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On the partial regularity of weak
solutions for the magnetohydrodynamics system in R4

Zhongbao Zuo

Abstract. In this paper, the partial regularity of the weak solutions to the magnetohydrodynamics
(MHD) system in R4 is studied. In order to tackle the lack of compactness arising in the spatially
high-dimensional setting, inspired by Wu [Arch. Rational Mech. Anal. 239 (2021), 1771–1808],
we use the defect measures and prove the existence of partially regular weak solutions (satisfying
certain local energy inequality) to the 4-dimensional MHD system. As an application, we obtain
that the 2-dimensional Hausdorff dimension of singular sets of these weak solutions is finite.

1. Introduction

In this paper, we study partial regularity results for the 4D incompressible MHD equations,
which are given by the following system:8̂̂<̂

:̂
@tu ��uC u � ru � B � rB Cr… D 0;

@tB ��B C u � rB � B � ru D 0; in R4 � Œ0;1/;

divu D divB D 0:

(1.1)

Here, the unknown variable u denotes fluid velocity field, B represents the magnetic
field, and … D � C 1

2
B2 signifies the total pressure, respectively. The MHD system (1.1)

plays a crucial role in the dynamics of electrically conducting fluids, such as plasmas
(see [2], for example). Because of the nonlinear interaction between the fluid velocity
field and the magnetic field, the MHD system can accommodate much richer phenomena
than the Navier–Stokes system. One important example is that the magnetic field can
actually stabilize the fluid motion [1]. There have been extensive studies on various topics
concerning the MHD system (see, e.g., [4, 6, 9, 12–14, 19, 28] and references therein).
The global weak solutions and the local strong solutions to the 3D MHD system were
constructed by Duvaut and Lions [9] and Sermange and Teman [24]. Meanwhile, as in the
classical incompressible Navier–Stokes equations (see [3,21,22,26,27]), partial regularity
of suitable weak solutions to the 3D MHD system was investigated by He and Xin in [13].
Wang and Zhang [28] removed the magnetic field hypothesis of the regularity criteria
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for the suitable weak solutions to the 3D MHD system. The results obtained in [13, 28]
indicate that the velocity field plays a more dominant role than the magnetic field does
on the regularity of solutions to the MHD system. Recently, by introducing the notion of
dissipative solutions, Chamorro and He [5] weakened the hypothesis on the pressure and
obtained a generalization of C-K-N type theorem for weak solutions of MHD system (1.1).

The partial regularity of weak solutions satisfying the local energy inequality was
originated from Scheffer [21–23] for the Navier–Stokes equations. And the author studied
the Hausdorff measure of potential singular points set of the solutions to the 3D and 4D
Navier–Stokes equations. Later, Caffarelli, Kohn, and Nirenberg [3] proved that the one-
dimensional Hausdorff measure of potential singular set of suitable weak solutions to
the Navier–Stokes equations is zero. Since then, there have been extensive studies on the
partial regularity of solutions to the Navier–Stokes equations, MHD equations, and other
hydrodynamic models; see [15–17, 27], for example. For the high-dimensional Navier–
Stokes equations, Dong and Du [7] proved that the 2-dimensional Hausdorff measure of
the set of singular points at the first blow-up time is zero. As in [3] for the dimensional
analysis of the Navier–Stokes equations, time is equivalent to two space dimensions.
Later, Dong and Strain [8] proved the partial regularity theory of suitable weak solu-
tions of the 6D stationary Navier–Stokes equations. Wang and Wu [29] gave a unified
proof on the results of [3, 7, 8]. Recently, by introducing the defect measure, Wu [30, 31]
constructed partially regular weak solutions which satisfy local energy inequalities to
the non-stationary incompressible Navier–Stokes equations in R4 and stationary Navier–
Stokes equations in R6, whose singular sets have a local finite 2-dimensional parabolic
Hausdorff measure. In context of MHD equations in high-dimensional space, Han and
He [11] studied the 4-dimensional non-stationary MHD equations (1.1) interior partial
regularity. Recently, Gu [10] and Liu–Wang [18] also obtained some boundary regular-
ity criteria for the 4D non-stationary MHD equations and 6D stationary MHD equations.
Motivated by [3, 30] for Navier–Stokes equations, we obtained the existence of partially
regular weak solutions for the 4D MHD equations and proved that the 2-dimensional
parabolic Hausdorff measure of singular set is finite. Before presenting our main result,
we first give the definition of parabolic Hausdorff dimension.

Definition 1.1. Given a setD �R4 �R, for a fixed positive real number s, s-dimensional
parabolic Hausdorff measure is defined as

Hs.D/ D lim
ı!0C

Hs
ı.D/;

where

Hs
ı.D/ D inf

´
1X
iD1

rsi jD �
[
i2NC

Qri .z0/; 0 < ri < ı; z0 D .x0; t0/ 2 R4 �R

µ
:

Here, Qr .z0/ is centered parabolic cylinder defined by

Qr .z0/ WD Br .x0/ �

�
t0 �

r2

2
; t0 C

r2

2

�
:
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The main result of the present paper is the following statement.

Theorem 1.1. For a fixed time T > 0, there exists a weak solution set .u; B; …; �; !/
for the non-stationary MHD system (1.1) in R4 � Œ0; T �, which satisfies the local energy
inequalities (2.11) and (2.12). Moreover, the 2-dimensional Hausdorff dimension of sin-
gular set S of weak solutions to (1.1) is finite.

2. Existence of weak solutions set and local energy inequalities

In order to construct generalized weak solutions to the non-stationary MHD system (1.1),
we consider the following regularized MHD system:8̂̂̂̂

<̂
ˆ̂̂:
@tuk ��uk C Œ.�k � uk/ � r�uk � Œ.�k � Bk/ � r�Bk Cr… D 0;

divuk D divBk D 0;

@tBk ��Bk C Œ.�k � uk/ � r�Bk � Œ.�k � Bk/ � r�uk D 0;

uk.�; 0/ D u0; Bk.�; 0/ D B0:

(2.1)

Here, ¹�kºk2N � C
1
c .R

4/ denotes the standard mollifiers.

