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Large time asymptotics for partially dissipative
hyperbolic systems without Fourier analysis: Application
to the nonlinearly damped p-system

Timothée Crin-Barat, Ling-Yun Shou, and Enrique Zuazua

Abstract. A new framework to obtain time-decay estimates for partially dissipative hyperbolic
systems set on the real line is developed. Under the classical Shizuta—Kawashima (SK) stability
condition, equivalent to the Kalman rank condition in control theory, the solutions of these systems
decay exponentially in time for high frequencies and polynomially for low ones. This allows us to
derive a sharp description of the space-time decay of solutions for large time. However, such analysis
relies heavily on the use of the Fourier transform, which we avoid here, developing the “physi-
cal space version” of the hyperbolic hypocoercivity approach introduced in Beauchard and Zuazua
[Arch. Ration. Mech. Anal. 199 (2011), 177-227], to prove new asymptotic results in the linear
and nonlinear settings. The new physical space version of the hyperbolic hypocoercivity approach
allows us to recover the natural heat-like time decay of solutions under sharp rank conditions, with-
out employing Fourier analysis or L! assumptions on the initial data. Taking advantage of this
Fourier-free framework, we establish new enhanced time-decay estimates for initial data belong-
ing to weighted Sobolev spaces. These results are then applied to the nonlinear compressible Euler
equations with linear damping. We also prove the logarithmic stability of the nonlinearly damped
p-system.

1. Introduction

1.1. Presentation of the model

We study the long-time behavior of one-dimensional partially dissipative hyperbolic sys-
tems of the form

U + A(U)d,U = —BU, (x.1) €e R xRy, (1.1)

where U = U(x,t) € R" (n > 2) is the vector-valued unknown, A: R" — R"*" is a
smooth matrix-valued symmetric function, and B is a positive semidefinite symmetric
n X n matrix. System (1.1) models nonequilibrium processes in physics for media with
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hyperbolic responses and also arises in the numerical simulation of conservation laws by
relaxation schemes (see [23,48, 56] and references therein).
We assume that (1.1) has a partially dissipative structure: The matrix B takes the form

0 0
B:(O D), (12)

with D a positive definite symmetric 7, X n, matrix (1 <n, <n). Under these conditions,
D satisfies the strong dissipativity condition: there exists a constant k > 0 such that, for
all X € R"2,

(DX, X) > k| X|*, (1.3)

where (, ) denotes the inner product on R”.
A classical system fitting the description (1.1)—(1.2), which we investigate in this
manuscript, is the compressible Euler equations with damping:

{atp + dx(pu) = 0, (14)

3 (ou) + 9x(pu?) + 9x P(p) = —Apu,
where p = p(x,t) > 0 denotes the fluid density, ¥ = u(x, ) € R stands for the fluid
velocity, P(p) is the pressure function, and the friction coefficient A > 0 is assumed to
be constant. For a y-law pressure with the adiabatic coefficient y > 1, a standard sym-
metrization procedure (see [3, Chapter 4, p. 171-172]) allows us to rewrite system (1.4)
in the symmetric form (1.1):

—1

d;¢ + udyc + Y coyu =0,

0sU + udyu + 4 c0xCc = —Au,

where ¢ := 2/(y — 1)\/dP(p)/dp is a multiple of the speed of sound. System (1.4)
describes compressible gas flows passing through porous media and can be interpreted

as a relaxation approximation (as A — oo and under a diffusive scaling, see [9,11,36,54])
of the porous medium equation describing fluid flow, heat transfer, or diffusion [47].

We are also interested in partial nonlinear dissipation phenomena. We investigate the
stability of the nonlinearly damped p-system:

8;,0 + axu = 0,
diu + xp + [ul"lu =0, (1.5)
(o, u)(x,0) = (po,uo)(x),

with 7 > 1. For small velocities |u| < 1, system (1.5) is often used to model gas networks;
cf. [32, eqn. (1.2), p.2]. Moreover, system (1.5) is strongly connected to the wave equa-
tions with nonlinear damping (see (7.8)), for which numerous stability results have been
established in contexts different from the one studied here. The interested readers may
refer to [18,38,40,41,46,50,57,58] and references therein.



Asymptotics for partially dissipative hyperbolic systems 1167

1.2. Aims of the paper

Fourier analysis is a very important tool in the study of linear and nonlinear PDEs, par-
ticularly for partially dissipative hyperbolic systems (1.1)—(1.2). Their inherent frequency
dependence, see Section 1.3, has led most studies of their large-time asymptotics to rely
on Fourier analysis (cf. [4,6, 10, 11,27,28,44,52,53] and references therein). However,
Fourier analysis has a few limitations: it is not easily applied to equations set on bounded
or exterior domains, it can make it harder to extract beneficial properties from nonlin-
ear terms and to handle space-dependent matrices, and it is not well suited to analyzing
numerical schemes on nonuniform meshes.

In this paper we develop a new method inspired by the hyperbolic hypocoercivity
calculus in [4], but entirely developed in the physical space, so as to derive and pave the
way for new asymptotic results that cannot be obtained via Fourier analysis. To do it we
get inspired by the earlier works by Hérau and Nier [19,20] and Porretta and Zuazua [42].

We establish two main classes of results. First we study general stability properties
for the linearization of system (1.1) around a constant equilibrium, recovering the optimal
time-decay rates without using Fourier analysis and enhanced rates for initial data belong-
ing to weighted Sobolev spaces. Then we apply our new analysis to study the large-time
asymptotics of two concrete nonlinear systems: the compressible Euler equations with
linear damping (1.4) and the p-system with nonlinear damping (1.5).

1.3. Existing stability results

Before presenting our main results, we recall some well-known properties concerning the
stability of system (1.1)—(1.2). Its partially dissipative nature (1.2) does not play a role
when studying its local well-posedness but is crucial to justifying large-time results. For
B =0, (1.1) reduces to a system of hyperbolic conservation laws, and it is well known
that for smooth initial data there exist local-in-time solutions [25,35,43] that may develop
singularities (shock waves) in finite time [12,31]. On the other hand, when rank(B) = n,
Li [33] proved the existence of global-in-time solutions that are exponentially damped.
In our partially dissipative setting (1.2), i.e. rank(B) < n, the dissipation induced by
BU lacks coercivity, as it affects only some components of the solution. Nevertheless,
as observed by Shizuta and Kawashima [27, 44], interaction effects between the hyper-
bolic and dissipative parts of the system may generate dissipation in directions that are not
affected by B. More recently, Beauchard and Zuazua [4] have framed this phenomenon in
the spirit of Villani’s hypocoercivity theory [49] and improved its understanding. Below,
we present some key points of their approach.

Linearizing system (1.1)—(1.2) around a constant equilibrium U € Ker(B) and denot-
ing A := A(U), we obtain the linear system

;U + Ad,U = —BU. (1.6)

To further highlight the partially dissipative structure of (1.6)—(1.2), we write U = (U1, U,)
where U; € Ker(B) = R" and U, € Im(B) = R"2, with ny, n; satisfying 1 <nj,n; <n
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and n1 + n, = n. By the decomposition
A
A= ( 1,1 A1,2)’
Az Azp

0,Ur + A110xU; + A120,U, =0,
0:Us + A2,10xUy + A220xUy = —DUs,

we rewrite system (1.6) as
1.7

with the initial datum (U;, U)(x,0) = Up(x) = (Ur,0, U2,0)(x).
Using the symmetry of A and the condition (1.3), one has the energy dissipation law

1d
S UL U O + kU203 <. (18)

The law (1.8) demonstrates a lack of coercivity as dissipation is observed only for the
component U,. To recover dissipation for Uy, in [4], the authors first apply the Fourier
transform to (1.6), which yields the parameterized ODE

3,0 +i£AU + BU = 0. (1.9)

Then a key observation is that, for a fixed £ # 0, the exponential stability of the solutions
of (1.9) is equivalent to the Kalman rank condition for the pair (A, B):

the matrix K (A4, B) := (B, AB, ..., A"~ B) has full rank . (1.10)

Such a result, established for instance in [24] in the context of control theory, shows that
the large-time stability can hold even if the rank of the dissipative matrix is not full. For
hyperbolic systems, results in the same vein can be obtained, but due to the presence of
the parameter £, especially as § — 0, uniform exponential stability may not be expected.

In order to get decay estimates with explicit control on the dependence of the fre-
quency parameter £, inspired by hypocoercivity arguments, in [4] the following Lyapunov
functional was introduced:

n—1

1 I
— |g|) Re Y e (BA"'0, BAD). (1.11)
k=1

Le(t) =0 +min(|$|,

The following proposition plays a fundamental role when quantifying the decay rates in
terms of the rank conditions, as a function of £.

Proposition 1.1 ([4]). Let A and B be symmetric matrices such that B satisfies (1.2). The
following conditions are equivalent:
o System (1.6) is polynomially stable and behaves as the heat equation for large times.

* The pair (A, B) verifies the Kalman rank condition (1.10).
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» Foreveryy € C", there exist constants ¢, C > 0 such that

n—1

cly? =) |BARy> < ClyP. (1.12)
k=0

The parameters € in the Lyapunov functional (1.11) need to be chosen small enough
and the frequency-weight min(1/|&/, |£]) are used so the dissipative and hyperbolic effects
interact efficiently. Once this is done, differentiating (1.11) with respect to time and using
the fact that (1.12) defines a full norm, for some constant ¢ > 0, one obtains

10,02 < |Tp(8)|2ec mntLIER) (1.13)

for all frequencies &, which leads to sharp decay rates (see Proposition 1.1).
For more details concerning this approach, the interested reader may refer to Appendix
A.1 or directly to [4].

1.4. Outline of the paper

As mentioned above, the main goal of this paper is to develop the physical space version
of the frequency-dependent hypocoercivity calculus.

In Section 2 we state our main results and present our methodology. Section 3 is
devoted to proving the natural time-decay estimates for linear systems without Fourier
analysis and without an additional L' regularity assumption on the initial data. These esti-
mates are further improved in Sections 4—5 under additional space-weighted conditions on
the initial data. Section 6 is devoted to the analysis of the nonlinear Euler system (1.4),
while the nonlinearly damped p-system (1.5) is studied in Section 7. Section 8 presents
additional results and comments on possible extensions of our methods. Some technical
lemmas are relegated to the appendix.

2. Main results and methodology

2.1. Natural time-decay rates without Fourier analysis

In our first result we retrieve the natural large-time asymptotics of linear partially dissipa-
tive hyperbolic systems (1.6) without using Fourier analysis or L!-type assumptions on
the initial data.

Theorem 2.1. Let Uy € H', A and B be symmetric n x n matrices with B as in (1.2),
satisfying the Kalman rank condition (1.10). Then, for all t > 0, the solution U of (1.6)
with the initial datum Uy satisfies

1U20)llz2 + [0 U@) 22 < €+ 0)72 | Uoll g, 2.1)

where C > 0 is a constant independent of time and Uj.
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Remark 2.1. Some remarks on the sharpness of the decay rates are in order:

* According to Proposition 1.1 and the Fourier representation (1.13), the rate obtained
for U in estimate (2.1) is sharp in our Hilbertian functional framework. It actually
corresponds to that of the heat equation, cf. Lemma A.4 in the appendix, but, due to
the absence of regularizing effects, under the assumption that the initial datum lies in
H' and not only in L2.

*  Unlike Fourier-based approaches, our method is not well suited to exploiting the L!
control of the initial data. However, it is adaptable to weighted spaces, as we will see
in the next results.

Strategy of proof of Theorem 2.1. The core of the proof is the construction of an aug-
mented energy functional in the spirit of (1.11) but entirely defined in the physical space.
Inspired by the works of Hérau and Nier [19,20] and Porretta and Zuazua [42], concerning
the asymptotic decay of kinetic equations, we consider the time-weighted functional

n—1

@) = 1UOF + not19:U@)I72 + Y ex (BA*U, BA¥9,U) 2,
k=1

where (, )72 denotes the inner product in L2. Setting the constants 1y and &, k =
1,2,...,n — 1, suitably small and using the Kalman rank condition (1.10) and Propo-
sition 1.1, we obtain

d
o TO+ c(lU20)72 + 1113 U2(0) 17> + [3:U@)II72) < 0, 22

from which we infer
_1
[0xU@)]lL> < C(A+ 1) 2||Uoll g (2.3)

Then, combining (2.3) with the fact that U, verifies a damped equation with the linear
source term —Az 105Uy — A2 20, Us, Gronwall’s inequality yields the extra decay for U,
stated in (2.1).

