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Generalized theta functions, projectively flat vector bundles
and noncommutative tori

Maximiliano Sandoval and Mauro Spera

Abstract. In this paper, the well-known relationship between theta functions and Heisenberg
group actions thereon is resumed by combining complex algebraic and noncommutative geo-
metric techniques in that we describe Hermitian—Einstein vector bundles on 2-tori via rep-
resentations of noncommutative tori, thereby reconstructing Matsushima’s (1976) setup and
elucidating the ensuing Fourier-Mukai—-Nahm (FMN) aspects. We prove the existence of non-
commutative torus actions on the space of smooth sections of Hermitian—Einstein vector bundles
on 2-tori preserving the eigenspaces of a natural Laplace operator. Motivated by the Coherent
State Transform approach to theta functions (Florentino, Mourao, Nunes (2002), Tyurin (2003)),
we extend the latter to vector valued thetas and develop an additional algebraic reinterpretation
of Matsushima’s theory making FMN-duality manifest again.

1. Introduction

In this paper, we address, in the simplest case, the well-known intriguing and multi-
faceted relationship between theta functions and representations of Heisenberg groups
(both infinite and finite [12, 14, 17]), from a blended complex differential geometric
viewpoint — focused on holomorphic vector bundles on 2-tori — and a noncommuta-
tive geometric one — involving (rational) noncommutative 2-tori — possibly bringing
in some novel insights and, in particular, improving the treatment given in [23]. Non-
commutative geometry arose with the aim of studying singular objects, such as orbit
spaces, generally intractable via traditional topological, analytical and geometrical
tools (see, in particular, the comprehensive [4]), and it is ultimately based on the
transition from points in a topological space to functions thereon and thence to gen-
eral algebras. Noncommutative tori provide a simple yet highly non-trivial testing
ground for carrying out such a programme. They appear naturally in condensed mat-
ter physics issues, see, e.g., [2, 5] and they also implicitly crop up in the theory of
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projectively flat vector bundles over tori, see, e.g., [11, 12]; it is precisely this aspect
that is dealt with in the present work.

Specifically, in Section 3, via a series of propositions, we prove the existence of a
representation of the noncommutative torus +4,9 (6 = ¢/r, g and r being coprime
positive integers) on the space of sections I'(&, 4) of a projectively flat Hermitian—
FEinstein holomorphic vector bundle (or HE-vector bundle for short) &, 4 of rank r and
degree g on a two-dimensional torus. This representation will actually preserve the
eigenspaces (“Landau levels”) of a natural Laplace operator (essentially, a quantum
harmonic oscillator), hence, in particular, its holomorphic sections, thereby recovering
the classical algebraic-geometric portrait. The vector bundle &, 4 itself, in turn, can be
manufactured from a representation of #Ag on its typical fibre. Another representation
of #Ag on I'(€,4), commuting with the representation of - /g, is produced out of
the parallel transport pertaining to the Chern connection on &, 4. The above develop-
ments bring in a vivid portrait of the Fourier—Mukai—-Nahm (FMN, [13, 15]) duality
between &, and &, , together with their respective Chern connections. Actually,
all objects, representations and bundles, will come in (torus-) families (moduli). In
Section 4, upon resorting to the well-known heat equation interpretation of theta func-
tions (described via the so-called Coherent State Transform (CST) of [8]) and further
insisting on a noncommutative torus perspective, we present a “matrix” description of
Matsushima’s theory making again the above duality manifest. Finally, we prove that,
as pre-C *-algebras (and for the unique C*-tensor product involved), A,/, ® A, /4
and +1/,4 are isomorphic. This will be a byproduct of a “categorical” reinterpreta-
tion of Gauss sums identities also shedding light on Fourier—Mukai—Nahm transform
issues. Moreover, a vector analogue of the CST will be set up. The layout of the paper
is completed by Section 2 — gathering together background material from different
areas in order to fix notation and to pave the ground for the successive developments
in Sections 3 and 4 — and by Section 5, pointing out possible applications and further
research directions.

2. Preliminary tools

In this section, we establish our notation and collect several miscellaneous technical
tools for the benefit of a wider readership.

2.1. k-level theta functions and the Coherent State Transform

We begin by providing minimal background on k-level theta functions and on their
relationship with the heat equation closely following the exposition of [8] (see
also [25]) — up to slight notational changes — and referring to it for a complete treat-
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ment. We restrict to the genus one case, namely to an Abelian torus (M, 1), T € C,
Imz > 0.
Let us start from the following (tempered) distributions on S

959()() — Z eZni(f—l—kn)x

nez

withf =0,1,...,k — 1. They are mapped, via the so-called Coherent State Transform
(CST),

CST(@?)(Z) — 19(3(27 ‘L') — Z eni(€+kn)(t/k)(£+kn)62ﬂi(Z—I—kn)z

nez

to the k-level theta functions. These, in turn, are interpreted as holomorphic sections
of the k-th power of the so-called Theta line bundle, and yield a basis thereof, as a con-
sequence of the Riemann—Roch theorem. A far reaching generalization for HE-vector
bundles has been developed by Matsushima [12] and his theory will be retrieved and
elaborated on in what follows.

2.2. Review of Matsushima’s theory

In this subsection, we outline Matsushima’s theory [12], tailoring the exposition to
our purposes and referring to [11], especially Chapter IV-7 and to [23, Section 3.2],
for background material. Here we just recall that an irreducible holomorphic vec-
tor bundle (i.e., without proper holomorphic direct summands) admits a HE-metric
if and only if it is stable in the algebraic-geometric sense: this is the celebrated
Kobayashi—Hitchin correspondence, fully established for compact Kihler manifolds
in [26]. HE-vector bundles are poly-stable, i.e., direct sums of stable bundles. In the
present work we shall consider the special class of HE-bundles consisting of pro-
jectively flat holomorphic vector bundles on complex tori, which are equipped with
a Hermitian metric whose corresponding canonical (Chern) connection has constant
curvature.

