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The Redner-ben-Avraham-Kahng cluster system without
growth condition on the Kkinetic coefficients

Philippe Laurengot

Abstract. Existence of global mild solutions to the infinite dimensional Redner—ben-Avraham—
Kahng cluster system is shown without growth or structure condition on the kinetic coefficients,
thereby extending previous results in the literature. The key idea is to exploit the dissipative
features of the system to derive a control on the tails of the infinite sums involved in the reaction
terms. Classical solutions are also constructed for a suitable class of kinetic coefficients and
initial conditions.

1. Introduction

The aim of this note is to investigate the existence of global mild solutions to a one
species annihilation cluster system introduced in [4, 6] and referred to as the ‘cluster
eating’ system. This model describes the evolution of a set of clusters, each cluster
being characterized by a single parameter i € N \ {0} accounting for the number of
active sites it bears. Denoting clusters bearing i active sites by P;, 7 > 1, the dynamics
is governed by pairwise encounters between incoming clusters P; and P; resulting in
the annihilation reaction P; + P; — Pj;_;| with no product formed wheni = j. The
number density f; = f;(t) > 0 of clusters with i active sites, i > 1, at time ¢ > 0,
then evolves according to

dﬁ o0 o0 .
e doaivifirifi =) aiifify, i=1, (I.1a)
j=1 j=1
fi(0) = fi", =1, (1.1b)

where a; ; denotes the reaction rate between incoming clusters with respective sizes
i > 1and j > 1 and satisfies

ajj =aj; 20, i,j =1 (1.2)

Mathematics Subject Classification 2020: 34A34 (primary); 34A12, 82C05 (secondary).
Keywords: Redner—ben-Avraham—Kahng cluster system, mild solution, classical solution.


https://creativecommons.org/licenses/by/4.0/

Ph. Laurencot 342

The cluster system (1.1) predicting the dynamics of f = (f;);>1 is a countably infin-
ite system of quadratic differential equations which are strongly coupled due to the
infinite series involved in the reaction terms. This structure actually prevents the use
of the classical theory of ordinary differential equations to study the well-posedness
of (1.1). Nevertheless, the infinite system (1.1) is, at least formally, the limit as n — oo
of the finite dimensional cluster system [6]

n—i

dfr S :
=i f A = e fUA Tsisn, (30
j=1 Jj=1

Oy = £ 1<i<n, (1.3b)

i

where n > 3. One may then expect to obtain solutions to (1.1) as limits of solutions
S = (f")1<i<n to (1.3) as n — oo and this approach has proved successful when
the rate coefficients grow at most quadratically; that is,

sup{@} <oo, i,j=1. (1.4)
i,j=10 1]

In that case, the existence of classical solutions to (1.1) is shown in [4] for fi" =
(fiin),-zl € Xi,+, where the Banach space X, is defined for m € R by

o0
X 1= {z = @izt |zllm =) i™zil < 00}’

i=1

and X, + denotes its positive cone. Well-posedness in X, 4 is also established in [4]
under the stronger growth condition sup; ;~{a;, j/~/ij} < oo. The same approach
is used in [9] to construct mild solutions to (1.1) when the rate coefficients have the
following structure: there are a sequence (7;);>; of positive real numbers, a family
(@;,j)i,j>1 of non-negative numbers, and R > 0 such that

ajj =rirj +a;j, r>=Ri, i,j>1, sup {ai’j } < 00. (1.5)
i,j>=1\Tilj
Note that no growth condition on the sequence (r;);>1 is required in (1.5), in contrast
to (1.4).

We shall actually prove that, given f" € X; 4, there is a global mild solution
to (1.1) under the sole non-negativity and symmetry assumption (1.2) on the rate coef-
ficients (a;,; )i, j>1. Before stating the existence result, let us first recall the definition
of a mild solution to (1.1) in X 4.

