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Unitally nondistributive quantales
Javier Gutiérrez Garcia and Ulrich Hohle

Abstract. Unitally nondistributive quantales are unital quantales such that the unit is approxi-
mable by the totally below relation and does not meet-distribute over arbitrary joins. It is shown
that the underlying nondistributive complete lattice contains at least 7 elements. Moreover,
under mild conditions, every quantale has an extension to a unitally nondistributive quantale
by the addition of an isolated unit. As a byproduct of this construction we prove that there exist
30 non-isomorphic, unitally nondistributive quantales on the set of 7 elements.

Introduction

In this paper, we present a new class of quantales arising from a question posed by
Dirk Hofmann and Maria Manuel Clementino during the XIV Portuguese Category
Seminar celebrated at Coimbra, Portugal in October 2023 (see [1]). The essence of
this question can be formulated as follows. Let 2 be a unital quantale. What impact
has the approximability of the unit of 2 by the totally below relation on the distribu-
tivity of the underlying lattice of 27? In this context it is important to point out that
under the existence of a dualizing element and the distributivity of the quantale mul-
tiplication over nonempty meets the approximability of the unit of 2 by the totally
below relation is equivalent to the completely distributivity of the underling lattice
(cf. Proposition 1.1). Therefore the question arises what happens in the absence of
a dualizing element or the missing distributivity of the quantale multiplication over
nonempty meets.

The aim of this paper is to show that the approximability of the unit of a quantale
by the totally below relation is completely unrelated to any kind of distributivity of
the underlying lattice. For this purpose we introduce the class of unitally nondistrib-
utive quantales. As a first step we investigate their underlying complete lattice and
encounter a new class of nondistributive lattices, in which the approximability of the
unit by the totally below relation entails a stronger form of nondistributivity being
called here strict nondistributivity (cf. Definition 2.1). The investigation of this notion
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leads us to the first important result (cf. Proposition 2.4), which provides a necessary
condition for a complete lattice to be strictly nondistributive in terms of 4 specific
complete sublattices. Further, every nondistributive complete lattice has an extension
to a strictly nondistributive one (cf. Lemma 2.2). In a next step, we present the sec-
ond important result of this paper (cf. Theorem 3.3), a construction showing how,
under mild conditions, quantales on nondistributives lattices can be extended to uni-
tally nondistributive quantales by addition of an isolated unit. On this background,
it is not difficult to see that every unitally nondistributive quantale contains at least
7 elements (cf. Corollary 2.6). This is the reason why we provide the classification
of all unitally nondistributive quantales on the set of 7 elements and obtain that on
the set of 7 elements there exist exactly 30 non-isomorphic, unitally nondistributive
quantales (cf. Corollary 4.3 and Examples 4.5 and 4.6). All of them could be seen
as a simple counterexample concerning the question motivating our study (cf. Sec-
tion 4.1). Two classes of some more advanced counterexamples dealing with at least
8 elements appear in Section 4.2 completing the picture given by Proposition 2.4.

1. Preliminaries on quantales and motivation

Let Sup be the symmetric, monoidal closed category of complete lattices and join-
preserving maps. A quantale is a semigroup in Sup, a unital quantale is a monoid in
Sup, and an integral quantale is a unital quantale such that the unit coincides with the
upper universal bound T (cf. [3]). Due to the tensor product in Sup, every quantale
£ can be identified with a complete lattice provided with a semigroup operation
which is join-preserving in each variable separately, i.e., (\/ 4A) * B = \/ eq @ * B
and B (\/ A) = \/ e4 B * a, for each A € Q and B € Q. The right- and left-
implication are given by

aNp=\/lreQlaxy<p) and pa=\/lyeQly+a<p}. «peq.

Let 2 be a quantale. An element § € Q is dualizing if for all @ € Q the relation
8/ (@\(8) =a=(8  a)\ 6 holds. If Q has a dualizing element, then it is
unital. Q is semi-unital if ¢ < T * o and @ < « * T hold for all « € 2. An element
a € Qistwo-sidedif T xa <aanda *x T <, and Q is two-sided if every element
of 2 is two-sided. Every integral quantale is two-sided, but not vice versa.

Let L be a complete lattice and <1 be the totally below relation on L, i.e., given
o, B € L, we write B < « if for any subset A C L withow < \/ A thereisay € 4
such that 8 < y. We recall that a complete lattice is completely distributive if every
a € L\ {L}is <-approximable,ie.,a <\/{f € L | B <«a}.Note thatife < «, i.e.,
o is completely join-prime (cf. [2]), then « is <I-approximable.
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Before we proceed, we first show that under certain algebraic properties of a unital
quantale the <J-approximability of its unit implies the complete distributivity of its
underlying complete lattice.

Proposition 1.1. Let Q = (Q, *, e) be a unital quantale with a dualizing element
such that the quantale multiplication is distributive over nonempty meets. If the unit e
is <I-approximable, then the underlying lattice of  is completely distributive.

Proof. Let @ € 2\ {L}, § be a dualizing element of 2 and e be the unit of .
Further, let B € Q such that 8 <t e and @ # A C Q with o < \/ A. If the quantale
multiplication distributes over nonempty meets, then

pac e (Va) =o (1 (V) N2)
=a\((y/€\A(5/y))\8)=((y/e\A<8/y))*a)\5

= V(G nxa)\ 8=\ (\.

yeA y€eA

Hence there exists y € A such that 8 < « N\ y, i.e.,, @ * f < y and it follows that
(a * B) < «. Since e is <1-approximable, we obtain

afoc*(\/{,BGD.|,8<1e})=\/{a*ﬂ|,3€§3and,3<1e}§\/{ye§3|y<1a}.