Let r and ¢ be coprime positive integers, i.e., gcd(r,g) = 1. Let V' be a one-
dimensional complex vector space and let us consider a complex torus V' /L where
L = 72 is a lattice. Let L’ C L be a complete sublattice of L. Specifically, if L =
(w1, w7) is the lattice generated by a (real) basis {wj}j=1 of V,let L' = (rw;, ws)
and

K:=L/L'=7Z,,

thus we have an r-covering of complex tori

o:V/L' — V/L.
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Let A be the Q-valued form defined by A(w;, w2) = q/r, and A" = rA the Z-valued
form fulfilling A’ (w1, w2) = ¢ (the pull-back of A via ¢). The form A gives rise to a
HE-vector bundle &, , — V/L — of rank r and degree g —i.e., such that its canonical
(Chern) connection has constant curvature

Q = -27miA ® Idg, ,. Correspondingly, one has a HE-line bundle &, 4 — V/L/,
the g-level theta line bundle over V /L', related to the form A’. Let us denote, as usual,
by H%(X, E) the space of holomorphic sections of a holomorphic vector bundle £ —
X, X being the base manifold, with dimension h°(X, E). It is known (by Riemann—
Roch and the vanishing of H!(X, E) for tori) that

WOV/L.E,,) = (VL E1q) = q.

thus the corresponding section spaces are (non-canonically) isomorphic. Now, given
q—1
m=0"°

an orthonormal basis of H%(V/L’, &; ,) made up by g-level theta functions {d,, }
one has, according to Matsushima, a splitting of ¢*&,, — V/L' as

(p*gr,q = @ (81,q)g

oek

where (&1,4), is a translate of &; ; and any two different translates being non-iso-
morphic as holomorphic line bundles.
Therefore, one has an injective correspondence

M:HO(V/L.Eg) > @D HO(V/L'.(E19)0)

€Ly,

given by (picking an orthonormal basis {s,,},m = 0,1,...,¢g — 1)
M sy > vec(Vy) 1= [(0 - Vm)oez, ]

where the map vec arranges the translates of &, € H°(V/L’, € 4) into a column
vector.

We do not spell out the action of ¢ in the original Matsushima picture in detail,
since we shall essentially recover it anew in what follows, see Section 4.2.

2.3. The noncommutative torus

General references for the present subsection are, among others, [3,4, 16]. Recall that
a C*-algebra + is a Banach *-algebra whose norm ||-|| satisfies ||a*a|| = ||a||? for all
a € A. The algebra C(X) of continuous functions on a locally compact topological
space X — vanishing at infinity if X is not compact — is a commutative C *-algebra,
with the product given by the pointwise product of functions, the involution * being
complex conjugation and ||-|| the supremum norm. If X is not compact, C(X) will
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not possess an identity, which can nevertheless be adjoined, this corresponding to the
one-point compactification of X . Conversely, according to the Gel’fand—Naimark the-
orem, any commutative C *-algebra « can be realized as C (o (+4)), with o () being
the spectrum of #, i.e., the set of maximal ideals I C A, equipped with the weak
x-topology. In C(X), a maximal ideal is of the form I, = {f € C(X) | f(x) = 0},
where x € X. Therefore, the category of locally compact spaces and proper maps
is dual to the category of commutative C *-algebras and *-homomorphisms. In par-
ticular, a standard 2-torus T? := {(z1,z2) € C? | |zj| = 1, j = 1,2} can be traded
for C(T?2), which is in turn generated, in view of Fourier theory, by the (unitary)
multiplication operators u; := z;- acting on the Hilbert space L?(T?2, m), with m
the Lebesgue measure. “Deformation” of the above algebra produces what is called a
noncommutative torus. It is then possible to select the “smooth” part of it, akin to the
smooth functions on a manifold. This is done immediately below.

Let 6 € R. The noncommutative torus is the pre-C *-algebra g consisting of
rapidly decaying series

o0
a= E Anmu™v™, anm € C

n,m=—o0
where u, v are unitary operators in a Hilbert space # satisfying the relation
vu = ey, (1)
We have a natural smooth structure on 4y given by the noncommutative integral
t(a) = apo, a € Ag,
and noncommutative derivatives
(" v™) = inu"v™, dr(u"v™) = imu"v™.

In the sequel, we shall take 6 € Q, 6 > 0 and, ultimately, we shall deal with 8 = ¢/ r,
with ¢ and r positive and coprime. Also, we notationally distinguish g from its
C*-completion Ag.

We remark from the outset that finite-dimensional irreducible unitary represen-
tations of #Ag exist, see, e.g., [4,23]: indeed set v := ¢g/r, with ¢ and r relatively
prime positive integers, and take u = diag(1, e(v),e(2-v),...,e((r — 1) -v)) and
v = matrix of the shift map ¢; — e;—1,i = 1,2,...,r, g = e, with (e1,...,e;)
being the canonical basis of C” and where we defined, for real x, e(x) := ¢2™'*. Then
(1) is satisfied; also notice that u” = v” = 1 (unit matrix), which entails irreducibility.

Proposition 3.3 below will show that (up to phase factors and unitary equiva-
lence) this is indeed the typical example. In Section 4 we shall present a distributional
realization of the Matsushima spaces carrying explicit noncommutative tori represen-
tations akin to the one just discussed.
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2.4. The Canonical Commutation Relations and the quantum harmonic
oscillator

In this subsection, we assemble basic information on the quantum harmonic oscilla-
tor and its relationship to the Canonical Commutation Relations and the associated
Stone—von Neumann theorem [27], referring to the comprehensive survey [21] for
elucidation of their modern ramifications.

Let us consider a representation of the Canonical (or Weyl-Heisenberg) Com-
mutation Relations (CCR) on a (necessarily infinite-dimensional) separable Hilbert
space J,

[0,P]=il

(one degree of freedom), with Q and P (“position” and “momentum” operators,
respectively) unbounded self-adjoint operators on a suitable domain. In order to avoid
problems arising from the latter issue (see however [18, Section X.6], for amplifica-
tion and further use, together with [7]), the CCR are reformulated (Weyl) in integral
form,

U@)V(b) = e ’V(b)U(a), a.beR

with P and Q becoming the infinitesimal generators of the one parameter unitary
groups U(-) and V(-), respectively.
The quantum harmonic oscillator Hamiltonian reads

1 1, 1
H = E(P2 + 0% =474+ 1= E(ATA + AAT)

in terms of annihilation and creation operators
1
V2

subject to the commutation relation

(O +iP), At = L(Q —iP)

4= NG

AAT—AT4A=1.

