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A Logvinenko-Sereda theorem for vector-valued
functions and application to control theory

Clemens Bombach and Martin Tautenhahn

Abstract. We prove a Logvinenko—Sereda theorem for vector-valued functions. That is, for an
arbitrary Banach space X, all p € [1,00], all A € (0,00)%, all f € L?(R¥; X) with supp¥ f €
><l.d=1 (—A;/2,1;/2), and all thick sets E C Rd, we have

e fllLowd;xy = Clf Lo wra;x)-

The constant is explicitly known independent of the geometric parameters of the thick set and the
parameter A. As an application, we study control theory for normally elliptic operators on Banach
spaces whose coefficients of their symbol are given by bounded linear operators. This includes
systems of coupled parabolic equations or problems depending on a parameter.

1. Introduction

The paper is split into two parts. The first part concerns a generalization of the classical
Logvinenko—Sereda theorem to vector valued functions. The second part then studies an
application to control theory.

The Logvinenko—Sereda theorem goes back at least to the papers [42,43], and has
been proven independently in [27,34]. In order to formulate its result, we introduce some
notation. Let p € (0, 1] and L = (Li);i=l € (0,00)%. Aset E C R is called (p, L)-thick
if E is measurable, and for all x € Rd, we have

d d
‘Eﬂ(X(o,Li)ﬂ)‘zpl"[Li. (1.1)

i=1 i=1

Here, |-| denotes the Lebesgue measure. For A € (0, oo)d, we use the notation
;= x& (=Ai/2,4;/2) 1.2)

for the parallelepiped with side lengths A;,i € {1,2,...,d}.For f € L? (Rd ), we denote
by ¥ f its Fourier transform. The results of the above-mentioned papers can be summa-
rized as follows.

Mathematics Subject Classification 2020: 42B37 (primary); 42B99, 47D06, 35Q93, 47N70, 93B05,
93B07 (secondary).

Keywords: Logvinenko—Sereda theorem, Banach space valued functions, observability estimates,
null-controllability, normally elliptic operators, operator semigroups.


https://creativecommons.org/licenses/by/4.0/

C. Bombach and M. Tautenhahn 324

Theorem 1.1. For all p € [1,00], all A € (0,00)%, all p > 0, all L € (0,00)¢, and all
(p. L)-thick sets E € R, there exists a constant C > 1 such that for all f € L?(R%)
with supp ¥ f C I1,, we have

e fllLr@ray = CILf L ra)- (1.3)

Thus, the result compares the overall L?-norm of the function f with its norm only
on a thick subset £ C R¥. The papers [27, 34] also show that the constant C can be
chosen as C = ¢;e2/*! with some positive constants ¢; and ¢, depending only on the
space dimension and the geometric parameters p and L. This result has been significantly
improved in [29, 30], in which it is shown that C can be chosen as

o\ K(1+A-L)

c=(x)
K

with some positive constant K depending only on the dimension, which appears to be

optimal. Subsequently, the classical Logvinenko—Sereda theorem has been adapted to var-

ious settings, e.g., to L2-functions whose Fourier—Bessel transform is supported in an

interval [23], or to functions on the torus in [16].

In the case p = 2, the condition supp ¥ f* € II, is implied by f € ranP s (—A),
where —A denotes the negative Laplacian and P /7 (—A) denotes the associated spectral
projector on L2(R?) onto energies below V/A. One can therefore ask whether Theorem 1.1
continues to hold if we assume that f € ranP, (H) for a certain self-adjoint operator H
acting on L2(R?). This is indeed the case if H = —A ¢ + V, where g is an analytic pertur-
bation of the flat metric and V : R¢ — R is analytic and decays at infinity, as shown in [31].
Moreover, the recent [15] provides a sufficient condition (a Bernstein-like inequality) for
f € ranP, (H) such that inequality (1.3) with p = 2 holds for thick observation sets E.
Examples include the pure Laplacian, which is covered by Theorem 1.1, divergence-type
operators, and the harmonic oscillator.

In this paper, we generalize Theorem 1.1 to vector-valued functions f € L?(R%; X)
with values in an arbitrary Banach space X . It is formulated in Theorem 3.1. Let us stress
that the substantial novelty of Theorem 3.1 is that X may be of infinite dimension. In
particular, this allows to consider infinite-dimensional state spaces in our application to
control theory. This is the topic of the second part of our paper which we introduce in the
following.

We consider for T > 0 the linear control problem

0y(t) + Apy (1) = 1gu(®), y(0) = yo € X? = LP(R*;X), 1€[0,T], (1.4)

where X is an arbitrary Banach space, p € [1, 00), A, is a normally elliptic differen-
tial operator in X7, and where E C R? is a thick set. We study null-controllability in
L7 ([0, T]; XP) with r € [1, o], that is, for all yo € XP? there exists a control function
u € L7 ([0, T]; XP) such that the mild solution y of (1.4) satisfies y(T) = 0. A weaker
variant of this is approximate null-controllability. This means that for all ¢ > 0 and all
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Yo € XP, there exists a control function ¥ € L" ([0, T']; X'?) such that the mild solution y
of (1.4) satisfies ||y (T)| < e.

Null-controllability for heat-like equations is well known in the scalar-valued case
X =Cand p=r =2, see, e.g., [18, 19,21, 32, 36] for bounded regions 2 C R4,
and [8,9,28,37-39,47] for unbounded regions. We prove in Theorem 4.10 that for arbi-
trary (possibly infinite-dimensional) Banach spaces X, the system (1.4) is approximately
null-controllable if p = 1 and null-controllable if p € (1, 00). As a special case of our
result, one may consider, e.g., a system of n coupled parabolic partial differential equa-
tions (if X = C"), or problems depending on a parameter (here X is a function space).
For example, our results apply to strongly elliptic control systems of the form

9:y(t) + (—AVV )" y(t) + By(1) = 1gu(t), y(0) = yo e LP(RY;C"), t€[0,T],

where A, B € C™" are such that (—AVV )™ is strongly elliptic. For a related result,
we refer to [4], where controllability for finite-dimensional systems is studied using a
suitable Kalman rank condition. As another example, we consider the following setting:
for A € [0, 1], let

d
A/l = Z ai,j(k)aiaj

i,j=1

with a; ; € C[0, 1] and consider the parameter dependent linear control problem
3,z(t) + Apz(t) = 1gv(r), z(0) =z € LP(RY), t€[0,T], (1.5)

where we view A; as an unbounded operator in L?(R¢). Concerning the question of
null-controllability, we remark that the control function v may depend on the parameter
A. Next, we reformulate this as a single linear control problem in L?(R¢; C[0, 1]). We
write a; ; € £(C|0, 1]) for the multiplication operator given by f + a; ; /. Consider the
operator

d
A= Z aj,j 3,'8]'
i,j=1
acting on L?(R¢; C[0, 1]). Under certain assumptions on the coefficients ai,j, the oper-
ator A is normally elliptic and equation (1.4) with A, replaced by 4 and X = C[0, 1]
is well posed. Therefore, the parameter-dependent equation (1.5) can be rewritten in the
form (1.4) with, X = CJ[0,1], A, = A4, and yo = z¢ ® 1{o,1]. The thick set E C R in
equation (1.4) may be chosen as in equation (1.5).

For the proof of Theorem 4.10, we employ the classical equivalence between (approxi-
mate) null-controllability and final state observability for the adjoint problem. This follows
from Douglas’ lemma, see [14] in the case of Hilbert spaces, and [10-13, 17,20, 24] for
its generalization to Banach spaces. The observability estimate is formulated in Theo-
rem 4.8. Its proof is based on the classical Lebeau—Robbiano strategy. For Hilbert spaces,
it goes back to the papers [26,32,33,40] and was further studied, e.g., in [5,6,41,46,49].
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Recently, it has been adapted to Banach spaces in [7,22]. The main idea of this strategy
is that a so-called spectral inequality and a dissipation estimate implies an observability
estimate. While the spectral inequality is provided by our vector-valued version of the
Logvinenko—Sereda theorem, the dissipation estimate is derived from representing the
semigroup generated by —A, as a Fourier multiplier with an operator-valued symbol.

