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Weighted %-biharmonic equations with exponential growth
nonlinearity without the Ambrosetti-Rabinowitz condition

Imed Abid, Sami Baraket, and Rached Jaidane

Abstract. In this paper, we establish the existence of nontrivial solutions for a logarithmic
weighted %—biharmonic problem within the unit ball B of R, without imposing the Ambro-
setti-Rabinowitz condition. The nonlinearity exhibits critical or subcritical growth in view of
weighted Adams inequalities. Our proof relies on minimax techniques and the pass mountain
theorem applied to Cerami sequences. In the critical case, the associated energy does not adhere
to the compactness constraint. We introduce a novel growth condition and emphasise the import-

ance of avoiding the compactness level.

1. Introduction and main results

This paper investigates innovative solutions for a weighted problem, without consid-
ering the Ambrosetti—-Rabinowitz condition. Specifically, we focus on addressing the
following problem:

A(oﬁ(x)|Au|%_2Au) = f(x,u) in B,

(1.1)
u:a—uzo OnaB,

where B is the unit ball of R” and the function f(|x|,) has a maximal growth in ¢
with respect to the weighted Laplacian norm. The weight og is given by

e \B(5F-1)

op(x) = (1og ﬂ) . Be(01). (12)
X

Inspired by the pioneering work of Lazer and McKenna [19] on wave movement

in suspension bridges, researchers have since delved into investigating the existence

of multiple solutions for nonlinear biharmonic equations and p-biharmonic equations
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using methods from nonlinear functional analysis. Bhakta [7] specifically investigated
the presence, variety, and characteristics of complete solutions of the p-biharmonic
equations with Hardy term. Bueno et al. [9] discovered multiple solutions for p-
biharmonic problems involving concave-convex nonlinearities. Wang and Zhao [23]
explored the existence of multiple solutions for equations of p-biharmonic type with
critical growth. For additional insights into this subject, one can refer to [6,21] and
related literature.

Now, we will look at the historical origins of Adams inequalities. The notion
of critical exponential growth was then extended to higher order Sobolev spaces by
Adams [1]. More precisely, Adams proved the following result: for m € N and 2 an
open bounded set of R™ such that m < N, there exists a positive constant C,, y such
that

sup [ expolul 5y ax < Gyl
Q

ITL.M
ueW, ' (Q),IVu| y <1
m

N
where Wom’ ™ (£2) denotes the mth-order Sobolev space, Vu denotes the mth-order
gradient of u, namely

m A%u, if m is even,
V%*u = 1
VA 2 u, if m odd,
and
%2’”"” 71\//!
N [”F(N—_,,E)?)] m, if m is even,

Po=Po(m.N):=——q "\ 2 "~
WN-1 72 2MT (M) N-m if m odd
o , if m odd.

In the particular case where N = 4 and m = 2, inequality (1.3) takes the form

sup / exp(3272|ul?) dx < C|Q.
ueWi2(Q),|Aulr <17

Recently, an extension of Adams inequalities to Sobolev spaces involving loga-
rithmic weights has been achieved. Wang and Zhao [23] have recently established the
following result.

Theorem 1.1 ([23]). Let B € (0,1) and let wg = (log(ly%l))ﬁ, then

sup / exp(a|u|ﬁ)dx <00 & a=<og= 4[872(1 _ﬂ)]ﬁ,
B

ueWg:2,(B.wp).llull<1
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where Woz’;fd(B , wg) denotes the weighted Sobolev space of radial functions given by
Woz,;fd(B,a)ﬂ) = closure{u € Coraa(B) | / wp (x)|Aul* dx < oo},
B

= (3 a)ﬂ(x)|Au|2dx)%, B is the unit open

endo'wed with the norm ||u ||W&;§d(B,wB)
ball in R?.
As an application of Theorem 1.1, Dridi and Jaidane [16] considered the following
problem:
A(wg(x)Au) — Au+ V(x)u = f(x,u) in B,
ou
u— —= 0 on aB,
on

where B is tgle unit open ball in R4, f(x,t) is continuous in B x R and behaves
like exp(«t T-B) as t — +oo for some o > 0, and the potential V' is positive and
continuous on B and bounded away from zero in B. The authors proved that there is
a nontrivial weak solution to the above problem by using the mountain pass theorem
combined with the Trudinger—Moser inequality. Additionally, Jaidane [18] employed
the same techniques to study a Kirchhoff-type biharmonic problem involving non-
linearities with exponential growth in the sense of the Theorem 1.1.

Recent research has focused on works that employ operators characterized by
logarithmic weights and exponential growth nonlinearities. These studies utilize
Trudinger—Moser inequalities with logarithmic weights, as highlighted in recent in-
vestigations (refer to [5, 10, 12, 14, 17]).

Let @ C RY be a bounded domain and og € L'(R2) be a non-negative function.
The weighted Sobolev space is defined as

N
WOZ’ *(Q,0p) = closure{u € C5° () | / |Au|%oﬁ(x) dx < oo}.
B

To obtain meaningful results, it is necessary to restrict attention to radial functions.
Therefore, we consider the subspace of radial functions and focus on the following
class of functions:

N
E = Woz,;aﬁ (B,og) = closure{u € Coraa(B) | / |Au|%aﬂ(x) dx < oo}
B

which is endowed with the norm
2

= (/B |Au|’z“o,s<x)dx)N.

N
The choice of the weight in (1.2) and the space Woz,;aﬁ (B,o0g) is motivated by the

particular significance of logarithmic weights and their consideration as limiting situ-
ations in the embedding of the spaces Woz’%(ﬂ,oﬁ). Additionally, this choice is
influenced by the following exponential inequalities.
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Theorem 1.2 ([25]). Let B € (0, 1) and let og given by (1.2), then

N
sup exp(au| V=20-B ) dx < +o0 & o =<ag, (1.4)
N
ueW(i;ag (B.og),
N
Jpop(X)|Au|2 dx<1

where ag = N[(N — 2)NVN](N*2§<1*13) (1- ﬂ)“iﬁ) and Vy is the volume of the
unit ball B in RN

Let y = y(N,B) := m In view of inequality (1.4), the function f is
said to have subcritical growth at 400 if

Vas0 Lm HEI_,
ls|—>-+oo exp(as?)

and f has a critical growth at 400 if there exists some ¢y > 0, such that

|9

ls|—>+o0o exp(as?) a

FACIE)

ls|—>+oo exp(as?) o

s Vo > o,
(1.5)
400, Ya < ag uniformly in x € B.

