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s-stability for W *"/*-harmonic maps in homotopy groups
Katarzyna Mazowiecka and Armin Schikorra

Abstract. We study s-dependence for minimizing W*-*/5-harmonic maps u: S" — S¢ in homo-
topy classes. Sacks—Uhlenbeck theory shows that, for each s, minimizers exist in a generating subset
of 7y (Se). We show that this generating subset can be chosen locally constant in 5. We also show
that as s varies, the minimal WS"/$ -energy in each homotopy class changes continuously. In par-
ticular, we provide progress on a question raised by Mironescu [in: Perspectives in nonlinear partial
differential equations (2007), 413—436] and Brezis—Mironescu [Sobolev maps to the circle (2021)].

1. Introduction

We study minimizing W*>?-harmonic maps between spheres in homotopy classes, which
are defined as maps u € W*2(S", St) with least energy

— p
sp(u) = /n /n |M(X) ;fzg—ysll dx dy = [u]Wsp(Sn SYH (11)

|x—y

among maps of the same homotopy. Here, s € (0,1), p > 1. In (1.1) we take the R"*1-
Euclidean distance and R¢*1-Euclidean distance in the numerator and in the denominator,
respectively.

A natural question arises: Given @ € 7, (S?), is the infimum of & 5,p attained in a? In
other words, can we find a map u € W*?(S", Se), u € o such that

Es.p(u) < & ,(v) YveWSP(S" SYH, vea.

If p > % the answer is yes, by standard methods of calculus of variation, due to the
compact embeddlng of WSP(S",St) into CO(S",SY).If p < 2 % it was shown by Brezis—
Nirenberg [4] that no homotopy theory can be defined for maps in WoP(S", S%) and the
infimum energy of &, in any homotopy class is zero. Thus, throughout this work we will
focus on the critical, conformally invariant case p = . By [4], it is known that the stan-
dard notions of homotopy can be extended to W5 -Sobolev maps; see also [15, Section
2] for an overview.
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For s € (0, 1) set

#oo = inf Eon(u), € my(SH.
uews5sn,sy, °
Uea

In the case of maps between spheres of the same dimension u: S — S”, i.e., when the
homotopy classes are given by their degree, we instead write

#od 1= inf Esn(u), del.
uewsssn,sy,  °
deg(u)=d

In general the question whether #;« is attained is rather involved even in the local case
s = 1; see, e.g., [8,20,22] or, forn = 1 and s € (0, 1), see [3, Chapter 12], as well as
[1,18]. In [15] we showed the following theorem.'

Theorem 1. Forany {,n > 1, with either ({,n) = (1,1) or £ > 2, s € (0, 1). There exists
a generating set Xy C 1, (SY) such that for any a € X the infimum #s« is attained.

In this work we are interested in the stability of such results as s changes.

Our first main result is that one can choose the generating set X from Theorem 1
locally stable as s varies. More precisely we have the following theorem.

Theorem 2. Fix n,{ > 1 with either ({,n) = (1,1) or £ > 2. Let A > 0 and set for
s € (0,1),

Xy :={aem, (SY) : there exists a W5 (S”, S*)-minimizer u in «

and [u] 61 gn ) = A}.

Then for any t € (0, 1) there exists § > O such that
Y = ﬂ X,
se(t—6,t+68)
spans the same set as X, i.e., Xy C spanY, foreachs € (t —§,t + §).
See Theorem 25 for a more precise statement with respect to the dependencies of §.
Let us stress that Theorem 2 does not imply that

X = {Ol € Ty (Sl) \ {0} : #50 is attained}

is unchanged as s varies. Rather, it says that we can choose the set of attained generators
of 7, (S*) locally stable. In particular, for n = £ (when the homotopy class is identified

IThe case s < % n = 1 was not treated in [15] but is covered in [12].
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with the degree), in principle, it could be possible that

{1}, s <1/2,

Z\ {0}, s=1/2,
{1,2,-3}, se€(1/2,3/4),
{2,-3}, s€(3/4,1).

An important ingredient in the aforementioned Theorem 2, and our second main result,
is the following continuity result for the map s +— #;«. By smooth approximation it is
elementary that for o € 7, (S*) we have for any € (0, 1),

#,a > lim sup #;0r.
s—>t

But actually, we have full continuity.

Theorem 3. Assume £,n > 1, with either ({,n) = (1,1) or £ > 2. Let @ € 7y, (Se). Then
the map
s #a, s€(0,1)

s continuous.

Besides being a crucial ingredient for the proof of Theorem 2, Theorem 3 also has
several interesting corollaries that we discuss now.

Firstly, it is natural to expect that minimizers exist in the class of degree-one maps in
WS (S™,S™). Towards this, Berlyand—Mironescu—Rybalko-Sandier obtain in [ 1, Lemma
3.1] that for maps in W22 (S, S1), minimizers are attained for any degree; see also [3,
Theorem 12.9]. Moreover, Mironescu proved a stability result [17, Theorem 2], which
asserts that for s € [%, % + §), degree-one minimizers existin WS 5 (S',S1). Asa corollary
of Theorem 3 we can extend the latter in the other direction.

Corollary 4. For maps from S' to S, there exists § > 0 such that

1
s

#1 = inf{[u] RS WS’%(SI,SI), degu = 1}

wes
is attained for all s € (% -4, % +6).
This provides progress towards [ 16, Open Problem 1] and [3, Open Problem 24.].

More generally, if #;« is attained for an « € 7, (Se), it is unclear whether #;« is
attained for ¢ & s. Corollary 4 works for degree-one maps, because they have the lowest
energy level among nontrivial homotopy classes. This observation is true in any dimension
and we have the following corollary.

Corollary 5. Fix n,{ > 1 with either ({,n) = (1,1) or £ > 2. Assume that for some
1 €(0,1) and o € 7, (SY) \ {0} we have

#a <#p VB em(SH\ {0
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Then not only is #; o attained by [15], but also there exists § > 0 such that #so is attained
foralls € (t —6,t + 9).