2. Preliminaries

The theory of vector-valued distributions was developed by Schwartz in [44,45]. In [1],
this theory was applied to study vector-valued Fourier multipliers. Further results in this
direction can be found in [3,25]. It turns out that we cannot literally apply these results for
our purpose, we present in this section some basic properties of vector-valued distributions
and Fourier multipliers.

Let X be a Banach space with norm |-|x. We denote by D(R?; X), $(R¢; X) and
S(Rd ; X) the spaces of X-valued test functions, Schwartz functions, and smooth func-
tions with the usual topologies, and by D’ (R%; X), §'(R?; X) and &'(R¥; X) the spaces
of X -valued distributions, tempered distributions, and compactly supported distributions,
respectively. Note that F/(R¢; X) = £(F (R9); X), where ¥ € {D, S, §}. We denote by
O (R¥4; X) the space of slowly increasing X -valued functions, that is, ¢ € O (R?; X)
if for each multi-index «, there exist constants Cg, m,, such that

[0%0(x)|lx < Ca(1 + [x])™, (x € RY).
For v € X and ¢ € D(R?), we denote by ¢ ® v the element of D(R?; X) given by

(¢ @ V)(x) = p(x)v.

The set of these functions is called the set of elementary tensors. The set of finite linear
combinations of elementary tensors is dense in ¥ (R%; X), where ¥ € {D,D'.$§.§’. &,
&, 0pm}.

In the usual fashion, we may extend the operations of differentiation, multiplication
by smooth functions and Fourier transform to the appropriate classes of distributions by
duality. In the case of the Fourier transform, this can be done as follows. We define for
z,x € C? the Fourier character e, (x) = ¢’?*. Note that e, € &(R¢) and that z > e, (x)
is entire. We define the Fourier transform ¥ : S(R?; X) — S(R?; X) by

Fo©) = [ eevir

It is an automorphism of § (R¢; X) with inverse given by

-1 _ 1
R g
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If f € 8'(R%; X), then we define the Fourier transform % : §'(R%; X) — §/(R%; X) by

(F ) = [(Fo), (peSRY)

and obtain an automorphism of §'(R?; X).
Ifu € & (R%; X), i.e., u has compact support, then ¥ ~"'u € & (R?; X). Thus, we may
define the inverse Fourier—Laplace transform &£ : &'(R%; X) — C*®(C%; X) by

(Lu)(2) = (F " (€imzu))(Re 2).

By checking that the Cauchy—Riemann differential equations hold for £u, it follows that
&Lu is an entire function. It follows that if f € §’(R?; X) is such that ¥ f € &'(R%; X),
then f can be extended to an entire function f : C¢ — X given by £¥ f. In particular,
£ is analytic on R,

Fori = 0,1,2, let X; be a Banach space with norm |-||x,. By a multiplication we
mean a bilinear continuous map

o: X1 XXy = Xo, (x1,X2) > X1 0X3

such that
X1 @ x20lx, < [Ix1llx, [[x2]lx,-
In particular, we will be interested in the cases where
i X1=C,X,=Xpand A ex = Ax,
(i) X1 =X,,Xo=Candx'ex = (x',x),
(1) Xy = L(X5,Xp)and A e x = Ax.

Note that the first two cases can be seen as special cases of the third case.
From [1], we infer that any multiplication gives rise to a unique hypocontinuous bilin-
ear map

B:ERY: X)) x D'RY: X5) > D'(RY: Xo).  f1x far> B(fi. f2)
such that for all ¢y, ¢, € @(Rd), X1 € X1, X2 € X5, we have

B(p1 ® x1,02 ® x2) = (p192) ® (x1 ® x2).

Here, hypocontinuous means that it is continuous in each variable, and uniformly con-
tinuous if one of the variables is restricted a bounded set. Furthermore, the restriction
Blo,, R4:X,)x8'(R4: X,) 1S hypocontinuous as well. We write B(f1, f2) = f1 ® f2 in the
following.

Set D = —iV. Givenm € Oy (Rd; X1), we define the Fourier multiplier

m(D):8' R X5) > S’ (R Xo), [ F Y(meFf).
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We note that in the special case of Xg = Xp = X, X; = £(X), we have
my(D)ma(D) = (mym2)(D),
with respect to the above multiplication e, we define the convolution *, of two elementary
tensors ¢; ® x1 and @2 ® xp (with @1, @5 € D(R?), x; € X1, and x, € X») by
(@1 ® x1) *e (92 ® X2) = (@1 * ¢2) ® (X1 @ x2),

where * denotes the usual convolution of scalar-valued functions. Theorem 3.1 in [1]
implies that %, extends to bilinear, hypocontinuous maps:

*e 1 S(RY: X1) x 8'(R; X,) — §'(R?: Xo),
et D'(RY; X1) x &'(RY; X3) - D'(RY; Xop).
Moreover, according to [1, Theorem 3.5], for 1 < p < oo, there is a third extension
ot LIREX0) x LPRY X0) = LPRE Xo), (£9) e [ f6=3) e g0,
R
satisfying Young’s inequality

|/ *e g”LP(]Rd;XO) = ”f”L‘(]Rd;Xl)”g”LP(Rd;Xz)'
In the following, we will suppress the symbol e if it is clear from the context which

multiplication is being employed.
Combining [1, Theorem 4.1] and [1, Corollary 4.4], we obtain the following lemma.

Lemma 2.1. Let ¢ > 0. Then, there exists C > 0 such that for all @ > 0 and all m €
wd+LooRE: X)) satisfying
Imllwasico + max - sup |61 8%m@)]x, < p < oo,
le|<d+ geRd
we have
1F " mll 1 rasxy) < Che
In particular, it follows from Young’s inequality m(D) € £(L?(R?; X»), L?(R?; X))
with
[m(D)| = Cp.

Following [1, Theorem 2.3], we can define a hypocontinuous bilinear mapping [-, -]e :

S'(R%: X1) x $(R4; X,) — X, by setting
[f ® x1,0 ® x2]e = (/. @) s/ (Rd)xs (R X1 ® X2

for elementary tensors given by f € 8'(R?), ¢ € $(R9), x; € X1, x5 € X, and extending
by density. As before, we will suppress the notation of e when it is clear from the context
which multiplication is being employed. It follows that

(7 f.ol =1 Fol: 2.1)
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i.e., the Fourier transform is symmetric with respect to this form. If f € LlloC (R%; X;) and
¢ € D(R?; X>), we have

fig] = /R g

In the following, we specialize to the case X, = X, X1 = X’ and x; @ x = {x1, Xx3).
Suppose that m € Oy (R4 ; £(X)) and consider m(D) : S (R?; X) — S(R?; X). It is clear
that the symbol m’ (—) given by R¥ 3 & > m(—§)" € £(X’) belongs to Opr (R?; £(X")).
Here, m(—£)’ denotes the adjoint operator of m(—£). For any Banach space Y and f €
S'(R4;Y), ¢ € S(R4;Y), we set Rp = ¢(—) and define Rf € §'(R%;Y) by Rf () =
f(RY), where € S(R?;Y). Using that F ' f = 7))~ F Rf for f € S'(R?; X), we
deduce from (2.1) that

[m'(=D) f.¢] = [ £, m(D)g].