Definition 1.1. Consider /"= (f,-in)izl € X1, +. A mildsolution f' =(f;);>1 to (1.1)
is a sequence of non-negative functions satisfying
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(al) f e L*((0,00), X1 +) with f; € C([0,00)) forall i > 1;

(a2) foreachi > land? > O,
o o0
Y v firif; € LNO.0), Y aijfify € LN(0,0);
j=1 j=1

(a3) foreachi > landz > 0,
t o )
0= 17+ [ Y ars frs 5@ 8= [ Y s 050
j=t1 j=1
Theorem 1.2. Assume that the kinetic coefficients (a;,j); j=1 satisfy (1.2) and con-

sider f™™ € Xy 4. Then there is at least one mild solution f to (1.1) in the sense of
Theorem 1.1 which satisfies additionally

> “minj. k}aj f; fie € L'((0.00)) (1.6)
j=lk=1
and
ILfOl + / > minlj kajx fi () fils)ds = | /M, £>0. (17
j=1k=1

In addition, if there is a non-decreasing sequence (A;)i>1 of positive real numbers
with Ay > 1 such that the kinetic coefficients (a;,;);,j>1 and the initial condition fin

satisfy
0<a;j=ua;; <Aid;, i,j>1, (1.8)

and -
Ma(f™) == Ai fi < o0, (1.9)
i=1

then the mild solution f constructed above satisfies
ZA fi(r) < ZA fi" r=0,m=>1. (1.10)

Theorem 1.2 shows that no growth condition or structure assumption is needed to
ensure the existence of a global mild solution to (1.1). In addition, it provides the sta-
bility of the space of sequences satisfying (1.9) under the additional assumption (1.8)
on the kinetic coefficients. Let us also emphasize that no growth condition is required
on (A4;)i>1 in (1.8).

We next turn to classical solutions and identify kinetic coefficients and initial con-
ditions guaranteeing their existence.



Ph. Laurencot 344

Theorem 1.3. Assume that there is a non-decreasing sequence (A;)i>1 of positive
real numbers with Ay > 1 such that the kinetic coefficients (a; ;)i j>1 satisfy (1.8)
and consider f" € X 1,+ satisfying (1.9). Then there is at least one classical solution
f = (fi)is1 to (1.1); that is, f; € C1([0, 00)),
[e.e] [e.e]
ai+jjfi+jti € C([0,00)), aij fi fj € C([0,00)), (1.11)
Jj=1 j=1

and (1.1) is satisfied pointwisely for all i > 1. In addition, f satisfies (1.7), as well as

[e.e]
Ma(f(1) := Y Ai fi(1) < Ma(f™). 1>0. (1.12)
i=1
Theorem 1.3 extends [4, Theorem 3.1], which corresponds to the choice A; =
1+ivK , 1 > 1, for some K > 0. It is worth mentioning at this point that, given
any kinetic coefficients (a;,;);,;>1 satisfying (1.2), the assumption (1.8) is actually
satisfied by the sequence A% = (A{);> defined by
Af =1+ max aji, i>1.
1<jk<i
Therefore, the restrictive assumption in Theorem 1.3 is the tail behaviour (1.9) of f".
We supplement Theorem 1.3 with a uniqueness result, valid under a stronger
assumption on the decay at infinity of the initial condition.

Theorem 1.4. Assume that there is a non-decreasing sequence (A;)i>1 of positive
real numbers with Ay > 1 such that the kinetic coefficients (a;,j);, j>1 satisfy (1.8)
and consider f™™ € X 4 satisfying

Mg (f™) =" A} fi" < oc. (1.13)

i=1

Then there is a unique classical solution f = (f;)i>1 to (1.1) satisfying

Mp(f(0) =) A7 fit) < M2 (f™), 120 (1.14)

i=1
The evolution system (1.1) bears some similarity with the celebrated Smoluchow-

ski coagulation equation, which corresponds to the elementary reaction P; + P; —
P; ; and reads [7]

af 1 > .
Ezizai_j’jﬁ_j‘/“i_zai’jﬁf"i’ 1 217 (1153)
j=1 j=1

£0)=f" i>1. (1.15b)