In the context of this paper, we consider problem (1.1) with subcritical or critical
growth nonlinearities f(x, 7). Additionally, it becomes imperative to impose specific
assumptions on the behaviour of f. Precisely, we shall consider the following condi-
tions:

(A1) The function f : B x R — R is continuous, positive, radial in x, and f(x,?)
=0fort <O.
(A2) We have
. F(x,0)
lim

t—>+o00 t2

= +o0o uniformly in x € B,

where

t
F(x,t):/ f(x,s)ds.
0
(A3) There are C > 0 and 6 > 1 such that
H(x,t) <0H(x,s)+ C, forall0<t <s, Vx € B,

where N
H(x,t)=tf(x,t)— TF(x,t).
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(A4) We have

NF(x,t . .
lim sup (—ic\,) < A1 uniformly in x € B.
t—0 2t 2

The first eigenvalue of problem (1.1) is defined as

I |Au|%aﬁ(x) dx

/\1 = inf
[g )% dx

N
* 2
MEWO.rad (B’O-ﬁ)ﬂ

u7#0

This eigenvalue exists, and the corresponding eigenfunction is positive and
belongs to L°°(B), as shown in [15].

(AS5) In the critical case,

. f(x,0)t
Iim ————

> uniformly in x € B,
t—00 exp(aoﬂ/) =70 y

with v
o AV
. ()% |
Vi exp(N(1 —log(2e)))
(A6) Forany {u,} € E,ifu, — 0 weakly in E and f(x,u,) — 0in L'(B), then,

Yo

F(x,u,) —» 0 in L'(B).

We recall the Ambrosetti—-Rabinowitz condition (AR): there exist constants 6 > N
and 7y > 0 such that for all x € B and |t| > o,

0<OF(x,1) < f(x,0)t. (AR)

The significance of the (AR) condition lies in its influence on the mountain pass
geometry associated with the Euler-Lagrange functional linked to problem (1.1).
Additionally, it guarantees the boundedness of the Palais—Smale sequence for this
functional. Despite its pivotal role, the (AR) condition imposes considerable restric-
tions, leading to the exclusion of various intriguing and crucial nonlinearities. Not-
ably, the (AR) condition implies the existence of positive constants 8, a1, and a, such
that
F(x,t) > ai|t|® —a», V(x.t) € BxR,

where 8 > N. As a consequence, functions such as
N _
feo0) = [r] 22t log(1 + t])

do not satisfy (AR) for any 6 > N. However, these functions do satisfy conditions
(A2), (A3) and (A4).
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Motivated by the works cited above, we aim to establish the existence of a non-
trivial solution for problem (1.1) without relying on the (AR) condition. In the context
of subcritical exponential growth, we present the following result.

Theorem 1.3. Let f(x,t) be a function with subcritical growth at +00 and satisfying
(A1), (A2), (A3), and (A4). Then problem (1.1) has a nontrivial radial solution.

In the critical exponential growth, the following result holds.

Theorem 1.4. Assume that f(x,t) has a critical growth at +00 for some oy and
satisfies the conditions (A1), (A2), (A3) with 8 = 1 and C =0, and additionally
satisfies (A4), (AS), and (A6), then problem (1.1) admits a nontrivial solution.

Our methodology relies on a suitable version of the mountain pass theorem intro-
duced by G. Cerami [11]. Problem (1.1) exhibits variational structure, and finding
weak solutions in the Banach space E = WO%;% (B, 0g) is equivalent to identifying

critical points of the €! Euler-Lagrange functional ¢ : E — R defined as follows:
2 N
F(u) = —/ og(x)|Au|= dx—/ F(x,u)dx. (1.6)
N JB B

The geometric prerequisites of the mountain pass theorem arise from assump-
tions about the nonlinear reaction term f, with the challenge lying in validating
the compactness condition. We establish that when f exhibits subcritical growth,
the functional ¢ satisfies the necessary compactness requirement as outlined in the
Ambrosetti—-Rabinowitz theorem [4]. However, in the case of critical growth, this
compactness dissipates. To overcome this, we verify the compactness of the Euler—
Lagrange functional at a suitable level by choosing testing functions that are extremal
to the weighted Adams inequality.

In summary, the study of fourth-order partial differential equations remains a cap-
tivating area with wide-ranging applications.

This paper is structured as follows: Section 2 provides relevant knowledge and
helpful lemmas. In Section 3, we establish that the energy ¢ fulfils the two geomet-
ric properties, and we estimate the minimax level of the Euler-Lagrange functional
associated with problem (1.1). Section 4 focuses on the compactness analysis and the
proof of the main results.

Throughout this work, the constant C exhibits variability across different contexts,
and to emphasise this variability and its evolution, we sometimes employ indexing for
these constants.
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2. Preliminaries
In the subsequent discussion, we introduce key definitions, notations, and funda-

mental results that will play a pivotal role in this paper.
Let |u||z»B) denote the standard norm in the Lebesgue space L?(B) for1 < p <

1
p
Loz = ( /B |u|de) .

Furthermore, we use ||u| the norm defined in the weighted Sobolev space £ =

N
WOZ,;azd (B’ Gﬂ)’

N 7

lu| = (/; |Aul 203(x)dx) .

This space is shown to be a Banach and reflexive space. The classical Sobolev embed-

0o. It is defined as

ding theorem asserts the continuous embedding W&;ﬁ (B,og) < L7 forall g > 1.
Moreover, the Rellich—-Kondrachov theorem affirms the compactness of the embed-
ding

2,

5 N
Worua (B.og) —— L7 forallq > >

Nt

For more detailed information on the compactness of embeddings in weighted
Sobolev spaces, particularly in the radial case, see [2]. This compact embedding will
be crucial in the proof of our multiplicity result.