2.2. Enhanced decay rates in weighted Sobolev spaces

As depicted in Proposition 1.1, the solutions of (1.6) behave similarly to the solutions of
the heat equation as the time evolves. More precisely, as explained in [6,21, 34, 55], they
decay as the solutions of

;N —A1,D 14, ,02N =0,
{ t 1,2 2,10% 2.4)

N(x,0) = Upo(x),

where the operator —A1 2 D ™! A, 192 is strongly elliptic when the Kalman rank condition
(1.10) holds; see [11,30,55]. Based on Fourier analysis tools, Bianchini, Hanouzet, and
Natalini [6] obtained faster decay rates for the error of solutions between (1.6) and (2.4)
using L!-type assumptions on the initial data.
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Our next theorem justifies the validity of the large-time parabolic profile (2.4) of sys-
tem (1.6) without Fourier analysis and provides new enhanced time-decay rates when the
initial datum belongs to weighted Sobolev spaces.

Theorem 2.2. Let the hypotheses of Theorem 2.1 be satisfied and let U be the solution of
(1.6) with the initial datum Uy. In addition, suppose also that |x|U, o € L? and

Ay =0. (2.5)
Then, forallt > 0and 0 < ¢ K 1/2,
_1
[(Uy = N)@O) g2 < C(L+ )72 (| Uoll g + || 1x1Uz0ll22), (2.6)

where N is the solution of (2.4) associated to the initial datum Uy o and C > 0 is a
constant independent of time and U.
Furthermore, let 0 < u < 1. If we further assume

Xo = Uolla + Il 1xI*Uroll2 + Il 1x|U2,0]lL2 < o0,

then, for all t > 0,

{ 1U@) |2 < C(1+1)~% X, o)

102022 + 10U 22 < C(1 +1)"272 Xo.

Remark 2.2. Some comments are in order:

* In the context of fluid mechanics, condition (2.5) typically implies that the velocity
equilibrium satisfies # = 0. It is a natural condition when Uj is a scalar (like for
instance the fluid density) as it is always satisfied up to the Galilean change of frame
(x,t) = (x — Ay1,1t,1); see [1, p. 6].

¢ When 1/2 < p < 1, the assumption Xy < oo is a stronger condition than the L!
assumption usually used in Fourier-based approaches, but allows for faster decay rates.
For p = 1/2, the rate in (2.7); would correspond to the one recovered with Fourier
analysis and for initial data belonging to L'; cf. Lemma A.1.

Strategy of proof of Theorem 2.2. Inspired by considerations from [10, 11], we consider
the damped mode

X

R:= D4, U + D' 4,,U, +/ Us(y.t)dy, (2.8)

—00

which has faster decay rates compared to U; and U, since R satisfies the purely damped
system
3R+ DR = D"'4,,0,Uy + D714, ,0,U,. (2.9)

Inserting R into the system satisfied by U, we have the parabolic system

3,Uy — A1 oD 421020, = > (—A12R + D71 45,Us).



T. Crin-Barat, L.-Y. Shou, and E. Zuazua 1172

Estimating the system satisfied by U; — N and using the fact that R and U, decay rapidly,
we obtain the asymptotic stability estimate (2.6). Then, in order to recover L? decay esti-
mates for Uy, we first recover the 12 time-decay estimates of || N(¢)||z2 by performing an
energy argument on (2.4) and using the Caffarelli-Kohn—Nirenberg inequality. Together
with (2.6), this yields (2.7); for 0 < p < 1. In the case u = 1, we prove (2.7); by deriving
time-weighted energy estimates for (U; — N, U,) in the spirit of Theorem 2.1. Finally,
combining the L? decay we obtained for U; with the Lyapunov inequality (2.2) obtained
in Theorem 2.1, we derive the faster decay rates (2.7),.

In our next result, we establish additional enhanced decay estimates, for a larger class
of initial data, but under stronger structural conditions on the system.

Theorem 2.3. Let 1/2 < u < 1 and assume that the hypotheses of Theorem 2.1 are sat-
isfied. Suppose also (2.5), n1 = na, A1,2A42,1 positive definite,

—1
Yo := [[Uollmr + I 1x[*Urollzz + [l 1x]*72 U202 < o0, (2.10)

and 0;Uy|i=0 = —A1,20xUz 0. In addition, in the case 1/2 < p < 1, let |A12A42,1| < L.
Then, for allt > 0, the solution U of system (1.6) with the initial datum Uy satisfies

{ U@z < €A+ 1) +3 Y,

@2.11)
[T2(0)]|2 + 18xU@)]lL2 < C(A +1)"*Yo,

where C > 0 is a constant independent of time, |1, and Uy.

Remark 2.3. Some remarks are in order:

* The time-decay rates obtained in (2.11) are sharp for 4 = 1, but for © < 1 we obtain
a slower decay compared to Theorem 2.2 since —p + 1/2 > —u /2.

* The conditions imposed on A ensure that system (1.6) can be rewritten in a wave-
like formulation (see (2.12)). Such conditions are usually imposed on the equilibrium
states used to study the stability of systems in fluid mechanics such as the compressible
Euler equations (1.4); see [3].

* One of the main interesting aspects of Theorem 2.3 is that it can be extended to deal
with nonlinear dissipative phenomena (cf. Section 2.4), contrary to Theorem 2.2.

Strategy of proof of Theorem 2.3. Defining the unknown W such that U; = 0, W and
U, = —Al_,lzat W, we rewrite system (1.6) as the extended damped wave equation

FW — A1pAp W + Ay A2 247500 W + A1, DATS0, W = 0. (2.12)

Under this formulation, it suffices to estimate the wave energy ||(d, W, 0, W)(¢) ||i2 to get
the decay for U in L2. To this end, we generalize and combine the works of Mochizuki
and Motai [38] and Ikehata [22]. In Lemma 5.1, performing hypocoercivity estimates with
space-time weights on (2.12), we get

A(l +t+ x|, W R + [0 W) dx S Y, (2.13)
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which only holds for < 1 and provides the desired decay rates for U in (2.11) since
(1+ )27 < (1 +1t + |x])?*71, for x € R and w > 1/2. The faster rates for U, and d, U
in (2.11) are recovered by combining estimate (2.13) with the hypocoercive inequality
(2.2).

2.3. Application to the compressible Euler equations with damping

In our next result we justify a nonlinear analogue of Theorem 2.1 for the compressible
Euler system with linear damping (1.4), when the initial datum is close to a constant
equilibrium in H2.

Theorem 2.4. Consider the equilibrium state (p, 0), with p > 0 a given constant, and
suppose that
P(p) € C*[R4), P'(p) >0. (2.14)

Then there exists a constant 8o > 0 such that if the initial datum (pg, ug) satisfies

[(po — p.uo)ll 2 < So. (2.15)

system (1.4) admits a unique global-in-time solution (p,u) € C(R.; H?) such that

_ _1 _
lu@) 2 + 19x (o — p.u) (@)l L2 = C(A +1)72[(po — p. u0) | 2. (2.16)
where C > 0 is a constant independent of time and Uj.

The next result corresponds to nonlinear versions of Theorems 2.2 and 2.3 for sys-
tem (1.4).

Theorem 2.5. Assume that the hypotheses of Theorem 2.4 are satisfied and let (p, u) be
the global solution of system (1.4) subject to the initial datum (pg, ug). There exists a
constant C > 0 independent of time such that the following statements hold:

(1) If, in addition to (2.15), we assume |x|ug € L?, then, forallt >0and 0 <& < 1/4,
there exists a constant independent of T such that

(o — p) @)1z < C(A + 1), (2.17)

where py solves the parabolic equation

P« (0, x) = po(x).

azp* -

Iffor any 0 < p < 1, we further assume |x|*(po — p) € L2, then, for all t > 0,

{ (o= P)(@)ll2 < C(1+1)753, (2.19)

lu@)ll 2 + 19x(p — pou)(@)]l L2 < C(1 +1)"573.
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(2) Let1/2 < u < 1.1f, inaddition to (2.15), we assume (|x|*(po — p), |x|“_%u) elL?
and 0;p|;=0 = —0x (polo), and additionally let P'(p) < 1inthecase1/2 < u <1,
then, forall t > 0,

{ (o= POl < C(1 + 1)~~F3,
(@) llz2 + 19 (o — pw) (D)l L2 < C(1+ 1)~

Remark 2.4. Due to the nonlinear term arising from the pressure, the decay rate for the
error unknown in (2.17) is slower than the linear case in (2.6).

(2.20)

2.4. Application to the nonlinearly damped p-system

Our final result concerns nonlinear dissipative phenomena. We justify the logarithmic sta-
bility of system (1.5) when the initial datum belongs to logarithmically weighted Sobolev
spaces.

Theorem 2.6. Let 1 < r < 3 and suppose that (pg, o) € H'. Then, for all t > 0, sys-

tem (1.5) with the initial datum (pg, uo) admits a unique global-in-time solution (p,u) €
C(Ry; H') satisfying

r+

) (0))2,) dr

t
1) (D)2 + /0 (@IS + 1@ep™S" B

< C|l(po. uo) I

where C > 0 is a constant independent of time and (pg, Ug)-
Furthermore, let ¢ > 0 and suppose

po € L', log? (1 + |x|)(po.,uo) € L, (2.21)

and 0;p|;=9 = —0dxUg. Then, forallt > 0,

(o, w)()]lL> < (2.22)

a4
log?(1 + 1)’
where Cy > 0 is a constant independent of time.

Remark 2.5. Some remarks are in order:

* Therestriction 1 < r < 3 appears naturally in our computations; see inequality (7.20).
It comes from the fact that the nonlinear dissipation becomes weaker and weaker when
r grows. Moreover, it is known that the solutions of the nonlinearly damped wave
equation decay in time for 1 < r < 3 and do not decay if r > 3 (cf. [14,38,39]). For
system (1.5), the asymptotic behavior in the case r = 3 is open.

* In contrast with the linear damping setting (r = 1), it would be difficult to handle
the nonlinear damping term |u|"~'u via Fourier analysis, since this would result in a
nonlocal nonlinear term mixing all frequency components.

*  Our proof is inspired by the hypocoercive arguments developed in the proof of Theo-
rem 2.3 and the results from [38]; see Section 7 for more details.
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2.5. Conclusions

In this paper we lay the foundations for hyperbolic hypercoercivity without resorting to
Fourier analysis. This enables us to extend the analysis of partially dissipative hyperbolic
systems to previously unexplored contexts. Furthermore, our approach provides a guide-
line for future research on partially dissipative systems in many contexts, such as initial
boundary value problems, more general nonlinearly damped systems, space-dependent
hyperbolic matrices, and numerical approximation schemes. Interested readers can refer
to Section 8 for more details on these possible extensions.

3. Proof of Theorem 2.1

In this section we prove Theorem 2.1 by employing pure energy arguments and avoiding
the use of the Fourier transform. We introduce the Lyapunov functional

@) = U7 + not10:U07> + (), (3.1

where the corrector term I(¢) is defined by

n—1
I(t) =) ex(BA*'U BA*9,U) .
k=1
with positive constants 79 and €;,7 = 1,2,...,k — 1, to be determined later.