The Redner—ben-Avraham—Kahng cluster system without growth condition 345

Indeed, though describing different physical processes, their mathematical structure is
similar. Both are countably infinite systems of quadratic differential equations, which
are strongly coupled due to the infinite series involved in the reaction terms. Thus,
not surprisingly, the techniques developed to study the well-posedness of (1.15) in
the seminal paper [1] adapt well to (1.1). In particular, the same functional framework
and similar assumptions on the rate coefficients are used in [4,9] to establish existence
results for (1.1). Still, the dynamics of (1.1) differs from that of (1.15). Indeed, conser-
vation or decrease of matter is expected for the latter, along with a monotone increase
of superlinear moments (whenever finite), while mass and all superlinear moments
are dissipated for the former throughout time evolution. In addition, Smoluchowski’s
coagulation equation (1.15) has no non-zero solution for rapidly increasing kinetic
coefficients such asa; ; =i% + j* with @ > 1[3,8]. The outcome of Theorem 1.2 and
Theorem 1.3 shows that no such phenomenon occurs for the system (1.1), a feature
that can be explained by its dissipativity properties and we shall exploit thoroughly
the latter in the analysis to be presented below.

Specifically, Section 2 is devoted to the proof of Theorem 1.2, which relies on
a compactness method and the approximation of (1.1) by finite systems of ordin-
ary differential equations as in [1, 4, 9]. The cornerstone of the proof and the main
contribution of this paper is Theorem 2.3, which shows that the dissipation of the
tails Y 72, if; of the first moment controls the tails of the series on the right-hand
side of (1.1). Besides guaranteeing the compactness of the approximate sequences,
these estimates are instrumental in the derivation of the time evolution (1.7) of the
first moment. We next turn to the existence of classical solutions in Section 3 which
combines Theorem 1.2 and moment estimates. The uniqueness proof is provided
in Section 4 and both the assumptions on the initial condition in Theorem 1.4 and
its proof are directly inspired from similar results for the coagulation-fragmentation
equations, see [2, Section 8.2.5] and the references therein.

2. Existence: Mild solutions

We first recall the well-posedness of (1.3) established in [4, Proposition 2.3], along
with a useful identity satisfied by solutions to (1.3).

Proposition 2.1. Letn>3and f"€ X, . There is a unique solution "= (fi"<i<n
€ C1(]0,00), [0, 00)") to (1.3). In addition, if (;)i>1 is a sequence of real numbers,
then

n j—1 n

% DAY D @ = a IR+ )Y au S =0. 2.1)

j=1 J=2k=1 J=lk=j
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From now on, /" € X1,+ is given and, for eachn > 3, f" = (f")1<i<n denotes
the corresponding solution to (1.3) provided by Theorem 2.1.

2.1. Compactness

We first draw several consequences of (2.1) and begin with the following observation
when the sequence (¥;);>1 is assumed to be non-negative and non-decreasing.

Corollary 2.2. Let (¥;)i>1 be a non-negative and non-decreasing sequence. Then,
forn>3andt > 0,

o<Zz9 @) < Zﬁ,-f;“, (2.2a)
=1
t n j—1
0</ SO - Y a O OG  em
j=2k=1 j=1
05/ ZZﬁa,kf (s) (s)ds<Zz9 i (2.2¢)
j=1k=j

Proof. Since the sequence (¥;);>1 is non-negative and non-decreasing, the three
terms involved in the left-hand side of (2.1) are non-negative and Theorem 2.2 readily
follows from (2.1) after integration with respect to time. ]

We next use a specific choice of (9%;);>1 in Theorem 2.2 to obtain the following
estimates, which could also be derived directly from [4, Proposition 2.3] with the
same choice.