Now, we introduce a crucial definition.

Definition 2.1. Let u € E be a solution of problem (1.1) if f(x,u) € L'(B), and for
all ¢ € E, it satisfies

[Oﬂ(x)|Au|g_2Au.A¢dx=/ fx,u)pdx.
B B

Considering that the nonlinearity f exhibits critical or subcritical growth, we
establish the existence of positive constants ¢y and ¢, such that

| f(x,1)| < crexp(ca|t]”), Vx e B, VteR. 2.1

Using (A1) and inequality (2.1), we ensure the well-defined nature of the functional
g given by (1.6) and that it is of class €.
Now, we proceed to another definition.

Definition 2.2. Consider a sequence (u,) in a Banach space E and let § € €!(E,R)
with ¢ € R. We define (u,) as a Palais—Smale sequence at level ¢ (or (PS), sequence)
for the functional ¢ if

$(up) —>c¢ and ¢'(uy) >0 inE'.
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Moreover, the functional J satisfies the Palais—Smale condition (PS). at the level ¢ if
every (PS), sequence (u,) is relatively compact in E.

Additionally, a functional ¢ satisfies (C)., the Cerami condition, at a level ¢ € R
if any sequence (1,) C E such that

Fun) —>c and (1 + [unlDg (un) — 0,
has a convergent subsequence.

Within critical point theory, there are situations where a Palais—Smale sequence
may not result in a critical point, whereas a Cerami sequence can yield one. This
is grounded in the concept of linking (refer to [22] for more details and examples).
Importantly, the Cerami condition is relatively weaker than the Palais—Smale condi-
tion, as the former encompasses the latter.

In the sequel, we need the following radial lemma introduced and proved in [25]
which is of crucial importance.

N
Lemma 1 ([25]). Let B be the unit ball in RN, and u € WOZ’;aﬁ (B,w). If w(x) =
(10g(|;;|))ﬂ(%_1) and 0 < B < 1, then we have

ol = (52 oz 55| 1))

Remark 2.1. Following from Lemma 1 and by density, we obtain [ exp(|u|”) dx <
400, Vu € E.

Next, we present a useful lemma.

Lemma 2 ([13]). Let @ C RN be a bounded domain and f: Q x R a continuous
function. Let {u,}, be a sequence in L'(Q2) converging to u in L'(Q2). Assume that
f(x,uy) and f(x,u) are also in L'(Q). If

[ 1l x < c.
Q
where C is a positive constant, then

fx up) = f(x,u) in LY(Q).

3. The geometrical properties and the minimax level

3.1. The mountain pass structure

We establish the mountain pass geometry of the functional . Specifically, we prove
the following result.
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Proposition 3.1. Suppose that (A1)—(A4) hold. Then there exist a > 0 and p > 0 such

that §(u) > a for allu € E with ||u|| = p.

Proof. By hypothesis (A4), there exist a small constant g9 € (0, 1) and § > 0 such

that for all |z| < 6,
2
Fe.t) < (=)l .

From (A4), we have

NF(x,t . .
lim sup (—i) < A1 uniformly in x € B,
t—0 2t 2
which implies
NF(x,t
inf sup{(—f\,), 0<t< 8} <A1
§>0 2t 2
The strict inequality allows us to find g9 > 0 such that
NF(x,t
inf sup{#, 0<t< 5} < A1 — &o.
§>0 2t 2

Thus, there exists § > 0, such that
{ NF(x,t)
supy ————

N

,0<t<8}<kl—so,
2t 2

leading to
%

2

Vi|t| <6, F(x,t) < N)Ll(l — &)t 2.

By inequality (2.1) and choosing g > %, there exists a constant c3 such that
F(x,1) < c3lt|? exp(czlt|”),  for |r] = 6.

Therefore, from (3.1) and (3.2), we conclude that

2 N

F(x,t) < N)Ll(l —&0)|t] 2 + c3lt|? exp(ca|t]”), fort € R.

Using this inequality, we obtain

2 2
I(u) > Nuun% —le(l—so)/ u| > dx—(:3/ u|? exp(cou”) dx
B B

28()

29011 % — e / ul? exp(cau”) dx.
N B

A%

By applying the Holder inequality, we get

2 N-=2

2¢g9 N N y N Na_ ~
I(u) > W“uHZ —C3(/Bexp(?cz|u| )dx) (/B lu| ™ 2dx) .

3.1)

3.2)
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From Theorem 1.2, if we choose u € E such that

N
Sealul” < . (33)

/Bexp(%czhﬁy) dx = /Bexp(%czﬂuﬂy(ﬁ))’) dx < +oo0.

By Lemma 1, there exists a constant ¢4 > 0, such that

we get

u < cq4||U|.
lell, e, o, = calll

Thus,
280, N
) = Pl ¥ = esull.

for all u € E satisfying (3.3). Since g > % we can choose p = |lu|| as the maximum
point of the function g(p) = 2% pY — c5p? on the interval

o
o)
(2¢2)7

and let a = J(p). Then, Proposition 3.1 follows. ]

X =

As a second geometric property of the energy &, we establish the following result.

Proposition 3.2. Suppose (Al) and (A2) hold. Then, there exists u € E such that
[#|| > p and g (u) < O.

Proof. Letug € E \ {0} withu > 0. By (A2), for all € > 0, there exists D = D, such
that for all (x,7) € B x R,

F(x,t) > et? — D.

Now, consider g (tug) fort > 1:
N

2tz N
F(tug) = —||uo| 2 —/ F(x,tug)dx.
N B
N
2lt| > N N N 1
< u —elt| 2 |uoll 2 + —wy_1D
_N||o|| ||||o||% N N1
N
N (luol > y 1
=t 2(——8 u 2)+—w _1D.
¥ (M~ elol ) + yow
%
Choosing ¢ > 20l 2 we obtain
Nluoll &
2

J(tug) - —oo, ast — +oo.

