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Hardy-Trudinger inequalities in weighted Orlicz spaces
Yoshihiro Mizuta and Tetsu Shimomura

Abstract. We establish Hardy—Trudinger inequalities in weighted Orlicz spaces on R” and near the
origin.

1. Introduction

Let B(x, r) denote the open ball centered at x € R” with radius r, whose volume is
written as | B(x, r)|. The Hardy—Sobolev inequalities say that, for nonnegative measurable
functions f on R”,

q 1/q 1/p
( / ( [ f(y)dy) |x|°‘dx) sc( / f(y)”Iylﬂdy) (1)
n B(0,|x]) R”

whenl <p<gq,B<n(p—1)anda =Bq/p—qn/p'—n(1/p+1/p'=1),and

q 1/q 1/p
( / ( / f(y)dy) |x|°‘dx) 5c( | f(y)”lyl”dy) (12)
n R”\B(0,|x]) R~

whenl <p<gq,B>n(p—1)anda = Bq/p—qn/p —n (see, e.g., [14,21]). For the
classical one-dimensional case, see, e.g., [1,4,5,7,8,18,19]. In [21], Persson and Samko
discussed the sharp constant C for the case p < ¢ for both one-dimensional and multi-
dimensional cases. These classical Hardy-type inequalities are given mostly for weighted
Lebesgue spaces, but such inequalities are known for other function spaces (see [5, Sec-
tion 7.6]). See [5, Theorem 7.95] for Hardy-type inequalities for Orlicz spaces. Recently,
we studied Hardy—Sobolev inequalities on the unit ball in [11, 13], on the half-space
in [9,10,17] and on R” in [14, 16]. For related results, see, e.g., [2,3,12,15,20].

In this paper, we are concerned with the borderline case § = n(p — 1) and estab-
lish Hardy—-Trudinger-type inequalities in weighted Orlicz spaces on R”. In Section 3, we
establish inner Hardy—Trudinger-type inequalities on R” (Theorem 3.1) and near the ori-
gin (Theorem 3.6). The sharpness of our results will be discussed in Remarks 3.3 and 3.8.

In Section 4, we investigate outer Hardy—Trudinger-type inequalities on R” (Theo-
rem 4.1) and near the origin (Theorem 4.8). We give remarks on the best possibility of
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our theorems (Remarks 4.3, 4.4, 4.7, and 4.10). As far as we know, even corollaries in
Sections 3 and 4 are new results.

The constants C in all inequalities in this paper depend on some parameters, involved
functionals and conditions, etc., but they are independent of the corresponding mappings.
Moreover, f ~ g means that C~'g(r) < f(r) < Cg(r) for a constant C > 0.

2. Preliminaries

Consider a positive convex function ¢ on (0, co) satisfying
(90) ¢(0) = lim, o ¢(r) = 0.
The typical examples are
(r) = r?(log(c + r))?,exp(r?) — 1, etc.,

where p > 1 and ¢ > e is chosen so that (1 + logc)(p — 1) + g > 0 [6, Proposition 5.2].
If o1 (r) = r?(log(e + r))4, then it may be replaced by

o2(r) = / [ up s (log(e +))7)17d.
0 o<s<t

which is convex and ¢1 (r) ~ @2 (r).
Note here that
(01) s7p(s) <t 'o(t) whenever 0 < s < t;
(¢2) ¢~ !is concave in (0, 00);
(¢~ 1) ¢~ is doubling, more precisely,

e '@2r) <207 (r) forr > 0.

3. Hardy-Trudinger inequalities I

We give the inner Hardy—Trudinger inequality on R”.

Theorem 3.1. Let ¢ and  be positive convex functions on (0, 0o) satisfying (¢0). For
p > 1 and a positive increasing function w on (0, 00),

wp(r) = /0 w(t)"?'/P1dr.

