-dimensional Umemura quadric fibration. Let P € @ g be the singular
point of a singular fiber F. Denote by G = Aut’(Qg)p1 and let f: X, — Qg be the
log-resolution of (Qg, F) of Corollary 3.13.

Let
Jm+e N Jm+2 Sm+1

Xm+1 Xm

Xm+€

be a sequence of smooth G-equivariant blowups over P. Let Z; be the center of f;, E;
the strict transform of the exceptional divisor of f; fori = 1,...,m + £ and Ey the strict
transform of F. Then for every j = 1---{ there are integers 0 < h; < k; <m + j with
the following properties:
(1) Zm+j = En; N Ek;, it is isomorphic to a quadric of dimension n — 2, and G acts
transitively on it;
(2) for every j > 0 the divisor Em; is the P'-bundle P(O (En;) ® O(Ey;)) over
Zm+j, with Ep;|z,,,; # Ek;|z,., - In particular, Ey+ j is not a product;
(3) the action of G on Epyj has exactly three orbits: two disjoint sections of the
Pl-bundle corresponding to the injections

O(En;) = O(Ep;) ® O(Ey;) and  O(Ex;) = O(Ep,;) ® O(Ex;)
and their complement in E;.

Proof. We prove by induction on £ the following four statements:

(1)¢ on X1 ¢ there exist integers hy, k¢ such that Z,,, 1y = Ey, N Eg,, Zpiy is
isomorphic to a quadric of dimension n — 2, and G acts transitively on it;

(2)¢ if £ > 1 the divisor E,, ¢ on X,, ¢ is the P!-bundle P(O(Ep,) ® O(Ek,)) over
Zmye, With Eplz, . # Ek|z,,.,. In particular, Ey, is not a product;

(3)¢ if £ > 1 the action of G on E,,4+¢ in X;,4¢ has exactly three orbits: two disjoint
sections of the P !-bundle corresponding to the injections

O(Ehl) — O(Eh[) &) O(Ekl) and O(Ek[) — (9(Eh€) &) (Q(Ek[)

and their complement in E,,;

(4); Forevery h,k € {1,...,m + £} suchthat E, N Ex = Z # @, either Oz (Ey) is
ample and Oz (Ey) is anti-ample or vice versa.

Step 1. Leti <m, and let K; = E; N E;_;. Let f: X,, — @, be the log resolution
of Corollary 3.13. We assume for simplicity that m is even, the other case being analo-
gous. The restriction E;|g,_, is the exceptional divisor of the blowup f;. Thus E;|g, =
(EilE,_,)|k; is anti-ample. Since f*F = F 4+ Y Ej, wehave 0 = f*F|x, = E;|g, +
E;_i|k;. Therefore E;_|k; is ample.

If £ = 1, the statements (1); and (4); follow from Corollary 3.17 and Step 1.

We assume then that £ > 1 and that the four statements are true for j < £.
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Step 2: proof of (1)¢ and (2);. By Corollary 3.17 and (3);, for every a < £ the orbits of
codimension at least 2 in £, C X,,4¢— are quadrics of the form E, N E}. This implies
(1)¢: the center Z,,, 14 of fy,4+¢ is of the form Ex N E}, for h, k < m + £. It also implies
that the normal bundle of Z,,, in X,,, satisfies

Nzpt)Xpmie = O(ER) ® O(Ek)

and that Z,, ., is disjoint from all the other exceptional divisors.
By Step 1 and (4)¢—; without loss of generality Ej|z is ample and Ei|z,,,, is
antiample. This implies (2),.

m+L

Step 3: proof of (3)¢. The restriction f,,4¢: Epyy¢ — Zmy¢ gives the P!-bundle structure.
Let Ej, Ex € Xj;4¢—1 be such that Z,,, = Ex N Ej. By abuse of notation we denote
again by Ej, Ey their strict transform in X, +¢. By the equivariance of all the morphisms
involved, the intersections Ej, N E,,+¢ and Ex N E,, 1 are G-invariant.

