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Posets of finite GK-dimensional graded pre-Nichols
algebras of diagonal type

Ivan Angiono and Emiliano Campagnolo

Abstract. We classify graded pre-Nichols algebras of diagonal type with finite Gelfand—Kirillov
dimension over an algebraically closed field of characteristic zero. The characterization is made
through an isomorphism of posets with a family of appropriate subsets of the set of positive roots of
a semisimple Lie algebra attached to the Nichols algebra. The relation between this Lie algebra and
the Nichols algebra is that the algebra of functions of the corresponding unipotent group appears
in a central extension of the Nichols algebra, generalizing the corresponding extensions for small
quantum groups in de Concini—Kac—Procesi forms of quantum groups.

On the way to achieving this result, we also classify graded quotients of algebras of functions
of unipotent algebraic groups attached to semisimple Lie algebras.

1. Introduction

Let k be an algebraically closed field of characteristic zero. The so called quantized
enveloping algebras U, (g), where ¢ is a parameter and g is a semisimple Lie algebra,
emerged after the works of Drinfeld and Jimbo as examples of non-commutative and non-
cocommutative Hopf algebras over the field k(g): They were obtained by deforming the
structure of the corresponding enveloping algebra over k(¢). When we consider the eval-
uation of the parameter g in elements of k, we get a Hopf algebra over k, which behaves
as U(g) in terms of representations if ¢ is not a root of unity. In the nineties, de Concini,
Kac and Procesi [21,22] studied the case in which ¢ is a root of unity of order N, under
some mild conditions on N, and found a completely different story. To begin with, the
center of Uy, (g) is larger than in the case where ¢ is not a root of unity, and it contains a
Hopf subalgebra Z, which gives rise to an extension of Hopf algebras

Zg — Uq(g) —> u4(q). (1.1)

Here 14(g) is the Frobenius—Lusztig kernel, a finite-dimensional pointed Hopf algebra.
The name comes from the evaluation of a different form of U,(g) studied by Lusztig
[27,28] in connection with the representation theory of algebraic groups in positive char-
acteristic. He took an integral form generated by divided powers of the generators and the
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algebra U, (g) obtained after evaluation in ¢ fits into an extension of Hopf algebras

u,(g) = Uq(g) = U(g). (1.2)

Coming back to (1.1), Uy(g) is 7.9-graded, where 0 is the rank of g, and has a tri-
angular decomposition Uy (g) ~ U, (g) ® U (g) ® U, (g), where U (g) is the group
algebra of a free abelian group in generators K;, 1 <i <6, and U qi (g) has a PBW basis
made of PBW generators Eq, respectively Fy, of degree o € Ay, where A is the set
of roots of g viewed as a subset of Z?. In addition, Z, is the subalgebra generated by
EN,FN a e Ay,and KN, 1 <i <6, while u,(q) has a restricted PBW basis with the
same set of generators, but we restrict the powers up to N. Also, the restriction of (1.1)
to the corresponding positive parts gives an extension Z; — UqJr (g) > u;'(g) of Hopf
algebras, but in the braided tensor category %Z YD of Yetter—Drinfeld modules over Z.

A few years later, Andruskiewitsch and Schneider [10] introduced the so called Lifting
Method to classify finite-dimensional pointed Hopf algebras. In a nutshell, this method is
based on the decomposition of the associated coradically graded Hopf algebra into the
bosonization between a group algebra kI" and a coradically graded Hopf algebra R in
the category ]ﬁgyﬂ by solving the following steps: first, to classify all finite-dimensional
Nichols algebras (see Section 2.1 and references therein for the definition and examples);
then classify the possible finite-dimensional Hopf algebras R extending the Nichols alge-
bras as before, called post-Nichols algebras; and finally to obtain all the liftings of the
corresponding bosonizations. This method was widely applied, with the first main result
[13] being the classification in the case of abelian groups with moderate restriction on the
order, where the examples are certain deformations of the bosonizations of u; (g) with
appropriate abelian groups. The general answer for abelian groups involves the classifica-
tion of finite-dimensional Nichols algebras B, of diagonal type depending on a braiding
matrix g € (k*)?*?, which in turn is contained in the classification of those with finite
root system (i.e., a finite number of PBW generators) given by Heckenberger [24]. To do
so, we attach a (kind of) Dynkin diagram with labels depending on ¢ and consider the
connected components of this diagrams: the root system is, as expected, the disjoint union
of the root systems of the connected components, so the list in [24] contains just those
matrices ¢ with connected Dynkin diagram. In [3] this list was split into the following
families:

e Cartan type.

*  Super type.

* Standard type.

*  Modular type.

* Supermodular type.
* UFO.

Here, Cartan type is essentially the case of quantized enveloping algebras, while super
type is related with quantized enveloping Lie superalgebras.
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Andruskiewitsch and Schneider also started the classification of pointed Hopf algebras
with finite Gelfand—Kirillov dimension (i.e., infinite-dimensional ones with some kind of
moderate growth) in [12] by classifying those which are domains and satisfy a technical
condition. To do so, they extend the Lifting Method to this context and obtained that all
possible Nichols algebras are close to Uq+ (g) for ¢ not a root of unity, and the unique
possible Hopf algebras R extending the Nichols algebras are just the Nichols algebras
themselves.

If we want to get all Hopf algebras including those which are not domains, the answer
is fully different: indeed, Lusztig examples provide post Nichols algebras ‘L(;; (g) prop-
erly extending the Nichols algebras u; (g). Taking graded duals, the extension between
the positive parts in (1.2) becomes that of (1.1), where U, q'" (g) is a pre-Nichols algebra (a
graded intermediate quotient between the tensor algebra and the Nichols algebra u;r (a)
of finite GKdim, and classifying post-Nichols algebras with finite GKdim is related to
classifying pre-Nichols algebras with finite GKdim. In general, finite-dimensional Nichols
algebras B, of diagonal type fit into an exact sequence of braided Hopf algebras Z+
Bq —> qu, generalizing the one between positive parts in (1.1), where qu is the d1st1n—
guished pre-Nichols algebra [15]: it has a PBW basis with the same set of generators as
Bg, but where we allow the powers of some of them to be arbitrary as in (1.1). Thus
we may identify first those Nichols algebras of diagonal type with finite GKdim and
then obtain all possible pre-Nichols algebras of finite GKdim covering each one of these
Nichols algebras. For the first question the answer was given in [18], following the con-
jecture made in [6]: a Nichols algebra of diagonal type has finite GKdim if and only if its
root system is finite, i.e., it appears in the lists in [24]. Therefore we have to classify all
pre-Nichols algebras B with finite GKdim covering the Nichols algebras B, with finite
root system.

Fixing a braiding matrix g, the corresponding set of pre-Nichols algebras form a poset
whose maximal element is B, and we may wonder if there exists a minimal element
between those of finite GKdim, called the eminent pre-Nichols algebra @q in [9]. This is
the case for all g with connected diagrams up to Cartan types Ag, Dg with label g = —1,
thanks to [9, 16, 17, 20] in most cases eminent and distinguished pre-Nichols algebras
coincide, i.e. Bq = B .In any case, 'B fits into an exact sequence of braided Hopf algebras

Zq;)'Bq — B,

where Zq is an algebra of g-polynomials whose variables are homogeneous: we collect the
Ng -degrees of these variables in a set denoted by 9%, which is the set of positive roots of
a classical root system when @q = @ by [4]. As we will explain later, we are interested
in subsets B C Dq closed by sums: it means if «, ,3 € Baresuchthata + 8 € Dq then
o+ B eB.Lets c(q) be the set of all subsets of Dq closed by sums, which is a subposet
of the poset of subsets of DY .

Due to the results stated a above, the determination of the poset of pre-Nichols algebras
with finite GKdim is equivalent to the characterization of all intermediate quotients B
between @q and B,. The main result of this paper deals with this question.
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Theorem 1.1. Let g be a braiding matrix whose connected components are not of Cartan

types Ay, Dg with label g = —1 neither one-dimensional with label ¢ = *1. For each
B e Dq let zg be a generator on of degree B, and for each B € Pc(q) let

B(q. B) :=By/(z | B € D - B).

Then each B(q, B) is an Ng-gradedpre-Nichols algebra such that GKdim B(q, B) = | B|.
The assignment B — B(q, B) gives an anti-isomorphism of posets between

» the set P (q) of all subsets Of D closed by sums, and
* the set of all N -graded pre- “Nichols algebras of g with finite GKdim.

The proof uses the determination of eminent pre-Nichols algebras made in [9, 16, 17]
and the equivalence between the finiteness of the root system and finite GKdim of Nichols
algebras of diagonal type stated in [18], which explain two restrictions of our results: We
avoid connected components of type Ag, Dg with label ¢ = —1 due to the first papers,
and we restrict to algebraically closed fields because of the last one.