Suppose that o« > 0 and

UL o, or ¢ > 0, there exists a constant Ay > 0 such that
@ P

V(e + 1) w, ()P o7 (e + 1))/ A1) < (e +1)°  fort > 0.
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Then, for ¢ > 0, there exists a constant C > 1 such that

V4
/ (e + le)_‘e_"llf(((e + le)_"/"+°‘(/ |f(y)|dy)/C) )dx <1
R» B(0,[x])

for measurable functions f on R" satisfying
| etetmay <1 G

where g(y) = | f(V)[Pw(|y)).
Note that f satisfying (3.1) is called a weighted Orlicz function.

Proof of Theorem 3.1. Let f be a measurable function on R” satisfying (3.1). By using
Holder’s inequality, we have

(e + [x]) /P / £ O)ldy
B(0,|x])
1/p 1/p
§(e+|x|)‘”“’+“( / If(y)ll’w(lyl)dy) ( / w(|y|>—l’/“’dy)
B(0,|x]) B(0,|x])

1/p
g(y)dy)

1/p
g(y)dy) .

< Cle+ |x|)—"“’+“wp(|x|>1/1”( /B

0,]x[)

<Cle+ |x|)“wp(|x|>1/P’((e e /B

(0,e+|x])

In view of Jensen’s inequality, (3.1) and (¢~!), we obtain

(e + [y /P He /B RGO

1/p
< Cle + [x)*p ()7 (¢—1(|B<o,e ey /B - w(g(y))dy))

< Cle + [xD%0p(1xD P (97" (1B(0, e + |x])| 7' )/?
< Ci(e + [xD%@p(|xDYP (07" (e + |x]) ™) V/2.

By (gov w, o, (,()p), we obtain

D
w(((e + |x|>—"/f’+“( A . If(y)ldy) / (clAi“’)) ) < (e + 2D,

Hence,

14
/ <e+|x|)—"—ew(((e+|x|)—"/1’+“( [ If(y)ldy) / (CIA}“’)) )dx
R? B(0,|x])

< / (e + |x|) "t Te1dx < Cy
Rn

when 0 < g1 < &, which yields the result. [
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Example 3.2. Consider w(r) = (e + r)? (log(e + r))” with B =np/p’ andy < p — 1
and ¢(r) = expr — 1. Then,

wp(r) ~ (log(e + r))~?Pv/PH!
and
o Yt) =log(1+1t)~t ast— 0.

Hence, letting @ = n/p, we find
(e + 07wy ()7 9™ (e + 1)) ~ (logle + 1)/ PHIP,
so that we may consider
V(1) = exptV/PCY/pH1/PD) _q (3.2)

in Theorem 3.1.

Remark 3.3. We see that the exponent 1/ p(—y/p + 1/p’) in (3.2) is best suited.
For this, consider f(y) = (e + |y|) ™" (log(e + |y))~*tV/P(loglog(e + |y|))~%/>.
Then, the following statements hold:

(1) g1 = £()P(e + [y (ogle+ |y )7 = (e-+]y) " (logle+ )" (loglog(e +
ly)~% is bounded when (n+B)/p=n;

@ fon 980Ny <C [ €)Y =C fyn(e+1y) " (log(e + [y (loglog(e+
[y[)~¥dy < oo when § > I;

3) [p0,xp S )y = Ci(log(e + |x[)' = TD/7 (loglog(e + |x])) /7 when x € R”
and (y + 1)/p < 1,

4) if =0, then [p, (e +[x[)=*7" exp(([p(q x|y £ (2)d¥)/(AC1))*dx = oo for A>0
anda > 0;

(5) Jpnle + [~ eXp((fjf;(o,pq) f)dy)/(AC1))*dx > [pau(e + [x[)~¢7"
exp(4~ (log(e + |x[))1/7~7/P) (loglog(e+|x]))~#/7)dx =00 when a(1/ p'—
y/p)>1,A>0ands > 0.