3.1. Time-derivative of £

3.1.1. Energy estimates. Standard energy estimates for (1.7) lead to
d 2
E”U(l)HLz +2(DUp, Uy)2 =0,
d 2
ZH&XU(I)HL2 +2(D0x U, 0,Uz) 12 = 0,
d 2 2
77 W10:UM72) +26(D3x Uz, 0:xU2)p2 = 19:U )72
which, together with the strong dissipativity condition (1.3) for D, gives
d
= (@O = I®) + 2 [|Ua )72 + 261+ 00018 U2() |72 < 10l 9U@) 172 (3.:2)

In (3.2), dissipative estimates for d,U in L? are missing. They are recovered in the next
subsection thanks to the corrector term I (¢) in the Lyapunov functional (3.1).
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3.1.2. Estimation of the corrector term. Differentiating I () in time, we obtain

n—1 n—1
%I(t) + 2—; ex| BA¥0 U2, = — ]; ex(BAK"'BU, BA*9,U) ;>
n—1
— Y ex(BA¥'U. BA*BOU),
k=1
n—1
= e(BAF'U. BAMT02U) o (3.3)
k=1
Thanks to Proposition 1.1, the second term on the left-hand side of (3.3) leads to time-
decay information for d, U . To deal with the remainder terms, we proceed as in [4, 10, 13]
with some adaptations needed to bypass the Fourier analysis.

Lemma 3.1 (Time-derivative of I). For any positive constant &y, there exists a sequence
{€k}k=1,....n—1 of small positive constants such that

n—1

d 1
1O+ 3 Y ekl BAXUMF < sollUa ()72 + 20185 U2 (1) 13- (3.4)
k=1

Proof. To begin with, we fix a positive constant g¢ and estimate the terms on the right-
hand side of (3.3) as follows:

* Theterms I} = ex (BA*"1BU, BA¥9,U) withk € {1,....n —1}: Since BU = DU,
and the matrices A, D are bounded, we obtain

| T4 < Cer| DU (1) |12 | BAK 0 U(1)]| .2
g0 Cé?
=< 4—||U2(t)||iz + —k|BA* 3, U®)I3..
n o
e The term If = ¢€1(BU, BAB0,U)2: One has

1771

A

Cer | DU2(0)| 2| DI Ua (1) ]l 2

IA

o C£2

U207+ U201

* The terms I7 := e (BA* U, BA*B03,U)> withk € {2,....n — 1} if n > 3: We
deduce, after integrating by parts, that

|12| = ex|(BA*18,U, BA*BU) |
Cer| BA*1 9, U(1) ]| 2| BU(1)] 2

IA

&0 C82_ _
4—||Uz(t)||12; + —=LBA 9, U)|7-
n o

IA
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* The terms I} = gx (BA*"'U, BA*™192U) > withk € {1,...,n —2}if n > 3: A
similar argument yields

I3 = ex|(BA* 19, U, BA*19,U) |

& C&?
- < BA U2 + knBA"“a U®)|3..

e Theterm I2_, ==&, (BA"_? U, BA"92U);»: Owing to the Cayley—Hamilton the-
orem, there exist coefficients ¢ ( j =0,2,...,n—1) such that

n—1
= E clA’.
Jj=0

Consequently, one gets

n—1

|15 4| < ent Zci IBA" 20, U(t)|| 2| BA7 95U (1)l .2
=0
8n 2 n—2 121 1
| BA"“0x U(l)lle-i-Z . IBA7 0, U@)|17
En—

j=1

Ce2_
+ < - l”axUZ([)”ir

n—2

In order to absorb the right-hand-side terms I ,i and T ,% into the left-hand side of (3.3), we
take the constant & small enough so that

2
& ExE
Ced<0 Cca2<*0 k=12...n-1 (3.5)
8 8
To handle the above estimates of I ]3 withk =1,2,...,n — 2, one may let
, _ 1 .
Cep < gsk,lskﬂ, k=12,....,.n—2 ifn > 3.
In addition, to handle the term I3 ~_1, We assume
2 1 .
Ce_| < §8j8”_2’ j=0,....,n—1. (3.6)
Clearly, inequality (3.4) holds if we find €1, ..., ¢, fulfilling (3.5) and (3.6). As in [4],
fork =1,...,n —2, one can take g = &% with some suitably small constant ¢ < g¢ and
my, ..., my_1 satisfying for some § > 0 (that can be taken arbitrarily small),

This concludes the proof of Lemma 3.1. ]
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3.2. Decay of the H! norm
First we fix suitably small e, k = 1,2,...,n — 1, such that (3.4) holds and
L) ~ U@ 7 + not|oxUQ@)|I7 - (3.7

Combining the Lyapunov inequality (3.2) and estimate (3.4) of the corrector term, we
obtain

n—1

G 20+ RIUBO I+ 200018, U O + 3 3 e BA5, U
=1
< 10ll0xU@)|72 + €ollU2 ()17 + 0lldxU2(1)]|7 2. (3.8)
In view of Proposition 1.1, it holds that
-1
k[0 U2(0)]|72 + nZSkIIBAkf?xU(l)IIZz > é_;”axU([)”iz

k=1

with e, := min{k, €1, &1, ..., &,—1} and Cg > 0 a constant depending only on (A4, B)

and n. Therefore, in order to ensure the coercivity of (3.8), we adjust the coefficients
appropriately as

0< < &x 0< < K
_, 8 J—
o 4Ck 0=3

such that
d K 5 1 2 Ex 2
2O+ SO + (5 + 100 1002072 + 210U IF2 <0, (9)
Therefore, by (3.7) and (3.9), we have
1
U2 + A+ )2 [10xU@)]|L2 = CllUo |l a1 (3.10)
3.3. Improved decay for the damped component

Taking the inner product of (1.7), with U, and using property (1.3), we get

d
— U207z + 2| U272 = ClOU@) 2 1U2(0) | 2- (3.11)
dt

Dividing the above inequality (3.11) by /|| U2(¢) ||i2 + &, employing Gronwall’s inequal-
ity, and then letting ¢ — 0, we have

t
020)lzz = e Uzollz + € [ e VN0U@lpde. Ga2)
0
Together with the time-decay estimates (3.10) of d, U, this leads to
t
[U2(0)ll> < e™ U202 + C | Uoll / eI 4 1) de
0

<C(L+ 1) ||Usllgr,

which concludes the proof of Theorem 2.1. ]
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Remark 3.1. For ¢ = 1, the computations in this section also lead to

t
U@ 11 +/ (10272 + 19:U(D)]I72) dT < CllUolI 71 (3.13)
0

which will be useful in the following sections.

4. Faster time-decay rates: Proof of Theorem 2.2

4.1. Time-decay estimates for the parabolic system in weighted Sobolev spaces

This section aims to capture time-decay rates for U; in L?. Our method allows us to
recover faster decay rates compared to the decay (1 + t)_% obtained in [4, 6,27, 28].
In these references, inspired by the work of Matsumura and Nishida [37], the authors
assumed L' regularity on the initial data to recover decay in low frequencies. Here, to
avoid using the Fourier transform, we decompose (1.6) into a pure parabolic system and
a hyperbolic remainder part, and perform hypocoercivity estimates for space-weighted
initial data.

First we provide time-decay estimates for the equation associated with the large-time
parabolic profile of the hyperbolic system:

;N —A,,D14,,02N =0,
{ t 1,2 2,10% @

N(X,O) = Ul’o(x).

We recall a classical result ensuring that the operator —A D! A, ; is strongly elliptic.

Lemma 4.1 ([11,30,55]). Assume that A1 1 = 0. Then the following assertions are equiv-
alent:

* (A, B) satisfies the (SK) or the Kalman rank condition.
* The operator A = —A1 2, D1 A 102 is strongly elliptic.

Relying on this result and an energy argument, we derive time-decay estimates for the
solutions of (2.4).

Lemma 4.2. Assume U; € L? and let N be the solution of (4.1). Then, for all k =
1,2, ..., there exists a generic constant Cy > 0 such that, for allt > 0,

_k
I8N @)l < Crt ™2 [ Unollz2. 4.2)
Additionally, if || |x|*Uiollr2 < cowith0 < p < 1, then

{ INOIl2 < Ce(l+ 0751+ x“)Us o]l 2, “3)

k L
15N () |2 < Crt =372 [|(1 + [x|“)Un o]l 2
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Proof. The Kalman rank condition (1.10) and Lemma 4.1 imply that there exists a con-
stant ko > 0 such that

—(A12D 7' 45102V, V) > kol|0x V|7, forall V e R™. (4.4)
Hence, using (4.4), standard energy estimates give
d 2 2
7 INOI2 + 260[19: N ()72 = 0.
d
EllaﬁN(I)Hiz + 20 |ETIN@Z, =0, k=1.2,....
Using time weights, we get
d _
20 CNRNOIZ) + 20t NN Z2 = kRN OZ-
Defining the Lyapunov functional

Ena®) = INOIZ + Y & [05ND2..

1<k’'<k
we have
d = 2
LN + 20 = ED BN O 72
+ Y @kodr — (k' + Dép )M |0 IN@)|7. = 0. 4.5)
1<k’<k
Choosing
~ ~ Ko .
1 =K & = &
1 0 k+1 k+1 k>
and integrating (4.5) in time, we obtain
INOIZ. + Y F 1 N2,
1<k’<k
t
+ [ (||axN(r>||iz+ T ok ||a’;+1N<r)||§z)drscanl,onzz, (46)
0

1<k’<k

which leads to (4.2). Next we prove (4.3). We define

X

S(.1) = /_ NG.1)dy and So(x) = / Uso(y) dy.

Clearly, S also satisfies the parabolic equation (2.4) with the initial datum Sy. Similarly,
we introduce the functional

L@ =SSO+ Y et 0K s®)]3.. (4.7)
1<k’/<k
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with some suitable small constants e, kK = 1,2,..., such that

d ’ ’
TN + ool SO +x0 D et IATISOIZ 0. (48)
1<k’'<k
Taking advantage of the Caffarelli-Kohn—Nirenberg inequality (A.3), we have
ISollz> =< 2/ 1x[Us,0ll>- 4.9)

Hence, integrating (4.8) over [0, ] and using (4.9) and the fact that 9,,S = N, we arrive at

t
S NG+ Y /Or"“||a§“N(r)||izdr

0<k’/<k—1 0<k’/<k-—1
< Cill Ix|U0l22. (4.10)

Fork’ =0,1,2,..., let the linear operator T,é be defined by Ty (Uy0) = 8’;,N. Then the
inequalities (4.6) and (4.10) yield

¥

1T (Ur,0)llL2 < Cirt™ 2 [[Ur,0llL2(ax)
_kK_1

[T (Ur,0)ll2 < Crrt™ 272 |Ur ol L2(1x[2 dx) -

Employing the Stein—Wassin interpolation theorem (see [5, Theorem 5.4.1] or [45]), we
have y
_K_n
1T (Ur0)llz2 <= Gt ™27 2 | UnollL2xpraxy. 0 <p <1,

which completes the proof of (4.3). ]

4.2. Time-decay estimates of the error
In this subsection we establish faster decay rates for the error between U; and N . Inspired
by [10, 11], we introduce the damped mode

X

R=D""4,Uy + D' 42,0, +/ Ua(y.1)dy,

—00

which solves the damped system
0:R + DR = D_1A2,18tU1 + D_lAz,zatUz.

Setting U, = 0x R — D_1A2,18xU1 — D_1A2,28xU2 and since A, = 0, equation (1.7);
can be rewritten as

Uy — A1 oD 451020 = 3 (—A12R + D71 45,Us). 4.11)

Therefore, as the right-hand-side terms in (4.11) decay rapidly, one expects that system
(4.11) is asymptotically close to the linear parabolic system (2.4). We have the following
lemma.
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Lemma 4.3. Let the assumptions of Theorem 2.1 be satisfied, and U = (Uy, Uy) be the
solution to (1.6) supplemented with the initial datum Uy = (Up,1,Up2) € H'. In addition,
assume Ay = 0 and |x|Up o € L?. Then, for all t > 0 and any constant 0 < ¢ < 1/2,
we have

_1
IRz < CA+0)72(|Uollgrr + || 1x|Uo,21l22). (4.12)
_1
[(Ur = N)(O)lL2 < CA+ )72 (|Upllgr + |l x]Uo,2l12). (4.13)

where R is defined by (2.8), N is the solution to (2.4) subject to the initial datum Uy,
and C > 0 is a generic constant.
Furthermore, under the additional assumption |x|Uy o € L?, we have

(U = N)Dl2 < €U+ 07 2([Usllgr + Il 1x|Usll2). (4.14)

Proof. To recover the time-decay estimates, we adapt the hypocoercive approach from
Section 3. The proof is divided into three steps.

o Step 1: Decay estimates for R. Performing an L?-energy estimate on (2.9) and using
(1.3), we obtain

d
E”R(t)”iz + 2c||R(1)]17 >
<2(|D7" A2,10: Ui (1) |22 4+ | D™ 4220, Ua (1) | L2) IR (1) | .2,

which implies

IRz = e ™ |RO)l|2 + € /0 DOV U@ dr. @15)
One deduces from the Caffarelli-Kohn—Nirenberg inequality (A.3) that
[RO)|2 = CllUoll2 + Cll [x[U2,0] 2, (4.16)
and, according to (1.7) and the decay (2.1) of d,U and U, at hand, we have
13U, 8:Ua) ()]l 22 < Cl 02U U2)@)l|z2 < CA + )72 | Upll . (4.17)
Substituting (4.16) and (4.17) into (4.15) yields (4.12).