We conclude that o is <1-approximable, and consequently, the underlying lattice of
is completely distributive. |

If in a unital quantale we abandon the existence of a dualizing element or the prop-
erty that the quantale multiplication is distributive over nonempty meets, then Propo-
sition 1.1 suggests the question which relationship exists between the <J-approxi-
mability of the unit e and distributivity properties of the underlying lattice. As we
already pointed out in the introduction, this question arose also during the XIV Por-
tuguese Category Seminar celebrated at Coimbra, Portugal in October 2023. More
precisely, Dirk Hofmann and Maria Manuel Clementino asked the following.

Question 1.2. If the unit of a unital quantale is <I-approximable, does this property
imply that then the unit A-distributes over arbitrary joins?

The motivation of this article is to answer this question negatively by proving
that there exist a large class of unital quantales Q = (£, *, e) such that the unit e is
<-approximable and there exists a subset 4 of Q satisfying the property e A (\/ 4A) £
V geale A o). We shall call these quantales unitally nondistributive. It follows imme-
diately that every unitally nondistributive quantale is non-integral and its underlying
lattice is far from being a frame. However, it is interesting to see that every quantale
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induced by an arbitrary group can be extended to a unitally nondistributive quantale
(cf. Example 3.5 (2)).

2. Strictly nondistributive lattices

First we recall some terminology from lattice theory. Let L be alatticeand o, B,y € L;
« is join-irreducible if « # 0 and « = Vv y implies that e = B or @ = y, and « and
B are incomparable, if « £  and B £ . We will also use the following notation:

le={pel|[p=<a} and ta={fel|a=f}

Anelement o € L \ {L, T} is isolated' in L if there exist two elements o~ < o and
at > a of L such that following properties hold:

(o) \{a} = lo” and (to) \{a} = ta™.

It is easy to see that monomorphisms in the category Sup are join-preserving and
injective maps.

Motivated by the concept of quantales (cf. Section 1), the categorical framework
in this paper will always be Sup. Hence a complete sublattice S of a complete lattice
L is a complete lattice S such that the inclusion map S < L is join-preserving.
Therefore, joins in S are joins in the sense of L, but not meets.

In what follows, we are interested in nondistributive lattices. Recall that a lattice
L is nondistributive if and only if there exist three elements «, 8, y € L such that

yA(avB) £y na)V(y AB). 2.1

It is well known that without loss of generality we can always choose y in (2.1) satis-
fying the property y <« Vv . But then (2.1) implies that y fails to be <i-approximable.
Typical examples of nondistributive lattices provided with this structure are the dia-
mond with three atoms or the pentagon (see M3 and N5 in Figure 1).

Since our main interest is to provide an answer to Question 1.2 and to investigate
nondistributive, complete lattices, in which certain elements are <J-approximable, we
introduce the following terminology.

Definition 2.1. A lattice L is strictly nondistributive if there exist «, 8, x € L such
that
xA(aVvpB)LxAna)v(xAapB) and x LaV}p. 2.2)

I'The property being isolated means also to be doubly (completely) irreducible.
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As we have seen above, not every nondistributive lattice is strictly nondistributive.
In fact, if in M3 or N5 we choose «, B, y € L satisfying (2.1), then « v B coincides
necessarily with the universal upper bound. But we will show now that every nondis-
tributive lattice can be extended to a strictly nondistributive lattice. This construction
will be based on the addition of an isolated element and will play a significant role in
what follows. Due to the lattice structure this isolated element x will always be com-
pletely join-prime, i.e., x <1 x. For this purpose we first fix some further terminology.

Let us recall that we are working in Sup. Then a complete sublattice S of a com-
plete lattice L is called a pentagon, respectively a diamond with 3 atoms, if S is
isomorphic to Ns, respectively to M3. They are typical and minimal among nondistrib-
utive lattices in the sense of their cardinality. Consequently, any nondistributive lattice
must have at least 5 elements. We are also interested in another two nondistributive
lattices with 6 and 7 elements which we denote by L¢ and L7, respectively, and whose
Hasse diagrams are given in Figure 2 below.

A complete lattice M is an extension of a complete lattice L if the inclusion map
L — M is arbitrary join-preserving and nonempty meet-preserving. In particular, L
is always a complete sublattice of M.

The next lemma describes a special extension of a complete lattice by two dif-
ferent elements, one of them being isolated. In particular, this extension will always
transfer a nondistributive lattice into a strictly nondistributive one. Note also that since
we are working in Sup, we assume here completeness, but it is evident that the basis
of this lemma requires only arbitrary lattices.

Lemma 2.2. Let L be a complete lattice and T and x be two different elements
satisfying the condition L N {T,x} = @. Then for every y € L there exists a unique
complete lattice-structure on L"=LU {T. x} satisfying the following conditions:

1) 1" is an extension of L.

(i)  The element T is the universal upper bound of .

(iii) The element x is isolated and satisfies the conditions x~ =y and xT = T.
Moreover, if there exist o, B € L such that {a, B, y} satisfies (2.1), then {a, B, x}

satisfies (2.2) in Zy, ie., 7 is strictly nondistributive.

Proof. (Uniqueness) With regard to (i) and (ii) it is sufficient to investigate the order
relation between the element x and all other elements of L. It is easy to see that (iii)
is equivalent to the following properties in J5E

@iv) ifea<yinL,thena < x inzy,
(v) ifa £ yin L, then « is incomparable with x in .

(Existence) Obviously, the partial order on L can be extended to r by using
relations (iv) and (v) and fixing T as universal upper bound. Then (i)—(iii) are satisfied.
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In order to confirm the completeness of L7 itis sufficient to observe that for all o € L
the following relations hold:

Vi) xAa=yAa,

(vii) ifa <yinLthena Vv x = x,

(viii) ifo £ yin L thena vV x = T.

