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Quantum fluctuations of many-body dynamics
around the Gross–Pitaevskii equation

Cristina Caraci, Jakob Oldenburg, and Benjamin Schlein

Abstract. We consider the evolution of a gas of N bosons in the three-dimensional Gross–
Pitaevskii regime (in which particles are initially trapped in a volume of order one and interact
through a repulsive potential with scattering length of order 1=N ). We construct a quasi-free approx-
imation of the many-body dynamics, whose distance to the solution of the Schrödinger equation
converges to zero, asN !1, in theL2.R3N /-norm. To achieve this goal, we let the Bose–Einstein
condensate evolve according to a time-dependent Gross–Pitaevskii equation. After factoring out the
microscopic correlation structure, the evolution of the orthogonal excitations of the condensate is
governed instead by a Bogoliubov dynamics, with a time-dependent generator quadratic in creation
and annihilation operators. As an application, we show a central limit theorem for fluctuations of
bounded observables around their expectation with respect to the Gross–Pitaevskii dynamics.

1. Introduction

In the Gross–Pitaevskii regime, we consider systems of N bosons confined by an external
field in a volume of order one (after appropriate choice of the length unit) and interacting
through a repulsive potential with small effective range of order 1=N . The corresponding
Hamilton operator is given by

H
trap
N D

NX
jD1

Œ��xj C Vext.xj /�C

NX
i<j

N 2V.N.xi � xj //; (1.1)

with Vext.x/!1 as jxj ! 1 and V � 0 compactly supported. According to bosonic
statistics, H trap

N acts as a self-adjoint operator on L2s .R
3N /, the subspace of L2.R3N /

consisting of wave functions that are symmetric with respect to permutations of the N
particles. In [48, 53] it was proven that, to leading order in N , the ground state energy
E

trap
N of (1.1) satisfies

lim
N!1

E
trap
N

N
D min
'2L2.R3/Wk'k2D1

EGP.'/; (1.2)
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with the Gross–Pitaevskii energy functional

EGP.'/ D

Z
Œjr'j2 C Vextj'j

2
C 4�aj'j4� dx: (1.3)

Here, a > 0 denotes the scattering length of the interaction potential V , which is defined
through the solution of the zero-energy scattering equationh

��C
1

2
V
i
f D 0;

with the boundary condition f .x/! 1, as jxj ! 1, by requiring that f .x/ D 1� a=jxj

outside the support of V .
Let 'GP 2 L

2.R3/ denote the (unique, up to a phase) normalized minimizer of (1.3). It
turns out that the ground state vector of (1.1) and, in fact, every sequence of approximate
ground states, exhibit complete Bose–Einstein condensation in the one-particle state 'GP.
In other words, let us consider a normalized sequence  N 2 L2s .R

3N / satisfying

1

N
h N ;H

trap
N  N i ! EGP.'GP/

as N !1 (i.e.  N is a sequence of approximate ground states). Let 
N denote the one-
particle reduced density matrix associated with  N , which is defined as the nonnegative
operator on L2.R3/ with the integral kernel


N .xIy/ D

Z
dx2 : : : dxN N N .x; x2; : : : ; xN / N .y; x2; : : : ; xN /;

normalized so that tr 
N D 1. Then, as first proven in [46, 47, 53],

lim
N!1

h'GP; 
N'GPi D 1: (1.4)

The convergence (1.4) implies that, in the states  N , the fraction of particles orthogonal
to 'GP vanishes, in the limit N !1.

Recently, the estimates (1.2), (1.4) have been improved in [18, 19, 52, 54] for inte-
grable interaction potentials, through a rigorous version of Bogoliubov theory. In the
translation-invariant setting, these improvements have previously been achieved in [8, 9].
This approach determines the ground state energy E trap

N of (1.1), up to errors vanishing as
N !1. Moreover, it gives precise information on the low-energy excitation spectrum
of (1.1) and on the depletion of the Bose–Einstein condensate (in particular, it shows that
the rate of convergence in (1.4) is proportional to 1=N ) and it provides a norm approxi-
mation for the ground state vector. It is interesting to remark that, in the Gross–Pitaevskii
regime, such precise estimates on the spectrum of the Hamiltonian cannot be obtained by
restricting our attention to quasi-free states. Instead, it is important to take into account
corrections that can be described by the action of a unitary operator on the Fock space of
excitations of the condensate, given by the exponential of a cubic expression in creation
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and annihilation operators. For related recent results concerning equilibrium properties
of Bose gases in the (translation-invariant) Gross–Pitaevskii regime, beyond the Gross–
Pitaevskii regime and in the thermodynamic limit, see [1,3–5,11,12,15,21,22,31,32,40,
41].

Gross–Pitaevskii theory is not only useful to predict the ground state energy of Bose
gases described by the Hamilton operator (1.1). It can also be used to approximate their
time evolution. From the point of view of physics, it is relevant to study the dynamics of
an equilibrium state of (1.1), after the external fields are switched off (so that the system is
no longer at equilibrium). At (or very close to) zero temperature, it is therefore interesting
to study the solution of the time-dependent Schrödinger equation

i@t N;t D HN N;t (1.5)

with the translation-invariant Hamiltonian (obtained after turning off the trap)

HN D

NX
jD1

��xj C

NX
i<j

N 2V.N.xi � xj //; (1.6)

for initial data N;0 approximating the ground state of (1.1). In [26–29], it was first proven
that the time evolution N;t of an initial data N;0 exhibiting Bose–Einstein condensate in
a one-particle state ' 2 L2.R3/ still exhibits Bose–Einstein condensation, in a new one-
particle state 't , given by the solution of the nonlinear time-dependent Gross–Pitaevskii
equation

i@t't D ��'t C 8�aj't j
2't (1.7)

with the initial data 'tD0 D '. More precisely, denoting by 
N;t the one-particle reduced
density associated with the solution  N;t 2 L2s .R

3N / of the Schrödinger equation (1.5),
it turns out that

lim
N!1

h't ; 
N;t't i D 1 (1.8)

for any fixed t 2 R, if (1.8) holds true at time t D 0. Analogous stability results were later
established in [7, 55]. In [17], the convergence (1.8) is shown to hold with the optimal
rate 1=N , for every fixed t 2 R. It is easy to check that (1.8) implies the convergence

N;t ! j't ih't j in the trace-class topology (and also the convergence of the k-particle
reduced density matrix associated with  N;t towards the product j't ih't j˝k , for every
fixed k 2 N). However, (1.8) does not provide an approximation for the many-body wave
function  N;t in the strong L2.R3N / topology. To obtain a norm approximation, it is not
enough to approximate the evolution of the condensate. It is instead crucial to take into
account the evolution of its orthogonal excitations.

Norm approximations for many-body dynamics have been derived in the mean-field
setting, where particles are initially trapped in a volume of order one and interact weakly
through a potential whose range is comparable with the size of the trap (so that every par-
ticle interacts effectively with all other particles in the system). In this case, as shown
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in [24, 35, 38, 39, 42, 44, 49, 58], the solution of the many-body Schrödinger equation
can be approximated, after removing the condensate wave function (whose evolution is
described here by the nonlinear Hartree equation; see also [2,23,30,33,34,59]), by a uni-
tary dynamics on the Fock space of excitations, with a generator quadratic in creation and
annihilation operators, acting as a family of time-dependent Bogoliubov transformations
(an approximation to arbitrary precision has recently been obtained in [14]). A similar
norm approximation has been derived in [10, 16] for the many-body evolution generated
by Hamilton operators having the form

H
ˇ
N D

NX
jD1

��xj C
1

N

NX
i<j

N 3ˇV.N ˇ .xi � xj //; (1.9)

with ˇ 2 .0I 1/, interpolating between the mean field and the Gross–Pitaevskii scaling
(analogous results have also been obtained in [36, 37, 50] for ˇ < 1=3, and in [43, 51] for
ˇ < 1=2; higher-order estimates have been derived, for sufficiently small ˇ > 0, in [13]).
To achieve this goal, it was important to combine the unitary dynamics with a quadratic
generator, describing the evolution of excitations on macroscopic scales, with an addi-
tional Bogoliubov transformation generating the correct microscopic correlation structure.

In the present paper, we prove a norm approximation for the many-body dynamics
generated by the Hamilton operator (1.6), in the Gross–Pitaevskii regime (i.e. with ˇ D 1
in (1.9)). Compared with the techniques developed in [10,16] for ˇ < 1, there is an impor-
tant difference in the construction of the approximating wave function. In fact, as already
observed in [8, 18, 54] in the time-independent setting, for ˇ D 1 microscopic correla-
tions cannot be precisely modeled only through a Bogoliubov transformation; they require
instead an additional unitary conjugation with a phase cubic in creation and annihilation
operators. This makes our analysis significantly more involved. While the inclusion of the
cubic phase is crucial to compare the generators of the full many-body evolution and of the
quadratic dynamics (and thus to establish convergence for the corresponding evolutions),
in the end it does not substantially change the L2.R3N /-norm of the approximation and it
can therefore be removed, providing a quasi-free norm approximation to the many-body
evolution, similar to those obtained in [10, 16] for ˇ 2 .0I 1/.

2. Setting and main results

We aim at approximating the solution  N;t of the many-body Schrödinger equation (1.5),
for a class of initial data exhibiting complete Bose–Einstein condensation in a normalized
one-particle wave function ' 2L2.R3/. In view of (1.4), from the point of view of physics
it is interesting to choose ' as the minimizer of a Gross–Pitaevskii functional of the form
(1.3). Here we will keep the choice of ' open, requiring only sufficient regularity.

First of all, we need to approximate the evolution of the condensate. While (1.7) pro-
vides a good approximation at the level of reduced density matrices, to derive a norm
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approximation it is more convenient to consider a slightly modified,N -dependent, nonlin-
ear equation. In the modified equation, the interaction potential appearing in the Hamilton
operator (1.6) is corrected, to take into account correlations among particles. In order to
describe correlations, we fix ` 2 .0I 1=2/ and we consider the ground state solution of the
Neumann problem h

��C
1

2
V
i
f` D �`f` (2.1)

on the ball jxj � N` (we omit the N -dependence in the notation here for f` and for
�`; notice that �` scales as N�3), with the normalization f`.x/ D 1 for jxj D N`. We
extend f` to R3, setting f`.x/ D 1 for all jxj > N` and we also introduce the notation
w`.x/D 1� f`.x/. To describe correlations created by the rescaled interaction appearing
in (1.1) and in (1.6), we will use the functions fN;`.x/D f`.Nx/, wN;`.x/D w`.Nx/D
1 � fN;`.x/. By scaling, we observe thath

��C
N 2

2
V.N �/

i
fN;` D N

2�`fN;` (2.2)

on the ball jxj � `. Some important properties of �`, f`, w` are collected in Lemma A.1
in Appendix A.

With fN;`, we can now define the condensate wave function at time t 2 R as the
solution Q't of the modified Gross–Pitaevskii equation

i@t Q't D �� Q't C .N
3V.N �/f`.N �/ � j Q't j

2/ Q't ; (2.3)

with initial data Q'tD0 D '. As discussed in Lemma A.1, we haveˇ̌̌̌Z
N 3V.Nx/f`.Nx/ dx � 8�a

ˇ̌̌̌
D

ˇ̌̌̌Z
V.x/f`.x/ dx � 8�a

ˇ̌̌̌
�
Ca2

`N
:

It is therefore easy to check that, as N !1, Q't converges to the solution of the limiting
Gross–Pitaevskii equation (1.7) (with the same initial data). This convergence is part of
the statement of Proposition A.2, in Appendix A, where we also collect some standard
properties of the solutions of (1.7) and of (2.3) which will be used throughout the paper.

As explained in the introduction, to obtain a norm approximation for the time evolution
it is not enough to approximate the evolution of the condensate; we also need to take into
account its excitations. To this end, it is convenient to factor out the (time-dependent)
condensate wave function introducing, for every t 2R, the unitary mapUN;t WL2s .R

3N /!

F �N
?Q't

into the Fock space of excitations

F �N
?Q't
D

NM
nD0

L2
?Q't

.R3/˝sn;

over the orthogonal complement L2
?Q't

.R3/ of Q't . The map UN;t is defined so that

UN;t N;t D ¹˛
.0/
N;t ; : : : ; ˛

.N/
N;t º, corresponding to the unique decomposition

 N;t D

NX
nD0

˛
.n/
N;t ˝s Q'

˝.N�n/
t ;
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where ˛.n/N;t 2L
2
?Q't

.R3/˝sn is symmetric with respect to permutation and orthogonal to Q't
in each coordinate. Denoting by a.f /, a�.g/ the usual creation and annihilation operators,
the action of UN;t is characterized (see [17, 45]) by the rules

UN;ta
�. Q't /a. Q't /U

�
N;t D N �N ;

UN;ta
�.f /a. Q't /U

�
N;t D a

�.f /
p
N �N DW

p
Nb.f /�;

UN;ta
�. Q't /a.g/U

�
N;t D

p
N �N a.g/ DW

p
Nb.g/;

UN;ta
�.f /a.g/U �N;t D a

�.f /a.g/;

(2.4)

where N D
R
a�xax dx is the number of particles operator, and b�.f /, b.g/ are modified

creation and annihilation operators satisfying the commutation relations

Œb.f /; b�.g/� D
�
1 �

N

N

�
hf; gi �

1

N
a�.f /a.g/;

Œb.f /; b.g/� D Œb�.f /; b�.g/� D 0;

(2.5)

for all f; g 2 L2
?Q't

.R3/. Denoting by bx , b�x , ax , a�x the corresponding operator-valued
distributions, we also find

Œbx ; b
�
y � D ı.x � y/

�
1 �

N

N

�
�
1

N
a�yax ;

Œbx ; a
�
yaz � D ı.x � y/bz ; Œb�x ; a

�
yaz � D �ı.y � z/b

�
x ;

(2.6)

for all x; y; z 2 R3.
After factoring out the condensate with the unitary operator UN;t , we need to approx-

imate the evolution of its orthogonal excitations in F �N
?Q't

. Here, we need to distinguish
between microscopic excitations, varying on small length scales between 1=N and `
(which is chosen of order one) and macroscopic excitations, varying on scales of order
one. Let us first worry about the microscopic excitations, characterizing all low-energy
states. It is natural to include them on the initial data and to propagate them along the
time evolution. These excitations only depend on time through the time dependence of
the condensate wave function Q't . We are going to describe them through a (generalized)
Bogoliubov transformation.

We define the integral kernel

kt .x; y/ D �Nw`.N.x � y// Q't .x/ Q't .y/: (2.7)

With Lemma A.1, we find kt 2L2.R3 �R3/ (with bounded norm, uniform inN ). Hence,
kt defines a Hilbert–Schmidt operator on L2.R3/, which we will again denote by kt . To
obtain a Bogoliubov transformation acting on the Hilbert space F �N

?Q't
, defined on the

orthogonal complement of the condensate wave function Q't , we set Qqt D 1� j Q't ih Q't j and

�t D . Qqt ˝ Qqt /kt : (2.8)



Quantum fluctuations of many-body dynamics around the Gross–Pitaevskii equation 1319

We also denote �t D �t � kt . With �t , we define the antisymmetric operator

Bt D
1

2

Z
Œ�t .xIy/b

�
xb
�
y � N�t .xIy/bxby � dx dy; (2.9)

and we consider the unitary operator eBt on F �N
?Q't

. An important consequence of the
bound k�tk2 � kktk2 � C , uniformly in N 2 N and t 2 R, is the fact that eBt does not
substantially change the number of excitations. The proof of the following lemma can be
found, for example, in [17, Lemma 3.1].

Lemma 2.1. Let Bt be the anti-symmetric operator defined in (2.9). Then for every n 2 Z
there exists a constant C > 0 (depending only on k�tk) such that

e�Bt .N C 1/neBt � C.N C 1/n

as an operator inequality on F �N .

On states with few excitations (on which the commutation relations (2.5) are almost
canonical), eBt approximately acts as a Bogoliubov transformation. In fact, we can write

eBt b.f /e�Bt D b.
t .f //C b
�.�t . Nf //C dt .f /; (2.10)

where we introduced the notation


t D cosh.�t / D
1X
jD0

.�t N�t /
j

.2j /Š
; �t D sinh.�t / D

1X
jD0

.�t N�t /
j�t

.2j C 1/Š
; (2.11)

and where, from [9, Lemma 3.4], we have the bounds (denoting by dx , d�x the operator-
valued distributions associated with the operators d , d�)

k.N C 1/kd
]
t .f /�k �

C

N
kf kk.N C 1/kC3=2�k; (2.12a)

k.N C 1/n=2aydx�k �
C

N

�
.k�t .xI �/k2k�t .�Iy/k2 C j�t .xIy/j/

� k.N C 1/.nC2/=2�k

C k�t .�Iy/k2kax.N C 1/
.nC1/=2�k

C k�t .xI �/k2kay.N C 1/
.nC3/=2�k

C kaxay.N C 1/
.nC2/=2�k

�
; (2.12b)

k.N C 1/n=2dxdy�k �
C

N 2

�
.k�t .xI �/k2k�t .�Iy/k2 C j�t .xIy/j/

� k.N C 1/.nC4/=2�k

C k�t .�Iy/k2kax.N C 1/
.nC5/=2�k

C k�t .xI �/k2kay.N C 1/
.nC5/=2�k

C kaxay.N C 1/
.nC4/=2�k

�
; (2.12c)
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for ] D �; �, for all f 2 L2.R3/, x; y 2 R3 and n 2 Z. Some bounds on the operators �t ,
�t , 
t , �t are collected in Lemma A.3, in Appendix A.

We are interested in the time evolution of initial data having the form

 N D U
�
N;0e

B0�N ; (2.13)

under appropriate conditions on the excitation vector �N 2 F �N
?' (we will make assump-

tions on moments of the number of particles and kinetic energy operators, in the state �N ).
This allows us to consider initial data which are expected to describe the ground state
vector of a trapped Hamiltonian like (1.1) (see Remark 2.3 for more details).