* Step 2: Decay estimates for the error term. In this step we establish the decay estimates
(4.13) of the error unknown U; := U; — N. On this matter, we observe that U; satisfies

3,0y — A1 2D 45,020, = 3*F, U,(0,x) =0, (4.18)

with F := —A; 2R + D' A5 ,U,. Defining

O(x,1) = /x /y Ui(z.t)dz dy, (4.19)
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we deduce from (4.18) that
90— A12D7 14,1020 = F and Q(0,x) = 0. (4.20)

Hence, Duhamel’s principle applied to (4.20) yields

O(x,1) = /Ot §5F(x,1)ds, (4.21)
where §° F(x, ) is the solution to
3,(8°F) — A1 2D ' A2102(8°F) =0, t >5, §°F(x,s) = F(x,s5). (422
Applying Lemma 4.2 with k = 2 to (4.22) gives rise to
1939° F@)ll> < (¢ =) I F ()l 2 (4.23)

Then, differentiating (4.22) with respect to x and taking advantage of Lemma 4.2 with
k =1, yields
1
103" F(0)llL2 < (¢ = )72 [|0x F ()] 2. (4.24)

Using an interpolation argument between (4.23) and (4.24), for any 0 < & < 1/2, we have
2.es -1 1-2¢ -1 2¢e
058" F)llL2 = (¢ =) | F()l2) (¢ = $)"2[9x F ()| L2)
< (=) T FG) 2 + 10 F(s)lI2). (4.25)
Gathering estimates (2.1) and (4.12), we derive decay for F as follows:
[F )Lz + 10x F(s)lL2 = CIR($)| L2 + CllU2(9)l| L2 + Cll9xU(s) | 2
_1
= Cs72(|[Uollgr + Cll [x]Uz,0]lL2)- (4.26)
It thus follows from (4.21), (4.25), and (4.26) that
1G1@)lL2 = 103 0@) ]2
t
< [ 1828 Pl s
0
t
= C/ (t =)™ O3 ds (0ol + (1 + X)) Uzollz2)
0
I\ _1
< CB(e.5)7 (1ol + 1| 1xIUn0ll12).

where B(s1, s3) denotes the beta function. This leads to (4.13).
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» Step 3: Improved decay estimates for the error part. Under the additional condition
|x|Uy,0 € L%, we now justify the improved decay estimates (4.14) for U;. Taking the
inner product of (4.18) with —Q given by (4.19) and applying (4.4), we obtain

d . ~ . ~ ~
E”axQ(l)”iz + 20| U1 (1) |72 = —2(0x F, Un) 2. (4.27)

On the other hand, (17 1, Uz) solves the partially dissipative hyperbolic system

39Uy + A1 20Uy = —A1 2D A5 102N,
3:Us + A2.10xUy + A229,Us + DUy = —A313xN,
(U1 U2)(0, x) = (0, U2 0)(x).

Performing time-weighted L2-energy estimates, we obtain
d 77 2 2
27 UL T)O)72) + 210 [ U2(1) [ 72
=101, U)(0) 72 =20 (A2 D™ A2 185N, D)2 — 2 (42,19: N, Uz) 2. (4.28)
We define the Lyapunov functional
L) = 2@) + L3, + 1t 10 0O + n31l(Tr, U2) 0135,

where £(¢) and :6}“\,,2([) are given by (3.1) and (4.7), respectively. In view of (3.9), (4.8),
(4.27), and (4.28), we get

d > Ko 1
ZE0) + (5= m) 1013 + k(5 + 10t ) 19: 02011
Ex * ’ ’
+ 31Ul + <o D M IE NI

0<k’<3
+ Qiont = ) T1O7 + 2on3 | Ua(1)]72
< —207(0xF.U1)2 — 2051 (A1 2D 7 A2 102N, Uh) 12
—2n5t(A2,10x N, Uz) 2. (4.29)

The right-hand-side terms of (4.29) are analyzed as follows. First, one has
=20t @< F, Un) 2 < kot G072 + Coi (10201172 + [3:U@)]72)-
Similarly, we have
* -1 2 r7 *.21192 2 177 2
—2n3t(A12D7 " A2 105N, Uy) 2 < Cpt“[|[0x N 72 + Cs UL (@)1l

and
—2131(A2,10x N, U2) 2 < n3kot[|U2(0)]|72 + C3t [0 N ()] 7.
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Substituting the above three estimates into (4.29) and choosing

N1 = min| — 5 = min)—

" {K Ex } " {K Kog] Koey  Kon} }
sC 8cx ) 8 2C 2C '2C+ 1))

yields

d s K 5 1 5 Ex 2
220+ ZN0O1: + (5 + 100 )10V + G210V

Ko oy ’ 1 . - *
+ = 2 I NO L + Skont I T @7 + kon3t[U2(0)]Z2 < 0.
0<k’<3

Integrating in time leads to

t
t| 010172 +/0 (U @72 + tllU2()72) dT < C(|Uoli7s + I1x1UolI75),

which concludes the proof of Lemma 4.3. ]

Proof of Theorem 2.2. The L?-decay estimate (2.6) of the error U; — N follows directly
from Lemma 4.3. Then we impose the condition |x|*Up,; € L? with 0 < pu < 1. In the
case 0 < u < 1, estimates (2.6) for 0 < ¢ < %(1 — 1) together with (4.3) guarantee that

U102 < IN@z2 + [(Un = N)(©)l 22
< C(L+ 0721+ [x[)Upol 2
+C(L+ 0735 (|Uollgr + |1 1x|Ua0ll2)
<C(+1)"2X,.

In the case u = 1, one deduces from (4.3) and (4.14) that

A

U1z = INOlz2 + [[(Ur = N) ()] 2
_1 _1
=CA+072[[(1+ |xDUrollz + CA + )72 ([[Uollr + [ [x[Uoll22)
<C(l+1)"2X,.
Combining the above decay estimates for U; and the estimates derived for U, in Theorem
2.1, we get L?-decay estimates for U in (2.7).

We now establish the faster decay rates of 9, U and U, in (2.7). The Lyapunov inequal-
ity (3.9) can be rewritten as

d K
E(i*(f) + 0ot |0xU@)I72) + EIIUz(f)Iliz

1 g
(5 4 m0 )1Vl + IV <0 (@30
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with £.(¢) == ||U(¢) ||§_I1 +I@)~|U@®) ||§_I1 . Choosing the constant 79 sufficiently small,
applying Lemma A.3 to the differential inequality (4.30), and noticing that d, U is uni-
formly bounded in L?, we conclude

10:U@)2 = CA+0)7272 X,
Then, using (3.12) together with the decay for U; and d,U at hand, leads to

t
10> (@)1= < e |Unpll2 + CXo / D 4oy hb e
0

<C(+1)"272X,,

which concludes the proof of Theorem 2.2. ]

5. Wave formulation method: Proof of Theorem 2.3

In this section we prove Theorem 2.3. We introduce the unknown

Wix.1) = / Ur(y.1) dy. 5.1)

—00

which satisfies the following damped wave formulation:
RW — A1pA212W + A1 2A22A750,0: W + A1 2 DATH, W = 0. (5.2)

‘We note that Al_l2 is well defined as, if A1 is not invertible, then A; > is not a n; X n;
matrix of full rank, which, together with 4 ; = 0, contradicts the Kalman rank condition
(1.10). To obtain (5.2), we integrated (1.7); over (—oo, x) which gives

W + A1,2U2 =0. (5.3)
Then, differentiating the above system in time and making use of (1.7),, we get
W — Ay 2A210xUy — A124220xUs — A1 2 DU, = 0. 5.4

Combining (5.1), (5.3), and (5.4), we have (5.2).

Since 9, W = Uj and |0, W| ~ |U,|, we can derive L? time-decay estimates for U
once we establish decay estimates for the wave energy ||(3; W, 0y W)(t)||iz. In the fol-
lowing lemma we establish time-space weighted energy estimates for W.

Lemma 5.1. Let W be defined by (5.1). Then, under the assumptions of Theorem 2.3, for
allt > 0, we have

/(1+t+|x|)2“—1(|atW|2+ 19, W [2) dx
R

t
+/ /((1+t+|x|)2“_1|8tW|2+(1~|—t+|x|)2“_2|8xW|2)dxdt
0 JR
< CYZ, (5.5)

: _1
with Yo := ||Uol|gr + || |x|*UrollL2 + || |x|*72Uz,0l| 2
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Proof. The proof is split into the cases u = 1 and 1/2 < u < 1:
s Case 1: u = 1. Taking the L? inner product of (5.2) with (1 4 ¢ + |x|)d, W, we get

d 1

—[ (141 +|x)(0: W + A1242,10xW -0, W) dx

dt Jr 2

1
+ / ((1 +t+ |x|)A1,2DA1_’128,W . 3[W - §A1,2A2,18xW . 8x W) dx
:/(—|a W|2——A12A218 W9, W
R

1
+ EﬂAIZA2 2 AT W -0, W)d (5.6)

where we used
/R(l + 14 X)W -0, W — Ay 2 Ay 102W -3, W) dx

d (1
= E/RE(I +t 4+ X0 WP+ A1 24210, W -9, W) dx

1
—5/(|a,W|2+A1,2A2,laxw-axW)dx+ ﬂAIZAZIa W9, W dx
R

and
/ 1+1t+ |x|)A1,2A2,2A1_’128,8xW -0, Wdx
R

1
= ——/ —A12A22A123 W 3 de
2 Jr |x]
In addition, taking the inner product of (5.2) with W, we obtain

d
- (W W + - A12DA12|W| )dx+/ A1 2 Az 3 W - 8, W dx

R
=fR(|a,W|2+A1,2A2,2A;128,W~axW)dx. (5.7)
It follows from (5.6) and (5.7) that

d 3
LWy + ) = / ClaowP - X Atz oW -0,
dt R\2 | x|

1
+ 2|X|A12A22A128 W W

+ A1p Az 2 ATLW - 0, W) dx, (5.8)
where ‘W(t) and J (¢) are defined by

1
W) = [ S0+ D0 WE + 4242100 -0, W) dx
R

1
+ / (W <0 W+ zAl,zDAl_,12|W|2) dx
R
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1
H(t) = / 1+t+ |x|)A1,2DA1_,123,W -0; W dx +/ §A1,2A2,1BXW -0, W dx.
R R

Notice that A1,2DA1_’12 satisfies (1.3) since the eigenvalues of D and Al,zDAl_’l2 are the
same. By the strong dissipation conditions (1.3) and the positive definiteness of 41,45 1,
we have

1
'W(t)z/((1+t+|x|)(—|8,W|2+K1|3xW|2)+K|W|2—C|8,W|2)dx
R 2
and
2 Kk 2
() 2/(K(1+t~|—|xl)|8tW| + Lo, wP?) d.
R 2

Since |0; W| ~ |U,|, due to (5.3) and the fact that A; 5 is invertible, one can estimate the
right-hand side of (5.8) as

3 X
/ (—|3tW|2 — —A124210:W -0 W
R \2 | x|

1
§|§—|A1,2A2,2A1—}23,W W+ A1 A ATLO,W - BxW) dx

5"—1/ |3xW|2dx+C/ |Us)? dx.
4 Jr R

+

The above estimates give rise to
1 2 2 2
((1+z+ |x|)(—|8tW| PR )+K|W| )dx
R 2
t
K
+/ /(K(l+t+|x|)|8tW|2+—llaxW|2>dxdt
o JR 4
t
§"W(O)+C/ |U2|2dx+C[ / |Us | dx d. (5.9)
R 0 JR

Under the assumptions (2.10) and 0;U;|;=9 = —A1,20xU2,0, one deduces from the
Caffarelli-Kohn—Nirenberg inequality (A.3) that

x 2
W(O)S/((1+|x|)|Uo|2+'/ Uso(y) dy )dxsyoz. (5.10)
R —00

By |0;W| ~ |Uz| and (3.13), it holds that

t
/|8,W|2dx+/ / |0; W |*dxdr
R 0 JR
t
5/ |U2|2dx+/ / |Ua|?dxdt < Y§. (5.11)
R 0o JR

Inserting (5.10) and (5.11) into (5.9), we get (5.5) with u = 1.
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* Case2:1/2 < pu < 1. In this case, let : R™ — R™ be a weight function to be deter-
mined later. Similarly to the case i = 1, one gets

d [ 1
T [ 590+ LD WE + A1 220,00 dx
1
+/R(go(t—klxl)Al,zDAl_,lZB,W-B,W——(p/(t+|x|)A1,2A2,18xW-8XW> dx
=/R<p’(t+|x|)( 10, W|2——A12A218 W .8, W

1 x
=+ EHAI 2A22A1 28 w. 8 W) dx.

