Port. Math. 82 (2025), 281-296 © 2025 Sociedade Portuguesa de Matemdtica
DOI 10.4171/PM/2138 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Topological semi-conjugacy between dynamical systems
induced on the space of probability measures and subshifts of
finite type, and chaos

Hyon Hui Ju, Chol San Kim, and Jin Hyon Kim

Abstract. This paper establishes topological semi-conjugacy between a symbolic dynamical
system (X 4,0,4) and the system (M (X), Tas) induced on the space of probability measures by
a compact topological dynamical system (X, 7). Some conditions on an original system (X, T')
are obtained for the induced system (M(X), Tas) to have a subsystem topologically semi-
conjugate to (X4, 04), and some relations between an original system (X, 7') and the induced
system (M (X)), Tar) concerning semi-conjugacy to (X 4,04) are given. By using these results,
several criteria of Li—Yorke chaos and Devaney chaos for the induced system (M (X), Tar) are
established. Also, a characterization of the ¥ -mixing dynamical system (X, 7') with Fursten-
berg family ¥ is obtained by means of the system (M (X), Tar), which gives an answer to the
question posed by Fu and Xing [Chaos Solitons Fractals (2012), 439-443].

1. Introduction

Symbolic dynamical systems have rich dynamical behaviors including chaos and play
an important role in the study of chaos theory and dynamical systems. A topological
conjugacy (or a semi-conjugacy) between two dynamical systems implies equivalency
between many of dynamical properties of the two dynamical systems. So we often
consider whether or not a given topological dynamical system is topologically conju-
gate (or semi-conjugate) to a symbolic dynamical system when determining whether
or not it has certain dynamical complexity such as chaos.

A number of papers have been dedicated to the study of the topological conju-
gacy or semi-conjugacy between symbolic dynamical systems and other dynamical
systems (see [17] for more details).
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The notion of the A-coupled-expanding map for a transitive matrix A which is
a generalization of the famous Smale’s horseshoe, was used as one of some criteria
for a map to be topologically conjugate or semi-conjugate to a subshift of finite type
(X4,04) (see [8] and [17] for detail). In many papers it has been shown that a (strictly
A-)coupled-expanding map has a subsystem topologically conjugate or topologically
semi-conjugate to the subshift of finite type (X4, 04) under certain conditions (for
example, see [2-4,7-11,15-17,19,21-23]).

Ju, H., Shao, H., Choe, Y., and Shi, Y. [8] obtained more relaxed necessary and suf-
ficient conditions for a dynamical system to have a subsystem topologically conjugate
or semi-conjugate to the subshift of finite type (X4, 04) in the context of Hausdorff
space. They proved that two of the necessary and sufficient conditions obtained in [23]
and [17] for it, are not independent of each other and either condition can be deleted,
that is, they obtained a simplified criterion consisted of only one for it, which makes
it easier for us to check theoretically the criterion of the topological conjugacy (or
semi-conjugacy) with a subshift of finite type (24, 04) for given a dynamical system.

The present paper is concerned with the conditions on an original topological
dynamical system for its induced system on the space of all Borel probability mea-
sures to have a subsystem topologically semi-conjugate to a subshift of finite type
(24, 04).

Given a topological dynamical system (t.d.s. for short) (X, 7') where X is a com-
pact metric space and 7 is a continuous map on X, it induces three systems in natural
manner; the first one is a hyperspace dynamical system (K(X ), Tx) on the hyperspace
K(X) consisting of all nonempty closed subsets of X endowed with the Hausdorff
metric, the second one is a dynamical system (M (X ), Tas) on the space M(X) con-
sisting of all Borel probability measures equipped with the weak*-topology and the
third one is a fuzzy dynamical system (see [7, 12,20] for more detail).

Wang, Y. and Wei, G. [19] obtained conditions on an original compact t.d.s.
ensuring that the induced hyperspace dynamical system contains at least one sub-
system topologically (semi-)conjugate to a symbolic dynamical system, that is, they
proved that, if a t.d.s. (X, T) is strictly coupled-expanding, then its induced system
(K(X), Tk) has at least one subsystem which is topologically semi-conjugate to a full
shift (X,,,0).