Lemma 2.3. Forn >3, m > 1, andt > 0,

n

ij ORI (2.3)

j=m Jj=m

/ Z me{ JjokYajp f11(s) £ (s)ds <2 Z ifm (2.3b)

j=mk=1

Proof. Theorem 2.3 readily follows from Theorem 2.2 with the choice

% =0, 1<i<m-1, »o=1i, [>m.
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Indeed, this choice of the sequence (¥;);>1 gives

n j—1 n j—1 n j—m
DD W= tian PR =D Y a0 D ka SR
j=2k=1 j=mk=j—m+1 j=m k=1
n j—1
> ) min{j. Kjajx S £ 2.4)
j=mk=1
and
n n n n n n
SN an =300 g A=Y minfj kage £ 2.5)
j=1lk=j j=mk=j j=mk=j
and we infer (2.3b) from (2.2b), (2.2¢), (2.4), and (2.5). n

Applying Theorem 2.3 with m = 1 provides the following estimates.

Corollary 2.4. Forn >3 andt > 0,

n n

DIV Q=D = VA I (2.6a)
j=1 j=1
[ Z Z min{j. k}a; i 7 (s) £ (s) ds < 2Zme <2| ™.  (26b)
j=1k=1 j=1
/ ’ =L ()] ds = 4l f M. (2.60)

Proof. The bounds (2.62) and (2.6b) are immediate consequences of (2.3a) and (2.3b)
with m = 1, respectively. We next infer from (1.3), (2.6b), and the lower bound
min{j,k} > 1for j > 1 and k > 1 that

n dfﬁ n n—j
Z d; —Z[Zal+kkﬂ+kfk +Zajkfj fk]
j=1
n n—k
= Z Za/+k kf]+kfk + ZZ% kS
k=1j=1 j=1k=1
n n ] '
<30 a2 < 4l
k=1 =k+1

and the proof of Theorem 2.4 is complete. ]
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After this preparation, we are in a position to state the main estimate of this sec-
tion, which provides a control on the tails of the two infinite sums on the right-hand
side of (1.1a).

Proposition 2.5. Fori > 1,t > 0,andn >m+1i > 2(i + 1),

/ Z aij f71(s) £ (s) ds <2 Z i, @.7)

tnl

/ Za,mflﬂ(s)f (s) ds <2Z Jf. 2.8)

Jj=

Proof. We first note that, for j € {1,...,n},
1<i<j—-m<= j>m+i and j+1-m<i<n<<= j<m+i-—1.

Thanks to this observation and the choicen > m + i,

n j—m n j—m n
2 Dkt Rz Y Yafi iz Y @S A
j=m+1 k=1 j=m+i k=1 j=m+i
and
n n m—+i—1 n m—+i—1
Z Z min{j, k}a; /" fi = Z Z ajrk fi' I = Z aji fi" fi".
j=mk=j—m+1 j=m k=j-m+1 j=m

and we infer from (2.3b) and the above two inequalities that

/ Zauf"(s)f (s)ds < / Z me{, kbai,j f(s) f]"(s) ds

j=mk=1
<2y =2y i
j=m j=m

hence (2.7). Similarly, since n > m + i,

Z Z min{j,k}a;x f}" fi' > Z Z ajx fj' fk_ZJaJH—Jf T

j=mk=j—-m+1 j=mk=j—m+1

from which (2.8) readily follows due to (2.3b). ]
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2.2. Convergence

Proof of Theorem 1.2. Owing to Theorem 2.4 (and in particular (2.6a) and (2.6¢)), we
are in a position to apply Helly’s selection principle [5, Theorem 2.35], along with a
diagonal process, to find a sequence (n;);>1, n; — 00, and a sequence of functions
(fj)j>1 such that