The strategy to prove Theorem 1.1 is the following:

®

(ii)

(iii)

(iv)

)

We check for those cases where @q # @q that 2q is also skew central, see
Proposition 4.1 (i). Thus, for all connected braiding matrices g considered here
we have that the eminent pre-Nichols algebra is a skew central extension of the
Nichols algebra.

We prove that the poset of pre-Nichols algebras with finite GKdim is preserved
up to twist equivalence in Proposition 2.7, and that every braiding matrix q is
twist equivalent to a braiding matrix p such that Zp is central in Lemma 2.8.
Therefore we may assume that Zq is central.

Next we check that intermediate quotients of the eminent pre-Nichols algebra
are labeled by quotients of the central Hopf subalgebra ,‘Zq, see Proposition 2.2.
This leads us to study quotients of commutative connected Hopf algebras of a
certain shape: polynomial algebras in variables zg, labeled by their 79 -degrees
as elements of @q, where the set of labels is denoted by Qi.

In the case in which @q = ﬁq, DY is the set of positive roots of a semisimple
Lie algebra by [4], and .‘Zq is the algebra of functions of the unipotent subgroup
attached to this root system, so we study quotlents of this kind of commutative
Hopf algebras in Theorem 3.10. When B #* 3 we do it by hand in Propo-
sition 4.1 (ii), (iii). In any case we can relate all the quotients of Zq, which
in turn give all the quotients of @q, with subsets of 21 closed by sums. This
leads to the classification of pre-Nichols algebras with finite GKdim when q is
connected in Theorem 4.5.

Finally, we prove that the poset in the non-connected case decomposes as the
product of the corresponding posets of the connected components and give a
closed formula for the Hilbert series of each pre-Nichols algebra B(q, B), see
Theorem 4.8.
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Going back through the steps of the Lifting Method, we classify by taking graded duals
all post-Nichols algebras of diagonal type and finite GKdim (up to few exceptions on the
connected components), which in turn give all coradically graded pointed Hopf algebras
with abelian coradical and finite GKdim after bosonization with suitable abelian groups.

We can observe that any B(q, B) fits into an exact sequence of the Nichols algebra g
by a g-central Hopf subalgebra, so we may ask:

Question 1.2. Are there examples of pre-Nichols algebras of finite GKdim which are not
a “central” extension of braided Hopf algebras of the corresponding Nichols algebra?

Although the restriction to the Ng -graded case may seem very strong, it has both a
realization-independence reason and also a reduction to a problem with a closed answer:
the general case depends strongly on the realization of the braided vector space of diagonal
type as Yetter-Drinfeld module, and a general answer may be somewhat unmanageable,
see Remark 2.6.

The organization of the paper is the following. First we recall several notions about
Nichols algebras, distinguished and eminent pre-Nichols algebras when the braiding is of
diagonal type; we also summarize known results about eminent pre-Nichols algebras and
solve some questions on quotients of pre-Nichols algebras, extensions of Nichols algebras
by central subalgebras and twist equivalence of braidings of diagonal type in Section 2.
Motivated by the results in this section we consider quotients of the algebras of functions
of unipotent algebraic groups which are the positive parts of semisimple ones; hence, in
Section 3 we give the classification of these quotients in terms of subsets closed by sums
of the set of positive roots of the associated semisimple Lie algebra. Finally, we attack
the determination of the poset of Ng -graded pre-Nichols algebras with finite GKdim of a
matrix g such that B4 has a finite root system (or equivalently, such that GKdim B4 < 00).
Due to the results in Section 2, we can relate these quotients to those of the skew central
Hopf subalgebra ,‘Zq (the subalgebra of coinvariants of the projection @q — Bg), and also
we can move to the case in which ,‘Zq is central. We attack first the connected case: we
apply results in Section 3 to solve all the cases where @q = 'Bq, and compute explicitly
the poset for the few exceptions where @q #* @q. Then we deal with the non-connected
case using tools from [9] and the answer for the connected case.

Notation

We fix 0 € N andset I = Iy :={1,2,...,0}. Let (¢;);er be the canonical basis of z?
and o;; denote o; + -+~ +a;,i < j.Let B =Y, yaia; € Z%, sometimes also denoted
B = 191...0% to shorten expressions. The support and the height of f are given by
supp ={i €1 |a; #0}. h(f) =) a; € L.
i€l

Ify =73 gbiai € 79 is such that a; < b; forall i € I, then we say that < y.

If N € N and v € k*, then (N), := ZJI-V:_OI v/. We denote by Gy to the group of
roots of unity of order N in k, and G, the subset of primitive roots of order N.
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Let A be an associative algebra (with unit). We denote by GKdim A the Gelfand—
Kirillov dimension of A. We refer to [26] for the definition and properties.
We will deal with Ng -graded objects U = P, eNf U,. The Hilbert series of U is

Hy = Z dimUy t* € No[t1,...,t9] where t* = {*---1,% fora = (ay,....ag).

(xENg

Given # = ZaeNg ag t%, H' = ZaeNg bot® € No[t1, ..., tg], we say that H > H' if
g > by forall x € Ng. Thus, if U’ C U as Ng-graded objects, then Ky > Hy.

Let C be a coalgebra. We will use Sweedler notation for C and any (left) comodule V;
explicitly, A(c) =cq) ®c) € C ® C forallc € C,andif p: V — C ® V is the coaction,
then p(v) = v(—1) ® V() forallv e V.

2. On pre-Nichols algebras of diagonal type

We start by recalling notions and results related with Nichols and pre-Nichols algebras,
with special focus on the diagonal case. Let H be a Hopf algebra. As usual, we denote
by g YD the category of (left) Yetter—Drinfeld modules over H. We refer to [1,29] for
unexplained notions and notations on Yetter—Drinfeld modules and braided vector spaces,
and to [3] for more information on Nichols algebras of diagonal type, and to [26] for
definitions and basic results on Gelfand—Kirillov dimension.

2.1. Nichols algebras and pre-Nichols algebras

Recall that Z YD is a braided tensor category: for each pair V, W € If_Il Y D, the braiding
is given by

cvw: VAW ->WRV, cyw(x®y)=x—1)-y®x@0), xeV,yeW

Therefore each pair (V,cy,y), V € Z YD, is a braided vector space.

The tensor algebra T(V) = @D, V®" becomes a graded Hopf algebra in Zyi)
by declaring that every element in V is primitive. The Nichols algebra B(V) of V is
the quotient of 7'(V) by the maximal Hopf ideal (V) = €D,, §"(V) generated by
homogeneous elements of degree > 2. Hence, B(V) is an Ng—graded Hopf algebra over
Z YD, where the degree one part is V', coincides with the set of primitive elements and
generates B(V).

It is known that the structure of the Nichols algebra B(V') depends on the braiding
¢ := cy,y € GL(V®2), not really on the realization as a Yetter—Drinfeld module. This is
why we consider braided vector spaces throughout this paper: i.e., pairs (V, ¢), where V
is a vector space and ¢ € GL(V ®?) is a solution of the braid equation.

Prominent examples are braided vector spaces of diagonal type. It means that there
exist a basis {x; };er and a matrix g = (¢;;) € (k)™ such that the braiding is

VRV VRV, *(xiQxj)=qijx;®x;, i,jel
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The matrix g is called the braiding matrix. The information of g is encoded in the associ-
ated Dynkin diagram. This is a labeled graph with 6 vertices, each of them labeled with
gii, and a edge between vertices i and j if §;; := g;;qj; 7# 1, labeled with this scalar.
Different braiding matrices can have the same Dynkin diagram: the associated Nichols
algebras are not isomorphic but equivalent in some sense as we will see in Section 2.4.

Nichols algebras of diagonal type depend only on g, so we will denote it by B4; we
denote accordingly J, to the defining ideal of B,. In addition, (V, c) is realized as a
Yetter—Drinfeld module over kZ? in a canonical way: We set the coaction on V' given
by p(x;) = ; ® x; and the action given by «; - X; = ¢q;;x;, i, j € . From here we can
deduce that By is 7.9-graded, where each x; has degree o; .

A pre-Nichols algebra of V' is a braided Hopf algebra B which is the quotient of
braided Hopf algebras of T'(V') by an No-homogeneous Hopf ideal § = P,,.., 4". Thus
J < (V) and there exist canonical graded Hopf algebra epimorphisms -

T(V) = B — B(V)

whose restriction to degree one is idy. The set of pre-Nichols algebras of V' becomes a
poset Pre(V'), where B; < B, if idy induces an epimorphism of braided Hopf algebras
By — B,. This poset has maximum and minimum elements, i.e., B(V') and T (V).