Then, Proposition 3.2 follows. |
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3.2. Estimation of the minimax level Cyy

According to Propositions 3.1 and 3.2, we define

Cyp := inf max g(y()) >0
yeAt€[0,1]

and
A :={y € €([0, 1], E) such that y(0) = 0 and g (y(1)) < 0}.

Our objective is to estimate the minimax value Cpy of the functional ¢. The idea is to
construct a sequence of functions (v,) € E, and estimate max{f(tv,) | ¢ > 0}. For
this goal, consider the following Adam’s function defined for all n > 3 as

(log(e M/E))al/ N‘x|2<1 B)
* 2 ()N (ogle Ny T
+ N - if 0 < |x| < =,
Wn(x) = %(a%)%aog(e o , Nn
NI—H (log(-2 1= 1
T — (log(r57)) if w7 < Il = 3.
of tose i KD =
&n ifd <|x| <1,
where §, € Cg2,4(B) is such that
1 Na=8)
0(3) = (log2¢)'~*
aé’ (loge
An (1 —2 1— NP
(5) = oo,
' ] (oge Y 5"
d
(1) = §”(1> ~o.
and &,, VE&,, A&, are all 0(%) Here, azr” denotes the first derivative
llog(e N/m)]
of £, in the radial variable r=|x|.
Letv,(x) = ” i It follows that v,, € E and ||v,|| ¥ =1 By direct computation,
we find
N(l ﬂ)(4 28)|x|~28 — if0 < x| < ﬁ’
( )T (togte Ny T
1-8) —B
(1 BIN 2D <log(|x‘>)
Awn(x) - )’(logeNf)
#(W (V-2) iz sllsg
ALy if% <lx[ =1
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We compute the weighted Sobolev norm of w, and obtain

5 L N e\B&E-1)
Aw,| T op(x)dx = NV | " N1 Aw, (x| (log = dr
B
B 0 r
I
1
2 B(&—1)
+NVN/1 rN—1|Awn(x)|%(10g€) 2 dr
N\/ﬁ r
I,
! BCY—1)
+NVNﬁ rN—1|Awn(x)|%(1ogf) > ar.
3 r
2
I3
By using integration by parts, we obtain
_1 N N N A N
Nm N2(1—8)2(4—-28)2 FNA=-p)—-1 e B -1)
I =NVN/O T o1p NG <log;) dr
(@p)% (1)18 (log(e /)" 5
vy NEa-pTE-2p)% [rNﬂ—ﬂ) (e M_U]N‘ﬁ
= N — og _)
(“ﬂ)%(%)l_ﬁ(log(e ’X/E))N%’y” N1 -p) r 0
N N N
oy VEBG DU =B EE-2p)8
2(ap) P (1)1A (logle /m) " 5
1
N/ B(A-1)-1
/ er(l—ﬂ)—l(logf> 2 dr
0 r
1
—o(——).
(loge 1{/;7)
Also,
Ny (=BINTEE /% 1( 1 >—ﬂ( b _(n 2))§dr
= N Y . _
: (aﬂ)%(log(e X/n))1-8) N%/ﬁr log ¢ log £
N  NU=B) 1 N
(1-p>=>N "> /2 B S/ e\Bdr
= -NVy (|ooe +v=2)) " (10e2) "=
(@p) ¥ (log(e Ym) -8 ] log ;)T
(1- ﬁ)%NN(lz_B)

= —NVy——
(@p)2” (log(e N/m))(1=F)

[ o) o2 (1 0 (k) &

Nﬁ
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PRIk YNYER (N 8T e\1-87 5
|: (log—) ]
(@p)® (log(e Ym)u=p» L1=BY=r/ ]y
N(l o)

py U=PEN
(ep)? (log(e Y/n))1=H)

=”0(W)

and I3 = 0(—) Hence, we conclude that
(loge Nf V¥ |

Aw,| ¥ dx=1+0(—m——

3.3. Key lemmas

Finally, we give the desired estimate.

N1 _
m o /;1(1051;5) ﬂo(
"

) asn — +o0.

239

Lemma 3. Assume that (AS) holds and that o is the real given by the definition of

critical growth, then

Proof. Let v, > 0and ||v,| = 1. From Proposition 3.2 §(tv,) — —co ast — +o00.

As a consequence,
Cy < max g (tvy).
>0

By contradiction, suppose that for all n > 1,
2 rag %
tvy) > —(—
r}gg&’( Un) = i (ao)

Therefore, for any n > 1, there exists ¢, > 0 such that
N
2

max §(rvn) = §(tavn) = %(a_ﬂ) ’

Qo

and so,

N
By using (A1), we have

N o yia
tnz Z (_ﬂ> >
Qo

On the other hand,

d %_1
Eg(tv”)|t=tn = In - /I; f(xvtnvn)vn dx =0,

2 N 2 ﬂ
— 1 —/ F(x,tyv,) dx > <a_3)2y.
B

(3.4)
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then,

N[

ty =/f(x,tnv,,)tnvndx. 3.5)
B

Now, we claim that the sequence (#,) is bounded in (0, +00). Indeed, it follows
from (A5) that for all & > 0, there exists z, > 0 such that

Fx, 0t = (yo — e)e®™” V|| > 1., uniformlyin x € B. (3.6)

Using (3.5), we get

N
tnz Z/ f(x’tnvn)tnvn dx 2/ f(x7tnvn)tnvn dx.
B Osl)df%ﬁ
N
We have for all 0 < |x| < ﬁ; w) > (W). From (3.4) and the result of Lem-
ma 2,
t log(e ¥/n)\ %
InUn = “ ( &l f))y — 00 asn — +oo.
(| wa |l op

Hence, it follows from (3.6) that for all £ > 0, there exists ¢ such that for all n > ng

' = (Yo — &) exp(aoty [v]}) dx
Oflx‘STﬁ
and .
N N 1 N
ty = NVn(yo — 8)/ v N-1 exp(aot},’(M)) dr. 3.7)
0 [wall”p
Hence,

log(e /n)

1= NVy(yo—e) exp(“"t'{( llwn ¥ ozp
n

N
)—logNn - Elogtn).