Corollary 3.4. Let p>1,8=n(p—1),y < p—1and & > 0. Then, there exist constants
C1, C3 > 0 such that

1/(-=y/p+1/p’)
/ (e+|x|>—€—"exp(( / f(y)dy) / cl) ix<C (33
R7 B(0,|x])

for nonnegative measurable functions f on R” satisfying

L 1007+ 1y ogte + Iyy7dy < 1. (3.4)
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For this, consider w(r) = (e + )P (log(e + r))?. Then, in the first considerations in
the proof of Theorem 3.1, we find by (3.4) that

) 1/p
/ FO)dy < Cap((x)V? ( / g(y)dy)
B(0,|x]) B(0,]x])

1/p
< C(log(e + le))_”/”“/”/(/ g(y)dy)
B(0,|x])
< Ci(e1 log(e + |x|)) /P17

for &y > 0 since —y/p + 1/p’ > 0, where g(y) = f(»)?(e + [y)? (log(e + [y])).
Hence, we obtain

1/(=y/p+1/p")
exp (( / f(y)dy) / cl) < (e + [x)",
B(0,|x])

which gives the result.

Corollary 3.5. Let p> 1,8 =n(p—1),y < p—1and € > 0. Then, there exist constants
C1, Cy > 0 such that

1/(=y/p+1/p")
[ ety expexp(( / f(y)dy) / cl) dx < G,
R” B(0,|x])

for nonnegative measurable functions f on R” satisfying

/Rn )P (e +1y)P (logle + y])? (log(e + log(e + [y))7dy < 1. (3.5)

For this, consider w(r) = (e + r)? (log(e + r))?~'(log(e + log(e + r)))? for y <
p — 1. Then, as above, we find by (3.5) that

, 1/p
[ s < capape ( / g(y)dy)
B(0,|x]) B(0,|x])

< C(log(e + log(e + |x|)))1’/1’+1/1”(/
B

< Ci(log(e + &1 log(e + |x|))) /P17

1/p
g(y)dy)
©,)x])

for e; > Osince —y/p + 1/p’ > 0, where

g(») = f(»)P(e+ |y)? (og(e + |y1))” " (log(e + log(e + |y]))".

Hence, we obtain

1/(=y/p+1/p")
expexp (( / f(y)dy) / cl) < Cle+ x)".
B(0,|x])

which gives the result.
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Let B denote the unit ball in R”. Next, we study the inner Hardy—Trudinger inequality
near the origin.

Theorem 3.6. Let ¢ be a positive convex function on (0, 00) satisfying (¢0). For p > 1
and positive increasing functions w, n on (0, 00), set

wp(r) = fo w(t) "1 dy

and
o(|x]) = |x[" P, (Ix)V? (™" (Ix|7™) /P (log(e/]x])) .

Then, for ¢ > O, there exists a constant C > 1 such that

[t exp((ouxn—l [ f(y)ldy) / C)dx -
B B(0,|x])

for measurable functions f on R" satisfying
/Bw(g(y))dy =1 (3.6)

where g(y) = | f(y)[Pw(|y]).

Proof. Let f be a measurable function on R” satisfying (3.6). By using Holder’s inequal-
ity, we have

[
B(0.|x])
1/p 1/p'
= (/ If(y)lpw(lyl)dy) (/ a)(|y|)—P’/de)
B(0,|x|) B(0,|x])

Ly 1/p
< Cap(lx)"/? ( / N )g(y)dy)
RES

1/p
=C|x|"“’wp<|x|)”f’(|x|—" /B g(y)dy) .

(0,1x[)

In view of Jensen’s inequality, (3.6) and (¢~!), we obtain

[ £ ()ldy
B(0,|x])

) 1/p
< Clx[Pap(x])? (<p1(|x|" /B N Dso(g(y))dy))

< Clx|"Paw,(Ix)Y? (71 (|x|7)) /P
= Co(|x|) log(e/|x])
< Cia(|x])(e1 log(e/|x])),
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so that

o (]! /B oy Oy = e ogte/ ).