In particular, if f € L?(R%; X’), where 1 < p < oo and ¢ € D(R?), we deduce

/ (' (D) £ (x). p(x)))dx = f (£ (). m(D)p(x))dx.
R4 R4

We may therefore deduce the following result, which will be important when relating our
observability estimate to null controllability.

Proposition 2.2. Let g be such that p~' 4+ g~' = 1. Let X be a Banach space such that

X' has the Radon—Nikodym property and 1 < p < oo. Let m € Op(£(X)) such that
17~ mll L1 g xy) < 00
Then, m(D)' = m'(—=D) € L(L4(R?; X)) with
lm(DY || < IIF "' m|l 1 re.2xy)-

Before we proceed with the proof, let us recall that, as in the scalar case, we have the
convolution identity

F(fxg)=FfFg (f e L'RY L(X)), g€ LP(R?; X)).

This identity can be verified first on elementary tensors and then established in the general
case by a density argument. Thus, it follows from Fourier inversion, the above identity,
and Young’s inequality that

Im(D) g r@exy < I1F " mllpiga.exy)

Proof. From the Radon—-Nikodym property of X', we have that L?(R?; X)' ~ L4 (R%; X")
and

(/. 8)roasxnxr@isn = /ﬂ; () g@))xxdx. (f.g)€LIRY: X)X LP (R X).
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In particular, if ¢ € éD(Rd; X), it holds that

(m'(=D) f.0) Lara:xyxLr®d:x) = (frm (D)) La®a:xLr(RE:X)-

Now, let (f,g) € L1(R%; X") x L?(R?; X). Since § (R%; X) is dense in L?(R?; X), we
can choose a sequence (¢x)7e, € S (R¥; X)N such that

lox — gllLrwa;xy = 0, (k — o0).

Thus, m(D)gr — m(D)g in L?(R%; X) as k — oo and since

(m'(=D) f. g)Laxrr = (f.m(D)gr)Laxrr + (m'(=D) f. g — ¢x)raxLr.
it follows that
(m'(=D) f. g)Laxrr = (f,m(D)g)LaxLr,

which proves m(D)" = m’(—D).
Let x € R¥. It follows that for (£,v) € X’ x X

(G m@ ) = (€ Emen = 5 [ e m @

@)
1 .
= o7 L, @t e

= ((F'm"(x)L, v).

Therefore, since m(D) = m’(—D), we obtain

17 m (=) @aexy = IF "' m) |pga.exy = 1F " mlpge.ex) <k

and the result follows. [

3. Logvinenko-Sereda theorem for vector-valued functions

Let X be a Banach space with norm ||-||x . In order to formulate our main result, we recall
the notion of a (p, L)-thick subset E of R? and the notation IT; for the parallelepiped
with side lengths A;, i € {1,2,...,d}, cf. equations (1.1) and (1.2) in the introduction.
For f € L?(R?; X), we denote by % f its Fourier transform, cf. Section 2.

Theorem 3.1. There exists a constant Cps > 1 such that for all p € [1,00], all A €
(0,00)%, all f € LP(R?; X) withsupp F f C Iy, all p > 0, all L € (0, 00)%, and all

(p, L)-thick sets E € R, we have
p \Cis@+L-2)
) 1 oy

1 ) > (—
11e fllLrwa;x) = Cos
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In the case where X = C, this theorem was originally proven by Logvinenko and
Sereda in [34] and significantly improved by Kovrijkine in [29,30]. For further references
concerning the case X = C, we refer to the introduction. Let us stress that the essential
improvement of Theorem 3.1 is reflected in the (possible) infinite dimensionality of the
Banach space X . To this end, let us consider the following example.

Example 3.2. Let / be a countable index set, and consider for i € I the functions f; €
L?(R?) with supp ¥ f; C I, for some A € (0, 00). Thus, the classical Logvinenko—
Sereda theorem (i.e., X = C) applies to each f; separately. Now, we assume that the
pointwise supremum g : R — R,

g(x) = sup{| fi(X)|:i € I},

is in L?(R9). Then, Theorem 1.1 with X = ¢°°(I) applied to the function f : R? —
€2(I), (f(x)i = fi(x), gives

I1eg] [rronzps) = (Z) e

= X) |[5o0 7y dx > (= .
E&llLr(RY) . £9(1) Cis &llLrRe)
Indeed, if the index set [ is finite, it is feasible to conclude this estimate directly from
the classical Logvinenko—Sereda theorem (X = C) with a constant depending on the
cardinality of /. If the cardinality of I is infinite, our Theorem 3.1 applies.

For the proof of Theorem 3.1, we will follow the main strategy given in [30]. However,
in order to deal with Banach space valued functions instead of C-valued functions, we will
need two preparatory results, i.e., Propositions 3.3 and 3.4, which we formulate next. The
final proof of Theorem 3.1 is postponed to the appendix.

For z € C and r > 0, we denote by D(z,r) € C the open disc of radius r centered at
z. As well, let B(x,r) C R4 be the ball of radius r centered at x € RY. If z = 0 or x = 0,
respectively, we simply write D(r) or B(r).

Proposition 3.3. There exists a constant C; > 1 such that for all closed intervals I C R
with 0 € I and |I| = 1, all analytic functions f : D(6) — X satisfying

sup [|f(2)llx =M and sup| f(x)]x =1
zeD(5) xel

for some M > 0, and all measurable A C I, we have

AT B
sopll Foll = (‘g )™ sl ol G
x€A 1 xel

Proposition 3.4. There exists a constant C > 0 such that for all A € (0,00)¢, all p €
[1,00], all f € LP(R?; X) withsupp F f C T and all @ € N§, we have

19% £ llLr@a:xy < Cr A% f Lo @a:x)-
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Proof of Proposition 3.3. Without loss of generality, we assume that |A| > 0. Since [ is
closed and || f(-)||x is continuous on I, there exists xo €  such that sup, ;|| f(x)|lx =
|| f(x0)|lx. By a consequence of the Hahn—Banach theorem, we can find x’ € X’ such that
|x'lx» = 1 and

(x', f(x0)) = [ f(x0)llx-
The function ¢ : D(5) — C given by ¢ = (x’, f(- + xo)) is analytic and we have

lp(O)] = 1/ (x0)llx = 1

as well as
lp@)| < I f(z+x0)llx =M

for all z € D(4). Moreover, the sets I — xo and A — x¢ are such that A — xo € I — xg,
A — Xy is of positive measure by assumption and 0 € I — xq. Applying Lemma 1 in [29]
with ¢ as above as well as I and A replaced by I — xo and A — x¢, respectively, we obtain
that there exists a constant C; > 0 such that

A]\ B
In(2
wp@@»z(—) sup |(x)].

X€EA—Xxo Cl xel—xo
Inequality (3.1) now follows from

sup | f(x)[lx = sup|(x’, f(x))| = sup [p(x)]
x€A x€eA xX€A—Xxg

A1\ B A1\ B

In(2 In(2
= (&) wor= (&) s =
C] Cl xel

Proof of Proposition 3.4. The proof is an adaption of the classical proof, as it can be
found, for example, in [50], to the vector-valued setting. We only prove the assertion in
the case |e| = 1. The case |@| = 0 is trivial, and the case |«¢| > 1 follows by induction.
We choose a real-valued function ¢ € §(R¢) such that 0 < ¢ < 1 as well as ¢ = 1 on
[—1/2,1/2]% and define ¢, = ¢(Ty-), where

Ty :RY > R4, (xq,....xq) — (x1/A1.....Xq/Aa).