For our next corollary of Theorem 3, we consider the Bourgain—Brezis—Mironescu
degree inequality, [2, Theorem 0.6], which says that for maps u € W5 (S",S"),

degu < C, s[u]WS t sy

Let 6,” be the minimal constant, i.e.,

— degu
Chys = sup # < 0.
5 (sn.sm) [u
uews% (sn,sm) [ ]WS 2 sn.5m)
It is natural to discuss the continuity of the map s > Cn, s

Corollary 6. The map s — én,s is lower semicontinuous.
More precisely, for any A > 0 the map s — Cy, 5. A defined by
_ degu
Cus;a = sup 7

uews ¥ snsmy, [u]® .
0<[u] (n<A) [ ]WS’?(S",S")

wSs —
s continuous.

Corresponding results hold for the Hopf degree (see [26]):

1 ~ u n
(1 -, 1) S5 Cyyi= sup —[43”4"_1(S2 ) .
4n uews z (S4n 1 SZn) [u]
0<[u] 5, 4n=1 “ (snsm)

and more generally for maps representing rational homotopy groups of spheres; see [19].
We turn to the main ideas for Theorem 3, and thus Theorem 2. We use the following
new ingredient:

whenever #;« is attained, then #;« < #;a + € for t ~ s; (1.2)

for the precise formulation see Corollary 24. To obtain (1.2) we show that WS/5(S* St)
minimizers actually belong globally to Wsl’ﬁ(S", S*) for an s; > s; see Theorem 16.
Holder regularity in this situation has been established in [14, 23], after pioneering work
forn =1ands = % in [7], but this is a local result on domains where the BMO-norm is
small. Smallness of the BMO-norm is of course not a scaling invariant property, indeed
it depends heavily on the specific minimizer u and one cannot deduce from it a uniform
global property. Our higher regularity result in a conformally invariant Sobolev space,
Theorem 16, is, on the other hand, uniform and independent of the specific minimizer u.
Hence, using stability of the Sobolev norm wsnls, Proposition 12, we obtain (1.2). Once
we have (1.2), the main results follow from combinatorial observations coupled with the
Sacks—Uhlenbeck theory developed in [15] and the energy identity from Theorem 15.
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Remark 7. We conclude this introduction with a few remarks about possible generaliza-
tions of these results.

(1) The modulus of continuity in Theorem 3 and the § in Theorem 2 are relatively
easily to compute. They depend on the regularity theory gain (which can be cal-
culated explicitly) and they get worse with large #;o.

(2) In this paper, to ensure clarity in our presentation, we focus on the case when the
target manifold is a sphere. Nonetheless, it should be easy to extend the results to
the case of a compact Lie group in the target.

(3) It seems that an extension of our results to a general target manifold is more chal-
lenging — the only obstacle is regularity, but it is unclear even for minimizing maps
how to get scaling-invariant higher regularity of Theorem 16.

(4) It would be interesting to study the limiting cases as s — 1~ and s — 0.

Notation

We write «, B, etc. to denote a homotopy group, S” for the sphere in the domain, and
St for the target sphere. For brevity, we write < whenever there is a constant C (not
depending on any crucial quantity) such that A < CB. Similarly, A ~# B means A X B
and B X A.

2. Preliminary results

Let us emphasize that some of the results of this section can be easily extended to general
target manifolds. For brevity we restrict everything to sphere targets.

The first result, which is well known and follows from the embedding of the critical
Sobolev space into BMO, is the following; see, e.g., [15, Lemma 2.10].

Proposition 8. Forany {,n € N there exists A = A(£,n) > 0 such that whenever s € (0, 1]
and o € 7, (S \ {0},
#oa > A,

In [28, Theorem 1.2] or [3, Lemma 12.6.] the following is proven.

Proposition 9. Whenever s € (0, 1] and o has a free homotopy group decomposition into
(oti)f.v=1 then

N
#,a < Z#sai.
i=1

In the case of W%’Z(Sl, S') maps, minimizers exist for each degree and their exact
energy is known. Precisely, by [1, Lemma 3.1] (see also [3, Theorems 12.9 & 12.10]), we
have the following theorem.
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Theorem 10. For maps from S to S we have
#id = 472|d|.
Moreover, #%d is attained for all d € 7.

By results in [28] and [2] we obtain that if we know that the energy of a map is bounded
then the map can belong only to a finite subgroup of 7, (S?).

Theorem 11. Fix A > O and let 0 < sg < 51 < 1, n,€ > 1 with either ({,n) = (1,1) or
€ > 2. Then there exists a finite subgroup @ C 1, (S%) such that the following holds:
Whenever for some s € (so, s1) the map u € W' (S", SY) satisfies

[M]WS% (sn,8Y) <A

thenu € Q.

Proof. In the case when n = £ the assertion follows from the degree estimate in [2, The-
orem 0.6], since for any s > 0 we have

<
| degu| 3 [u]WS’%(S",S”)'

If 71 (Sz) = {0}, i.e., £ > 2, we have for any ¢ > 0,

//X{\f(x) FONe T | dxdy
<& / / |f(x) = f)[F0 dxdy

R
N Y /() = fWI5
se 2 /[ o x—yPr dedy

Hence the assumption in [28, Theorem 1.4] is satisfied and we may conclude. ]

2.1. Continuity for the s > W5 -norm
We need the following continuity result for the fractional Sobolev norm.

Proposition 12. Fixn,{ € N. Let A > 0, ty > 0, t € (to, 1), and let s1 > t. Forany ¢ > 0
there exists § = 8(e, A, |s1 — t|,n) > 0 such that the following holds.
Assume that u: S" — St satisfies

n <
[M]W”’W(S",Sl) <A.

Then
n n
sup ([l . —[ul?,, <e
rire=s.a+8)  W'TT(S1.Sh w272 (sn,80)
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The proof is based on the following elementary lemma.

Lemma 13. Foranye >0, > 0,0 < pg < p1, there exists § = g(po,pl, I',e) > 0 such

that if |p — q| < 5, D4 € [po, p1] then
p—q|l <8 = |a?—all<e Vael0,T]. 2.1)

Proof. We may assume thate € (0,1)and " > 1, po < p <q < p1.
1
Seto := (3£)7 € (0,1). Then

|a? —al| <20P° <¢ Va€]0,0].