Lemma 2.1. For the regularized non-stationary MHD system (2.1), we have a sequence
¹.uk ; Bk ; …k/ºk2N � L

1
t L

2
x \ L

2
tH

1
x .R

4 � Œ0; T �/ � L1t L
2
x \ L

2
tH

1
x .R

4 � Œ0; T �/ �

L
3
2 .R4 � Œ0; T �/ such that .uk ; Bk ;…k/ is a weak solution to the system (2.1). Moreover,

(1) ¹ukºk2N and ¹Bkºk2N are uniformly bounded in L1t L
2
x \ L

2
tH

1
x .R

4 � Œ0; T �/;

(2) ¹…kºk2N is uniformly bounded in L
3
2 .R4 � Œ0; T �/;

(3) ¹@tukºk2N and ¹@tBkºk2N are uniformly bounded in L1tH
�1
x;loc.R

4 � Œ0; T �/.

Therefore, there exists a triple .u; B;…/ such that

uk ! u;Bk ! B weakly in L2tH
1
x .R

4
� Œ0; T �/;

uk ! u;Bk ! B weakly-* in L1t L
2
x.R

4
� Œ0; T �/;

…k ! … weakly in L
3
2 .R4 � Œ0; T �/:

(2.2)

Additionally, for any bounded smooth function � with bounded derivatives, this sequence
satisfies the following local energy inequality:Z

R4

.juk.t/j
2
C jBk.t/j

2/�.t/dx C
Z t

0

Z
R4

.jrukj
2
C jrBkj

2/�dxds

�

Z t

0

Z
R4

.jukj
2
C jBkj

2/j@t� C��jdxds C
Z t

0

Z
R4

.jukj
2
C jBkj

2/. Quk � r/�dxds

C 2

Z t

0

Z
R4

…k.uk � r/�dxds �
Z t

0

Z
R4

. zBk � r�/.uk � Bk/dxds

C

Z
R4

.ju0j
2
C jB0j

2/�.0/dx; (2.3)

where Quk WD �k � uk ; zBk WD �k � Bk .
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Proof. The existence of weak solutions u and B can be obtained by a standard Galerkin
method (see [20, Theorems 4.4 and 14.1], for example). The existence of… can be proved
by Calderon–Zygmund theory. It is noteworthy that uk� andBk� are admissible test func-
tions in the regularized system (2.1). Multiplying equation (2.1)1 by uk�, integrating the
resulting equation over R4, and using integration by parts and incompressible conditions,
we get that

1

2

d
dt

Z
R4

jukj
2�dx C

Z
R4

jrukj
2�dx

D
1

2

Z
R4

jukj
2.@t C��/dx C

1

2

Z
R4

jukj
2
Quk � r�dx C

Z
R4

…uk � r�dx

�

Z
R4

. zBk � r/uk � Bk� C . zBk � r�/.uk � Bk/dx: (2.4)

Next, multiplying equation (2.1)3 by Bk�, integrating the resulting equation over R4, and
applying integration by parts and incompressible conditions again, we obtain that

1

2

d
dt

Z
R4

jBkj
2�dx C

Z
R4

jrBkj
2�dx

D
1

2

Z
R4

jBkj
2.@t C��/dx C

1

2

Z
R4

jBkj
2
Quk � r�dx C

Z
R4

. zBk � r/uk � Bk�dx:

(2.5)

Hence, by adding (2.4) and (2.5) and after integrating over [0,t], we yield the local energy
inequality (2.3). For the uniform boundedness of ¹@tukºk2N and ¹@tBkºk2N , applying
duality theory, we know that, for almost every t 2 Œ0; T �, the weak formulations (2.1) for
uk and Bk are equivalent to

h@tuk ; �iH�1x �H1
x

D �

Z
R4

rukr� C . Quk � r/uk� � . zBk � r/Bk�dx; 8� 2 H 1
x with div � D 0

and

h@tBk ; �iH�1x �H1
x
D �

Z
R4

rBkr�C . Quk � r/Bk� � . zBk � r/uk�dx; 8� 2 H 1
x :

For every � 2 C1c .�/ with � �� R4, the Hölder inequality and the Sobolev embedding
inequality imply thatˇ̌̌̌ Z

R4

rukr� C . Quk � r/uk� � . zBk � r/Bk�dx

ˇ̌̌̌
ˇ

� krukkL2xkr�kL2x C .krukkL2xkukkL4x C krBkkL2xkBkkL4x /k�kL4x

� C.kukk
2
H1
x
C kukkH1

x
C kBkk

2
H1
x
C kBkkH1

x
/k�kH1

x
:
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Integrating in time yields that ¹@kukºk2N are uniformly bounded inL1tH
�1
x;loc.R

4�Œ0;T �/.
Applying the same procedure, we can obtain the uniform boundedness of ¹@tBkºk2N in
L1tH

�1
x;loc.R

4 � Œ0; T �/.

Next, we prove that certain measures in the limit are relatively compact. We recall that
a collection of measures ¹�iºi2ƒ on RN is called tight if, for any " > 0, there exists a
compact set �" � RN such that �i .RN n�"/ < " for any i 2 ƒ.

Lemma 2.2. Let the assumptions be as in Lemma 2.1; then, ¹.jrukj2CjrBkj2/dxdtºk2N ,
¹.jukj

2 C jBkj
2/dxdtºk2N , and ¹.jukj3 C jBkj3/dxdtºk2N are tight in the sense of mea-

sures.