We consider the many-body evolution  N;t D e�iHN t N of (2.13), generated by the
translation-invariant Hamilton operator (1.6). At time t 6D 0, we expect  N;t to again have
approximately the form (2.13), but now with ' replaced by the solution Q't of (2.3). For
this reason, we introduce the excitation vector �N;t 2 F �N

?Q't
requiring that

e�iHN t N D U
�
N;te

Bt �N;t :

In other words, �N;t D xUN .t I 0/�N , with the fluctuation dynamics

xUN .t I s/ D e
�BtUN;te

�iHN .t�s/U �N;se
Bs : (2.14)

While eBt takes care of the microscopic excitations of the condensate, to derive a norm
approximation for e�iHN t N we still need to take into account the evolution of the macro-
scopic excitations. To reach this goal, we introduce a unitary dynamics U2;N .t I0/, whose
generator is quadratic in creation and annihilation operators (a time-dependent Bogoli-
ubov transformation), approximating the fluctuation dynamics xUN .t I 0/ and providing
therefore an approximation of �N;t D xUN .t I 0/�N . To this end, let us introduce the “pro-
jected” modified creation and annihilation operators

Qb�x D b
�. Qqx/ D b

�
x � Q't .x/b

�. Q't /; Qbx D b. Qqx/ D bx � Q't .x/b. Q't /; (2.15)

where qx.y/ D qt .y; x/ D ı.x � y/ � Q' t .x/ Q't .y/ is the kernel of the projection orthog-
onal to the condensate wave function. Then we define the time-dependent self-adjoint
operator

J2;N .t/ D JK2;N .t/C JV2;N .t/

CN 3�`

Z
dx dy �`.x � y/ Q't .x/ Q't .y/ Qb

�
x
Qb�y C h.c.

C
1

2

Z
dx dy NwN;`.x � y/Œ� Q't .x/ Q't .y/C Q't .x/� Q't .y/� Qb

�
x
Qb�y C h.c.

C

Z
dx dy NrwN;`.x � y/Œr Q't .x/ Q't .y/ � Q't .x/r Q't .y/� Qb

�
x
Qb�y C h.c.

�

Z 1

0

ds

Z
dx dy P�t .x; y/

�
Qb�.
 .s/x / Qb�.
 .s/y /C Qb�.
 .s/x / Qb.� .s/y /

C Qb.� .s/x / Qb.� .s/y /C Qb�.
 .s/y / Qb.� .s/x /
�
C h.c.

C

Z
dx N 3.VNfN;`/ � j Q't j

2.x/.a�xax �
Qb�x
Qbx/
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DWK C

Z
dx N 3.VNfN;`/ � j Q't j

2.x/a�xax

C

Z
dx dy .Gt .x; y/ Qb

�
x
Qby CHt .x; y/ Qb

�
x
Qb�y C

xHt .x; y/ Qbx Qby/; (2.16)

where

JK2;N .t/ DK C

Z
dx
h
Qb�.��xpx/ Qbx C

1

2
Qb�.rxpx/ Qb.rxpx/C Qb

�
x
Qb�.��x�x/

C Qb�.��xpx/ Qb
�.�x/C Qb

�.px/ Qb
�.��xrx/C Qb

�
x
Qb�.��xrx/

C
1

2
Qb�.rx�x/ Qb.rx�x/C Qb

�.�x/ Qb.��xrx/

C
1

2
Qb�.rxrx/ Qb.rxrx/C h.c.

i
(2.17)

and

JV2;N .t/ D
1

2

Z
dx dy N 3.VNfN;`/.x � y/ Q't .x/ Q't .y/

� Œ Qb�.px/ Qb
�
y C
Qb�.
x/ Qb

�.py/�C h.c.

C
1

2

Z
dx dy N 3.VNfN;`/.x � y/ Q't .x/ Q't .y/

� Œ Qb�.
y/ Qb.�x/C Qb
�.
x/ Qb.�y/C Qb.�x/ Qb.�y/�C h.c.

C

Z
dx .N 3.VNfN;`/ � j Q't j

2/.x/

� . Qb�.
x/ Qb.
x/C Qb.�x/ Qb.
x/C Qb
�.
x/ Qb

�.�x/C Qb
�.�x/ Qb.�x//

C

Z
dx dy N 3.VNfN;`/.x � y/ Q't .x/ Q't .y/

� . Qb�.
x/ Qb.
y/C Qb.�x/ Qb.
y/C Qb
�.
x/ Qb

�.�y/C Qb
�.�y/ Qb.�x//: (2.18)

Here we used the kernels �t , �t , 
t , �t introduced in (2.8), (2.11) and, additionally, we
defined pt D 
t � 1 and rt D �t � �t . Moreover, for s 2 Œ0I1�, 
 .s/t and � .s/t are defined as

t , �t , but with �t replaced by s�t . Furthermore, we used the notation fx.y/ D ft .y; x/
for kernels of operators acting on L2.R3/ (here we drop the label t , to keep the notation
as light as possible). Also, we set VN .x/ D V.Nx/ and we used the notation

K D

Z
dx rxa

�
xrxax

for the kinetic energy operator. The self-adjoint operator J2;N .t/ generates a two-
parameter family of unitary transformations U2;N , satisfying the equation

i@tU2;N .t I s/ D J2;N .t/U2;N .t I s/ (2.19)

with U2;N .sI s/ D 1 for all s 2 R (the well-posedness of (2.19) is part of the statement of
the next theorem; it will be established in Proposition 4.4).
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In our first main theorem, we show that the Bogoliubov dynamics U2;N can be used
to describe the evolution of macroscopic excitations of the condensate, providing a norm
approximation for the solution of the many-body Schrödinger equation.

Theorem 2.2. Let V 2 L3.R3/ be nonnegative, spherically symmetric and compactly
supported. Let ' 2 H 6.R3/. Let �t be defined as in (2.8), with parameter ` > 0 small
enough. Then (2.19) defines a unique two-parameter strongly continuous unitary group
U2;N , with U2;N .t I s/WF

�N
?Q's
! F �N

?Q't
. Moreover, let Bt be defined as in (2.9) and

�N .t/ D
N

2
h Q't ; ŒN

3VN .1 � 2fN;`/ � j Q't j
2� Q't i �

1

2
h Q't ; .N

3VNfN;` � j Q'
2
t j/ Q't i

C
1

2

Z
dx dy N 2VN .x � y/jh
y ; �xij

2

C

Z
dx .N 3VNfN;` � j Q't j

2/.x/h�x ; �xi

C

Z
dx dy N 3VNfN;`.x � y/ Q't .x/ Q't .y/h�x ; �yi

C
1

2

Z
dx dy N 3VN .x � y/ Q't .x/ Q't .y/h�x ; 
yi C h.c.C kr1�tk2

�

Z 1

0

ds

Z
dx dy P�t .x; y/h�

.s/
x ; 
 .s/y i C h.c. (2.20)

Consider a sequence of normalized initial data  N 2 L2.R3/˝sN , with excitation vectors

�N D e
�B0UN;0 N (2.21)

satisfying
h�N .K

2
CN 6/�N i � C; (2.22)

uniformly in N 2 N. Then there exist constants C; c > 0 such that

ke�iHN t N � e
�i

R t
0 �N .s/ dsU �N;te

BtU2;N .t/�N k � Ce
cecjt jN�1=8 (2.23)

for any t 2 R, and N 2 N large enough.

Remark 2.3. From (2.21), we have  N D U �N;0e
B0�N . Thus, (2.23) is equivalent to

k xUN .t I 0/�N � e
�i

R t
0 �N .s/ dsU2;N .t I 0/�N k � Ce

cecjt jN�1=8 (2.24)

with the fluctuation dynamics (2.14). In other words, the proof of Theorem 2.2 reduces to
the comparison of the evolution xUN with its quadratic approximation U2;N .

Remark 2.4. Observe that the choice �N D eB�, with

B D
1

2

Z
Œ�.xIy/b�xb

�
y � N�.xIy/bxby � dx dy
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and with a kernel � 2 .q0 � q0/H 2.R3 � R3/ (with q0 D 1 � j'ih'j projecting orthog-
onally to the condensate wave function) is compatible with the condition (2.22). This
allows us to consider initial many-body wave functions of the form  N D U

�
N;0e

B0eB�

which are expected to approximate (in the L2.R3N / norm which is preserved over time)
the ground state vector of Hamilton operators of the form (1.1), describing trapped Bose
gases in the Gross–Pitaevskii regime. This fact has been proven in [8] in the translation-
invariant setting, for a gas confined on the unit torus. Notice that, in [8, equation (6.7)], the
norm approximation of the ground state vector also includes the unitary operator eA, with
A cubic in creation and annihilation operators; in fact, this cubic phase can be removed, at
the expense of another error of order smaller than N�1=4 (arguing similarly to below, in
the proof of Theorem 2.2, to show (4.13)). If the trapping potential is sufficiently smooth,
it is also easy to verify the condition ' 2H 6.R3/, with ' minimizing the functional (1.3).

Remark 2.5. The double exponential in time on the right-hand side of (2.23) is due to
the fact that we use estimates on high Sobolev norms for the solution of the modified
Gross–Pitaevskii equation (2.3) and we apply a Grönwall argument for the propagation
of many-body bounds. Assuming scattering for the solution of (2.3), the dependence on t
could be substantially improved.

Remark 2.6. Theorem 2.2 confirms a conjecture formulated in [36, Section 10], for a
different class of initial data (through the assumption (2.22), we impose a correlation
structure on the initial wave function, generated by eB0 , which is absent from the initial
data discussed in [36]; it is not clear to us whether a norm approximation similar to (2.23)
with an explicit rate can be obtained for “flat” data).

In (2.23), after factoring out the evolving Bose–Einstein condensate and the micro-
scopic correlation structure, we approximate the evolution of the macroscopic correlations
by the Bogoliubov dynamics U2;N .t/, which still depends on N . It is thus natural to ask
whether U2;N .t/ approaches a limiting, N -independent, quadratic evolution U2;1.t/, as
N tends to infinity. To answer this question, we start by defining the pointwise limit of
NwN;`.x/, setting

w1;`.x/ D

8̂<̂
:a
h 1
jxj
�
3

2`
C
x2

2`3

i
; jxj � `;

0 otherwise;
(2.25)

and the corresponding limiting integral kernel kt;1 2 L2.R3 �R3/ by

kt;1.xIy/ D �w1;`.x � y/'t .x/'t .y/; (2.26)

where 't is the solution to the limiting (N -independent) Gross–Pitaevskii equation (1.7).
Similarly to (2.8), we define �t;1 D .qt ˝ qt /kt;1, projecting along qt D 1 � j't ih't j,
orthogonally to 't and �t;1 D �t;1 � kt;1. We also introduce the notation


t;1 D cosh.�t;1/ D 1C pt;1 and �t;1 D sinh.�t;1/ D �t;1 C rt;1: (2.27)
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With this notation, we can introduce the generator of the limiting quadratic evolution,
setting

J2;1.t/ D JK2;1.t/C JV2;1.t/

C
3a

`3

Z
dx dy �`.x � y/'t .x/'t .y/ Oa

�
x Oa
�
y C h.c.

C
1

2

Z
dx dy w1;`.x � y/Œ�'t .x/'t .y/C 't .x/�'t .y/� Oa

�
x Oa
�
y C h.c.

C

Z
dx dy rw1;`.x � y/Œr't .x/'t .y/ � 't .x/r't .y/� Oa

�
x Oa
�
y C h.c.

�

Z 1

0

ds

Z
dx dy P�t;1.x; y/Œ Oa

�.
 .s/1;x/ Oa
�.
 .s/1;y/C Oa

�.
 .s/1;x/ Oa.�
.s/
1;y/

C Oa.� .s/1;x/ Oa.�
.s/
1;y/C Oa

�.
 .s/1;y/ Oa.�
.s/
1;x/�

C h.c.

C 8�a

Z
dxj't .x/j

2.a�xax � Oa
�
x Oax/

DWK C 8�a

Z
dx j't .x/j

2a�xax

C

Z
dx dy .Gt;1.x; y/ Oa

�
x Oay CHt;1.x; y/ Oa

�
x Oa
�
y

C xHt;1.x; y/ Oax Oay/ (2.28)

where Oa, Oa� denote annihilation and creation operators, projected on F?'t and where

JK2;1.t/ DK C

Z
dx
h
Oa�.��xp1;x/ Oax C

1

2
Oa�.rxp1;x/ Oa.rxp1;x/C

Oa�x Oa
�.��x�1;x/C Oa

�.��xp1;x/ Oa
�.�1;x/

C Oa�.p1;x/ Oa
�.��xr1;x/C Oa

�
x Oa
�.��xr1;x/

C
1

2
Oa�.rx�1;x/ Oa.rx�1;x/C Oa

�.�1;x/ Oa.��xr1;x/

C
1

2
Oa�.rxr1;x/ Oa.rxr1;x/C h.c.

i
and

JV2;1.t/ D 4�a

Z
dx 't .x/

2Œ Oa�.p1;x/ Oa
�
x C Oa

�.
1;x/ Oa
�.py/�C h.c.

C 4�a

Z
dx 't .x/

2Œ2 Oa�.
1;x/ Oa.�1;x/C Oa.�1;x/ Oa.�1;x/�C h.c.

C 16�a

Z
dx j't j

2.x/. Oa�.
1;x/ Oa.
1;x/C Oa.�1;x/ Oa.
1;x/

C Oa�.
1;x/ Oa
�.�1;x/C Oa

�.�1;x/ Oa.�1;x//: (2.29)
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Here, 
 .s/t;1, � .s/t;1 are defined like 
t;1, �t;1, but with �t;1 replaced by s�1;t . The two-
parameter unitary evolution generated by J2;1.t/ is denoted by U2;1.t I s/. It satisfies
the Schrödinger equation

i@tU2;1.t; s/ D J2;1.t/U2;1.t; s/; (2.30)

with initial condition U2;1.s; s/ D 1 for all s 2 R (the well-posedness of (2.30) is part
of the statement of next theorem). Notice that U2;1.t I s/ maps the Fock space F?'s into
F?'t ; here, there is no truncation on the number of particles.

Theorem 2.7. Let V 2 L3.R3/ be nonnegative, spherically symmetric and compactly
supported. Let ' 2 H 6.R3/ and �t;1 be defined as after (2.26). Then there is a
unique two-parameter strongly continuous unitary group U2;1 satisfying (2.30), with
U2;1.t I s/WF?'s ! F?'t . For normalized � 2 F �N

?' satisfying

h�; .K2
CN 2/�i <1; (2.31)

we find C; c > 0 (only depending on the expectation (2.31)) such that

kU2;N .t I 0/� �U2;1.t I 0/�k � Ce
cecjt jN�1=4 (2.32)

for any t 2 R, and N 2N large enough. In (2.32), both U2;N .t I0/� and U2;1.t I0/� are
thought of as vectors in the full Fock space F , and k:k denotes the norm in this space.

Remark 2.8. Since here we compare two quadratic evolutions, condition (2.31) is milder
than the corresponding assumption (2.22) in Theorem 2.2, where we compare the full
many-body dynamics with a quadratic approximation.

Because its generator is quadratic in creation and annihilation operators, the evolution
U2;1 acts as time-dependent Bogoliubov transformations. Thus, its action on annihilation
and creation operators can be calculated explicitly.

Proposition 2.9. Under the same assumptions as in Theorem 2.2, let U2;1 be the limiting
quadratic evolution defined in equation (2.30). For every t; s 2 R there exists a bounded
linear map

‚.t I s/WL2.R3/˚ L2.R3/! L2.R3/˚ L2.R3/

such that
U�2;1.t I s/A.f; g/U2;1.t I s/ D A.‚.t I s/.f; g//

for all f; g 2 L2.R3/. Here, A.f; g/ D a.f /C a�. Ng/. The map ‚.t I s/ satisfies

‚.t I s/J D J‚.t I s/; S D ‚.t I s/�S‚.t I s/;

where J D
�
0 J
J 0

�
with J denoting complex conjugation on L2.R3/ and S D

�
1 0
0 �1

�
. It

can be written as

‚.t I s/ D

�
U.t; s/ JV.t; s/J

V .t; s/ JU.t; s/J

�
(2.33)
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for bounded linear maps U.t; s/; V .t; s/WL2.R3/! L2.R3/ satisfying

U �.t; s/U.t; s/ � V �.t; s/V .t; s/ D 1;

U �.t; s/JV .t; s/J D V �.t; s/JU.t; s/J:

Remark 2.10. Differentiating the action of U2;1 on A.f; g/ yields the differential equa-
tion �i@t‚.t; s/ D ‚.t; s/A.t/ with

A.t/ D

�
��C 8�aj't j

2 C qtGt;1qt �J.2qtHt;1qt /J

2qtHt;1qt �J.��C 8�aj't j
2 C qtGt;1qt /J

�
:

This can be compared with [6, equation (2.22)] in the mean-field setting.

The proof follows from [6, Theorem 2.2] and [56, Proposition1.3]; using the notation
introduced in the last two lines of (2.28), the bounds kGt;1kop , kHt;1k2 <1, which
are assumed in [56] follow from the analysis in the proof of Proposition 5.2.

Using the approximation in terms of the Bogoliubov dynamics U2;1, we can establish
a central limit theorem for the evolution of initial data approximating ground states of the
trapped Hamiltonian (1.1). Similar results have been obtained for the evolution generated
by the Hamilton operator (1.9) in [6, 20] (if ˇ D 0) and in [56] (for 0 < ˇ < 1). In the
time-independent setting, an analogous central limit theorem has been established in [57],
in the Gross–Pitaevskii regime.

Theorem 2.11. Under the same assumptions as in Theorem 2.2, consider initial wave
functions having the form

 N D U
�
N;0e

B0eB�;

where B0 is defined as in (2.9), and

B D
1

2

Z
Œ�.x; y/b�xb

�
y � N�.xIy/bxby � dx dy (2.34)

with kernel � 2 .q0 ˝ q0/H 2.R3 �R3/ (where q0 D 1� j'ih'j projects orthogonally to
the condensate wave function ' used in U �N;0). For a bounded operator O on L2.R3/ we
define

ON;t D
1
p
N

NX
jD1

.O.j / � h't ; O't i/; (2.35)

where O.j / D 1˝ � � � ˝ O ˝ � � � ˝ 1 is the operator O acting only on the j th particle.
We set, with U , V indicating the linear maps introduced in (2.33),

h1;t D cosh.�t;1/q'tO't C sinh.�t;1/q'tO't ;

nt D U.t; 0/h1;t C V.t; 0/h1;t ;

ft D cosh.�/nt C sinh.�/nt :
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Then there exist c > 0 and, for all �1 < a < b < 1, C > 0 such that, in the state
 N;t D e

�iHN t N ,

jP N;t .ON;t 2 Œa; b�/ � P .Gt 2 Œa; b�/j � Ce
cecjt jN�1=16 (2.36)

for all N large enough. Here, Gt is a centered Gaussian with variance kftk2.