Ju, H., Kim, C., Choe, Y., and Chen, M. [7] obtained a sufficient condition on
an original compact t.d.s. for the induced system (K(X), Tx) to have a subsystem
topologically (semi-)conjugate to a subshift of finite type (X4, 04), which generalizes
the result of [19]. And in [7] they also obtained a sufficient condition on an original
compact t.d.s. for its induced fuzzy dynamical system to have a subsystem topologi-
cally (semi-)conjugate to a subshift of finite type (X4, 04). In [14], Li, Z., Wang, M.
and Wei, G. investigated the expansivity and topological entropy of the hyperspace
dynamical system (K(X), ox) induced by full shift (X, o).
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Shao, H., Chen, G., and Shi, Y. [15] studied topological conjugacy between in-
duced non-autonomous hyperspace systems and (X4, 04).

However, for the induced system (M (X), Typs) on the space M (X) of Borel prob-
ability measures, there is no result concerned with this problem yet to the best of our
knowledge, while it has been solved as for two induced systems, that is, the hyper-
space dynamical system and the fuzzy dynamical system.

So first, we devote this paper to fill this gap.

In fact, given a state space X of some system, the elements of the space M (X) of
probability measures on X, can be viewed as statistical states, representing imperfect
knowledge of the system. When 7 is a continuous map on X and Ty the corre-
sponding induced map of M(X), (M(X), Tps) can be viewed as a system where
the dynamics is deterministic and the configurations are stochastic [1]. So the sys-
tem (M(X), Tpr) has many applications not only in classical statistical mechanics
but also in several fields. For example, [6] showed applications of the induced system
(M(X), Tyr) to dynamic programming and stochastic game theory. So many previous
works have dealt with the dynamical properties including the chaos for the induced
system on the space of probability measures (see [1,6, 12, 13,20], etc.).

Generally it is known that while there are similarities in the dynamics of these
three t.d.s.s, (X, T), (K(X), Tk) and (M (X), Tpr), they are not straightforward and
the relations between an original system (X, 7') and the induced systems are not
always the same for (K(X), Tx) and (M(X), Tar) (for example, see [12] and the
references given therein). In [12] Li, J., Oprocha, P., and Wu, X. investigated some
relations of sensitivity between the original system (X, 7') and its induced system
(M(X), Tpr). These imply that it needs to study about the above mentioned gap.

Next, this paper is also concerned with the question posed in [5].

In [5], Fu, H. and Xing, Z. studied mixing properties of the induced system
(K(X), Tk) via Furstenberg families, and posed a question: what is the analogous
equivalent characterization in (M (X), Typs) corresponding to their one result (Theo-
rem 5.1) (which characterized the ¥ -mixing system (X, 7') by means of the induced
system (K(X), Tk))?

Using a result obtained in this paper, we show a characterization of the mixing
original system (X, 7') by means of the induced system (M (X ), Tps) to give an answer
to the question.

The rest of the present paper is organized as follows. In Section 2, some basic con-
cepts are introduced. In Section 3, the topological semi-conjugacy between a subshift
of finite type (X4, 04) and its induced system (M (X), Typ) is studied. It is shown
a condition on an original system (X, T') for the induced system (M(X), Tys) to
have a subsystem topologically semi-conjugate to (X4, 04). Here the simplified crite-
rion obtained in [8] is a key to obtain the condition without big difficulty. And some
relations between an original system (X, T') and the induced system (M(X), Tyr)
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concerning topological semi-conjugacy to (X4, 04) are given. In Section 4, by apply-
ing the above obtained results, several criteria of Li—Yorke chaos and Devaney chaos
for the induced system (M (X), Tys) are established. In Section 5, a characterization
of the ¥ -mixing system (X, 7') by means of the system (M (X)), Tyr) is obtained, and
an answer to the question posed in [5] is given.