Proof. For fixed r > 0, we consider a smooth cutoff function � 2 C1c .R
4/ such that

0� � � 1; �jBr D 0; �jR4nB2r D 1, satisfying property jr�j2C jr2�j �Cr�2. Testing the
regularity non-stationary MHD system (2.1)1 with uk� and (2.1)3 with Bk� , respectively,
we get

sup
t

Z
R4

.juk.t/j
2
C jBk.t/j

2/�dx �
Z

R4

.ju0j
2
C jB0j

2/�dx

C

Z T

0

Z
R4

.jrukj
2
C jrBkj

2/�dxdt

�

Z T

0

Z
R4

.jukj
2
C jBkj

2/j��jdxdt C
Z T

0

Z
R4

.jukj
2
C jBkj

2/j Qukjjr�jdxdt

C 2

Z T

0

Z
R4

j…kukjjr�jdxdt C
Z T

0

Z
R4

j zBkjjr�jjukjjBkjdxdt:

According to the properties of test function and the Hölder inequality, we have

sup
t

Z
R4nB2r

.juk.t/j
2
C jBk.t/j

2/dx �
Z

R4nBr

.ju0j
2
C jB0j

2/dx

C

Z T

0

Z
R4nB2r

.jrukj
2
C jrBkj

2/dxdt

� Cr�2
Z T

0

Z
B2rnBr

.jukj
2
C jBkj

2/dxdt

C Cr�1
Z T

0

Z
B2rnBr

.jukj
2
C jBkj

2/j Qukjjdxdt

C Cr�1
Z T

0

Z
B2rnBr

j…kukjdxdt C Cr�1
Z T

0

Z
B2rnBr

j zBkjjukjjBkjdxdt

� Cr�
2
3T

1
3 C Cr�1;

where we have used the fact that ¹ukºk2N and ¹Bkºk2N are uniformly bounded inL3.R3�
Œ0;T �/ and ¹…ºk2N is uniformly bounded inL

3
2 .R3 � Œ0;T �/. Letting r be arbitrarily large
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implies the tightness of ¹.jrukj2C jrBkj2/dxdtºk2N and ¹.juk.t/j2C jBk.t/j2/dxºk2N

uniformly in t , which implies the tightness of ¹.jukj2 C jBkj2/dxdtºk2N . On the other
hand, applying Sobolev inequality, we haveZ T

0

Z
R4

.juk�j
3
C jBk�j

3/dxdt

� kuk�kL1t L2x

Z T

0

Z
R4

jr.uk�/j
2dxdt C kBk�kL1t L2x

Z T

0

Z
R4

jr.Bk�/j
2dxdt

� Ckuk�kL1t L2x

�Z T

0

Z
R4

jrukj
2
j�j2dxdt C

Z T

0

Z
R4

jukj
2
jr�j2dxdt

�
C CkBk�kL1t L2x

�Z T

0

Z
R4

jrBkj
2
j�j2dxdt C

Z T

0

Z
R4

jBkj
2
jr�j2dxdt

�
� C.kuk�kL1t L2x

C kBk�kL1t L2x
/

Z T

0

Z
R4

.jrukj
2
C jrBkj

2/j�j2dxdt

C C.kuk�kL1t L2x
C kBk�kL1t L2x

/r�
2
3T

1
3

�Z T

0

Z
R4

.jukj
3
C jBkj

3/dxdt
� 2
3

:

Combining the tightness of ¹.jrukj2 C jrBkj2/dxdtºk2N with the uniform boundedness
ofuk andBk in the natural energy space implies the tightness of ¹.jukj3CjBkj3/dxdtºk2N .

In order to obtain local energy inequalities for the weak limit .u; B;…/, we will pass
to the limit k !1 in the local energy inequalities (2.3).

Lemma 2.3. Given a bounded sequence ¹ukºk2N ,

¹Bkºk2N � L
1
t L

2
x \ L

2
tH

1
x .R

4
� Œ0; T �/;

let .u;B/ be given by the limit in (2.2). Assume that uk converges to u andBk converges to
B , respectively, in L1loc.R

4 � Œ0; T �/. Suppose that �k D .jrukj2 C jrBkj2/dxdt ! �,
�k D .jukj

3 C jBkj
3/dxdt ! � weakly in the sense of measures, where � and � are

bounded nonnegative measures on the R4 � Œ0; T �. Then, there exist nonnegative finite
measures � and ! such that, for any � 2 C1c .R

4 � Œ0; T �/,Z T

0

Z
R4

�d� D
Z T

0

Z
R4

�.jruj2 C jrBj2/dxdt C
Z T

0

Z
R4

�d�; (2.6)Z T

0

Z
R4

�d� D
Z T

0

Z
R4

�.juj3 C jBj3/dxdt C
Z T

0

Z
R4

�d!: (2.7)

Moreover, ! � �, and for any open subdomain � of R4 � Œ0; T �,Z
�

d! � C lim inf
k!1

.kuk � ukL1t L2x.�/
C kBk � BkL1t L2x.�/

/

Z
�

d�: (2.8)
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In particular, the Radon–Nikodym derivative satisfies

d!
d�
� C lim

r!0
lim inf
k!1

.kuk � ukL1t L2x.Qr .x0;t0//
C kBk � BkL1t L2x.Qr .x0;t0//

/;

where Qr .x0; t0/ WD Br .x0/ � .t0 � r2

2
; t0 C

r2

2
/.

Proof. We let vk D uk � u 2 L1t L
2
x \ L

2
tH

1
x , Ak D Bk � B 2 L1t L

2
x \ L

2
tH

1
x , Com-

bining Simon compactness theory (see [25]) with Lemma 2.1 implies that

vk ! 0; Ak ! 0 strongly in L2t;x ; locally in space;

vk ! 0; Ak ! 0 weakly in L2tH
1
x ;

vk ! 0; Ak ! 0 weakly-* in L1t L
2
x :

Defining �k WD .jrvkj2C jrAkj2/dxdt , we claim that ¹�kºk2RN is tight. Indeed, for any
compactness subset � � R4, let Dc WD .R4n�/ � Œ0; T �. Then,

krvkkL2.Dc/ � krukkL2.Dc/ C krukL2.Dc/;

krAkkL2.Dc/ � krBkkL2.Dc/ C krBkL2.Dc/:

Due to the weak convergence of ¹�kºk2N , we know that ¹�kºk2N is tight; hence,
krvkkL2.Dc/ and krAkkL2.Dc/ are arbitrarily small given � large enough. Thus, we
can extract a weakly convergent subsequence with a limit denoted by �. For any � 2
C1c .R

4 � Œ0; T �/, we haveZ T

0

Z
R4

�d� D lim
k!1

Z T

0

Z
R4

�d�k

D lim
k!1

Z T

0

Z
R4

�.jrukj
2
C jrBkj

2/dxdt

D

Z T

0

Z
R4

�.jruj2 C jrBj2/dxdt

C lim
k!1

Z T

0

Z
R4

�.jrvkj
2
C jrAkj

2/dxdt

D

Z T

0

Z
R4

�.jruj2 C jrBj2/dxdt C
Z T

0

Z
R4

�d�;

where we have used the fact that interaction term vanishes since uk ! u and Bk ! B

weakly in L2tH
1
x .R

4 � Œ0; T �/. Let

!k WD .jvkj
3
C jAkj

3/dxdt ! !

weakly in the sense of measures. A similar process verifies (2.7). On the other hand, for
any �2C1c .R

4�Œ0;T �/, using interpolation inequality and Sobolev embedding inequality,
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we haveZ T

0

Z
R4

j�j3d!