In the irreducible case, the spectrum of H only consists of simple eigenvalues
{n + %},‘;":0 and the n-th eigenspace #,, is generated by ¢, = (1/+/n!)(AT)" o, with
the ground state ¢y fulfilling Ay = 0. The operator AT A, namely, the Hamiltonian
without constant term (“zero-point energy”) is called the number operator.

In general the multiplicity of a representation of the CCR (phrased into Weyl’s
integral form) is given by k = dim J#y: this is a version of the Stone—von Neumann
uniqueness theorem (see, e.g., [27]).
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2.5. Gauss sums

First of all, let us recall the celebrated Gauss sums (see [9, Section 5.6]):

S(u.r)y =y 2EE

o<{<r-—1

for integers p and r, the latter different from zero, together with the well-known
multiplicative formula

S(ug.r)S(ur.q) = S(u.rq)
valid for coprime integers r and g and any integer p (cf. [9, Theorem 64]).

Here is a quick outline of the proof. The right-hand side reads

rqg—1

)
2 :eZmqu )

k=0

Now, upon exploiting the group isomorphism
Ly xZLgq =Zrq
stemming from the equation
q-[lr +r-[mlg = [k]rg

which, given a residue class [k] modulo rg, yields unique residue classes [¢] modulo
r and [m] modulo ¢ (the converse being clear), we see that, setting k = £g + mr (no
dependence on representatives), the right-hand side splits into the product appearing
in the left-hand side. Explicitly,

E_gm? g mr

rq rq r q
and the last term in the right-hand side exponentiates to 1. Notice that the problem
of finding [k],4 such that [k], = [{], and [k], = [m],, with given classes [{], and
[m]y is solved via the Chinese Remainder Theorem: if @ and b are integers such that
ar + bg = 1,then k = gbl + ram, see again [9, Theorem 121].

3. Representations of noncommutative tori and HE-vector bundles

In this Section, we reinterpret the Matsushima construction of holomorphic HE-vector
bundles over a two-dimensional torus C/A — with lattice A = (1, 7) and Im7 > 0 -
via representations of the two-dimensional noncommutative torus, see also [23]. This
will be unfolded through the following series of propositions.
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Proposition 3.1. Given 6 € Q, 6 > 0, an irreducible representation of g on a finite-
dimensional Hilbert space H produces a HE-vector bundle Eg — C /A over a two-
dimensional torus C /A, where A = (1, 1), Im(t) > 0 with degree 8 dim(H) and rank
dim(F).

Proof. Let u, v be unitary operators on a finite-dimensional Hilbert space J# satisfy-
ing (1) (abuse of notation); then if y = n + tm € A the function (theta multiplier)

_ O (554 11,12 ; —y
Jy I(Z) — elm(t)(zy+2|y| )einenmu ny m, z=x+71yE€ (C, y € A,

satisfying
I ls(2) = 17Nz +8) 5 (2).

defines a holomorphic vector bundle E with typical fibre J over the torus C /A given
as the quotient
(C x 3)/~

where
(z+7.v) ~ (2.1, (2)).

v € K. Its (smooth) sections s : C — J (collectively denoted by I'(E)) are then
characterized by the following periodicity conditions:

s(z+1)= elﬁ%(ﬁ%)u*(s(z)), s(z+1) = e%@ﬂ%‘rlz)v*(s(z)). ()
This can be ascertained via the following computation. Write
5(z) = 57 (2)e;(2)

with e;(z), j = 1,2,...,dimH a smooth frame (Einstein’s convention employed).
Then

5@) =5 +y) =57+ +y) =5+, (@] 2)

whence
s'(z +y) = 4y ()]s (2).
yielding (2).
On I'(E) we have a Hermitian structure (-|-) given by

(6515 (2) = (5(2). S @) wh(z),  h(z) = e w2

with Chern connection (the unique connection compatible with the Hermitian and the
holomorphic structure)

V:(d— 07(7 zdz)®13f

Im(7)
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having constant curvature and Chern class

2’—v2 — b0 ®1y,  ci(E) =6 dim(H)w
T

with )
i
@= 2 Im(zr)

Indeed, a short computation shows that, if Q :=iV a2 P =iV 2 then
X X

dz ANdZ.

1
—[0, P] =061 .
5l [0, P] I'(E)

Moreover, it is clear that the rank of E is ¢o(E) = dim(H#).
This vector bundle will be our Eg. ]

Proposition 3.2. The correspondence that assigns to each representation ©w of g
the holomorphic vector bundle &, over the torus C /A is functorial.

Proof. Letw : Ag — B(Hy) and o : Ag — B(H) be two such representations and
let T : #, — Ho be an intertwining unitary map. Then the map on sections

Yr :T(Ex) = I'(Es)
given by
(W (s)(z) = T(s(2))
is an isomorphism of C*°(T?)-modules. The above map is indeed well defined, i.e.,
it maps sections to sections,
W)z +n + 7n) = emn T HEV D miOnm T o ()= ()= 2)
— ehﬁ)%(274‘%|V|2)eﬂi9nmo.(u)—no,(v)—m TS(Z)
= enta VD it (1) (o) M (yrs)(2).

Proposition 3.3. Let v : A,/ — B(9) be an irreducible finite-dimensional repre-

sentation of the noncommutative torus #,,, where r and q are positive and coprime.
Then, the dimension of © is r and w(u) =: u, 7 (v) =: v fulfill

w'=pl  and V" =vl,

for some 1, v € S

Proof. Let u, v define a finite-dimensional irreducible representation of A,/ on $

of dimension d. Let us write 6 := ¢/r with gcd(r, ¢) = 1. Taking the determinant

27if

of vu =e uv we see that 0d € Z. Also observe that, since n” and v” com-
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mute with the representation by Schur’s lemma, there is a constant & € S! such that
u” = pl; therefore, the minimal polynomial of u, call it &, has to divide x" — u
and has degree at most r. Moreover, & satisfies v (1)v* = P (1e??) = 0 and
the polynomial @(x) = P (xe?*?) must also satisfy @(u) = 0; thus, given a root
A of P we see that ¢2719 ) is a different root of it, whence the polynomial J/;(x) =
(x — A)(x — 27T}y ... (x — €271 =D/7 ) divides $ and, having the same degree
as &P, coincides with it. In particular, #(x) = x” — A”. Let ¢ # 0 be an eigenvec-
tor for u1, then {u”nm(p}ZTnizo generate the whole Hilbert space, and one checks that
—2ninm6

u"v"p = A"e ™ so the dimension d of the Hilbert space $ is at most r,

and therefore equal to r. u

Note thatif 5,7 € S! and s” # 1,1 # 1 then
u' =7'(u) ;= su = sn(u), v =7'(uv) :=tv =t (v),

defines a second irreducible representation 7’ % 7, since the minimal polynomial
of 1’ is now given by u’" — s” 11 (notational abuse) and it is intrinsic to a representa-
tion.