2. Preliminary

2.1. Topological dynamical system

By a topological dynamical system (t.d.s. for short) we mean a pair (X, T'), where X
is a compact metric space with a metric d and T : X — X is a continuous map.

Letm > 2and A = {1,...,m}. Ny denotes the set of all non-negative integers.
The set ¥, = {& = (ap,a1,...) :a; € A, i € Ny} is a compact metric space with
the metric

0 ifa =8,
pla, ) =
27K+ ifq # Band k = min{i : a; # b;},

where @ = (ag,ai,...), B = (bo,b1,...) € Zy. The full shift 0 : Z,, — Xy is a
continuous map defined by o(«) = (ay, as,...), where o = (ag,a,az,...) € Xp,.
The t.d.s. (X,,,0) is called a symbolic dynamical system by full shift (shortly, full
shift). Let A = (aj;) be an m x m transitive matrix, thatis, ¢;; = O or 1 for all 7, j.
The set

Y4 = {(b(),bl,...) € Xm Zabibi+l =1,i € N()}

is a compact o-invariant set. The map o4 = o|x, is called a subshift map of finite type
for the matrix A and the subsystem (X4, 04) is called a symbolic dynamical system
by subshift of finite type for the matrix A (shortly, subshift of finite type).

The definitions of chaos in the sense of Li—Yorke and Devaney are well known in
the field.

Definition ([17]). Let (X, d) be a metric space and 7' : V C X — X. Suppose that
A = (a;j) is an m x m transitive matrix for some m > 2. If there exist /2 nonempty
subsets V; (1 <i < m) of V with pairwise disjoint interiors such that

Tvno J Vv
s
a;;=1

forall 1 <i <m,then the map T is said to be A-coupled-expanding in V; (1 <i <m).
Moreover, the map T is said to be strictly A-coupled-expanding in V; (1 <i < m)if
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d(V;,Vj)>0foralll <i # j <m,whered(V;,V;) =inf{d(x,y) :x e V;, y e V;}.
If all entries of the matrix A are equal to 1, then a (strictly) A-coupled-expanding map
T is shortly called (strictly) coupled-expanding map.

2.2. The induced system on the hyperspace

Let (X, T) be a t.d.s.. We consider the following hyperspace:
K(X) ={A C X : Aisnonempty and closed}.

Letd(x,A) =inf{d(x,y):ye A)}and A* ={x € X :d(x,A) <&} forx € X and
A C X. We can endow this space with the Hausdorff metric Dy defined as follows:

Dy(A,B) =inf{e > 0: A C B*, B C A°},

where A, B € K(X).

It is known that whenever a crisp space X is compact, complete and separable,
then the metric space (K(X), Dg) has those three properties. When (X, d) is a com-
pact metric space, then the topology induced by the Hausdorff metric Dy and the
Vietoris topology are consistent on K(X). A base for the Vietoris topology is given
by the collection of sets of the form

m
(U1, Uz, ....Up) = {AeK(X):AcUU,-,AmU,- 40,0 :1,2,...,m},
i=1

where Uy, Us, ..., U, are nonempty open subsets of X. The continuous map 7T :
X — X induces a set-valued extension Tk : K(X) — K(X) in a natural manner as
follows:

Tx(A) = T(A), Ae K(X).

Consequently, we obtain new induced system (K(X), Tx) by (X, T).

2.3. The induced system on the space of probability measures

Let (X, T) be at.d.s. and M(X) be the space of all Borel probability measures on X
equipped with the Prohorov metric D p defined by

Dp(u,v) = inf{e : u(A) < v(A®) + eand v(A) < u(A®%) + ¢
for any Borel subset A C X}

for u, v € M(X). The topology induced by Dp coincides with the weak®*- topology
for measures.
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It is well known that a map Tps : M(X) — M(X) in a natural manner is induced
by T as follows:

Tr (1)(A) = wW(T~1(4)),

forany u € M(X) and Borel subset A C X, and then (M (X), Tyr) is also a (compact)
t.d.s.. More details can be found in [1].