D lim
k!1

Z T

0

Z
R4

j�j3d!k

D lim
k!1

Z T

0

Z
R4

jvk�j
3
C jAk�j

3dxdt

� lim inf
k!1

sup
0<t<T

.kvk�kL2x C kAk�kL2x /

Z T

0

kvk�k
2
L4x
C kAk�k

2
L4x

dt

� C lim inf
k!1

sup
0<t<T

.kvk�kL2x C kAk�kL2x /

Z T

0

Z
R4

jr.vk�/j
2
C jr.Ak�/j

2dxdt

� C lim inf
k!1

sup
0<t<T

.kvk�kL2x C kAk�kL2x /

Z T

0

Z
R4

j�j2jrvkj
2
C j�j2jrAkj

2dxdt

� C lim inf
k!1

sup
0<t<T

.kvk�kL2x C kAk�kL2x /

Z T

0

Z
R4

j�j2d�:

Notice that, in the third inequality, the terms converge to zero when at least one derivative
hits �. Using smooth functions to approximate the indicator function� yields the inequal-
ity (2.8). Hence, ! is absolutely continuous with respect to �, and by Radon–Nikodym
theorem, we have

d!
d�
2 L1.R4 � Œ0; T �I�/

with, for any .x0; t0/ 2 R4 � .0; T /,

d!
d�
.x0; t0/ � C lim

r!0
lim inf
k!1

.kvkkL1t L2x.Qr .x0;t0//
C kBkkL1t L2x.Qr .x0;t0//

/:

Using the parabolic concentration-compactness framework in Lemma 2.3, we can
define the weak solution sets involving concentration measures.

Definition 2.1. (u,B,…,�; !) is a weak solution set of the MHD system (1.1) if
(1) u, B , and… are obtained as weak limits of the weak solutions ¹.uk ;Bk ;…k/ºk2N

of the regularized MHD system (2.1);
(2) � and ! are obtained as weak limits of the measures in Lemma 2.3.

In order to obtain local energy inequalities for weak solution sets, we need the follow-
ing lemma, which shows that the concentration in ju…jdxdt is localizable and comparable
to the concentration in juj3dxdt .

Lemma 2.4. Assume that ¹.uk ; Bk ; …k/ºk2N are the solutions of the regularized sys-
tem (2.1) and .u; B;…; �; !/ is the corresponding weak solution set; then,

lim sup
k!1

Z T

0

Z
R4

�juk.…k � 
/ � u.… � 
/jdxdt � C
Z T

0

Z
R4

�d!

for any  2 C1c .R
4 � Œ0; T �/ and 
 2 R with  � 0.
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Proof. According to the regularized system (2.1)1, we see that … satisfies Poisson equa-
tion formally:

���k D @i@j . Qu
i
ku
j

k
� zB ikB

j

k
/:

Then, we localize the above equation with an arbitrary Lipschitz function  2 C 0;1.R4/,
which yields

��.…k / D  @i@j . Qu
i
ku
j

k
� zB ikB

j

k
/ � div.…kr / � r…k � r 

D @i@j Œ . Qu
i
ku
j

k
� zB ikB

j

k
/� � @i Œ. Qu

i
ku
j

k
� zB ikB

j

k
/@j �

� @j . Qu
i
ku
j

k
� zB ikB

j

k
/@i � div.…kr / � r…k � r 

D @i@j Œ . Qu
i
ku
j

k
� zB ikB

j

k
/�

� @i Œ. Qu
i
ku
j

k
� zB ikB

j

k
/@j C…kr �

� @j . Qu
i
ku
j

k
� zB ikB

j

k
/@i � r…k � r 

WD ��…1
k ��…

2
k ��…

3
k : (2.9)

Similarly, we decompose … in a similar way. From the Calderon–Zygmund theory, we
get

k…1
k.t/ �…

1.t/k
L
3
2
x

� Ck Quik.t/u
j

k
.t/ �  Qui .t/uj .t/k

L
3
2
x

C Ck zB ik.t/B
j

k
.t/ �  zB i .t/Bj .t/k

L
3
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3
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k
�Bj j

3
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where we have used the Vitali’s convergence theorem for the second and third lines:
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Since for any f 2 L1t L
2
x \ L

2
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1
x , with the help of interpolation inequality and Sobolev

inequality, we haveZ T
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Hence, taking f D uk � u or f D Bk � B , we get that
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Combining Calderon–Zygmund theory, this yields
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Collecting (2.9)–(2.10), we know that
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Thus, applying Vitali’s convergence theorem and taking � D  
2
3 , we get
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Hence, we complete the proof of Lemma 2.4.

Now, we can prove the following local energy inequalities.

Proposition 2.1. Let the assumptions be as in Lemma 2.1; then, for any nonnegative cut-
off functions � 2C1c .R
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Proof. Substituting the test function � defined above into the local energy inequality (2.3)
yieldsZ
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The convergence of the second term can be obtained by Lemma 2.2 and (2.6). Since
uk! u andBk!B inL2.R4 � Œ0;T �/, then the convergence of the third term is straight-
forward. On the other hand, we note thatZ T
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where dk WD diam.supp �k/ ! 0 when k ! 1. For g2, using Young’s inequality for
convolution again, we have
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Hence, combining the estimates of g1 and g2, we have
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Going through a similar process, we have
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For the term involving pressure, with the help of incompressible condition and Lemma 2.4,
we have
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Combining (2.13)–(2.14), we complete the proof of (2.11). For the local energy inequal-
ity (2.12), from incompressible conditions, we haveZ T
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applying Young’s inequality for convolution yieldsZ T
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Hence, we complete the proof of Proposition 2.1.