Finally, if {«, B, y} satisfies (2.1) in L, then « vV 8 £ y, and consequently o v

and x are incomparable. Further, referring to x~ = y, we observe (¢ vV ) Ay =
(xvpB)Ax,aAy=aAxand B Ay = B A x.Hence {«a, B, x} satisfies (2.2) inL’,
i.e., 7 is strictly nondistributive. n

Remarks 2.3. Referring to Lemma 2.2 it is worthwhile to note the following:
(1) Ify € L\ {T}, then T and x are incomparable in .

(2) Theisolated element x in L is completely join-prime, i.e., x <1 x holds in .

The first two typical examples of strictly nondistributive lattices are the extensions
of N5 and M3 by an isolated element in the sense of Lemma 2.2, denoted simply by
N5 and M3, whose Hasse diagrams are given in Figure 1. A complete sublattice S of a
complete lattice L is called an extended pentagon, respectively an extended diamond,
if S is isomorphic to Ns, respectively to M3. Both N5 and M3 have 7 elements.

We are also interested in two strictly nondistributive lattices with 8 and 9 elements:
the extensions of Lg and Ly by an isolated element in the sense of Lemma 2.2, are
simply denoted by L¢ and L7, whose Hasse diagrams are given in Figure 2.

T T
X
T T T T X
Y Y
. B B a@ﬁ o B
1 Ns 1 Ns M3 | M3 |

Figure 1. The lattices N5 and M3 and their extensions.

T T
a\/yT ocV)/—r o oz\/)/T BVvy a\/)/T ;
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o p o B o B o B
L Le L L Lz I L7 D

Figure 2. The lattices Lg and L7 and their extensions.
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Our next result shows the necessity of the existence of one of these 4 strictly
nondistributive lattices as complete sublattices in any complete strictly nondistributive
lattice.

Proposition 2.4. If L is a complete and strictly nondistributive lattice, then there
exists a complete sublattice of L being isomorphic to Ns, M3, Lg or L.

Proof. Let L be a complete and strictly nondistributive lattice. If «, 8, x € L satisfy
(2.2),1i.e.,therelations x £ vV Band x A (¢ V B) £ (x Aa) V (x A B) hold, then L
has at least 5 distinct elements L, «, B, o v B and x satisfying the properties

aVvVB£Lx, xA@vpB)£a and xA(xVp)£B. (2.3)

Since x £ o v B, (2.3) implies that « vV  and x are incomparable, and consequently
we have x V (@ v B) ¢ {L,«a, B,a Vv B, x}. Referring again to (2.3), the relation
xA(avp)ée{l,a B,av B x,xV(xV p)} follows. Now we put a :=a Vv B
and y := x A a and infer that

S={l,o8,av,avyBVyx,xVvVaxVpxVa}

is a complete sublattice of L with at least 7 distinct elements. Moreover, (2.3) implies
y Zaand y £ B and a fortiori x £ « and x £ B. Hence « and § are atoms in S and
y # L. The binary meet operation with y in S restricted to & and 8 has the form

J_7 9 J_’ 9
any = o« £y and BAy = P2y
o, af]/, ﬂv ﬁiy

The size of S depends on the values of @ vV y, BV y, x Va and x Vv 8. In order to
show that there exist complete sublattices of S being isomorphic to N5, M3, Lg or L7
we distinguish the following cases:

Casel. o <yorfB <y.Letusassumea <y —ie.,aVy =y.Then § £y and
BVvy=a.Sincey <x,xVvp=xVaandxVoa=x follow. Hence S is isomorphic
to the extended pentagon Ns. In particular, x~ = y and x* = x V a hold. The case
B < y can be treated analogously.

Case2. o £ y and B £ y. Then y is the third atom in S.

Case2.l. a £y, BLyandaVvy =a=Vy.Thena £ x and 8 £ x follow. Hence
S is isomorphic to the extended diamond M3 with three atoms. In particular, x~ = y
and xT = x v a.

Case2.2. a £y, B £y, aVy =aand BV y # a.Then again « £ x, but we cannot
control the value of x Vv . Therefore we distinguish two further cases:
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Case2.2.1. B <x.Thenx Vo = x Va,and S satisfies the following Hasse diagram:

xVva
a X
BVy
o ,B
1

Obviously {L,a,y, B8 Vv y,a,x,x V a} is a complete sublattice of S being isomorphic
to NS.

Case2.2.2. B £ x. Then the Hasse diagram of S has the form

xVa
a X
B v
* B
L
and consequently S is isomorphic to Lg (cf. Figure 2). In particular, x~ = y and

xT = x Vahold.
If we interchange the role of « and 8 in the previous consideration, then the case
aZy,BLy,aVvy#aandf Vv y = a canbe treated analogously.

Case23. a £y, B Ly, avyF#aandfVvy #a.Then £Lavyanda £ 8V y.

Case2.3.1. Let us further assume @ £ x and 8 £ x —i.e., x Va # x and x vV 8 # x.
If x Va =xVa=xVp,then S is isomorphic to L7 (cf. Figure 2) with x~ = y and
xT = x Va.On the other hand, if x Vo # x Va orx V B # x V a, then there exists a
complete sublattice of S being isomorphic to Ns. In fact, let us assume x V « # x V a.
Then the complete sublattice {_L,a, B, V y,a,x V a,x V a} is isomorphic to Ns. The
case X V 8 # X V a can be treated analogously.