We now show that there are no other closed orbits. Suppose by contraposition that
ZcC E,.+¢ is a closed orbit distinct from Ep N E,, ¢ and Ex N Eyyip. By (1)¢ G acts
transitively on Z,, ¢ and, since f,4¢ is G-equivariant, Z surjects onto Z,, 4, and the
restriction f,, 4¢: 7 — Zm+¢ is also G-equivariant. The variety V4 being an orbit, the
restriction is étale. Since Z, Z m+¢ are Fano, the restriction of f;, ¢ is an isomorphism [7,
Corollary 4.18 (b)]. Thus Z is a section of the P!-bundle. Then we get a contradiction
with Lemma 2.6.

Step 4: proof of (4)y. Leth,k €{1,... . m+L}.Ifh#m+Land k # m + £, then f,4¢
is an isomorphism in a neighborhood of E; N Ej and the claim follows from (4),_;.

Assume now that h = m + £, set Z = E,, 1y N Eg. In what follows we will denote by
E; the strict transform of the exceptional divisor of f; in both X,,¢ and X,,+¢_;. Notice
that there is j such that Z,,4¢ = E; N Ex in X;44—1. Set ¢ = fippg 0 -0 f1. Then
there are positive integers ¢; such that g* F =} ¢; E;. We notice that f,» ,(E; + Ex) =
Ei+ Ey +2E, ¢ and fr:+l(Ek) = Ep 4+ E,+¢, proving that ¢, ¢ > cx + 1.

By (4)¢—1, the restriction Eg|z,,,, is £ample, thus

it ExlZpit) = Jnat(Ez = Exlz + Emytlz

is £ample. Moreover,

0~ g"Flz,. . = CmitEmselz + ckExlz
= (Cmyt — k) Emyelz + ck(Exlz + Emyelz)

which implies that E,,;¢|z is Fample and in turn that Ey |z is +ample.
This concludes the proof of (4),. |

Lemma 3.19. Let g € klty, t1] be a homogeneous polynomial of degree 2a and w: @, —
P! the associated Umemura quadric fibration. Let P € Qg4 be the singular point of a
singular fiber F. Denote by G = Aut®(Qg)p1 and let [: X — Qg be the log-resolution
of (Qg, F) of Corollary 3.13.
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Let

fm+l Jm+2 Xm+1 Sm+1 Xm

X+t

be a sequence of smooth G-equivariant blowups over P.

Let Z CExc(f1 00 fiuye) be acodimension 2 orbit. Then Exc(f10--+0 frure) \ Z
has two connected components €1, €,. Assume that E,, N €1 # 0. Then there are two
integers N, S € {1,...,m + £} such that:

e Z=ENNEs, ExNE€ #0@, Es NEy # 0;
* 0Oz(Eg) is ample and Oz (Ey) is anti-ample.

Proof. We prove this by induction on £. First suppose that £ = 0. Then by the construction
of the resolution of Corollary 3.13 Ey = Ey and Eg = Ej_;. But Ej is the exceptional
divisor of f; and so Ej|z is anti-ample. Moreover, by Lemma 3.12 (4), we have f*F =
Zf-czl ¢;iE;, where ¢; = 2,if i = m and m is odd, and 1 otherwise. Restricting to Z we
get Ei_1|z = —c; E;|z, which is ample.

We now suppose that the statement is true for all j < £, and consider the blowup
Jm+e: Xm+e = Xm+e—1 with center Z,, ¢y = Ex N Egs. Then we only need to show the
statement for the two centers Zy := Ex N Ep4¢ and Zg := Eg N E,,+¢. Denote by
Jfn the restriction fi,4¢|zy: ZN — Zm+¢, which is an isomorphism. By the inductive
hypothesis we have that

0
IN(Es) = Estzy” + Emtilzy

is ample. On the other hand

IN(EN) = EN|zy + Em+ilzy

is anti-ample, which implies that Ey |z, is anti-ample. Restricting the class of the pull-
back of the fiber to Zy we get that E,,¢|z, = —En|z,, and is thus ample. The proof
for Zg is analogous. ]

Remark 3.20. In the setup of Lemma 3.18, note that E,, is isomorphic to P~ if m is
odd and to a quadric hypersurface of dimension n — 1 if m is even: indeed, for every j
the morphism f,,,+; is the blowup of a smooth codimension 2 center either contained in
or disjoint from E,,. Thus f;,4; induces an isomorphism on E,,.

Notation 3.21. Let g € k[to, ;] be ahomogeneous polynomial of degree 2a and w: @ —
P! the associated Umemura quadric fibration. Let P € @, be the singular point of a
singular fiber F. Denote by G = Aut®(@4)p: and let f: X, — @, be the log-resolution
of (@, F) of Corollary 3.13.