Moreover, with the inequality |1 — e| < |¢|el’l we find for A, := max e[, [Inal,
Va € [0,T7].

la? —a?| = aP|1 —a?7P| < TPl —a9P| <|q— p|TP Agele?P

So if we set
= 1
1= ——m——,
Fpl AseAezpl
we have shown that
[

la? —al| <& Y|p—q|<$, aecl0,T].
5= to be specified

Proof of Proposition 12. Pick some 5 € (t,51) and take 5% < § < 55t
later. The relation between the numbers is now
O<to<t—b<t<t+déd<s<sy<l.
Fix ry,ry € (t — 8,t + &) such that r, > ry. We have
[P 7 [
wi T (Sn,Sf) w22 (Sn’S()
u(x)—u T u(x) —u &)
5//“() 6] lu(x) —u(y)| dx dy
n Jsn |x =y
u(x)—u S (x) — u TS — u(x) —u 72T
=[ / [u(x) —u()|*1|ulx) —u(y) [u(x) —u(y)| drdy. 2.2)
n Jgn |x — y|>
Now set n " " "
a:=lu(x)—uy), p==—-— qgi=———.
ri §1 ra 51
Since |u| = 1 we have a € [0, 2]. Also p,q € [po, p1] for
n no_n_n 50 d n n n n -
= - > — an = ——<——-—<™
Po t+§ s1 8 S1 P t—34 S1 to S1
‘We observe
p—ql= Ll =] = —2
pP—4q1= 2— Tl = (10)2
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Hence, choosing § = §-2- (t") , where § is from Lemma 13, and combining (2.2) with (2.1)
we get

D L < sup Ia”—an// G —u I
W s W s T ge e =y
IM(X)—M(y)IS1
<e¢ dxd B
/n /n |x_ |2n y
as desired. [

3. Existence of minimizers and energy identity

In this section we show how to deduce an energy identity using [15] and [28]. We begin
by recalling the following lemma, which we will combine later with Theorem 11.

Lemma 14 ([15, Lemma 7.7]). Fix n,{ € N with either ({,n) = (1,1) or £ > 2, and
s € (0, 1). There is a number 6 = 0(s,n, L) such that the following holds.” Let a € 7, (S%) \
{0}. Then either #ca is attained or for any § > 0 there exist a1,y € 7, (S*) \ {0} (possibly
depending on §) such that o = o1 + ap,

#01 + #Hyop < H#H,a + 6,

and 0
0 < #y0; < #Hya — 5 fori =1,2. 3.1

From Lemma 14 we can conclude the following existence and energy identity.

Theorem 15 (Energy identity). Fix n,{ € N, with either ({,n) = (1,1) or £ > 2, and
s € (0,1). For each o € 1, (SY) \ {0} there exists a finite sequence (a,)N L C 7y (SH\ {0}
such that

M) o=

(2) #o = 0L e,

(3) #sa; are attained for eachi € {1,...,N}.

Proof. Fix A 1= #;a + 1.
Fix § € (0, 1). If #;« is attained then we are done. If #;« is not attained, we apply
Lemma 14 and decompose & = a1 + o with

_ 0
#oay + Hoon <#,a +2718 and 0 < #oa; < Heo — > fori =1,2.

2 As mentioned before, the case s < %, n = 1 was not treated in [15] but is covered in [12].

1
2
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Ifbothi € 1,2, #;«; are not attained we finish; if at least one is not attained, say #01, we
apply Lemma 14 again, with § = 2725. We decompose @; = o1 1 + o 2 and obtain

2
#oory 1 + #s1 o + #oon < oo + o + 2728 42715 <Ha + ) 2776,
i=1
with

0
0 < #sal,i < #sal — 5 < #SO[ — 9,

where o = 1,1 + «1,2 + 2. With an abuse of notation we relabel o« = o1 + a2 + 3.
We apply Lemma 14 iteratively, whenever the minimizer of one of the decomposed
terms is not attained — at the £th step we take § = 27§ and obtain a decomposition into

{ + 1 terms with
441 2441

D #eoy <#a+ Y 275
i=1 i=1
By (3.1), after 2¢=1 jterations there is an i € {1,... -ty 1} for which

9<#Sai<#sa—K§=A—l—€§. 3.2)

If however £ > %(A — 1 — 6), we get a contradiction in (3.2). Hence, we may iterate at
most 25~ times for an L = L(6, A), obtaining a decomposition into Nj terms, where
Nz <251 4 1forall § € (0,1) and

Ny
Sw=a
i=1
such that #;0; must be attained (otherwise we would have continued the iteration of
Lemma 14). Moreover,
Ns
Z#sai < #a + 3.
i=1
We want to let § — 0. Let us stress that as of now the decomposition of «; depends on 8.
By Theorem 11,
B €ma(SYH) : #,f < #a + 1}

is a finite set. Hence, there is only a finite number of possibilities of ; = ; (5) Thus
there exists a sequence 8k — 0 such that a; (§) = a; (8 ) for all j, k € N. Thus we have

N ~
D #eay <#sa+ &,
i=1
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where the left-hand side does not depend on 8k anymore. Letting kK — oo we obtain

N
Z #o0; < #s0.

i=1

On the other hand, since va=1 o; = o, we have by Proposition 9,

N
#,o < Z #o0.

i=1

Combining the two last statements we obtain

N
#o0 = Z#Sai' [

i=1

Let us remark in passing that another strategy to obtain Theorem 15 would be to extend
the methods in [8], which mostly rely on the conformal invariance of the norms involved,
and thus should be applicable to our case.

4. Globally improved regularity in the conformal scaling

In this section we show that W*-5 -minimizers actually belong globally to W ©%:8s (", S¢)
fora ® > 1. To do so we adapt the strategy of [23]. It seems to us that we use a somehow
unique feature of the Gagliardo seminorm and the fractional p-Laplacian (i.e., we do not
see how the argument would work for the classical p-Laplacian): we use intrinsically a
feature of differential stability that was observed for the fractional p-Laplacian but is not
known for the classical p-Laplacian; see [13,24].

Theorem 16. Fix n,{ € N. For every 0 < 59 < 51 < 1 there exists ©® > 1 and for any
A > 0 there is a constant C(A) = C(n, £, sg, S1, A) > 0 such that the following holds.
Ifso <s <syandu € W55 (S",S¢) isa W5 (S", SY)-minimizer in its own homotopy
group with
[M]Ws,%(gn,gl) <A,
then
[l yes. & n 50y = C(A)-

Theorem 16 is a consequence of Propositions 18 and 21 below.

Remark 17. A few observations regarding the previous regularity theorem are in order.