Therefore (¢,) is bounded. Also, we have from formula (3.5),

N o N
lim 1,2 > (—’3) >
n——+o0o oo
Now, suppose that
N o N
lim £, > (—3)”,
n—+oo o
then for n large enough, there exists some § > 0 such that z, > Z—g + §. Consequently,
the right hand side of (3.7) tends to infinity and this contradicts the boundedness
of (¢,). Since (¢,) is bounded, we get
A o
lim 5,7 = (=2)7.

n——+o0o
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Let us consider the sets
A, ={x € B|tyu, > t,} and €, = B\ A,.

We have,

N
2

In =/ S(x. tavp)tyvy dx = S (X, thvp)tyv, dx +/ S (x, thvp)tyv, dx
B €y

HAn

> (yo — 8)/ exp(aot)v)r)dx + / f(x, thvp)tyv, dx
An €,
= o—2) [ explant ) dx— (o —e) [ explant)o]) dx
B o
+/ f(x, thvp)tyv, dx.
€n

Since v, — 0 a.e.in B, x¢, — 1 a.e. in B, therefore, using the dominated convergence
theorem, we get

/ f(x,thug)tyv, dx — 0 and / exp(aot)vy)dx — NVy.
€y

n

Then,

n——+o0o

. ¥ ap\ 3y .

lim 1, = (—) > (yo—¢) lim exp(aot)v)y)dx — (yo —e)NVy.
(e1)) n—>+oo Jp

On the other hand,

/ exp(aot) vy dx > / exp(aot)v))dx + / exp(aot)v)) dx.
B N3 n

Then, using (3.4),

N
lim ;> > lim ()/0_8)/ exp(aot)v)) dx
n—>+oo n—>+oo B

1

2

log &)z
> lim (yo—e)NVN/ rN‘lexp(CV(N,ﬁ) (log ) 5 )dr
n—>-+00 L (log(e N/n)) m=2 |lw, ||

Therefore, making the change of variable

__ Cv.prlog) Moz . CN.BY
(log(e \/m) =z [[w, |7 lwnl” (log(e ¥/n) ™2
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we get

N
lim 7 > lim —¢ exp(aot? vY) dx
Jim 6t = tim o —o) [ exptonr/u])

lwa Y i 'I‘V’)m lwa ¥

) Wy wn s||lwy,

> — L L
> lim NVw(o-eto [, exp(N (1 > )

llwn 17

lwal ¥
w -
+ n—NSN*2> ds
PN—
P log(e N/m)

) lwall” & Twn ¥ N y
> ngrilooNVN()’o - S)Te P lostze) exp<_F”wn” S) ds

Twnll?
o exp(N)
= ngffoo()/o e)NVy N

+ exp(—N log(2¢)))
= (yo — &)Vn exp(N(1 —log(2e))).

It follows that

(—exp(—N log(e V/n))

=

(“_ﬁ) > (yo — &)V exp(N(1 — log(2e))),
oo

for all € > 0. So,

(%) 37
Yo = — )
= Vaexp(N(1 —log(2e)))
which is in contradiction with condition (A5). The lemma is proved. |

4. The Cerami sequences and proof of the main results

4.1. Lions-type concentration lemma

To prove a compactness condition for the energy &, we require a Lions-type result
[20] on an improved Adams inequality.

Lemma 4. Let (ug )i be a sequence in E. Suppose that, ||ug| = 1, up — u weakly
in E, ug(x) - u(x) a.e. x € B, Aug(x) - Au(x) a.e. x € B andu # 0. Then

sup/ exp(pagluk|’) dx < 400,
k JB

where ag = N[(N —2)N V|25 (1 — B)TB, for all 1 < p < U(u) where
U(u) is given by
ﬁ ifllul <1,
U(u) ;=3 Q=lul2) ¥~
+o00 iflull =1



Weighted %-biharmonic equations 243

1 _

Proof. Fora,b € R, q > 1.1f ¢’ is its conjugate, i.e., L1 L — 1, we utilize the Young

] . qg ' q
inequality, that
€a+b < leqa + leq’b
q q’

Additionally, we have

1—q
(1+a)q§(1+£)aq—|—(1— ) . Va>0,VYe>0, ¥g> 1.

(1 —l—e)qlfl
Thus, we obtain
lurl” = lug —u +ul”

< (Jux —ul + [u))”

1-y
= ()l —ul” + (1- )l

(1 —|—8)ﬁ

which implies
1
| exeoaglunl’ydx < - | exppaap(1 + e~ ul?) dx
B B

+ %/;exp(pq’aﬂ (1 — ﬁ)l—l’luv) dx,

forany p > 1.
From Lemma [ the last integral is finite. To conclude the proof, we need to verify
that for any p such that 1 < p < U(u), the following inequality holds:

sup/ exp(pqag(l + ¢)|ug —ul”)dx < +o0, 4.1)
k JB

for some e > 0and g > 1.
Assuming |u| < 1 (the case for |u| = 1 is similar), when

1
<—
NS
(A= ul=z)~
there exists v > 0 such that
N 2y
P = H¥ (1 +v) < 1.

By Brezis-Lieb’s lemma [8] we have

luk —ull® = ugll® = [ull® +0(1) where o(1) — 0ask — +oo.
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Then,
N N
lug —ullZ =1—lullZ +o(1),
and so N 2y
lim Jug —ull” = (1 —Jlul2) V.
k—+o0
Therefore, for every ¢ > 0, there exists k. > 1 such that
lug —ul” < 1+ &)1 Jul HF . Vk > ke
If we take ¢ = 1 + & with e = Y1+ v —1,then Vk > k,, we have
pq(l +¢&)flug —ul” < 1.

Therefore,

/ exp(pqas (1 + &)lux —ul’) dx
B

[ug — ul

< [ exp((1 +erpaes (A=) e —ul”) i

e —ull
g —ul \¥
< | ex (a (—) )dx
/B P e =
< sup /exp(aﬂ|u|”)dx<+oo.
lul<1/B

Now, (4.1) follows from (1.4). This completes the proof of Lemma 4. [ ]

4.2. Proof of Theorem 1.3
We recall the following version of the mountain pass theorem.

Lemma 5 ([4]). Let E be a real Banach space and § € C'(E,R). Assume that J
satisfies the (C). condition for any ¢ € R and the following geometric assumptions.