Clearly, o3 = lon Iy, F 1o = A1 A5+ --Ad(a'”_l(p)(TA_l-). Moreover, since the usual
convolution identity also holds in the vector-valued setting, we have f = F ~1(gy F f) =
(F'g;) * f.From Young’s inequality, we conclude for all j € {1,2,...,d} that

”ajf”LP(]Rd;X) = ||(aj37_1§0/\) * f”LP(]Rd;X) = ||3j37_1€0x||L1(Rd)||f||Lp(Rd;X)~
Since
18; F ' oalliway = AjlIAiAz - A (0, F ~ o) (T ') | piway = Aj119; F  oll L1 ey,

the assertion (in the case |a| = 1) follows with C; = sup;_; 419, ?_lq)llLl(Rd). [



A Logvinenko—Sereda theorem for vector-valued functions and application 333
4. Control theory for normally elliptic operators on Banach spaces

4.1. Normally elliptic operators and their semigroups

In [2], the notion of normal ellipticity has been introduced for operators with variable,
£(X)-valued, non-smooth coefficients and it was shown that their negatives generate
analytic semigroups on L?(R¢; X). This general framework is technically challenging
and involves, for example, Besov spaces of vector-valued functions. In what follows, we
consider normally elliptic operator A with constant coefficients only. As a consequence,
certain proofs of [2] simplify and we obtain stronger results. In particular, using ideas
from [1-3], we show the following.

(i)  The operator —Ap, the part of —A4 in L?(R%; X), is a semigroup generator
and one can represent the resulting semigroup as a Fourier multiplier. This is
suggested by [1, Remark 7.5]. Here, we give a full proof of this result.

(i) The derivatives of the symbol of this multiplier decay exponentially. This is
the content of Lemma 4.4 which is the crucial result of this section for our
application to control theory. In Proposition 3.5.7 of [3], a similar estimate is
given, but with polynomial decay.

Let X be a Banach space and d, m € N. For given coefficients aq € £(X), where «
ranges over all multi-indices with |a| < m, consider the polynomial a : R? — £(X),

a® =Y aat®.

loe|<m

We suppose that @ has degree m, meaning that there exists a multi-index o € N g such that
|| = m and aq # 0. The set of all polynomials of this type is denoted by £, (R¢; £(X)).
The associated Fourier multiplier A = a(D) is a differential operator acting on §’(R%; X),
see Section 2. The principal symbol of A is the polynomial a,, : R — £(X),

an®) =Y aut®.

loe|=m

Letk > 1,9 €[0,7) and w € R. We write
o0 ={z € C: |arg(z — w)| < ¥} U{0O}.

Given a linear operator 7" € £(X), we denote its resolvent set by p(7"). We say that a
differential operator 4 is (k, 9, w)-elliptic if for all § € R? with |£] = 1 it holds that

p(—am(§)) 2 Eﬂ,w

and forall A € Xy,
K
2 M —
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We say that A4 is normally elliptic (with symbol a) if it is (k, /2, 0)-elliptic and call « a
ellipticity constant of A.
Let 1 < p < oo. We denote by A, the part of A in L? (R4; X), that is,

dom(4,) = {f € LP(RY; X): Af € LP(RY; X))}, Apf = Af.

Remark 4.1. Suppose that A4 is (k, 9, w)-elliptic. By homogeneity, we obtain for all £ # 0
and A € p(—am(§))

A+ am@E)7H = A+ [EMam(E/IED) " = [ET"(ETA + am(E/1ED) "
Therefore, if § # 0,and A € |§[" Xy » = Xy u(em, then

K

§1™ + 1A — wlg|™|

Proposition 4.2. If A is normally elliptic with ellipticity constant k, there exist ¢ > 7w/2
and M > 0 as well as . < 0 such that A is (M, @, w)-elliptic. Moreover, we can choose
(M, p,u) = 2« + 1, 7 — arctan(2x), —1/(2«)).

IA +am@EN 7 <

Proof. Suppose that 7 € £(X) and K > 0, z € p(—T) are such that
Iz +T)7"l < K.

Then, it follows from the usual Neumann series argument that D(z, K~1) € p(—T) and
we have for all w € D(z, K~!) that

w+T) "= (z-w)'z+T)""",

n=0
which leads to the estimate

K

o0
7Y <K —w|/"K"'= ————.
0 17 = K Y ole—wl K = e

n=0
In particular, if w € D(z, (2K)™1), we get
lw +7)7"| < 2K.

Now, let A be normally elliptic. Fix 0 € R and t € [0, (1 + |o])/(2«)]. Clearly, we have
—t 410 in D(io, (1 + |o])/(2k)). Let || = 1. Applying the above considerations to
T = any(£), we obtain

: -1
e+ io +am@)7 =

Furthermore, since

K +

1
1 ,
S —(1+1o)

, 1 1 1 2
l+|—t+ic+ —|<1+|-t+ —|+|o| =1+ —A+|o|)+|o| <
2K 2k 2K
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we obtain
2k 2k +1

< .
Ltlo] 7 1+ |t +io + 5|
Moreover, we have

1
arg(—f+io+—) arg(—mjtia)
2k 2K

where the argument of a complex number has to be understood as an element of [—, 7).

<

< ; — arctan(2«),

Since

1
% aetan2i),— . ({2 € C:Re(d) <0} = {_H_i(,:(, €R.7e [o, n;lal]}’
—% )

we conclude that, for all A € X _rcran(2c),—1/2¢) N {A € C : Re(A) < 0}, we have

2k + 1

IA + am@E)N7' < T+ At/

It is easy to see that this estimate also holds if Re(4) > 0. The latter inequality implies
that 4 is (2« + 1, w — arctan(2«), —1/(2«))-elliptic. |
Letn > 0and p € #,(R%; £(X)). For all multi-indices « € N(‘)i, we define

188 p(®)l
N, = max sup —————,
«(7) B geufd (1 4 [gphn-I8l

where for multi-indices «, B € Ng we write § <« if §; <o; foralli € {1,2,...,d}.

Proposition 4.3. Suppose that A is normally elliptic with ellipticity constant k. Then,
there exist ¢, y,w, M > 0 such that for all £ € RY and all A € Yo —ylEm+w> We have

M

A =< :
1G+ @ = e

The parameters ¢,y depend only on a,, while w depends on a,, and No(a — an). More-
over, we can choose
M =4k + 2.

Proof. We employ the following well-known perturbation result based on the Neumann
series: if T, S € £(X) such that
ISTH| <

’

N =

then T + S is invertible and

1T+ )~ = 21T
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We infer from Proposition 4.2 that there exist constants C, ¢, y > 0 depending only on a,
such that forall A € X, _, g,

C
§1™ + 1A+ yI§m]

We note that a — a,, has degree m — 1. For a sufficiently large @ > 0, we obtain for all

I + am(E) 7' <

A€ Zgpylgmto

- CNo(a —am)(1 + D" 1
1(@(&) = am(E)A +am@E) 7 < <.
" " §1™ 4+ [A + yIE™] 2
From the perturbation result and Proposition 4.2, we obtain the claimed inequality. |

Let A be a normally elliptic operator. The above proposition implies that for all £ € R?
andall A € X, ¢ 40, We have

1 M

10+ = s o @.1)

This can be seen as follows: using the notation A + y|&|™ — @ = re'¥, where r > 0 and
¥ € [—o, ¢], we find

AtyEm—ol A+ ylE" - o
E" + 1A+ VIE" = I+ yET — o+ [E" + ol
e |

<sup Ssup -
r>0 ye[—p.] 1€V + [E]" + |

= - d 7 = .1 .
Im(|re¥ + |£]" + w]) ~ sin(p)

This implies inequality (4.1). Thus, —a () is a sectorial operator in the sense of [35, Def-
inition 2.0.1]. Hence, —a(£) generates for all £ € R? an analytic semigroup on X which
we denote by (S;(£));>0. Consequently, there exists a C > 0 such that for all £ € R? and
all ¢t > 0, we have

IS, (©)]| < Cet Ve, 42)

Note that the constant C is independent of £ since M and ¢ in inequality (4.1) are inde-
pendent of &.