(1) The study of the regularity of fractional harmonic maps was initiated by Da Lio—
Riviere in their celebrated papers [6, 7].
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(2) The argument below applies generally to critical points, not only minimizers. We
only state the a priori estimate versions, since (local) higher regularity was dis-
cussed in [15].

(3) In [23] it was proven that minimizers as in Theorem 16 are Holder continuous;
see also [14]. Observe that, however, there is no hope to prove

[u]co,a(gn’gl) N [M]Ws,% (sn,sY°

Indeed, this can be simply disproved by conformal rescaling, concentrating the
map u into one point. The right-hand side is conformally invariant, and thus does
not change. However, the continuity on the left-hand side becomes worse and
worse.

(4) Similarly, there is no hope to obtain

[u]Wslvl’l (sm,s%) N [u]WS’%(S”,SK)
whenever s p; > n.

(5) While Theorem 16, does not imply continuity, and therefore seems to be a weaker
result than [14, 23], it has the crucial advantage of being a global result on all
of S".

By the conformal invariance of the energy we may replace the domain S” by R” and
assume u € W*'s (R", SY).
4.1. Improved global estimates for harmonic maps

We begin with the Euler—Lagrange equations for W* s -harmonic maps; see, e.g., [23].
For any ¢ € L® N W5 (R”, R¢H1), a critical point u € W (R”, SY) of the energy
&5, satisfies the equation

[ ) — I F20(0) = u)) A G =u WO o

X — y[>"
Here, A:R¢ x RY denotes the wedge product in R¢+1,

(u A v)yj =ulv/ —uwlv', i, je{l,... L+1}.

n

The crucial result is that the equation for fractional W* s-harmonic maps improves
globally.

Proposition 18. Let 0 < 5o < 51 < 1. There exists a 6 € (0, 1) such that the following
holds.

Forany s € (so,51) and any u € W55 (R",SY), which is a minimizing W*s -harmonic
map in its own homotopy group, we have

w3

— s n
[(=A)nu]y o = Clso. s MulG, 1 gy’

n—0s (R") —
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that is, for any ¥ € W95 (R* R,

[ e )2 — W) VD)
R~ R~

|x — y[2"

n
K

= C(so.51,m)[u] (4.2)

w5 (R") [w]WGS’BLs R?)"

In the proof below we will frequently work with the fractional Laplacian (—A) 2 which
can be defined as

(A f = e, FTLELF 1),

where ¥ is the Fourier transform. When s € (0, 1), with a different constant, we also have
the representation

RIS

Re |x —y[*ts

(=83 f(x) = ¢
The inverse of the fractional Laplacian is the Riesz potential /°, defined as

I*f =cFHEITF f)
or, for s € (0,n),
Frw=e [ =P ;. @3)
For mapping properties of the Riesz potential we refer the reader to standard literature,
e.g., [9,10,21,27].

In order to prove Proposition 18 we consider the following potential introduced in
[23]:

Tou(z) = / / Ju (1) —u )| F 7 () —u()(x =z "~ |y —z|"")

|x — y[?"

dxdy. (4.4)

Observe that for 7 < s we have by the representation of the Riesz potential 17, (4.3),

/ Tiu(z)p(z)dz
Rn

_ |u(x) )5 @) —u()) U p(x) = I'p(y))

dxd

= n n |X — y|2n s

From the definition of T; and Holder’s inequality we have
n_q
[ T az] = 005 g s gy @5)

Thus, if t < s, Tyu is a tempered distribution for u € WS (R™).
Observe that even as a distribution we have

”Ttu”L#(Rn) 5 ”M : Ttu”Lﬁ(Rn) + ||M A Tl‘u”L%(Rn)’ (46)
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whenever the right-hand side is finite. In the next two lemmas we will separately estimate
both terms on the right-hand side of (4.6): the orthogonal projection u - T;u and the tan-
gential projection u A Tru (orthogonal and tangential are meant with respect to the tangent
space T, SY).

Lemma 19. Let 0 < 59 < 51 < 1. There exist a 0 € (0, 1) and a constant C = C(sg, 51,
n, ) > 0 such that the following holds.

For any s € (s, 1), there exists t < 0s such that if u is a W's (R, SY)-minimizing
harmonic map in its own homotopy group, then for Ty as in (4.4),

n
s

ot~ Toull 1, gy < Clad 4.7

W E (Rm)
Proof. We argue similarly to the proof of [23, Lemma 6.5]. We note that since |u| = 1 we
have

(u(x) —u(y)) -u(z) = —%(u(X) —u(y)) - (u(x) +u(y) —2u(z))
and hence
|u - Tru(z)|
() —u ()5 () +u(y)—2u@)|||x —z| ™" =y —z [
5 [n /n

|x — y[?"

dxdy.

We observe that for r € (0, 1), we have by [25, Proposition 6.6],
u(x) —u(y)] 3 x =y (M(=A)>u(x) + M(—A)>u(y)), (4.8)

where M denotes the Hardy-Littlewood maximal function.
We follow the proof in [23, Proposition 6.3] but replace the use of [23, Proposition
6.2] by (4.8) and consider the three regimes (similarly to [23, Proposition 6.1])

{Ix = y| I min{|x — z[,|y — z|}}: inthis case |x —z| ~ |y — z|,

{|x —z| I min{|ly —z|, |x — y|}}: in this case |y — z| &~ |x — y/|,

{ly —z| I min{|x — z|, |x — y|}}: inthis case [x —z| ~ |x — y|.
We obtain for 7 € (0,¢) withr + 7 € (0, 1),

() + () = 2u(@)[lx — 2" — [y 2"
3 (M=2)2u(x) + M(=A)2u(y) + M(=1)2u(2)
X |x—y|r+’~kt_t~,t(x,y,z), 4.9)

where k4., (x, y, ) is given by

Koy (X, y,2) = min{|x — z|*7", [y — z|*7"}

[y —zlyr== -
+ (|X _y|) ly —z|* nX{Ix—zIﬁmin{\y—zl,lx—yl}}

lx — z[\7—@ ~
+ (lx — y|) |X - Zla "X{ly—z\5min{|x—z|’|x_y|}},
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Moreover, we have by (4.8),
|u(x> - u(y)ﬁ—1