3. Topological semi-conjugacy of the induced system on the space of
probability measures to the subshift of finite type

In this section, we study some conditions on an original system (X, 7') for the induced
system (M (X), Tar) on the space of probability measures to have a subsystem topo-
logically semi-conjugate to a subshift of finite type (X4, 04) and some relations
between the original system (X, 7) and the induced system (M (X), Tas) concern-
ing topological semi-conjugacy to (X4, 04).

Let (X,T) be at.d.s.. For A C X, we define

M(A) = {u € M(X) : suppu C A}.
First, we prove some propositions and lemmas.

Proposition 3.1. If A € K(X), then M(A) is a compact subset of M(X).

oo

ney in M(A) such that u, — u (n — o0). Then,
for any open set U C X'\ A we have that u(U) = 0 by using i, (U) =0foranyn € N
and

Proof. We take any sequence (i,

liminf p, (U) = p(U),
which means y € M(A). [
Proposition 3.2. Given a measure i € M(X), it holds that
supp Tyy () = T" (supp ),
foranyn € N,

Proof. We now prove by induction on n. If n = 1, we have that T (supp u) =
supp Tas (1) for u € M(X). In fact, for any open subset U C X\ T (supp u) we have
that

Tu (w)(U) = (TH(U))
< (T~ (X\T (supp p)))
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= (T CONT (T (supp p)))
< w(T~H(X)\'supp p) = 0,
which implies that supp Tas (1) C T (supp ).

Next, to show that supp Tps (i) D T (supp p), it is sufficient to show thatif B C X
is closed and Tz (0)(B) = 1 then T (supp 1) C B, which follows from the fact that

Ty (w)(B) = 1 implies w(T~1(B)) = 1.
Now we suppose that supp TAI} (n) = T*(supp ) for any k > 1. Then, we have
that
k+1 _ k — Tk
supp Ty (1) = supp Ty (T () = T (supp Tar (1))
= T*(T(supp p)) = T**" (supp o).
which completes the proof of the proposition. |
We have the following corollary from Proposition 3.2.
Corollary 3.1. If A € K(X), then M(T™"(A)) = T;,/"(M(A)) foralln € N.
Lemma 3.1. Suppose that K, € K(X) foranyn € N. If (\,—, Kn # 0, then
o o
M( N K,,) = [ M(Kn).
n=1 n=1
Proof. Tt is obvious from the definition on measure. ]

Lemma 3.2. Let (X, T) be at.d.s. and let A be an m x m transitive matrix. Then, the
following statements are equivalent:

(1) There exist m pairwise disjoint nonempty subsets Vi1,Va,...,Vy € K(X) such
that for any o« = (ap,a,asz,...) € Xy,

Vo= [T (Va,) # 9.
s=0

(2) There exist m pairwise disjoint nonempty compact subsets My, M,, ..., M, C
M (X) such that m sets

Qi= | J suppu (1<i=<m)
WEM,;

are pairwise disjoint in X, and for any « = (ag,ay,as,...) € 3y,

My = () Ty (Ma,) # 0.

s=0
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Proof. First, we prove that (1) = (2). Forany i € {1,2,...,m}, put M; = M(V;), then
My, M>, ..., M, are pairwise disjoint nonempty compact subsets. By Corollary 3.1
and Lemma 3.1, we have

() Tor* Ma,) = () Tag (M (Vay)) = [ M(T ™ (Va,))

s=0 s=0 5s=0
— M( N T‘S(Vas)) £ 0.
s=0

By assumption, it follows that Q; = V; forany i € {1,2,...,m}, hence, 01, Q>,...,
O, are pairwise disjoint.