Remark 2.12. The bound (2.36) follows through standard arguments (see [20, Proof of
Corollary 1.2]) from an estimate of the formˇ̌̌̌

E N;tg.ON;t / �
1

p
2�kftk

Z
dx g.x/e

� x2

2kft k
2

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsj3kOk3 CN�1jsj4kOk4/ ds (2.37)

for the expectation of the random variable g.ON;t /, valid for any g 2 L1.R/, with .1C
s4/ Og.s/ 2 L1.R/. The proof of (2.37), which is based on the approximation (2.23) of the
many body evolution, is given in Section 6. Similarly to [20,56,57], we could also extend
(2.37) to a multivariate central limit theorem, proving that expectations of products of
observables of the form (2.35) approach a Gaussian limit, as N !1.

3. Fluctuation dynamics

While the wave function e�i
R t
0 �N .s/ dsU �N;te

BtU2;N .t/�N appearing in (2.23) provides
a good norm approximation for the full evolution e�iHN t N D e�iHN tU �N;0e

B0�N , the
difference between their energies does not converge to zero, asN !1. For this reason, it
seems difficult to show (2.23) directly. To circumvent this problem, we introduce an alter-
native approximation for the many-body evolution, this time having the correct energy. At
the end, we will show that the two approximations are close in norm.

To define the new approximation of the many-body evolution, we will use a cubic
phase. First, we define, as in [54], a cutoff ‚WN ! R in the number of particles, setting

‚.n/ D

8̂̂̂̂
<̂
ˆ̂̂:
1; n �

M

2
C 10;

1

2

�4n � 3M
40 �M

C 1
�
;
M

2
C 10 � n �M � 10;

0; n �M � 10;

for M D N " � 50 where " < 1. Throughout this paper we always assume that N is
sufficiently large so that this last condition holds true. Next we define the kernel

�t .x; y/ D �Nwm.N.x � y// Q't .y/ (3.1)

with m D N�˛ and we introduce the antisymmetric operator

At D
‚.N /
p
N

Z
�t .x; y/ Qb

�
x
Qb�y Œ
Qb.
x/C Qb

�.�x/� dx dy � h.c.; (3.2)
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where we recall the definition (2.15) of the projected operators Qbx D b. Qqx/ D bx �

Q't .x/b. Q't /. Notice that, in contrast with the quadratic kernel (2.7), we cut off (3.1) on
a length scale m D N�˛ , vanishing as N ! 1. This makes sure that, as discussed in
Lemma A.5, k�k2 � C

p
m � CN�1=4 is small and therefore it allows us to compute the

action of the phase eAt , which will be used in combination with the generalized Bogoli-
ubov transformation eBt to generate the microscopic correlation structure, expanding the
exponential to first and second order (all higher-order contributions will be negligible). In
the following, we will choose ˛ D " D 1=2.

An important observation is that conjugation with eAt does not substantially change
the number of excitations and their energy. The proof of the next lemma is deferred to
Section 7.

Lemma 3.1. Let At be the anti-symmetric operator defined in (3.2). For every k 2 N
there exists a constant C > 0 such that

e�At .N C 1/keAt � Cecjt j.N C 1/k : (3.3)

Let HN DK C VN , with

K D

Z
rxa

�
xrxax ; VN D

1

2

Z
N 2V.N.x � y//a�xa

�
yaxay : (3.4)

Then, for every k 2 N, there is C > 0 such that

e�At .HN CN C 1/.N C 1/keAt � Cecjt j.HN CN C 1/.N C 1/k (3.5)

holds true as an operator inequality on F �N
?Q't

.

Remark 3.2. In (3.5) it is crucial that the exponent k is the same on both sides of the
inequality. In fact, this is the reason for the introduction of the cutoff ‚.N / in (3.2). For
cubic phases without cutoff, such as the one used in the time-independent setting in [18],
an estimate similar to (3.5) holds true, but only with an additional term .N C 1/kC2 on
the right-hand side of the equation; see [18, Lemma 5.8].

With the cubic phase, we define a new fluctuation dynamics UN , setting

UN .t I s/ D e
�At xUN .t I s/e

As D e�At e�BtUN;te
�iHN .t�s/U �N;se

BseAs : (3.6)

To prove Theorem 2.2, we will first show that the difference between xUN .t I 0/�N and
UN .t I 0/�N is small in norm, in the limit N ! 1. Afterwards, we will prove (2.24),
but with xUN replaced by UN . To this end, we will need some properties of the cubically
renormalized fluctuation dynamics UN , which we establish in the rest of this section.

First of all, we need to control the growth of the number of particles and of the energy
along the evolution UN . The proof of the next proposition is based on the estimates in
[17, Proposition 6.1] for the dynamics xUN .
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Proposition 3.3. Under the same assumptions as in Theorem 2.2, let UN be defined as
in (3.6). Then there exist C; c > 0 such that

hUN .t I 0/�; .HN CN /UN .t I 0/�i � Ce
cecjt j
h�; .HN CN C 1/�i;

for all � 2 F �N
?' and all t 2 R.

Proof. From Lemma 3.1 (with k D 0), we find

hUN .t I 0/�; .HN CN /UN .t I 0/�i

D h xUN .t I 0/e
A0�; eAt .HN CN /e�At xUN .t I 0/e

A0�i

� Cecjt jh xUN .t I 0/e
A0�; .HN CN C 1/ xUN .t I 0/e

A0�i:

From [17, Proposition 6.1 and the following remark] and applying Lemma 3.1 again, we
conclude

hUN .t I 0/�; .HN CN /UN .t I 0/�i � Ce
cjt j
heA0�; .HN CN C 1/eA0�i

� Cecjt jh�; .HN CN C 1/�i:

While controlling the growth of the expectation of N , HN with respect to the fluctu-
ation dynamics UN is enough to establish convergence of the reduced density, to obtain
a norm approximation for the dynamics UN we need more precise information on its
generator. To this end, we remark that (3.6) satisfies the Schrödinger-type equation

i@tUN .t I s/ D JN .t/UN .t I s/;

with the time-dependent generator JN .t/ given by

JN .t/ D Œi@te
�At �eAt

C e�At
�
.i@te

�Bt /eBt C e�Bt Œ.i@tUN;t /U
�
N;t C UN;tHNU

�
N;t �e

Bt
�
eAt : (3.7)

In the next proposition, we compute JN .t/ up to errors vanishing in the limit N !1.
The proof of this proposition is deferred to Section 8.

Proposition 3.4. Under the same assumptions as in Theorem 2.2, let JN .t/ be the gen-
erator of the fluctuation dynamics UN , as defined in (3.7). Then we have, as a quadratic
form on F �N

?Q't
� F �N

?Q't
,

JN .t/ D �N .t/C J2;N .t/C VN C EJN .t/;

where �N .t/ and J2;N .t/ are defined as in (2.20), (2.16) and where the error term EJN .t/

satisfies

jh�1;EJN .t/�2ij � Ce
cjt jN�1=4k.HN CN C 1/1=2�1kk.HN CN 3

C 1/1=2.N C 1/�2k

for any �1; �2 2 F �N
?Q't

.
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4. Quadratic evolution and the proof of Theorem 2.2

In this section we study the quadratic evolution defined in (2.19). First of all, we establish
important properties of the time-dependent generator J2;N .

Proposition 4.1. Let J2;N be defined as in equation (2.16). Under the same assumptions
as in Theorem 2.2, there exist constants C; c > 0 such that

˙.J2;N .t/ �K/ � Cecjt j.N C 1/; (4.1)

.J2;N .t/ �K/2 � Cecjt j.N C 1/2; (4.2)

˙ PJ2;N .t/ � Ce
cjt j.N C 1/; (4.3)

PJ22;N .t/ � Ce
cjt j.N C 1/2; (4.4)

jh�1; ŒN ;J2;N .t/��2ij � Ce
cjt j
k.N C 1/.1Cj /=2�1kk.N C 1/

.1�j /=2�2k; (4.5)

for j 2 N and �1; �2 2 F �N .

To show Proposition 4.1 (and some of the other bounds discussed in this section), the
following lemma will be useful. Its proof is a straightforward adaptation of [10, Lemma
3.4, 3.6].

Lemma 4.2. Let F be a bounded operator and J1, J2 two Hilbert–Schmidt operators on
L2.R3/. We also denote by F , J1, J2 the integral kernels of the three operators (J1; J2 2
L2.R3 �R3/, while F is in general a distribution). Let

A1 D

Z
dx b#.J1;x/b

#.J2;x/; A2 D

Z
dx b#.J1;x/bx ;

A3 D

Z
dx dy F.x; y/b�xby

(4.6)

where # D �; � . Then we have

jh�1; A1�2ij � CkJ1k2k.N C 1/
.1Cp/=2�1kk.N C 1/

.1�p/=2�2k;

jh�1; A2�2ij � CkJ1k2kJ2k2k.N C 1/
.1Cp/=2�1kk.N C 1/

.1�p/=2�2k;

jh�1; A3�2ij � CkF kopk.N C 1/
.1Cp/=2�1kk.N C 1/

.1�p/=2�2k;

(4.7)

for all p 2 Z and �1; �2 2 F �N . Moreover,

A�1A1 C A1A
�
1 � CkJ1k

2
2.N C 1/

2;

A�2A2 C A2A
�
2 � CkJ1k

2
2kJ2k

2
2.N C 1/

2;

A23 � CkF k
2
op.N C 1/

2:

(4.8)

Remark 4.3. The bounds in Lemma 4.2 continue to hold true if we replace the operators
b, b� (or the corresponding operator-valued distributions) with the projected operators Qb,
Qb�, introduced in (2.15) and used in (2.16) to define the generator J2;N .t/. In fact, it is
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easy to see that switching from b, b� to Qb, Qb� corresponds to multiplying the operators
J1, J2, F by the orthogonal projection Qqt D 1 � j Q't ih Q't j on the right and/or on the left;
this does not increase the norms kJ1k2, kJ2k2, kF kop appearing on the right-hand side
of (4.7), (4.8). Furthermore, (4.7), (4.8) (and their proofs) also hold true for operators QA1,
QA2, QA3 on the full Fock space F (without truncation to N � N ), defined like A1, A2,
A3, but with b, b� replaced by the standard creation and annihilation operators a, a� or
by their projected versions Oa, Oa�, used in the definition of the limiting generator (2.28).

Proof of Proposition 4.1. With the notation introduced in the last two lines on the right-
hand side of (2.16), we claim that kGtkop; kHtk2 � Ce

cjt j. For most terms this follows
easily from Lemma A.1, Proposition A.2 and Lemma A.3. In fact, all contributions (to Gt
and to Ht ) arising from the kinetic part (2.17) that involve derivatives of p, r or � have
L2-norm (and therefore also operator norm) less than Cecjt j. Also, the termZ

dx Qb�.rx�x/ Qb.rx�x/ D

Z
dz dw

�Z
dx rx�t .zI x/rx�t .x; w/

�
Qb�z
Qbw

DW

Z
dz dw ut .z; w/ Qb

�
z
Qbw

can be bounded with Lemma 4.2, since kutkop � kutk2 � Ce
cjt j by Lemma A.3.

To handle the contributions arising from the potential part (2.18), we observe that
N 3.VNfN;`/.x � y/D N

3V.N.x � y//f`.N.x � y// is the integral kernel of the differ-
ential operator yVf`.ir=N/ onL2.R3/ (with operator norm bounded by yV .0/), that 
t , pt
and �t are also bounded operators on L2.R3/ and that all off-diagonal terms (contribut-
ing to H ) involve at least one factor of pt or �t (with bounded Hilbert–Schmidt norm,
uniformly in N ). Finally, let us consider the contributions from the other terms on the
right-hand side of (2.16) (line 2 to line 7). Most of them can be handled as above, with the
estimates from Lemma A.1, Proposition A.2 and Lemma A.3 (notice, in particular, that
N 3�` � C ). Some more attention is needed for the term involving rwN;`. Using Lemma
A.1, we bound

jNrwN;`.x � y/Œr Q't .x/ Q't .y/ � Q't .x/r Q't .y/�j

�
C�.jx � yj � `/

jx � yj2
.jr Q't .x/j j Q't .y/ � Q't .x/j C j Q't .x/j jr Q't .x/ � r Q't .y/j/

�
Ck Q'tkH4�.jx � yj � `/

jx � yj
.jr Q't .x/j C j Q't .x/j/: (4.9)

Thus, the L2-norm of the left-hand side is bounded, uniformly in N . This concludes the
proof of the bounds kGtkop;kHtk2 � Ce

cjt j. From Lemma 4.2 (and from Remark 4.3) we
arrive at (4.1) and, using (4.8), to (4.2) (the second term on the right-hand side of (2.16),
the one proportional to a�xax , can be handled in the same way). Since

ŒN ;J2;N .t/� D

Z
dx dy Œ2Ht .x; y/ Qb

�
x
Qb�y � 2

xHt .x; y/ Qbx Qby �

we also conclude (4.5).
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As for (4.3) and (4.4), we observe that contributions to the time derivative PJ2;N .t/
have the same form as contributions to J2;N .t/, either with a factor Q't replaced by PQ't , or
with one of the kernels �t , 
t , �t , pt , rt replaced by P�t , P
t , P�t , Ppt , Prt , or with one of the
operators Qb, Qb� replaced by its time derivative (the projection depends on time). Using

@t Qb
�
x D �

PQ't .x/b
�. Q't / � Q't .x/b

�. PQ't /;

a similar formula for @t Qbx and the bounds in Lemma A.1, Proposition A.2 and Lemma
A.3, we conclude that PJ2;N .t/ can be written as the sum of terms of the form (4.6)1 (with
two projected operators Qb] or with one Qb] and one b]). For this reason, Lemma 4.2 also
implies (4.3) and (4.4) (again, the term proportional to a�xax on the right-hand side of
(2.16) can be handled similarly).

With the help of Proposition 4.1, we obtain well-posedness of equation (2.19) (exis-
tence and uniqueness of the unitary quadratic evolution U2;N ) and control on the growth
of kinetic energy and the number of particles. Compared with the bounds obtained in
Proposition 3.3 for the full fluctuation dynamics, here we can derive stronger estimates,
controlling arbitrary moments of the number of particles operator N and the second
moment of the kinetic energy operator K . These improvements (which we can only show
for U2;N and not for the full fluctuation dynamics UN ) will play a crucial role in the
proof of Theorem 2.2.

Proposition 4.4. Under the same assumptions as in Theorem 2.2, let J2;N be defined as
in equation (2.16). Then J2;N .t/ generates a unique strongly continuous two-parameter
group U2;N of unitary transformations satisfying the Schrödinger equation (2.19). For
every t; s 2 R, U2;N .t I s/WF

�N
?Q's
! F �N

?Q't
. Moreover, for every k 2N there exist C; c > 0

such that

hU2;N .t I 0/�; .N C 1/
kU2;N .t I 0/�i � Ce

cecjt j
h�; .N C 1/k�i;

hU2;N .t I 0/�;K
2U2;N .t I 0/�i � Ce

cecjt j
h�; .K2

CN 2
C 1/�i:

(4.10)

Remark 4.5. From [10, Lemma 3.10] (extended trivially to the case ˇ D 1), we have

VN �
C

N
.K2
CN 2/; (4.11)

which also implies HN � C.K
2 CN 2 C 1/ and

.HN CN C 1/.N C 1/ � C.K2
C .N C 1/2/:

1In fact, from (4.9) we find a contribution proportional to k PQ'tkH4 ; this is the only term where control
of the H 6-norm of Q't is needed.
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Proof of Proposition 4.4. To prove the well-posedness, we proceed as in [44, Theorem 7].
Note that (4.1), (4.3) and (4.5) are precisely the inequalities shown in [44, Lemma 9] and
needed to apply the abstract result in [44, Theorem 8].

To show that U2;N .t I s/ maps F �N
?Q's

into F �N
?Q't

, let us consider � 2 F �N
?Q's

, which
implies that a. Q's/� D 0. We compute

d

dt
ka. Q't /U2;N .t I s/�k

2

D 2Re
D
a. Q't /U2;N .t I s/�;

d

dt
.a. Q't /U2;N .t I s/�/

E
D 2 Imha. Q't /U2;N .t I s/�; .�a.i PQ't /C a. Q't /J2;N .t//U2;N .t I s/�i

D �2 ImhU2;N .t I s/�; a
�. Q't /a.i PQ't /U2;N .t I s/�i

� ihU2;N .t I s/�; Œa
�. Q't /a. Q't /;J2;N .t/�U2;N .t I s/�i D 0;

where we used that Œa�. Q't /a. Q't /; Qb�x � D 0 and�
a. Q't /;K C

Z
dx N 3.VNfN;`/ � j Q't j

2a�xax

�
D a.i PQ't /:

Let us now show (4.10). From (4.5), we findˇ̌̌ d
dt
hU2;N .t I 0/�; .N C 1/

kU2;N .t I 0/�i
ˇ̌̌

D jhU2;N .t I 0/�; i Œ.N C 1/
k ;J2;N .t/�U2;N .t I 0/�ij

� Cecjt jhU2;N .t I 0/�; .N C 1/
kU2;N .t I 0/�i:

The first estimate in (4.10) follows from Grönwall’s lemma.
As for the second bound in (4.10), we first apply (4.2) to estimate

hU2;N .t I 0/�;K
2U2;N .t I 0/�i

� 2hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i

C 2hU2;N .t I 0/�; .J2;N .t/ �K/2U2;N .t I 0/�i

� 2hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i

C Cecjt jhU2;N .t I 0/�; .N C 1/
2U2;N .t I 0/�i

� 2hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i C Ce

cecjt j
h�; .N C 1/2�i (4.12)

where, in the last inequality, we applied the first bound in (4.10). To control the first term
on the right-hand side of the last equation, we observe that

d

dt
hU2;N .t I 0/�;J

2
2;N .t/U2;N .t I 0/�i

D hU2;N .t I 0/�; ŒJ2;N .t/ PJ2;N .t/C PJ2;N .t/J2;N .t/�U2;N .t I 0/�i

� hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i C hU2;N .t I 0/�; PJ

2
2;N .t/U2;N .t I 0/�i:
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With (4.4) and with the first bound in (4.10), we conclude that

d

dt
hU2;N .t I 0/�;J

2
2;N .t/U2;N .t I 0/�i

� hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i C Ce

cjt j
hU2;N .t I 0/�; .N C 1/

2U2;N .t I 0/�i

� hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i C Ce

cecjt j
h�; .N C 1/2�i:

Applying Grönwall’s lemma, we conclude that

hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i � Ce

cecjt j
h�; .J22;N .0/CN 2

C 1/�i:

With (4.2) (at time t D 0), we find therefore

hU2;N .t I 0/�;J
2
2;N .t/U2;N .t I 0/�i � Ce

cecjt j
h�; .K2

CN 2
C 1/�i:

Inserting into (4.12), we obtain the desired bound.