— [P ETO((M(=A) 2u(x)) 5+ (M(=A)2u(y))s ). (4.10)
Combining (4.10) with (4.9) we obtain for a ¢ € C>°(R"), ”w”L%(R") <1,
||M : Ttu”L%(Rn)
< / u(z) - Tou(2)p(2) dz
Rn
() —u()|5 " u(x) +uly) —2u(z)|
X [Jx —z| 7" — |y — 2| "]
< / / / - lp(2)] dx dy dz
n n n |X — y|
4.11)

5/ / /| PRy, U (r . 2)|0(2)] dx dy dz,

where
Ur(x,y.2) = ((M=2)2u(x)) 57+ (M(=A)2u(y)5 ")
X (M(=A)Zu(x) + M(—=A)2u(y) + M(—A)2u(z)).
Assuming r% + f —n > 0 we further estimate (4.11) with the help of [23, Proposition
6.4] and Holder’s inequality:

”u : Ttu”Lﬁ(Rn)
/ I M(=8) (@) s T (M= 0)Fu(2) [P (2)] dz

< max
t1+t2+t3

=r%—n+t

< max |[I"(M(=A)zu)s !

S max MRS
=r%—n+t

S LS CUICY N LI N (A ] I (4.12)

Assuming r% —r —t; > —r —t+n>0,tb <rt —n+t<r,t3 <r%t—n+t <t,we

apply Sobolev’s inequality and the maximal theorem twice to get

I Tl oy S OB R0 FH ] g M) B0l oy I,

ro 21 r
N ”(_A)Zu” (%—1)% ||(_A)2u||L%(Rn)|l(p||L%(Rn)
rg-r (R")

= =) 5l g 10l
< s
) ' any (4.13)

In the last line we used r < s.
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The conditions on r and ¢ used in estimates (4.12) and (4.13) are

n
r<s, n<-r+t<n—+r, r—+t<n.
K

If n = 1 we choose r = ¢, and then any ¢ € (IL_H min{s, %}) is admissible, so we can pick

s : 1 1 1
— + min{s, 5 = +1 —— +1
1+s { 2} <s 1+s <s 1+59 -

2 2 2
Observe that we do not need to make a distinction between the cases % < 2 and % > 2.
If n > 2 it is even easier, since r + ¢ < n becomes a trivial condition. This finishes the
proof. ]

t =

Now we estimate the second part of the right-hand side of (4.6).

Lemma 20. Let O < 59 < 51 < 1. There exists a 8 € (0, 1) such that the following holds.

For any s € (so.s1), there exists t < s such that if u is a W*s (R", SY)-minimizing
harmonic map in its own homotopy group, then for Ty as in (4.4),

1A Tl ey oy = 015

(4.14)

Proof. We argue as in [23, Proof of Lemma 3.5].
By duality, there is some ¢ € C°(R"), ||¢||L%(Rn) < 1, for which

|l A T,u||L%(Rn) =3 /R" u A Trui.

Take R > 1 so that supp ¢y C B(0, R). Let ng € C°(B(0,2R)) be a cut-off function
such that ng = 1in B(0, R), and set

o1, = nrI"Y,

@28 = (L =)'y
Then

/ u A Tyuy :/ u/\Ttu(—A)%tm,R-i-/ u/\T,u(—A)%m,R.
Rn ]Rn Rn
We observe that with a constant independent of R > 1,

t
”(_A)Z(PI,R”L%(R,,) N ”w”L%(R") =1,

hence

/ unTuy < sup / u/\T,u(—A)%(p
Rn n

peCF(R™),

L
—A)2Z <1
[CVSEITRF

+limsup/ u A Tou(=A)30p g

R—o0
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For the second term on the right-hand side we observe that similarly to (4.5), for suitably
small ¢ > 0,

[I (u A ( A) ¥2, R)]Ws 5 (R")

[ u/\T,u(—A)%wz,R [u ]7
Rn

WX’(]R"
< n
2l ]WS,(Rn I=a)° Lot @
S0y oy (1 03 )N =8) F 021 2

where in the second estimate we used an embedding in Triebel-Lizorkin spaces; see [21,
Theorem 2.2.3].
Now we observe that, due to the support of 1 — ng and ¥, we have for some o > 0

ste e s+e—t
1) g &l 21 oy 3 RN W, 2, + 11— ) ()™

n
Ls+e

_ R—
< ROC(supp )| VIl 3 ——> 0.

t

Thus, for some ¢ € C2(R"), [|(=A)zg|| Liwn S

1’
r
|l A Tt””Ln"Tt(Rn) =3 A{n uATiu(=A)2p

= —/ncp(—A)%u/\ Tiu +An(—A)%(¢u)AT,u

—/ “ A)é(go u) A Tyu. (4.15)
Here we use the Leibniz term notation
H_, 1 (f8) 1= (A)3(fe) = f(=0)2g — (-D)3 f .
For the last term of (4.15) we observe that similarly to (4.5) for a suitably small ¢ > 0,
L H g AT S iy H @)y
I8 H 0wl 2 g,

t
NICINETI .

< s
b ]WS @)

.<
[M]WS 5 (Rm)

The last line works as long s —t 4+ ¢ < f.
For the remaining estimates we abbreviate

diffau(x, y) = |u(x) —u(y)|s 2(x) —u(y)).
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By the representation of the Riesz potential, (4.3), and (4.1) we have

/ o(=A)2u A Tyu
]Rn

_ / / diffzu(x, ) A (AP 0E) — M8 0G) |
- n n |x_y|2n Y
diffsu(x, y) A (I (0(=2)21)(x) = I' (9(=8) 2u) ()
-1 —
=/ / z(tjixzygsy))(rﬂ(ﬂ+¢(y))) dxdy.

Exactly as in the first lines of the proof of [23, Lemma 6.6] we have

t t 1
I'(p(=8)2u)(x) = I"(p(=A)2u)(y) — S5 @) —u(y)(e(x) + w(y))‘

3 [ =27 =1y =2 MR o) + 00) — 202 .

Thus,

/ (p(—A)%u A Tyu
R®

u(x) —u)[sHjx =z = |y — 27"

X |[(=A)2u(2)] |p(x) + ¢(v) — 2¢(2))|
5[n/n/n dxdydz.

|x — y|?"