Assume that GKdim B(V') < co. The subset Pre;sx (V) of pre-Nichols algebras of
V' with finite Gelfand—Kirillov dimension is a subposet with maximum element B(V). In
case it admits a minimum @(V), we will say that @(V) is the eminent pre-Nichols algebra
of V. The existence and computation of eminent pre-Nichols algebras @(V) reduces the
problem of finding the set of all pre-Nichols algebras of V' with finite GKdim to the prob-
lem of finding quotients of ’lAB(V). As we will recall in Section 2.3, eminent pre-Nichols
algebras exist for most V' of diagonal type.

2.2. Central extensions of braided Hopf algebras

As we want to study posets of pre-Nichols algebras, we have to deal with extensions
of connected Hopf algebras in ZZySO. Motivated by [30, Theorem 3.2] and [5, Propo-
sition 3.6] we can state the following correspondence between Hopf ideals and normal
coideal subalgebras in Z YD.

Proposition 2.1. Let R be a connected Hopf algebra in Z YD. The assignments
A I(A) := R/RAY, [+ A(l) :=PR/IR,

give a bijection between the set of normal right coideal subalgebras A of R and the set of
Hopfideals I of R.

Proof. By [5, Proposition 3.6 (c)] we have a bijection between the set of right coideal sub-
algebras A of R and the set of coideals / of R whose quotient map is of R-modules. Now
A is normal if and only if I(A) is an ideal: the proof is by direct computation, analogous to
that in [30, Proposition 1.4]. [
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Recall that an extension of braided Hopf algebras [8, Section 2.5] is a sequence of
morphisms of braided Hopf algebras k — A = ¢ 5 B — k such that ¢ is injective, 7 is
surjective, ker v = Ct(AT) and A = C7. For the sake of simplicity we just write

A< cS B
If C is connected then any surjective braided Hopf algebra morphism C % B gives an
extension by choosing A = C7, see [5, Proposition 3.6].

We say that an extension is central if A is contained in the center of C.

In case that A, B, C are Ng -graded with finite-dimensional homogeneous components
and the maps ¢,  preserve the Ng -grading, the Hilbert series of these algebras satisfy the
equality He = FHpHs, cf. [17, Lemma 2.4].

Now we deal with central extensions of Hopf algebras in ZI Y D whose right hand side
term is a Nichols algebra.

Proposition 2.2. Let Z—B = B(V) be a central extension of connected graded braided
Hopf algebras, where B = (D, B" is a pre-Nichols algebra of V, i.e., Bl =V.

(i)  The assignment I — Bl is a bijective correspondence between graded Hopf
ideals of Z and graded Hopf ideals of B generated in degree > 2.

(ii) Assume that B, B(V) are Ng -graded and 7w preserves the Ng -grading, so Z
is also Ng-graded. Let I be a Ng-graded Hopf ideal of Z, B' := B/BI, Z =
Z <21 Then Hp = Ha Hy.

Proof. (i) Let A = P, A" be a graded right coideal subalgebra of B such that Al =0.
We claim that A" C Z for all n > 0: The proof is by induction on n. For n = 0, A° =
k1 C Z. Now assume that A¥ C Z for all k < n. For each x € A" 11

n
AX) —x®@1-1®x € P4 @ Buy1i.

i=1
Thus, by inductive hypothesis, (7 ® id)A(x) =7(x) ® 1 + 1 ® x, so
A(Jr(x)) = RmMAX)=7(x)1+1&® m(x).

Hence 7(x) is a primitive element of B(V) in degree n + 1 > 2, so w(x) = 0. Thus
x € ©°TB = Z, and the inductive step follows. Therefore, the set of graded right coideal
subalgebras of B such that A! = 0 is the set of graded coideal subalgebras of Z, and all
these coideal subalgebras are normal since Z is central.

Using Proposition 2.1, we obtain a bijective correspondence between the correspond-
ing Hopf ideals; that is, between the graded Hopf ideals of Z and the graded Hopf ideals
of B generated in degree > 2.

(i1) Notice that Hy = Hy Hy and Z' — B’ 5 B(V) is also a central extension
of connected graded braided Hopf algebras. From this exact sequence and the one of B
we have that Hp = HgHp) and He = Hz 1 Hz ). Thus the statement follows by
putting together the three equalities involving Hilbert series. ]



Posets of finite GK-dimensional graded pre-Nichols algebras of diagonal type 9

2.3. Distinguished pre-Nichols algebras

Let (V, c%) be a braided vector space of diagonal type with GKdim B, < oo. By [18],
this means that B, has a PBW basis with a finite set of homogeneous generators; in other
words, g belongs to the lists in [24]. The set Ai of positive roots of g consist of the Ng -
degrees of these generators, which is independent of the chosen PBW basis [3,23]. The
set of roots of q is A%* := Aq U (—A% 1)

Assume from now on that |A | < oo.Fora = (a,...,ag), B = (b1,...,bg) € Ng
set

1_[ qa,b,’ Ng :=ordqgg € N U {o0}.

ij=1
A total order > on Aj_ is convex if for alla > B € Ai_ such that o + 8 € Ai we have
that o > o + B > B. For each convex order 81 > --- > By there exists a PBW basis with
set of generators xg, B € A, with each xg of degree . More explicitly, the set

Xgll ZA": 0 <n; < Ng,.

is a basis of B, see e.g. [19,25]. Thus, the Hilbert series of B, is

%Bq(r)=( [ ﬁ)( [1 #)

BEAT:Ng=co BeAT:Ng<oo

Next we move to pre-Nichols algebras of diagonal type and connected Dynkin dia-
gram. Among the Nichols algebras B, with finite GKdim, some of them are infinite-
dimensional. By [20] for most of these q the Nichols algebra By is the unique pre-Nichols
algebra with finite GKdim, and for the remaining ones there exist exactly one proper pre-
Nichols algebra @q with finite GKdim (which is then eminent).

Thus we can restrict to the problem of determining pre-Nichols algebras of finite
GKdim when dim B, < oco. This is equivalent to the fact that Ng < oo for all 8 € Aq
In this case, there exists a pre-Nichols algebra with finite GKdim, called the dzstmgmshed
pre-Nichols algebra B [15]. This pre-Nichols algebra is the quotient Bq =T(V)/Isby
the ideal I generated by the set of defining relations in [14, Theorem 3.1] adding a few
extra relations and removing relations of the form xév “ fora € Di. Here,

0% :={a € A% : qopqpa € {qlhy :n € L} forall B € Ze}
is the set of roots of Cartan type, cf. [4, 14], and Di = 90N Ng. By [15] the set

gl' le"‘:, 0 <n; < Ng,,
~ ~ 0, e D7,
is a basis of By, where Ng := p + Thus, the Hilbert series of Bq is
Ng, B¢D +

1 1 —tNsB
0= ) 11 %)

B Beat—o%
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Let Z, be the subalgebra of @q generated by z, 1= xév o€ Di. By [15] there exists
an extension of braided Hopf algebras

ZosBy > By, @.1)

ie,Z, = @g"”. Moreover, Z, is a g-central Hopf subalgebra of %q, which is a g-poly-
nomial algebra in variables zy, o € Di. Now set

B:=NgB, BeD% D%:={f:Be0% 0% :=0%NNj.
By [4, Theorem 3.7], 9% is a root system (in the classical sense), with basis

M :={yedl :y#a+pforalla,pec i}

With the notation above, the Hilbert series of @q can be also written as

3, 0) = 3, (03tz,0) = s, 0 [T 5). C2)

Example 2.3. Fix A = (a;;) a finite Cartan matrix, (d;) € N? minimal such that (d;a; i)
is symmetric and g € k is a root of unity of order N coprime with all a;;’s. Let g = (gi;),
where ¢;; = g% Tn this case q is of Cartan type and @q ~ Uq+(g), where g is the
(finite-dimensional) semisimple Lie algebra with Cartan matrix A. Moreover,

Ng = N forall B € A%, Dj_ =A1, thusgi ={NB:B € Ai}.

By [21] Z is the algebra of functions of the unipotent algebraic group with Lie alge-
bra n4 (the positive part of g, for a fixed Borel subalgebra).

From the Hilbert series we check that GKdim @q =| Di |< oo. Thus we may wonder
if ﬁq is the eminent pre-Nichols algebra of g. This is mostly the case. More precisely:

Theorem 2.4 ([9,16,17]). Let (V,q) be a braided vector space of diagonal type such that
dim By < oo and the Dynkin diagram is connected. Then the distinguished pre-Nichols
algebra B is eminent, except in the following cases:

(A) Cartan Ag or Dy withq = —1,

(B) A, withq € G,

(©) As(q [{2}) or A3(q [{1,2,3}), withq € Ge,
(D) g(2,3) with any of the following Dynkin diagram

If g is as in (A), it is not even known whether the eminent pre-Nichols algebra exists.
But for the other cases, there is an answer: the eminent pre-Nichols algebra is a g-central
extension of the distinguished pre-Nichols algebra, as we will describe below.