Combining Propositions 3.3, 3.4 and 4.4, we can now proceed with the proof of our
first main theorem.

Proof of Theorem 2.2. As observed in Remark 2.3, we have

ke�iHN t N � e
�i

R t
0 �N .s/ dsU �N;te

BtU2;N .t I 0/�N k

D k xUN .t I 0/�N � e
�i

R t
0 �N .s/ dsU2;N .t I 0/�N k:

Next we introduce cubic phases to pass from xUN to the new fluctuation dynamics UN .
To this end, we estimate

ke�iHN t N � e
�i

R t
0 �N .s/ dsU �N;te

BtU2;N .t I 0/�N k

� k xUN .t I 0/e
A0�N � e

�i
R t
0 �N .s/ dseAtU2;N .t I 0/�N k

C keA0�N � �N k C ke
AtU2;N .t I 0/�N �U2;N .t I 0/�N k:

Writing

keA0�N � �N k
2
D 2 � 2Re h�N ; e�A0�N i D Re

Z 1

0

ds h�N ; A0e
�sA0�N i

and estimating (recalling the definition (3.2))

jh�1; A0�2ij � CN
�1=2

Z
j�0.x; y/jkaxay�1kŒkax�2k C k.N C 1/

1=2�2k� dx dy

C CN�1=2
Z
j�0.x; y/jkaxay.N C 1/

�1=2�2k

� Œkax.N C 1/
1=2�1k C k.N C 1/�1k� dx dy

� CN�1=2
h
sup
x
k�0;xk2 C k�0k2

i
kN �1kk.N C 1/

1=2�2k;
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we obtain, using the estimates supxk�0;xk2;k�0k2 � C
p
m� CN�1=4 from Lemma A.5,

keA0�N � �N k
2
� CN�3=4

Z 1

0

ds k.N C 1/�N kk.N C 1/
1=2e�sA0�N k:

With Lemma 3.1, we arrive at

keA0�N � �N k
2
� CN�3=4k.N C 1/�N kk.N C 1/

1=2�N k: (4.13)

Similarly, also using Proposition 4.4, we find

ke�A0U2;N .t I0/�N �U2;N .t I0/�N k
2
� Cece

cjt j

N�3=4k.N C 1/�N kk.N C 1/
1=2�N k:

Hence, we conclude that

ke�iHN t N � e
�i

R t
0 �N .s/ dsU �N;te

BtU2;N .t I 0/�N k

� kUN .t I 0/�N � e
�i

R t
0 �N .s/ dsU2;N .t I 0/�N k C Ce

cecjt jN�3=8: (4.14)

We now compute

d

dt
kUN .t I 0/�N � e

�i
R t
0 ds �N .s/U2;N .t I 0/�N k

2

D 2 ImhUN .t/�N ; .JN .t/ � J2;N .t/ � �N .t//e
�i

R t
0 ds �N .s/U2;N .t/�N i:

With Proposition 3.4 and with the bound (4.11), we obtain

d

dt
kUN .t I 0/�N � e

�i
R t
0 ds �N .s/U2;N .t I 0/�N k

2

� jhUN .t I 0/�N ;EJN .t/U2;N .t I 0/�N ij

C kV
1=2
N UN .t I 0/�N kkV

1=2
N U2;N .t I 0/�N k

� jhUN .t I 0/�N ;EJN .t/U2;N .t I 0/�N ij

C
1
p
N
kV

1=2
N UN .t I 0/�N kk.K CN /U2;N .t I 0/�N k:

From Proposition 3.4, we conclude that

d

dt
kUN .t I 0/�N � e

�i
R t
0 �N .s/ dsU2;N .t I 0/�N k

2

�
Cecjt j

N 1=4
k.HN CN C 1/1=2UN .t I 0/�N k

� k.HN CN 3
C 1/1=2.N C 1/U2;N .t I 0/�N k

C
1
p
N
kV

1=2
N UN .t I 0/�N kk.K CN /U2;N .t I 0/�N k:
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Using VN � CKN (which follows from the Sobolev inequality, since kN 2V .N �/k3=2 �

kV k3=2 <1), we arrive at

d

dt
kUN .t I 0/�N � e

�i
R t
0 ds �N .s/U2;N .t I 0/�N k

2

�
Cecjt j

N 1=4
hUN .t I 0/�N ; .HN CN C 1/UN .t I 0/�N i

C
Cecjt j

N 1=4
hU2;N .t I 0/�N ; .K

2
CN 6

C 1/U2;N .t I 0/�N i:

With Propositions 3.3 and 4.4, we obtain

d

dt
kUN .t I 0/�N � e

�i
R t
0 �N .s/ dsU2;N .t I 0/�N k

2

�
Cece

cjt j

N 1=4
h�N ; .K

2
CN 6

C 1/�N i:

Integrating over t , using assumption (2.22) and combining with (4.14), we find (2.23).

5. Limiting quadratic evolution and proof of Theorem 2.7

In this section we show the well-posedness of the limiting Schrödinger equation (2.30),
we control the growth of the number of particles with respect to the limiting quadratic
evolution U2;1 and we show the convergence of U2;N to U2;1 in the limit N !1, as
stated in Theorem 2.7.

Proposition 5.1. Under the same assumptions as in Theorem 2.2, let J2;1 be defined as in
(2.28). Then J2;1.t/ generates a unique strongly continuous two-parameter group U2;1

of unitary transformations satisfying (2.30). For every t; s 2R, U2;1.t I s/WF?'s !F?'t ,
where 't denotes the solution of the limiting Gross–Pitaevskii equation (1.7). Moreover,
for every k 2 N there exist C; c > 0 such that

hU2;1.t I 0/�; .N C 1/
kU2;1.t I 0/�i � Ce

cecjt j
h�; .N C 1/k�i (5.1)

for all � 2 F?' .

Proof. The proof is very similar to the proof of Proposition 4.4. Combining Lemma 4.2
(and Remark 4.3) with the estimates in Lemma A.4, one can prove that the limiting gen-
erator J2;1.t/ satisfies bounds analogous to (4.1), (4.3), (4.5) in Proposition 4.1. The
well-posedness of (2.30), the fact that U2;1.t I s/ maps F?'s into F?'t and the bound
(5.1) can then be shown arguing exactly as in the proof of Proposition 4.4.

To prove the convergence of U2;N towards U2;1, we bound the difference of the two
generators. Since J2;N .t/ is only defined on the truncated Fock space F �N , our estimate
is restricted to this space.
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Proposition 5.2. Under the assumptions of Theorem 2.2, we have, for every �1; �2 2F �N

and for every t 2 R,

jh�1; .J2;N .t I 0/ � J2;1.t I 0//�2ij

�
Cece

cjt j

p
N

Œk.N C 1/�1kk.N C 1/�2k C k.N C 1/
1=2�1kkK

1=2�2k�:

Proof. From (2.16) and (2.28), we write

J2;N .t/ DK C

Z
dx N 3.VNfN;` � j Q't j

2/.x/a�xax

C

Z
dx dy N 3.VNfN;`/.x � y/ Q't .x/ NQ't .y/ Qb

�
x
Qby

C

Z
dx dy .G0t .x; y/

Qb�x
Qby CHt .x; y/ Qb

�
x
Qb�y C

xHt .x; y/ Qbx Qby/;

J2;1.t/ DK C 8�a

Z
dx j't .x/j

2a�xax C 8�a

Z
dx j't .x/j

2
Oa�x Oax

C

Z
dx dy .G0t;1.x; y/ Oa

�
x Oay CHt;1.x; y/ Oa

�
x Oa
�
y C

xHt;1.x; y/ Oax Oay/:

Observe that, with respect to (2.16), we extracted the operator on the second line from the
Qb�.
x/ Qb.
y/-contribution in the last summand in (2.18), denoting by G0t the difference
between Gt (as appearing in the last line of (2.16)) and this term (we isolate this term
because it will require some additional care). In the expansion for J2;1, we extracted the
corresponding term, proportional to Oa�x Oax , from Gt;1. Thus, we have

J2;N .t/ � J2;1.t/ D IC IIC IIIC IV;

where

I D
Z
dx ŒN 3.VNfN;` � j Q't j

2/.x/ � 8�aj't .x/j
2�a�xax ;

II D
Z
dx dy Œ QqtG

0
t Qqt � qtG

0
t;1qt �.x; y/a

�
xay �

Z
dx dy Œ QqtG

0
t Qqt �.x; y/a

�
x

N

N
ay ;

III D
Z
dx dy Œ QqtPt Qqt � qtPt;1qt �.x; y/a

�
xay �

Z
dx dy Œ QqtPt Qqt �.x; y/a

�
x

N

N
ay ;

IV D
Z
dx dy Œ. Qqt ˝ Qqt /Ht � .qt ˝ qt /Ht;1�.x; y/a

�
xa
�
y

C

Z
dx dy Œ. Qqt ˝ Qqt /Ht �.x; y/a

�
xa
�
y

�p
1 � .N C 1/=N

p
1 �N =N � 1

�
C h.c.;

where we recall that Qqt D 1� j Q't ih Q't j and qt D 1� j't ih't j and where we introduced the
notation Pt , Pt;1 for the operators with the integral kernels Pt .x;y/DN 3.VNfN;`/.x �

y/ Q't .x/ NQ't .y/, Pt;1.x; y/ D 8�aj't .x/j
2ı.x � y/. By Lemma 4.2, we can bound

jh�1; I�2ij � CkN 3.VNfN;` � j Q't j
2/ � 8�aj't j

2
k1k.N C 1/

1=2�1kk.N C 1/
1=2�2k:
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For any x 2 R3 we haveˇ̌
N 3.VNfN;` � j Q't j

2/.x/ � 8�aj't .x/j
2
ˇ̌

�

Z
dz V.z/f`.z/

ˇ̌
j Q't .x C z=N /j

2
� j Q't .x/j

2
ˇ̌

C

ˇ̌̌̌Z
dz V.z/f`.z/ � 8�a

ˇ̌
j Q't .x/j

2
C 8�a

ˇ̌
j Q't .x/j

2
� j't .x/j

2

ˇ̌̌̌
:

Estimatingˇ̌
j Q't .x C z=N /j

2
� j Q't .x/j

2
ˇ̌
D

ˇ̌̌̌Z 1

0

ds
d

ds
j Q't .x C sz=N /j

2

ˇ̌̌̌
� 2jzjkr Q'tk1k Q'tk1=N

and observing that j j Q't .x/j2 � j't .x/j2j � .k Q'tk1 C k'tk1/k Q't � 'tk1, we conclude
with Proposition A.2 and equation (A.2) from Lemma A.1 that

jh�1; I�2ij �
Cece

cjt j

N
k.N C 1/1=2�1kk.N C 1/

1=2�2k:

Let us now consider the term II. Again with Lemma 4.2, we can estimate

jh�1; II�2ij � Ck QqtG0t Qqt � qtG
0
t;1qtkopk.N C 1/

1=2�1kk.N C 1/
1=2�2k

C
C

N
k QqtG

0
t Qqtkopk.N C 1/�1kk.N C 1/�2k:

Since k Qqt � qtkop � 2k't � Q'tk2, we obtain, with Proposition A.2,

k QqtG
0
t Qqt � qtG

0
t;1qtkop �

Cece
cjt j

N
kG0tkop C kG

0
t �G

0
t;1kop:

Going through the several contributions to G0t , G
0
t;1 in (2.16) and (2.28) (all diagonal

terms) and applying the bounds in Proposition A.2 (iv) and Lemmas A.3 and A.4, we find
that kG0tkop � Ce

cjt j (as already discussed in the proof of Proposition 4.4) and that

kG0t �G
0
t;1kop �

Cece
cjt j

p
N

: (5.2)

In fact, to compare contributions from (2.18) with the corresponding contributions in
(2.29), we often need to control the convergence of N 3V.N.x � y//f`.N.x � y//

towards 8�aı.x � y/. Here, it is important to observe that, in all terms contributing to
G0t (which are compared with terms in G0t;1), the factor N 3V.N.x � y//f`.N.x � y//

appears in convolution with a kernel �x , �y , px , py (this is not the case for III; that is
why this term has to be handled separately). To further illustrate this point, consider for
example the difference Dt �Dt;1 contributing to G0t �G

0
t;1, with

Dt .y; z/ D

Z
dx N 3V.N.x � y//f`.N.x � y// Q'

2
t .y/�t .x; z/;

Dt;1.y; z/ D 8�a Q'2t .y/�t .y; z/
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(this difference arises from the term proportional to Qb�.
y/ Qb.�x/ in the second summand
in (2.18)). With (A.2), we can bound

jDt .y; z/ �Dt;1.y; z/j

D

ˇ̌̌̌Z
dw V.w/f`.w/ Q'

2
t .y/�t .y C w=N; z/ � 8�a Q'2t .y/�t .y; z/

ˇ̌̌̌
� Cecjt j

Z
dw V.w/f`.w/j�t .y C w=N; z/ � �t .y; z/j C

Cecjt j

N
j�t .y; z/j

�
Cecjt j

N

Z
dw

Z 1

0

ds V.w/f`.w/jwj jr1�t .y C sw=N; z/j

C
Cecjt j

N
j�t .y; z/j; (5.3)

which leads to

kDt �Dt;1kop � kDt �Dt;1k2 �
Cecjt j

N
Œkr1�tk2 C k�tk2� �

Cecjt j
p
N
:

With (5.2), we obtain

jh�1; II�2ij �
Cece

cjt j

p
N
k.N C 1/�1kk.N C 1/�2k:

Similarly, we can also estimate

jh�1; III�2ij �
Cece

cjt j

p
N
k.N C 1/�1kk.N C 1/�2k

C

ˇ̌̌̌Z
dz dx V.z/f`.z/j't .x/j

2
hax�1; .ax � axCz=N /�2i

ˇ̌̌̌
:

To bound the last term, we proceed as in [10, Lemma 5.2]. We findˇ̌̌̌Z
dz dx V.z/f`.z/j't .x/j

2
hax�1; .ax � axCz=N /�2i

ˇ̌̌̌
D

ˇ̌̌̌Z
dz dx

Z 1

0

ds V.z/f`.z/j't .x/j
2 d

ds
hax�1; axCsz=N �2i

ˇ̌̌̌
�
1

N

Z
dz dx

Z 1

0

ds V.z/f`.z/jzjj't .x/j
2
kax�1kkrxaxCsz=N �2k

�
Cecjt j

N
k.N C 1/1=2�1kkK

1=2�2k:

This is the only contribution where the kinetic energy is needed (exactly because, in
contrast with contributions in G0t , here the difference N 3V.N.x � y//f`.N.x � y// �

8�aı.x � y/ acts directly on the operators a�xay , without convolution; therefore, some
regularity of �1, �2 is needed).
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Finally, to control the term IV, we bound

jh�1; IV�2ij � Ck. Qqt ˝ Qqt /Ht � .qt ˝ qt /Ht;1k2k.N C 1/
1=2�1kk.N C 1/

1=2�2k

C Ck. Qqt ˝ Qqt /Htk2k.N C 1/�1k

�


�p1 � .N C 1/=Np1 �N =N � 1

�
�2


:

Using that k Qqt � qtkop � Ce
cecjt j=N , that

�p1 � .N C 1/=Np1 �N =N � 1

�
�2


 � C

N
k.N C 1/�2k

and that, going through the several contributions to Ht , Ht;1 (the off-diagonal terms) in
(2.16) and (2.28) and applying the bounds in Proposition A.2 (iv) and Lemmas A.3 and
A.4, kHtk2 � Ce

cjt j, kHt �Ht;1k2 � Ce
cecjt j=

p
N , we find that

jh�1; IV�2ij �
Cece

cjt j

p
N
k.N C 1/�1kk.N C 1/�2k

which concludes the proof of the proposition.

We can now proceed with the proof of Theorem 2.7.

Proof of Theorem 2.7. First of all, we observe that

kU2;N .t I 0/� �U2;1.t I 0/�k
2
D 2 � 2RehU2;1.t I 0/�;U2;N .t I 0/�i

D 2 � 2RehU2;1.t I 0/�; 1.N �N/U2;N .t I 0/�i (5.4)

because U2;N .t I 0/� D 1.N � N/U2;N .t I 0/� . We compute

� i
d

dt
hU2;1.t I 0/�; 1.N � N/U2;N .t I 0/�i

D hU2;1.t I 0/�; ŒJ2;1.t/1.N � N/ � 1.N � N/J2;N .t/�U2;N .t I 0/�i:

While we cannot move J2;N .t/ to the left of the projection 1.N � N/, we can move
J2;1.t/ to its right, generating a commutator. Thus

� i
d

dt
hU2;1.t I 0/�; 1.N � N/U2;N .t I 0/�i

D hU2;1.t I 0/�; 1.N � N/.J2;1.t/ � J2;N .t//U2;N .t I 0/�i

C hU2;1.t I 0/�; ŒJ2;1.t/; 1.N � N/�U2;N .t I 0/�i:

With Proposition 5.2 and recalling the expression in the last two lines of (2.28) for the
limiting generator J2;1.t/, we findˇ̌̌ d
dt
hU2;1.t I 0/�; 1.N � N/U2;N .t I 0/�i

ˇ̌̌
�
Cece

cjt j

p
N
k.N C 1/U2;1.t I 0/�kk.K CN 2

C 1/1=2U2;N .t I 0/�k
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C

ˇ̌̌̌Z
dx dy H1.x; y/jhU2;1.t I 0/�; 1.N � 2 � N � N/ Oax OayU2;N .t I 0/�i

ˇ̌̌̌
C

ˇ̌̌̌Z
dx dy H1.x; y/hU2;N .t I 0/�; Oa

�
x Oa
�
y1.N � N � N C 2/U2;1.t I 0/�i

ˇ̌̌̌
:

In the last two terms, we estimate 1.N � N � 2/, 1.N � N/ � CN =N and we use
Lemma 4.2 in combination with kH1k2 � Cecjt j. We obtainˇ̌̌ d

dt
hU2;1.t I 0/�; 1.N � N/U2;N .t I 0/�i

ˇ̌̌
�
Cece

cjt j

p
N
k.N C 1/U2;1.t I 0/�kk.K CN 2

C 1/1=2U2;N .t I 0/�k:

From Propositions 4.4 and 5.1, we conclude thatˇ̌̌ d
dt
hU2;1.t I 0/�; 1.N � N/U2;N .t I 0/�i

ˇ̌̌
�
Cece

cjt j

p
N
k.N C 1/�kk.K CN 2

C 1/1=2�k:

Integrating over t and with assumption (2.31), we arrive at

j1 � hU2;1.t I 0/�; 1.N � N/U2;N .t I 0/�ij �
Cece

cjt j

p
N

:

Inserting this on the right-hand side of (5.4) proves the desired estimate.