Recall that two noncommutative tori A := Ay and B := Ay, are called dual, or
strongly Morita equivalent if there exists an A — B-bimodule E such that they are
each other’s endomorphism algebra, see, e.g., [20]. This is tantamount to require that
¢+ and ¥’ are on the same SL(2, Z)-orbit. It turns out that all rational noncommutative
tori are strongly Morita equivalent to C(T?), the C *-algebra of continuous functions
on the torus T2 ([19]). This entails the following.

Corollary 3.1. Since #Ag is strongly Morita equivalent to the classical torus, its rep-
resentations are indexed by points in T2, so they all produce, topologically, the same
vector bundle.

Proof. Let m denote a finite-dimensional irreducible representation of the noncom-
mutative torus #g via operators u, v as above, then any other representation on the
same space is given by u’ := pu, v’ := vv, u,v € S'. Accordingly, we get another
theta character J’ and a corresponding holomorphic vector bundle &', together with a
naturally induced isomorphism with &. ]

Proposition 3.4. Let 6 = %, with q and r positive and coprime. Let w be an irre-
ducible representation of Ag on a finite-dimensional Hilbert space # via operators
u, v, inducing as above a HE-vector bundle Eg — C /. Then, on the space JA(’ con-
sisting of the L?-sections of Eg and in particular on the holomorphic ones (i.e., the
Matsushima generalised (vector) theta functions) we have:

(i) a natural C*-representation of g given by operators i := ¢'2, ¥ := e'F’;
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(ii) a natural C*-representation of 41, given by operators U, V,
q 255 (52— 1151 !
(Us)(z) = emm o210 gl 7z — a7 )

O (1,_1(12 1
(05)(z) = emn @7 72la0g [ 7 -~ )
0
PN . PPN i1
that is, il,0 are unitary operators satisfying Vil = e*™'#i0. The two repre-
sentations mutually commute.

Proof. Assertion (ii) being clear via a straightforward computation, let us elaborate
on (i). By virtue of Proposition 3.3, dim # = r, so we shall denote Ey also as &, 4.
Then notice that Q = iV 2 P =iV 3 are symmetric and essentially self-adjoint on
I'(8,,4) since for all s, s’ e I'&rq) y

0
V. s|s’ Vash|= —(s|s’) =0
L[l s 619 0] = [y

and similarly for V 2 Essential self-adjointness ultimately follows from Nelson’s
analytic vector theorgm, see, e.g., [18, X.6, together with Example 2]. Then, on the
same domain, we have

1
S0 P1=06-15
P

and we shall check below that P and Q and hence V 4= ZIm(I)l 0+ Im(f)l
commute with 7, U. So in the space J¢ we have operators satlsfymg

ot = > 90,
Ua)V(b) = 2™ %ty (b)U(a),  a.beR

where U(a) = 2P V(b) = %2 (parallel transport operators along the fundamental
directions). In particular, setting % := V(1) and ¥ := U(1) (caveat) we get

i = 2Ty,
It is then enough to show that, on I'(&,.4),

[Q.4] =0=1[0.7]

and that the same relation holds for P. Let us start with the proof for Q. Leta =
We have

On
Im(z) "

—iQ0s(z) = —vs(z) —azUs(z),

—ivQ0s(z) = ﬁg—x(z) —a(z — %)ﬁs(z),
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so if (05)(z) = eP@s(z — l),
ad 1 1
[-iQ.7]s(z) = [ j|s(z) ~Yhste) = ’3 s(z _ 5) - %eﬂs(z - 5) 0.
Now, repeating the computation for P we find
RN J . o
—iPvs(z) = B_US(Z) —atzvs(z),
y

—ivPs(z) = ﬁg—;(z) — ar(z — %)ﬁs(z).

Thus
[—iP,9]s(z) = [% v]s(z) — ‘L'Q bs(z) = %eﬂs(z - é) — r%eﬁs(z — %) —0.
In the same vein, if is(z) = e¥s(z — %),

[~iQ.7s(z) = [8 ﬁ}s(z)—at e s(z——)
(G ld) =
[%ﬁ]s@-“'f (5)
= (5l )r(=-5) -0

yielding the conclusion. =

[—iP,u]s(z) =

We may rephrase the previous result in the following manner.

Proposition 3.5. Within the above setting, we have a representation of the Heisenberg
group H = C x S with parameter 0 and a representation of the discrete Heisenberg
group H, = A x S with parameter r

W(z,t) = eZJriIOeinnyV(x)U(y), z=x+4+1y€eC,

@(n,t):t'einen‘”zﬁ”‘ﬁ“, n=mn;+tn, €A
where the group structures are given, respectively, by
(z,0)(Z, 1) = (z + 2/, 11Ty z,z/eC,t,t' €S!

and
(n,t)(n',t") = (n +n' t1'e™r (] ima—niny)y, n,n’ €A.
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These representations commute,
W(z,t)w(n,s) = wn,s)W(z,t)
forall z,t,n,s. [
We also notice the following consequence.

Proposition 3.6. We have v¢ = pul 4, i19 = vl 4, where ji,v € S are constants
givenbyu” = pulg, v = vlg.

Proof. We find, successively

(45)(z) = e[,ffg)(g(z+(z—1/9)—---—(z—(q—1)/9))—z|5|2)s(z _ % )
o

1 q(g—=1)
= e Im(7) (g(qz_ 20

1
)—%\§|Z)s(z —r)

6 r2q=1 _ 2
= elm(]'rt)(rz_ 2q _571)5(2 —r)

T V2
_ ehgﬁ(rz_T)S(Z _ r)

T ,.2 a r2
= e T2 ity T (47 (5(2))
= pus(z),

where we used (2) in the second to last equality. Similarly,

(295)(2) = e (Bt G=e/0)——(~@=D)r/0)-$ 5 S(Z _ ﬂ)
Z
= elgﬁ(%(qz_‘rq(zqf;l) _%‘%‘z)s(z — -[r)

I‘2|T\2

2 2
re@—Diz|=
2q 2q )s(z —1Tr)

o (.=
— e Im(7) (rrz—

21712
On_(p7,_reltl
= emm 22 gz —1r)

2

2 2,12
O _(p=,_r<lzl relz]
ey (T2 > )

e IR (07 (5(2))

= vs(z). [

=e

Note that, in accordance with the Stone—von Neumann theorem, the represen-
tation W is not irreducible: indeed, by Riemann—Roch, its multiplicity is precisely
0 dim(H) = (q/r) - r = g, also cf. [22,23].