Lemma 4.4. Let A be a normally elliptic operator with symbol a and denote for each
£ € RY the semigroup generated by —a(£) by (S; (8))t>0. Then, there exist L, w > 0
depending only on a,, such that for each multi-index « there exists a constant Ky > 0
such that for all £ € R? and t > 0 it holds that

[0S, (8)|| < Kqe® —HEM, (4.3)

The constant Ky can be chosen to depend only on the principal symbol a,, and the con-
stant Ny (a).
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Proof. Let £ € R?. Since A is normally elliptic, Proposition 4.2 implies that there exist
M,A,y >0and ¢ € (7/2, ) such that

I = yIE" + o +a@) 7 < o (A€ Zg0) (4.4)

§1" + 1A + o

We set b(§) = —a(§) + y|&|™ — w. Due to |A + w| > sin(g)|A| for A € T, o and setting
M = M (sin(p))~!, it follows that

M
_ -1y _ _ m -1 M
[A=bEN)" I =1A-vE" +o+a) | < A (A € Xy o).
Write (77 (§))¢>0 for the semigroup generated by b(§). It is clear that
Ti(§) = e s, (6). 4.5)

Let o be a multi-index. We show that there exists a constant 1\7Ia > 0 such that
10T (E)]| < Mot (1 + [E)" " + £+ )V (EeR) 1200 46)

holds. For |a| = 0, this is straightforward by inequality (4.2). Therefore, we assume that
|| > 1 in the following.
Let r > 0. Consider the contour

[ =e“[r,00) U(rT NZyo)Ue [r,00)

with positive orientation, where T denotes the unit circle in C. Let o be a multi-index.
For every t > 0, we consider the functions

TR 2, TOE) = [F 92 = b(E)) .

For the sake of simplicity, we will write b instead of b(§). Since
(A=) = A=b) " @A -,

it follows by induction on the length of & that 3%(A — »)~! is a finite sum of terms having
the form

Q(B1.Ba.. . Bob. A) = (A —b) " (@P1h) (A —b) 1 (3P2b)--- (A =) 1 (3P b)(A - ),

where 1 <v < |a| and B4, B2, ..., By are nonzero multi-indices of length < m such that
B1+ B2+ -+ By = «, see [1, equation (7.4)]. We have the estimate

1Q(B1. Ba. ... Bu b M < | =)~ P TTH0Pbll

n=1

Na(b)Mv'H v m—|ﬂ |
R — 1 w
G+ oy LA+ 1D

_ Na(®)MY (1 + J])"
- (16" + [AD+1

4.7
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Now, for A = pe™¥ with p > 0 and ¥ € [—¢, ¢], it follows that

v+1 vm—
N(x(b)M + (l + |E|) ‘aletpcos(llf)‘
(€]" + pyr+!

e QB B2y B b )| <

Thus, it follows that

H e“Q(on,az,...,av,b,x)dAH
r

etpcos((o) q 2(/)7‘6"
T A r)v+1)
2etrcos(<p) 2(,07'6"

Heos@I (& + P ¥ (& + 17Tl )

< NaB)M™'(1 + |s|)”'"—'°‘(z [ ”

< Na(b)M**1(1 + |s|)”'"—'°‘(

Choosing r = 1/t and noting that

1 tY Y

EM™ + 1)U L ET Y+ DY
we obtain that there exists a constant C, > 0 depending only on ¢ such that

17 (1+ Jgrmle
(g™ + DrH!
< CwNa(b)Merltv(l + |§_-|)vm—|a|.

H/ et Q(ar aa, ... @y, b, A)dA| < CyNy(b)M T
r

Denote by C a generic constant depending only on d and m whose value may change from
line to line. Since Tt(“) (&) is a finite sum of terms such as the one above with 1 < v < |«|
it follows that there exists a constant C such that if we set

Ko = C,M" 1IN, (b),
we obtain for all £ € R4 and ¢ >0
IT@®) | < CKole(1 + €)™ + £l (1 + [g])m—Dlely, (4.8)

In particular, in view of the Dunford—Riesz representation,

1
1) = 5 [ 0 -b@)
2mi r
the above calculations imply that we may differentiate under the integral sign and obtain
Tt(a) == 30‘ Tt.

Thus, (4.6) follows. To deduce (4.3) from (4.6), we merely need to observe that by (4.5)
and the Leibniz rule, we obtain that there exists a constant C, > 0 such that if we set
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Ki = C, Ky, we obtain

oS, @)
< Ce®! Z|al3 (e—V’|5|m)|||3a_ﬂ T: ©)|
B=a

< CKoewt—yﬂElm Z(l + (yt|s|(m—l)\ﬁ|)(t(l + |£_-|)m—1 + tlal(l + |%-|)(m—1)|oz|)
B=a

< CKe®!vii"/2,

By the triangle inequality, we have that Ny (b) < C, Ny (a). Thus, we obtain the state-
ment of the lemma with 4 = y/2 and

Ko = CpywdmM TN, (a). "

Remark 4.5. By inspecting the proof of Lemma 4.4, in particular, the estimate (4.7), we
note that the constant M, appearing in (4.3) may be chosen such that it depends only on
the parameters appearing in (4.4) and

max ||ay ||,
al<m

where ay € £(X) are the coefficients of a. From this, we see that the estimate (4.3) is
stable under certain perturbations. Let, for example, (A;);e[o,1] be a family of differential
operators such that their symbols (ar)[o,1] take the form

ac(€) =amE) + Y aa-E% (E€RY Te(0.1)),
la|<m
where a,,(£) is homogeneous of degree m and satisfies the normal ellipticity condition
and there exists a constant K such that
laa -l < K. (Ja| =m.7 €0, 1]).
Applying the perturbation argument of Lemma 4.3, we see that there exist ¢, y,w, M > 0
independent of 7 such that

M
€™ + | + yIE|™|

1A+ ac ()7 < E R, A e, emin):

Let (St,z(£)):>0 be the semigroup generated by —a. (§). Under these conditions, it follows
that for each multi-index « there exists a constant M,, independent of t such that

189S; c(§)]| < Mye® ~HE™,

Lemma 4.6. Let A be a normally elliptic differential operator with symbol a, denote for
each &€ € R? the semigroup generated by —a(£) by (S; (&))t>0, and let [ € S(RY: X).
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Forallt > 0, we define S; f : R — X, &+ S;(£) f(E). Then, we have S; f € S(R%; X)

and
Sef—=f)—0, 4.9)
and .
S(Sif =)= —af 4.10)
in the topology of S(R%; X) as t — 0.

Proof. To show (4.9), we need to prove that for all multi-indices o and 8, we have

sup €79 (S, (6) f(€) = FENI =0 (& —0).

£eR4

Using the Leibniz rule, it is easy to see that we need to show that for each multi-index «
and ¢ > 0, there exist @, (f) > 0 and N, > 0 such that &, (t) - 0ast — 0 and

10%(S: () = DIl = Pa()(1 + [ED™. ( € RY).
In fact, by another application of the Leibniz rule, we may reduce matters to proving
19%(T:(§) = DIl < ®a(@)(1 + [EDY=, (5 € RY),

where T} (£) is (as in the proof of Lemma 4.4) the semigroup generated by b(§) = —a(§) +
y|€]™ — w with y as in Proposition 4.3. Suppose that B is a sectorial operator on X and
(Vi)t>0 the associated semigroup. Then, we have

t
V,—l:B/ Vedr, (¢ > 0).
0

Applying this with B = b(£), where £ € R?, we obtain by the Leibniz rule and (4.3) that
there exist C > 0 and C, > 0 such that

10%(T: (&) — DIl < € Y _[19*Pb(®)| / 175 |d
B=a 0

= Call +16)" [ dr < Car1+ 6",
0
To show (4.10), we need to prove that for all multi-indices « and 8, we have

sup
£eRd

£h i [}(Sz 16 - £E) + a(E)f(E)} H -0

as t tends to zero. Again, we may reduce matters to proving that for each multi-index «
there exist @y (1) > 0 and N, > 0 such that for all § € R? we have

LT - 0 - 06| < 000 + 6D @i
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Since .