Hence, if 0 < g1 < &, then

/ e exp((ouxn—l / If(y)ldy) / cl)dx <ot / -y <
B B(0,|x]) B

which proves the result. ]

Example 3.7. Consider w(r) = r#(log(e + 1/r))” with p = np/p’ and y > p — 1 and
¢(r) =expr — 1. Then, for0 < r < 1,

wp(r) ~ (log(e/r)) P74,
Moreover, if ¢ > 0, then
o Ht) =log(1 +1) < Ct® ast — oo.
Hence, letting @ = n/p, we find
o(t) = "Pwp ()17 (o™ 17"} P (log(e/ 1)t < Cllog(e/n) VPP (3.7)
for0 <t < 1.

Remark 3.8. We see that the exponent —(1 + )/ p in (3.7) is best suited.
For this, consider f(y) = |y|™(log(e/|y|))~¥+¥)/P on B. Then, the following state-
ments hold:

(1) Jg FO)PIyIP (ogle/Iy))dy= [z |y]™™(log(e/|y])) "3 dy <oo when B=np/ p’
and §; > 1;

@) fpo4ep SOy = Cillog(e/|x])! =087 when x € Band (y +81)/p > 1;
(3) if e = 0, then

[ ens (((log<e/|x|>)<8+”“’ / f(y)dy) / (Aco)dx
B B(0,|x])

> / 1[5~ exp((log(e/ [x])) H6-3D/7 / A)dx = oo
B

when A > 0and 14 (§ —8;)/p >0and (y +61)/p > 1;

(@) fy I exp(((oge/ I[P [0 F(0)dy)/(AC))dx = fy [x]*
exp((log(e/|x|)tE=80/P /A)dx = cowhen§ > 8; > 1,(y +81)/p>1,4>0
and € > 0.

Corollary 3.9. Let 8/p =n/p’and y > p — 1 > 0. Then, for ¢ > 0, there exist constants
C1, C5 > 0 such that

/ X" exp ((log<e/|x|)>“+”/1’( / f(y)dy) / cl)dx <6 (9
B B(0,|x])



Y. Mizuta and T. Shimomura 492

for nonnegative measurable functions f on B satisfying

| 7071 dostertyhyay < 1. (3.9)
For this, consider
w(r) =rP(loge/r)Y fory>p—1=>0.
Then, as above, we find by (3.9) that
/ f()dy < C(log(e/|x]))7/P+1/7
B(0,]x])
= Cy(log(e/|x]))™"/7H1/7 1 (g1 Tog(e/|x]))

for x € Band ¢; > 0since —y/p + 1/p’ < 0. Hence, we obtain

exp (<log(e/|x|))<‘+y>/1’( [ - f(y)dy) / cl) < (e/IxD".

which gives the result.

Corollary 3.10. Let 8/p =n/p’and y > p — 1 > 0. Then, for & > 0, there exist constants
C1, Cy > 0 such that

/ [ expexp ((log(e log(e/|x|)>)“+”“’( / f(y)dy) / cl)dx -G
B B(0,]x]) (3.10)

for nonnegative measurable functions f on B satisfying

/Bf(y)plyl’g(log(e/lyI))”_l(log(e/(log(e/lyl))))”dy <L 3.11)
For this, consider
o(r) = rf (log(e/r))?~" (log(e/(log(e/r))))" fory > p—1=0.
Then, as above, we find by (3.11) that
[, 70 = Clogtetonte/ ey 7117
| = Ci(log(elog(e/|x[))™/7+1/7  log(1 + 1 log(e/|x]))
for x € Band &; > 0since —y/p + 1/p’ < 0. Hence, we obtain

expexp ((1og<e 1og<e/|x|)))<'+”/1’( /B - f(y)dy) / cl) < Cle/lx]),

which gives the result.
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4. Hardy-Trudinger inequalities 11

In this section, we give the outer Hardy—Trudinger inequality on R”.