Corollary 3.2. Each k-level theta line bundle over the two-dimensional torus pro-
duces an irreducible finite-dimensional representation of g with 8 = 1/k.

In view of the preceding discussion (Section 2.4) on the harmonic oscillator we
have (with obvious and inessential notational changes), the following result.
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Proposition 3.7. Let A = (V,_)*Vy_ = A* A be the Laplacian on Eg (the “number
operator”). Then its spectrum only consists of eigenvalues, whose eigenspaces are
finite-dimensional with the same dimension q and each carrying a representation of
A1/9 = Ay /g (With generators i, V).

Remark 3.1. The above proposition, together with the preceding developments, re-
formulate and possibly improve (in the classical case) the celebrated results estab-
lishing the action of finite Heisenberg groups on spaces of theta functions (viewed
as holomorphic sections of line bundles on complex tori), see, e.g., [14] (especially
volume III) and [17] (cf. in particular, the remark in Section 3.1).

Proposition 3.8 (Bimodule structure). The HE-vector bundle &, 4 — C /A (actually,
its space of smooth sections I'(€,.4)) comes equipped with a #Ag — A_19 bimodule
structure, where g acts on the left by 1 and v, and A g acts on the right by i and V.

Proof. This is clear in view of the preceding discussion. The minus sign comes from
regarding # and ¥ as acting on the right. [

Remark 3.2. Regarding the above mentioned strong Morita equivalence between
g and #A_y /g, it would be interesting to explicitly compare the two algebra-valued
Hermitian structures involved, see, e.g., [20].

4. Gauss sums, vector theta functions and the FMN-transform

The above construction can be interpreted in terms of the so-called Fourier—-Mukai—
Nahm (FMN#*) transform (plus dualization) as in [23] (see, in particular, Section 4.3).
For background on the FMN-transform see, e.g., — in addition to the original sources
[13, 15] — the article [24] and the textbook [1].

Specifically, in view of Proposition 3.3, an irreducible representation " of A1 /g
on a finite-dimensional Hilbert space #’ yields in turn, d la Matsushima, a HE-vector
bundle E1/9 — C/A with rank ¢ = dim H%(Ep) = dim #’ and degree r (FMN*-
dual to Eg — C/A) equipped with a Chern connection V’ having constant curvature
and Chern class given respectively by

iv’z = (1/O)ole,  c(Er) = (1/0)dim(F)o.
The above connection can be also readily computed via noncommutative geometric
tools as in [23]. In general, the moduli dependence is governed by Proposition 3.6.

In the following sections, we shall reformulate the Matsushima approach by a
further enhancement of a noncommutative torus perspective and by enforcing FMN*
from the outset via a matrix portrait and by building upon the Coherent State Trans-
form of [8].
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4.1. §-description of vector theta functions and Gauss sums

Let us consider coprime positive integers r and ¢, set, for x € S!,
8P (x) = 8[(x—£/r)ql,  £=0,1,....r—1.

If ¢ = 1 we simply write §; instead of 5?1). From the (distributional) Fourier expansion
(involving a g-covering S' — S and, dually, the subgroup ¢Z C Z)

567 (x) = 8(gx) = Y 2T = F5@ = 90
nez
one gets
8§q)(x) — Z e—2ni€’(% Z 627ti(€’+rn)qx — Z e—Zniﬁ’Z%géfI) = aﬁ’eéfl)
o<{’'<r—1 nez o<{’'<r—1
via the introduction of the (invertible) r x r matrix (cf. [8])

A= (ag') — (8—27[1'@/6%)

(Einstein’s convention is employed) relating the § and (boundary) theta descriptions;
thus
TrA = Z e_2”i£2% = S(q,r),

0<{<r-—1
i.e., a Gauss sum. Similarly (obvious notation, with y € S'), one has
5,(,:)0’) = 8[(y —m/q)r] = Z p2mim'my Z e2mim +qm)ry b;"/@,(,,r/)
0o<m’<g—1 nez

with a corresponding matrix

r

B = (bm’) — (e—2n'im’mq)

m

with

TrB = Z e2mim? G S(r.q).

0<m=<g-—1

Then consider the tensor product distributions
82‘])(x)8,(,f)(y), x,yeSt

Upon fixing m € {0, 1,...,q — 1}, one has an obvious r-component column vector,
representing a model for the m-th Matsushima holomorphic section for the vector
bundle €, , — V/L.More precisely, we have (with a natural abridged notation), upon
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suitably reinterpreting Matsushima’s construction ([12, Section 8], and our previous
discussion on the CST in Section 2.1),

8-,m = (80,m7 81,"’17 B 8r—1,m)T <~ 80,m‘

The g columns thus obtained yield a basis for a g-dimensional Hilbert space #9 =
HO(V/L,&q).

Similarly, fixing £ € {0, 1,...,r — 1}, we get a row vector, giving rise to a model
for the {-th holomorphic section of the (FMN*) dual vector bundle &;, — V/L,
namely, _

84,. = (5(,0, 5(,1, e, 8@’4_1) <> 5@,0.

and the ensuing r rows yield a basis for an r-dimensional Hilbert space H’™ =~
HO(V/L, &)

Also, in view of the previous considerations (Section 2.5, we can naturally estab-
lish a bijective correspondence

5D )W (y) & 8 (z) =8(z —k/rq),  zeS!'

