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Abstract. Let o be an irrational number of sufficiently high type and suppose Py (z) = €271%z 4 72
has a Siegel disk Ay centered at the origin. We prove that the boundary of A is a Jordan curve,
and that it contains the critical point —e27i® /2 if and only if « is a Herman number.
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1. Introduction

Let f be a non-linear holomorphic function with f(0) = 0 and f/(0) = e2™*, where
0 < a < 1is an irrational number. We say that f is locally linearizable at the fixed point
0 if there exists a holomorphic function defined near O which conjugates f to the rigid
rotation Ry (z) = e?™i¢
connected domain called the Siegel disk of f centered at 0.

The existence of the Siegel disk of f is dependent on the arithmetic condition of
a € (0,1)\ Q. Let

z. The maximal region in which f is conjugate to R, is a simply

1
[O;Cll,az,...] = 1
a; +
as + —
be the continued fraction expansion of . The rational numbers p, /g, := [0;a1,...,dys],

n = 1, are the convergents of «, where p, and g, are coprime positive integers. If o
belongs to the Brjuno class

(o)
B = {(x =[0;a1,a2,...1€(0,1)\Q: an_llogan < +oo},
n=1

then any holomorphic germ f with £(0) = 0 and f”(0) = e?™* is locally linearizable
at 0 and hence f has a Siegel disk centered at the origin [5,47]. Yoccoz proved that the
Brjuno condition is also necessary for the local linearization of the quadratic polynomial

Py(z) :=e*™%; 4+ 22:C - C

at the origin [53].

1.1. Topology and obstructions of Siegel disk boundaries

The dynamics in the Siegel disks is simple and one mainly considers the properties of the
boundaries. In the 1980s, Douady and Sullivan asked the following question (see [20,41]):

Question. Is the boundary of a Siegel disk a Jordan curve?

This question is still open, even for quadratic polynomials. However, much progress
has been made on this problem for various families of functions under certain conditions.
Anirrational number o = [0;a1,4a», . . .] is said to be of bounded type if sup,,>, a, < +o0.
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Douady—Herman, Zakeri, Yampolsky—Zakeri, Shishikura and Zhang, respectively, proved
that the boundaries of bounded type Siegel disks of quadratic polynomials, cubic polyno-
mials, some quadratic rational maps, all polynomials and all rational maps with degree at
least 2 are quasi-circles (hence are Jordan curves) (see [21,29,46,49,55,58]). This is also
true for some transcendental entire functions (see [15,18,23,31,50,56,57,61]).

An important breakthrough was made by Petersen and Zakeri [36] in 2004. They
proved that for almost all irrational numbers «, the boundary of the Siegel disk of the
quadratic polynomial P, is a Jordan curve. We refer to these irrational numbers as PZ
type, i.e., loga, = O(y/n) as n — oo, where a,, is the n-th digit of the continued frac-
tion expansion of «. Recently, Zhang [60] generalized this result to all polynomials and
obtained the same result for the sine family [59].

Suppose the closure of the Siegel disk of f is compactly contained in the domain
of definition of f. One may wonder what phenomena near the boundary of a Siegel
disk prevent f from having a larger linearization domain. Obviously, the presence of
periodic cycles near the boundary is one of the reasons since no Siegel disk can contain
periodic points except the center itself. It was proved by Avila and Cheraghi [2] that under
some condition on o every neighborhood of the Siegel disk of P, contains infinitely
many cycles, which is similar to the small cycle property that prevents linearization (see
[34,52]).

On the other hand, no Siegel disk can contain a critical point. Hence the second ques-
tion on the Siegel disk boundary is: Does the boundary of a Siegel disk always contain a
critical point? The answer is no; Ghys and Herman gave the first examples of polynomials
having a Siegel disk whose boundary does not contain a critical point (see [21,24,28]).