Theorem 4.1. Let ¢ be a positive convex function on (0, 00) satisfying (¢0). For p > 1
and a positive increasing function w and a positive decreasing function 1 on (0, 00), set

Wy p(r) = / S loOn©Oy P,
o (r) = @y (M7 (971 (1(1))) /7 (log(e + 1))~

and

m(r) = / n(lyDdy.
R”\B(0,r)

Suppose 11 is bounded. Then, for ¢ > 0, there exists a constant C > 1 such that

/ <e+|x|)—8—"exp((o(|x|>—l / If(y)ldy) /C)dxfl @1
Rn R”\B(0,|x])

for measurable functions f on R" satisfying

| etemay <1 @2)

where g(y) = | f(¥)[Po(|y)).

Proof. Let f be a measurable function on R” satisfying (4.2). By using Holder’s inequal-
ity, we have

/ LfO)ldy
R\ B(0,|x[)

1/p ) 1/p’
= (/ If(y)l"w(lyl)n(lyl)dy) (/ {(yDn(yD)~? /pdy)
R\ B(0,|x|) R”\B(0,|x|)

1/p
< Coy p(|x'/? (/R - |)g(y)n(lyl)a’y)
n Jx

, 1/p
= Cni(IxD"Pwy,p(1x)"? ((m(IXI))_l/R g(y)n(lyl)dy) .

"\B(0,|x)

Since

Co = sup n1(|x]) < oo,
x€Rn

we find by (¢2) and (¢~ ') that

m(xDe~ " ¢/m(|x])) < Cop™'(1/Co) < Co™'(r) forz > 0. (4.3)
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In view of Jensen’s inequality, (4.2) and (4.3), we have

/ £ O)ldy
R”\B(0,|x])

< Cmi(1xD) P ay 5 (1x)V7 (q)_] (n1(|x|)_l/R \B(0,Ix])
n Slx

< Cni(1xD P wy o (IXD Y7 (@™ (m (1x )™ n(lx ) /?
< Cayp(IXD Y7 (0™ (n(Ix ) *

= Co(|x]) log(e + |x|)

< Cio(jx])(e1 log(e + |x])).

1/p
go(g(y))n(|y|>dy))

so that
G(le)_I/ | f(W)]dy < Ci(erlog(e + |x])).
R"\B(0,|x|)

Hence, if 0 < ¢ < &, then

[ e+ixhemen ((o(IXI)‘l / If(y)ldy) / cl)dx
R» R”\B(0,|x])

5/ (e + |xDe ™ "dx
Rn
<C
when 0 < &1 < ¢, which proves the result. [

Example 4.2. Consider w(r) = (e + r)?(log(e + r))” and n(r) = (e + r) " (log(e +
r))~%. Assume that

B—n)(=p'/p)=—n (orp=np), (y—=8(-=p'/p)+1<0, §>1.

Then,
wy.p(|x]) ~ (log(e + |x|) Y —DEP/PH

and
o (|x]) ~ (log(e + x[))7/PHIPFUP= (o7 (e + [x]) ™ (log(e + [x[) )P
When ¢(r) = expr — 1, we see that
o(r) ~ (e + r) P (log(e + r))Y/P=Vp, (4.4)

Remark 4.3. We see that o in (4.4) is best suited.

For this, o1(r) = (e + r)™/?(log(e + r))™"/P~1/P=2 with ¢ > 1/p’ and consider
() = (e + [xo) ™2 (e + |y~ (log(e + |y]))? on Bo = B(0, |xo|) with |xo| > 1;
then,

g(y) = f)Po(y) = (¢ + |xo)) " (log(e + |y[)***7 < C  on By,
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so that

| otetndy = Cle+ o™ [ dogte + Iy +ay
By By
< Cllogle + |xo)*" < C

when bp + y < 0.
If |x| < |xo|/2, then

o1 (]! / F)dy
R”\B(0,|x])

[xo]

> C(log(e + |xo|))Y/PT1/pta /| | (e + 1) " (log(e + 1))°1"dt

X

> C;(log(e + |xo|))?/ P/ pHath

so that

/ (e + X)) ™" exp (ol(|x|)—1 / If(y)ldy/(ACI))dx
B(0,|x0l/2)B(0,|x0|/4) R”\B(0,|x])

> Clavo| ™ exp((log(e + |xo[))"/PF1/P+4*0 /4) — 00 as |xo| — oo
whene > 0,y/p+1/p+a+b>1and A > 0. This holds when
a > 1/p’ and b is suitably chosen such that b < —y/p.