After taking the inner product of (5.2) with ¢’(t + |x|)W, we verify that

d "
55 L (o 100w W = WP+ 300+ DA DA W)
[ (04 DA 24200 - 0W S+ LxDIW ) d
R
1
— (G0 15D +9 4 Do) 2 Ana W W d
= [ o+ xiaow P ax
R
Here we have used
/ @' (t + |x|)ZW - W dx
R
G (¢ + lepacw -w - Lo+ DI 2) dx
dt Jr ! 2
1 n /
+ [ (367 + LDIWE = ¢/ + D0 W )
R
/ ¢'(t + |x[)A1 2 DATS, W - W dx
R
d
d[/ —@ (l+|x|)A12DA12W Wdx — / (p//(l+ |X|)A1,2DA1_,12W- W dx,
and
—[ (p/(l + |X|)A1’2A2,18§W' W dx
R
1 1 /
== (50" 1x) + 670 + 1xDBo)) s 2Aa W - W dx
R

—/ @'t + |x|)A12A42,10x W - 3. W dx,
R
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where 8¢ (x) denotes the Dirac function at 0. Gathering the previous estimates we get the
following inequality:

d _ / 3 2 X
Ewu(z)wfu(r)—Aw(x+|x|)(§|atW| — A2 bW 0
1 x -1
3T A2 ALY W B ) dx. (512

with
1
Walt)i= [ 5000+ XG0 + A1ada, 0.0 - 0) d
R
1
4 [ (@ + 103w W = 37+ DIWE) dx
R
1
+ [ 56+ D DATIW W a
R
H () = / ((p(t + |x|)A1,2DA1_,128tW -0 W
R
1
+ §<p'(t + |x|)A1,2A2,18xW . axW) dx
1
+/ —¢"(t + |x|W|*dx
R 2
1 7 /)
— [ (G + 1D+ 0"+ xD8o)) Ar 2z W W) .

In order to recover the coercivity estimates on ‘W,,(¢) and #,,(¢), one requires that ¢(s)
satisfies

1 1
¢ >0, ¢"<0, ¢">0, 79+ 1x) = K—so’(t + |x]). (5.13)
1

Indeed, due to (1.3) and (5.13), for some constant k7 > 0, there holds that
1 2 2
W) 2 [ (300 + DI + ko + Do) dx
ﬂ / _l " 2
+ [ (13 = 307+ D)W dn
and
2, k1, 2
Hu(0)= [ (o + DI P + /e + IxDlox W )
1
+/ Efﬂm(f+|X|)(|W|2—A1,2A2,1W'W)dX—KM”(l)|W(0,l)|2
R

= [ (kote+ DI + ' + LxDlaxW ) d.
R
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where we have used the positive definiteness of A1 A5 ;1 with |41 242 ,1| < 1. In addition,
one has

3 X
[0+ D (G100 P = A ada st W -0
R 2 |x|
I x 1
+ 3Ty A2 22 AT a,W) dx

< [ (co@+ 1D w? + 5o+ LxDlaw?) ax
which can be controlled by the left-hand side of (5.12) provided that
Co/(t +1x]) = Solt + Jx)). (5.14)
In addition, under the assumptions (2.10), one needs @ > 1/2 and
9(s) ~ (L+ )70 /() ~ (14972, (5.15)

s0 as to bound the initial energy W(0) by Y in terms of (2.10) and the Caffarelli-Kohn~—
Nirenberg inequality (A.3). One can show that the function

1 4 2C
o(s) = (@ + 5)**~1  with 3 < pu < 1 and some constant a > max{—, —}
K1 K

fulfills conditions (5.13), (5.14), and (5.15). Therefore, integrating (5.12) over [0, ¢] and
using (3.13), we obtain the desired inequality (5.5). [

Proof of Theorem 2.3. In view of estimate (5.5) obtained in Lemma 5.1 and the facts that
Uy =0, W,U, = —AilzatW, and that, for x € R, ¢ > 0,and > 1/2,

L+ < (1 +1+ x>,

we get the L2 rate (1 + £)™*T2 of U in (2.11). Applying the L2 rate of U in (2.11) and
Lemma A.3 to the differential inequality (4.30), we recover faster time-decay rates for
dx U in (2.11). Finally, the faster decay rates for U, follow from the decay rates obtained
for 0, U and (3.12). The proof of Theorem 2.3 is now complete. [

6. Proofs of Theorems 2.4 and 2.5

6.1. Asymptotic estimates for the compressible Euler equations with damping

In this subsection we apply the methods developed in Theorems 2.1, 2.2, and 2.3 to a
concrete nonlinear partially dissipative hyperbolic system: the damped compressible Euler
equations (1.4) with a general pressure function P (p) satisfying (2.14).
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6.2. Proof of global existence and time-decay estimates
To prove the global existence of system (1.4), we establish a priori estimates as follows:

Lemma 6.1 (A priori estimates). Let (p, u) be the solution to system (1.4) on [0, T') for
any given time T > 0. Define

X(1) = Sl[lop](ll(/o — 0. W) ()13 + tlu@)7> + tldx(p = p.w)(0)175)
7€|0,¢

t
+ [ 100 = DO + s + elosul) d
There exists a small constant §1 independent of T such that if
X(@t) <6, 0<t<T, 6.1)
then there exists a generic constant Cy > 0 such that
X(1) < Coll(po — p. uo)| 32, 0<t<T. (6.2)
Proof. We use similar arguments to those used in the Section 3.1. Define the perturbation
n:=p—p.

It is easy to check that the basic energy equality for (1.4) holds:

d
77 Eeuter(t) + Au@llz. = 0.

Here, Eeyer(?) is given by
1 P P'(s)—P'(p
Eeaalt) = | (5p|u|2 p [T ds) dx ~ (1)) .
R b §

To derive higher-order estimates for (1, 1), we write (1.4) as

0in + pdxu = —udxn, 63)
deu + G(n)dxn + Au = —udxu,
where P
Gy = 22T
p+n
We have

d 0 2Ap 0

— Oy 2 ——— |0y 2) g / — -0 Oy 24

dr/R<' l + Gy e} dx + | (o — Vg ) ol dx
< 40n (Ol 1851 Ol 21950 2

P (192 i) (®)]| 12 + (9G] 2)[dxu(®)] 2 (6.4)

2
TG0 e
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and
d Jo 2Ap P
— | t(10xn]* + =——|0ul*)d t/ —— =0 dcul*d
ar Jo ! (B + gyloan®) vt [ (G5 = g s
0
< dxn|® + ——|0 ul?)d
< [ (10anP + Grs o) ax

+ 41]|0xn (@)l oo | 9xn (1) | L2 (102 (1) || L2

2t G | e oy IO 2+ 106 en Oll2) D50 2. 6.5)

Unlike in the linear setting, H 2-regularity estimates are needed to control the nonlin-

ear terms. The system satisfied by (92n, 2u) reads

XXX XXX

0,02u +ud u+ Gn)dl, .n+1%u = R,,

XXX

{8,8)26n+u83 n+pd3 u=R,
XXX

with the commutator terms
Ry = [u,02]0xn + [n,02]0xu  and Ry = [u, 32]dxu + [G(n), 82]dxn.
Thence it holds that

d 0 2Ap 0
- 82 2 —82 2 d / -9 82 2d
G | (0P + izl ax+ [ (G o by ax

< 2[8xn () Lo |03 (@) L2 103122 + 10xu(®) | Lo 030 ()17

o 0 . s
+ ( G L?O(Lw)HBxM(I)HLoo + |0 ) L?O(Lw)nu(z)”m)||axu(t)||L2
+ 2R Ollz2 1820 () 2 + 2| % e [R DN BNz 66)

Furthermore, to capture time-decay information for n, from (6.3) we have
d 2
— | (udxn + 0yudin)dx
dt Jr

+ / (G()(|0xn)* + |92n1?) — p(|19xul® + |92ul?) + Audgn + A0xudin) dx
R

< [udxn @ a1 [[0xu @)l g1 + udxu @)l g |9xn @) g1
+ [ Ro®llz2 1830(0) | 2. (6.7)

Let c1, ¢z € (0, 1) be two constants to be chosen later. Define

. 2, P 2
L) = B + (1 +e10) [ (100 + SEstoul) dx

2 12 p 2.2 2
+/R(|axn| + G B )dx+c2/R(uaxn+axuaxn)dx
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and

0
G(n)

Do) = M) + 1+ ) [ (-

+/(é?p) 9, an))|a§u|2dx

+ea [ (G0N + [BnP) = pllasuf? + )
R

)|a§u|2dx

+ Audxn + 20xudin) dx.

Using (6.1) with §; suitably small, we have

p
< ) eRx (0, T 6.8
< S G = e (1D ERXO.T) ©3)
and
oo (7 00 C a 00T 00
9 tG( )”L ) = Cll0:nllLe L)
< Cllullzew)lloxnllLe @)
+ ClloxulLeowgey(1 + [InllLeereye)) < A. (6.9)
Adjusting the coefficients c;, ¢, suitably and making use of (6.8) and (6.9), we obtain
Leutert) ~ (1. 0) (D)1 72 + c1t]|9x (0. ) (D117 (6.10)
and
Deuter(t) Z [[u@) 32 + [18x1n )31 + crt[3xu )| (6.11)

Then it follows from (6.4), (6.5), (6.6), (6.7), and (6.8) that

ieuler(t) + i)euler (t)

S 11@xn, 9x20) (1) | oo | (3t xm) (1) |72
+ [udxn(@ g (. ) (O | + [udxu(@) g1 [[(Oxn, ) (@) || a1
+ 1ROl 1930 Ollz2 + [ R2(0) 1221930 (1) [ 2
+ 1|0 (@)oo | 9xn (1) | L2102 (2) || L2
+ 1([[0x dxu) |2 + [10x G (n)dxn (1) ]| L2) [|0xu (1) || 2. (6.12)

dr

The nonlinear terms on the right-hand side of (6.12) are analyzed as follows. First, by the
Sobolev embedding one has

[[(xn, 0xu) (@)l Lo < [[(Ix2, 0xu) (1)l g1 -

Since H! is an algebra, we obtain

ludxn (@) g1l (2, 8x0) @l + [[udxu @)l g1 [[(xn, w) (@[] 1
S ) g2 11 @xm w) (@O -
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From standard commutator estimates (cf. [26]) and H! < L%, one gets
IR @)Lz < [, 931xn (@) L2 + I, 831950 (1) ]| 2
< M) @) 2195 () (0) ] 2
and, similarly,
[R2 ()2 5 [, 93]xu @) L2 + 1[G (), 319xn(0) | L2
S N W) @) g2 1103, w) (@) 2
Concerning the time-weighted nonlinear terms, we have
t0xn(t) || Lo [|0xn (1)l 2 |0xu (1)l L2
+ 1(0x (uoxu)|lL2 + [9xG(n)xn (1) || L2) ]| 9xu (1) |2
1 1
S 1@xn, w) (@) L2 (@2 [|0x (n, w)(2) [ 2) (2 [|0xu(?) | L2)

1
< not 3xu(0)I7> + %Il(axn,u)(t)llizlllax(n»u)(l)lliz.