(k €{0,1,...,rq — 1}), with the rq-level thetas, viewed as holomorphic sections of
the complex line bundle &1 ,4 — V/L'.
Therefore, one finds a third matrix

C = (CIkC/ _ e—zmk’k#)
with
TC= Y e ZS(Trg).
0<k<rqg—1
The above matrix is related to the former ones in the following way. Let us con-
sider the following rg-dimensional Hilbert spaces: #”?, generated by the orthonor-

mal basis 82‘1) (x)Sf,: ) (y), and H"?, generated by the orthonormal basis 6 (z); we have
then a natural unitary transformation 7 : H"? — H"

T(6P80)) = 8

whereby
T(0P60) = 6,

as well (shorthand notation), this easily leading to
C=T7(A4® BT
Therefore, from
TrC =Ti[T(A® B)T ] =Tr(AQ B) =TrA-TrB

we get a special case of the above multiplicative formula for Gauss sums with . = 1.
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Actually, the general formula is also obtained via the same technique, after intro-
ducing from the outset another u-covering S! — S, resulting in an extra factor y in
the numerators of all arguments of the exponentials.

This may be viewed as a sort of categorification of Gauss sums in the sense that,
as numerical objects, they come from the multiplicativity of tensor product traces.

A variant of the above procedure consists in exploiting the (algebra) isomorphism
M, 4(C) = M, (C) ® M,;(C) via the elementary matrix bases E;; (i.e., the matrices
whose (i, j)-entry is 1 and all others are zero),

Ekk/ <> Egg/ (%) Emm’

(abridged notation: k, k’ and so on are taken modulo the size of the respective matri-
ces).

Remark 4.1. A few words about the heuristics behind the above discussion are may-
be in order: upon formally multiplying the deltas labelled by £ and m after taking the
same argument x = Y (this is an ill-defined object!), one has, for the product of their
Fourier series, after an obvious index relabelling, the (meaningless) expression

Z eZni[€q+mr+qu]x (3)
n,NeZ

which, upon discarding the sum in n, yields the distributional Fourier series express-
ing 6(z — k/rq) — after changing x to z — with [k],, obeying the above equation.

4.2. Noncommutative torus aspects of the §-formulation
Set (abridged notation) 8y, := 8;8,, and define, in #"4, for u, v, i, v € S!
Udgp = /USE,m—lﬂ By = Ve_zni%&fm

and )
U(ng = /_’de_l,m, %5(’" = ge_zniFSKm

(cyclic ordering understood: for instance, Uy o := g 4 et cetera). One has, upon
restriction to the spaces indicated, U9 = u?1gq, B! = vilgq, W = @ 1 gr, B" =
V" 14 and subsequently

Up = apu, % =2 Fil.
Then define

UStm = e met = USm.  Vim 1= "€ 208y, = B 84y,
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yielding
UV = e 2"aVU,

that is, a representation of #;/9, 0 = g/r (cyclic ordering again understood), with
U? = 91 g0a, V4 = 1791 gr4. Similarly, upon setting

ﬁgém = ﬁgi—l,m = ﬁS@m, §}Sém = iqe—2ni%€5£m = ﬁqgém’

we get
UV =750
(a representation of «Ay), together with Ur = i lger, V7 = 5741 gr. These two rep-
resentations mutually commute (since they do not mix first and second subscripts)
and they are exchanged upon application of the FMN*-transform.
The action of the various operators involved can be cast in a more compact way
as follows: in #? one has

U = b1,  VEm=1"e 20" .. m=0,1..q—1

5

with the “tilded” operators acting as the identity:

U8 =6 V8m=8m m=0,1,....q—1.

s

A similar portrait, mutatis mutandis, holds in #". Summarizing, we have the follow-
ing proposition.

Proposition 4.1. The above operators U, V realize a representation of 4, 4 uni-
tarily equivalent to a representation induced by U, ¥ in Proposition 3.4 above, after
restriction of the latter to the space of holomorphic sections of &, 4. An analogous
statement is true for the tilded operators and the FMN*-transformed bundle & ,.

Remark 4.2. Geometrically, the above “toric” families of representations correspond
to tensoring the initial holomorphic bundle Eg — C /A with the flat line bundle ¢ —
C /A, the restriction of the Poincaré bundle to C/A x {£} =~ C/A, where £ = (u,v)
and similarly for E£;/9 — C/A. Also notice that the torus also classifies holonomies
of the different Chern connections, see also [23].

We recover the standard Matsushima correspondence involving the holomorphic
vector bundle &,, — V/L and the g-level theta line bundle &, 4, — V/L’ via the
Coherent State Transform CST through the following steps (obvious abridged nota-
tion), also setting 4 = it = v = v = 1 for simplicity. Indeed,

O;m = CST(8;m) = CST(U’80,m) = CST(U/80,m),  j=0,1,....r —1

whence

-

Jom = (Fjm) o, r—1 =: CST@ym) < Jom.

s
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Actually, in this manner we have defined a vector version of the Coherent State Trans-
form:
€ST =M ' ovecoCSTo F

mapping o,m +> Sm and spelled out as follows

N CST vec = ML
Som > Bom(X) —— Dom(2) F— V. u(2) —— S

The notation M~ is justified since M is injective and Im(vec) C Im M. We may
recap the previous discussion via the isomorphism

H(V/L.&,,)®@ H'(V/L.E,,) = H'(V/L'&1,q)
induced by the correspondence
Sm R Sg <> Sk

where again
(klrq = qlllr + rlmlq

and by further noticing the following “categorical” result.
Proposition 4.2. Under the above assumptions, we have
A1/rg = Ag/r @ Ar/g.

Proof. First observe that noncommutative tori are nuclear C *-algebras, so their C*-
tensor product appearing in the right-hand side is uniquely determined ([3]). Then,
starting from

and

(all tilded operators commuting with untilded ones), define (same notation as before:
k = £q 4+ mr and so on)

A straightforward computation then yields

kK’

uk'vk' — e—27‘rlﬁvk/<uk.

The above reasoning is clearly invertible, achieving the sought for conclusion. |
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Remark 4.3. Upon further requiring that u¢ = v? = 1 and 4" = v" = 1, we get
U7 = V"1 = 1 (with 1 the identity in the respective algebras).
Also notice that, at the vector bundle level, this reflects an operation (denoted
by )
Erg*xEgr =E1,q.

casting light on FMN-duality via a “Gauss” perspective.