Jlim () = fi(t) forallz >Oandi > 1. 2.9)
—00

Letusnow fixi > 1. Fort > 0, m > i, and n; > m + i, it follows from (2.6b),
(2.9), and the Lebesgue dominated convergence theorem that

t m t m m+i
/0 S i fis () £ () ds < / SO an fils) (s) ds
j=1 j=lk=1
t m m+i
= lim ZZakd "’(s)fj"l(s)ds
[ —>o00 o1kt
§2||fi“||1

and

/0 3 i fi(s) () ds < f SN an fils) £ (s) ds
j=1

k—lj—l

= lim ZZak,] W) £ (s)ds

[—00 i
=2|f i“lll-
Letting m — oo in the above two inequalities and using Fatou’s lemma, lead us to
[e.e] [e.e]
Y aivjgfivifi € LNO.0). Y aijfifi € L'N(0.1).  (2.10)
j=1 Jj=1
Similarly, we infer from (2.3b) that, for n; > r > m,
[e.e]
/ Z Z minj, kbag e £ () £ () ds <2 3 jfm.
Taking the limit / — oo and using (2.9) yield

[[3 S mint kase i ds <2 3 i

j=mk=1 j=m
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We then let r — oo and deduce from Fatou’s lemma that

t o0 o0
/ >0 min{j. kg fi(s) fi(s) ds <2 Z . (2.11)

j=mk=1 j=m

We have thus shown that f satisfies Theorem 1.1 (a2) and (1.6).
Next, fort > 0andn; > m +i > 2(i + 1), we infer from (2.8) that

n;—i

/0 S i FIL ) = Y i fins () ()| ds
j=1 j=1

t m—1
[ S i LA ) ) = iy (5) £ ) ds
j=1
tn—i t o0
[ X a0 s+ [ Y ar fis 0 f6)ds
I — 0 i—m
t m—1

< [ Zai+.,~,_,~|ﬁ’1,.<sm"f<s>—ﬁ+j<sm<s>|ds+2ij;“

j=m

/ Z aj+j,j fi+j(s) f;(s)ds.

Thanks to (2.6a), (2.9), and the Lebesgue dominated convergence theorem, we may
take the limit / — oo in the above inequality and find

¢ n—i 00
lilmsup/ Za,+]]]’l (s)j}"l(s)—Zai+j,jﬁ+j(s)fj(s) ds
o i=1 j=1

<2 Z i+ /0 Z aitj,j fi+j(s)fj(s)ds.
j=m j=m

Dueto f" € X; 1 and (2.10), we let m — oo in the above inequality to conclude that

i

zOO
tim [ i £ ) £ ) ds = [0 S s fivi ) () ds. 212)
j=1 Jj=1

=00 Jo

A similar argument, based on (2.7) instead of (2.8), gives

t

im [ a;; /() £ () ds = /0 > aij fi(s) £ (s) ds. (2.13)
j=1 Jj=1

=00 Jo
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Since fi"l is a classical solution to (1.3) on [0, 00), it satisfies

i

£ = f+ /0 S i S ) £ () ds — /O S i £ () £ (5) ds
j=1 Jj=1

and (2.9), (2.12), and (2.13) allow us to take the limit / — oo in the above identity and
conclude that f satisfies Theorem 1.1 (a3). In particular, the latter and (2.10) entail
that f; € C([0, 00)).

Now, the boundedness of f in Xy 4 is an immediate consequence of (2.6a) and
(2.9). Collecting the outcome of the above analysis, we have established that f is a
mild solution to (1.1) in the sense of Theorem 1.1 and satisfies (1.6).

We are left with proving (1.7). To this end, we infer from (2.1) with ¢; = j, j > 1,
that, for / > 1,

ny tnom n
P 0! +/ DO min{j kaju /1) £ () ds =GN (2.14)
j=1 0 j=1k=1 j=1
On the one hand, we readily infer from (2.3a) that, for n; > m,
n

DI =) jfim] < an"f(z) — O]+ Z I + Z Jfi (@)

Jj=1 Jj=1 j=m j=
< Z]If’”(t) — O]+ Z i+ Z Jf@).
j=m

Owing to (2.9), we may pass to the limit / — oo in the above inequality and obtain
n

D= ol = Y+ Y if).