Posets of finite GK-dimensional graded pre-Nichols algebras of diagonal type 11

Theorem 2.5. Let (V,q) be a braided vector space of diagonal type such that dim B < oo.

()

(b)

(©

(d)

(e)

[91If a is of type Ay with q € GY, then the eminent pre-Nichols algebra of g is

Bg = T(V)/(x1112, X212, X2221, X1221),

and GKdim fﬁq = 5. Let Zg4 be the subalgebra of @q generated by X112, X221.
There is a N02 -homogeneous q-central extension of braided Hopf algebras Z, —
By = Bg, and Zg is a g-polynomial algebra in variables x112 and x321.

[171If q is of type Az(q | {2}) with q € Gy, then

@q = T(V)/(x%,x13,x112,x332)

is the eminent pre-Nichols algebra of q, and GKdim @q = 3. Let Z4 be the
subalgebra of @q generated by x, ‘= [X123, X2]c. There is a N -homogeneous
q-central extension of braided Hopf algebras Z, — B —> Bq, and Zg is a
q-polynomial algebra in x,.

[17]If g is of type A3(q | {1,2,3}), with q € Gy, then
@q = T(V)/(X%,Xg,xg,xzw, [Xlza,xz]c)

is the eminent pre-Nichols algebra of ¢, and GKdim @q = 3. Let Z, be the sub-
algebra of Bq generated by x13. There is a N3 homogeneous q-central extension
of braided Hopf algebras Zq — B —> Bq, and Zg is a q-polynomial algebra
in X13.

—1 E

(¢]

[16] If q is of type g(2, 3) with diagram 5 _ol, then set
Xy = [[XIZyXIZS]c,XZ]C, Xy = [[X123,X23]c,xz]c,
Then the eminent pre-Nichols algebra is

@q = T(V)/()CIZ, xg, x_oz,, X13, [xl,xu]c’ [xlvxv](,‘7 [xuv x3]Cs [xv, x3]C)a

and GKdim@ = 6. Let Z4 be the subalgebra of @q generated by x, and X.
There is a N -homogeneous q-central extension of braided Hopf algebras Z, —
‘B —> Bq, and Z4 is a q-polynomial algebra in variables xy, X, .

£ & &
)

— -1
[16] If q is of type g(2, 3) with diagram o o, then set
Xy = [[X1237X2]C,X2]C, Xy = [X123, X1223]cs
Then the eminent pre-Nichols algebra is
@q = T(V)/(X%,Xg,xm, [X223, X23]c, X221, X2223, [Xy, X3]c.

[xX12332, X2]; [X12332, x3]c>-
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and GKdim @q = 6. Let Z4 be the subalgebra of @q generated by x,, and x,.
There is a Ng -homogeneous q-central extension of braided Hopf algebras Z, —
Bg = Bg, and Zq4 is a q-polynomial algebra in variables xy, xy.

We denote by Pre(q) the poset of pre-Nichols algebras when V' is of diagonal type
with matrix q. Let Lregx (q) be the subposet of those with finite GKdim, and Lre® (q)
the subposet of Ng -graded pre-Nichols algebras. Finally, set

Pregey (4) = Pregg (q) N Pre(q),

i.e., the subposet of those pre-Nichols algebras with finite GKdim which are N g -graded.
The main result of this work is the characterization of Pref;, () for all those cases where
the eminent pre-Nichols algebra of all connected components of g is known.

Remark 2.6. There is a strong reason behind the restriction to the subposet of Ng -graded
pre-Nichols algebras: This is the set of all pre-Nichols algebras that can be realized in the
category of Yetter—Drinfeld modules for any principal realization of V' over a group I'.
Recall that a principal realization of a braided vector space of diagonal type means that
there exists a basis (x;) of V, elements g; € Z(I') and y; € T such that the coaction of x;
isgivenby g; and g - x; = y;(g)x; forall g € I', so ¢;; = xj(g;) foralli, j € L.

For example, let ¢ = (g;;) be such that g;; = 1, g;; € (G;Vi, foralli # j €I, where
N; € Ny. The distinguished pre-Nichols algebra is the so called quantum plane,

Be =T(V)/(xij | i <jel).

Fix i # j suchthat N; = Nj anda € k*. As xiN LX; ’ are primitive elements of the same
degree, the quotient

B=TWV)/(xxe, k <L el; xN _asz_v,-) = Bo/(x]" _ax;Vj>

is a pre-Nichols algebra of g of finite GKdim. Fix also a principal realization over a group
I': If either g # gj.vj orelse y Vi # )(jvj, then B is not an object in KLy D.

2.4. Twist equivalence and pre-Nichols algebras

Recall that two braiding matrices g = (g;j)i,jer and p = (pij)i,jer are twist-equivalent
if g;; = pi; and q;jq;; = pijpji forall i # j €1, cf. [11, Definition 3.8]. We write
g ~ p. Notice that two matrices are twist-equivalent if and only if their Dynkin diagrams
coincide.

Let (V, ¢) and (W, d) be the braided vector spaces of diagonal type with matrices q,
p, respectively. We want to relate Hopf ideals of 7' (V) and T'(W).

Proposition 2.7. Let ¢ = (qij)i,jer and p = (pij)i,je1 be twist-equivalent matrices.

(1)  There exists an isomorphism of posets W : Pre® (q) — Pre® (p) preserving the
Hilbert series.

(i) W restricts to an isomorphism W : Prefg (a) = Prefog (p).
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Proof. (1) In [11, Proposition 3.9], the authors introduce a linear isomorphism
Y Bg — By,

which is a coalgebra isomorphism: Let us recall more details about this isomorphism. In
loc. cit. the authors take the group cocycle

gl i<,
o:2% x7% > Kk*, U(givgj):{p”qu ._J.
1 i> ]

kz°¢

For any Hopf algebra R € | 7,

cocycle

YD, this group cocycle induces, up to projection, a Hopf

o: R#kZ? @ R#kZ? — k

and we consider the Hopf algebra (R#kZ?), : The coalgebra structure does not change and
the canonical inclusion kZ? < (R#kZ?), and projection (R#kZ?%), — kZ? are still
Hopf algebra maps. Thus (R#kZ?), decomposes as (R#kZ?), ~ R #kZ?. As stated in
[11, Lemma 2.12], the assignment R — R, takes Hopf algebras in ﬁi%: YD to Hopf alge-
bras in ﬁi% YD, where the coalgebra structure keeps unchanged, so it restricts to graded
Hopf algebras: If R = D,,.., R", then Ry = P, o RZ, with R} = R" as vector spaces.

Let V, W be as above: as usual we consider V, W € ﬁi% YPD. Working as in [11,
Proposition 3.9 and Remark 3.10] we check that

T(V)e =T(W).

Any Z?-graded pre-Nichols algebra B of V' is a Hopf algebra in ﬁz%z Y D: the Hopf algebra
projection
x:T(V)—>B

gives a Hopf algebra projection 7 : T(W) = T(V)s — B, which preserves the Ny-
graded components. Thus, we have a map ¥ : Bre®' (q) — Pre® (p), ¥V(B) = B,. More-
over, W is a map of posets, which has an inverse map given by o1,

(ii) As W preserves the Hilbert series, GKdim B, = GKdim B by [26, Lemma 6.1]. =

Next we want to reduce to the case in which Z, is central (more than skew central).
We can do this reduction up to twist-equivalence.

Lemma 2.8. Let q be a matrix such that dim By < oo. There exists p ~ q such that Z,
is a central subalgebra of B,.

Proof. By [7, Remark 4.4] we need to find a matrix p ~ g such that
pak =1 foralli € Iandall § €Ty, (2.3)

and it is enough to check it just for one matrix g in each Weyl equivalence class.
If g belongs to the one-parameter families (that is, those Nichols algebras in [3, Sec-
tions 4, 5, 7.1, 7.2]), then the existence of p follows by [7, Appendix A].
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The remaining cases are treated case-by-case. We will see that in all of them we can

choose p;; = 1if i < j, so pj; is the scalar in the edge between i and j when they are
connected, or pj; = 1 otherwise. We label the cases according with the subsections in [3].

For Section 6.1, we choose the diagram such that g;; = —1 and ¢;; = —eFVif i £ .
Here Ng = 6forall B € TI, = {0 1§ # j, 0} U{oj_19 + @jg, g—1 + 209}, SO We
need a matrix p with the same diagram as g such that

P =08 [ pie =pfoipig=1. i€l k#j.6.