3. Partial regularity theory: Part I

This section is devoted to establishing an "-regularity criterion for weak solution sets
.u; B;…; �; !/ of (1.1) in terms of L3-norm of .u; B/. The argument we will present is
based on an iterative method. Firstly, as mentioned in [30], the weak solution sets have the
following scaling property.

Lemma 3.1. If .u; B;…; �; !/ is a weak solution set of the MHD system (1.1), then, for
any r > 0, the scaled set .ur ; Br ; …r ; �r ; !r / is also a weak solution set of (1.1), where
ur , Br , …r , �r , and !r are defined as
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Proposition 3.1. There exist an r > 0 and an absolute positive constant " > 0 such that
if a weak solution set .u; B;…; �; !/ of the MHD system (1.1) satisfies
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Z
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d! � ";

then z0 D .x0; t0/ is a regular point and Qr .z0/ WD Br .x0/ � .t0 � r
2; t0/ denote the

parabolic cylinder centered at z0 D .x0; t0/.

For the proof of Proposition 3.1, we need two auxiliary lemmas, which play an impor-
tant role in the proof of Proposition 3.1. Before stating lemmas, we introduce the following
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dimensionless quantities due to the scaling property of system (1.1):
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where fr .t/ WD 1
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R
Br .x0/

f .x; t/dx is the integral average of f .x; t/ on Br .x0/. By
using iteration method, we can state that u and B are locally bounded if u, B , …, and
concentration measure ! satisfy a local smallness condition.

Lemma 3.2. Assume that .u; B;…; �; !/ is a weak solution set of the MHD system (1.1)
in Qr .z0/; then, there exists a universal positive constant C > 0 such that, for any r > 0,
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where we have used the lower semi-continuity of weak-� convergence, this is, (3.3). Not-
ing that kf kL4.Br .x0// � Ckf kL2.Br .x0// C krf kL2.Br .x0//, by a direct calculation, we
get (3.1). The inequality (3.2) follows directly from Lemma 2.3.

In order to prove Proposition 3.1, we will define a quantity E.r/, which is not scale-
invariant: E.r/ D 1

r
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Lemma 3.3. Suppose that .u;B;…;�;!/ is a weak solution set of the MHD system (1.1)
in Q�.z0/. Then, there exists a universal positive constant C > 0 such that, for any 0 <
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Proof. We consider a smooth cutoff function � 2 C1c .R
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jx � yj2

�
dy

C
1

4�2

Z
B�.x0/

.uiuj � BiBj /

�
@i@j�

jx � yj2
C @j�

4.xi � yi /

jx � yj4

�
dy

C
1

4�2

Z
R4

…

�
��

jx � yj2
C
4.x � y/ � r�

jx � yj4

�
dy

WD …1.x; t/C…2.x; t/C…3.x; t/C…4.x; t/:

(3.5)

Hence, the term E.r/ can be decomposed into four terms involving …1; …2; …3; …4,
respectively:

E.r/ �

4X
lD1

1

r
5
2

Z
Qr .z0/

j…l �…l;r j
3
2 dxdt: (3.6)

Using the Calderon–Zygmund theory for …1, we getZ
Br .x0/

j…1j
3
2 dx � C

Z
B2r .x0/

juj3 C jBj3dx;

which implies Z
Qr .z0/

j…1 �…1;r j
3
2 dxdt � C

Z
Q2r .z0/

juj3 C jBj3dxdt:
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For …2, it is noteworthy that 2jx � yj > jyj when x 2 Br .x0/ and y 2 Bc2r .x0/; thus, for
any .x; t/ 2 Qr .z0/,

jr…2.x; t/j � C

Z
2r<jyj<�

�.juj2 C jBj2/

jx � yj5
dx � C

Z
2r<jyj<�

juj2 C jBj2

jyj5
dx;

by which one hasZ
Qr .z0/

j…2 �…2;r j
3
2 dxdt � Cr4

Z t0

t0�r2
k…2 �…2;rk

3
2

L1.Br .x0//

� Cr
11
2

Z t0

t0�r2
kr…2k

3
2

L1.Br .x0//
dt

� Cr
15
2

 
sup

t0�r2<t<t0

Z
2r<jyj<�

juj2 C jBj2

jyj5
dx

! 3
2

:

Similarly, we note that r� Dr2� D 0 inB 3
4
.x0/, and jx � yj> �

4
when x 2Br .x0/; y 2

B�.x0/nB 3�
4
.x0/. Thus, for any .x; t/ 2 Qr .z0/,

jr…3j � C

Z
B�.x0/nB 3

4
�.x0/

.juj2 C jBj2/

�
jr�j

jx � yj3
C
jr�j

jx � yj4

�
dy

� C
1

�5

Z
B�.x0/nB 3

4
�.x0/

.juj2 C jBj2/dy:

jr…4j � C

Z
B�.x0/nB 3

4
�.x0/

j…j

�
jr�j

jx � yj3
C
jr�j

jx � yj4

�
dy

� C
1

�5

Z
B�.x0/nB 3

4
�.x0/

j…jdy:

Hence,
4X
lD3

Z
Qr .z0/

j…l �…l;r j
3
2 dxdt � C

4X
lD3

r4
Z t0

t0�r2
k…l �…l;rk

3
2

L1.Br .x0//
dt

� C

4X
lD3

r
11
2

Z
Q�.z0/

kr…lk
3
2

L1.Br .x0//
dt

� C.
r

�
/
11
2

Z
Q�.z0/

juj3 C jBj3 C j…j
3
2 dxdt: (3.7)

Combining (3.6) with (3.7) yields the inequality (3.4).