Jj=1 Jj=1 j=m j=m

lim sup
[—>o0

Since both f(¢) and ™" belong to X; 4, we let m — oo to conclude that

n; o0
Jlim STJfM 0 =" 0. (2.15)
—)Oszl j=1
On the other hand, it follows from (2.3b) and (2.11) that, forn; > m > 3,
n; ny
[0 > > min{j.k}aie £ () £ (5) = Z Z min{j.K}aj g f; (5) fie(s) | ds
j=1k=1 j=1k=1

t m—1m—1
< / S5 minj kdagel £ () £ () — () fi ()l ds

j=1k=1

tm—1 ny
+ [ Y > mindj kbaja £ () () ds

j=1k=m
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tm—1 oo
_|_/ Z Z min{j, k}ajx £ (s) fi (s) ds

0 =1 k=m
t nroon

/ 30> minfj kbaje £ (5) £ (5) ds

j=mk=1

_|_/ Z Zmin{j,k}aj,kfj(s)fk(s)ds

0 i—mk=1

t m—1m—1
/ >= Y mindjKazal £ )£ () = £(9) fio)l s

j=1 k=1

t ni m—1
f > > min{j Kagu /) (5) /" ) ds

j=m k=1

tooml

/ D > min{j, k}ajx fi(s) fi(s) ds
j=mk=1

/ Yo D min{j Klajk ;" (5) £ (s) ds

j=mk=1

/ > min{j, kbajx fi(s) fie(s) ds
j=mk=1

t m—1m—1

/ > > minj kKajel () () = f(6) i)l ds +8 3 A"

j=1 k=1 j=m

Thanks to (2.6a), (2.9), and Lebesgue’s dominated convergence theorem, we may pass
to the limit / — oo in the above inequality and find

imsap [ |33 mint. Kasa (77 17165
l—>o00 j=1k=1
- Z Z min{j.k}a;ic(f; fi)(s)|ds <8 D jfm.
j=1k=1 j=m

We then let m — oo and deduce that, since f" € X 1,45

Jim |30 mind ke £ ) £ ) ds
j=1k=1
[ > min{j, kbaj f; () fic(s) ds. (2.16)

j=1k=1
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Gathering (2.15) and (2.16) allows us to take the limit / — oo in (2.14) and thereby
derive (1.7), thus completing the proof of Theorem 1.2.

We finally assume that the kinetic coefficients (a;,;);, j>1 and the initial condition
£ satisfy (1.8) and (1.9), respectively. Let m > 1 and ¢t > 0. We infer from (2.2a)
(with; = A; fori >mand ¥; = 0for1 <i <m — 1) that

r njy nj o0
STASTO D ALY ALY AL
i=m i=m i=m

i=m

for [ > 1 large enough such that n; > r > m. Thanks to (2.9), we may first let ] — oo
and then r — oo in the above inequality to obtain (1.10) and complete the proof. =

3. Classical solutions: Existence

Proof of Theorem 1.3. We now assume that the kinetic coefficients (a;,;);, j>1 and the
initial condition £ satisfy (1.8) and (1.9), respectively. It follows from Theorem 1.2
that (1.1) has a mild solution f which satisfies (1.10) and we shall show that this last
property implies the continuity properties (1.11) and the C !-regularity of f. Indeed,
for (¢,5) € [0,00)? and m > i > 1, we infer from (1.7), (1.8), and (1.10) that