Next, we claim (2) = (1). Let V; = Q; forany i € {1,2,...,m}. Then we have
that

[ [
V=T (Va,) =) T‘s( U suppu)
s=0 s=0 HEMg

forany o = (ag.ai,...) € S4. Take po € (\5oq I3,  (Ma,) # 0. Then, for any s € Ny,
T3, (o) € My, which means that supp 7} (o) C UH«GMaS supp u. Hence, we have
that

supp Ty (t40) = T*(supp o) € ) suppp.
HEM g

by Proposition 3.1. Since
supp o € T (T (supp po)) C T‘S( |J supp u)
HEM g,

and supp o # @, we can see that

[e.e] —_

supp o C [ ) T‘S( U Suppu) # 0,

s=0 HWEMy

which implies that (5o, 75 (Va,) # 9. L]

Now we are ready to obtain a condition for the induced systems (M(X), Tyr) to
have a subsystem topologically semi-conjugate to (X4, 04).

Theorem 3.1. Let (X,T) be at.d.s. and let A be an m x m (m > 2) transitive matrix.
If there exist m pairwise disjoint nonempty closed subsets V1, Vo, ...,V C X such
that for any o = (ag,ay,az,...) € X4,

Va= (T (Vay) #9, (%)

s=0
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then there exists a subsystem (Mo, Ty |m,) of (M(X), Tar) such that (Mo, Tar | m,) is
topologically semi-conjugate to (X4,04).

Proof. Let M; = M(V;) fori € {1,2,...,m}. By Proposition 3.1, My, M5, ..., My,
are pairwise disjoint nonempty compact subsets of M(X). Also, by Lemma 3.2, for
any o = (ag,a,da,...) € X4,

My = () Tag' (May) = () Tag (M(Vay)) = () M(T ™5 (Va,)) = M(Va)) # 0.
s=0 s=0 s=0

Now put My = UaeEA M, then My is Tys-invariant. In fact,

Tu(Mo) = | ) TuM) = | TM(ﬂTA;S(MaS))

ISP aEeXy s=0
o0
= U N M) = | M) < M.
aeXy s=0 aEX Y

Therefore, by [8, Theorem 4.1], it follows that the subsystem (Mo, Tar|pm,) of
(M(X), Tyr) is topologically semi-conjugate to (X4, 04). ]

Here it is worth noting that the simplified criterion obtained in [8, Theorem 4.1]
for a system to have a subsystem topologically semi-conjugate to (X4, 04) is a key to
prove Theorem 3.1 without big difficulties as you can see from the proof.

Remark 3.1. Given a point x € X, let §, € M(X) be the Dirac point measure of x
defined by

1, xe A,

5x(A) =
) {O, X ¢ A,

where A is a Borel subset of X. Obviously, the map x +— § is an embedding map
from X to M(X) and a homeomorphic map (see [1]). If the assumptions of Theo-
rem 3.1 are satisfied, then by [8, Theorem 4.1] there exists a subsystem (A, T'|p) of
(X, T) such that (A, T|a) is topologically semi-conjugate to (X4, 04). Here A is
defined by A = (Jyes, Va- Put Ay = {8x € M(X) : x € A}. Then it is clear that
the subsystem (Aar, Tpr|a,,) of (M(X), Ty) is also topologically semi-conjugate
to (X4, 04). Therefore, if the subsystem (A, T'|p) of the original system (X, T') is
topologically semi-conjugate to (X4, 64), so is its corresponding induced subsystem
(Am, Tarla,,) of (M(X), Tar). In this sense, we call this subsystem (A, Tar|a,,)
of (M(X), Ty ) trivial subsystem topologically semi-conjugate to (X4, 04).

If for every o € X4, Vi consists of only one point, the above subsystem (A, T'|5)
of (X, T) is topologically conjugate to (X4, 04) by [8, Theorem 3.1]. Then we can
see that in this case the trivial subsystem (Apr, Tar|a,, ) of (M(X), Tyr) is also topo-
logically conjugate with (24, 04). However, if for some « € 34, V,, consists of more
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than two points, then since M, = ﬂf’;o Ty, (My,) = M(Vy) as shown in the proof
of Theorem 3.1, it is clear that §(Vy) < #f(My) where §(-) denotes the cardinality of a
set. Then

4(Mo) = ti( U Ma) > u( U Va) — H(A) = E(Aw).
aEX 4 aEX 4
and thus Ay C My and Apr # M. So the subsystem (Mo, Tyr|m,) of (M(X), Tyr)
in Theorem 3.1 obviously is nontrivial subsystem topologically semi-conjugate to
(24, 04).