(1) 4(0) = 0 and there exist positive constants R and o such that
W) > a, forallu e E with |u|| = R.

(2) There exists ug € E such that |ug|| > R and $(up) < 0.
Then there exists u € E such that §(u) = ¢ and §'(u) = 0. Furthermore, the critical

value c is characterized by

c:= inf max u),
geI‘ueg([O,l])g( )

where

ri={geC(0.11.E) | g(0) = 0, g(1) = uo}.
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Now, we prove that the functional ¢ satisfies the Cerami condition at all levels
¢ € R in the subcritical case.

Lemma 6. Suppose that (A1), (A2), (A3), and (A4) hold. Assume that the function
f(x,t) has subcritical growth at +00 . Then the functional § satisfies the (C). con-
dition for any c € R.

Proof. Let (u,) be a (C), sequence in E for some ¢ € R, then
2 N
F(uy) = N||u,,|| 2 —/ F(x,upy)dx > ¢, n— 400 “4.2)
B
and for all & > 0, there exists ng such that for all n > ng,
(1 + lun DI (un)v]

=(1+||u,,||)‘/ aﬂ(x)mu,,ﬂ—mun.Avdx—/ £, un)v dax
B B

< ¢lfv], (4.3)

for all v € E and hence for ¢, — 0, up to a subsequence,
(1 + [lunDIF (un)v|

:(1+||un||)‘/ aﬂ(x)|Aun|1zV—2Au,,.Avdx—/ F(x, un)v dx
B B

< éenlvll, 4.4

for all v € E. We will show that {u, } is bounded.
Assume, by contradiction, that |[u,| — +oc. Define

Un
Un =
[[2enl
then ||v, || = 1. Without loss of generality, suppose that v, — v in E (up to a sub-

sequence). We want to prove that v, — 0 in E. By the Sobolev embedding we have
vn(x) = v(x) a.e. in B and v, — v a.e.in L?(B) forall p > 1. Let B* = {x € B |
v(x) # 0} and assume w(B*) > 0, where u is the Lebesgue measure. Then in B*,
we have
lim |u,(x)| = lim |v,(x)||ux| = +00 ae.in B*.
n—>+oo n—>+oo

Since ¢ (u,) — c, then ‘(’ﬁ(u’,‘ﬁf — 0 as n — 400 and it follows that
2

F(X,un) F(x,un)
oM=xg-| =%~ TR
Bx up|2 B\B* |lup| 2

4.5)
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Using condition (A2), we obtain

p Fean) L P () ()]
im ——— = = lim ¥ N
PEEO up ()7 "TE Jup ()2 [lun(x)]2
F
= lim M| v (x )| = +o00 ae.in B*.
n—+00 |M (X)|
This implies that
F 9
/ (x—u]\';)dx—>+oo asn — +00. (4.6)
lJunll =

On the one hand, from (A2), there exists a positive constant K > 0 such that
F(x,t) > —K, V(x,t)e BxR. 4.7

Then, using (4.7), we deduce

F(x,uy,) K N
/ ) > <1B\ B,
B\B* |luy|> ||un(x)||2

Consequently, from (4.6) and (4.7), we obtain a contradiction with (4.5). Now let
ty € [0, 1] such that

F(thun) = max_g(tuy).
t€f0,1]

Given f is subcritical at +o0, for any given R > 0 there exists C = C(R) > 0 such
that

F(x, s)<C|s|2 —|—|s|exp( V(x,s) € B x (0, +00).

N =2 RV| st )
Since ||uy,|| — +o00, we have

Ru,
[[nl

Hltaun) = () = F(Rv),

Applying (4.8) and using the Holder inequality, we have

o

N N N
—g(Rvn)szzv——CR%J/ loa(0)| % dx — — /|vn|12vdx
2 2 B 2 \UJp

N—=2
op N
. ( [ exo(Etuar) dx) . (4.8)

The last integral on the right side is finite in view of Theorem 1.2. Moreover, v, — 0
in E, then we have [, |vn(x)|%dx — O0asn — +o0. Letting n — 400 in (4.8) and
R — +00, we obtain

I (thuy) — +o0. 4.9)
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As 4(0) = 0 and (1) — ¢, we can assume that z, € (0, 1). On the one hand, we
have that ¢'(t,u,)t,u, = 0, then

N N
t |un| = =/ f(x, thup)thu, dx.
B
By (4.2) and (A3), we get
N N N N
5 #tun) = 1 lun 2 —?/ F(x., taity) dx
B
N
— [ (FCxututa) = 5 FCx.tin)) d
B 2
N _
< 9/ (f(x,un) — —F(x,u,,)) dx +C.
5 2
Applying (4.3),
N N
/B(f(x,un) - ?F(x,un)) dx = 5 ¢ +on(1).

This contradicts (4.9), and hence, u, is bounded in E. Up to a subsequence, and
without loss of generality, we may assume that

lunll = K in E,
U, U weakly in E,
Up — U strongly in LY(B)Vq > 1,
Up(x) = u(x) almost everywhere in B.

Since f is subcritical at +00, there exists a constant Cx > 0 such that
B o

f(x,s) < Cge2x7"" | V(x,s) € B x(0,400)

Then, by the Holder inequality

‘ / £ tn) (1t — ) dx
B

< [ | ()t — 10)]
B

1 1
2 2
< ([ |f(x,u,,)|2dx) (/ |un—u|2dx)
B B
1
a 2
< ([ exp(znl”) dx) s =l

ual” \ O\
<C exp(aﬂ y) dx | |lun —ulz2¢p)
B [ |

< Cllup —ullg2(gy > 0 asn — 4o00.
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Also, using the fact that [ f(x,u)(up —u)dx — 0 (u, — u in E), we get

/B (fCottn) — £ (oo 1))(tt — 1) dx — 0.