5. Conclusions and outlook

In this paper, we used complex algebraic-geometric and noncommutative geometric
techniques in order to understand and possibly enhance, at least in the classical case
(i.e., on the complex field) the relationship between theta functions and Heisenberg
groups. Our research is strongly motivated by the Quantum Hall Effect as well: the
symmetry 8 <> 1/6 discussed in the paper may ultimately lead to an explanation of
the duality occurring between Hofstadter’s and Harper’s regimes, see, e.g., [5]. Also,
our results may help in providing a clear-cut mathematical formulation of the impor-
tant Laughlin gauge principle for a toral configuration, see, e.g., the comprehensive
review [10]. Finally, instances of the vector bundles dealt with in the present paper
also appear in the works [5, 6], devoted to a far reaching generalization of the TKNN
equations. These questions will be possibly tackled elsewhere.

Acknowledgments. We are grateful to G. De Nittis for useful discussions and to the
Referees for their careful reading and critical remarks.

Funding. M. Sandoval’s research is supported by the grant CONICYT-PFCHA Doc-
torado Nacional 2018-21181868.
M. Spera (member of INDAM-GNSAGA) is supported by local (D1) UCSC funds.

References

[1] C.Bartocci, U. Bruzzo, and D. Hernandez Ruipérez, Fourier—Mukai and Nahm transforms
in geometry and mathematical physics. Progr. Math. 276, Birkhduser Boston, Inc., Boston,
MA, 2009 Zbl 1186.14001 MR 2511017

[2] J. Bellissard, A. van Elst, and H. Schulz-Baldes, The noncommutative geometry of the
quantum Hall effect. J. Math. Phys. 35 (1994), no. 10, 5373-5451 Zbl 0824.46086
MR 1295473

[3] B. Blackadar, Operator algebras. Encyclopaedia Math. Sci. 122, Springer, Berlin, 2006
Zbl 1092.46003 MR 2188261


https://doi.org/10.1007/b11801
https://doi.org/10.1007/b11801
https://zbmath.org/?q=an:1186.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=2511017
https://doi.org/10.1063/1.530758
https://doi.org/10.1063/1.530758
https://zbmath.org/?q=an:0824.46086
https://mathscinet.ams.org/mathscinet-getitem?mr=1295473
https://doi.org/10.1007/3-540-28517-2
https://zbmath.org/?q=an:1092.46003
https://mathscinet.ams.org/mathscinet-getitem?mr=2188261

Generalized theta functions, projectively flat vector bundles and noncommutative tori 225

(4]

(5]

(6]

(7]

(8]

(91

[10]

(11]

[12]

[13]

(14]

[15]

[16]

(171

(18]

[19]

[20]

(21]

(22]

A. Connes, Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994

Zbl 0818.46076 MR 1303779

G. De Nittis, Hunting Colored (Quantum) Butterflies. A geometric derivation of the TKNN-
equations. Ph.D. Thesis, SISSA, Trieste, 2010

G. De Nittis and G. Landi, Generalized TKNN-equations. Adv. Theor. Math. Phys. 16
(2012), no. 2, 505-547 Zbl 1347.81085 MR 3019411

J. Dixmier, Sur la relation i (PQ — QP) = 1. Compositio Math. 13 (1958), 263-269

Zbl 0083.34703 MR 0101478

C. A. Florentino, J. M. Mourao, and J. P. Nunes, Coherent state transforms and abelian
varieties. J. Funct. Anal. 192 (2002), no. 2, 410-424 Zbl 1119.22301 MR 1923408

G. H. Hardy and E. M. Wright, An introduction to the theory of numbers. Sixth edn.,
Oxford University Press, Oxford, 2008 MR 2445243

Y. Hatsugai, Topological aspects of the quantum Hall effect. J. Phys.: Condens. Matter 9
(1997), no. 12, 2507-2549

S. Kobayashi, Differential geometry of complex vector bundles. Publ. Math. Soc. Japan
15, Princeton University Press, Princeton, NJ, 1987 Zbl 0708.53002 MR 0909698

Y. Matsushima, Heisenberg groups and holomorphic vector bundles over a complex torus.
Nagoya Math. J. 61 (1976), 161-195 Zbl 0352.32027 MR 0419853

S. Mukai, Duality between D (X ') and D()? ) with its application to Picard sheaves. Nagoya
Math. J. 81 (1981), 153-175 Zbl 0417.14036 MR 0607081

D. Mumford, Tata lectures on theta. I11. Progr. Math. 97, Birkhduser Boston, Inc., Boston,
MA, 1991 Zbl 0744.14033 MR 1116553

W. Nahm, Self-dual monopoles and calorons. In Group theoretical methods in physics
(Trieste, 1983), pp. 189-200, Lecture Notes in Phys. 201, Springer, Berlin, 1984

Zbl 1544.81108 MR 0782145

G. K. Pedersen, C *-algebras and their automorphism groups. Lond. Math. Soc. Monogr.
14, Academic Press, Inc. Harcourt Brace Jovanovich, Publishers, London-New York, 1979
Zbl 0416.46043 MR 0548006

A. Polishchuk, Abelian varieties, theta functions and the Fourier transform. Cambridge
Tracts in Math. 153, Cambridge University Press, Cambridge, 2003 MR 1987784

M. Reed and B. Simon, Methods of modern mathematical physics. 1l. Fourier analy-
sis, self-adjointness. Academic Press Harcourt Brace Jovanovich, Publishers, New York-
London, 1975 Zbl 0308.47002 MR 0493420

M. A. Rieffel, C *-algebras associated with irrational rotations. Pacific J. Math. 93 (1981),
no. 2, 415-429 7Zbl 0499.46039 MR 0623572

M. A. Rieffel, Morita equivalence for operator algebras. In Operator algebras and appli-
cations, Part 1 (Kingston, Ont., 1980), pp. 285-298, Proc. Sympos. Pure Math. 38, Amer.
Math. Soc., Providence, RI, 1982 Zbl 0541.46044 MR 0679708