Thus we can restate Theorem 3.1 as follows.

Theorem 3.2. If a t.d.s. (X, T) satisfies the assumptions of Theorem 3.1, then its
induced system (M (X ), Typr) has a nontrivial subsystem topologically semi-conjugate
to (X4,04).

Remark 3.2. Given a compact metric space (X, d), the embedding mappingi : X —
K(X) defined by i(x) = {x} € K(X), is an isometric and homeomorphic embed-
ding. Hence, (X, T') can be viewed as (i.e., homeomorphic to) a subsystem of its
induced hyperspace system (K(X), Tk). As a result, if (X, T') has a subsystem topo-
logically conjugate (respectively, semi-conjugate) to (X 4,04), then its induced hyper-
space system (K (X ), Tx) will also have a subsystem topologically conjugate (respec-
tively, semi-conjugate) to (X4, 04) (see [19]). Here we also call such subsystem of
(K(X), Tk) trivial subsystem topologically semi-conjugate to (X4, 04).

The following corollaries show some relations between the original system (X, T')
and the induced systems (K(X), Tx) and (M(X), Tpr) concerning topological semi-
conjugacy to (X4, 04).

Corollary 3.2. Let (X, T) be at.d.s. and let A be an m X m (m > 2) transitive matrix.
If the system (X, T) has a subsystem topologically semi-conjugate to (X4,04), then
the induced systems (K(X), Tk) and (M(X), Tpr) have some nontrivial subsystems
topologically semi-conjugate to (X4, 04), respectively.

Proof. From [8, Theorem 4.1], condition () in Theorem 3.1 is a necessary and suf-
ficient condition for (X, T') to have a subsystem topologically semi-conjugate to
(X4, 04). Therefore desired results hold by Theorem 3.1 and [7, Theorem 3.1.5]. m

Corollary 3.3. Let (X, T) be a td.s. and let A be an m X m (m > 2) transitive

matrix. If there exist m pairwise disjoint nonempty compact subsets My, M, ..., M,
in M(X) such that

Qi= | suppp (1<i<m)
neM;
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are pairwise disjoint, and for any a € Y4,

o0
MO{ = m T]\;S(Mas) 7é Qv
s=0

then there exists a subsystem of (X, T) which is topologically semi-conjugate to
(24, 04).

Proof. By Lemma 3.2 and [8, Theorem 4.1] it is obvious. [

In practice, it is not easy to check the condition (x) of Theorem 3.1 though it
makes it easy to discuss theoretically. But using the concept of A-coupled expanding,
we can obtain more convenient conditions to check as follows.

Theorem 3.3. Let (X,T) be at.d.s. and let A be an m x m (m > 2) transitive matrix.
Let V1, Vs, ..., Vi be pairwise disjoint closed subsets in X. If T is an A-coupled-
expanding on Vi, Vs, ..., Vi, then the induced system (M(X), Tyr) has a nontrivial
subsystem which is topologically semi-conjugate to (X4,04).

Proof. Tt follows from Theorem 3.1 in this paper and [8, Theorem 4.2]. ]

Theorem 3.4. Let (X, f) be a t.d.s. and let A be an m x m transition matrix such
that (X4,04) is topologically transitive. Let ag € X4 be a transitive point of (X4,04).
If there exist m pairwise disjoint nonempty compact subsets Vi, Vo, ..., Vi C X such
that Vo, # O, then there exists a nontrivial subsystem in (M (X)), Tar) which is topo-
logically semi-conjugate to (X4, 04).