6. Central limit theorem: Proof of Theorem 2.11

Following Remark 2.12, in this section we aim at proving thatˇ̌̌̌
E N;tg.ON;t / �

1
p
2�kftk

Z
dx g.x/e

� x2

2kft k
2

ˇ̌̌̌
� Cece

cjt j

Z
ds j Og.s/j.N�1=8 CN�1=2jsj3kOk3 CN�1s4kOk4/ (6.1)

for every g 2 L1.R/ with Og 2 L1.R; .1C s4/ ds/.
For the initial wave function  N D U �N;0e

B0eB� with B0 defined as in (2.9) and with
B given by (2.34), with � 2 .q0 ˝ q0/H 2.R3 �R3/, we find that (2.22) is satisfied, with
�N D e

B�. Thus, Theorem 2.2 provides the norm approximation

ke�iHN t N � U
�
N;te

BtU2;N .t/e
B�k � Cece

cjt j

N�1=8:

Writing

E N;t Œg.ON;t /� D h N;t ; g.ON;t / N;t i D

Z
ds Og.s/h N;t ; e

isON;t N;t i;
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setting

zON;t D
1
p
N

NX
pD1

.O.p/ � h Q't ; O Q't i/

and observing that, by Proposition A.2, kON;t � zON;tkop � Ce
cecjt j=

p
N , we can there-

fore estimateˇ̌̌̌
E N;t Œg.ON;t /� �

Z
ds Og.s/hU �N;te

BtU2;N .t/e
B�; eis

zON;tU �N;te
BtU2;N .t/e

B�i

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsjkOk/ ds: (6.2)

Next we conjugate the observable eis zON;t with the unitary operators defining the norm
approximation. With the rules (2.4), we find

UN;t zON;tU
�
N;t D

1
p
N
d�. QqtO

0
Qqt /C �. QqtO Q't / (6.3)

withO 0 DO � h Q't ;O Q't i. Here we set �.f /D b�.f /C b.f /, while d�.R/ denotes the
second quantization of the one-particle operator R and Qqt D 1 � j Q't ih Q't j.

When inserting into (6.2), the contribution of the first term on the right-hand side of
(6.3) is small. Proceeding as in [57, Step 1 in Proof of Theorem 1.1], we arrive atˇ̌̌̌

E N;t Œg.ON;t /� �

Z
ds Og.s/heBtU2;N .t/e

B�; eis�. QqtO Q't /eBtU2;N .t/e
B�i

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsj3kOk3/ ds: (6.4)

This bound relies on the control of the growth of the number of particles operator, which
follows from Lemmas 2.1 and 3.1, Proposition 4.4 and from the estimate

h�; e�i�.f /.N C ˛/kei�.f /�i � C h�; .N C ˛ C kf k2/k�i (6.5)

for the action of the modified Weyl operator ei�.f /. From (2.10) and (2.12), the action of
eBt is given by

e�Bt�. QqtO Q't /e
Bt D �.ht /CD;

with ht D 
t . QqtO Q't /C �t . QqtO Q't / and with an error D satisfying

kD�k �
C

N
k.N C 1/3=2�k:

Proceeding as in [57, Step 2 in Proof of Theorem 1.1], from (6.4) we therefore arrive atˇ̌̌̌
E N;t Œg.ON;t /� �

Z
ds Og.s/hU2;N .t/e

B�; eis�.ht /U2;N .t/e
B�i

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsj3kOk3 CN�1jsj4kOk4/ ds: (6.6)
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Before proceeding with the last two unitary conjugations, we replace the field �.ht /D
b�.ht /C b.ht / with �a.ht / D a�.ht /C a.ht /. To this end, we observe that

jh�1; .�.f / � �a.f //�2ij �
Ckf k

N
k.N C 1/1=2�1kk.N C 1/�2k (6.7)

for all �1; �2 2 F �N (the operators b, b� are only defined on the truncated Fock space).
Thus, for � 2 F �N , we have, with the notation 1�N D 1.N � N/,

jh�; eis�.ht /�i � h�; eis�a.ht /�ij

D

ˇ̌̌̌Z s

0

d�
d

d�
h�; ei��.ht /1�N ei.s��/�a.ht /�i

ˇ̌̌̌
D

ˇ̌̌̌Z s

0

d� h�; ei��.ht /
®
.�.ht / � �a.ht //1

�N
C Œ1�N ; �a.ht /�

¯
ei.s��/�a.ht /�i

ˇ̌̌̌
:

Writing

Œ1�N ; a.ht /� D a.ht /1.N � N � N C 1/;

Œ1�N ; a�.ht /� D �1.N � N � N C 1/a�.ht /;

estimating 1.N � N � N C 1/ � N =N and applying (6.7) and (6.5) (and the analogous
bound for the action of ei�a.f /), we conclude that

jh�; eis�.ht /�i � h�; eis�a.ht /�ij �
C jsjkhtk

N
k.N C s2khtk

2/1=2�1kk.N C s
2
khtk

2/�2k:

Inserting into (6.6) we find, with Lemma 2.1 and Proposition 4.4,ˇ̌̌̌
E N;t Œg.ON;t /� �

Z
ds Og.s/hU2;N .t/e

B�; eis�a.ht /U2;N .t/e
B�i

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsj3kOk3 CN�1jsj4kOk4/ ds: (6.8)

Next we apply Theorem 2.7 to replace the quadratic evolution U2;N with its limit
U2;1. Moreover, we replace ht with

h1;t D 
t;1.qtO't /C �t;1.qtO't /;

where 
t;1, �t;1 are defined as in (2.27) and qt D 1 � j't ih't j. From Proposition A.2
and Lemma A.4, we find

kht � h1;tk2 � Ce
cecjt j
kOk=

p
N:

From (6.8) we therefore obtainˇ̌̌̌
E N;t Œg.ON;t /� �

Z
ds Og.s/hU2;1.t I 0/e

B�; eis�a.h1;t /U2;1.t I 0/e
B�i

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsj3kOk3 CN�1jsj4kOk4/ ds:
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The action of U2;1.t I 0/ on the operators a, a� appearing in �a is explicit and
described by Proposition 2.9. Setting nt D U.t I 0/h1;t C V.t I 0/h1;t , we findˇ̌̌̌

E N;t Œg.ON;t /� �

Z
ds Og.s/heB�; eis�a.nt /eB�i

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsj3kOk3 CN�1jsj4kOk4/ ds: (6.9)

Finally, we need to compute the action of eB . To this end, we first replace the operator B
in (2.34) with

Ba D
1

2

Z
dx dyŒ�.xIy/a�xa

�
y � h.c.�;

proceeding as we did above to replace �.ht / with �a.ht / to show that keB� � eBa�k �
C=
p
N . Then we use the explicit formula for the action of the Bogoliubov transformation

eBa , which implies, setting ft D cosh.�/nt C sinh.�/nt , that

heBa�; eis�a.gt /eBa�i D h�; eis�a.ft /�i

D h�; e�s
2kftk

2=2eisa
�.ft /eisa.ft /�i D e�s

2kftk
2=2:

From (6.9), we obtainˇ̌̌̌
E N;t Œg.ON;t /� �

Z
ds Og.s/e�s

2kftk
2=2

ˇ̌̌̌
� Cece

cjt j

Z
j Og.s/j.N�1=8 CN�1=2jsj3kOk3 CN�1jsj4kOk4/ ds;

which immediately implies (6.1). The statement of Theorem 2.11 now follows by standard
arguments (see, for example, [20, Corollary 1.2]).

7. Control of the action of At and proof of Lemma 3.1

In this section, we consider the action of the cubic phase eAt on number and energy
of excitations. To this end, we compute commutators of At with the Hamilton operator
HN DK C VN .

Lemma 7.1. Recall the definition of At in (3.2), with parameter M D m�1 D N 1=2,
and recall the notation HN D K C VN , with K , VN the kinetic and potential energy
operators on F �N

?Q't
. On F �N

?Q't
� F �N

?Q't
, we have

ŒHN ; At � D �

Z
dx dy N 5=2VN .x � y/ Q't .y/b

�
xb
�
y Œb.
x/C b

�.�x/�

C h.c.C EŒH ;At �; (7.1)
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where

jh�1;EŒH ;At ��2ij

� Cecjt jN�1=4k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k:

Furthermore,

jh�1; ŒHN ; At ��2ij

� Cecjt jk.HN CN C1/1=2.N C1/n=2�1kk.HN CN C1/1=2.N C1/�n=2�2k (7.2)

for all n 2 N.

Remark 7.2. To apply Lemma 7.1 in the proof of Lemma 3.1, it is important that the
total exponent of HN C N on the right-hand side of (7.2) is 1 (so that (3.5) follows by
Grönwall’s lemma). To reach this goal, we inserted the cutoff‚.N / in the definition (3.2)
of At , similarly to [54] (in [18, Lemma 5.7], where the cubic phase does not have a cutoff,
the exponent of N increases).

Proof of Lemma 7.1. We proceed similarly to the proof of [18, Lemma 5.7]. We define
A1t as At in (3.2), but with Qb, Qb� replaced by b, b�. Using ŒK; a�x � D ��xa

�
x and that K

commutes with N , we have

ŒK; At � D
‚.N /
p
N

Z
dx dy .��x ��y/�t .x; y/b

�
xb
�
y Œb.
x/C b

�.�x/�C h.c.

�
‚.N /
p
N

Z
dx dy rx�t .x; y/b

�
xb
�
y Œ2rxbx C 2b.rxpx/C b

�.rx�x/�C h.c.

C
‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
y Œb.��xpx/C b.�px/�C h.c.

C
‚.N /
p
N

Z
dx dy �t .x; y/rxb

�
xb
�
yb
�.rx�x/C h.c.

C
‚.N /
p
N

Z
dx dy dz �t .x; y/b

�
xb
�
yrzb

�
zrz�.z; x/C h.c.

C ŒK; At � A
1
t � DW

5X
iD1

Mi C h.c.C ŒK; At � A
1
t �:

With Lemmas A.3 and A.5, we find

jh�1;M3�2ij � Ce
cjt j

r
m

N
.k�1pk C k�2pk/k.N C 1/

1=2�1kk.N C 1/�2k

� Cecjt jN�3=4k.N C 1/1=2�1kk.N C 1/�2k:

Writing rx�t .x; y/ D �NrywN;m.x � y/ Q't .y/ and integrating by parts, we can bound

jh�1;M2�2ij � Ce
cjt j

r
m

N
k.HN CN C 1/1=2�1k

�
�
kK1=2.N C 1/1=2�2k C .kr2pk C kr2�k/k.N C 1/�2k

�
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� Cecjt jN�1=4k.HN CN C 1/1=2�1k

� k.HN CN C 1/1=2.N C 1/1=2�2k: (7.3)

The term M4 can be controlled analogously. In addition, M5 satisfies the same bound,
since kr1�k � Cecjt j

p
N by Lemma A.3. As forM1, the scattering equation (2.2) yields

.��x ��y/�t .x; y/ D �N
3VN .x � y/fN;m.x � y/ Q't .y/

CN 3�mfN;m.x � y/�m.x � y/

� 2NrwN;m.x � y/r Q't .y/CNwN;m.x � y/� Q't .y/:

Let us denote the four contributions to M1 corresponding to the four terms in the last
identity by M11; : : : ; M14. Then M14 is bounded similarly to M3, and M13 satisfies the
same bound as M2 after integration by parts (as usual, we use Proposition A.2 to bound
norms of 't and of its derivatives). SinceN 3�m �Cm

�3 by (A.1) and 0� fN;m.x � y/�
1 we can bound

jh�1;M12�2ij � Ce
cjt j 1
p
Nm3

�Z
dx dy

m2

jx � yj2
kaxay.N C 1/

�1=2�1k
2

�1=2
�

�Z
dx dy �m.x � y/k.N C 1/

1=2Œb.
x/C b
�.�x/��2k

2

�1=2
� Cecjt jN�1=4k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k;

where we used Hardy’s inequality in the first integral and the choice m D N�1=2. As for
M11, with ‚ D 1C .‚ � 1/ we write

M11 D �‚.N /N 5=2

Z
dx dy VN .x � y/fN;m.x � y/ Q't .y/b

�
xb
�
y Œb.
x/C b

�.�x/�

D �N 5=2

Z
dx dy VN .x�y/fN;m.x�y/ Q't .y/b

�
xb
�
y Œb.
x/C b

�.�x/�CE; (7.4)

where, using ‚.N / � 1 � 1.N �M=2/ and Markov’s inequality, we can estimate

jh�1;E�2ij � Ce
cjt j
kV

1=2
N 1.N �M=2/�1kk.N C 1/

1=21.N �M=2/�2k

�
Cecjt j

N 1=4
k.VN CN C 1/1=2�1kk.VN CN C 1/1=2.N C 1/1=2�2k:

Finally, we have to control the term arising from the difference At � A1t . We observe
that, on F �N � F �N ,

b�xb
�
y Œb.
x/C b

�.�x/� � Qb
�
x
Qb�y Œ
Qb.
x/C Qb

�.�x/�

D b�xb
�
y Q't .x/b. Q't /C b

�. Q't / Q't .y/b
�
x Œ
Qb.
x/C Qb

�.�x/�

C b�. Q't / Q't .x/ Qb
�
y Œ
Qb.
x/C Qb

�.�x/�: (7.5)
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Here we used the fact that, because of the projection in the kernel �t .x; y/ and the def-
initions of pt and �t in (2.11), we have h Q't ; �xi D 0 D h Q't ; pxi. Note that as quadratic
forms on F �N

?Q't
� F �N

?Q't
, we have, for any operator D, with the shorthand notation Bx D

b.
x/C b
�.�x/ and zBx D Qb.
x/C Qb�.�x/,

ŒD; b�xb
�
yBx �

Qb�x
Qb�y
zBx � D b

�
xb
�
y Q't .x/ŒD; b. Q't /�C ŒD; b

�. Q't /� Q't .y/b
�
x
zBx

C ŒD; b�. Q't /� Q't .x/ Qb
�
y
zBx :

Applying this with D D K , contributions arising from the commutator of this difference
with K can be controlled as before, using the bounds of Proposition A.2 for Q't and its
derivatives. We conclude that

jh�1; ŒK; At � A
1
t ��2ij � Ce

cjt jN�3=4k.N C 1/1=2�1kk.N C 1/�2k:

Let us now consider ŒVN ; At �. With ŒVN ; b�x � D
R
ds N 2VN .x � s/b

�
xa
�
s as we can

write

ŒVN ; At �

D �‚.N /N 5=2

Z
dx dy VN .x � y/wN;m.x � y/ Q't .y/b

�
xb
�
y Œb.
x/C b

�.�x/�C h.c.

C
‚.N /
p
N

Z
dx dy ds �t .x; y/N

2VN .x � s/b
�
xb
�
ya
�
s asŒb.
x/C b

�.�x/�C h.c.

C
‚.N /
p
N

Z
dx dy ds �t .x; y/N

2VN .y � s/b
�
xb
�
ya
�
s asŒb.
x/C b

�.�x/�C h.c.

�
‚.N /
p
N

Z
dx dy ds �t .x; y/N

2VN .x � s/b
�
xb
�
ya
�
s asbx C h.c.

�
‚.N /
p
N

Z
dx dy dz ds �t .x; y/N

2VN .z � s/p.z; x/b
�
xb
�
ya
�
s asbz C h.c.

C
‚.N /
p
N

Z
dx dy dz ds �t .x; y/N

2VN .z � s/�.z; x/b
�
xb
�
yb
�
za
�
s as C h.c.

C ŒVN ; At � A
1
t �

DW

6X
iD1

Ni C h.c.C ŒVN ; At � A1t �:

Proceeding as in (7.4) to replace the cutoff ‚.N / by 1, we find

N1 D �N
5=2

Z
dx dy VN .x � y/wN;m.x � y/ Q't .y/b

�
xb
�
yBx C E 0; (7.6)

where

jh�1;E
0�2ij �

Cecjt j

N 1=4
k.VN CN C 1/1=2�1kk.VN CN C 1/1=2.N C 1/1=2�2k:
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Noticing that Œa�s as; b
�.�x/� D �t .xI s/b

�
s , and applying Lemma A.3 to prove that

j�t .xI s/j � CN , we find

jh�1; N2�2ij

� Cecjt jN�1=4k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k: (7.7)

The terms N3, N4 can be bounded similarly. As for N5, N6, they can be estimated by
Cauchy–Schwarz, using Lemma A.3 to show that supzkpzk, supzk�zk � Ce

cjt j. We find

jh�1; .N5 CN6/�2ij

� Cecjt j
p
mM

N
k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k

� Cecjt jN�1k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k:

To bound ŒVN ; At � A1t � we argue as we did above to handle ŒK; At � A
1
t �, using the

identity (7.5). Combining all the estimates above, we obtain (7.1) (in particular, the large
term on the right-hand side of (7.1) emerges summing the right-hand side of (7.4) and the
right-hand side of (7.6)).

The second claim in the lemma follows analogously, noticing that powers of .N C 1/
can be moved freely from one norm to the other, that in the bounds (7.3), (7.7) we can use
the cutoff to remove the operator .N C 1/1=2 applied to �2, at the expense of an additional
factor M 1=2 � CN 1=4 and that also the main terms on the right-hand side of (7.4) and
(7.6) can be controlled (with Cauchy–Schwarz) by the right-hand side of (7.2).

Now we are ready to show Lemma 3.1.