The results on the regularity' of the boundaries of the Siegel disks mentioned above
(for bounded type or PZ type rotation numbers) often also include the statement that the
boundaries of those Siegel disks pass through at least one critical point. In particular,
for the bounded type rotation numbers, Graczyk and Swiatek [25] proved a very gen-
eral result: if an analytic function has a Siegel disk properly contained in the domain of
holomorphy and the rotation number is of bounded type, then the boundary of the corre-
sponding Siegel disk contains a critical point.

Herman [26] was one of the pioneers who studied analytic diffeomorphisms of circles.
He introduced the following subset of irrational numbers.

Definition (Herman numbers). Let J be the set of irrational numbers « such that every
orientation-preserving analytic circle diffeomorphism of rotation number « is analytically
conjugate to a rigid rotation.

Herman [26] proved that the set J is non-empty and contains a subset of Diophantine
numbers. Yoccoz [54] proved that J contains all Diophantine numbers (and hence con-
tains all bounded type and PZ type numbers), and also gave an arithmetic characterization
of the numbers in # .

IThe word “regularity” here means the topological and geometric properties of the boundaries
of the Siegel disks. See [0].
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Suppose f is an analytic function which has a Siegel disk properly contained in the
domain of holomorphy. Ghys [24] proved that if the rotation number belongs to # and
the boundary of the Siegel disk is a Jordan curve, then f has a critical point in the
boundary of the Siegel disk. Later, Herman [27] generalized this result by dropping the
topological condition on the Siegel disk boundary but requiring that the restriction of f
to the Siegel disk boundary is injective (see also [35]). In particular, he proved that if a
unicritical polynomial has a Siegel disk whose rotation number is in #, then the bound-
ary of the Siegel disk contains a critical point. Recently, Chéritat and Roesch [19] and
Benini and Fagella [4] generalized this result to (respectively) the polynomials with two
critical values and a special class of transcendental entire functions with two singular
values.

For polynomials, Rogers [43] proved that if the Siegel disk A is fixed and the rotation
number is in J, then dA either contains a critical point or is an indecomposable contin-
uum. For the exponential map Eg(z) = 2% (e? — 1), it was proved by Herman [27] that
if Eg has a bounded Siegel disk Ag, then Eg is injective on dAg. Hence Ag is unbounded
when 6 € J# since Eg has no critical points. Conversely, Herman, Baker and Rippon
asked: if Ay is unbounded, is necessarily the singular value —e27? contained in 9A4?
Rippon [40] showed that this is true for almost all € and the question was fully answered
positively by Rempe [38] and independently by Buff and Fagella (unpublished). More-
over, Rempe [39] also studied the Herman type Siegel disks of some other transcendental
entire functions.

1.2. The statement of the main result

The proofs of the regularity results for bounded type and PZ type Siegel disks stated pre-
viously are all based on surgery, either quasiconformal or trans-quasiconformal. In these
proofs, some pre-models, and usually a single Blaschke product or a family of Blaschke
products, are needed. By surgery, the regularity and the existence of critical points on the
boundaries of Siegel disks were proved at the same time.

In this paper, without using surgeries we shall prove that the Siegel disks of some
holomorphic maps are Jordan domains and that Herman type rotation number is also
necessary for the existence of critical points on the Siegel disk boundaries. To this end,
we have to restrict the rotation numbers to a special class since we use the near-parabolic
renormalization scheme.

In [30], a renormalization operator &R and a compact class F that is invariant under R
were introduced. All the maps in ¥ have a special covering structure. They have a neutral
fixed point at the origin and a unique simple critical point in their domains of definition.
The renormalization operator assigns to a given map of ¥ a new map in ¥ that is obtained
by considering the return map to a sector landing at the origin. As a return map, one iterate
of R f corresponds to many iterates of f € F . To study very large iterates of f near 0,
one hopes to repeat this process infinitely many times. However, to iterate R infinitely
many times, the scheme requires the rotation number «, where f’(0) = 2™ to be of
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high type, that is, to belong to
HTy :={a =[0;a1,a2,...] € (0,1)\Q :a, = N foralln > 1}
for some large” N € N. In this paper we prove the following main result.