Let

Sm+e Jm+2 Xpmir Sm+1 X,

Xm+e
be a sequence of smooth G-equivariant blowups over P. Denote by

* E; the strict transform in X, of the exceptional divisor of f;,
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* ¢; C E; fori # m the generator of the ruling of E;
e ey C F bethe generator of the ruling
* e, the generator of NE(E,,) (recall that E,, is either isomorphic to P Lorto On—1
by Remark 3.20).
Proposition 3.22. Notation as in 3.21. Assume that £ > 0. Assume moreover that for every
J > 1 the center of fyj liesin Epyj_1. Then
(1) NE(Xp10/Qg) = )L, Reylei].

(2) The intersections with the canonical divisor of Xy, are

>—(n—2), i =mifmiseven,

>—(m—1), i =mifmisodd,
KXm-%—('ei .

>0, i#£m,m-+4,

-1, i=m+4L.

Proof. Assume that n > 5, the case n = 4 being analogous. Let C be an irreducible curve
contained in the exceptional locus of X, ¢ — @, and k be such that C C Ey. If k = m
then p(E,,) = 1 and by Corollary 3.17, and C = a,e;,. Otherwise by Corollary 3.17 and
Lemma 3.18 (2) we have NE(E) = Ry [ex] + Ry [yx], where y; is a line in a smooth
quadric of dimension 7 — 2 of the form E; N Ej. Thus it is enough to prove the statement
for yy.

Corollary 3.13 and Lemma 3.18 imply that each exceptional divisor with i # m, 1
meets exactly two other exceptional divisors. Let (Fj);”: le be a relabeling of (E; );”: le S0
that, for each j, F; meet exactly F;_1 and F; ;. We will prove by induction on i that

m+L

Ym+t—i = Z aei,

m+L—i+1

with a; > 0.
The base case i = 0 is trivial since F,,4+. = Ey, and NE(Fy,4¢) = Ry [e;4¢]- Suppose
that the statement holds for all 0 <i < n. By Lemmas 3.19 and 2.6,

Ym+t—n C Fmtt—n O Fntt—n+1-

In particular, Y, 4¢—n C Fp4¢—n+1 and so there are positive numbers «, 8 such that

Ym+t—n = @mit—n+1 + BYm+t—n+1-

By the inductive hypothesis y,,+¢—n+1 1S @ positive linear combination of the e;, with
i >m+{—n+ 1and so we conclude (1).

We now prove (2) by induction on £. The base case £ = 0 follows from Proposi-
tion 3.15. Suppose that the statement holds for all £ < j and consider a G-equivariant
blowup fin4;: X;m4+j = Xm+j—1. Lemma 3.18 implies that the center Z,, ; is of the
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form Ej; N Ey;. We then have Kx,, ., = f,:Jrj Kx,,; 1 + Em+j, thus

Kx,,. ;" é€i, i#m+ j,hj kj,
Kxpsj€i =y Kxppyyy e +1, 0= hy kj,
-1, i=m+j
and we conclude by the inductive hypothesis. ]

4. Maximality of Aut’(@,)

In this section we study maximality of Aut’(&,) in various cases using the theory of the
equivariant Sarkisov program.
We begin with two fundamental examples.

Example 4.1. Let & €K]tg, ;] be a homogeneous polynomial. The Aut®(@ htg)-equivariant
birational map

¢>Z(th§ -——> Qh
(xg i+ Xpitg i t1) —> (xg i+ toXn;lo : 11).

conjugates Aut® ((thg) into Aut®(@p).
More specifically ¢ is a Sarkisov link factorizing as

where p is the blowup of the point (0:---:0:1;0: 1) and g is the blowup of {x,, =ty = 0}.
Example 4.2. Let g = #,°¢{"" with ag + a1 even. The Aut®(Q)-equivariant morphism

p:Qg — Q" Cc P!

(gt 1 Xn3lo i t1) > (Xg v Xne1 D Xnlg® : Xnt]h).

conjugates Aut®(@.) into Aut®(Q") where Q" is the smooth n-dimensional quadric
(P —yoy2+y3+-+y2 i+ Ynynp1 =0} C PHL

More specifically, it is a Sarkisov link contracting {x,, = 0} to I1 = {y, = y,+1 = 0},
and so p conjugates Aut®(@,;,) into Aut’(Q"; I1) < Aut®(Q").