This is the same situation as in (4.11): the role of ¢ € L% in (4.11) is taken here by
(—A)%u € L7 and the role of |u(x) + u(y) — 2u(z)| by |¢(x) + ¢(y) — 2¢(2)|, and
observe that (—A)%go € LY. As was discussedthere we can pick r < t, and thus we have

1y

L¥(Rr

1y

=)l e

r
”(_A) 2 MHL%(Rn)

/ o(=A)2u A Tyu
Rn

NIGINET

< )®

t
LN [CONCT

We can conclude. (Again it is worth noting that the proof above does not need to distin-
guish between the cases % > 2 and % <2) ]

We are now ready to proceed with the proof of the main result of this section.

Proof of Proposition 18. Combining (4.6) with (4.14) and (4.7) we get for at < 0s, where
t and 0 are as in Lemmas 19 and 20,

ITeull sy ey = 0 ey (4.16)
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By duality, (4.16) implies, for any ¢ € C® N L7 (R”, R¢+1),
/ / Ju(x) —u()]s 2 wx) —u@) U ex) = I'p(y)) d
xdy

|x — y[2"

Y

=< n
~ [u]Ws’%(R”) ”(p”LT(R”)

Thus for any ¢ € C°(R"),
/ / |u(x) =) 2 @(x) —u(M) W () = ¥ ()
n n |.x -y |2n
t
=D 5Y 1 -
Using Sobolev embedding this implies for ¢ < t, < s,

/ / 1) —u)F 2 ) —uGNW ) =YD 4 o

|x — y[?"

dxdy

<l
= [M]WS’%(R")

=< n
~ [u] ’%(R”)[‘W]WIZ’E(R")'

Y]
3

The constant depends on | — 75, so by taking 6 slightly larger than 6 and t, = fs we have
Os —t > (60 — 0)sy, so the constant can be chosen uniform and, by density, [21, Section
2.6.2, Proposition 1], we obtain (4.2) for 6. [

4.2. A fractional version of Iwaniec’s stability result

A fractional version of Iwaniec’s stability result was proposed in [24]. However, the result
of [24] does not apply in our situation since it only considers stability in the differential
direction, without adjusting the integrability. We need the latter, since we need to stay
in the scaling-invariant case. Hence, we employ a different version of Iwaniec’s stability
result [11, Theorem 13.2.1] to obtain the following regularity result.

Proposition 21. For any 0 < sq < s1 < 1 there exists an g9 = €¢(sg, 51, 1) > 0 such that
the following holds.

For any s € (sg, s1) and any A > 0O there exists a constant C(A\) such that if u €
L% N W5 (R", RN) satisfies fora t € (s — &9, s] and for any € W5 (R",RN),

/ Ju(x) —u()|5 > @) —u) Y ) = ¥ ()
n JRn

4.17
T @17

dxdy| <Aly]

uzt,%(]Rn)»
. n—t
= = >

then forr : Sn e S,

]yt gy < C(A. £0.50.51).

We first observe that for p := 2 ande 1= p— 2 =2 — 2 > ( we have ;- = r and
| (x) —u()|P72(u(x) — u(y))
n x |u(x) —u(y)| " (u(x) —u
b, :/ / u(x) —u(y)[~" (u(x) (y))dxdy. @.18)
wrr RrR” JR~

|x — y[2"
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We perform a de facto Hodge decomposition:

lu(x) —u()[" (u(x) —u(y)) = Ax) — A(y) + G(x, y), (4.19)

where, in the terminology of [14], we choose A such that

Vt(lu(X) u(y)l_g(u(X)—U(y))>

(=AY A(x) :=d
lx =yl

(4.20)

that is, for any ¢ € C°(R"),
(=AY Alg] = / / u(x) —u() W) —u()eE) —¢())
R'l n

|X _ |n+2t

From the linear theory of partial differential equation we have the following lemma.

Lemma 22. Forany 0 <ty <t < 1 there exists an g¢ > 0 such that whenevert € (ty,11),
an A € WhT (R",RN) as in (4.20) exists and satisfies the estimate

[A]Wt T (R ~ [u T=.1-e% (R?) = [ ]Wr r (R?)

with a constant independent of € as long as € € [0, &g]. The quantity A is unique up to
constants.

Proof. Proceeding exactly as in [5, Lemma A.1] we have the a priori estimate

// u(x) —uI* W) —u()eE) — () dy

|.X — |n+2l

(—A) Ap

1— s
[u] L. a-o% (Rn)[¢]Wt 7wt (Rn)"

Using the identification via Triebel-Lizorkin spaces, [21, Section 2], we have

P e T

(At @y > w19 F (Rn)’

The constants depend only on ty and #; since ¢ € (tp, t1). In particular, A exists since

(—A) 4 € ( Fhr it ) . Further, A is unique up to constants, since [A] . ®") = = 0 implies
that A is a constant. [

From Lemma 22 and (4.19) we have in particular,

|G p)IF "
(// o & dy) S B0y oy

The latter estimate can, however, be improved.

Proposition 23. For any 0 < ty < t; < 1 there exist an &9 > 0 and a constant C =
C(to, 11, 89) such that for any € € (0, &), and t € (tg,t1) and G as in (4.19),

|GG ) " e
(/n/n |x_ |2n dvdy <C|8|[u]Wr7(R")
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Proof. We follow the approach in [11, Theorem 13.2.1]. Fix g¢ to be specified later. By
density, cf. [21, Section 2.6.2, Proposition 1], we may assume that u € C°(R") (observe
that we can change u by a constant without changing the definitions of G and A).

Forz € C, |z| < g¢ we set

Gz(x,y) = (Az(x) = Az(y)) — [u(x) —u(y) " w(x) —u(y)), (4.21)
where A is defined as the solution to

(=AY As[g] = An /ﬂ;n e (x) —u(F @) —u())e) —eB) ,

b=y

s

Vg € CX(R"). (4.22)

This is well defined since u € C°(IR") and the right-hand side is a linear functional on a
Triebel-Lizorkin space. Assume that for a A € (0, %) we have a ¢ € (1, 0o) such that

2 — 'q—’(l FRE) et 1-R). (4.23)

Let us remark here that later we will apply this to g = (1 4+ 3i(2)) for |z| < &9, so that
A and &g can be chosen depending only on ¢ and #;.
We get by (4.21),

1+%R(2)

|G (x, y)| @ a 1+%(2)
<
(/n [n |X — |2n dx dy ~ [M]W%’q(R")

+[42] (4.24)

W%(H'm(z))’ TE= 1) ®R™

Arguing with the identification of Triebel-Lizorkin spaces as in Lemma 22 we have