Proof. By the assumption in this theorem and [7, Proposition 3.1.8] we see that
Vo # @ for any o € X 4. Thus, by Theorem 3.1, the proof is completed. |

4. The chaos of the induced system on the space of probability
measures

Now we study some chaotic properties of the system (M(X), Tps) induced by a
td.s. (X, T).

Theorem 4.1. Let (X, T) be a t.d.s.. Suppose that A = (a;;) is an m X m transitive
matrix satisfying that L7, ai,; = 2 for some ig € {1,2,... m}. If there exist m
nonempty compact subsets Vi, Va, ..., Vi, C X such that V,, is a singleton for any
o € X4, then the induced system (M(X), Tar) has a subsystem which is chaotic in
the sense of Devaney.
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Proof. Consider a natural embedding map from X to M(X), X 3 x — §, € M(X),
which is homeomorphic (see [6]). We can assume diam(X) < 1. Then, by the defini-
tion of the Prohorov metric in M (X), this map is isometric (see [6]), where diam(X)
denotes the diameter of the set X. Now we denote the Prohorov metric of M (X)
as dpy. Then, for any n € N, we have

d(T"(x), T"(y)) = dp (817(x). 817(»)) = dm (Tyy (8x). Ty (8y)).

Since V, = {x} is a singleton for any a € X4, M, is so, that is, My = {6}
Therefore, by Theorem 3.1 and [8, Theorem 5.1], the proof is completed. |

Theorem 4.2. Let (X, T) be a t.d.s.. Suppose that A = (aj;) is an m X m transitive
matrix satisfying that E;’;laioj > 2 for some iy € {1,2, ..., m}. If there exist m
pairwise disjoint and nonempty compact subsets Vi, Vo, ..., Vi C X such that V,
is nonempty for any o € X4, then the system (M(X), Tpr) is chaotic in the sense of
Li—Yorke.

Proof. By Theorem 3.1, there exists a subsystem (Mo, Tas |a,) of (M (X), Tps) which
is topologically semi-conjugate to (X4, 04). Therefore,

h(Tm) = h(Tm|my) = h(oa) > 0.

Hence, (M(X), Tyr) is chaotic in the sense of Li—Yorke. [
Corollary 4.1. Let (X, T) be a t.d.s.. Suppose that A = (a;;) is an m X m transitive
matrix satisfying that X7 ai,; > 2 for some ig € {1,2,... . m}. If there exist m
pairwise disjoint and nonempty compact subsets V1, Va, ...,V C X such that T is

an A-coupled expanding on Vi, Va, ..., Vi, then the system (M(X), Tyr) is chaotic
in the sense of Li—Yorke.

5. A characterization of the ¥ -mixing system (X, 7') by means of
(M(X), Tnr)

In this section, we consider some properties of the induced system (M (X), Tyr) rele-
vant to the question posed in [5] using a result of the present paper. In [5], Fu, H. and
Xing, Z. obtained a characterization of the ¥ -mixing (X, 7') via a Furstenberg family
F by means of (K(X), Tk) as follows.

Theorem 5.1 ([5]). Let (X, T) be a td.s. and let F C Fins be a Furstenberg Family.
Then the following statements are equivalent:

(1) (X, T) is ¥ -mixing.
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(2) Forany A € K(X) with int(A) # 0,
¥ —1limTg(A) = X,
where int(A) denotes the interior of A.

And they posed the following question:

Bauer and Sigmund [1] have studied the interplay of (X, T') with (M(X), Tx) as
well as with (K(X), Tk), and pointed out that dynamical properties of (M(X), Tar)
are in parallel with those of (K(X), Tx). As have been found later, there still exist a
few discrepancies between them. Then, what is the analogous equivalent characteri-
zation in (M (X)), Tyr) corresponding to the above Theorem 5.1?

Here we give an answer to this question.

Before stating our result, we briefly introduce some more concepts concerning
Furstenberg families.