Proposition 4.3. Let g €k[ty,t1] be a homogeneous polynomial of degree 2a and w: @ g —
P! the associated Umemura quadric fibration. Assume that a > 2 and let P € Q4 be a
singular point of a fiber F.

Let f:E C X — P € Qg be a G-equivariant extremal divisorial contraction, where
G = Aut’(Qg)p1. Then, after a change of coordinates, f is the restriction of a standard
(1,...,1,b)-blowup (see Example 2.2).
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Proof. Let X,, — QO be the log resolution of (Q, F) of Corollary 3.13. If the valuation
induced by E is not divisorial on X,,, then let W := X,,,1y — X,, = Q be the G-
equivariant extraction of the valuation of E obtained via [ 14, Construction 3.1]. We thus
get a birational map

oW -—>X
that is a contraction and such that ¢ (E,,4+¢) = E.

Step 1. The map ¢ is a morphism. The map ¢ restricts to a G-equivariant birational map
¢: Eve -—> E. The indeterminacy locus of the restriction of ¢ is both G-invariant and
of codimension at least 2. All the G-orbits have codimension at most one in E,, ¢, thus
the restriction ¢: E,, ¢ — E is a morphism. Thus the closed orbits of G in E are images
of the orbits of G in E,, ¢ and are either points, quadrics of dimension n — 2 or P! (the
latter case occurs only if n = 4).

Let (p,q): W — W x X bea G-equivariant resolution of the indeterminacies of ¢.
We can moreover assume that p is the composition of smooth blowups of smooth centers.
Therefore, by Corollary 3.17 and Lemma 3.18, all the p-exceptional divisors are P!-
bundles over smooth quadrics of dimension n — 2. If ¢ is not a morphism, then there is a
curve C € W such that p(C) is a point and ¢(C) is a curve. The curve C is contained in
the exceptional locus of p. Let E be an irreducible component of Exc(p) such that C C E.
Since p(C) is a point, C is a fiber of the ruling defined by p|z. We set p: E— QO the
ruling defined by the restriction of p. The group G acts on E with at least two orbits,
because it preserves the intersection of E with the other components of Exc(W — Q).
We set G the kernel of the composition G — Aut®(E) — Aut®(Q), where the last map is
given by the Blanchard lemma. Then G ¢ acts on the fibres of p with at least a fixed point,
corresponding to the intersection of E with the other components of Exc(W — Q).

Let us consider now the restriction ¢: E — E.Then q is G-equivariant and q(E )isa
G -stable irreducible closed set in E. It cannot be a point, as C C E and q(C) is acurve.
We assume then that q(lf) = P!. But then we must have £ = P! x 0, contradicting
Lemma 3.18 (2).

Assume now that q(f ) is a quadric Q of dimension n — 2. Thus the two restrictions
yield an Aut®(Q)-equivariant morphism (p, q): E— O x Q which is generically finite
onto its image. The image is a G-stable subvariety of dimension n — 1.

Assume that n — 2 > 3. Then by Lemma 2.5 the group Aut®(Q) has no invariant
subvariety in Q x Q of dimension 7 — 1, this is a contradiction.

Assume that n =4. Then the image of E is one of the two varieties T; from Lemma 2.5.
But Aut®(Q) preserves one section of T; — Q and two sections of E— Q by Lemma 3.18
and this is a contradiction.

Step 2. The support of Z;";le_l E; is connected. Assume otherwise and let €1, €, be the

two connected components with E,, € €;. Thus, the morphism ¢ factors as
w @2 A 91 X.
where Exc(¢;) = €;.
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Let Z; = ¢,(€;) fori = 1,2. Then away from Z (resp. Z,) W, is isomorphic to a
neighborhood of W (resp. X), and so W, has terminal singularities. The relative Kodaira
dimension of W over X, and therefore of W over W, is —oo. Thus W, is the output of
any MMP on W, relative over W,. This contradicts Proposition 3.22: indeed, by Proposi-
tion 3.22 (1) the first extremal contraction from W is a contraction of a ray R [e;] with
i # m, m + £. By Proposition 3.22 (2) those rays are not Ky -negative.