A ~ [A A)Y A .
[ Z]W%(Hm(z)),m’{‘(z) ®") [ Z]FZ(Hm(z))q ®") ~ [(— ) ] ”(1+m(z)) 2t ®
T+R () 1+% (@) l+§R(z) l+§R(z)
Moreover,

F;(1+SR(Z)) 2t(R") _ (

1+%(z) > 1+‘R(z)

2t— "(I-HR(z)) *
R” )
(1+<R(z)) (1+<R(z)) ( )

_ (Wztfg(lﬂﬁ(z))s(1+m(z)),(IR"))* = X*

Hence, by the equivalence of the norms (the constant depends on 1),

(4]

w1 RO T ®")

~ // |u(x)—u(y)|z(u(x)—M(Y))(q)(x)—ﬁﬂ(y»d dy
[<p]X<1 n JR"

|x — y|n+2t

< sup / / lu(x) —u() T o(x) — p(y)] dx dy
ozt Jon Jun | — | FOFRE) | PEARRGD [y — ]
AT (4.25)

n .
wa aq(Rn)
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We stress that for |z| < g, all of the constants above are independent of z but depend
on A. Hence, combining the estimates (4.24) with (4.25) we obtain

|G ( )| ]+)}( ; 1+%(z)

X, z a

(L[ aa) s
n n IX — y| n quq(Rn)

Fix now ¥: R” x R” — R such that

q
// ||Ii(fyy|l|n dxdy <1 (4.26)
and set
G,(x,y), X, V97272 (x, C
Foate) = [ [ (GO DI Y e g,
n Jro [x — vl
Then
G (x, )| e
| Fyu(2)] < (// dxdy) vl
re Jrn X =y W a9 (R

where the constants are independent of ¢ as long as the assumption (4.23) is satisfied.

We observe that Fy ,(0) = 0. Indeed, by the definition (4.22) we have(—A)" 4¢ =
(—A)'u, and hence A = u + ¢ for a constant c¢. This, by definition (4.21), implies
G() ()C, y) =0.

Moreover, just as in [11, Theorem 13.2.1], z = Fy,(z) is holomorphic: since u €
C2°(R") the map 0z Fy, ,, is well defined, and we can compute explicitly that the Cauchy—
Riemann equations are satisfied.

From the Schwarz lemma for holomorphic functions we have for all |z| < g,

Fuu(@)] 3 200 550 (4.27)

with constant independent of v as long as (4.26) is satisfied. The constant depends only
on A and thus on g, t1, and &g.

Now take ¢ = 2(1 —¢),z = —g, e = 2 — 2y = s2=L 5o that (&2 = r. By (4.27)
we get

L
|G_€(x J’)| )" 1+§R(z)
dxdy | = Fyu(—¢) < sup Fyyu(—¢) 3 le|[u]
(/R” /]R" |x — y[2" v ¥ as in (4.26) v W ®n)
n

We are ready to proceed with the proof of the main result of this section.
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Proof of Proposition 21. We have by (4.18) and (4.19),

2 _ u(x) — u(y)]5 2 (w(x) — u(»)(AX) — A(»))
Wt R? _/,,/n |x — y|2n dxd
Ju(x) —u(¥)|5 2 @(x) —u(y))(G(x, y))
Lo

x =y

dxdy. (4.28)

By (4.17) and Lemma 22 we have

/ / Ju(x) —u(y)]5 2 ((x) —u()(AX) — AOD 4.
n n |X — |2n

1—¢
t (Rn) ~ A[u]Wr 7 (R") (429)

As for the second term on the right-hand side of (4.28), we note that 5("
Hence, by Hélder’s inequality, Proposition 23, and the observation § — & =

)+ L=1

1
n
T

// Ju(x) —u ()52 @x) —u()(G(x, M) 4y

=P

|G p)IF "
<[u]Wr7(Rn (/n/n |x—y|2" a dy)

2 lelll} g g (4.30)

Combining (4.28) with (4.29) and (4.30) we obtain

[’ ., ARTE, o felu]

wn (]R") wrr (R") W E (R")

Now s —1 < gg implies ¢ = % — 2 = 2(3=L) < (C(s9, 51)&p, so for go suitably small we
can absorb and conclude

[u]

<
Wk @y S C(eo, A, 51, 50)- "

5. Continuous dependence

The main observation is that the regularity theory of Theorem 16 combined with the sta-
bility Proposition 12 imply the following corollary.

Corollary 24. Fixn,{ € N with either ({,n) = (1,1) or£ > 2. Fix0 < 59 < 51 < 1 and
A > 0. Then for any & > 0 there exists § > 0 such that the following holds.
If s € (so, 1) and #sa is attained with #500 < A for a homotopy class a € 7, (SY) then,
foranys € (s — 8,5 + §),
#a > H#ya — e,
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Proof. Letu € o be the minimizer of & 5,n. By Theorem 16 there is a ® > 0 such that

[u] oz = Clso.51,A).

Now we pick § from Proposition 12 and conclude for any § € (s — §,s + §),

n
s

s

#sa = [u] )z[u] —& > #a —e. L]

sm

WSS (Sn W s
5.1. Continuous dependence of minimal energy: Proof of Theorem 3

Theorem 3 is a pretty straightforward consequence of Corollary 24.

Proof of Theorem 3. Fix ¢ > 0 and « € 7, (S*). Take any smooth map it € C*®(S", S%)
that represents . Then we have, for any 0 < 59 < s7 < 1, the estimate

sup #ra < C(u).

1€(s0,51)

That is, we have a uniform energy bound that is needed later in the application of Corol-

lary 24.
In view of Theorem 15 there is an N € N for which

N N
#00 = Z#Sa,- for some Z o; = o such that #;«; is attained.

i=1 i=1

By Corollary 24 there is a § > 0 such that for all ¢ € (s — §, s + §) we have

N N
&€
oo = ;#sa,- > ;(#tai - ) zha—e

where the last inequality is a consequence of Proposition 9. The converse inequality fol-
lows by reversing the roles of z and s. ]

5.2. Proofs of corollaries

Proof of Corollary 4. Fix 0 <sg < 1/2 <s1 < 1. Assume that #,1 is not attained for some
s € (59,51). Then by Theorem 15,

#sl > #sdl,s + #sd2,s

for degrees di 5, d2,s € @ \ {—1,0, 1} such that #d; 5 is attained for i = 1, 2. Theorem
11 implies that @ can only be a finite set of integers.
By Theorem 3, the family of maps

(s0,51)ds—>#d, de@
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are equicontinuous. So, for every ¢ > 0, there is a § such that for every s € (% -4, % +0)
we have

#%1 >#l —e>#ed s +#Hedrs— ¢
2#%d1,s ~|—#%d2,s — 3e.