Main Theorem. Let o be an irrational number of sufficiently high type and suppose
Py (2) = e®™%z + 22 has a Siegel disk Ay centered at the origin. Then the boundary of
Ay is a Jordan curve. Moreover, the boundary contains the critical point —e>™ /2 if and
only if a is a Herman number.

Note that HT 5 has measure zero if N > 2. However, all the usual types of irrational
numbers have non-empty intersections with HT » : bounded type, PZ type, Herman type,
Brjuno type etc. In particular, HT 5 contains some irrational numbers such that the Siegel
disk boundary of P, has the regularity studied in [1, 6] and the self-similarity studied
in [32]. Rogers [42] proved that the boundary of any bounded irreducible Siegel disk A
is either tame: the conformal map from A to the unit disk has a continuous extension
to dA, or wild: dA is an indecomposable continuum. Recently, Chéritat [16] constructed
a holomorphic germ such that the corresponding Siegel disk is compactly contained in
the domain of definition but the boundary is not locally connected. Our main theorem
indicates that the boundaries of quadratic Siegel disks should be tame.

As we have seen, in order to guarantee the existence of critical points on the bound-
aries of Siegel disks, the Herman condition (i.e., the rotation number is of Herman type)
appears usually as a requirement of sufficiency in most of the literature. As far as we
know, the necessity only appears in [8], where it is proved that the Herman condition is
equivalent to the existence of a critical point on the boundary of the Siegel disks of a
family of toy models.

In fact, besides the quadratic polynomials, the proof of the Main Theorem in this
paper is also valid for all the maps in Inou—Shishikura’s invariant class. Hence the Main
Theorem is also true for some rational maps and transcendental entire functions. We point
out that it was proved in [3,48] that the bounded type Siegel disks of the maps in Inou—
Shishikura’s class are quasi-disks if the rotation number is of sufficiently high type.

By constructing topological models of the post-critical sets of the maps in Inou—
Shishikura’s class for all high type numbers, Cheraghi [11] gave an alternative proof of
the Main Theorem independently. Our proofs are different: we analyze the dynamics and
carry out the computations in the renormalization tower directly.

Recently, Dudko and Lyubich [22] made significant progress on the quadratic Siegel
polynomials P,. They proved that the restriction of P, to the boundary of the Siegel
disk Ay of Py is injective, which implies that d A, is not the whole Julia set of P, (actu-
ally they proved a more general result for alla € R \ Q).

2The precise value of N is not known, but it is likely to be at least 20. It is conjectured that a
variation of the invariant class and renormalization may be defined for N = 1.
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1.3. Strategy of the proof

Let fy be the normalized quadratic polynomial or a map in Inou—Shishikura’s class (see
Section 2.1) satisfying fo(0) = 0 and f;(0) = e>™*, where « is of Brjuno-type and of
sufficiently high type. For n = 0, let f,4+1 = R f,, be the sequence of maps generated
by the near-parabolic renormalization operator JR. For each n = 0, we use &, to denote
the perturbed petal of f,, and &, for the corresponding perturbed Fatou coordinate (see
definitions in Section 2.2).

In order to prove that the boundary of the Siegel disk of fy is a Jordan curve, we
construct a sequence (yg : [0, 1] — C),en of continuous curves in the perturbed Fatou
coordinate plane of f, by using a renormalization tower. Each y{ is obtained from 2
(in the perturbed Fatou coordinate plane of f,) by going up through the renormalization
tower, i.e., by lifting and then spreading around. In Lemma 3.2 we show that the inner
radius of the Siegel disk A, of f, is estimated by the Brjuno sum up to a multiplicative
constant. Then we choose the suitable height of y2 such that ®,!(y?) is contained in the
Siegel disk A, of f,. Consequently, ®;'(y%) with n € N are curves in the Siegel disk
of f().