Case232. o <xandf £x.Thenfvx=xvVvaand{Ll,B,aVya,x,xVa}isa
complete sublattice of S being isomorphic to Ns. The case ¢ £ x and 8 < x can be
treated analogously. |

Comments 2.5. (a) We maintain the notation from the proof of Proposition 2.4 and
observe that P = {Ll,a,B,y,a Vy,B V y,a} with the atoms « and § satisfying
a V B = a is a complete sublattice of S. Since in the Cases 1, 2.1, 2.2.2 and in the
first part of the Case 2.3.1 the properties x~ = y and x™ = x \ a hold, Lemma 2.2
implies that S coincides with the extension P '=Pu {x,x V a} by an isolated
element x. This construction does not apply to the remaining cases in the proof of
Proposition 2.4.
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(b) The converse of Proposition 2.4 cannot hold, since in Sup every complete
lattice L can be embedded into a completely distributive lattice — e.g.,

LY PL)®, ga) = U{A e P(L)|a< /\A}, ael,
where P (L)P is the dual lattice of the power set of L.

Corollary 2.6. Any strictly nondistributive lattice must have at least 7 elements, and
if it has exactly 7 elements, then it must be either an extended pentagon or an extended
diamond.

3. Construction of unitally nondistributive quantales

As we announced in the introduction, we say that a unital quantale Q = (R, *, ) is
unitally nondistributive if it satisfies the following properties:

(1) V{x € Q| @ < e} = e (the unit e is <-approximable).
(2) There exists a subset A of Q such thate A (\/ 4) £ \/,cale A ).

Proposition 3.1. If Q is a finite unitally nondistributive quantale with unit e, then
there exist a, B € Q such that

eNlavpB)ZLerna)vienB) and e Z£aVvp. 3.1)
Hence the underlying lattice of Q is strictly nondistributive.

Proof. Let A = {ay,...,q,} be a subset of Q satisfying (2). Then the cardinality of
A is atleast 2, and we define B; :=a; vV --- V a, foreachi € {1,...,n}. If we assume
eANPi <(ena;)V(enpBit1)foreachi € {1,...,n — 1}, then we would have

en(VA)=enBi=(ena)vienps) = = (ena)veViena),

which is a contradiction to (2). Hence there exists i € {l,...,n — 1} such that the
relatione A B; £ (e A;) V (e A Bi4+1) holds. If we now put o := ; and B := B+,
then @ v B = B;, and the first part of (3.1) is verified. Further, since the unit e is
<J-approximable, the first part of (3.1) implies the second part of (3.1). |

The same arguments can be used for unitally nondistributive quantales such that
their underlying lattice is meet continuous, i.e., binary meets distribute over directed
suprema. Hence Proposition 3.1 holds also for this class of quantales.

In view of Proposition 3.1 and Corollary 2.6, we conclude that every unitally
nondistributive and meet continuous quantale contains at least 7 elements. This obser-
vation is a motivation to give a classification of all unitally nondistributive quantales
on the set with 7 elements (see Section 4.1 infra).
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Based on the observation and results of Section 2 we will present a procedure
describing an extension of a quantale to a unitally nondistributive quantale. This con-
struction is based on the extension of the underlying lattice by an isolated element
(cf. Lemma 2.2) which in this case will be the unit of the new quantale. In contrast
with the previous situation, where any lattice could be extended in this way, we need
some additional condition on the quantale in order to have the required extension. We
first note the following.

Lemma 3.2. Let L be a complete lattice, y € L \ {T} and let 2 be a unital quantale
on the extension L' = L U {e, T} of L in the sense of Lemma 2.2 such that the isolated
element e is the unit of Q. Then:

1) (y*xa)V(exy)<aforalaecl,

Q) Txa=PB*a)VaandaxT =(axB)Vaforall p£yanda €L,
(3) L is a subquantale of R ifand only if T« T < T,

@ ifNBVy|BeL, BLy} <y, theny istwo-sided in T,

(5) if L is a subquantale of 2, then the quantale multiplication in  with unit e

is uniquely determined by its values in L.

Proof. The first assertion follows immediately since y < e and e is the unit of .
Since y # T, theset {8 € L | B £ y} is nonempty, and consequently (2) follows from
T =B veforall B £y (cf. (viii)). The third one is obvious. The assertion (4) follows
from (1) and (2). Finally, (5) is an immediate corollary of (2). ]

Now we have the following.

Theorem 3.3. Let 2 be a quantale, y € Q \ {T} and let ' =qu {T.e) be the
extension of the underlying lattice by an isolated element e in the sense of Lemma 2.2.
Then there exists a unique quantale structure on Q7 with unit e and subquantale R if
and only if Q satisfies the following conditions for alla € Q and B € Qwith § £ y:

(y xa) V(e*xy) <a, (3.2)
Txa<Bra)va and axT <(xxp)Va. (3.3)

Moreover; if there exist two elements o, B € Q satisfying the property

yA@VvB) £y ra)Vv(yAB), (3.4)

then Q" is a unitally nondistributive quantale.

Proof. The necessity follows from Lemma 3.2 (1) and (2), and the uniqueness of the
quantale structure with unit ¢ and 2 as subquantale follows from Lemma 3.2 (5). In
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order to establish the existence of the quantale structure on Q" with unit e and sub-
quantale 2, we extend the quantale multiplication on £ to the additional elements e
and T as follows. First we require that e is the unit in 2", and secondly the multipli-
cation involving T is determined by

TxT=T, Txa=(Txa)vVae, axT =(@x*xT)Va, ae Q. (35

Since y = e, the property (3.2) implies that this extension of the quantale multi-
plication is isotone in . Further, the property (3.3) guarantees that this extension
preserves arbitrary joins in each variable separately, i.e., it is a quantale multiplication
in Q" with unit e. In fact, it follows from (3.5) that the left and right multiplications
with T are obviously join-preserving. The interesting situation occurs when we con-
sider @ € £ and a subset A of 2 U {e} such that \/ A = T. Then we have necessarily
that e € A and there exists 8 € Q with § £ y and B € A. Now we apply (3.5) and
(3.3) and obtain

(\/A)*az(T*a)\/ozf(,3*0()\/0{5\/{8*0{|seA}§(T*a)Va.