From (4.4) with v = u, — u, we get

/ aﬂ(x)|Aun|N_2Aun.(Aun — Au)dx — / fx,up)(uy —u)dx = on(1).
B B

(4.10)
On the other hand, since u, — u weakly in E,

/ og (x)|Au|%_2Au.(Aun — Auw)dx = 0,(1). (4.11)
B
Combining (4.10) and (4.11), we obtain
/ o5 (X)(| AN "2 Auy — |AulN T2 Au).(Au, — Au) dx
B

= /B fx,up)(uy —u)dx + on(1).
Using the well-known inequality
(¥ 2x = yV2) e =) 2 22V x —y|Y, Vx,yeRYand N > 2,
we obtain
0 <2V /B op(x)|Au, — Aul% dx < /B fx,up)(uy —u)dx + o,(1).

Using the above results we get,

22—N/ 05 (x)| Aty — Au| T dx < / FO )y —u)dx + 0,(1) — 0.
B B

Thus,
lup —ull > 0 asn — oo.

Consequently, ¢ satisfies the (C). condition for all ¢ € R, and the proof of Lemma 6
is completed. |

Lemma 6 confirms that the functional ¢ satisfies condition (C). at each level c.
Therefore, using Proposition 3.1 and Proposition 3.2, we conclude that the functional
& has a non-zero critical point u in the space E. This concludes the proof of The-
orem 1.3. ]
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4.3. Proof of Theorem 1.4
We begin by recalling the following result.

Lemma7 ([11]). Let E be a real Banach space, § € C'(E,R) and §(0) = 0. Assume
that & satisfies the following geometric assumptions.

(1) There exist positive constants R and o such that
I(wm) > a, forallu € E with ||u| = R.

(ii) There exists ug € E such that ||ug| > R and (uo) <O.

Let Cpy be characterized by

Cpy = Inf max u),
M gel ueg([O,l])g( )

where
[:={geC(0,1,E) | g(0) =0, g(1) = uo}.

Then ¢ possesses a (C)c,, sequence.

Now, in the critical case, we will prove that the functional ¢ satisfies the (C)c,,
condition.

Lemma 8. Suppose that (A1), (A2), (A3), (A4) and (A6) hold. Assume that the func-
tion f(x,t) has critical growth at +o00. Then the functional § satisfies the (C)c,,
condition.

Proof. According to Propositions 3.1 and 3.2, there exists a (C)c,, sequence {u,} in
E such that

2
Fun) = wlual ¥ = [ Frawds > Cue nos 400 @12
B
and for ¢, — 0, up to a subsequence
(1 + [[unlDIg (un)v|

/o,g(x)|Aun|N_2Aun.Avdx—/ f(x,un)vdx|
B B

<en|vl, (4.13)

= (1 + [lunl)

forallv € E.
We will show that {u,} is bounded. We argue by contradiction and suppose that

[unll = +o0.



I. Abid, S. Baraket, and R. Jaidane 250

Un
Tl
sequence). As in the subcritical case, we can similarly show that v, — 0in E. Again,

let z, € [0, 1] such that

Let v, =

then ||v,|| = 1. We may suppose that v, — v in E (up to a sub-

F(tyuy) = max g(tuy).
t€l0,1]

Let R € (0, (‘:—‘3)%) and choose ¢ = %% — ag > 0. By the criticality growth con-

dition and (A4), for all ¢ > 0, there exist two positive constants C and C’ such that
F(x,s) < C|s|% + C'|s|exp((ag + €)|s]¥), V(x,s) € B x (0, +00).

Since, ||u, | — +o00, we have

Ru,

(A

Hltaun) = () = J(Rv). (4.14)

From (4.14) and using the Holder inequality, we get
2
N N N N
SaRo) = &% = Zer¥ [ ¥ ax- r5C( [ oacor
2 2 B 2 B

N-—2
N N
. R|v, ") d
([ e (5 50+ ar7Iup)ax)

The last integral on the right side is finite in view of Theorem 1.2. Moreover, v, — 0
in E, then we lllave [z |v,,(x)|% dx — 0 as n — 4o00. Letting n — +o00 in (4.14)
and R — (Z—ﬁ)?, we get

o 2 jap\%y
Llinfgg(znu,,)zﬁ(a—o) > Cy. (4.15)

We have 4(0) = 0 and J (u,) — Cpr. We can suppose that 7, € (0, 1).
On the one hand, we have that '(t,,u,)t,u, = 0, then

ol ¥ = [ Gttty .
On the other hand, by hypothesis (A3) with § = 1 and C = 0, we get
N Gt = ¥ ual¥ =N [ Fex. i) dx
= [ (G ttttat ~ NFGr. ) i

S/(f(x,u,,)u,,—NF(x,u,,))dx.
B
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Since
/(f(x’tnun)tnun — NF(x,thuy))dx = NCpy + 0,(1),
B

we reach a contradiction with (4.15). Therefore, {u,} is bounded in E. Up to a sub-
sequence, and without loss of generality, we may assume that

lunll = M in E,
Uy, — U weakly in E,
Up —> U strongly in LY(B)Vq > 1,
Up(x) = u(x) almost everywhere in B.

We follow the schema of [3] to show the convergence almost everywhere of the
Laplacian Au,(x) — Au(x) a.e. x € B.
From (4.13), we obtain

0< /B f(x,up)u, dx <C.
Also, from (4.12), we have
0< /1; F(x,u,)dx <C.
Consequently,

(|Aun|%_2Aun) is bounded in (L%(B,O'ﬂ))N,
|Au, |V 2 Auy, — |Au|%_2Au in (Lﬁ(B,oﬁ))N asn — 400.
By [13, Lemma 2.1], we have
f(x,up) = f(x,u) in LY(B)asn — +oo.
According to hypothesis (A6), we have
F(x,up) — F(x,u) inLY(B)asn — +oo. (4.16)

By (4.12), we obtain

N
lim [unl|® = —(CM +/ F(x,u) dx).
n——+oo 2 B

Therefore, passing to the limit in (4.13) and using the same argument as in the sub-
critical case, we get

/aﬂ(x)|Au|g_2Au.A(pdx=/f(x,u)wdx, Vo € E. 4.17)
B B

Hence, u is a weak solution of problem (1.1).
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Next, we are going to make some assertions.