1 1

L@ =D =b©) =0©); [ 1@ - e
by the mean value theorem for integrals, we have that

1/; T.() - 1dt

; = Crfp@l-

4.12)

< 0 T~ 11 < sup Hb@ / I,(E)dr
0<

Therefore, we obtain

1
H;(Tt(%‘) — 1) =b©)| = Ctllb@)|* = Cr(1+ END>".

This proves (4.11) in the case that o« = 0. If @ > 0, we may write
1
0T — 1) = 0D (&)
« abpyert [ 7®
= (D) (£)~ / (To(€) — 1)dr + Z( ﬁ) @ Pb)E)- /0 T#) (§)dr.

B<a

We obtain from (4.12) that

If 0 <t <1, then it follows from (4.8) that

(a“b)@); [0 (Te(§) = Ddr | < Cat [3*b@E)BE)]| < Cat (1 + [£)>" 714,

ITP @) < Cpt(1 + |g])m—DIBI,
which shows that
t
<Cg(l+ |€:|)(m—1)\ﬁ|”arx—ﬂb($)”/0 de

< Copt(1+ )™ DI 4 (g P,

o ners [ 100

where we have used in the second line that m — |& — 8| = m —m + |8| = |B]|. Summing
up, we obtain
1 _
‘ ;3“(Tt(§) —1) = *b(E) || < Cat (1 + [g])> 1,
which concludes the proof. ]

Let A:8'(R?; X) — §’(R¥; X) be a normally elliptic differential operator with sym-
bol a and for each & € R¥, denote by (S, (£)) >0 the semigroup generated by —a () and
by S; : R — £(X) the mapping £ — S;(£). As a consequence of (4.3), we obtain that
for all ¢ > 0 we have that S; € S(R4; £(X)) € Op (R?; £(X)). Therefore, the Fourier
multiplier

V,=8:(D): 8R4 X)—> S R%:X), fe>F IS, Ff
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is well defined. Let 1 < p < co. From Lemma 2.1 with m = §;, we obtain that there exist
constants K and w such that

IVellLr®e:x)—>Lr®e:x) < Ke'?,
and by checking on elementary tensors, we see that the semigroup property
ViVe = Vigs, (s, >0)

holds. Thus,
Vi) iz0 = VilLo@aox))i=o
is a bounded semigroup. If p < oo, then it follows from the density of S(R¢; X) in

LP?(R?; X) and the first statement of Lemma 4.6 that Vt(p Disa Co-semigroup. We denote
the negative of the generator of V,(’J ) by Ap.

Lemma 4.7. We have A, = /Tp. In particular, —A, generates a semigroup given by
St(D)|Lrwa)

Proof. Let us start by showing the inclusion /TP C A,. Using the second statement of
Lemma 4.6, we have

SV [~ f) > —Af

in the topology of § (R?; X) as t — 0, and thus, /Tpf =Af =Apffor f € SR X).
Moreover, §(R?; X) is dense in dom(A4,) since S(R4; X) is dense in L?(R?; X) and
S (Rd; X)) is invariant under Vt(p ), Hence, using the notation X7 = L? (Rd; X), we con-
clude

XPxXP

Graph(A,) = {(/. 4, f) : [ € S(RY; X))}
XPxXP —_——XPxXP
={(fA4,f): f € SRI: X)) < Graph(4,) .

Since the embedding J : L?(R?; X) < §’(R¥; X) is continuous and Graph(A4) is closed,
Graph(A,) = (J x J)~!Graph(A) is closed.
Now, observe that it follows directly from Lemma 2.5.5 in [25] that

XPxXP
Graph(4p) = {(f. Af): f € D(R4; X)} :

Note that, in [25], it is assumed that the coefficients of A are scalar. However, the proof
given there generalizes to operator coefficients without change. Since

XPxXP XPxXP
{(£LAf): f e DRI X)} C{(fASf): [ eSREX)} = Graph(4,),

we obtain /Tp = Ap. [
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4.2. Observability estimate

Letn € Nand 4 : §8'(R?; X) — §'(R?; X) is a normally elliptic differential operator of
order m with symbol a € £,,(R%; X). Set

St iR > £(X), & Si(8),

where (S;(£));>0 denotes the analytic semigroup generated by —a(§). Furthermore, for
t >0, wedefine V; = S;(D): S’ (R%; X) — §’ (Rd X) the Fourier multiplier with sym-
bol S;. Let p € [1, 00]. Then, the restriction (V )t>0 = (V,|Lp(Rd X))t>0 is a bounded
semigroup on L?(R?; X).If p < oo, the semigroup (V )¢>o0 is strongly continuous and
we denote its generator by A,. In the following, we will write V; = Vt(p )
no risk of confusion.

when there is

Theorem 4.8. Let p, T > 0, L € (0, oo)d, ECR9q (p, L)-thick set, and 1 < p,r < oo.
Then, there exists a constant Cops > 0 such that for all f € LP(R?; X) it holds that

IVr fllLe®a:x)y < Cobsll V) S llLr qo,r3;00 (E:x))-

We choose a function ¢ € CZ°(R) suchthat 0 < ¢ < 1, suppp € B(0,1)and ¢ =1
on B(0,1/2). For & € R?, we set x1(£) = ¢(|€]/A) and define Py = x(D).

Lemma 4.9. There exist constants c1, c2, Ao > 0 depending only on a such that for all
t >0and A > Ao, we have

”37_1(1 - XA)S"‘”LI(Rd;fﬁ(X)) < C1€_62tkm.

Moreover, forall p € [1,00], t > 0and A > Ao, we have

I(F = P)Vill o a-xysLoma.x) < c1e” ™"

Proof. We consider 3 separate cases.

Case 1. t > 1. Lete > 0. By Lemma 2.1, it suffices to show that

(1= x)Selwarico + max sup [E*TE[3%((1 = 1) (E)S(©))] < cre™2™
lo|<d+ geRd
(4.13)

for some constants c1, c». For this, we observe that by the Leibniz rule, for each multi-
index «, there exists a constant C,, such that

19% (1 = X2 ENSENI < Ca D 1081 = x)ENN0* P S, &)

B=<a

Observe that if A > 1, there exists an absolute constant Cg > 0 such that

102 (1 — 1) E)| < Cpligi=a)a-
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Therefore, by (4.3), it follows that there exist Ky, @, i such that

18%(1 = xA(E))S(§)]| < Kaljejsi2e@ HEM,

Choosing A" = max{1, 2!~ 'w}, we obtain for all multi-indices o such that || <
d+1land A > Ay

— —m—13m
19% (1 = x2(ENS: @I < Ko™ 4"
This shows that there exist constants ¢, ¢, such that
—c A"t

(1= x2)Sellwatroo < cle

Moreover, observe that

§1 210 (1 = 2 @S < Kal§]“F gz pe 8,

and thus, employing that # > 1, it follows that there exists K/, such that

£ 10 (1 = 1)@ S DI < Kojggsajze® 2"

Arguing as before, we find ¢, ¢5 such that

E14510% (1 = 22 (NS ®)] < efe™ ™.
We now obtain (4.13) by summing up.
Case2. 0 <t <1,t/™) > 1. We begin with two easy observations. Firstly, if m : R? —
£L(X) is such that | ~'m| L1 (ga.¢(xy) < 0o then for any 1 > 0, we have
17 i)l gay = £~ NEF T M) ) @ay = 15 mllpigay. (4.14)

Secondly, if (W;);>¢ is a Cp-semigroup with generator B, then for any ;& > 0 the rescaled
semigroup defined by (W;);>0 = (Wyr)s>o0 is associated to ;£ B. Denote by (7% ;)r>0 the
semigroup on X associated to —ta(t~1/".) € £(X). We consider the rescaled symbol

g = (1= x)SHE™™) = (= xpm)Se @™y = (1= gpmp) Trre
It follows from (4.14) that it suffices to show that there exist constants ¢y, ¢, > 0 such that
I1F " arall < cre™™".