D aij i) f) =D ai i fO <Y a1 )@ = (fi £)(s)
j=1 j=1 Jj=1

i )@ = Fi O+ Ai Y AL )@ + (fi /)]

j=m

m—1
= E aj,j

J

Il
-

<> aij [ @ = S f)©]+ 24 0 Y A5 1
j=1 j=m

Owing to the continuity of f; forall j > 1,

o0
<241/ Y 41

j=m

lim sup Zai,jfi(s)fj(S) - Zai,jfi(t)fi(t)
s—t j=1 =1

j=

and, thanks to (1.9), we may let m — oo in the above inequality to conclude that

m Y ai; i)/ (5) = ) ai; fi@) fi (1) (3.1)
ji=1 =1
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Similarly, let (¢, s) € [0,00)? and m > i > 1. By (1.8), (1.9), and (1.10),

Zam,flﬂ(sm(s) Za,ﬂ,fzﬂ(t)f,(t)

j=1

oo

SZ ai+j.j | fitj J@O) = (it ) ()]

~.

m—1
< Z z+jj|(fl+]fj)(t) - (fH—JfJ)(SN
1

iz
+ i Aij Ai[(firj [i) O + (figj £))(5)]
j=m
5m_1 i+ )@ = (i j [ ()] + Ma(f (1)) ZA £i (0
/= j=m
My(f(s)) f 45 £(s)
j=m
<mZIa,+, e SO = iag SO+ 2Ma 0™ Y 4y 11
j= =

We next proceed as in the proof of (3.1) to obtain

lim D i fivi O fi() = airjj firi (0 f0). (3.2)

j=1 Jj=1

The continuity (1.11) is then an immediate consequence of (3.1) and (3.2) and we
combine Theorem 1.1 (a3) and (1.11) to conclude that f; € C1([0, 00)) foreachi > 1.
Finally, the bound (1.12) readily follows from (1.10) with m = 1. [ ]

4. Classical solutions: Uniqueness

Proof of Theorem 1.4. First, since Ai2 > A1A; > A; fori > 1, the sequence (Aiz)izl is
a non-decreasing sequence of positive real numbers with A% > 1 which satisfies (1.8)
and we infer from (1.13) and Theorem 1.3 that there is at least one classical solution
f to (1.1) satistying (1.14).

As for uniqueness, we proceed along the lines of the proof of [4, Proposition 5.1],
using the sequence (A;);>1 as a weight instead of (i%);>;. Specifically, let f and g be
two classical solutions to (1.1) satisfying (1.14) and set E = f — g. Then, fori > 1,
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E; solves

dE;
dr

o0 o0
= Zai+j,j(iji+j + gi+; Ej) — Zai,j(iji + & Ej),
Jj=1 j=1

from which we deduce that
d o0 o0 o0

3 2 AilEN =)0 Ay sign(Ei)(f; Eivj + 8it Ej)
i=1 i=1j=1

o0 o
=Y Aia; jsign(E))(f Ei + g Ej)

i=1j=1
o0 o0 o0 0
<Y Ajiaij(FIE I+ glED + )Y Aiai jgil Ej
i=1j=i+1 i=1j=1
o o0
=22 Aidi filEil.
i=1j=1

Using the symmetry (1.2) of (a;,;);i,;>1 and the monotonicity of (4;);>1, we further
obtain

d o0 o0 o0 (e el )
EZAiIEiI <Y Ajai FIE] | +2) ) Ajai g Eil

i=1 i=1j=i+1 i=1j=1

o0 o0
=YD Ajaij filEjl

i=1j=1
[e.e] o0
<2 Ajai g Eil.
i=1j=1
We finally infer from (1.8), (1.14), and the above inequality that
d o0 [c elENe o] ) oo
O D OANEN <2 Y ATAigi|Ei| <2M (™)) A Eil,
i=1 i=1j=1 i=1
and Gronwall’s lemma completes the proof. |

Remark 4.1. Let R > 0. It actually follows from Theorem 1.4 and its proof that, when
the kinetic coefficients (a;,;);, j>1 satisfy (1.8), the system (1.1) generates a dynamical
system in the complete metric space {z = (z;)i>1 € X1+ : |z]l1 + My2(z) < R}
endowed with the metric induced by the norm ||z 4 := > o 4ilzil.
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