Hence (\/ A) xa = \/{e xa | ¢ € A}, and analogously we verify o * (\/ 4) =
\/{a x ¢ | ¢ € A}. Finally, by Lemma 3.2 (3),  is a subquantale of 7.

On the other hand, if there exist «, 8 € Q satisfying (3.4), then Lemma 2.2 implies
that the underlying lattice of 7 is strictly nondistributive with isolated unit e, and
so (2) holds. Since e is completely join-prime (cf. Remark 2.3 (2)) and in particular
<J-approximable, we conclude that 2 isa unitally nondistributive quantale. |

Remarks 3.4. (1) If & = (2, *,§) is a unital quantale with unit §, then Q sat-
isfies (3.2) if and only if y < 4.

2) If vy =T foreach B € Q with 8 £ y then (3.2) trivially implies (3.3).

(3) In general, (3.2) does not imply (3.3). Indeed, let 2 be a unital quantale on
Le such that y is the unit (referring to [5] there exist at least 12 quantales of
this type). Then Q satisfies (3.2), but we recall that « £ y andaw vy £ T
(cf. Figure 2) and observe that T x y = T £ (« * y) V y. Hence the property
(3.3) does not hold.

Examples 3.5. (1) Every two-sided quantale satisfies the properties (3.2) and (3.3) —
in particular, the trivial quantale determined by the condition T %« T = L. Conse-
quently, if the underlying lattice of a two-sided quantale  contains elements o, 8,y €
2 satisfying (3.4), then 2 isa unitally nondistributive quantale. The simplest exam-
ples of this situation are precisely the trivial quantales on the pentagon and on the
diamond with 3 atoms.

(2) A further source of unitally nondistributive quantales consists of arbitrary
groups with at least three elements. For this purpose we first recall the construction
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how unital quantales are induced by arbitrary groups G = (G, -, e) (cf. [4, Sect. 5]).
First we provide G with the discrete order and subsequently we apply the MacNeille
completion. This construction leads to a complete lattice Goo = G U {_L, T} by adding
the universal bounds to the discretely ordered set G. In a second step, we extend the
group multiplication on G to a quantale multiplication * on G, as follows:

- Ifa,peG,thenaxf =a-p.

— The action of the universal bounds L and T on elements of G is determined by
TxT=T,LxLl=1,T*a=T=axTand L*xaoa =1 =« * L forall
aeG.

The unit of G, is the unit e of the group G. If we choose the element y as the unit of
the quantale (G, *, €), .., y = e, then (G, *, €) satisfies the properties (3.2) and
(3.3), and if G contains at least three different elements, then y = e satisfies also (3.4).
Hence, if a group G contains at least three elements, we conclude from Theorem 3.3
that the unital quantale (G, *, €) can always be extended to a unitally nondistributive
quantale. In this sense, Theorem 3.3 produces an extremely large amount of this type
of quantales. The simplest example of this situation is when G contains precisely
three different elements. In this case, (Go, *, €) is the quantale induced by the cyclic
group on the diamond with 3 atoms.

4. Unitally nondistributive quantales on finite sets

Let 2 be a (finite) unitally nondistributive quantale with isolated unit e. Then the
underlying lattice is strictly nondistributive (cf. Proposition 3.1). In particular, there
exist elements o, f € Q such that {«, B, e} satisfies (3.1). Then « and B are incom-
parable. We put a :=a VvV 8, y := e A (o vV B) and conclude from the proof of
Proposition 2.4 that also e and a are incomparable and the relations y £ @ and y £ B
hold. In particular, y # L. Further, we assume e~ = y and e = e \V a. Then

S={l,a,8,a,y,aVvVy,BVyeeVa}

is a complete sublattice of the underlying lattice of , e is isolated in S, and finally,
o and B are atoms in S.

In general, S is not a subquantale of £, but it is always a strictly nondistributive
lattice. In contrast to Section 2 we now assume a quantale structure on S such that
the element e plays the role of an isolated unit. Since e <1 e holds in S, every unital
quantale on S with e as unit is a unitally nondistributive quantale. The aim of the
following considerations is to give a characterization of such quantales on S.
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Proposition 4.1. Let Q be a unital quantale on S with unit e such that e~ = y and
e = e\ a. Then the relation a x a < a holds, i.e., P = {L,a,B,y,a Vv y,BV y,a}
is a subquantale of Q. Moreover, P satisfies the conditions (3.2) and (3.3).

Proof. Since e” = y and et = e Vv a, Lemma 2.2 (see also Comment 2.5 (a)) points
out that S has the form S = P = P U {e,e Vv a}.
Now we assume a * a £ a. Thena * a € {e, e Vv a}, this means:

e<axa=(a*xa)V(@xB)Vv(B*xa)V(Bx*xp).

Since e < e, there exists x, y € {«, B} satisfying the property e < x x y. If x x y = e,
first we notice that the right quantale multiplication by x is an injective, join-preserv-
ing self-map of 2 and consequently an order automorphism, since 52 is finite. In
particular, there exists z € 2 suchthat z x x = e, and x * y = e implies z = y, i.e.,
this order automorphism sends y to e. Since y is an atom and e is not an atom, this
cannot happen. Hence we have x x y = a Vv e. Since y < e and x is an atom, we
obtain yxx e {L,x}. f yxx =1L, theny =y xe <yxx*xy =1 follows, a
contradiction. If y % x = x, then

e<xxy=yxxxy=yx(ave)=(yxa)vy <(exa)Va=ua

follows. Hence we obtain again a contradiction and the assumption at the beginning
is false —1i.e., a x a < a holds.