Proof of Proposition 3.1. We let rn D 2�n with n � 2. The method is to iteratively prove
the following estimates:

C.rn/C zC.rn/CE.rn/ � "
2
3 r3n ; (3.8)

A.rn/C B.rn/C zB.rn/ � Cr
2
n"

2
3 : (3.9)
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First, we claim that the inequality (3.8)1 holds. Indeed, the Hölder inequality yields

C.r1/C zC.r1/CE.r1/

� 8

Z
Q 1
2
.z0/

juj3 C jBj3dxdt C 8
Z
Q 1
2
.z0/

d! C 16
Z
Q 1
2
.z0/

j…j
3
2 dxdt:

Then, we take " � 2�21 and apply the smallness assumption, which implies that

C.r1/C zC.r1/CE.r1/ � 16" � "
2
3 r31 :

Claim 1: ¹(3.8)kº2�k�n implies (3.9)nC1. Let �n be the localized solution of the back-
ward heat equation

�n.x; t/ D
�.x; t/

.r2n � t /
2

exp
�
�

jxj2

4.r2n � t /

�
;

where � is a cutoff function such that ��1 inQ 1
4
.z0/ and ��0 in R4�.�1; 0/nQ 1

3
.z0/.

A direct computation yields that �n satisfies the following properties:

@t�n C��n D 0 in Q 1
4
.z0/; j@t�n C��nj � C in R4 � .�1; 0/;

C�1r�4n � �n � Cr
�4
n and jr�nj � Cr

�5
n in Qrn.z0/;

�n � Cr
�4
k and jr�nj � Cr

�5
k in Qrk�1.z0/nQrk .z0/ for any 2 � k � n:

Next, we define the smooth cutoff function ¹�kºk2N such that

�k � 1 in Qr 7
8 k
.z0/; �k � 0 in R4 � .�1; 0/nQrk .z0/; jr�kj � Cr

�1
k :

Then, we define 'k WD �n.�k � �kC1/ for 1 � k � n � 1 and 'n WD �n�n. It is easy to
see that �n D

Pn
kD1 'k and

jr'kj D j�nr�k C �kr�nj � Cr
�5
k for any k � n:

Substituting �n into the local energy inequality (2.11) yields

lim sup
k!1

sup
t

Z
B 1
2
.x0/

.juk.t/j
2
C jBk.t/j

2/�ndx

C

Z
Q 1
2
.z0/

.jruj2 C jrBj2/�ndxdt C
Z
Q 1
2
.z0/

�nd�

�

Z
Q 1
2
.z0/

.juj2 C jBj2/j@t�n C��njdxdt

C 2

nX
kD1

Z
Q 1
2
.z0/

jr'kjŒ.juj
3
C jBj3/dxdt C d!�

C 2

nX
kD1

Z
Q 1
2
.z0/

jr'kjj… �…rk j
3
2 dxdt

WD I1 C I2 C I3: (3.10)
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With the properties of �n, we deduce that

C�1r�2nC1.A.rnC1/C B.rnC1/C
zB.rnC1// � I1 C I2 C I3:

For I1, applying the Hölder inequality and the smallness assumption yields

I1 � C

Z
Q 1
2
.z0/

juj2 C jBj2dxdt

� C

�Z
Q 1
2
.z0/

1dxdt
� 1
3
�Z

Q 1
2
.z0/

juj3 C jBj3dxdt
� 2
3

� C

�Z
Q1.z0/

juj3 C jBj3dxdt
� 2
3

� C"
2
3 ;

I2 D

nX
kD2

Z
Qrk�1 .z0/nQrk .z0/

jr'kjŒ.juj
3
C jBj3/dxdt C d!�

C

Z
Qrn .z0/

jr'kjŒ.juj
3
C jBj3/dxdt C d!�

� C

nX
kD2

1

r5
k

Z
Qrk�1 .z0/nQrk .z0/

.juj3 C jBj3/dxdt C d!

C C
1

r5n

Z
Qrn .z0/

.juj3 C jBj3/dxdt C d!

� C

nX
kD2

1

r5
k�1

Z
Qrk�1 .z0/

.juj3 C jBj3/dxdt C d!

C C
1

r5n

Z
Qrn .z0/

.juj3 C jBj3/dxdt C d!

� C

nX
kD1

rk"
2
3 ;

I3 � C

nX
kD2

1

r5
k

Z
Qrk�1 .z0/nQrk .z0/

j… �…rk j
3
2 dxdt

C C
1

r5n

Z
Qrn .z0/

j… �…rn j
3
2 dxdt

� C

nX
kD1

r
1
2

k
"
2
3 :

Combining the estimates for I1; I2; I3 and the local energy inequality (3.10), we deduce
that (3.9)nC1 holds.
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Claim 2: ¹(3.9)kº2�k�n implies (3.8)n. Lemma 3.2 yields that, for any 2 � k � n,

C.rk/C zC.rk/ � CA
3
2 .rk/C CB

3
2 .rk/C C zB.rk/ � C"r

3
k : (3.11)

Taking � D r1, r D rn and using Lemmas 3.2 and 3.3, we have

E.r/ � C
1

r
5
2
n

Z
Qrn�1 .z0/

juj3 C jBj3dxdt

C Cr5n

 
sup

t0�r
2
n<t<t0

Z
2rn<jyj<r1

juj2 C jBj2

jyj5
dy

! 3
2

C C
r3n

r
11
2
1

Z
Qr1 .z0/

juj3 C jBj3 C j…j
3
2 dxdt

� Cr
1
2
n C.rn�1/C Cr

5
n

 
sup

t0�r
2
n<t<t0

Z
2rn<jyj<r1

juj2 C jBj2

jyj5
dy

! 3
2

C C"r3n

� C"r3n C Cr
5
n

 
sup

t0�r
2
n<t<t0

Z
2rn<jyj<r1

juj2 C jBj2

jyj5
dy

! 3
2

:

It is noteworthy that

sup
t0�r

2
n<t<t0

Z
2rn<jyj<r1

juj2 C jBj2

jyj5
dy �

n�1X
kD2

sup
t0�r

2
k�1

<t<t0

Z
rk<jyj<rk�1

juj2 C jBj2

jyj5
dy

� C

n�1X
kD2

1

r3
k

A.rk�1/ � C"
2
3

n�1X
kD2

1

rk
� C"

2
3 r�1n :

(3.12)

Hence, from (3.11)–(3.12), we can deduce that

C.rn/C zC.rn/CE.rn/ � C"r
3
n � "

2
3 r3n :

Now, we can see that (3.9)k holds for any k � 2. Hence, using Lebesgue convergence
theorem, we get that z0 D .x0; t0/ is a regular point.