Step 3. Finalizing the proof. By the previous step the strict transform of E in X, 44 is
either E,,, and in this case £ = 0, or the unique divisor meeting the strict transform of F.
In the first case, we conclude as in Step 2: the morphism ¢ is an MMP over X, but the
rays R [e;] fori # m are not Ky -negative. In the second case, the only possibility is that
for every j the morphism f,4; is the blowup of E; N F if j=1landof Epqj_1 N F
if j > 0, where F is the strict transform of F in any of the X, ;. We are therefore in the
setting of Example 2.2. ]

Remark 4.4. We notice that, if » > 1 and P is a smooth point of @, the extremal divi-
sorial contraction of Proposition 4.3 is an example of extremal divisorial contraction of a
divisor to a smooth point which is not a weighted blowup. Indeed, the exceptional divisor
is a cone over a quadric and not a weighted projective space.

Corollary 4.5. Let @, be an Umemura quadric fibration withand f: E C X — P € @,
be an extremal divisorial contraction, where P is point of a singular fiber F. Up toa
change of coordinates we may assume that F is the fiber over (0 : 1) and g = t g’, with
k> 1andg'(0,1) #0.

Then NE(X/P!) = R [e] + R+[l~0] where e C E and ly is the strict transform of a
linelo € F. Moreover, Kx - lo <0 ifand only ifk > 2 and f is the blowup of Q4 along P.

Proof. By Proposition 4.3 we may assume that f is the restriction of a standard weighted
blowup of the ambient space P(&,) with weights (1, ..., 1, b). In that case, using the
adjunction formula, we obtain

—Kx = f*(—Kq,) — (n — 1+ b —min{k,2}) E
f*F =F 4+ bE

where F is the strict transform of F. Let lop be a ruling of F and l~0 its strict transform
in X. We first prove that NE(X/P!) = R [e] + R [lo], where ¢ C E. The ray R [e]
is extremal and Kx-negative. By the discussion in Example 2.2, the variety FisalP!-

bundle over a quadric of dimension n — 2, and NE(F )=Rile]+ Ry [lo] The intersection
F Iy = —b can be easily computed Assume that we can write lo = ae + BC with C
another curve and «, § > 0. Then F-C<0and C =de + B Io with "B = 0. We
get (1= BBy = (a + o' B)e. Intersecting with an ample divisor, we get 1 — BB =0
and o+ a'f > 0. Intersecting with F we get 1 — BB’ < 0. We conclude that « = 0 and

= I, proving that R ;- [lo] is also extremal.
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Finally,
~Kx -lo = —Kg, -lo — (n — 1 + b — min{k,2}) = min{k,2} — b.

The previous quantity being positive if and only if k > 2 and b = 1, i.e., f is the blowup
of @, along P. [

Lemma4.6. Let g € k[to,11] be a homogeneous polynomial of degree 2a and ir: Qg — P!
the associated Umemura quadric fibration. Assume that a > 2 and g has more than 2 roots.
Suppose that Qg --> Y is an Aut®(Qg)-equivariant Sarkisov link to a Mori fiber space
Y/B.

ThenY/B = @y /P! with

h=1%¢ or g=1Ih,
for some linear polynomial | € kltg, t1];.

Proof. Assume that Y/ B is not isomorphic to @z /P!. Let

be a Sarkisov link from @, to Y. We first prove that n; cannot be an isomorphism.
Assume by contradiction that it is one. By Lemma 3.5 the extremal rays of NE(Q) are the
extremal ray inducing 7 and R4 [0] that spans a divisor and where Kg, - 0 > 0. Therefore
R [o] cannot be contracted giving rise to a divisorial contraction nor an isomorphism in
codimension 1.

Thus 1: E C X — Z C Qg is an Aut®(@g)-equivariant extremal divisorial contrac-
tion. The center Z is an orbit and thus, by Lemma 3.10 and Remark 3.11, we have either

(1) Z = H, N F for some fiber F or
(2) Z is the singular point P of a singular fiber.

In the first case, Z has codimension 2 in @ and thus, by [5, Proposition 2.4], X — @,
is the blowup of Z. The resulting link is the inverse of the one in Example 4.1, whose target
is @, with h = gl?, for some linear polynomial / € K[tg, t,].