1195

Substituting the above estimates into (6.12), choosing a suitable small constant o > 0,

and using (6.1), (6.10), and (6.11), we derive

d
77 Leuter ) + e @) 1772 + 18xn @17 + tlldxu (@)

=< ” (axn’ u)(t) ”Lz*:ﬁeuler(t)'

(6.13)

Applying Gronwall’s inequality to (6.13) and using the fact that ||(d,n, u)(¢)||z2 is uni-

formly integrable due to (6.1), we get
162,10 () 132 + 119x (2, 0) ()17
+ [ U@ + W + ol do
< (oo — P 10) 132
Finally, taking the L? inner product of (6.3), with v, we have
L) + 22 o)
dt L L
S (ullzge s 19xu @) 2 + [9xn @)l L2) [[u ()] L2
This, together with Gronwall’s inequality and (6.14), leads to
lu@llz2 < e fuollza + [o I o, ) ()l

_1 -
< (L+0)72[(po — p, uo)ll g2,

which concludes the proof of Lemma 6.1.

(6.14)

(6.15)
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Proofs of Theorems 2.4 and 2.5. According to classical local well-posedness results (see
e.g.[3,6,35,43,51]), there exists a time Ty > 0 such that system (1.4) associated to the ini-
tial datum (o, 1) admits a unique solution (p, u) satisfying (o — p,u) € C([0, To]; H?).
Then, according to the a priori estimates (6.2) established in Lemma 6.2 and a standard
bootstrap argument, one can extend the solution (p, u) globally in time and recover prop-
erty (2.16) as long as Col|(po — p, uo)||§_12 < 61. L]

The time-decay estimates (2.19) and (2.20) in Theorem 2.5 are proved in Lemmas 6.2
and 6.3 in the next subsection.

6.3. Enhanced time-decay rates

Lemma 6.2. Let (p, u) be the global solution of system (1.4) associated to the initial
datum (po, Ug), and psx be the global solution of system (2.18) subject to the initial datum
po- Assume (2.15) and |x|ug € L2, then p — py verifies (2.17). Additionally, if |x|*(po — p)
holds with 0 < u < 1, then (p, u) fulfills (2.19).

Proof. Following a similar procedure to the one used in the proof of Theorem 2.3, we
introduce the damped mode

P/ = X
R* = Ep)n—i—/\/ udy,
p —00
so as to rewrite (6.3); as
P'(p o
8,p—$8§p=—§aiR*—8x(nu). (6.16)
One observes that R* satisfies a damped equation
9, R* + AR* = F3, (6.17)

with

The proof of the decay estimates (2.17)—(2.19) is split into six steps.

o Step 1: Decay of R*. Let |x|uo € L?. From (6.17), we have

t
IR*(0)]l2 < e | R*(0)|> + / e M| F3(v)| 2 d (6.18)
0
By virtue of (A.3), the first term on the right-hand side of (6.18) is controlled by

IR*(0)lIz2 < llpo = pllzz + Il 1x[uollz2- (6.19)
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We now estimate the nonlinear term F3. Recalling estimate (2.16) and using the
Gagliardo—Nirenberg inequality, we get

@) lz> < lu(@)llz2llu(@)]lze
< IIM(I)IIEzllaxu(t)lll%z < lpo = pouo) |2 (1 + )71
With (6.3);, we have
10:n(@)lL2 < (0 + lInllLge o) lux @)Lz + llullLseeo) [9xn (1) L2
< Moo = poo) 2 (1 + )72 (620)
Since 1(0) = I'(0) = 0 holds, (2.16) and the Gagliardo—Nirenberg inequality ensure that
() (@)llL2 < In@) L= ln(@)]L2
< IO Ol 5 10— o)l +074 621)

Putting the above estimates (6.19)—(6.21) into (6.18), we obtain the decay of R* as fol-
lows:

IR* ()12 S (I(po — p. o)l g2 + Il [x[utol2) (1 + )75 (6.22)

o Step 2: Decay of p — p«. Next we aim to establish the stability of the parabolic profile,
i.e. (2.17). By (2.18) and (6.16), the error p — px solves

P'(p)
A
with the initial datum (p — p«)(0, x) = 0. Thus, Duhamel’s principle for (6.23) implies

0i(p = pr) = —=L20%p = pa) = —ZOLR* — Dy (nu). (6.23)

t 1= =
p—pe = _/ e#a?c(f—S)(gaiR* + 8x(nu)) ds. (6.24)
0

Similarly to (4.23)—(4.25), one deduces from (2.16) and (6.22) that for0 < & < 1/2,

P’

@) 92 4 —(1—
2RO R2 R*(5) ]2 < (. — )" TR (5) |2 + 195 R*(5) ]| 22)
—(1— 1 —
< (=) 574 ([ (0o — p. o) |2 + I X [uollz2)
—(1— _1 _
+ (t =) D572 | (pg — p. o)l g2

lle

Owing to (2.16) and

nu(s)lLz < llu)llzlln(s)llze < IIM(S)IILZIIH(S)IIlelaxn(S)llfz,

we have

P'(p
120

lle =99 (nu)(9)] 2

_1 _1 _3 _
S —=s) 2 [nu)|2 S (2 =5)"25*[|(po — p. uo) | r2-



T. Crin-Barat, L.-Y. Shou, and E. Zuazua 1198

Hence, applying the L2?-norm of (6.24) yields
t
—(1—¢) —1 _
o =P Olz2 < / (t =)~ 1574 ds(ll (o0 — p.uo)ll 2 + |l 1x[ueoll 2)
0

t t
+ ( / (t — 5)-0=95—4 g + [ (t—s) b5 ds) o0 — o)1
0 0
_1 _1 _1 _
< 5 o = po)llae + I I ol2).

Together with the uniform L2-bound of p — p*, the error p — p* satisfies the decay esti-

mate (2.17) forany 0 < ¢ < %.

e Step 3: Decay of p — p for 0 < u < 1/2. We assume further that
X(0) = (oo — p. u0) |2 + | 1x|"(po — Pll2 + || [x]uoll2 < oo.

Then, for all 0 < p < 1, a direct application of Lemma 4.2 yields

{ 1(o* =)z < (L + 0721+ |x|“)(po — p) |2+ (6.25)

* ~ _k_p _
150" = D OllL2 5 A+ 07272 (1 + [x[")(po = P)ll2, k=1,2,....

In the case 0 < u < 1/2, the combination of (2.17) with 0 < ¢ < 1_# and (6.25) yields

o = POz < (" = DOz + 10— pHD)llz2 S (1+1)72 X (0).

o Step 4: Decay of p— pfor 1/2 < u < 1. When p > 1/2, the L2-decay rate of the error
o — p*in (2.17) is not enough. To overcome this difficulty, one needs to improve the decay
of p — p*. In the case 1/2 < p < 1, the lowest term /() on the right-hand side of (6.17)
can be handled as
1)@z < In(@)llzeelln @) L2
3 1
S n@IIZ-10xn @)1
1 1 _
S InON 22 10xn O W™ = p)@) Iz + (o — p*)(@)IL2)
1w = u
SA+07EXOXO + sup A +05(p—p)@)llz).  (6:26)

t€[0,¢]

where we used n = p* — p + p — p*, (2.16), and (6.25). By (6.18)—(6.20), (6.26), and

1. pn51
7 t5=> 2,wehave

IR*(1)]l22 < KO+ )72 + XO)(1+1)"2 sup (1+71)2[(p—p*)(@)]L2-

7€[0,7]

On the other hand, the global existence result guarantees that

10 R* ()2 < 10xn(0) 22 + u(@)llz2 S XO)(1+1)72.
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Hence, following the computations done in Step 2, we arrive at
e FHR952 R 5.
S (=975 (oo — po) 2 + 1 1x1#(po = B)llz2 + Il Ixluoll2)

—(1—¢ _1 - 123 *
+ (=) 572 (oo — pouo)l gz sup 1+ )2 (0 — ") (@) L2. (6.27)

t€[0,f]

Similar calculations lead to

P')
lle >

B9, (nu)(s)]| 2

S@—s5)"2 ”u(S)H]%z [0 (s) Lo (1(0™ = ) ()2 + (0™ = P)(5)l|22)

< (t—5)" 25272 X(0)(X(0) + sup (14 0% (o= pH)@)ll2).  (6.28)
7€|0,2

For ¢ € (0, 1_7“), we combine (6.24), (6.27), and (6.28) to get

(o= p)@)lL2 < (72 +175)(X(0) + sl[lop](l +0)2[(p— p")(@)L2)-

Since p — p* is uniformly bounded in L2, one has
"
sup (14 71)2[[(p = p*)(D)lI2
t€[0,z]

< X(0)X(0) + X(0) s1[10p ](1 + 02 (o= )@z

Together with the fact that X (0) is suitably small, this yields

Lo~ 1
(o —p") )l < (1 4+1)"2X(0), S Sm<l (6.29)

By (6.25) and (6.29), p — p has the decay estimate (2.19); for 1/2 < u < 1.

» Step 5: Decay of p — p for 1 = 1. We now deal with the limit case . = 1. It suffices to
improve the L2-rate of ||(o — p*)(t)||2 to (1 4 #)~1/2. To this end, following the idea in
Lemma 4.3, we consider the system satisfied by (p — p*, u):

_ P'(B).» «
(o —p*) + poxu = Fy — T(p)aip .

P'(p) P'(p)

dru + F Ix(p—p*) + Au = Fr — ; e p*, (6.30)

(p - p*’ u)|t=0 = (0’ Mo).
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Performing an L2-energy estimate of (6.30) with the time weight ¢ gives
2 ' 2
(o= " Ol + [ el de
0

< [ 16t @I dr
+/0tr/R<<Fl —@aip*)(p—p*w (Fz—@axp*)u) dxdz. (6.31)

To bound the first term on the right-hand side of (6.31), we recall that the L2(0,¢; L?)-
estimate of u was obtained in (6.2), and we take the inner product of (6.23) with

- ffoo f_yoo(P — p*)(z,t) dz dy such that

t t
[0 (o — p*) ()72 dT < /0 (10 R* ()72 + nu(0)|3.) dt < X(0).  (6.32)

In order to bound the second term in (6.31), arguing similarly to (4.7)-(4.10), we perform
the energy argument on (2.18) to obtain

t
AR ARG P [0r"“nai“(p*—ﬁ)(r)uizdr

0<k’<k—1 0<k’/<k—1
< Ixlpo — P17 5 (6.33)

forany k = 1,2,.... Therefore, taking advantage of (6.32) and (6.33), we have
t t
=[5 o=lavde = [ @105 Ol + o - @8 de
< X(0)

and, for some constant ; > 0 to be chosen later,

t t 1 t

| e [ wprutaxde s un [ elu@sde+ - [ elost” - polE de
0 R 0 m Jo

Integrating by parts, we obtain

t
/I/Fl(p—p*)dxdr
o JR

_ / . / B ((p— p*)u)(p — p*) dx dt + / 29, ((0" — Pu)(p — p*) dx d
0 R 0

! 1 * * - * * - *
5/0 z/R(—Eux(p—p Y2+ 0o — pulp— p7) + (0" — Pdeulp — p")) dx d
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t
< sup T||(,0—P*)(T)||iz/ lux (D)L d T+ 11(0 = 5, p* = D) F oo ooy T I ()17 2
7€[0,¢] 0
1

4 ( sup r||(p—p*)(r)||zz)5( /0 9xu(o)]2 dr)

t€[0,¢]

x (/0 o — p%) (@)% dr)z.