Proof of Lemma 3.1. The proof is similar to the proof of [18, Lemma 5.8]. To show (3.3),
we observe that, since N preserves the space F �N

?Q't
,

ŒN ; At � D ŒN ; A1t � D A
1;

t C 3A

1;�
t C h.c.; (7.8)

where, as above, A1t is defined as At , but with Qb, Qb� replaced by b, b� and where

A
1;

t D

‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
yb.
x/;

A
1;�
t D

‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
yb
�.�x/:

From (7.8), it is easy to check that ˙ŒN ; At � � Ce
cjt j.N C 1/. With Grönwall’s lemma,

we obtain (3.3) (first with k D 1 but then, using ŒN k ; At � D
Pk�1
jD1 N j ŒN ; At �N

k�j�1,
also for arbitrary k 2 N).

Let us now consider (3.5). For � 2 F �N
?Q't

and s 2 Œ0; 1� we define

f�.s/ D h�; e
�sAtHN .N C 1/

kesAt �i:
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We have

f 0� .s/ D
˝
�; e�sAt .ŒHN ; At �.N C 1/

k
CHN Œ.N C 1/

k ; At �/e
sAt �

˛
: (7.9)

For k D 0, Lemma 7.1 implies, together with (3.3), that

jf 0� .s/j � Ce
cjt j.f�.s/C h�; .N C 1/�i/: (7.10)

The desired bound follows therefore from Grönwall’s lemma.
For k � 1, the contribution of the term proportional to ŒHN ; A� is bounded similarly;

using (7.2), with �1 D esAt � , �2 D .N C 1/kesAt � and n D k, we find

h�; e�sAt ŒHN ; At �.N C 1/
kesAt �i � Cecjt jhesAt �; .HN CN C 1/.N C 1/kesAt �i

D Cecjt j.f�.s/C h�; .N C 1/
kC1�i/:

To handle the second contribution on the right-hand side of (7.9), we use (7.8). For k D 1,
we write

HN ŒN ; At � D ŒHN ; A
1;

t C 3A

1;�
t �C ..A

1;

t C 3A

1;�
t /HN C h.c./

CHN ŒN ; At � A
1
t �: (7.11)

Contributions arising from the commutator ŒHN ; A
1;

t C 3A

1;�
t � have already been

estimated in the proof of Lemma 7.1. Thus

jh�; e�sAt ŒHN ; A
1;

t C 3A

1;�
t �esAt �ij � Cecjt jf�.s/:

Contributions to the second term on the right-hand side of (7.11) have the form

A
1;

t K D

‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
y

Z
dz rza

�
zrzazb.
x/

C
‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
y .��xbx C b.��px//; (7.12a)

A
1;�
t K D

‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
yb
�.�x/

Z
dz rza

�
z .N C1/

�1.N C1/rzaz ;

(7.12b)

A
1;

t VN D

‚.N /

2
p
N

Z
dx dy �t .x; y/b

�
xb
�
y

Z
dr dz N 2VN .r � z/a

�
r a
�
zarazb.
x/

C
‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
y

Z
dr dz N 2VN .r � z/a

�
r arbz
.z; x/;

(7.12c)

A
1;�
t VN D

‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
yb
�.�x/

Z
dr dz N 2VN .r � z/a

�
r a
�
zaraz :

(7.12d)
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The two commutators contributing to A1;
t K , A1;
t VN can be bounded similarly to the
terms M2, M3 and N4, N5, respectively, in the proof of Lemma 7.1. All other terms can
be bounded directly with Cauchy–Schwarz; for instanceˇ̌̌̌�

esAt �;
‚.N /
p
N

Z
dx dy �t .x; y/b

�
xb
�
y

Z
dz rza

�
zrzazb.
x/e

sAt �

�ˇ̌̌̌
�
Cecjt j
p
N

�Z
dx dy dz kaxayrzaz‚.N /esAt �k2

�1=2
�

�Z
dx dy dz N 2wN;m.x � y/

2
ka.
x/rzaze

sAt �k2
�1=2

� Cecjt jk.HN C 1/
1=2.N C 1/1=2esAt �k2:

The hermitian conjugates of the terms in (7.12) satisfy similar estimates. We handle the
last term on the right-hand side of (7.11) analogously to the way we handled the terms
proportional to At �A1t in the proof of Lemma 7.1, using identity (7.5). Observe here that
on F �N

?Q't
� F �N

?Q't
we have HN b

�.'t / D ŒHN ; b
�.'t /� allowing us to recover a commu-

tator which has been estimated before. Thus we find that (7.10) also holds true for k D 1.
For k � 2, we write

HN Œ.N C 1/
k ; At � D

kX
jD1

.N C 1/jHN ŒN ; At �.N C 1/
k�j�1

and we argue similarly to k D 1, after appropriately pulling factors of .N C 1/1=2 through
the commutator ŒN ; At �. We obtain again estimate (7.10). The desired bounds follows by
Grönwall’s lemma.

8. Generator of fluctuation dynamics: Proof of Proposition 3.4

In this section we study the properties of the generator JN .t/ of the full fluctuation dynam-
ics (3.6). We start from expression (3.7). A first step in the proof of Proposition 3.4 consists
of applying the rules (2.4) to compute the generator

LN .t/ D .i@tUN;t /U
�
N;t C UN;tHNU

�
N;t :

We find LN .t/ D
P4
jD0 L

.j /
N;t where as quadratic forms on F �N

?Q't
� F �N

?Q't

L
.0/
N;t D

1

2
h Q't ; ŒN

3VN .1 � 2fN;`/ � j Q't j
2� Q't i.N �N /

�
1

2
h Q't ; ŒN

3VN � j Q't j
2� Q't i.N C 1/

.N �N /

N
; (8.1a)

L
.1/
N;t D

p
Nb.ŒN 3VNwN;` � j Q't j

2� Q't / �
N C 1
p
N

b.ŒN 3VN � j Q't j
2� Q't /C h.c.; (8.1b)
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L
.2/
N;t DK C

Z
dx dy N 3VN .x � y/j Q't .y/j

2
�
b�xbx �

1

N
a�xax

�
C

Z
dx dy N 3VN .x � y/ Q't .x/ NQ't .y/

�
b�xby �

1

N
a�xay

�
C
1

2

�Z
dx dy N 3VN .x � y/ Q't .x/ Q't .y/.b

�
xb
�
y C h.c./

�
; (8.1c)

L
.3/
N;t D

Z
dx dy N 5=2VN .x � y/ Q't .y/b

�
xa
�
yax C h.c.; (8.1d)

L
.4/
N;t D VN ; (8.1e)

where we recall that K and VN are the kinetic and the potential energy operators, as
defined on F �N

?Q't
in (3.4).

Next we have to consider the effect of the quadratic conjugation with the generalized
Bogoliubov transformation eBt . We define the renormalized generator

GN .t/ D .i@te
�Bt /eBt C e�BtLN .t/e

Bt : (8.2)

In order to describe the operator GN .t/, we define

�G .t/ D
N

2
h Q't ; ŒN

3VN .1 � 2fN;`/ � j Q't j
2� Q't i �

1

2
h Q't ; .N

3VNfN;` � j Q'
2
t j/ Q't i

C
1

2

Z
dx dy N 2VN .x � y/jh
y ; �xij

2

C

Z
dx .N 3VN � j Q't j

2/.x/h�x ; �xi

C

Z
dx dy N 3VN .x � y/ Q't .x/ Q't .y/h�x ; �yi

C
1

2

Z
dx dy N 3VN .x � y/ Q't .x/ Q't .y/h�x ; 
yi C h.c.C kr1�tk2

�

Z 1

0

ds

Z
dx dy P�t .x; y/h�

.s/
x ; 
 .s/y i C h.c. (8.3)

and the quadratic operator

G2;N .t/ D GK2;N .t/C GV2;N .t/

CN 3�`

Z
dx dy �`.x � y/ Q't .x/ Q't .y/b

�
xb
�
y C h.c.

C
1

2

Z
dx dy NwN;`.x � y/Œ� Q't .x/ Q't .y/C Q't .x/� Q't .y/�b

�
xb
�
y C h.c.

C

Z
dx dy NrwN;`.x � y/Œr Q't .x/ Q't .y/ � Q't .x/r Q't .y/�b

�
xb
�
y C h.c.

�

Z 1

0

ds

Z
dx dy P�t .x; y/Œb

�.
 .s/x /b�.
 .s/y /C b�.
 .s/x /b.� .s/y /

C b.� .s/x /b.� .s/y /C b�.
 .s/y /b.� .s/x /�C h.c.; (8.4)
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where

GK2;N .t/ DK C

Z
dx
h
b�.��xpx/bx C

1

2
b�.rxpx/b.rxpx/C b

�
xb
�.��x�x/

C b�.��xpx/b
�.�x/C b

�.px/b
�.��xrx/C b

�
xb
�.��xrx/

C
1

2
b�.rx�x/b.rx�x/C b

�.�x/b.��xrx/

C
1

2
b�.rxrx/b.rxrx/C h.c.

i
(8.5)

and

GV2;N .t/

D
1

2

Z
dx dy N 3.VNfN;`/.x � y/ Q't .x/ Q't .y/Œb

�.px/b
�
y C b

�.
x/b
�.py/�C h.c.

C
1

2

Z
dx dy N 3.VNfN;`/.x � y/ Q't .x/ Q't .y/

� Œb�.
y/b.�x/C b
�.
x/b.�y/C b.�x/b.�y/�C h.c.

C

Z
dx .N 3VN � j Q't j

2/.x/

� .b�.
x/b.
x/C b.�x/b.
x/C b
�.
x/b

�.�x/C b
�.�x/b.�x//

C

Z
dx dy N 3VN .x � y/ Q't .x/ Q't .y/

� .b�.
x/b.
y/C b.�x/b.
y/C b
�.
x/b

�.�y/C b
�.�y/b.�x//: (8.6)

The following proposition establishes, up to negligible errors, the form of GN .t/, in
terms of (8.3), (8.5), (8.6).

Proposition 8.1. Let V 2 L3.R3/ be nonnegative, spherically symmetric and compactly
supported. Let GN .t/ be defined as in equation (8.2). Assume ` in (2.7) is small enough
but of order one in N . Let

CN;t D

Z
dx dy N 5=2VN .x � y/ Q't .y/b

�
xb
�
y Œb.
x/C b

�.�x/�C h.c. (8.7)

Then on F �N
?Q't
� F �N

?Q't
,

GN .t/ D �G .t/C G2;N .t/C CN;t C VN C EGN .t/; (8.8)

where the phase �G .t/, G2;N .t/ and VN are given in equations (8.3), (8.4), (8.1) respec-
tively, and the error term EGN .t/ satisfies

jh�1;EGN .t/�2ij �
Cecjt j
p
N
k.HN CN C1/1=2�1kk.HN CN 3

C 1/1=2.N C 1/�2k (8.9)

for any �1; �2 2 F �N
?Q't

.
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Proposition 8.1 is analogous to [18, Proposition 2.5 (b)] in the time-independent set-
ting, where the solution of the Gross–Pitaevskii equation (2.3) (entering the definition
of LN .t/ and GN .t/) is replaced by the minimizer of the Gross–Pitaevskii energy func-
tional.2 The main difference is the fact that Proposition 8.1 provides bounds for general
matrix elements, while [18, Proposition 2.5 (b)] only deals with expectations. Since the
two proofs are very similar, we only sketch the main steps in the proof of Proposition
8.1, referring to [18] for all details (we give some more details for the term .i@te

�Bt /eBt ,
which is absent in [18]).

Sketch of proof of Proposition 8.1. We write GN .t/ D .i@te
�Bt /eBt C

P4
jD0 G

.j /
N .t/,

with G
.j /
N .t/ D e�BtL

.j /
N .t/eBt , for j D 0; : : : ; 4. We have

G
.0/
N;t D

N

2
h Q't ; ŒN

3VN .1 � 2fN;`/ � j Q't j
2� Q't i �

1

2
h Q't ; ŒN

3VN � j Q't j
2� Q't i

� h Q't ; ŒN
3VNwN;` � j Q't j

2� Q't i

�

�Z
dx Œb�.
x/b.
x/Cb

�.�x/b.�x/Cb
�.
x/b

�.�x/Cb.
x/b.�x/�Ck�tk
2

�
C E

.0/
N;t ; (8.10)

where
jh�1;E

.0/
N;t�2ij �

C
p
N
k.N C 1/1=2�1kk.N C 1/�2k

for all �1; �2 2 F �N
?Q't

and all t 2 R. Details can be found in [18, Corollary 4.3].
Proceeding as in [18, Lemma 4.4], we find

G
.1/
N;t D

p
NŒb.
.hN;t //C b

�.�. NhN;t //C h.c.�C E
.1/
N;t ; (8.11)

with hN;t D .N 3VNwN;` � j Q't j
2/ Q't and

jh�1;E
.1/
N;t�2ij �

C
p
N
k.N C 1/1=2�1kk.N C 1/�2k:

We decompose G
.2/
N .t/ D e�BtKeBt C G

.2;V /
N .t/. Following [18, Lemma 4.6], we

obtain

G
.2;V /
N;t D

Z
dx .N 3VN � j Q't j

2/.x/

� .b�.
x/b.
x/C b.�x/b.
x/C b
�.
x/b

�.�x/C b
�.�x/b.�x/C h�x ; �xi/

2Notice that the energy functional used in [18] was the limiting Gross–Pitaevskii functional, defined in
terms of the scattering length a. In the present paper, on the other hand, we find it more convenient to work
with the modifiedN -dependent Gross–Pitaevskii equation (2.3); as a consequence, some of the expressions
emerging in the computation of GN .t/ are slightly different from the corresponding expressions in [18].
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C

Z
dx dy N 3VN .x � y/ Q't .x/ NQ't .y/

� .b�.
x/b.
y/Cb.�x/b.
y/Cb
�.
x/b

�.�y/Cb
�.�y/b.�x/Ch�x ; �yi/

C
1

2

Z
dx dy N 3VN .x � y/ Q't .x/ Q't .y/

� Œb�.
y/b
�.
x/C b

�.
y/b.�x/C b
�.
x/b.�y/C b.�x/b.�y/

C h�x ; 
yi.1 �N =N/C d�x .b
�.
y/C b.�y//

C .b�.
x/C b.�x//d
�
y C h.c.�C E

.2;V /
N;t ; (8.12)

with

jh�1;E
.2;V /
N;t �2ij �

C

N 1=2
ecjt jk.VN CN C 1/1=2�1kk.VN CN C 1/1=2.N C 1/1=2�2k;

where dx , d�x are the operator-valued distributions associated with the fields dt defined in
(2.10). On the other hand, analogously to [18, Lemma 4.8], we conclude that

G
.K/
N;t DK C

Z
dx dy .��x�t /.x; y/b

�
xb
�
y C

Z
dx dy .��x�t /.x; y/bxby

C

Z
dx Œb�.��xpx/bx C b

�
xb.��xpx/Crxb

�.px/rxb.px/

C b�.��xpx/b
�.�x/C b

�.px/b
�.��xrx/C b

�
xb
�.��xrx/

C b.��xrx/bx C b.��xrx/b.px/C b.�x/b.��xpx/

Crxb
�.�x/rxb.�x/C b

�.�x/b.��xrx/C b
�.��xrx/b.�x/�

C

Z
dx Œb.rx�x/rxdx Crxd

�
x b
�.rx�x/�C kr1�tk

2.1 �N =N/

C
1

N
kr1�tk

2
C
kr1�tk

2

N

�Z
dx Œb�.
x/b.
x/C b

�.�x/b.�x/

C b�.
x/b
�.�x/C b.
x/b.�x/�

�
C
kr1�tk

2

N
k�tk

2
C E

.K/
N;t ; (8.13)

with

jh�1;E
.K/
N;t �2ij �

C

N 1=2
ecjt jk.K CN C 1/1=2�1kk.K CN 3

C 1/1=2.N C 1/�2k:

As for the cubic term, we find

G
.3/
N;t D

Z
dx dy N 5=2VN .x � y/ Q't .y/b

�
xb
�
y Œb.
x/C b

�.�x/�

�
p
N
�
b.
.hN;t //C b

�.�.hN;t //
�
C h.c.C E

.3/
N;t ; (8.14)

with

jh�1;E
.3/
N;t�2ij �

Cecjt j
p
N
k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/�2k:

The proof of (8.14) is very similar to the proof of [18, Lemma 4.9].
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Furthermore, following the strategy used in [18, Lemma 4.10], we obtain

G
.4/
N;t D VN C

1

2

Z
dx dy N 2VN .x � y/jh
y ; �xij

2
�
1C

1

N
�
2N

N

�
C
1

2

Z
dx dy N 2VN .x � y/Œb

�.
x/b
�.
y/C b

�.
x/b.�y/C b
�.
y/b.�x/

C b.�x/b.�y/�kt .x; y/C h.c.

C
1

2

Z
dx dy N 2VN .x � y/Œd

�
x .b
�.
y/C b.�y//

C .b�.
x/C b.�x//d
�
y �kt .x; y/C h.c.