This holds if we choose p;x = 1 when i < k since all the scalars in vertices and arrows
of the diagram belong to Gg.

For Sections 6.2, 7.3, 8.1, 8.4, 8.7, 8.8, 8.10, 8.11, 8.12, 9.2, 10.1, 10.2, 10.3, 10.4,
10.5, 10.6, 10.8, 10.9, 10.10, 10.11 and 10.12, the proof is similar. Indeed, we can
choose a diagram with the following properties:

- ¢qjj =—1forsome j €, q;; # —1foralli # j,

- I, ={a; :i # j} U {a} for some non-simple root « such that j € suppa,

As Ng = N for N = 8, respectively 9, 18, 3,3, 3,3,3,3,5,4,4,6,6,6,4, 12, 24,
20, 30, 14, and the scalars in the vertices and the edges belong to Gy, we note that
(2.3) holds if we guarantee that p{}' = 1foralli, j. Hence we can choose p;; = 1 for
i<j.

For Sections 8.2, 8.3, 8.5, 8.6, 8.9, we can also choose a diagram such that ¢;; = —1
forsome j €I, g;; # —1foralli # j,and I1, = {&; : i # j} U {o} for some non-
simple root « such that j € supp «. But in these cases Ny, = 3 fori # j, Ny =6
and the scalars in the vertices different from j and all the edges belong to G3. Hence,
(2.3) holds if we guarantee that pfj = 1foralli # j, so we can choose again p;; =1
fori < j.

For Section 9.1, we choose the diagram with ¢1; = ¢ € G%, §12 = §2, g = —1.
Hence I1, = {@1, a1 + @2}, N, =5, N +a, = 10, so we look for a matrix p >~ g

such that

Pl =piipiy = D5 =iy =1

This holds if we choose pys = 1, pa; = ¢2.

Finally, the diagrams in Section 10.7 have no Cartan roots so the condition is trivial. =

Putting together Proposition 2.7 and Lemma 2.8, we can restrict to matrices g such that

Z, is a central Hopf subalgebra. If so, then Z, is the algebra of functions of an algebraic
group. Taking graded duals in the central extension in (2.1) we get a new extension of
braided graded connected Hopf algebras

By > Lq - ZL. (2.4)
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Here &£4 = @g, is called the Lusztig algebra of g, cf. [4]. Notice that Zg is cocommutative
and connected, thus it is (isomorphic to) the enveloping algebra of a finite-dimensional
nilpotent Lie algebra ng: By [4, Theorem 1.1], nq is the positive part of the semisimple
Lie algebra with root system O%.

3. Hopf ideals of algebras of functions of unipotent groups

According with the previous section we have to understand the coalgebra structure of the
algebra of functions of unipotent algebraic groups whose Lie algebra is the positive part
ny of a semisimple Lie algebra g with root system A, that we denote Z 4. Let ¥ be the
rank of A, I :={1,...,90}. Asanalgebra, Zy = k[zy | @ € A4].

Let Q- be the lattice of positive roots, i.e., if {c; | i €} is the set of simple roots of A,
then Q4 = Z?zl Za;. Then Z 4 is a Q 4-graded Hopf algebra, with each z, of degree «.

Now we relate Z4 and U(uy). Although this relationship may be well known, we
give a proof as the tools involved are useful in some of the proofs in the next section.

Lemma 3.1. Letny, Za, O+, (Za)aco, be as above.

(1) The Q+-graded dual of Z 4 is (isomorphic to) U(ny.), the enveloping algebra of
the nilpotent Lie algebra ny.

(2) The subspace P (Z ) of primitive elements of Z 5 has basis {zq,; | i € I}.

Proof. For (1),letU = @ﬂe@r Up be the graded dual of Z 4, with Ug the component of
degree 8. As Z 4 is connected (as algebra) and commutative, U is connected (as coalge-
bra), and cocommutative. Thus U is the enveloping algebra of its primitive elements.

The subspace & (U) of primitive elements of U is the space of derivations Zx — k,
which is canonically identified with n;..

For (2), we proceed dually to the previous statement: J(Z ) is the space of deriva-
tions d : U — k. This space has dimension < i, since U is generated by e¢;, i € I, as
algebra, so any derivation d : U — k is univocally determined by the values d(e;), i € 1.
On the other hand, each zg; is primitive, so dim #(Z ) > ¢. From these two statements,
dim P(Z ) = ¥, and P (Z 4) has basis {z,, | i € I}. |

Remark 3.2. For each f € A fix a non-zero element £g € 1y of degree B. Then {§g |
B € AL} is abasis of iy ; moreover, if 8,y € Ay are such that § + y € A, then there
exists d(ﬁl}’) 75 0 such that [Eﬂ, Ey] = d(,g|,,)$,g+,,, and ifﬂ +vy ¢ A+, then [Sﬂ, Ey] =0.

Next we introduce a family of subsets of A4 which will parametrize graded Hopf
ideals of Z 4.
Definition 3.3. Let A, B C A,
(i)  We say that A is compatible if for all y € A and all pair «, 8 € A4 such that
y=a+ f,thena € Aor 8 € A.
(i)  We say that B is closed by sums if for each pair«, f € B suchthata + f € A,
we have that o + 8 € B.
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Remark 3.4. A is compatible if and only if A4 — A is closed by sums.
We denote by . (A ) the set of all subsets of A that are closed by sums.

Remark 3.5. #.(A;) is a subposet of P (Ay) with maximum Ay and minimum @, as
both trivial subsets are closed by sums.

To deal with subsets of roots as above we need first a statement on sums of roots.

Lemma 3.6. Let m > 3. If &, y1, ..., Ym € A4 are such that o = Z;":l Vi, then there
exist j <k € L, such that y; + yx € Ay

Proof. By induction on ht(a) > 3. If ht(«) = 3, then either ¢ = 2, + o, 1 7 s Or else

o = o + o5 + o, with#{r, s, 1} = 3: In both cases m = 3 and the y;’s are simple roots:

in the first case o, + a5 € A4, while in the second case the subdiagram with vertices

{r,s,t} of the Dynkin diagram of A is connected with the other two: up to permute the

sub-indices we may assume that r, s are connected by an edge, so o, + o5 € A.

Now assume that the statement holds for roots of height < & and take o, y1,..., Vm €
Ay suchthatht(e) =h + 1, = >/~ y;. As the Cartan matrix of A is finite, there exists
€ € I such that &)/ (@) > 0, hence ht(s¢()) < ht(ar). We have two possibilities:

o ¥ #oyforalli € L,. Thus si(y;),se(e) € Ay, and sg() = Y i, se(yi). Applying
inductive hypothesis for s; (), there exist j <k € I, such that s¢(y;) + s¢(yx) € Ay
As s¢(y;) + s¢(yk) = se(vj + vi) and y; + yi # ag since ht(y; + yi) = 2, we have
that y; + v € A4,

* There exists i such that y; =a. Up to permute the indices we may assume that y,,, = o.
We know that @ — kay € A4 forall 0 < k < a(a); in particular, @ — oy € A4 and
o—oy = Z:":_ll yi.lf m=3,theny; + y» = o —ay € A;. If m > 3, then we apply
inductive hypothesis foro — oy € A4

In any case, there exist j < k € I, suchthat y; + yx € A4 ]

We write a slightly different version of compatibility which will be useful in the forth-
coming results.

Proposition 3.7. A subset A is compatible if and only if for all « € A and y; € A+ such
that o = Y, yi, then there exists i such that y; € A.

Proof. (<) The case n = 2 is exactly the definition of compatibility.

(=) By induction on n: If n = 2, then it holds by definition. If the statement holds
for sums of less than n positive roots and @ = >, y;, n > 3, with y; € A, then we
can apply Lemma 3.6: up to permutation we may assume that Y’ := y,—1 + yn € A4.
Buta = Z:’;lz y; + ¥’ and we can apply inductive hypothesis: either y; € A for some
i < n — 2 (in which case we are done) or else y’ € A, in which case either y,—1 € A or
Yn € A by definition of compatibility. |

Now we check that subsets closed by sums classify Lie subalgebras of n;. More
explicitly, we check the following result.



Posets of finite GK-dimensional graded pre-Nichols algebras of diagonal type 17

Proposition 3.8. There exists a bijective correspondence between subsets closed by sums
and Q1 -graded Lie subalgebras of ny. given by B — n(B) := Dgep kép.