The key ingredient is Proposition 4.5: the sequence (y§ : [0, 1] = C),en of contin-
uous curves converges uniformly to a limit y*° : [0, 1] — C, which is also a continuous
curve. For the proof, we use a family of “straight” curves 79 to encode the difference
between Y2 and y, in the Fatou coordinate plane of f,. The diameters of the 79 are
discussed in Step 2 of the proof. The diameters of the lifts of 79 are estimated by two
kinds of contraction: one is uniform contraction with respect to the hyperbolic metrics in
subdomains of the renormalization tower (see Lemma 4.7) and the other is “Brjuno-type
arithmetic” — estimates from Section 2.4 (see also Lemma 4.8). In conclusion, the oscilla-
tions of the curves (y§ : [0, 1] = C),en are bounded in terms of the Brjuno sum, i.e., the
curves form an equicontinuous family. Because of contraction by going up the renormal-
ization tower, the sequence @ 1 () converges exponentially fast towards the boundary
of Ay (see Proposition 4.9).

For the second part of the Main Theorem which concerns the Herman condition, we
construct a Jordan arc Iy in the non-escaping set of fy which connects the unique critical
value cv to the origin, where yy := ®¢(I'9) is contained in a half-infinite strip U with
finite width. The existence of I'y is proved in Lemma 5.3 and the proof is also based
on contraction via going up the renormalization tower. To apply the contraction property
successfully, the shape of ®5!(U) has to be controlled; this is Lemma 5.1 whose proof is
given in the Appendix. The construction of I'y guarantees that I',, = Exp o ®,_1(I'y—1)
is also a Jordan arc connecting cv to the origin and y, = ®,(I",) is contained in U for all
n=1.

We study the homeomorphism sg,, := ®, 0 Exp : yp,—1 — y» from the simple curve
in one level of the renormalization to another. Lemmas 5.4 and 5.5 estimate the dynamics
of the sq,, in terms of the Brjuno sum. Based on the sequence (sq, )neN, We define a new
class #y of irrational numbers which is a subset of Brjuno numbers, where N is a large
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number. After comparing the properties of sy, and Yoccoz’s arithmetic characterization
of J, we prove that H N 1s exactly equal to the set of high type Herman numbers (see
Lemmas 6.4 and 6.6). On the other hand, we prove that the boundary of the Siegel disk of
fo contains the critical value cv if and only if « € Jon (see Proposition 5.7). This implies
the second part of the Main Theorem.

1.4. Some observations

There are several applications of Inou—Shishikura’s invariant class. The first remarkable
application is that of Buff and Chéritat [7] who used it as one of the main tools to prove
the existence of Julia sets of quadratic polynomials with positive area. Recently, Cheraghi
and his collaborators have found several other important applications. In [9, 10], Cheraghi
developed several elaborate analytic techniques based on Inou—Shishikura’s results. The
tools in [9, 10] have led to part of the recent major progress on the dynamics of quadratic
polynomials. For example, Feigenbaum Julia sets with positive area (different from the
examples in [7]) were found in [3], the Marmi—-Moussa—Yoccoz conjecture for rotation
numbers of high type was proved in [12], the local connectivity of the Mandelbrot set at
some infinitely satellite renormalizable points was proved in [14], some statistical prop-
erties of the quadratic polynomials were depicted in [2], and the topological structure and
the Hausdorff dimension of high type irrationally indifferent attractors were characterized
in [11] and [13] respectively.

Recently, Chéritat [17] generalized the near-parabolic renormalization theory to the
unicritical families of any finite degrees. See also [51] for the corresponding theory of
local degree 3. Hence there is a hope to generalize the Main Theorem in this paper to all
unicritical polynomials.

Notations. Weuse N ={0,1,2,...}and N* = {1,2,...}. The Riemann sphere and the
unit disk are denoted by C=cCu {oo} and D = {z € C : |z| < 1} respectively. A round
disk in C is denoted by D(a,r) = {z € C : |z —a| < r} and D(a, r) is its closure. If
x € R is non-negative, we use | x | to denote its integer part.