Observe that wl
ta(t™V"ME) = am(E) + Y 1" magt”,
la|<m
and therefore, No(a,(£) — ta(t~'/™&)) < K for some constant K independent of 7. It
thus follows from Lemma 4.4 and Remark 4.5 that for each multi-index o« there exist

constants Ky, i > 0 such that

18T, (8)]| < Kge MEI™,
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Moreover, since tUmy > 1, we have that for each multi-index § there exist constants
Cg > 0 such that

108 (1 = x,ump) (E)] < Caligimyimy o

By the Leibniz rule, it therefore follows that there exist constants C, > 0 such that
19002 )] < Caligimiim e 8",

Let ¢ > 0. Arguing as in Case 1, we see that there exist Ao > 0 and constants c’l, cé and
cy.c% such that for all A > Ao,

[0%0ra(€)]] < cjem 2"

and
”
|E|m+8”aa0—t,kl| <ci/e—cztkm

for all multi-indices « with || < d + 1. We can thus apply Lemma 2.1 also in this case.

Case3. 0<t<1,0<¢l/m) <1. Employing the notation of Case 2, we see from (4.2)
and Lemma 2.1 that there exists A > 0 such that

1F ™ Tl < A
Again by (4.14) it follows that there exists B > 0 such that
17711 = xoma)l < B.
It thus follows from Young’s inequality that
IF " orall < AB.
Since we have due to the restriction 0 < tlm) < 1 for any ¢ > 0 that
AB < ABefe ",
the result also follows in this case. ]

Proof of Theorem 4.8. We apply Theorem A.1 from [7] to the semigroup (Vt(p )) >0 acting
on the Banach space L?(R?; X) and the family of quasi-projections (P;);o. We only
need to verify that there exist positive constants Ay, dy, d1, d2, d3 such that for all f €
LP(R?; X),all A > g and all # € [0, T/2], we have

|

”P)Lf”LP(Rd;X) < doe 1EPAf||Lp(Rd;X)

and

(I = POVefllLrwa:x) < dre 93 NSl ra.x)-
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and that the mapping @ : [0, 7] > ¢ — |[1EV; f || Lr(r4. ) is measurable. The first inequal-
ity is satisfied by Theorem 3.1, whereas the second inequality follows from Lemma 4.9.
Measurability of ® follows from the strong continuity of V; if p < co. Suppose now that
p = oo. By Proposition 1.3.1 of [25], we have that the linear subspace

{f = [ e feardnig < LR X’)} < (L=®Y; X))
Rd
is norming for L“(Rd; X'), meaning that

O(1) = [1EV: f |l Loora:x) = SUP{/Rd (8(xX), 1V f())xrxxdx: [Igll (e xry = 1}‘

By the strong continuity of V;, the map
ree [ (600 16V Wl
R

is continuous for each g € L'(R?; X’). Thus, ® is lower semicontinuous as it is the
supremum of continuous functions and therefore measurable. ]

4.3. Null-controllability

Let E C R? be measurable, p € [1,00) and T > 0. Set X;? = L?(R%; X) and consider
the controlled system

0 y(t) + Apy () = 1gu(r), y(0)=yoc X?, t€]0,T]. (4.15)

Let r € [1, 0o]. Given a control function ¥ € L" ([0, T']; X7), the mild solution of (4.15)
is given by

t
yO = Viyo + [ Viestpusyas.
0
We say that the system (4.15) is null-controllable in L" ([0, T']; X7) in time T if for any
Yo € X P there exists anu € L” ([0, T]; X?) such that y(T) = 0. Setting

T
Br:L"(0,T]: X?) - X?, umr> / Vi—s1gu(s)ds,
0

we see that (4.15) is null-controllable in L" ([0, T']; X'?) at time T if and only if ran(V7) C
ran(B7). Moreover, we define (4.15) to be approximately null-controllable at time T if

ran(V7) C ran(Br)

with the bar denoting the norm closure of the set ran(8B7) in X?. Thus, (4.15) is approxi-
mately null-controllable at time T if and only if for all ¢ > 0 and all yy € X7 there exists
u € L7 ([0, T]; XP) such that || y(T)||xr < &.
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Theorem 4.10. Let p > 0, L € (0, 00)¢ and E (p, L)-thick, and assume that X' has the
Radon—Nikodym property. Then, the following statements hold.

(@) If p € (1,00), the system (4.15) is null-controllable in L” ([0, T]; X?) at time T.
(b) If p = 1, the system (4.15) is approximately null-controllable in L ([0, T]; X7)

at time T.

Proof. Let g be such that p~! + ¢~! = 1 and s such that r=! + 571 = 1. Write ¥4 =
(XP)'. Tt holds that ¥7 = L9(R?; X’) due to the Radon-Nikodym property of X’. For
t >0, weset W, = V,/ . By Douglas’ lemma, the statement of the theorem is equivalent to
the fact that there exists a constant Cypg such for every f € Y7 we have the observability
estimate

IWr fllya < Consll By f llLrqo,11:57y - (4.16)
By [48, Theorem 2.1], it holds
IB7 fllLrqo,r1:50y = W fllLso,17:99)-

Recall that S; is the symbol of V;. To obtain (4.16), we note that due to Proposition 2.2
and Lemma 4.9, we obtain for all A > A the dissipation estimate

(I — POWl < 17718 (1= x) i masecy < cre” ™.

Since the uncertainty principle also holds for functions with values in X’, we obtain the
observability estimate as in the proof of Theorem 4.8. ]

A. Proof of Theorem 3.1

First, we assume L = (1, 1,...,1), and fix A € (0, 00)?, p > 0, a (p, 1)-thick set E,
and f € LP(R?; X) with supp F f C II, as in the assumptions of the theorem. Note
that f is analytic since supp ¥ f is compact, see Section 2. For k € Z¢, we denote by
Ar = (—1/2,1/2)% + k < R? the open unit cube centered at k. Let

1

and let C, > 0 be the absolute constant from Proposition 3.4. We call k € Z¢ bad if there
exists & € N¢ with a # 0 such that

114, 0% fll Lo ga:xy = 29 A*H(C2)¥ 1A, £ llLr e x)-

Otherwise, we call k € 74 good. Moreover, we will use the notation

Apad = U Ay and Agood= U Ag.

kezd: kezd:
k isbad k is good



C. Bombach and M. Tautenhahn 348

Lemma A.1. (i) We have 1A, f lLrra:x) = C3ll f llLrwra;x) Where

. . 1 1 d e

if pe[l,o0), and C3 = 1if p = oo.
(ii) There exists B > A such that for all good k € 7.2, there exists x € Ay such that
forall @ € N&, we have

0% f(x)llx < 4dB|a‘(CZA)aHlAkf”LP(]Rd;X)'

Proof. Tt follows by definition that for all p € [1, 00)