Similarly, one has

t
f r/ Fudxdr
0 R
t

t
< [9sulliso () / (@2, dt + m / @22 dr
0 0

1 t
- [0 dr (swp cl" = AOIE: + sup tlo= O,

7€[0,¢] t€[0,1]

Substituting the above estimates into (6.31) and making use of (6.2) and (6.32), we end
up with

t
o= p* 0022 +/0 ()22 dr
1 ~
< (1 + E)X(O)
t
+(X(0)+m)( sup 2o =" + [ r||u<r>||,%2dr).
t€[0,¢] 0

Choosing a suitably small constant 7; and recalling that X(0) < 1, we derive the
1+ t)f% time-decay estimates of ||(p — p*)(¢)||z2. Together with (6.25), we obtain the
decay rate of p — pin (2.19); with u = 1.

o Step 6: Decay of u and 0x(p — p, u). Since we showed (2.19); for all 0 < u <1,
applying Lemma A.3 to the Lyapunov inequality (6.13) gives

19x(o — pou)(®) |22 S (1 +1)"572X(0).

This, together with (2.19); and (6.15), gives rise to the desired decay estimate of u. We
thus finish the proof of Lemma 6.2. ]

Lemma 6.3. Let (p, u) be the global solution to the Cauchy problem of system (1.4)
associated with the initial datum (po, uo). In addition to (2.15), assume |x|*(po — p) € L?,
|x[# 12y € L2 for 1/2 < o < 1, 3;:pli=0 = —0x(pouo), and P’(p) < 1. Then (2.20)
holds.
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Proof. In order to apply the method in Section 5, a key step is to consider the momentum
m = pu = (n + p)u instead of the velocity v. Then system (1.4) is rewritten, in terms of
(n,m), as

3,}1 + 8xm = 0,
2

d,m + P'(5)dxn + Am = Fy = —ax( m

p+n

+ P(5+n) = P(7) — P'(p)n).
(n,m)|s=0 = (po — P, Potto).

As in Section 5, we introduce the wave unknown

M(x,t) :=/ n(y,t)dy

such that
32M — P'(p)32M + 29;M = Fs;.

Then, following the computation done in the proof of Lemma 5.1, we can show that

/(1 4 DP9, M + 195 M) dix
R
t
+/ /((1+t+|x|)2“_1|8,M|2+(1+t+|x|)2“_2|8xM|2)dxdr
0 R

t
<Yy +/ /(1 +t+ |x)*P* Y dxdr. (6.34)
0 JR
From (6.2) and composition estimates, we obtain
|F3] < |ml|dxm| + |n|[0xn].

It thus follows that

t
/ /(1 1+ XD PP dx dt
0 JR
t
5/0 [[0x (m, n)(7)]|7 00 /R(l + 14 [x)? 7 (m)? + |n]?) dx dx

t
ifo ”ax(nvu)(f)”%ql/R(l+t+|x|)2M_l(|atM|2+|axM|2)dXdTv

where one has used the facts that 0, M = n and d; M = —m. Inserting the above estimate
into (6.34) and using (6.2) and Gronwall’s inequality, we get

[ (Ut 1+ DA (nf? + [m[?) dx
R

t
+/ /(1 +t 4 |x])** 2 |m|Pdxdr < Y,
o JrR

which implies (2.20); . Finally, in view of (2.20), (6.15), and Lemma A.3 to the Lyapunov
inequality (6.13), we are able to show the faster decay of v and dx(p — p, u) in (2.20),.
The proof of Lemma 6.3 is complete. ]
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7. Proof of Theorem 2.6

7.1. Global existence for the p-system with nonlinear damping

In this section we prove the global existence of the nonlinearly damped p-system (1.5).
For brevity, we omit details concerning the local well-posedness of solutions to (1.5) sub-
ject to initial data in H! since it can be proved by standard iteration arguments; see e.g.
[3,6,35,43,51]. To extend the local solution to a global one, we establish uniform a priori
estimates as follows.

o L2 estimates. Standard energy estimates lead to
d
— e, wOIIZ2 + 2lu@I7 = 0. (7.
dt
» H! estimates. From direct energy estimates in (1.5), we get
d -
[l @xp. 0w (ON72 + 7 | [ul"™ (3xu)* dx = 0, (7.2)
dt R
where we used that

/8x(|u|’_lu)8xudx=/ 3x|u|’_1u3xudx+/ lu|" "1 (0,u)? dx
R R R

= r/ lul" " (3xu)? dx.
R
* Dissipation for dxu. Multiplying (1.5); by |u|"~1d, p, we infer
f dsulu| "o pdx +/ lu|" "0, p|* dx —/ lu* 2ud,pdx = 0. (7.3)
R R R
Similarly, from (1.5);, we get
1 1
/ —|u|" " ud,d,pdx +/ —u|"'udludx = 0. 7.4
RT R

By (7.3) and (7.4), the fact that d,u|u|"~! = d,(|u|""'u)/r, and integration by parts, we
obtain
d

d Jr

4 / (050 — [l 2udep — " fosuP)dx =0.  (1.5)
R

1
;|u|r71u8xp dx

Defining
1
Walt) = (pott. Bxp. B20) (1) 125 + 7 / L udepds,
(1) = 2/ il (uf? + [85uf?) dx
R

+ 772/ ("= 3w pl? = [ul?"~2udxp — [u|" 7! xul?) dx,
R
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we obtain from (7.1), (7.2), and (7.5) that

d
EW*([) + Hu(1) = 0. (7.6)

Since, due to (7.1), (7.2), and the Gagliardo—Nirenberg inequality,
1 1
lotllzge ey S 117 e 19510 e ey S 1.
we are able to choose a suitably small constant 7, > 0 such that
Wi (1) ~ (o, u, 3xp, 9x20) (1)172,

1.7)
() 2 / " (Qul? + 1922 + [0ul?) dx.
R

Integrating (7.6) over [0, t] and making use of (7.7), we have

t
1o, ) (@) 31 +/ @I+ 1@xp" 2,02 (@) 17, d T 5 11(00, 40) 11
0

The above estimates enable us to prove the global existence of the solution to (1.5) with a
standard bootstrap argument.

7.2. Wave formulation

Differentiating (1.5); and (1.5), with respect to ¢, we rewrite (1.5) as two damped wave-
like equations

Po—2p+ru"t9p=00%u—0u+rlu""o,u=0. (7.8)

From equation (1.5); it follows that

u=—d / p(y. 1) dy.

—00

from which we infer that

r—1 X
9, / p(v.1) dy

—00

r—1 X
3;/ p(y,t)dy)-

w:=/ u(y,t)dy,

—0o0

Bz/ p(y.t)dy

—00
- ax(

X
9 / p(y.t)dy
Thus, defining the new unknown w by

rlul" 9,0 =r

—00

and integrating equation (7.8); over (—oo, x), we obtain the nonlinearly damped wave
equation
3w — 2w + 9, w|"'d,w = 0. (7.9)
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From (1.5)1, we see that

19:w@ll7 = lu@®lZ2. 19w ®lZ2 = o).

Thus, once we get the decay rate of ||(d;w, E)xw)(t)||iz, the L? decay of (p, u) follows.

7.3. Asymptotic estimates

In this subsection we prove Theorem 2.6 and derive logarithmic time-decay rates for the
solutions to system (1.5). On that matter, we capture the nonlinear dissipative structures in
(7.9) by adapting the method developed by Theorem 2.3 and the work of Mochizuki and
Motai in [38]. A key ingredient is the L? coercive estimates for 9, w that we derive from
the damped term |9, w|"~19,w with suitable weights (see (7.16) below).

Let two weight functions ¢;(s), @2(s) for s > 0 be determined later. Taking the L2
inner product of (7.9) with ¢; (¢ + |x|)d;w, we obtain

d

5 [ 50+ 1xbal + .l dx

1
+/(¢1(z+ DIdiwl” = S¢i (e + xDldw]?) d
R
1
= / §<p; (t 4+ |x])]9,w|? dx. (7.10)
R
In addition, multiplying (7.9) by ¢ (¢ + |x|)w and integrating by parts, we obtain
d
%5 (k04 dwdnw = Set + xDlul?) dx
+ [ (010 DI = g+ Do) dx
= [+ 1Dl = gite + Dol dww) dx. @
where 8o (x) denotes the Dirac function at 0 and we have used that
1 2 d
o1+ ehwdtwdx = o | (g1 + xhwdw - SoLE+ D) dx
R t
+ [ Gete+ 1Dl = [ i+ 1xpial?) ax
and
- [ dite + Ixpwazw ax
R

= [ (6h0 + IeDiaswl = (G0 + 1)+ e+ [+D3o(0) 0P d.
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To control the second term on the right-hand side of (7.11), one needs to capture the
dissipation of |w|"*! with a suitable weight. On this matter, a direct calculation yields

G Lo+ 1xborax— [ g+ hiwp+ dx
—/ﬂ;{(r + Dot + |x]|w| " 'wd, w dx. (7.12)
For some small constant 3 > 0 to be chosen later, we define
W) = [ Sente+ DDl + 10,0 ) d
13 [ (6100 + xDwdiw = 367+ DIl + g2 + xDlwl ) dx

and
Holt) = [ or(e+ IxDlovul” dx

+ 773/R(<ﬂi(t +IxDIdxw]® — @ (¢ + xS0 (x)[w]* — @5t + [xD]w|" ") dx
Thus, from (7.10), (7.11), and (7.12), we get

d
ZW(0) + Hy (1)

— [ (500 Dl = nagh e + LDl dww) dx
) [ (e Dl wdiw d. (7.13)
In order to control ‘W, (t), #,(¢) and derive the desired dissipation estimates, we require
p1>0, ¢1>0, ¢ <0, |gj><Cqilgl, ¢2>0, ¢;<0.  (7.14)

Indeed, under condition (7.14), one has

[ ehte + IxDlwdrw] dx
C/ o1(t + |x)|0;w|* dx — l/ o] (t + |x])|w|* dx, (7.15)

R 4 Jr
which implies

1
W) = [ (5= Cna)erte + ¥ + oyl dx

+ [ (<0 + DIl + ngate + Dl ) .
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Moreover, (7.14) also leads to
#o) = [ orte+ IsDlovul dx
1 [ (65 DIcl? — magh( -+ LxDlul) dx.

We now focus on the estimation of the right-hand-side terms (7.13). First, a use of Young’s
inequality gives

3 t
3 | [ e+ tablowl axar
2Jo JrR
r+1

3 t r-l—il t / = ::-7—1
—(//‘Pl(f+|x|)|8tw|’+1dxdr) (/ dedl—)
2\Jo Jr o JR @i(z+|x)7T

1 r! t ’ %

—/ /<p1<r+|x|)|a,w|r+1 dxdr+C/ e+ DI e a6
4JoJr 0 SR gi(r+1x)FT

Similarly, we infer

1

IA

IA

t
//‘Pi(f+|x|)|3zw|’|w|dxdr
o JR
1 t
S-/ /<p1(r+|x|)|8,w|’+1dxdf
4Jo Jr

+C/t |‘P1(T+|X|)|r+l|w|r+1 dx dt
o JR @1(t+ x|

and
t
C+0 [ [ eate+ Dl bl dx de
0 R
1 t
S—/ /qol(wrlxl)latuﬂ”1 dxdt
4Jo Jr

+C/t erﬂdxdr. (7.17)
o Jr @i(t +|x])"

Let n3 = 1/(4C). Then it follows from (7.15)—(7.17) that
1 1
[ (Goate+ D orP + [0,) = 367 + LxDIwl? + 920 + xDlul! dx) d
! 1 r 1 / 2 r+1
+ || (Ger @+ IxDIdwl + S¢i e+ xDldw] + € e+ wl ) dr d
o JR\2 2

t
< ww(0)+c/ /€z(t+|x|)dxdr, (7.18)
0 JR
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with
Ci ) + ga(s)I" ) i ()] =
C1(s) = —y(s) — 1 . . G(s) =
¥1 (S) 1 (S) r—1
Therefore, one needs to choose ¢ and ¢, such that
o0
€1(s) > 0, / / C(t + |x])dxdt < oc. (7.19)
0 R

For all ¢ > 0 and a suitable large constant a, we choose the functions

1Og2q7r+1 (Cl 4 S)
la + s|”

e1(s) =log?! (a +5).  ¢2(5) =

which fulfill conditions (7.14) and (7.19). Indeed, for suitable large a > 0, it is easy to
verify that

2g10g®7 ! (a +5) -

/
- 0,

@1 (s) ats

ol(s) = 2q log??72 (a + s)(log (@ + s) — 1 +2¢q) <0,
la + s|?
1
|‘/’i|2 = Z¢1|<Pi/|»
log (a + 5)*9 " (rlog(a+s)—2q +r—1)

4 [

@'a(s) = @ + 57 F1 <0,
and
1 2q-r
€1(s) > w(rlog(a) —2g+r—1

|a +S|r+1

— C((29)"  log ! (@) — C log" "1 (a))a_’2+1)> 0.