Proof. First we check that the map is well defined, i.e., each n(B) is a Lie subalgebra.
This follows by Remark 3.2. Indeed, for each pair 8,y € B, either 8 + y ¢ A4, in which
case [§g,&,] =0, orelse B+ y € B and [£g,&,] = dg|y)Ep+y € 1(B).

The map is injective by definition, thus it remains to check that it is surjective. Let
n C ng be a Q-graded Lie subalgebra. As nis Q4-graded, n = @ﬂGB k&g, where B
is the subset of non-trivial homogeneous components. We have to check that B is closed
by sums, which follows again by Remark 3.2 as nt is a Lie subalgebra. ]

Next we introduce a family of ideals and quotients of Z 4 indexed by $#(A+). For
each B C A, then we set

I(B):=(xg | B€ Ay —B)., Z(B):=Za/I(B). 3.1

By definition, Z(B) is a polynomial algebra in variables (the images of) zg, B € B.
We are mostly interested in those ideals attached to B € £, (A4 ) as we will see next.

Lemma 3.9. If B € $.(Ay), then I(B) is a Q y-graded Hopf ideal.

Proof. Let A = Ay — B. Itis enough to prove that A(zy) € I(B) @ Za + ZA ® I(B)
foralla € A. Leta € A: A(zy) — zo @ 1 — 1 ® z4 is a linear combination of terms

m
Zy Iy @ Zypyy Iy, LSk <m, oy € Ay, Zy,- =a.
i=1
By Proposition 3.7, for each term zy,, - - -z, ® zy, | *** Zy,, there exists i such that y; € A4,
thus it belongs to I(B) ® Za + Z4 ® I(B). |

We will use the previous result to give a parametrization of graded Hopf ideals of Z 4.

Theorem 3.10. There exists an anti-isomorphism of posets between P.(A ) and the set
of Q +-graded Hopf ideals of Z 5 given by

BeP.(Ay) — Z(B).

Proof. By Lemma 3.9 the map is well defined. Moreover, the map is an anti-morphism of
posets, and is injective since if B # B’ € $.(A4), then we may assume that there exists
«a € B’ — B, in which case zy € I(B) — I(B').

Thus, it remains to prove that the map is surjective. For this, we first notice the follow-
ing. Foreach B € #.(A4),as I(B) is aHopfideal, I(B)* C U(ny)' is a Hopf subalgebra
of U(n4) by [29, Proposition 5.2.5]. Thus I(B)+ = U(n) for some Lie subalgebra i of ..
By Proposition 3.8, n = n(B’) for some subset B’ C A closed by sums: clearly, B = B’.

! As before, here we take the Q+-graded dual of Z 4.
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Now take I a Q. -graded Hopf ideal of Z 4: again, the subspace I+ C U(u ) is a Hopf
subalgebra of U(uy ), so I+ = U(n(C)) for some subset C € A, closed by sums. But
by the previous argument, U(n(C)) = I(B)* for B = C, hence I = I(B). |

4. Posets of pre-Nichols algebras of diagonal type

Here we proceed to describe the poset of all graded pre-Nichols algebras of g with finite
GKdim. First we assume that the diagram of ¢ is connected and consider two cases:
whether the eminent pre-Nichols algebra is or is not the distinguished one. Later on
we give an approach towards the non-connected case: we have an obstruction to attack
the general case coming from those cases where the eminent pre-Nichols algebra is not
known.

4.1. Eminent pre-Nichols algebras which are not distinguished

Throughout this section, g will denote a braiding matrix of one of the following types:
Cartan A, with g € G4, Az(g | {2}) with ¢ € G, A3(gq | {1,2,3}) with g € G, g(2,3)
with diagram d; or g(2, 3) with diagram d,. Therefore, the eminent pre-Nichols algebra
@q is not the distinguished pre-Nichols algebra @q as described in Theorem 2.5, and
we can consider three subalgebras of coinvariants, associated to the non-trivial canonical
projections @q —> %q — By

Zo =BYTY Za =BYTY, Zy = BEP. (4.1)
By Theorem 2.5, Z, is a skew central Hopf subalgebra of @q, and by [15] Z4 is a skew
central Hopf subalgebra of @q, and both are skew polynomial algebras: % is the set of
degrees of the generators of Z,. We will see that Zq is also a polynomial algebra whose
generators are obtained by j J01n1ng the generators of Z, and Z,, and at the same time a
skew central Hopf subalgebra of B To this end we introduce the set Dq by extending
Dq with the degrees of the generators of Z,. Explicitly,

{13,1323,23,122, 122}, type Az, q € G},
{1N73N71223}7 type A3(q | {2})s q € GOOs
ﬁ:: {1N2N 2N3N 13} type As(q | {1,2,3}), ¢ € Goo,

{1323,132633,2333, 162636 12233 12332}, type g(2, 3) with diagram d;,
{132333,132633,23 2636 1233,12233%},  type g(2, 3) with diagram d>,
4.2)

where bold degrees are those of the generators of Z;. By [17, Lemma 2.4],
Hy, = Hzy Kz, = Jf’zqﬂ’%q,}
*%'Eq = Hz, K,

— %2q =J€qu}'€zq = 1_[ ﬁ

pedt
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Proposition 4.1. Let q be a braiding matrix of Cartan type A, with q € G}, type A3(q|{2})
with q € Goo, type As(q | {1,2,3}) with q € G, or type g(2, 3) with diagram d, or d,.

@) Zq is a skew central Hopf subalgebm of ‘Bq, and is a skew polynomial algebra
whose generators are homogeneous: D is the set of their degrees.

(i)  For each subset B C Di closed by sums, there exists a Z°-graded pre-Nichols
algebra B(a, B) with Hilbert series

Hp@,B) (1) = %sq(f)( I1 l—lt“)'

o€B

(iii) The map P, (D ) — ‘-BretGK (a), B~ B(a, B) is an anti-isomorphism of posets.

Proof. We prove the three statements for each case. First assume that g is of Cartan type
A, with ¢ € G5: by [9, Lemma 4.10], .‘Zq is a central Hopf subalgebra and, as an algebra,
is a skew polynomial algebra in variables xl , xg’, X112, X221 and x132, so (i) holds. For (ii),
notice that o, f € Dq are such that « 4+ 8 € D iff « + B = 1323 and either {a, B} =
{13,23} orelse {«, ﬁ} ={122,122}. .By [9, Lemma 4.10], X3, X3, X112, X221 are primitive
and the following formula holds in B

AxD) =x1, ® 1+ 1@ x3, + (1 —¢%)g3,x] ® x5 + (¢° — @)x112 ® x221.  (4.3)

Thus, if B C ,61 is closed by sums, then B(q, B) = Bg/(Xa.a € }51 — B) is a pre-
Nichols algebra with the desired Hilbert series. Reciprocally, if B is a Z%-graded pre-
Nichols algebra, then either B = @q or else one of the primitive elements x13, xg’ , X112,
X221 18 zero, since the subspace of primitive elements is spanned by these primitive ele-
ments (not in degree one) and V. Let T be the set of degrees of {x13, xg, X112, X221} of
those elements annihilating in B. If 71 N {x3,x3} = @ or T1 N {xX112, X221} = @ then x3,
cannot be zero in B, otherwise x3, is primitive and this element may be zero in B. Thus
set T =Ty ifx3, #0inB,or T = Ty U{1323}if x}, = 0in B. Then B := T* is closed
by sums, with B = B(q, B), and hence (iii) follows.

Next assume that g is of type Az(q | {2}) with ¢ € G. As stated in Step 3 of the
proof of [17, Proposition 5.5],

XiX1223 = ‘Iilqizzqia X1223X;, foralli e I3,
SO X523 is skew central. Leti € {1,3}, j #i. As (adc x;)>x; =0, N >2and ¢;; € Gy,
(k 1)

N

N

0= o)y = S0 ) a el k=l gl
— qii

Hence x1 and xY are also skew central. In addition, the three elements are primitive.
Thus Zq is a skew polynomlal algebra with generators x;523, xl and x3 ,and (1) follows.
Now every subset of % is closed by sums since @ + f ¢ Dq for all o, B € Qq Thus
the proofs of (ii) and (111) are straightforward.



I. Angiono and E. Campagnolo 20

The case in which g is of type As(q | {1,2,3}) with ¢ € G is analogous. Indeed, we
check that xgx13 = qr19x3 X13X) for all k € I3: the cases k = 1, 3 follow since x,f =0,
qix = —1, while the case k = 2 follows from the defining relation x;;3 = 0. Hence x13
is skew central. Also, as stated in Step 2 of the proof of [17, Proposition 5.9],

n _ n—1_n—1 _ n—1 n n n
X1X33 =415 g1z (MgyXa3 X123 + 412413 X53X1,

so forn = N = ord g3 we get xlxév3 = q{\gq{\g x%xl. The relations x% = x§ = 0 imply
that xXpX23 = —¢23X23X2, X23X3 = —(¢23X3X23, SO xé\; is skew central. An analogous

argument proves that x{g is also skew central. The three elements are primitive, and the
proof of this case follows as the one of type Az (g | {2}).
If g is of type g(2, 3) with diagram d;, then

Xy = [[x12. X123]e. 2], and  xy = [[x123. X23]c. X2 ],
are primitive in @q and skew central by [16, Proposition 4.2]. Also,
[x,-,x%]c = [xi,xfz]c =0 foralli €{1,2,3}.