D P ||1Ak8af||zp(Rd;X)
M 1 iy = 2 Maf 1 gays 2o D

2dp gplal(C, )\ )P
k€ZA A Ay k€Z4 N Apg acg: (1)
a#0

. Z ||1Abad8af”11jp(Rd;X) - Z ||aaf||£p(Rd;X)
- 2dp Aplel| pa  — 2dp Aplal pa’
aENg: (CZA) leNg: (CZA)

a#0 aF#0

By Proposition 3.4, and since A > 1, we conclude for all p € [1, co) that

1 P < ||f||£p(Rd;X) _ 1 1 d P

M Awa N e xy = Z “odogrlel |~ 2dp |\ 11747 =LA L ga.x)
aeNg:
a#0

1 1\ »
| — — — _ p p
= 7d [(1 — 1/14) 1]||f||LP(Rd;X) - (1 C3) ”f”LP(Rd;X)'
For p € [1, 00), it follows that

1A 00 f Lrra;x) = Call fllLr ()

By (A.1), we have C3 € (0, 1). This proves the first claim in the case p € [1,00).If p = oo,
the proof is even easier. By the definition of bad and Proposition 3.4, we have

1A, 0% f || oo (re; x)
11Apa S Looma;xy = sup ’
bad J IIL°(R4;X) ez k bad ~ 2dA|a|(CZA)a
3 0:

a#0

1 1 \¢
527 =14 =1 f | oo ret s x)-

Since the prefactor in the last inequality is strictly smaller than one, we conclude that
1L Agoos / lLoo®a;xy) = I f [l Lo ;x)-
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In order to prove part (ii), we consider the contraposition, that is, for all B > A there
exists a good k € Z9 such that for all x € A thereis a € Ng with

10% £ () x> 49 BNC0)* 1A, f | Lo e )-

This and the definition of good implies that there exists a good k € Z¢ such that we have

1A, 0% f | Lr(re:x) A lel
21a, f Lo @a.x) < Z TE Gy S (%) Mae S o).

B
aeNg aeNE

Choosing, for instance, B = 34, we obtain

d
1
d
21y Fleroon = (175 ) Mot Tescassmr
which is a contradiction. [

Let s = 1 if p € [, 00) or some arbitrary number s € (0, 1) if p = oo, k € Z? be
good and y € Ay be such that || f(y)llx > sl|1a, f |Lr e x)- Furthermore, let 2 C Ay
be a measurable set to be chosen later. Then, using spherical coordinates, we have

r@®)
12 =/ lg(x)dx=/ / 1o(y + r)ré~ldrdo (9),
Ay Sd-1 Jr=0

where r(¥) = sup{t > 0: y + t¥ C A}, and where o denotes the surface measure. There
exists a ¥y € S9! such that

r (o)
Q| < a(sd—l)/ 1o(y + rdo)ré'dr. (A.2)
0

Indeed, if the converse inequality to (A.2) would hold for all ¥ € S¢~!, then averaging
over 91 would give a contradiction. Let now Iy = {y + rido:r > 0, y + rddy € A}
be the largest line segment in Ay starting in y in the direction of 9. Since r () < d /2,
we conclude from (A.2) that || < 0(S971)d@=D/2|Q N I|, where, with some abuse
of notation, we use the notation |Q N Iy| = for(%) 1o(y + ridg)dr.

Now, we define the function F': cd 5 x by

F(w) = (£ )y + wlloldo)

where £ denotes the inverse Fourier—Laplace transform, cf. Section 2, and where N de-
notes the normalization N = s|[1a, f [|1.»(r4;x)- Note that F' is an entire function which
extends (1/N) f(y + -|Io|00) to C¢, see Section 2. Thus, we have for all w € C¢ and
X € Rd,

()
IFlx < 5 Yo 0l [T + wldolo — x[

aeNO i=1
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By Lemma A.1, there exists xo € Ag such that for all w € ce,

44 B (Co)* 1, fll Loy 1 .
IFwlx =5 Y BRI + wlloldo — xo)il

aeN{ i=1

Since for all w € D(5) we have

d
y —xo + w|lo|d € X D(6Vd),
i=1

we conclude for all w € D(5) that

4~ BEUG)Y L,

N !
aeNg *

4d

v M Fllrgacx) exp(6d' 2 BCo|A)) = 47 exp(6d' 2 BC|A)) =: M.

IA

We recall that by assumption on y we have || F(0)|x = N7'|| f(»)|lx > 1. By Proposi-
tion 3.3, we have for all closed intervals / € R with 0 € [ and |/ | = 1, and all measurable
A C I that
In(M)
|A| n(2)
sopll )l = (‘) ™ sl Pl

X€A xel
with some absolute constant C; > 1. Choose I = [0, 1] and A = {t € [0, 1]: y + tUg €
Q N Ip}; then,
120 L]\ WO
0 In(2
sup 100l = (2070 ™ sl ol

xeQnly C xelp

By our choice of y, we have that sup,.c | f(X)lx = [/ (W)llx = sl1a, fllLrwe;x)-
Moreover, we have shown above that || < o(S?~1)d@~1/2|Q N I,|. Hence, we con-
clude
In(M)
|Q| In(2) 1
>
;lelg”f(x)”X =\ Crosdna@nre SIag fllzrma;x)-

Recall that s = 1 if p € [1, 00), and that the above inequality holds for arbitrary s € (0, 1)
if p = oo. By taking limits, we obtain

In(M)

|Q| In(2)
) a S @iy, (A3)

Cla(Sd—l)d(d—l)/z

wMﬂﬂhz(
xeN

Now, we choose

In(M)

_ ) |E mAk| In(2)
o= {vehui (oot ) Ml > 10l
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By inequality (A.3) and the definition of €2, we obtain

In(M) In(M)
|E N Ag]\ "@ |E N Ag| ey
_ S > 1 .
( - sl e = (5 oismas ) acf lerson
> supll F(0)l,
xXEQ

and thus, |Q2| < |E N Ag|/2. The definition of 2 implies that

MEAA fllLr R x)

> [1Ena dee fll Lo e x)

In(M
|E N Ayl ey
= (2C1|Sd—1|d(d—1)/2 A fllLr@e:x) M EAA Qe I Lr ®3)-

Moreover, since Q2| < |E N Ag|/2, we have
|E N Ag|
B

Since E is thick, we have that 1 > |E N Ag| > 0; thus, E N Ax N Q€ has positive measure
as well. We conclude that

IENAcNQ = |ENAL|—|ENANQ| > |ENAg|— Q] =

|E N Ag|

3 .
Hence, using C4 := 2C;|S971|d@=1/2 > 2, the fact that |[E N Ag| > p by the definition
of the thick set E, and p/C4 < 1, we can conclude that

1EnAnQe I Lr ) =

In!
|E n Ak| n@2) IE n Ak|
Itenns Feroon = (g ) Mo Pl (3
0 ‘l"rfg))ﬂ
> (a) T

Since k € Z¢ was arbitrary but good, we can either sum over all good cubes (if p € [1,00)),
or take the supremum over all good cubes (if p = o0), and obtain by using Lemma A.1

1n(M)
,0 n(2)
e fllLr®e:x) = IMEAAwa S ILr®e:x) = C3 (_C4)

1
||f||Lp(1Rd;X)-

By the definitions of M, C3, and C4 and using that p < 1, we find that there exists a
constant Cy > 1 depending only on the dimension d such that for all p € [1, oo], we have

0 \Ca(+IAlD)
11e fllLrre:x) = (C_) Slle®a;xy-
d
This proves the statement in the case L = (1,1,...,1). Letnow L € [0, oo)d be arbitrary.

Theorem 3.1 follows by applying the result for L = (1, 1,..., 1) to the function f o Ty,
where Ty, : RY — R¥ is given by Tpx = (Lgxi)f_,.
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