For X C Cand§ > 0, let Bs(X) := |J,cx D(z, §) be the §-neighborhood of X . For
aeCand X CC,wedenoteaX :={az:ze X}and X fa:={z+a:zec X} Let
A, B C C. We say that A is compactly contained in B, and write A € B, if the closure
of A is compact and contained in the interior int(B) of B. We use diam(X) to denote the
Euclidean diameter of a set X C C and len(y) for the Euclidean length of a rectifiable
curve y C C.

2. Near-parabolic renormalization scheme

In this section, we summarize some results in [2,7,10,30] which will be used in this paper.
Parts of the relevant theories can also be found in [44,45].
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Fig. 1. The domains U (the gray part), U’ (the white region bounded by the blue curves; see (2.5)
for the definition) and their successive zooms near —1. The outer boundary of U’ looks like a circle
with radius about 35 and the rightmost point of U is about 32.2. The widths of these pictures are
72, 0.6 and 0.0075 respectively. It can be seen clearly that U N (—oo, —1] = @and U € U’.

2.1. Inou—Shishikura’s class

Let P(z) := z(1 + z)? be a cubic polynomial with a parabolic fixed point at 0 with

multiplier 1. Then P has a critical point cpp := —1/3 which is mapped to the critical
value cvp := —4/27. It also has another critical point —1 which is mapped to 0. Consider
the ellipse
x +0.18))2 y \?
E = ieC:|——— —] <1 2.1
{x+y1 ( 1.24 ) +(1.o4 @1
and define’
4z

U:=y1(C\ E), where v,(z):= (2.2)

(42
The domain U is symmetric about the real axis, contains the parabolic fixed point 0 and
the critical point cpp, but U N (—oo, —1] = @ (see [30, Section 5.A] and Figure 1).

For a given function f, we denote its domain of definition by Uy. Following [30,
Section 4], we define a class of maps4

480 1= {fzpow—lef_)(C 0eUropeninC, ¢ : U — Uy }

conformal, ¢(0) = 0and ¢’(0) =1

3The domain U is denoted by V in [30].

4The definition of 48 is based on the class %7 of [30]. There the conformal map ¢ in the
definition of 8¢ is required to have a quasiconformal extension to C. This condition is used by
Inou and Shishikura to prove the uniform contraction of the near-parabolic renormalization operator
under the Teichmiiller metric. We modify the definition here since we will not use this property in
this paper.
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Each map in this class has a parabolic fixed point at 0, a unique critical point at cpy :=
¢(—1/3) € Uy and a unique critical value at cv := —4 /27, which is independent of f".
For o € R, we define

ISy = {f(2) = fo(e¥™¥2) : e Uy — C | fy € ISy}

For convenience, we normalize the quadratic polynomials to

4 27 .
Qoz(z) — e2maz + _e4mtx22
16
so that all Q, have the same critical value —4/27 as maps in 4§, In particular, Q, =
Q¢ © Ry, where Ry (z) = e?™%z. We mention that Q is not in the class 48 .

Theorem 2.1 (Leau—Fatou [33, Section 10] and Inou-Shishikura [30]). For all f €
480 U {Qo}, there exist simply connected domains Py, f, Prep, 5 C Uy and univalent
maps Puur,  + Par,f —> C, Prep, 1+ Prep, 5 — C such that

(@) Paur,f and Prep, ¢ are bounded by piecewise analytic curves and are compactly con-
tained in Uy, cpy € 0P, f and 0Pyyr, f N 0Prep, r = {0};

(b) the image @y, f (Paur, 7 ) s a right half-plane and ®e, 5 (Prep, ) is a left half-plane;

(c) q)anr,f(f(z)) = q)am,f(z) +1forze j)attr,f and ‘D:e;’f(é‘) = f(q)r;;,f(; — 1)) for
é' € <I>rep,f (j)rep,f)-