Remark 4.4. We see that —n/ p in (4.4) is best suited.
For this, consider f(y) = (e 4 |xo|)™® on By = B(0, |xo|?) with |xo| > 1 and
b > 1; then,

g() = f(Pa(ly]) < Cle + |xo) P9 +PP (log(e + |xo[))” < C  on By,
so that

/ o(g())dy < C / (e + [xol) PO+ (log(e + [xo])) dy < C
By By

when —p(n 4+ a) + bnp + bn < 0. Moreover,

ol [R oy T Z Gl for ] < ol
n 0,|x

so that

/ (e + X))~ exp (((e T x)e / If(y)ldy) / (Acl))dx
B(0,|xo]) R”\B(0,|x])

> C|xo| ™ exp((C||xo| ™" +?")/A4) — 00 as x| — 0o

whene >0, —p(n+a)+bnp +bn <0and A > 0. This holds whena >n/p andb > 1
is suitably chosen.



Y. Mizuta and T. Shimomura 496

In the same way as Corollaries 3.9 and 3.10, we obtain the following results.

Corollary 4.5. Let8/p =n/p’and y > p — 1 > 0. Then, for ¢ > 0, there exist constants
C1, C, > 0 such that

[ er e ((1og<e + |x|>>“+y>/P( / f(y)dy) / cl)dx -G
R” R\ B(0,|x[) @5)

for nonnegative measurable functions f on R” satisfying (3.4).

For this, consider w(r) = (e + r)# (log(e + r))? and n(r) = 1. Then, we find

/ S(y)dy
R”\B(0,|x])

, 1/p
= om0 ([ eymyhiay )
, 1/p
g(y)dy)

< Cu(logle + [x])) /7 (e log(e + |x|)>( /
R

< C(log(e + |x|))‘y“’+””/(f
R

"\B(0,|x)

1/p
g(y)dy)
"\ B(0,|x])

when —y/p + 1/p’ <0, where g(y) = | f(»)|P (e + |y])? (log(e + |y]))”. This yields
the result.

Corollary 4.6. Let 8/p =n/p’andy > p — 1 > 0. Then, for ¢ > 0 there exist constants
C1, Cy > 0 such that

[ et bepe

<expexp ((ogte + togte + 1) ([ pay) [ )ax <
R™\B(0,|x])
(4.6)
for nonnegative measurable functions f on R” satisfying (3.5).

For this, it suffices to consider
o(r) = (e + r)P (log(e + r))? ' (log(e + (log(e +1))))Y and n(r) = L.

Remark 4.7. We see that the exponent (1 4+ y)/p in (4.5) is best suited.
For this, consider f(y) = (e + |y|)~@*tA/?(log(e + |y|))~¥+5)/P_ Then, the fol-
lowing statements hold:

(1) Jgn FO)P(e + [y oge+]y])Ydy = [ga(e+]y)) " (logle+]y]) 1 dy < oo
when §; > 1;

@) Jrmso.xh SOV = Jrm so.x) (€ + [y )~ +BYP (log(e + |y )T/ Pay
> Ci(log(e + |x|)!=+8)/P when (n + B)/p =n and (y +81)/p > 1;
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(3) fn(e + x5 exp(((logle + [¥)EHIP fo, 1o F(y)dy)/(AC))dx =
Jra(e + x5 exp((log(e + |x|)1H06=8)/P ) 4)dx = 0o when § > §; > 1,
1—(y+61)/p<0,4A>0ande > 0.