C

Z
dx dy N 3.VNw

2
N;`/.x � y/j Q't .x/j

2
j Q't .y/j

2

�

�Z
du Œb�.
u/b.
u/C b

�.�u/b.�u/C b
�.
u/b

�.�u/C b.
u/b.�u/�Ck�k
2

�
C E

.4/
N;t ; (8.15)

with

jh�1;E
.4/
N;t�2ij �

Cecjt j
p
N
k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/�2k:

Finally, we claim that

.i@te
�Bt /eBt D �

Z 1

0

ds

Z
dx dy P�t .x; y/Œb

�.
 .s/x /b�.
 .s/y /C b�.
 .s/x /b.� .s/y /

C b.� .s/x /b.� .s/y /C b�.
 .s/y /b.� .s/x /

C h� .s/x ; 
 .s/y i�C h.c.C E@t ; (8.16)

where E@t satisfies

jh�1;E@t �2ij �
C

N
ecjt jk.N C 1/1=2�1kk.N C 1/

3=2�2k; (8.17)

for any �1; �2 2 F �N
?Q't

, t 2 R, and N 2 N large enough.
To prove (8.16), we use (2.10) to expand

.i@te
�Bt /eBt D

Z 1

0

ds e�sBt .i@tBt /e
sBt

D �

Z 1

0

ds

Z
dx dy P�t .x; y/Œb

�.
 .s/x /b�.
 .s/y /C b�.
 .s/x /b.� .s/y /

C b.� .s/x /b.� .s/y /C b�.
 .s/y /b.� .s/x /

C h� .s/x ; 
 .s/y i�C h.c.C E@t ;
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where the superscript s denotes that we consider cosh and sinh of s�t instead of �t . Here,
E@t is given by

E@t D �

Z 1

0

ds

Z
dx dy P�t .x; y/ � Œd

�
x;s.b

�.
 .s/y /C b.� .s/y //C .b�.
 .s/x /

C b.� .s/x //d�y;s C d
�
x;sd

�
y;s � h�

.s/
x ; 
 .s/y iN =N �

C h.c.;

where dx;s , d�x;s are the operator-valued distributions associated with operators d .s/t ,
which are defined as dt in (2.10), but with �t replaced by s�t . With (2.12) and with
the bounds from Lemma A.3, we have

jh�1;E@t �2ij �
Cecjt j

N

Z
dx dy j P�t .x; y/jk.N C 1/

1=2�1k

� Œ.1C j�t .x; y/j/k.N C 1/
3=2�2k C kax.N C 1/�2k

C kaxay.N C 1/
1=2�2k�

�
Cecjt j

N
k.N C 1/1=2�1kk.N C 1/

3=2�2k;

which concludes the proof of (8.17).
Collecting the contributions on the right-hand sides of (8.12), (8.13) and (8.15) con-

taining the operators d , d�, we define

DN;t D

Z
dx Œb.rx�x/rxdx C h.c.�

C
1

2

Z
dx dy N 3.VNfN;`/.x � y/ Q't .x/ Q't .y/

� Œd�x .b
�.
y/C b.�y//C .b.
x/C b

�.�x//d
�
y C h.c.�:

Proceeding as in [18, Section 4.5], we obtain

DN;t D
1

2

Z
dx dy N 3.VNfN;`wN;`/.x � y/j Q't .x/j

2
j Q't .y/j

2

�

Z
dv Œb�.�v/b

�.
v/C b.�v/b.
v/C 2b
�.�v/b.�v/�

C
1

2

Z
dx dy N 3.VNwN;`fN;`/.x � y/j Q't .x/j

2
j Q't .y/j

2
k�k2 C E

.D/
N;t ; (8.18)

with the error

jh�1;E
.D/
N;t �2ij �

C

N
ecjt jk.N C 1/1=2�1kk.VN CN 2

C 1/1=2.N C 1/1=2�2k:

To obtain the constant term (8.3), we first recombine the following terms, appearing in
(8.10), (8.13) and (8.15):

1

N
kr1�tk

2
C

1

2N

Z
dx dy N 2VN .x � y/jh
y ; �xij

2
�
1

2
h Q't ; ŒN

3VN � j Q't j
2� Q't i:



Quantum fluctuations of many-body dynamics around the Gross–Pitaevskii equation 1357

Using the scattering equation (2.2) and the estimate

jh�x ; 
yi � kt .x; y/j � C j Q't .x/j j Q't .y/j;

we end up with the second summand on the right-hand side of (8.3) (up to an error of
order 1=N ). Moreover, observing thatˇ̌̌̌

1

2

Z
dx dy N 3.VNwN;`fN;`/.x � y/j Q't .x/j

2
j Q't .y/j

2
C
1

N
kr1�tk

2

C

Z
dx dy N 3.VNw

2
N;`/.x � y/j Q't .x/j

2
j Q't .y/j

2
� h Q't ; N

3VNwN;` � j Q't j
2
Q't i

ˇ̌̌̌
�
C

N
; (8.19)

we conclude that the contributions proportional to k�tk2 from equations (8.10), (8.13),
(8.15) and (8.18) cancel (again, up to an error of order 1=N ); this leads to (8.3).

To derive (8.4), we use (8.19) again to show that the sum of all terms proportional to
N and all terms proportional toZ

du Œb�.
u/b.
u/C b
�.�u/b.�u/C b

�.
u/b
�.�u/C b.
u/b.�u/�

appearing on the right-hand side of (8.10), (8.12), (8.13), (8.15), (8.18) produces a small
error, which can be absorbed into EGN (in (8.18), we first decompose 2�t N�t D 
2t C �t N�t �
1). Furthermore, in the terms on the first line on the right-hand side of (8.13), we split
�t D �t C kt and we combine the contribution associated with kt with the contributions

1

2

Z
dx dy N 3VN .x � y/ Q't .x/ Q't .y/b

�
xb
�
y ;

1

2

Z
dx dy N 2VN .x � y/kt .xIy/b

�
xb
�
y

extracted from the third summands on the right-hand side of (8.12) and on the right-hand
side of (8.15) (expanding 
t D 1C pt ). Observing that

N.�x C�y/wN;`.x � y/ Q't .x/ Q't .y/CN
3.VNfN;`/.x � y/ Q't .x/ Q't .y/

D NŒ2�wN;`.x � y/CN
2.VNfN;`/.x � y/� Q't .x/ Q't .y/

CNwN;`.x � y/Œ� Q't .x/ Q't .y/C Q't .x/� Q't .y/�

C 2NrwN;`.x � y/Œr Q't .x/ Q't .y/ � Q't .x/r Q't .y/�

and that, from the scattering equation (2.2),

NŒ2�wN;`.x � y/CN
2.VNfN;`/.x � y/� Q't .x/ Q't .y/

D 2N 3�`fN;`�`.x � y/ Q't .x/ Q't .y/;

we conclude thatZ
dx dy

h1
2
.��x ��y/�t .xIy/C

1

2
N 3VN .x � y/ Q't .x/ Q't .y/

C
1

2
N 2VN .x � y/kt .xIy/

i
b�xb
�
y
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D

Z
dx dy .���t /.xIy/b

�
xb
�
y

CN 3�`

Z
dx dy �`.x � y/fN;`.x � y/ Q't .x/ Q't .y/b

�
xb
�
y

C
1

2

Z
dx dy NwN;`.x � y/Œ� Q't .x/ Q't .y/C Q't .x/� Q't .y/�b

�
xb
�
y

C

Z
NrwN;`.x � y/Œr Q't .x/ Q't .y/ � Q't .x/r Q't .y/�b

�
xb
�
y : (8.20)

In the second term on the right-hand side we can write fN;` D 1 � wN;` and check that
the contribution of wN;` can be absorbed into the small error. Thus, combining (8.10),
(8.11), (8.12), (8.13), (8.14), (8.15) and (8.16) with (8.18) and (8.20) and comparing with
the definitions (8.3), (8.4), (8.7), we obtain the claim of Proposition 8.1.

With (8.2), we can rewrite the generator JN .t/ defined in (2.14) as

JN .t/ D .i@te
�At /eAt C e�AtGN .t/e

At : (8.21)

To conclude the proof of Proposition 3.4, we need therefore to control the action of At
on the terms on the right-hand side of (8.8). We already have some information about
the action of At on the Hamilton operator HN D K C VN , thanks to Lemma 7.1. The
action of At on the quadratic terms in G2;N .t/ (excluding the kinetic energy operator K)
is determined by the next lemma.

Lemma 8.2. Let At be defined as in (3.2). Let F WR3 �R3 ! C. For any �1; �2 2 F �N
?Q't

we haveˇ̌̌̌Z
dr ds F.r; s/h�1; Œb

�
r b
�
s ; At ��2i

ˇ̌̌̌
;

ˇ̌̌̌Z
dr ds xF .r; s/h�1; Œbrbs; At ��2i

ˇ̌̌̌
� Cecjt jkF k2N

�3=4
k.N C 1/1=2�1kk.N C 1/�2k: (8.22)

Moreover, assuming additionally that F.r; s/ D F.s; r/, we also haveˇ̌̌̌Z
dr ds F.r; s/h�1; Œb

�
r bs; At ��2i

ˇ̌̌̌
� Cecjt jN�3=4 min

�
kF k2; sup

s

Z
dr jF.r; s/j

�
k.N C1/1=2�1kk.N C1/�2k: (8.23)

Lemma 8.2 is very similar to [18, Lemma 5.2]. The main differences are the presence
of the cutoff‚.N / in definition (3.2) of At (which plays no role in the proof) and the fact
that bounds in [18, Lemma 5.2] only control commutators in expectation, while (8.22),
(8.23) control all matrix elements. However, the proof only requires straightforward adap-
tations. We skip the details.

Finally, we need to control the action of At on the cubic operator CN;t on the right-
hand side of (8.8). This is the aim of the next lemma.
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Lemma 8.3. Let At be defined as in (3.2), with parameters M D m�1 D
p
N and CN;t

as in (8.7). Furthermore, let

„1 D �2

Z
dx dy N 3VN .x � y/wN;m.x � y/ Q't .x/ Q't .y/

� .b�.
y/b.
x/C b
�.
y/b

�.�x/C b.
x/b.�y/

C b�.�x/b.�y/C h�y ; �xi/; (8.24a)

„2 D �2

Z
dx..N 3VNwN;m/ � j Q't j

2/.x/

� .b�.
x/b.
x/C b
�.
x/b

�.�x/C b.
x/b.�x/

C b�.�x/b.�x/C k�xk
2/: (8.24b)

Then, on F �N
?Q't
� F �N

?Q't
, we have

ŒCN;t ; At � D „1 C„2 C EŒCN ;At �;

where EŒCN ;At � is such that

jh�1;EŒCN ;At ��2ij

� Cecjt jN�1=4k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k: (8.25)

Proof. We write CN;t D zCN C zC
�
N , with

zCN D N
5=2

Z
dx dy VN .x � y/ Q't .y/b

�
xb
�
y Œb.
x/C b

�.�x/�:

We will also use the shorthand notation Bx D b.
x/C b�.�x/. We have

ŒCN;t ; At � D
‚.N /
p
N

Z
dx dy �t .x; y/Œ zCN ; b

�
xb
�
yBx �

C
‚.N /
p
N

Z
dx dy �t .x; y/Œ zCN

�
; b�xb

�
yBx �

C Œ zCN C zCN
�
; ‚.N /�

1
p
N

Z
dx dy �t .x; y/b

�
xb
�
yBx C h.c.

C ŒCN;t ; At � A
1
t �: (8.26)

With the notation W D 1 �N =N and �W D W � 1=N D 1 � .N C 1/=N and with the
commutation relations (2.6), we find

Œbz ; b
�
xb
�
yBx � D W b

�
xı.z � y/Bx CW b

�
y ı.z � x/Bx �

2

N
b�xa
�
yazBx

C b�xb
�
yW�t .z; x/ �

1

N
b�xb
�
ya
�.�x/az ;
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Œb�z ; b
�
xb
�
yBx � D �b

�
xb
�
yW 
t .z; x/C

1

N
b�xb
�
ya
�
za.
x/;

ŒBr ; b
�
xb
�
yBx � D W b

�
y
t .x; r/Bx CW b

�
x
t .y; r/Bx �

2

N
b�ya
�
xa.
r /Bx

C b�xb
�
yW.hpr ; �xi � hpx ; �ri/

C
1

N
b�xb
�
ya
�.�r /a.
x/ �

1

N
b�xb
�
ya
�.�x/a.
r /;

ŒB�r ; b
�
xb
�
yBx � D W �t .x; r/b

�
yBx CW �t .y; r/b

�
xBx

�
2

N
b�xa
�
ya.�r /Bx � b

�
xb
�
yW ı.r � x/

� b�xb
�
yW.pt .x; r/C pt .r; x/C hpx ; pri � h�r ; �xi/

C
1

N
b�xb
�
ya
�.
r /a.
x/ �

1

N
b�xb
�
ya
�.�x/a.�r /:

A lengthy but straightforward computation leads to

Œb�r b
�
s Br ; b

�
xb
�
yBx � D �b

�
xb
�
yb
�
s pt .r; x/

�WBr � b�r b�xb�y �W ı.s � x/Br
� b�r b

�
xb
�
y
�W pt .s; x/Br C 2

N
b�r b
�
xb
�
ya
�
s a.
x/Br

C b�r b
�
s b
�
y
�W pt .x; r/Bx C b�r b�s b�x �W ı.y � r/Bx

C b�r b
�
s b
�
x
�W pt .y; r/Bx � 2

N
b�r b
�
s b
�
ya
�
xa.
r /Bx

C b�r b
�
s b
�
xb
�
yW.hpr ; �xi � hpx ; �ri/

C
1

N
b�r b
�
s b
�
xb
�
ya
�.�r /a.
x/ �

1

N
b�r b
�
s b
�
xb
�
ya
�.�x/a.
r /: (8.27)

Let us label by R1; : : : ; R11 the contributions to ŒCN;t ; At � associated with the terms
in (8.27). We claim that these terms can all be included in the error EŒCN ;At �. Let us
consider first the terms with six creation and annihilation operators. As an example, using
Proposition A.2, Lemma A.3 and the cutoff N �M , we bound

jh�1; R4�2ij �
Cecjt j

N 3=2
kV

1=2
N .N C 1/1�M �1k

�

�Z
dx dy dr ds N 3VN .r�s/N

2wN;m.x�y/
2
ka.
x/Br1

�M �2k
2

�1=2
� Cecjt j

r
m
M 2

N 3
k.HN CN C1/1=2�1kk.HN CN C1/1=2.N C1/1=2�2k:

Here we used that a.
x/b�.�r / D .1 � N =N/1=2a�.�x/ay C .1 � N =N/�t .x; r/ and
the fact that k�tk2 � C . The other terms with six creation and annihilation operators,
namely R8; R10 and R11, can be bounded in the same way. Next we consider terms with
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a contraction, quartic in creation and annihilation operators. Let us start with

jh�1; R1�2ij �
Cecjt j

N
k.N C 1/1�M �1k

�

�Z
dx dy dr ds N 3VN .r � s/N

2wN;m.x � y/
2
jpt .r; x/j

2

� k.N C 1/1=2Br�2k
2

�1=2
� Cecjt j

r
m
M

N 2
k.N C 1/1=2�1kk.N C 1/�2k;

where we used Lemma A.3 to bound suprkprk2 � Ce
cjt j. The term R3 is estimated in

exactly the same way. Furthermore,

jh�1; R5�2ij �
Cecjt j

N 1=2

�Z
dx dy dr dsN 2VN .r � s/jpt .r; x/j

2

� k.N C 1/�1=2ayaras1
�M �1k

2

�1=2
�

�Z
dx dy dr dsN 3VN .r � s/j�t .x; y/j

2
k.N C 1/1=2Br�2k

2

�1=2
� Cecjt j

r
m

N
k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k;

and R7 can be bounded analogously. Also, R9 satisfies the same estimate, since
jhpr ; �xij � kprkk�xk. Finally, we control

jh�1; R2�2ij �
Cecjt j

N 1=2

�Z
dx dy dr N 2VN .r � x/k.N C 1/

�1=2ayarax1�M �1k
2

�1=2
�

�Z
dx dy dr N 3VN .r � x/N

2wN;m.x�y/
2
k.N C 1/1=2Br�2k

2

�1=2
� Cecjt j

r
m

N
k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k;

and we observe that R6 is essentially the same as R2, after renaming variables.
Let us now consider the second term on the right-hand side of (8.26). Here we have to

compute the commutator ŒB�r bsbr ; b
�
xb
�
yBx �. The computations are more involved than in

(8.27), because now there can be multiple contractions, leading to contributions that are
quadratic or even constant in creation and annihilation operators. The main contributions
are those where bs and br are contracted with b�x , b�y . There are two such contributions.
Assuming that b, b� satisfy canonical commutation relations (it is easy to check that the
corrections are negligible), they are given by

�‚.N /

Z
dx dy N 3VN .x � y/wN;m.x � y/ Q't .x/ Q'.y/B

�
yBx

�‚.N /

Z
dx .N 3VNwN;m � j Q't j

2/.x/B�xBx C h.c. D „1 C„2 C E;
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with the error

jh�1;E�2ij � Ce
cjt jN�1=4k.N C 1/1=2�1kk.N C 1/�2k

needed to remove the cutoff‚.N / (arguing similarly to (7.4), with the choiceM DN 1=2).
Terms involving contractions between br , bs and Bx (or between B�r and b�x , b�y ) are
smaller, because they produce factors of �t .r; x/ or �t .s; x/, which are in L2. As an
example, consider the term ı.s � x/�t .r; x/B

�
r b
�
y (where we contracted bs with b�x and br

with Bx , ignoring again corrections to the canonical commutation relations). It produces
a contribution S to (8.26), which can be bounded by

jh�1; S�2ij � Ce
cjt j

�Z
dx dy dr N 3VN .r � x/k.N C 1/

�1=2ayBr�1k
2

�1=2
�

�Z
dx dy dr N 3VN .r � x/j�t .x; y/j

2

�1=2
k.N C 1/1=2�2k

� Cecjt jN�1=4k.N C 1/1=2�1kk.N C 1/
1=2�2k;

where we used j�t .r; x/j � CN j Q't .r/ Q't .x/j from Lemma A.3 and k�tk � C
p
m from

Lemma A.5 (and the choicemD N�1=2). Terms arising from ŒB�r bsbr ; b
�
xb
�
yBx � contain-

ing six or four creation and annihilation operators can be bounded as we did above with
R1; : : : ; R11.

The next term in (8.26) has the form

Œ zCN C zC
�
N ; ‚.N /�

1
p
N

Z
dx dy �t .x; y/b

�
xb
�
yBx C h.c.

D

Z
dr ds N 2VN .r � s/ Q't .s/.‚.N � 1/ �‚.N //b�r b

�
s b.
r /

�

Z
dx dy �t .x; y/b

�
xb
�
yBx

C

Z
dr ds N 2VN .r � s/ Q't .s/.‚.N � 3/ �‚.N //b�r b

�
s b
�.�x/

�

Z
dx dy �t .x; y/b

�
xb
�
yBx

C

Z
dr ds N 2VN .r � s/ Q't .s/.‚.N C 1/ �‚.N //b�.
r /bsbr

�

Z
dx dy �t .x; y/b

�
xb
�
yBx

C

Z
dr ds N 2VN .r � s/ Q't .s/.‚.N C 3/ �‚.N //b.�r /bsbr

�

Z
dx dy �t .x; y/b

�
xb
�
yBx C h.c.