Assertion 1. At this stage we affirm that ¥ # 0. Indeed, we argue by contradiction
and suppose that u = 0. Therefore, [ F(x,u,)dx — 0 and consequently we get

First we claim that there exists ¢ > 1 such that

/ |f(x,un)|?dx < C. (4.18)
B

Using (4.13), we obtain

Cey
< ———— < (Ceg,.
(1 + [lunl) "

) ¥ — / £ )i dx
B

This yields

N é ’ q
hinl ¥ < Con + (/ |f<x,un)|qu) (/ | dx) ,
B B

where ¢’ is the conjugate of ¢. Since (u,) converges to 0 in L4 (B),

X

. N
lim |u,||z =0.
n—-+o00

By Brezis-Lieb’s Lemma [8], u, — 0 in E. Therefore, §(u,) — 0 which is a con-
tradiction with Cps > 0.

For the proof of the claim (4.18), given the critical growth of f for every ¢ > 0
and ¢ > 1 there existz, > 0 and C > 0 such that for all |¢| > 7., we have

|f (e D17 = Cexplao(l + &)17).

Consequently,

/ o) dix = / Gl dx + / G| dx
B {lunlfls}

{lunl>te}

<wny—1_ max |f(x,0)]|?+ C/ exp(ao(l + &)|un|?) dx.
BX[—tg,t¢] B

Since (%CM)% < (Z—’;), there exists 1 € (0, %), such that (%CM)ZW)/ =(1 —277)(‘;—@).
2
From (4.12), ||u,||Y — (%C)Wy, so there exists n,, € N such that [|u, || < (1 — r])Z—g,

for all n > n,. Therefore,

[1n]

[l |

ag(l + 8)( )y||u,,||1' <+ —-nag-
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We choose ¢ > 0 small enough to get
1+ —-n) <1
Hence the second integral is uniformly bounded in view of (1.4).

Assertion 2. We affirm that §(u) = Cypy. Indeed, since (u,) is bounded, up to a sub-
sequence, ||u,|| — p > 0. By using (A3) with # = 1 and C = 0, we obtain

I(u) > %/B[f(x,u)u - %F(x,u)] dx > 0.

4.19)
Now, using the semicontinuity of the norm and (4.16), we have

2
J(u) < — liminf |un|| % —/ F(x,u)dx = Cy.
N n—oo B
Suppose that
Iw) < Cy.
Then, it implies
%

N
[ul = <p
Furthermore, we have

2 . N
_ 2 =
N pm | (CM +/BF(X,M) dx),

(4.20)
which means that

N
p2:

E(CM+/ F(x,u)dx).
2 B
Set

Un
[[enl
We have ||v,|| =1, v, = vin E, v # 0and ||v| < 1. So, by Lemma 4, we get

u
v, = and v=—-

sup/ exp(pag|va|’) dx < oo,
n JB
for1 < p < U(v) = (1— v]|3)F".
By (4.16), (4.17) and (4.20), we have the following equality

N N
5 Cu = 4w = p% — ul| .
From (4.19), (4.20) and the last equality, we obtain

N ag\ 3y
O+l ® < (Z2)7 + ) % @.21)
2 [04))
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Since N
y G
p2 < ——x>
I—vl=
we deduce from (4.21) that
(2)%
N oo
P2 < ———. (4.22)
I—vl=

On one hand, we have [ | f(x,u,)|? dx < C. Indeed, For & > 0,

/B f Gl dx = /{ L Mfidr + / G| dx

{lunl>te}

< NVy 5 max ]|f(x,t)|‘1 + C/ exp(ag(1 + &)|uy|’) dx
B

—lg,le
<C+ c/ exp(@o(1 + &)||un|” [ua]”) dx < C.
B

2y

provided ao(1 + &) |lu, || < pag, for psuchthat 1 < p < (1 — ||v||%) N,
From (4.22), there exists § € (0, %) such that
73
[320)
S NS 2
Since limy,— +00 ||Ux||Y = pY, then for n large enough
@B

ao(1 + &) [[unll” <ao(1+e)p” < (1 + &)1 —8)——7—-
1=z~

We choose ¢ > 0 small enough such that (1 + ¢)(1 —§) < 1 to have
ag

ap(l + &) un|” < ———-
1=z~

So, the sequence ( f(x,u,)) is bounded in L4(B), ¢ > 1. Using the Holder inequality
and the Sobolev embedding, we deduce that
1

s(/B|f(x,un)|qu)q(/B Iun—ulq/dx)q

1

SC(/ |u,,—u|q/)q dx -0 asn — +oo
B

‘ f £ o)t — u) dx
B

where é + % = 1. Since (¢’ (un), un —u) = 0,(1), it follows that

[ 05 ()| At | 372 At (At — Au) dx — 0. (4.23)
B
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On the other hand, since u, — u weakly in E, then
/ oﬁ(x)|Au|%_2Au(Aun — Au)dx = o0,(1). (4.24)
B

Also, using the well-known inequality
(x|1P72x = [y|P72y).(x —y) =22 P|x —y|?, Vx,yeR™ meNandp>2,
we get that

/ og (x)(|Aun|%_2Aun — |Au|%_2Au).(Aun — Au)dx
B

N
>02-% / o,g(x){Aun — Au| 2,
B

Passing to the limit in the last inequality and using (4.23) and (4.24), we get

lim |ju, —u| =0.
—+o00

Then, by Brezis lemma |ju, || — ||u||, we get
PV — ¥ =o,

therefore ||u| = p. This is a contradiction with (4.3). Consequently, § (1) = Cas and
Assertion 2 is proved. |

As a consequence, again by Brezis—Lieb’s Lemma u,, — u in E. We also have
by (4.17), ¢'(u) = 0. The proof of Theorem 1.4 is established.
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