The condition 1 < r < 3 comes into play for the second term. It implies (r + 1)/(r — 1) >
2, and therefore,

o0 o log29— 7
/ /‘Gz(t~|—|x|)dxdr=/ / o8 @t D grge <o (720
o Jr o Jr la + 7 + |x||—1

By (7.14), (7.19), and the facts that 9w = p, 9, w = —u, substituting ¢; (s) = log (a + 5)*4
into (7.18), we obtain

log®? (1 + 1) /R (o + lu?) dx < /I; o1t + X)) (0w ] + [3xw]?) dx

< C'W,(0) + C.
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To bound the initial energy ‘W, (0), we use (2.21) and find that

Wy(0) < C / log2? (1 + |x))(lool? + [uoP) dx
R

2

10g2972 (1 4 |x])| [*
+c/—/ po(y)dy| dx
R A+ |l
logzq—r—1(1+|x|)‘ X r+1
+C/ / d d
SENEE R

1 1
||,00||L1 R (1_+_|x|)2_17 ”/OOHLI R (1+|x|)r—7l

for some sufficiently small n € (0, min{1, r — 1}). Gathering the last two estimates, we
obtain (2.22) which concludes the proof of Theorem 2.6. ]

8. Extensions and open problems

We have analyzed the time-asymptotic behavior of general hyperbolic systems without
Fourier analysis on the real line. Our work opens up several possible extensions and open
problems. We list some of them below.

(1) The compressible Euler system with nonlinear damping. As an extension of Section 7,
one can consider the Euler system (1.4) with a nonlinear damping p|u| ™!
relevant model for gas transport; see e.g.[15]. Following the approach used in Section 6,
similar decay rates to the one obtained for the nonlinearly damped p-system (1.5) in The-
orem 2.6 can be derived if one can construct a solution of the nonlinearly damped Euler
system belonging to L2(R; H'). However, in contrast with linear damping, the nonlin-
ear damping p|u|"~'u does not seem sufficient, to the best of our knowledge, to control
the advection terms and, thus, to ensure the existence of a unique global-in-time solution.

uwithr > 1,a

(2) Numerics. As an application of the method developed here, inspired by [42], one can
prove that a centered finite-difference approximation of the partially dissipative system
(1.7) in the whole space preserves the asymptotic properties of the continuous solutions
as t — oo. Such a result would highlight that the hyperbolic hypocoercive nature of the
system can be preserved at the semidiscrete level.

(3) Multi-dimensional setting. In the multi-dimensional setting, one can investigate the
n-component systems in R? (d > 1) of the type

d
v %
— Al — = BV, 8.1
A @1
j=1 '
where A7 (j = 1,...,d) are symmetric matrices, B is symmetric satisfying (1.2), and the

unknown V = V(x, 1) € R” depends on the time and space variables (x,7) € R? x R.
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The hyperbolic hypocoercivity approach in [4], presented in the one-dimensional setting
here, can be extended to the multi-dimensional case, and similar time-decay rates can be
recovered under the Kalman rank condition. However, our approach does not allow us to
consider multi-dimensional systems of the general form (8.1). The issue comes from the
appearance of mixed derivatives (due the multi-dimensional setting) when differentiating
the low-order corrector term in the Lyapunov functional in time, and it is unclear how to
handle them without Fourier analysis.

Nevertheless, it is possible to obtain results under additional structural conditions on
(8.1), for instance when (8.1) has a structure similar to the multi-dimensional compressible
Euler system with damping. Indeed, for the multi-dimensional version of (1.4), straight-
forward computations show that the Lyapunov functional

£(t) = (o = w1 + ntll(Vo, Vi) ()17 + /Rd u-Vpdx

allows us to recover time-decay rates in any dimension.

A. Fourier-based results and technical lemmas

A.1l. Fourier analysis of partially dissipative hyperbolic systems

Lemma A.1 ([4]). Let Uy € L' N L2, A be a symmetric matrix, and B a matrix satisfying
(1.2) and (1.3). Then the following assertions are equivalent:

* The pair (A, B) satisfies the Kalman rank condition (1.10).

o The solution U of (1.1) satisfies

IUL)(0) |l < Ct™2|| U1,

[U" ()2 < Ce || U] |2 (A.1)
_1

1U@)||2 < Ct75|Us| 2

with U, 1) == U (&, )1 ye|<1y and UP(E, 1) := U (&, 1)1ygj=1y, where £ € R is the
frequency parameter, and C, y4 are positive constants depending only on A and B.

In addition, if Uy € H' and (A, B) satisfies the Kalman rank condition, we have
_3
U g = Ct™#||Uol g1 (A2)

Sketch of the Proof of Lemma A.1. According to Proposition 1.1, one introduces the fol-
lowing Lyapunov functional in the Fourier space

1

Le(r) & |0|2+min{|g|,

n—1
|g|} Re Y e (BAX10 - BAXD),
k=1
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where (-) designates the Hermitian scalar product in C”. For €y = «o/2 and suitably

small coefficients ¢ (k = 1,2,...,n — 1), one deduces from (1.9) that
d n—1
-6 () + min{l, 617} Y " ex|BAXU> <0 and  Ze(t) ~ |UJ>.
k=0

Then the Kalman rank condition (1.10) for (4, B) implies that
U .0 < |Uo(§)[2e™N-minthIPH
with
n—1
Ny = inf{z er|BAFy?, y € S"‘l} >0,
k=0

and a low-high frequency splitting argument allows us to conclude the classical time-decay
rates (A.1) and (A.2). [

Remark A.1. In Lemma A.1, the solutions can achieve the decay rates (1 + t)_% G=2) in

L? under more general L9 assumptions with g € [1,2). The L' assumption on the initial

.1
data can be replaced by a Bz, éo assumption; cf. [10, 52, 53]. Moreover, these decay rates
are optimal in the sense that they follow those of the heat equation, which is expected by
the low frequencies (the slowly decaying part) of the solution.

A.2. Technical lemmas

Lemma A.2 (Caffarelli-Kohn—Nirenberg inequality [7, 8]). For all h € €.(R), it holds
that
X Allr < Cuy o | 1x1#2 0]l 2. (A3)

with ip > 3, pa — 1 < iy f,uz—l,andpzm.lflh =p2— 1, thenp =2
and the best constant in (A.3) is

2

C = gy = .
112 memlwa =5

Lemma A.3. Let T > 0 be given time and E1(t), Ex(t) be two nonnegative and abso-
lutely continuous functions on [0, T'). Suppose that

Ei(t) <ait™ (A4)

and
9 (B0 4 M Ea0) + axExt) <0, 1€ 0.T), (AS5)

where 19, a1, as, and o are constants satisfying

. (a2
ap,az,a >0, 0<ny<miny—,as;.
o
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Then it holds that
Ey(t) < Cayt™® ', 1 €(0,T), (A.6)
where C > 0 is a constant independent of T, a1, and a».
Proof. Let the constant p satisfy max{l, «} < p < a/no. Multiplying (A.5) by ¢7, we

get

d
WP EL() + not?t1 Ex (1)) + (a2 — pno)t? Ex(t) < pt? ' E1(1). (A7)

Noticing that a, — pno > 0 and (A.4), we prove, after integrating (A.7) over [0, ¢], that
1 ! 1 pai
tPEL(t) + not P Ey (1) < pcn/ P dr = —— P
0 p—a
Hence, (A.6) follows. u
A.3. Optimal decay rates for the heat equation

In this section we recover time-decay rates for the heat equation that are consistent with
the result obtained in Theorem 2.2. We consider the one-dimensional heat equation

dou—32u =0, (x,1)eRxR;. (A.8)

The asymptotics for the heat equation or incompressible flows in space-weighted spaces
has been intensively analyzed; cf. [2, 16, 29] and references therein. Here we prove a
different estimate (A.11) pertaining to the decay of (A.8) without L! assumptions. The
rates are optimal since our proof relies on the sharp L?-L4 estimates for the heat flow.

Lemma A.4. Let u be the solution to the heat equation above with initial datum ug € L.
Then, forallk > 0andt > 0,

_k
[8%u()ll 2 < Crt ™2 uoll2, (A.9)

where Cy. > 0 is a constant dependent only on k.

o Ifwe assume that ug € L? with p € [1,2), then
k —ld_1y_k
[05u@)llL2 = Cr,pt™ 272" 2 |lugllLr. (A.10)

where Cy , > 0 is a constant dependent only on k and p.
s Ifwe further assume that |x|*uqg € L? with some fixed |1 > 0, then

K

— k
l8%u(@llz2 < Cieut =272 || 1x*uoll 2, (A1)
where Cy ,, > 0 is a constant dependent only on k and [t.

In Lemma A.4, the inequalities (A.10) and (A.9) are standard; cf. [17]. Below, we give
the proof of (A.11).
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Proof of Lemma A.4. The case u = 0 corresponds to the classical decay rate of the heat
equation. We divide the proof of the case u > 0 into three cases.
* Case 1: 1 < u <3/2. We define the unknown u(x,?) := ffoo u(y,t) dy satisfying

X

dxur =u, up(x,0) =uqo(x) 1=/ uo(y,1)dy,

—00

and
duy — 0%uy = 0. (A.12)

Note that the Caffarelli-Kohn—Nirenberg inequality (A.3) implies

lurollr < I x "ol 2.

“2u—1

where p; :=2/Q2u — 1) fulfills 1 < p; <2dueto 1 < u <3/2. Thence it follows from the
well-known L2—LP! decay estimates for the k-order derivative of the solution to (A.12)
(cf. [17]) that

10%u @)l 22 = 185 uy (1) 2

_L(L_L)_l_k L _k
272 |x[Muol L2+

* Case?2:0 < p < 1. The result from Case 1 gives

k
2

k _1_
[5u@ll2 S 17272 [x|uoll 2.

Recall that for the case . = 0, one has
_k
1% (@)lz2 < 17 [luoll 2.

Therefore, employing the Stein—Wassin interpolation theorem (e.g. [5, Theorem 5.4.1] or
[45]), we have the time-decay estimate (A.11) for0 < u < 1.

* Case 3: > 3/2. First we consider a pu such that there exists an i € N* satisfying
i <p <1/2+4i.Thisimplies that

pi=2/Qu—i+1)—1)€]l,2].

Then, similarly to Case 1, we note that u; := ffoo f_x;: fféo u(y,t)dydxy---dxi_y
satisfies

. X Xi—1 X1
P =u, u;j(x,0) =u;o(x) = / / / uo(y,t)dydxy---dx;_,
—00 —0o0 —00

and
deu; — 02u; = 0. (A.13)
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It follows from the Caffarelli-Kohn—Nirenberg inequality (A.3) that
heiollizer < I~ Dy ollze S X Puia0llz2 -+ S IHx*uoll 2.

This, together with classical L?>~L?# decay estimates for the (k + i)-order derivative of
the solution to (A.13), yields

[SIE

. _ 11 _1y_i_k KB
10%0() 122 = 195 i (1)l 2 S ¢ 2P 27272 g ollpm S 07272 | x| Mol o

For the complementary case where there exists ani € N* such thati — 1/2 < u < i, we
get the desired decay estimates by using a similar interpolation argument to Case 2. The
details are omitted. ]
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