D

4X
iD1

Ti C h.c. (8.28)
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The contribution T2 is already normally ordered. It can simply be bounded by Cauchy–
Schwarz. We find

jh�1; T2�2ij �

Z
dx dy dr ds N 2VN .r � s/j Q't .s/j j�t .x; y/j

� kbrbsb.�x/bxby.N C 1/
�3=2�1kkBx.N C 1/

3=21.N �M/�2k

� Cecjt j
r
m

N
kV

1=2
N �1kk.N C 1/

21.N �M/�1k

� Cecjt jN�1=4kV
1=2
N �1kk.N C 1/�2k;

where we used supxk�xk2 � Ce
cjt j from Lemma A.3 and supxk�xk2 � C

p
mecjt j from

Lemma A.5 (with m D N�1=2). All other normally ordered terms emerging from (8.28)
can be treated analogously. On the other hand, terms involving commutators (produced
through normal ordering) are closely related to the contributions discussed above from
the first two terms on the right-hand side of (8.26). Due to the presence of the differ-
ences ‚.N C 1/ �‚.N / (or similar), the contributions where bs , br are contracted with
b�xb
�
y (arising from T3 and T4) are also negligible here (since k.‚.N C 1/�‚.N //�k �

C=Mk1.M=2 � N �M/�k, we can gain a factor M�1, arguing similarly to (7.4)).
Finally, we deal with the commutator ŒCN;t ; At � A1t � using the identity (7.5). The

resulting terms can be treated analogously to the contributions to ŒCN;t ; A1t � (but these
terms are less singular and thus simpler to handle). They all satisfy estimate (8.25). We
skip the details.

We are now ready to proceed with the proof of Proposition 3.4.

Proof of Proposition 3.4. Recall from (8.21) that

JN .t/ D .i@te
�At /eAt C e�AtGN .t/e

At ; (8.29)

where, by Proposition 8.1,

GN .t/ D �G .t/C G2;N .t/C CN;t C VN C EGN .t/;

with the error EN .t/ satisfying the bound (8.9). From Lemma 3.1, we find

jh�1; e
�AtEGN .t/e

At �2ij

�
Cecjt j
p
N
k.HN CN C 1/1=2�1kk.HN CN 3

C 1/1=2.N C 1/�2k:

With Lemmas 7.1, 8.3 and 8.2, we claim that

e�At .G2;N .t/C CN;t C VN /e
At D G2;N .t/C

1

2
„1 C

1

2
„2 C VN C E; (8.30)

where „1, „2 are defined in equation (8.24) and

jh�1;E�2ij � Ce
cjt jN�1=4k.HN CN C 1/1=2�1kk.HN CN C 1/1=2.N C 1/1=2�2k:
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To prove (8.30), we start by observing that

e�At .G2;N .t/ �K/eAt D .G2;N .t/ �K/C

Z 1

0

ds e�sAt Œ.G2;N .t/ �K/; At �e
sAt :

Going through the terms in G2;N .t/�K in (8.4), we can check with Proposition A.2 and
Lemma A.3 that they all have one of the forms considered in Lemma 8.2. It follows that

e�At .G2;N .t/ �K/eAt D .G2;N .t/ �K/C E 0;

where, applying Lemma 3.1 also,

jh�1;E
0�2ij D Ce

cjt jN�3=4
Z 1

0

ds k.N C 1/1=2esAt �1kk.N C 1/e
sAt �2k

� Cecjt jN�3=4k.N C 1/1=2�1kk.N C 1/�2k:

On the other hand, with Duhamel’s formula, we can write

e�AtHN e
At D HN C

Z 1

0

ds e�sAt ŒHN ; At �e
sAt

D HN C

Z 1

0

ds e�sAt .�CN;t C EŒHN ;At �/e
sAt

D HN � CN;t C

Z 1

0

ds e�sAtEŒHN ;At �e
sAt

C

Z 1

0

ds

Z s

0

dre�rAt .�„1 �„2 C EŒCN ;At �/e
rAt

D HN � CN;t �
1

2
.„1 C„2/

C

Z 1

0

ds e�sAtEŒHN ;At �e
sAt C

Z 1

0

ds

Z s

0

dr e�rAtEŒCN ;At �e
rAt

�

Z 1

0

ds

Z s

0

dr

Z r

0

d� e��At Œ„1 C„2; At �e
�At :

Similarly,

e�AtCN;te
At D CN;t C

Z 1

0

ds e�sAt ŒCN;t ; At �e
sAt

D CN;t C

Z 1

0

ds e�sAt .„1 C„2 C EŒCN ;At �/e
sAt

D CN;t C„1 C„2

C

Z 1

0

ds e�sAtEŒCN ;At �e
sAt C

Z 1

0

ds

Z s

0

dr e�rAt Œ„1 C„2; At �e
rAt :
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Applying Lemmas 7.1, 8.3 and 8.2 (noticing that the commutator of the quadratic oper-
ators „1, „2 with At is a sum of terms that can be bounded with (8.22), (8.23)) and
propagating the estimates through the cubic phase with Lemma 3.1, we arrive at (8.30).

As for the first term on the right-hand side of (8.29), we observe that since supxkP�t;xk
� Cecjt jN�1=4 from Lemma A.5,

jh�1; .i@te
�At /eAt �2ij �

Z 1

0

ds jhesAt �1; Œi@tAt �e
sAt �2ij

� Cecjt jN�3=4k.N C 1/1=2�1kk.N C 1/�2k:

We conclude that

JN .t/ D �G .t/C G2;N .t/C
1

2
„1 C

1

2
„2 C E 0;

where

jh�1;E
0�2ij � Ce

cjt jN�1=4k.HN CN C 1/1=2�1k

� k.HN CN 3
C 1/1=2.N C 1/�2k: (8.31)

Next we observe that in the terms„1,„2, as defined in (8.24), we can replace the param-
eter m D N�1=2 with the fixed, N -independent, parameter ` 2 .0I 1/, at the expense of a
small error. In fact, setting

„01 D �2

Z
dx dy N 3VN .x � y/wN;`.x � y/ Q't .x/ Q't .y/

� .b�.
y/b.
x/C b
�.
y/b

�.�x/C b.
x/b.�y/

C b�.�x/b.�y/C h�y ; �xi/; (8.32a)

„02 D �2

Z
dx..N 3VNwN;`/ � j Q't j

2/.x/

� .b�.
x/b.
x/C b
�.
x/b

�.�x/C b.
x/b.�x/

C b�.�x/b.�x/C k�xk
2/; (8.32b)

we find

jh�1; .„j �„
0
j /�2ij �

Cecjt j
p
N
k.N C 1/1=2�1kk.K CN C 1/1=2�2k (8.33)

for j D 1; 2. To show (8.33), we argue as we do in the proof of Proposition 5.2 to con-
trol the terms I, II, III (in that proposition, we control convergence of N 3VNfN;` towards
a ı-distribution, but the same argument implies convergence of N 3VNfN;m towards a
ı-distribution and therefore allows us to control the difference N 3VN .fN;` � fN;m/ D

N 3VN .wN;m � wN;`/; note that to handle N 3VNfN;m we need to use (A.2) with `

replaced by m D N�1=2, which makes some of the estimates, like the one for the sec-
ond term on the right-hand side of (5.3), worse).
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Combining the operator G2;N .t/, as defined in (8.4), with the terms „01, „02 from
(8.32) we obtain, as a quadratic form on F �N

?Q't
(so that the “projected” operators Qb, Qb� are

the same as b, b�), the operator J2;N .t/ in (2.16), up to a small error due to the term on
the seventh line of (2.16), whose matrix elements can be bounded byˇ̌̌̌Z

dx N 3.VNfN;` � j Q't j
2/.x/h�1; .a

�
xax � b

�
xbx/�2i

ˇ̌̌̌
� CN�1k.N C 1/1=2�1kk.N C 1/

3=2�2k: (8.34)

Remark that, despite its smallness on F �N
?Q't

, we inserted this term into definition (2.16) to

make sure that U2;N .t I s/ maps F �N
?Q's

into F �N
?Q't

. Absorbing (8.34), together with (8.31),
into the error term EJN .t/, we conclude the proof of Proposition 3.4.

A. Properties of f`, 't , Q't , �t , �1;t , �t

In this appendix we collect some analytic properties of functions and kernels that are used
throughout the paper to construct the approximation of the many-body dynamics.

In the first lemma, whose proof can be found in [9, 17, 25], we consider the ground
state solution of the Neumann problem (2.1) on the ball jxj � N`, with the normalization
f`.x/ D 1 for jxj D N`.

Lemma A.1. Let V 2L3.R3/ be nonnegative, compactly supported and spherically sym-
metric. Fix ` > 0 and let f` denote the solution of (2.1). ForN large enough the following
properties hold true:

(i) We have

�` D
3a

.`N /3
.1CO.a=`N //: (A.1)

(ii) We have 0 � f`; w` � 1. Moreover, there exists a constant C > 0 such thatˇ̌̌̌Z
V.x/f`.x/ dx � 8�a

ˇ̌̌̌
�
Ca2

`N
(A.2)

for all ` 2 .0I 1=2/ and N 2 N.

(iii) There exists a constant C > 0 such that

w`.x/ �
C

jxj C 1
and jrw`.x/j �

C

x2 C 1
(A.3)

for all x 2 R3, ` 2 .0I 1=2/ and all N 2 N large enough.

Next we consider solutions of the Gross–Pitaevskii equation (1.7) and of the modified
N -dependent Gross–Pitaevskii equation (2.3). The proof of Proposition A.2 is essentially
contained (up to straightforward changes) in [7, Theorem 3.1], [17, Proposition 4.2] and
[10, Proposition B.1].
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Proposition A.2. Let V 2 L3.R3/ be a nonnegative, spherically symmetric, compactly
supported potential. Let ' 2 L2.R3/ with k'k D 1. Recall the scattering solution (2.2)
which enters the modified Gross–Pitaevskii equation (2.3); assume ` 2 .0; 1=2/.

(i) For ' 2 H 1.R3/, there exist unique global solutions t ! 't and t ! Q't in
C.R; H 1.R3// of the Gross–Pitaevskii equation (1.7) and, respectively, of the
modified Gross–Pitaevskii equation (2.3) with initial datum '. We have k'tk D
k Q'tk D 1 for all t 2 R. Furthermore, there exists a constant C > 0 such that

k'tkH1 ; k Q'tkH1 � C:

(ii) If ' 2Hm.R3/ for somem� 2, then 't ; Q't 2Hm.R3/ for every t 2R. Moreover,
there exist constants C depending on m and on k'kHm , and c > 0 depending on
m and on k'kH1 , such that for all t 2 R,

k'tkHm ; k Q'tkHm � Cecjt j:

(iii) Suppose ' 2 H 4.R3/. Then there exist constants C > 0 depending on k'kH4 ,
and c > 0 depending on k'kH1 , such that for all t 2 R

k PQ'tkH2 ; k RQ'tkH2 � Cecjt j:

Furthermore, if ' 2 H 6.R3/ there exist constants C > 0 depending on k'kH6 ,
and c > 0 depending on k'kH1 , such that for all t 2 R

k P'tkH4 ; k PQ'tkH4 � Cecjt j:

(iv) Suppose ' 2 H 2.R3/. Then there exist constants C; c1; c2 > 0 such that for all
t 2 R,

k't � Q'tk � CN
�1 exp.c1 exp.c2jt j//: (A.4)

For ' 2 H 6.R3/ there are constants C; c > 0 such that

k't � Q'tkH4 � CN�1ece
cjt j

and
k P't � PQ'tkH2 � CN�1ece

cjt j

:

Now recall definition (2.8), depending on the parametersN , `, of the kernel �t appear-
ing in the generalized Bogoliubov transformation eBt and the notation 
t D cosh �t ,
�t D sinh �t . Furthermore, we set pt D 
t � 1, rt D �t � �t and �t D �t � kt (recall
(2.7)). Several bounds for the operators �t , 
t , �t , pt , rt (for their integral kernels) and for
their time derivatives are established in the next lemma, whose proof is a straightforward
adaptation of [7, Lemmas 3.3 and 3.4], [17, Lemma 4.3], [10, Appendix C].

Lemma A.3. Let Q't be the solution of (2.3) with initial datum ' 2 H 4.R/. Let w` D
1� f` with f` the ground state solution of the Neumann problem (2.1) and let ` 2 .0I1=2/.
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Let kt , �t , �t be defined as in (2.7), (2.8). Then there exist constants C; c > 0 depending
only on k'kH4 (or lower Sobolev norms of ') and on V such that the following bounds
hold uniformly in `, for all t 2 R:

(i) We have
k�tk � C`

1=2

and also
krj�tk � C

p
N; krj�tk � C

for j D 1; 2. With r1�t and r2�t we indicate the kernels rx�t .xI y/ and
ry�t .xI y/, and similar definitions hold for �j�t , for j D 1; 2. Let �t , pt , rt
be defined as in (2.11) and after (2.18), we obtain

k�tk; kptk; krtk; krjptk; krj rtk � C;

k�jptk; k�j rtk; k�j�tk � Ce
cjt j;

krj�tk � Ce
cjt j
p
N:

(ii) For a.e. x; y 2 R3, n 2 N, n � 2, we have the pointwise bounds

j�t .xIy/j �
C

jx � yj CN�1
j Q't .x/j j Q't .y/j;

j�t .xIy/j; jpt .xIy/j; jrt .xIy/j � C j Q't .x/j j Q't .y/j;

jrx�t .x; y/j � C.jr Q't .x/C j Q't .x/j/j Q't .y/j
��.jx � yj � `/
jx � yj2

C 1
�
:

(iii) Moreover, we have

sup
x
k�xk

2; sup
x
kkt;xk

2; sup
x
k�t;xk

2
� Ck Q'tkH2 � Cecjt j;

where we denote supxk�xk
2 D supx

R
j�t .xIy/j

2 dy and

k�t;xk; kpt;xk; krt;xk � Ce
cjt j:

(iv) For j D 1; 2 we have the following bounds for the time derivatives:

k@t�tk; k@
2
t �tk � Ce

cjt j;

and also
k@trj�tk � C

p
Necjt j; k@trj�tk � Ce

cjt j:

Furthermore,

k@t�tk; k@trtk; k@tptk; krj @tptk; krj @trtk; k�j @tptk; k�j @trtk; k�j @t�tk

� Cecjt j:
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(v) For a.e. x; y 2 R3 we have the pointwise bounds

j@t�t .xIy/j � C
h
1C

1

jx � yj CN�1

i
Œj PQ't .x/j j Q't .y/j C j Q't .x/j j PQ't .y/j

C j Q't .x/j j Q't .y/j�

and

j@t�t .xIy/j; j@trt .xIy/j; j@tpt .xIy/j

� Cecjt jŒj PQ't .x/j j Q't .y/j C j Q't .x/j j PQ't .y/j C j Q't .x/j j Q't .y/j�:

(vi) Finally, we have
k@t�xk; k@tkt;xk; k@t�t;xk � Ce

cjt j

and
k@t�t;xk; k@tpt;xk; k@trt;xk � Ce

cjt j:

While the kernels �t , 
t , �t , pt , rt considered in the last lemma are used in the defini-
tion of the fluctuation dynamics UN and of its quadratic approximation U2;N , the limiting
quadratic evolution U2;1 is defined in (2.30) in terms of limiting kernels �1;t , 
1;t , �1;t ,
p1;t , r1;t . To show the well-posedness of U2;1 and to compare it with U2;N , we need
some bounds on these limiting objects.

Lemma A.4. Let w1;`, �1;t , 
1;t , �1;t , p1;t , r1;t be defined as in (2.25)–(2.27).

(i) The limiting kernels satisfy

k�t;1k; k�1k; kp1k; kr1k � C ;

k�jp1k; k�j r1k; k�j�t;1k � Ce
cjt j;

k P�t;1k; k P�1k; k Pp1k; kPr1k � Ce
cjt j;

k�j Pp1k; k�j Pr1k; k�j P�t;1k � Ce
cjt j;

k R�t;1k � Ce
cjt j;

for almost all x 2 R3 and j D 1; 2.

(ii) Let R > 0 be such that V.x/ D 0 for jxj > R. Then we have

jNwN;`.x/ � w1;`.x/j �

8̂̂̂̂
<̂̂
ˆ̂̂̂:

C

jxj
; 0 � jxj � R=N ;

C

N jxj
; R=N � jxj � `;

0; ` � jxj;

(A.5a)

jNrwN;`.x/ � rw1;`.x/j �

8̂̂̂̂
<̂̂
ˆ̂̂̂:

C

jxj2
; 0 � jxj � R=N ;

C

N jxj2
; R=N � jxj � `;

0; ` � jxj:

(A.5b)
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(iii) We have

k�t � �t;1k; k P�t � P�t;1k; k� � �1k; kp � p1k; kr � r1k �
Cece

cjt j

p
N

;

k�2p ��2p1k; k�2r ��2r1k; k�2�t ��2�t;1k �
Cece

cjt j

p
N

:

Proof. The bounds in (i) follow from (2.25), which implies that jw1;`.x/j � C=jxj,
jrw1;`.x/j � C=jxj

2 and �w1;`.x/ D 4�aı.x/C 3a�.jxj � `/=`3.
The bounds (A.5) are trivial for jxj > `. In the region jxj < R=N , they follow by

combining the estimates for w1;`, rw1;` with (A.3). In the region R=N < jxj < `, we
apply the identity (see [8, 9])

wN;`.x/ D 1 �
sin.

p
�N;`.jxj � `//p
�N;`jxj

�
`

jxj
cos
�q

�N;`.jxj � `/
�

and the corresponding expression for rwN;`. Using �N;``2 ' 1=.N`/� 1 and Taylor
expanding sin and cos, we obtain (A.5).

The bounds in (iii) follow from (ii) and from (A.4) (because the limiting kernels �t;1,
P�t;1, �1, p1, r1, �t;1 are defined like �t , P�t , � , p , r , �t , withNwN;` and Q't replaced
by w1;` and 't ). We leave the details to the reader.

Finally, in the next lemma we collect some estimates for the kernel �t introduced in
(3.1), entering the definition of the cubic phase At in (3.2). The proof is a straightforward
adaptation of the proof of Lemma A.3 above (with the parameter ` now replaced by m).

Lemma A.5. Under the same conditions as in Lemma A.3, the kernel �t defined as in
equation (3.1) satisfies the following bounds:

k�tk � C
p
m; sup

x
k�t;xk � Ce

cjt j
p
m; k�t;yk � C j Q't .y/j

p
m

and the pointwise bound

j�t .x; y/j �
C j Q't .y/j

jx � yj CN�1
:

Furthermore, the time derivative satisfies similar estimates:

kP�tk � Ce
cjt j
p
m; sup

x
kP�t;xk � Ce

cjt j
p
m; kP�t;yk � C j PQ't .y/j

p
m:
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