Combining this with Theorem 10 we obtain

4% =#.:1 z#%dl,s +#%d2,s — 3¢ > 872 — 3e.

1

2

For ¢ < %7{2 this is a contradiction. ]
In a very similar way to Corollary 4 we obtain the following proof.

Proof of Corollary 5. The fact that #,« is attained is an immediate consequence of [15,
Lemma 7.7]. Arguing exactly as in the proof of Corollary 4 — assuming that #; is not
attained — we obtain for B; 4, B2,s € 7y, (Se) \ {0},

#a > #sﬂl,s + #sﬂZ,s —&= #t,Bl,s + #tﬂZ,s —3e.

However, by assumption #,o < #;; s fori = 1,2. Hence we would get #;,o0 > 2#,a — 3¢.
This gives a contradiction with Proposition 8 for sufficiently small & > 0. ]

Proof of Corollary 6. In view of Theorem 11, for each A > 0 there exists D € N such
that
— degu
Chsin = sup #

uews 5 snsny, W]’ .
0<[u] iﬂSA) [ ]Ws’fvl(Sn,Sn)
w's

d
~a mz%?o} WP 5
€ s s, % qn gn s n
|d|<D ue[uW] ’ (QS<’§ )s [M]WS,E(Sn,Sn)
wSs =
degu=d
d s, qn qn .
=max{ d:|d|§D,d7é0,ElueW’S(S,S)Wlthdeguzd

s

K

and [u] 52 < A}.
For each d € Z \ {0} the map s — #f—d is continuous, by Theorem 3.
Since
Cn,s = sup Cn,s;A = lim Cn,s;A
A>0 A—o0

we have that s — C,, s is lower semicontinuous. [
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5.3. Stability of generators of minimizing W %> -harmonic maps: Proof of
Theorem 2

Theorem 2 is a consequence of the following more precise theorem.

Theorem 25. Fix n,{ > 1 with either ({,n) = (1,1) or £ > 2. Let A > 0and 0 < ty <
t1 < 1. There exists a § = §(€,n, ty, t1, A) € (0, 1) such that the following holds for
IS ([(),[1).

Set

Xy:={aem, (SY) : there exists a W* s (S", SY)-minimizer u in o and (]2

Y = ﬂ X,.

se(t—8,t+8)
Then Xy is generated by Y, i.e., X5 C spanY, foreachs € (t —§,t + §).

% (5,80 <A}

and

Proof. Let e > 0 be fixed and chosen below. For this ¢ we take § > 0 from Corollary 24.
By Theorem 11 there exists a finite number M € N such that if for some s € (t —§,

t+ 8)[”]W*?(S") < Athenu € @ :={ay,...,ap} C 1, (SY). In particular, X; C @ for

alls € (t —8,t + §). Observe that for each s € (t — 8, ¢ + §) we have from Theorem 1,

X generates @.
Let us enumerate the elements of ¥ = (¢ ;s ;+5) Xs:
Y ={y1,...,vx} forK <M.

Of course, for now K = 0 is a possibility.
We define Z C @ \ Y as the collection of homotopy groups B, where #;8 is not
attained for at least one 5. More precisely,

Z:={aem,(SY) :#ya < Aforans e (t =8, +8)}\Y = {B1,.... L}

We note that L + K < M. Now assume that for some s € (t — §,¢ + §) there is « such
that o € X \ Y. Then there must be some § € (t — §,¢ + §) with o ¢ X5. By Theorem 15
we find B € Z and y; € Y \ {0} such that #;5 8, and #;y; are attained,2 < A+ B < M,

and
A B A B
a= B+ vk #a=Y #P+ Y #yi. G.1)
k=1 k=1 k=1 k=1

Using (5.1) and applying Corollary 24 twice we obtain

A B
#o > Hya — e = Z#gﬂk+z#§yk—8

k=1 k=1

> sup (Z# B + Z#,yk) — (M + D)e. (5.2)

re(t—4,t+36)
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In particular, we have

B

A
#oo > Hea — g > Z Be+ Y #svi — (M + e (5.3)
k=1 k=1

Observe that this is a contradiction if any of the 8z on the right-hand side are equal to «
(assuming ¢ is small enough).
If A = 0 then we are done because then @ = ) y; and each y; € Y.

If A > 0, then for each B in (5.2) we have two possibilities: either #;fj is attained
(but still B € Y) or #; B is not attained. Rearranging the terms we can assume that

» forthe terms Bi, ..., B4,, #s Bk is attained, i.e., Br € Xs\ Y,
» for the terms B4, +1, ..., Ba the infimum #, B is not attained, i.e., Br & X;.

It is possible that A; = 0or A; = A.

In the case Br € Xs \ Y we find an sx € (t — 6, ¢ + J) such that B; ¢ X, and we
apply (5.3).

In the case B ¢ X we apply Theorem 15.

We obtain, first using Corollary 24 and then using (5.3) and Theorem 15,

A 4 A
Do#Br= Y H#o B+ Y. HPr—Me
k=1 k=1 k=A1+1
Ay Ak By A Ai ke Bi
=3 (om + Lowr )+ 3 (Lt + Yt
j=1 j=1 k=A1+1 “j=1 S =1 '
—2M?* 4+ M)e
A B,
=Y #Boiy + ) H#sVea) — QM7 + M), (5.4)

i=1 i=1

where /Il, l§1 <2M?,0(i) e {1,...,L}, @) €{1,...,K} for each i, and at each step
2 <Ay x + Bi1x = M. Now again, we can repeat the procedure. However, since there
are at most M elements in Z we obtain that after a finite number of iterations of this
procedure, the same element §; would appear on the right-hand side and on the left-hand
side of (5.4). This would give a contradiction for a sufficiently small ¢ (depending on M
and A from Proposition 8). Hence, we must obtain at some moment a decomposition of o
into terms belonging only to Y. ]
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