In the latter case, by Proposition 4.3, the morphism 7 is the restriction of a stan-
dard weighted blowup of the ambient space P(&,) with weights (1,...,1,b0). If b > 2
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or Z is not a singular point of @¢ Corollary 4.5 implies that the extremal ray ]RJF[ZNO] of
NE(X/PP1), not corresponding to 7y, is Kx-non-negative and span a subset of codimen-
sion 1. Therefore R+[l~o] cannot be contracted giving rise to a divisorial contraction nor
an isomorphism in codimension 1, contradicting the existence of the link. In the case that
Z is a singular point of @, and b = 1 the resulting link is the one of Example 4.1, whose
target is @, with g = hl?, for some linear polynomial / € K[tg, t1]. |

We are now ready to prove the main result of our paper.

Theorem 4.7. Let g € k[to, t1] be a homogeneous polynomial of degree 2a and w: Q5 —
P! the associated Umemura quadric fibration. Write g = f2h, where f,h € klty, t,] are
homogeneous polynomials with h being square-free. Then Aut®(Qg) is conjugated to a
subgroup of Aut®(@y,).

Moreover, if h and ' are two square-free polynomials, we have:

(1) Aut®(@p,) is a maximal connected algebraic subgroup of Cry, (k) if and only if h is
constant or has at least 4 roots;

(2) Aut®(@y,) and Aut® (@) are conjugate if and only if h(tg, t1) = h'(a(tg. 11)), with
« € PGL, (k).

Proof. The first claim follows by repeatedly applying the link in Example 4.1 to clear all
square terms.

Suppose now that / is square-free and let G := Aut®(@p,). If & is constant, then @,
is isomorphic to the product Q"1 x P!. Then G = Aut®(Q,_) x Aut°(P') acting fac-
torwise, thus the action is transitive. This implies that there are no G-equivariant Sarkisov
links, and so G is maximal by [11, Corollary 1.3].

If & has exactly two roots then, up to a change of coordinates, i = ty¢;. Example 4.2
shows that G is conjugate to a strict subgroup of PSO, 4 (k).

Finally, suppose that / has strictly more than 2 roots. Then, by Proposition 3.8,

Aut®(@p) = Aut®(@p)p1 = SO, (K).

Successive applications of Lemma 4.6 show that if @, is G-equivariantly birational to an
Mfs X /B, then X /B = @ 2. Since hf? has strictly more than 2 roots too, Aut®(@yr2) =
SO, (k). Thus G is maximal by [11, Corollary 1.3]. This concludes (1).

Finally, let 2 and &’ be two square-free polynomials such that Aut®(€@j) and Aut® (@)
are conjugate. Then there exists a birational map ¢: @5 --> Q. By Lemma 4.6, ¢ has to
be an isomorphism of Mori fiber spaces, i.e., an isomorphism fitting in a diagram

[ L) Qp

T

IP"T>IP’1,

where o is an isomorphism. Since ¢ has to send singular fibers of 7 to singular fibers
of 7/, and by Lemma 3.6 (1), we have h(tg, 1) = h'(a(to,t1)). Conversely, if h(to, 1) =
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R (a(to, 1)) for some o € PGL;(Kk) then we have the Mori fiber space isomorphism

(Qh L (Qh/

L

Pl T) ]Pl
that conjugates Aut®(@y) into Aut®(@j/). This concludes the proof of (2). |

Finally, we can deduce the following characterization of the maximality of Aut®(@g).

Corollary 4.8. Let gklto,t1] be a homogeneous polynomial of even degree and w: Qg —
P! the associated Umemura quadric fibration. Write g = f2h where f,h € k[ty, t1] are
homogeneous polynomials with h being square-free. Then Aut®(Qg) is a maximal con-
nected algebraic subgroup of Cry, (k) if and only if either f and h are constant or h has at
least 4 roots.

Remark 4.9. When g has 2 roots, one can actually prove a more precise result: Aut®(Qg)
is contained in a unique maximal connected algebraic subgroup M of Cr,(k); namely
M = PSSO, (k) with the conjugation being given by Example 4.2.

Indeed, using the description of Aut®(@,) of Proposition 3.8, we can compute the
orbits, and deduce that all equivariant Sarkisov links from @, are of the two forms of
Examples 4.1 and 4.2. It then suffices to notice that the links of the two examples com-
mute, i.e., if g = 7,°7{" and g’ = té’"t{“ , with b; = a; &£ 2k;, then the diagram

1S commutative.
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