Finally, (3.2) follows from y < e. With regard to (3.3) we choose § € P with§ £ y.
Since e =y and e’ = e Vv a, we conclude § £ e, which implies § V e = e \V a. Hence
for A € P weobtainaxA <(eva)*A=(Ve)xA=(§*A)V A Analogously,
we verify A xa < (A % 6) vV A. =

As an immediate corollary of Theorem 3.3 and Proposition 4.1 we obtain the
following.

Result 4.2. Every unital quantale on S with isolated unit e satisfying e~ =y and
eT =e V a is an extension of a quantale on P provided with properties (3.2) and (3.3).

In the following considerations, we will treat different versions of S depending on
the values of @ vV y and B Vv y.

4.1. Unitally nondistributive quantales on a complete lattice with 7 elements

As a first step, we consider the caseax Vy =a =B v y.Thena £y and § £ y follow,
and vy is a third atom in S. In this situation, the lattice-structure of S is characterized
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by the following Hasse diagram:

eva

4.1
o 5 o 5 “.D

S P
1 1

and P is the diamond with 3 atoms. Sincea« Vy = 8V y =a Vy = a, we con-
clude from Remarks 3.4 (2) and Result 4.2 that every quantale on S with unit e is an
extension of a quantale by an isolated unit on the diamond M3 satisfying (3.2).

In the second step, we consider the case @ < y,i.e.,a Vy = y.Sincea v f =a,
the relation § v y = a follows, and consequently we have 8 £ y. Hence the lattice-
structure of S is characterized by the following Hasse diagram:

eva
€ a
a
y y 4.2)
B B
o o
S P
1 1

and P is the pentagon. Since f vV y = a vV y = a, we conclude again from Re-
marks 3.4 (2) and Result 4.2 that every quantale on S with unit e is an extension
of a quantale by an isolated unit on the pentagon N5 satisfying (3.2).

We can summarize the previous observations as follows.

Corollary 4.3. Every unitally nondistributive quantale on a complete lattice with 7
elements is the extension of a quantale provided with property (3.2) either on the
diamond M3 or on the pentagon Ns.

This is the reason why we are now interested in providing the classification of all
quantales satisfying property (3.2) on the diamond M3 and on the pentagon Ns. For
the convenience of the reader we recall the notation

M={l,a,8,7,T} and Ns={l,a,8,y.T} (cf. (4.1) and (4.2))

and start with the following.

Lemma 4.4. Let Q be a quantale on the diamond M3 or on the pentagon Ns with
o, B and y as in Figures (4.1) and (4.2). If y € Q satisfies property (3.2), then Q is
unital if and only if y x y = y.
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Proof. We first note that if 2 = (R, %, §) is a unital quantale with unit §, then (3.2)
implies y < §, i.e., § € {y, T} (see Remarks 3.4 (1)). Moreover, if § = T, then the
lattice structure of M3 and N5 implies

y=Txy=(@xy)vV(Bxy) <(@ary)V(BAY)=Za,

which is a contradiction to y £ a. Hence y is necessarily the unit of Q and, in par-
ticular, y * y = y. Conversely, if y x y =y, theny < Txy =(a*xy) V(B *y)
andy <yxT =(y*xa)V(y=*p). Hence (3.2) impliesa xy # L, Bxy # L,
yxa # Landy x B # L. Since « and B are atoms, we use again (3.2) and conclude
that y is the unit of Q. ]

Example 4.5. Let 2 be a quantale on the diamond M3 = {L, &, 8, y, T} and assume
that the atom y satisfies (3.2). Then we distinguish the following cases:

Case 1. (Unital quantales) Referring to Lemma 4.4, it is easily seen that there exist 8
non-isomorphic quantales on M3 with unit y (see Figure 3). The unital quantale 5.2.42
is the quantale induced by the cyclic group with 3 elements (cf. Example 3.5 (2)).

Case 2. (Non-unital quantales) If  is non-unital, then y * y = L. Hence
Txy=@BVvy)xy=8xy<p and Txy=(aVvy)sxy=axy<a,

and consequently T % y = L follows. Analogously, we can prove y * T = L. If now
x € {«, B}, then we observe

TxT=xxx=xxT=Txx=a*xf=0x*a.

Hence the restriction of the quantale multiplication to {«, 8, T} is constant and is
represented by a unique element of M3. Therefore there exist 4 non-isomorphic and
non-unital quantales on M3 satisfying (3.2) (see Figure 4). Among them there is the
trivial quantale on M3 (cf. Example 3.5 (1)).

As a concluding remark we point out that there exist 12 non-isomorphic, unitally
nondistributive quantales on the extended diamond.