Let 2N0 be the set of all subsets of Ny and ¥ C 2No. We say that & is a Fursten-
berg family if it is hereditary upwards, that is, for F; € ¥, F; C F, implies that
F, € ¥.Foran ¥, we define its dual family as

k¥ ={F € 2No : No\F ¢ #).

For i € Ny, we define a map g’ : Ng — Ny by g'(j) =i + j. For a Furstenberg
family #, let

n
tF = {FGZNO : ﬂg_if(F)e?, foranyn e N
j=1

and any {i1,i2,...,in} C No}.

Finr denotes the set of all infinite subsets of Ny.

For A, B C X,wedefineaset N(A,B) ={n e No: ANT"(B) # 0}.Let ¥ be
a Furstenberg family. We say that the t.d.s. (X, T') is ¥ -transitive if N(U, V) € ¥ for
any nonempty open subsets U, V of X, and (X, T) is F -mixing if (X x X, T x T) is
F -transitive.

Let {x,} be a sequence of points in X and ¥ C F;i,¢ be a Furstenberg family. We
say that the sequence {x,} ¥ -converges to a point x € X (denoted by ¥ -lim x, = x)
if{n : x, € V} € ¥ for every neighborhood V of the point x.

The following theorem is a characterization of the % -mixing system (X, 7") cor-
responding to the above Theorem 5.1, by means of (M(X), Tar).

Theorem 5.2. Let (X, T) be atd.s. and let ¥ C Fiye be a Furstenberg Family. Then
the following statements are equivalent:

() (X, T) is F-mixing.
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(2) For any p € M(X) with int(supp ) # @, T — lim (supp Ty, (1)) = X in
the sense of the topology in K(X).

Proof. (1) = (2). Let u € M(X) such that int(supp ) # @. Put A = supp p. Then
we have that A € K(X) and by Theorem 5.1,

¥ —1limTg(A) = X.
Using Proposition 3.2, it follows that
Tg(A) = T"(A) = supp Ty (n),
which implies that
¥ —lim(supp Ty (1)) = X.

(2) = (1). For any A € K(X), we can always choose some pu € M(X) such that
supp 4 = A. Since

Tx(A) = supp Ty; (A)
from Proposition 3.2, if int(A4) # @, then we have
¥ —1limTg(A) = tF — lim (supp Ty (1)) = X.
Therefore, T is ¥ -mixing by Theorem 5.1. |

Remark 5.1. The question posed in [5] is what an analogous equivalent characteri-
zation in (M (X)), Tys) corresponding to Theorem 5.1 (2) is. Regarding Theorem 5.1,
the analogue seems to be as follows.

(2) For any pu € M(X) with int(supp ) # 0, there exists av € M(X) such that
suppv = X and ©F —lim Ty, (i) = v in the sense of the topology in M(X).

But (1) = (2)’ does not hold generally. More precisely, it does not hold in the
case when ¥ = F. In fact, if we set ¥ = F, then 15 = Fr and F -mixing
coincides with strongly mixing and t ¥ -convergence is equal to the normal conver-
gence. Assume that (1) = (2) holds for . If T is strongly mixing, then for any
u € M(X) with int(supp ) # @ there exists a v € M(X) such that suppv = X and
Ty () — v € M(X) (n — oo) in the weak*-topology. Then, v is an invariant measure
and thus (X, T) is an E-system.

However, there is an example which is a strongly mixing system but not an E-
system. The subshift (X, o) in [18, Section 5] is strongly mixing by [18, Proposi-
tion 2]. But, if a € X is not a minimal point (@ # 00 ---), then there exists a neigh-
borhood U of a such that the upper Banach density of N(a, U) is zero (see the proof
of [18, Lemma 2]). It is well known that a transitive system (X, T') is an E-system
if and only if N(x, U) has a positive upper Banach density for any transitive point
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x € Trans(X, T') and any neighborhood U of x. Therefore this implies that the sub-
shift (X, o) is not an E-system.

So we can conclude that (2)’ is not an analogous equivalent characterization in

(M(X), Tpr) corresponding to Theorem 5.1 (2).
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