We study the outer Hardy—Trudinger inequality near the origin.

Theorem 4.8. Let ¢ and  be positive convex functions on (0, 0o) satisfying (¢0). For
p > 1 and a positive increasing function o on (0, 00), set

1
a)p(r)=/ w@)P Py,

Suppose that we have

(¢. ¥, wp) for e > 0 there exists a constant A, > 0 such that
V()77 ) A2) <175 fort > 0.

Then, for € > O there exists a constant C > 1 such that

P (g r0090) /) o=

for measurable functions f on R" satisfying (3.6) with g(y) = | f(»)|Pw(|y]).

Proof. Let f be ameasurable function on B satisfying (3.6). By using Holder’s inequality,
we have

/ fO)ldy
B\B(0,|x])

1/p , 1/p
= (/ If(y)l"w(lyl)dy) (/ o(ly)~? /pdy)
BB, xD B\B(,/x)

, 1/p
< Cap(x)'/? ( /B - )g(y)dy) .
Jx

cq(x) = / dy.
B\B(0,|x[)
Since sup,.cp ca(x) < oo, we find by (¢2) and (¢~ !) that

ca(X) 1 (tJea(x)) < Co~'(t) fort > 0. 4.7

We set

In view of Jensen’s inequality, (3.6) and (4.7), we have

/ £ O)ldy
B\B(0,|x])

, 1/p
< Ces) P wp(x)V? (c4(x)—1 fB g(y)dy)

\B(0,|x])

1/p
< Cea() Py (x)17 ((ﬂ_l (c4(x)—1 /B so(g(y))dy)) < Croop (x)V7'.

\B(0.|x)
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By ((pa w, Cl)p), we Obtain

1 p
w((( [ If(y)ldy) / (CIA/")) )5 MRS
B\ B(0,|x|)
Hence,
D
/ |x|€—”w((( / If(y)ldy) / (CIA;“’)) )dxs / [y < O
B B\B(0,|x]) B

when 0 < &1 < &, which yields the result. [
Example 4.9. Consider w(r) = r# (log(e/r))” with p = np/p’ andy < p — 1. Then,
wp(r) ~ (log(e/r)) 7771,
Let o(r) = expr — 1 and
v(r) = eXp,,1/(11(—1//p+1/p/)) -1 4.8)

Remark 4.10. We see that the exponent 1/(—y/p + 1/p’) in (4.8) is best suited.
For this, consider f(y) = |y|™(log(e/|y|))~¥+¥)/P on B. Then, the following state-
ments hold:

(1) Jg FO)PIyIP (ogle/Iy))dy = [z |yI™™(log(e/|y])) 3 dy <oo when B=np/ p’
and §; > 1;

@) Ji\Bo.xp L)y = Ci(log(e/|x]))! =¥ F30/P when x € Band (y + 81)/p > 1;

() Jo X157 exp((fg peoxp S )9/ (ACO) CYIPHIZIR e > [ |x]en
exp((log(e/|x|)) Y/ P+1=81/P)/(=v/P+1=8/P) ) A)dx = 00 when 1 <§; <6< p—,
A>0ande > 0.

In the same way as Corollaries 3.4 and 3.5, we obtain the following results.

Corollary4.11. Letp>1,8=n(p—1),y < p—1and ¢ > 0. Then, there exist constants
C1, Cy > 0 such that

1/(=y/p+1/p")
/ [ exp (( / f(y)dy) / cl) ix<C  (49)
B B\B(0,|x])

for nonnegative measurable functions f on B satisfying (3.9).

Corollary 4.12. Let p>1,8=n(p—1),y < p—1and ¢ > 0. Then, there exist constants
C1, Cy > 0 such that

1/(=y/p+1/p")
/ |x|*7" expexp ((/ f(y)dy)/Cl) dx < C,
B B\B(0,]x])

for nonnegative measurable functions f on B satisfying (3.10).
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