Indeed, the proof of that proposition says that [x1, x35]c = [x3,x},]c = 0, and the other
relations follow from the quantum Serre relations. Thus xlz, x§’3 are skew-central in 3
As these elements are primitive in ‘Bq,

A(x )Ex ®l+l®x —l—(xu,xv)@B —|—B ® (xy, Xy).

Taking into account the Z-degree we check that x3, and x3, are primitive in Bq as well.

Now we claim that B = {xy;' X975 x 098 X333 x055 | ai € No} is a basis of Zq. Indeed
these elements belong to Zg, are linearly independent by [16, Proposition 4.2] and then
they must generate Z because of the expressmn of H5 above As .‘ZEq is a normal sub-
algebra of Bq, we have that ad, x; (x 223) € Z fori = l 2, 3. But we can check that
there are no elements of degrees 142633 132733 13293% in B, 50 ad, x;(x;,,,) = 0 for
alli = 1,2,3. A similar argument shows that ad. x; (x$,3) = O foralli =1,2,3,50 x7,,,
and x$,, are skew central. It means that Z is skew central, and also a coideal subalgebra
on both sides, so it is a central Hopf subalgebra. As Z is a skew polynomial algebra with
generators x3,, xf223, X33, x84, xy and xy, (i) follows.

Now xf23 is skew primitive since the unique pairs of elements (b1, b;) € B x B such
that the sums of their degrees is 16263% are (x¢,5, 1) and (1, x%,5). Now we compute

A(x 13223). By direct computation,
A(X1223) = X1223 ® 1 + 1 ® X123 + 30¢23x12 ® X23
+ (1= %)x123 ® X2 + 3x1 ® X23%2.

Using the degree again, the possible non-trivial summands of A(xl 523) Are xf’z ® x§'3 and
Xy ® Xxy. Hence we just look at the corresponding degrees and use that x,, = [X12, X1223]¢
and x, = [X;523, X23]¢ to check the following identity:

A(xlzh) = xf223 1+1® x3223 — 27431431 %15 ® X33 + 30q3,431932Xu ® Xy. (4.4)
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Next we see that A C 533_ is compatible if and only if either 13233 ¢ A orelse 132033 € 4
and {1323,2333} N 4, {12233,12332) N A # @, and a subset is compatible if and only of
the complement is closed by sums, as in Remark 3.4. Thus (ii) and (iii) follow by an
argument analogous to the Cartan case A,.

Finally, assume that q is of type g(2, 3) with diagram d,. The proof of this case is
analogous to the one above but using [16, Proposition 4.3] and its proof. Indeed, set

Xy = [X1223,%2]c and Xy, = [X123, X1223]c-

By loc. cit. x,, and x,, are primitive in B, and skew central. In addition, x3 is primitive
and skew central by direct computation, and x$; and x3,, are also primitive and skew-

central in @q since they are primitive and skew central in B, and we take into account the

3a3 3as _3as 6 :
Z9-degree as above. Next we observe that B = {x}i' x{?x{53 X194, x35° | a; € No} is

a basis of 2q by looking at the expression of the Hilbert series ‘%Zq as above, so Zq isa
central Hopf subalgebra. As Zq is a skew polynomial algebra with generators xg, x13223,
X353, X85, Xy and xy, (i) follows.
We need now an explicit expression of A(x13223). To do so we compute first
A(x1p23) = X1223 @ 1 + 1 ® X1523 — ¢23(1 = §)x12 ® x23
+ (1= 8?)x123 ® x2 — 38%x1 ® X232.
Working as in (4.4) we obtain the following:

A(X?223) = x13223 ®1+1® x13223 + 34]31933@'(1 - C)x1323 ® XS

+ 4314536 — Dxy ® xu. 4.5)
Now, A C 51 is compatible if and only if either 132633 ¢ A or else 13233 € A and
{132333,231 N 4, {122332,1233} N 4 # @, so (ii) and (iii) follow as above. n

Assume that q is such that Zq is a central Hopf subalgebra (that we can assume up to
twist the braiding by Lemma 2.8). We finish this subsection by identifying the algebraic
groups of Zq. To do so, we describe an algebraic group Z(B) related with .‘Zq for types
Cartan A, and g(2, 3) (both diagrams).

Let ny be the positive part of the Lie algebra g = sls5, which is a 10-dimensional
nilpotent algebra with generators ¢;;, 1 <i < j < 4, where

eii =e;, ej =lejx,ext1;], I <k <]

Notice that ¢;; has degree «;; forall i < j.
Let Z 4 be the corresponding algebraic group with Lie algebra ny. The subset

B ={1,123,1234,234,4} C A4

is closed by sums. The associated quotient Hopf algebra Z(B) in Theorem 3.10 is a poly-
nomial algebra in variables zg, B € B, where all zg for 8 # 1234 are primitive, and

A(z1234) = 21234 @ 1 + 1 ® z1234 + 21 @ 2234 + 2123 ® Z4.
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Lemma 4.2. Assume that g is such that Zq is a central Hopf subalgebra.
(i)  Ifqis of Cartan type A and q € G, then Zq ~ Z(B) as Hopf algebras.
(i) Ifqisoftype Asz(q | {2}) or As(q | {1,2,3}) with q € G, then Zq ~k[z1,22,23]
as Hopf algebras.
(i) If q is of type g(2, 3) and diagram d; or d,, then 2q ~ Z(B) x k[z] as Hopf
algebras.

Proof. Tt follows case-by-case, using the coproduct formulas (4.3), (4.4) and (4.5) in the
proof of Proposition 4.1. |

4.2. The connected case

Let q be a braiding of diagonal type such that dim B, < oo, the Dynkin diagram is con-
nected and q is not of Cartan type Ag, Dy with g = —1.

Those cases where the eminent pre-Nichols algebra Bq is not the dlstmgulshed pre-
Nichols algebra 3 were treated in Section 4.1, so assume for a while that Bq = B
Thus,

Zy =BG = Z4

is a skew central Hopf subalgebra of Bq, and an skew polynomlal algebra such that O% D1 is
the set of degrees of the generators of Z,. Hence we set Dq Dq for this case: we have
already defined Dq for the other ﬁve kinds of braidings in (4 2), s0 in any case Dq is the
set of degrees of the the generators of Zq

We will extend Proposition 4.1 to any g with connected Dynkin diagram. We deal first
with the existence of pre-Nichols algebras. For each € ﬁq let zg be the corresponding
generator of degree B: if f = Ngf for some Cartan root ,3 then zg 1= x ﬂ , otherwise
zg is the extra relation of such degree. For example, for Cartan type A, and ¢ € G5,
Z12p = X112 and Zy52 = X221.

Lemma 4.3. Let q be a matrix with connected Dynkin diagram such that dim B, < oo
and is not of Cartan type Ay, Dy withq = —1.
For each B C Dj_ closed by sums, the quotient

B(a. B) = Bo/{z5 | f € D} - B)
is a 7.2 -graded pre-Nichols algebra B(q, B) with Hilbert series

Ien e (1) = I, 0O [ 5)- “6)

1—t8
BeB

Proof. As mentioned above, it suffices to deal with the case @q = @q as in Theorem 2.4,
since the statement holds for other g by Proposition 4.1 (ii). Here, 51 = Ay is the set
of positive roots of the semisimple Lie algebra attached to %Q in [4]. Moreover, we can
assume that Zq is central up to change g by a twist equivalent braiding matrix, see Propo-
sition 2.7 and Lemma 2.8, in which case .‘Zq =ZA.
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Let B C 51 be a subset closed by sums. By Remark 3.4, A = B¢ is compatible, so
I(B) = (zp | B € A)

is an Ng -graded Hopf ideal of Z 4 by Lemma 3.9. Thus @qI(B) is a Hopf ideal of @q.
By Proposition 2.2 (ii), Jf,gq (t) = Hp(q,B)(t)Hz(t), where Z is the subalgebra of coin-
variants of the projection Z, —> Z4/1(B). As the subalgebra Z generated by zg, B € 4,
is simultaneously a coideal subalgebra and polynomial algebra in these variables such that
(Z*) = I(B), we have that Z = Z by Proposition 2.1, so #z(1) = ([1ye ﬁ). As

95,0 = 35, 0)( ] )

aeﬁ
by (2.2), we obtain the expression (4.6) for Hz(q,B)(¢). [ ]

Remark 4.4. Let B = {Z e ? L} be a numeration of B. Then the set

gMzPv..zPL 0 <n; < Ng, 0<pj <oo,

ni
xﬂl xBM Zl ZL ’

is a basis of B(q, B).