4. Partial regularity theory: Part II

With the help of Proposition 3.1, we can prove the following partial regularity result,
which plays a vital role in the proof of Theorem 1.1.

Proposition 4.1. Assume that .u; B; …; �; !/ is a weak solution set of the MHD sys-
tem (1.1) in some cylinderQ�.z0/. Then, there exists a universal positive constant "0 > 0
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such that if

lim sup
r!0

1

r2

Z
Qr .z0/

.jruj2 C jrBj2/dxdt C d� � "0;

then kukL1.Qr .z0// < Cr
�1
0 and kBkL1.Qr .z0// < Cr

�1
0 for some 0 < r0 < �.

For the proof of Proposition 4.1, we also need another decay estimate for the pres-
sure ….

Lemma 4.1. Assume that .u; B;…; �; !/ is a weak solution set of the MHD system (1.1)
in Qr .z0/. Then, there exists a universal positive constant C > 0 such that, for r > 0 and
� 2 .0; 1

2
�,

D.�r/ � C��3A
1
2 .r/B.r/C C�D.r/:

Proof. We consider a smooth cutoff function 2C1c .R
4/ such that 0� � 1 and � 1

in B 3
4
.x0/,  � 0 in R4nBr .x0/, jr j2 C jr2 j � C 1

r2
. The pressure equation can be

written as

��… D @i@j Œ.ui � ui;r /.uj � uj;r / � .Bi � Bi;r /.Bj � Bj;r /�:

We can localize this equation like (3.5) to obtain

….x; t/ .x/ D f…1.x; t/C f…2.x; t/C f…3.x; t/;

where

f…1.x; t/ D
1

4�2

Z
Br .x0/

Œ.ui � ui;r /.uj � uj;r / � .Bi � Bi;r /.Bj � Bj;r /�

�  @i@j

�
1

jx � yj2

�
dy;

f…2.x; t/ D
1

4�2

Z
Br .x0/

Œ.ui � ui;r /.uj � uj;r / � .Bi � Bi;r /.Bj � Bj;r /�

�

�
@i@j 

jx � yj2
C @j 

4.xi � yi /

jx � yj4

�
dy;

f…3.x; t/ D
1

4�2

Z
Br .x0/

…

�
� 

jx � yj2
C
4.x � y/ � r 

jx � yj4

�
dy:

For f…1, the Calderon–Zygmund theory yieldsZ
B�r .x0/

jf…1j
3
2 dxdt � C

Z
Br .x0/

j.ui � ui;r /.uj � uj;r /j
3
2

C j.Bi � Bi;r /.Bj � Bj;r /j
3
2 dx

� C

Z
Br .x0/

ju � ur j
3
C jB � Br j

3dx:
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Integrating in time givesZ
Q�r .z0/

jf…1j
3
2 dxdt � C

Z
Qr .z0/

ju � ur j
3
C jB � Br j

3dxdt:

For f…2, we note that r is supported in Br .x0/nB 3
4 r
.x0/. Then, for x 2 B�r .x0/ and

jx � yj > r
4

, combining the properties of  , we know that

jf…2j � C
1

r4

Z
Br .x0/

ju � ur j
2
C jB � Br j

2dx;

which yields thatZ
Q�r .z0/

jf…2j
3
2 dxdt � C.� r/4

Z t0

t0�.�r/2
kf…2kL1dt

� C�4
Z
Qr .z0/

ju � ur j
3
C jB � Br j

3dxdt:

Similarly, for f…3, we haveZ
Q�r .z0/

jf…3j
3
2 dxdt � C�4

Z
Qr .z0/

j…j
3
2 dxdt:

Collecting all estimates for f…1, f…2, f…3 and applying Lemma 3.2, we complete the proof
of Lemma 4.1.

Proof of Proposition 4.1. According to Proposition 3.1, we need only to prove that, for
r1 > 0,

1

r31

Z
Qr1 .z0/

juj3 C jBj3 C j…j
3
2 dxdt C

1

r31

Z
Qr1 .z0/

d! � ": (4.1)

For fixed r > 0 and any 0 < � � 1
2

, we consider the cutoff function

�� .x; t/ D
1

Œ.� r/2 � t �
exp

�
�

jxj2

4Œ.� r/2 � t �

�
�.
x

r
;
t

r2
/.x; t/ 2 R4 � .�1; 0/;

where � 2 C1c .B1.x0/ � .�1; 1// is a cutoff function such that

� � 1 in B 1
2
.x0/ �

�
�
1

4
;
1

4

�
;

satisfying the following properties:

C�1.� r/�4 � �� � C.� r/
�4 in Q�r .z0/;

�� � C.� r/
�4; jr�� j � C.� r/

�5; j@t�� C��� j � Cr
�6 in Qr .z0/:
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Substituting �� into the local energy inequality (2.12) yields that

1

C.� r/2
lim sup
k!1

sup
t0�.�r/2<t<t0

Z
B�r .x0/

jukj
2
C jBkj

2dx

C
1

C.� r/2

Z
Q�r .z0/

.jruj2 C jrBj2/dxdt C d�

� .� r/2
Z
Qr .z0/

.juj2 C jBj2/.@t�� C��� /dxdt

C .� r/2
Z
Qr .z0/

.juj2 C jBj2/u � r��dxdt

C .� r/2
Z
Qr .z0/

jr�� jŒ.ju � ur j
3
C jB � Br j

3/dxdt C d!�

C .� r/2
Z
Qr .z0/

…u � r��dxdt

WD K1 CK2 CK3 CK4: (4.2)

Applying the Hölder inequality and the interpolation inequality in Lemma 3.2, we have

K1 � C�
2C

2
3 .r/; K3 � C�

�3Œ zC.r/C xC.r/�; K4 � C�
�3D

2
3 .r/C

1
3 : (4.3)