J. Rosenberg, A selective history of the Stone—von Neumann theorem. In Operator alge-
bras, quantization, and noncommutative geometry, pp. 331-353, Contemp. Math. 365,
American Mathematical Society, Providence, RI, 2004 Zbl 1073.01020 MR 2106827
M. Spera, Quantization on abelian varieties. Rend. Sem. Mat. Univ. Politec. Torino 44
(1986), no. 3, 383-392 (1987) Zbl 0698.32015 MR 0932425


https://zbmath.org/?q=an:0818.46076
https://mathscinet.ams.org/mathscinet-getitem?mr=1303779
https://doi.org/10.4310/atmp.2012.v16.n2.a4
https://zbmath.org/?q=an:1347.81085
https://mathscinet.ams.org/mathscinet-getitem?mr=3019411
https://zbmath.org/?q=an:0083.34703
https://mathscinet.ams.org/mathscinet-getitem?mr=0101478
https://doi.org/10.1006/jfan.2001.3903
https://doi.org/10.1006/jfan.2001.3903
https://zbmath.org/?q=an:1119.22301
https://mathscinet.ams.org/mathscinet-getitem?mr=1923408
https://doi.org/10.1093/oso/9780199219858.001.0001
https://mathscinet.ams.org/mathscinet-getitem?mr=2445243
https://doi.org/10.1088/0953-8984/9/12/003
https://doi.org/10.1515/9781400858682
https://zbmath.org/?q=an:0708.53002
https://mathscinet.ams.org/mathscinet-getitem?mr=0909698
https://doi.org/10.1017/s0027763000017372
https://zbmath.org/?q=an:0352.32027
https://mathscinet.ams.org/mathscinet-getitem?mr=0419853
https://doi.org/10.1017/s002776300001922x
https://zbmath.org/?q=an:0417.14036
https://mathscinet.ams.org/mathscinet-getitem?mr=0607081
https://doi.org/10.1007/978-0-8176-4579-3
https://zbmath.org/?q=an:0744.14033
https://mathscinet.ams.org/mathscinet-getitem?mr=1116553
https://doi.org/10.1007/BFb0016145
https://zbmath.org/?q=an:1544.81108
https://mathscinet.ams.org/mathscinet-getitem?mr=0782145
https://doi.org/10.1017/s001309150001676x
https://zbmath.org/?q=an:0416.46043
https://mathscinet.ams.org/mathscinet-getitem?mr=0548006
https://doi.org/10.1017/CBO9780511546532
https://mathscinet.ams.org/mathscinet-getitem?mr=1987784
https://zbmath.org/?q=an:0308.47002
https://mathscinet.ams.org/mathscinet-getitem?mr=0493420
https://doi.org/10.2140/pjm.1981.93.415
https://zbmath.org/?q=an:0499.46039
https://mathscinet.ams.org/mathscinet-getitem?mr=0623572
https://zbmath.org/?q=an:0541.46044
https://mathscinet.ams.org/mathscinet-getitem?mr=0679708
https://doi.org/10.1090/conm/365/06710
https://zbmath.org/?q=an:1073.01020
https://mathscinet.ams.org/mathscinet-getitem?mr=2106827
https://zbmath.org/?q=an:0698.32015
https://mathscinet.ams.org/mathscinet-getitem?mr=0932425

(23]

[24]

[25]

(26]

(27]

M. Sandoval and M. Spera 226

M. Spera, On the geometry of some unitary Riemann surface braid group representations
and Laughlin-type wave functions. J. Geom. Phys. 94 (2015), 120-140 Zbl 1317.81178
MR 3350272

C. Tejero Prieto, Fourier—Mukai transform and adiabatic curvature of spectral bundles for
Landau Hamiltonians on Riemann surfaces. Comm. Math. Phys. 265 (2006), no. 2, 373—
396 Zbl 1125.32010 MR 2231676

A. Tyurin, Quantization, classical and quantum field theory and theta functions. CRM
Monogr. Ser. 21, American Mathematical Society, Providence, RI, 2003 Zbl 1083.14037
MR 2006644

K. Uhlenbeck and S.-T. Yau, A note on our previous paper: “On the existence of
Hermitian—Yang—Mills connections in stable vector bundles” [Comm. Pure Appl. Math.
39 (1986), S257-S293; MR0861491 (88i:58154)]. Comm. Pure Appl. Math. 42 (1989),
no. 5, 703-707 Zbl 0615.58045 MR 0997570

J. v. Neumann, Die Eindeutigkeit der Schrodingerschen Operatoren. Math. Ann. 104
(1931), no. 1, 570-578 Zbl 57.1446.01 MR 1512685

Received 18 October 2023; revised 30 April 2025.

Maximiliano Sandoval

Departamento de Matématica, Pontificia Universidad Catdlica de Chile, Campus San Joaquin,
Avenida Vicuiia Mackenna 4860, Macul, Chile; msandova@protonmail.com

Mauro Spera
Dipartimento di Matematica e Fisica “Niccolo Tartaglia”, Universita Cattolica del Sacro
Cuore, Via della Garzetta 48, 25133 Brescia, Italy; mauro.spera@unicatt.it


https://doi.org/10.1016/j.geomphys.2015.04.003
https://doi.org/10.1016/j.geomphys.2015.04.003
https://zbmath.org/?q=an:1317.81178
https://mathscinet.ams.org/mathscinet-getitem?mr=3350272
https://doi.org/10.1007/s00220-006-1548-1
https://doi.org/10.1007/s00220-006-1548-1
https://zbmath.org/?q=an:1125.32010
https://mathscinet.ams.org/mathscinet-getitem?mr=2231676
https://doi.org/10.1090/crmm/021
https://zbmath.org/?q=an:1083.14037
https://mathscinet.ams.org/mathscinet-getitem?mr=2006644
https://doi.org/10.1002/cpa.3160420505
https://doi.org/10.1002/cpa.3160420505
https://doi.org/10.1002/cpa.3160420505
https://zbmath.org/?q=an:0615.58045
https://mathscinet.ams.org/mathscinet-getitem?mr=0997570
https://doi.org/10.1007/BF01457956
https://zbmath.org/?q=an:57.1446.01
https://mathscinet.ams.org/mathscinet-getitem?mr=1512685
mailto:msandova@protonmail.com
mailto:mauro.spera@unicatt.it

	1. Introduction
	2. Preliminary tools
	2.1. k-level theta functions and the Coherent State Transform
	2.2. Review of Matsushima's theory
	2.3. The noncommutative torus
	2.4. The Canonical Commutation Relations and the quantum harmonic oscillator
	2.5. Gauss sums

	3. Representations of noncommutative tori and HE-vector bundles
	4. Gauss sums, vector theta functions and the FMN-transform
	4.1. delta-description of vector theta functions and Gauss sums
	4.2. Noncommutative torus aspects of the delta-formulation

	5. Conclusions and outlook
	References