Example 4.6. Let Q be a quantale on the pentagon Ns = {L,«, 8,9, T} witha < y,
and @ vV B = T such that y satisfies (3.2). In particular, & and 8 are atoms and o # y
holds. Then we distinguish the following cases:

Case 1. (Unital quantales) Referring again to Lemma 4.4, it is easily seen that there
exist 5 non-isomorphic quantales on N5 with unit y (see Figure 5).
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*|a|B|y|T
oxo = 1 o|ll|lala|la axa=_1
Bxp=y Bla|y|B|T Bxp=T
[5, Quantale 5.2.11] y|a|B |y |T [5, Quantale 5.2.12]
Tla|T|T|T
*|a|B|y|T
oxo =0 cgla|lla|la arxa=«
Bxp=p BlL|B|B|T Bxp=y
[5, Quantale 5.2.19] y|a|B |y |T [5, Quantale 5.2.22]
Tla|T|T|T
*|a|B|y|T
oo = alala|lala axa=p
Bxp=T Bla|T|B|T BxB=«a
[5, Quantale 5.2.23] y|a|B |y |T [5, Quantale 5.2.42]
Tla|T|T|T
*x|a|B|y|T
axo=p a|lB|T|la|T axa=a«a
Bxp=T BIT|T|B|T Bxp=y
[5, Quantale 5.2.43] y|a|B|y|T [5, Quantale 5.2.22]
TIT|T|T|T

Figure 3. M3 Case 1.

(Unital quantales) y x y = y.

*la|B|y|T
. 1 |l L] L] L .
ko= a*xo =
L)L) L
[5, Quantale 5.2.1] B [5, Quantale 5.2.3]
vy L|L]L]L
TIL{L|L|L
*la|B|y|T
1
axo =y ; Yy T Y axa =T
[5, Quantale 5.2.2] VIVI=1¥ |5 Quantale 5.2.4]
vy L|L]L]L
Tlyly|Lly
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Figure 4. M3 Case 2. (Non-unital quantales) y x y = L.
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x|a|Bly|T x|la|Bly|T
ala|Bla|T BxB=2 agla|l|la|a
BxpB =1
BIBILIBIB axp=1 B|LIB|B|B
[5, Quantale 5.3.17] yla|B|y|T I[5 Quantale5.3.35] ylalBly|T
TIT|B|T|T Tla|B|T|T
x|a|Bly|T x|a|Bly|T
eip=p  FEBRE DA TEelsT
[5, Quantale 53421 Ty || By T 1 Quantale 331841 < et
TIT|B|T|T TIT|T|T|T
Bxp=T

[5, Quantale 5.3.229]

—H | ™=

ESEIEE
N EIEE

—HIR || R | *
—H| R I™™R|R

Figure 5. N5 Case 1. (Unital) y x y = y.

Case2. (Non-unital) First we show that a non-unital quantale £ on N5 satisfying (3.2)
is semi-unital if and only if the following condition holds:

yxy=a and Bxy=B=yxp. 4.3)

Since £ is not unital, we conclude from the previous case that y x y < « holds.
Now let 2 be semi-unital. If we would assume y * y = L, then we would obtain
the contradictiony < T xy = (BVy)*xy =B *y < B.Hence y x y = « follows.
Further,y < Txy = (B *y) V(e *xy)and y £ o imply 8 *x y # L. Since B is an
atom, the relation 8 % y = § follows. Analogously we verify y * § = .

On the other hand, if (4.3) holds, then we first observe o * a = «. Otherwise, if we
would assume o * o = L, then we would obtain the contradiction | = 8« x o =
B *xy *y %y %y = B. Therefore it is easily seen that

a=axa<Txa, B=yxp<Txp

and
y=avp=(xy)v(Bx*ry)=T=y.
Analogously we verifyo <a*x T, <fxTandy*xT =T.
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Case 2.1. (Non-unital and semi-unital) The relations (4.3) and (3.2) imply o * a =
axy=y+a=canda * 8 = B xa = f. Further we obtain

Txa=PB*xa)V(*xa)=Bva=T, Txf=(B*xP)vp and Tx*xy=T.

Analogously the relations ¢ x T =T, 8« T = (f*fB)v Band y x T = T hold.
Finally, if we would assume 8 * 8 = y, then we would obtain the contradiction o =
yxa=pF*xBxa=pF*B =y.Hence B x B € {L,B,a, T}, and so we have 4 non-
isomorphic, non-unital, but semi-unital quantales on N5 satisfying (3.2) (see Figure 06).

Case 2.2. (Non-semi-unital quantales) With regard to (4.3) we distinguish two cases:

Case2.2.1. yxy =« and (B % y) A (y *x f) = L. Depending on the possible values
of B xy,y«xpB € {L, B} we obtain 4 non-isomorphic quantales on Ns, the last 2 of
them being non-commutative (see Figure 7).

IfBxy=1=yxp,then B xa=_1 =ax*p.Further, y x y = a implies « * y #
landy *a # L.Hencea xy = y xa = a = o * « follows. Since y * y = « and
y x o = a, we conclude B x 8 € {L, 8}, and so we obtain the first 2 quantales in Fig-
ure 7. If xy =Bandy «* = Lthenf *a = f and« * B = L. In particular, g x
= 1 follows, and consequently we have T % 8 = L. Further, if we would assume
y *x @ = 1, then we would obtain the contradictionx =y xy <y *x (B Va) = L.
Hence y x o = o follows, and y * y = « implies @ * @ = «, and consequently,
« * y = «. Analogously we can treat the case 8 * y = 1 and y x § = B and arrive at
the opposite quantale. In this way, we obtain the last 2 (non-commutative) quantales
in Figure 7.

x|a|Bly|T x|a|Bly!|T
pep=L ity pep=a ialalT
[5, Quantale 5.3.16] [5, Quantale 5.3.183] «
yla|Bla|T yia|Bla|T
TIT|B|T|T T|T|{T|T|T
x|a|Bly|T *|la|Bly|T
T T
pof = Slslslats P*P=T S5 TAIT
[5, Quantale 5.3.41] [5, Quantale 5.3.228]
yla|Bla|T yia|Bla|T
TIT|B|T|T T|T|{T|T|T

Figure 6. N5 Case 2.1 (Non-unital, but semi-unital quantales) y x y = «a, Bxy =8 =y % .