For K2, using the property of �� and integration by parts, we know that

K2 D .� r/
2

Z
Qr .z0/

.juj2 C jBj2/.u � ur / � r��dxdt

C .� r/2
Z
Qr .z0/

.juj2 C jBj2/ur � r��dxdt

D .� r/2
Z
Qr .z0/

.ju � ur j
2
C jB � Br j

2/.u � ur / � r��dxdt

C 2.� r/2
Z
Qr .z0/

Œu � ur .u � ur /C B � Br .u � ur /� � r��dxdt

� .� r/2
Z
Qr .z0/

.jur j
2
C jBr j

2/.u � ur / � r��dxdt

C .� r/2
Z
Qr .z0/

.juj2 C jBj2/ur � r��dxdt

� C.� r/�3
Z
Qr .z0/

ju � ur j
3
C jB � Br j

3dxdt

� 2.� r/2
Z
Qr .z0/

�� Œ.u � ur / � ru � ur C .u � ur / � rB � Br �dxdt

� 2.� r/2
Z
Qr .z0/

�� Œu � .ur � r/uC B � .ur � r/B�dxdt; (4.4)
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where we have used the fact that u and u � ur are divergence-free. Furthermore,Z
Qr .z0/

�� Œ.u � ur / � ru � ur C .u � ur / � rB � Br �dxdt

�
C

.� r/4

Z t0

t0�r2

1

r4

Z
Br .x0/

juj C jBjdx
Z
Br .x0/

ju � ur j.jruj C jrBj/dxdt

�
C

r�
4 16
3

Z t0

t0�r2

�Z
Br .x0/

juj3 C jBj3dx
� 1
3
�Z

Br .x0/

ju � ur j
2dx

� 1
2

�

�Z
Br .x0/

jruj2 C jrBj2dx
� 1
2

dt

�
C

�4r5

�Z
Qr .z0/

juj3 C jBj3dxdt
� 1
3
�Z

Qr .z0/

jruj2 C jrBj2dxdt
� 1
2

�

�
sup

t0�r2<t<t0

Z
Br .x0/

juj2dx
� 1
2

:

Similarly, using the Hölder equality, we haveZ
Qr .z0/

�� Œu � .ur � r/uC B � .ur � r/B�dxdt

�
C

�4r5

�Z
Qr .z0/

juj3 C jBj3dxdt
� 1
3
�Z

Qr .z0/

jruj2 C jrBj2dxdt
� 1
2

�

�
sup

t0�r2<t<t0

Z
Br .x0/

juj2dx
� 1
2

: (4.5)

Combining (4.4)–(4.5), we get

K2 � C�
�2C

1
3 .r/A

1
2 .r/B

1
2 .r/C C��3 xC.r/: (4.6)

Substituting (4.3) and (4.6) into (4.2) and using Lemma 3.2, we get

A.� r/C B.� r/C zB.� r/

� C.�2C
2
3 .r/C ��3D

2
3 .r/C

1
3 .r/C ��3Œ xC.r/C zC.r/�C ��2C

1
3A

1
2 .r/B

1
2 /

� C Œ�2C
2
3 .r/C ��8D

4
3 .r/C ��3A

1
2 .r/.B.r/C zB.r//C ��6A.r/B.r/�

� C Œ�2A.r/C �2ŒB.r/C zB.r/�C ��8A.r/ŒB.r/C zB.r/�

C ��6A.r/B.r/C ��8D
4
3 �:

(4.7)

On the other hand, from Lemma 4.1, we get

D
4
3 .� r/ � C��4A

2
3 .r/B

4
3 .r/C �

4
3D

4
3 .r/

� C��12A.r/B.r/C �12B2.r/C C�
4
3D

4
3 .r/: (4.8)
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Combining (4.7) and (4.8) yields

A�r C ��9D
4
3 .� r/C B.� r/C zB.� r/

� C Œ�2A.r/C �2ŒB.r/C zB.r/�C �3B2.r/

C .1C ��15 C ��2/��6A.r/ŒB.r/C zB.r/�C .� C �
4
3 /��9D

4
3 .r/�: (4.9)

We can fix � 2 .0; 1
2
� such that

C.� C �
4
3 C �2/ �

1

4
:

According to the smallness assumption, we deduce that there exists an r 0 > 0 such that,
for any 0 < r � r 0, we have

B.r/C zB.r/ � 2"0:

Then, we take "0 sufficiently small such that

C.1C ��10 C ��2/��6"0 �
1

4
:

Letting G.r/ D A.r/C ��9D
4
3 .r/C B.r/C zB.r/, then, for any 0 < r � r 0, from (4.9)

we know that
G.� r/ �

1

2
G.r/C

"0

2
:

Iterating this inequality yields

A.�kr 0/C ��9D
4
3 .�kr 0/C B.�kr 0/C zB.�kr 0/ D G.�kr 0/ �

1

2
G.r 0/C "0:

Then, there exists some r1 > 0 such that

A.r1/C B.r1/C zB.r1/C �
�9D

4
3 .r1/ � 4"0:

Using Lemma 3.2 again, we can bound C.r1/ C zC.r1/ with A.r1/ C B.r1/ C zB.r1/.
Then, we can impose additional condition on "0 to ensure (4.1). Hence, we complete the
proof of Proposition 4.1.

Proof of Theorem 1.1. Without loss of generality, we may suppose the S is bounded. Let
V be a parabolic neighborhood of S and fix ı > 0. According to Proposition 4.1, for each
.x; t/ 2 S , we can choose Qr .x; t/ � V with r < ı such that

1

r2

Z
Qr .z0/

.jruj2 C jrBj2/dxdt C d� > "0:

Since S is bounded, we can use Vitali covering lemma to obtain a family of finite disjoint
parabolic cylinders ¹Qri .xi ; ti /ºi2ƒ such that

S �
[
i2ƒ

Q5ri .xi ;ti /:
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Then, X
i2ƒ

r2i �
1

"0

X
i2ƒ

Z
Qri .xi ;ti /

.jruj2 C jrBj2/dxdt C d�

�
1

"0

Z
V

.jruj2 C jrBj2/dxdt C d�:

Since ı is arbitrary, we conclude that S has Lebesgue measure zero and

H2.S/ �
5

"0

Z
V

.jruj2 C jrBj2/dxdt C d�

for every neighborhood V of S . From the fact that jruj2 and jrBj2 are integrable func-
tion, hence, we finish the proof of Theorem 1.1.
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