Now we state a characterization of the poset of Ng -graded pre-Nichols algebras.

Theorem 4.5. Let q be a matrix with connected Dynkin diagram such that dim B4 < oo
and is not of Cartan type A,, D, with q = —1. The map

Pe(DL) — Prefiy(@). B > B(g. B).
is an anti-isomorphism of posets.

Proof. As in the proof of Lemma 4.3, we may assume that g is such that @q = @q since
the remaining cases were treated in Proposition 4.1 (iii). In addition we may assume that
Z, is central up to change g by a twist equivalent matrix, thanks to Proposition 2.7 and
Lemma 2.8.

By Lemma 4.3, the map above is injective: if B # B’ are two different sets closed by
sums, then Hp (g, By (t) # Hn(q,B)(f). Also, it is a anti morphism of posets.

On the other hand, we will see that the map is also surjective. Let B € %reféK (q):

* By definition, there exists an Ng -graded Hopf ideal I such that B ~ ‘ﬁq /I.

* By Proposition 2.2 (i) there exists a graded Hopf ideal I of ,‘Zq such that I = @ql .

e By Theorem 3.10 there exists a set B C O% = A closed by sums such that I = I(B).
All in all, we have that o

B = Bo/BaI(B) = Bq/(zp | p € A) = B(q. B),

so the map is also surjective, and the statement follows. ]
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Example 4.6. Fix { € GJ. Let q be a braiding matrix of type g(2, 3) with Dynkin diagram

-1 ;,;2 _EZ 52 —1
o o o .

d3 .
Then B, = B is presented by generators and relations
2 2 _9 1—¢2
X13, X221, %2223, X7, X3 =0, [x1,x23]c +¢23X1223 — (1 — {7)x2x123.

Also, 51 = {1223, 132633 2333, 26} is (isomorphic to) the set of positive roots associated

to a Lie algebra of type A, x A;, and Zq is the subalgebra generated by

3 3 3 6
Z1 = X125 Z12 = Xip23, 22 = X33, I3 = X;.

a/(Zl,ZuN
\

The poset Pref;y (q) is the following:

When we move from left to right, the GKdim goes down from 4 to 0.

We can observe here that the poset of graded pre-Nichols algebras is not preserved
by Weyl equivalence: if q is also of type g(2, 3) but with Dynkin diagram d; or d», then
iBreféK(q) has 50 elements, since this is the number of subsets of 51 closed by sums.

4.3. The non-connected case

Here we take an arbitrary matrix g (whose diagram is not necessarily connected). Follow-
ing the spirit of [9, Section 3] we set

1t :={el:q;==1,G;=1forallj #i}, 1©:=T1T-OTUIl).

that is, I contains all the connected components of an isolated vertex labeled with £1
while 1() is the union of those points labeled with ¢;; # =1 and those connected com-
ponents with at least two vertices. Let Cy, ..., Cy be the partition of 1) in connected
components: i.e., 1@ = U?:] C4, where the diagram of each q(é) = (qij)i,jec, is con-
nected and G;; = 1ifi € Cy, j € Cy,, €1 # £5.

Let B be an Ny-graded pre-Nichols algebra of . Foreach 1 < £ < d, let B be the
subalgebra of B generated by x;, i € Cy, which is a pre-Nichols algebra of ¢©). Similarly,
let B* be the subalgebra of B generated by x;, i € I+, and ¢® := (ij)i, jer-
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Lemma4.7. Let1 <{ <d,i € Cy, j €1 —Cy be such that q;; # 1. If GKdim B < oo,
then x;; = 0in B.

Proof. By hypothesis, i and j are not connected, so x;; is primitive in B. Also, ordg;; > 2
since Cy € (), and also ord ¢;; > 2 since g;; # 1. If either ord ¢;; > 2 or ord gj; > 2,
then x;; = 0 by [9, Proposition 3.2]. Otherwise ¢;; = ¢;; = —1 and there exists k # i, j
such that g;x # 1 = §Gjx. Suppose that x;; # 0 in B. Set y1 = x;, y2 = Xk, y3 = Xjj
and W := ky; + ky, + kys is a three-dimensional subspace of & (B). Working as in
the proof of [9, Proposition 3.2], GKdim B(W) < oo where W is of diagonal type with
matrix p = (prs)1<r.s<3. By direct computation, p33 = 1 and pa3 = Gir # 1, so we get
a contradiction with [6, Proposition 4.16]. Hence x;; = 0in B. [

Assume that It = I~ = @ and each C; is not of Cartan type A,, D, with g = —1
(thus we know the eminent pre-Nichols algebra of each ¢) and GKdim B < co. Then
GKdim B® < oo, so B® isa quotient of Bq(z). Set

Bo= @ Boor Zo= @ Zoo OL= J 8. @

1<t<d I<t=d I<t=d

extending the definitions we have made from the connected to the non-connected case.
Hence we have an extension of Ny- graded Hopf algebras Z — B — B, fZEq is a
polynomial algebra in variables zg, p € Dq of degree B, and we may wonder if Bq is an
eminent pre-Nichols algebra of q. We will see that this is the case, and then prove that the
poset Pref (q) splits as the product of the posets Pref (¢9).

Theorem 4.8. Let q be such that 1T = 1~ = @ and each connected component Cy of the
Dynkin diagram is not of Cartan type Ay, D, withq = —1.

@) @q is the eminent pre-Nichols algebra of g.

(ii) Let B be an Ny-graded pre-Nichols algebra of g such that GKdim B < oo. For
each 1 < < d, let B® be the subalgebra of B generated by x;, i € Cy. Then

B~ B0

(iii) There exists an anti-isomorphism of posets

d
Prejgg (@) = [ | Brefge@®) = £ (D).

=1

Proof. (i), (ii). Let B be as in (ii). Notice that B’ := ®Z:13(£) is an Ng -graded Hopf
algebra with defining relations those defining each B® together with x; j =0fori € Cy,
J € Cy, k # £. Thus Lemma 4.7 says that there exists a surjective map B’ — B of Ng-
graded Hopf algebras, which is the identity on V, i.e., a map of pre-Nichols algebras
of q. As we also have a map @q —» B’, the composition of both maps gives a map of
pre-Nichols algebras. As B is arbitrary with finite GKdim, @q is eminent.
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Hence we have to the describe Ng -graded quotients of @q. As before, we can use
Proposition 2.7 and Lemma 2.8 to assume that Zq is central. By Proposition 2.2 we have
to compute all the Hopf ideals of Zq, which in turn (by taking graded duals) are classified
by NO -graded Lie subalgebras of the nilpotent Lie algebra nq = [, <t<d Ng@: any of
these Lie subalgebras of ng is the product of NO -graded Lie subalgebras of each ngw),
and these are classified by subsets B of Aq closed by sums, applying Theorem 3.10
and Proposition 4.1 (depending on £).

Coming back to qu, we quotient this Hopf algebra by zg for those

p¢B:= ) BY.

1<l<d

We obtain then the pre-Nichols algebra
Bla.B):=Ba/(zp | B¢ B) = K BB,

1<t=<d

and any B € Slh‘efGK(q) is of this shape, with B® ~ B(¢®, B(é)) 1<¢l<d.

Now (iii) follows from (i) and the fact that a subset B € D is closed by sums if
and only if each B® = BN Dq is closed by sum, since the sum & + B of two roots
a € Dq © ,B € Dq(l), k #4,1is is not a root. [
Remark 4.9. Putting together Theorems 4.8, 4.5 and [20] we get a full description of
the poset of all Ng -graded pre-Nichols algebras with finite GKdim when all connected
components are not points with label &1 neither of Cartan type A,, D, and g = —1.

Remark 4.10. Pre-Nichols algebras with finite GKdim for ¢ = gt were classified in [2,
Section 3.4]. We do not include them in Theorem 4.8 since we do not know at the moment
how to control the interaction between B+ and the pre-Nichols algebras B~, BO.

At the same time, we do not have at the moment a description of all pre-Nichols
algebras with finite GKdim for ¢ = g~ and for connected components of Cartan type
Ag, Dy. Anyway, by Lemma 4.7 we may wonder that the poset of g decomposes as the
product of the posets of pre-Nichols of different connected components and that of ™.
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