*|a|B|y|T
Bxy=1 ola|lla|a
yxfB =1 BlL|lL|L|L
[5,Quantale 5.33] y|a|l|a|la
Tla|l|lo|a
*|a|Bly|T
Bxy=28 ala|Bla|T
yxfB =1 BlL|L|L|L
[5, Quantale 5.3.11] y |a|B|a|T
Tla|B|la|T
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Bxy=1
yxB=1

[5, Quantale 5.3.29]

Bxy=_1

y*pB =45

[5, Quantale 5.3.6]
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*|a|B|y|T
dla|llla|a
BlL|B|L|B
yla|l|lo|a
Tla|p|la|T
*|a|B|y!|T
dla|llla|a
BlB|L|B|B
yla|l|lo|a
TIT|IL|T|T

Figure 7. N5 Case 2.2.1 (Non-semi-unital quantales) y x y = a. (B x y) A (y * ) = L.

Case22.2. yxy =_1.Thenaxa = Landy * 8 = B xy = L, and consequently

axf=Bxa=axy=ypy*xa= 1.

Hence B+ B =B+«T =T B =TT and B * B can attain all elements of Ns.
Therefore there exist 5 non-isomorphic and non-unital quantales on N5 satisfying (3.2)
(see Figure 8). Among them there is the trivial quantale on N5 (cf. Example 3.5 (1)).

T

Bxp=L1

[5, Quantale 5.3.1]

—HIR ™| R | *
HF|F[ |

NEEEE

pxp=24p
[5, Quantale 5.3.28]

=[F=F[= F[F[FF][=

—HIR ™| R | *
HF|F[H| =
HF| | H|=

BxB=T

[5, Quantale 5.3.207]

SRR

BxB=a
[5, Quantale 5.3.178]

Bxp=y
[5, Quantale 5.3.189]

EEEE

—HIR ™| Q| *
HF|H[ | =

_|

S

===+

Figure 8. N5 Case 2.2.2 (Non-semi-unital) y x y = L.
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y| L L] L]|L
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Finally, we can summarize the situation as follows. There exist 9 non-isomorphic
and not semi-unital quantales on the pentagon satisfying (3.2). Among them there
exist exactly two non-commutative quantales, namely [5, Quantales 5.3.6, 5.3.11].

As a concluding remark of the Examples 4.5 and 4.6 we point out (cf. Corol-
lary 2.6, Proposition 3.1 and Proposition 4.1) that on the set of 7 elements there exist
exactly 30 non-isomorphic, unitally nondistributive quantales. Among them there are
2 non-commutative ones.

4.2. Unitally nondistributive quantales on a complete lattice with at least 8
elements

In a third step, we consider the case y # @ V y # a and 8 V y = a. This situation
implies @ £ v and B8 £ y, and consequently, y is a third atom. Then the lattice-
structure of S is characterized by the Hasse diagram

eva
a
a e
avVvy avy (4.4)
a p o A
S L
1

and L in (4.4) has the form L = L¢ (cf. Figure 2). Again we conclude from Result 4.2
that every quantale on S with unit e is an extension of a quantale on L satisfying
(3.2) and (3.3) by an isolated unit. However, referring to Remarks 3.4 (3) we observe
that the algebraic situation on the nondistributive lattice L¢ is fundamentally different
from that on the pentagon or on the diamond with three atoms (see Section 4.1), since
in M3 and N5 the condition (3.2) always implies (3.3) (cf. Remark 3.4 (2)).

In the last step, we consider the general case, namely o vV y # a and 8 Vv y # a.
Since « v B = a, this situation implies « vV y # y and § V y # y. Then again y is
an atom in S and the lattice-theoretic structure of S is characterized by the Hasse

diagram
ave
a
a e
avVy BVy avy BVy 4.5
o B @ B
S L
1

and L in (4.5) has the form L = Ly (cf. Figure 2). Referring to Result 4.2 every unital
quantale on S with unit e is an extension of a quantale on L7 satisfying (3.2) and (3.3)
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by an isolated unit. With regard to further investigations we include the following
remark.

Remark 4.7. Let 2 be a quantale on L;. If Q satisfies (3.2) and (3.3), thena x y =
y *a = L. In fact, since (¢ Vy)A(BVy) =y, Lemma 3.2 (4) and Theorem 3.3
imply that y is two-sided in L7, and consequently a * y < y holds. Hence the relation

axy=(@*xy)V(Bx*xy)<(aAy)v(BAry) =1

follows. Analogously we can verify y xa = L.

Hence there exists a relationship between unitally nondistributive quantales on L7
and M3 as follows: Every unitally nondistributive quantale on M3 being an extension
of the non-unital quantales [5, 5.2.1-5.2.4] by an isolated unit e is a quotient of a
unital quantale on L7 with unit e in the sense of the category of unital quantales.

We finish this remark with some details of this construction. Since T xy = 1 =
y * T holds in all non-unital quantales on the diamond M3 (cf. Example 4.5), the
quantale multiplications in [5, Quantales 5.2.1-5.2.4] have an extension to a quantale
multiplication in L; by defining

xx(@Vy) =x*a, xx(BVy):=xx8,

B *x,

(xVy) sxx:=ax*x, BVvy) xx:

for each x € M3. In a second step, we realize that all these quantales satisfy the prop-
erties (3.2) and (3.3). Hence we can apply Theorem 3.3 and consider their extension
by an isolated unit on L. Finally, L7 5 1, defined by (cf. Figure 2)

clavy)=T=c(BVy), cizy=z forzelz\{aVvy,pVvy}

is a nucleus, and the respective quotients with respect to ¢ are isomorphic to the exten-
sion of the respective non-unital quantales on M3 by an isolated unit.
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