Normalization of ®uy, 5 and ®rp r. The univalent map @, s (resp. P, r) in Theo-
rem 2.1 is called an attracting (resp. repelling) Fatou coordinate of f and Py, r (resp.
Prep, 7) is called an attracting (resp. repelling) petal. The attracting Fatou coordinate
Dy, £ can be naturally extended to the immediate attracting basin Ay, s of 0. Specif-
ically, for z € oA, r such that f °k(z) e Parr, f With k = 0, one can define

Do, £(2) 1= B 1 (£ (2)) — k.

Since @y, s is unique up to an additive constant, we normalize it by @y, r(cpy) = 0.
Therefore, @y, 7 (Pattr, 7) = 1§ € C : Re ¢ > 0}.

Every f € 489 U {Qg)} can be written as f(z) = z + a2z> + a3z> + O(z%) in a
neighborhood of 0, where a, # 0. For z in a component Q¢ of Ay, £ N Prep, ¢ such that
Im @, r(z) — +oo as z — 0, we have (see [45, Proposition 2.2.1])

1 1
Dyuir, r(2) = _E - VIOg(_E) + Car + 0(1),

1 1
(Drep,f(z) = - - leg(——) + Crep + 0(1)7
arz arz
where y = 1 — a3 /a% is the iterative residue of f and Cyy, Crp are constants. Since
®rep, 7 is also unique up to an additive constant, we normalize it by setting Crep := Cayr,
ie., Poyr, £ (2) — Prep, £ (2) = 0as z — 0in Q.
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2.2. Near-parabolic renormalization

We will consider the case that a sequence of functions converges to a limiting function
and the neighborhoods of a function have to be defined.

Definition (Neighborhoods of a function). Let f : Ur — C be a given function. A neigh-
borhood of f is

N=~N(f:K,¢e)= {g (Ug — C|KcC Ug and sup d(g(2), f(2)) < 8},
zeK

where d@ denotes the spherical distance, K is a compact subset contained in Uy and
e > 0. A sequence (f5) is said to converge to f uniformly on compact sets if for any
neighborhood N of f, there exists ng > 0 such that f,, € N forall n = ny.

If fe Uae[O,l) 4S84 U {Qq}, we denote by o the rotation number of f at the ori-
gin, i.e., the real number oy € [0, 1) such that f/(0) = e*™%/ . If &y > 0 is small, then
besides the origin, the map f has another fixed point o # 0 near 0 in Uy, which depends
continuously on f (see [45, Section 3.2] or [7, Lemma 9, p. 707]).

Proposition 2.2 ([7, Proposition 12, p. 707]; see Figure 2). There existk € Nt ande; > 0
satisfying |1/e1]| —k > 1 such that for all f € 48,4 U {Qq} with o € (0, g1], there exist
a Jordan domain Py C Uy and a univalent map ®y : Py — C such that

(a) Py contains cv and it is bounded by two arcs joining 0 and o ;

(b) Pr(cv) =1, @p(Pr) ={{ €C:0<Rel < |1/ay] —k} withlm Py (z) - +ooas
z = 0and Im ®y(z) - —oo as z — oy in Py;

(¢) if z € Pr and Re ®r(z) < [1/ay] —k — 1, then f(z) € Pr and Pr(f(2)) =
CDf(Z) +1;

Uy
21,
01 2 3 4 La%fj—k
Py
7
P,
of

Fig. 2. The perturbed Fatou coordinate @4 and its domain of definition #¢ . The image of s under
@ has been colored by the same colors as on the right. The blue set on the left depicts the forward
orbit of the critical point cps.
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(d) if (fn) is a sequence of maps in \Jye(o,e,1dSe U {Qa} converging to a map fo €
480 U{Qo}, then any compact set K C Py, 1, is contained in Py, for n large enough
and the sequence (®y,) converges to @y, 1, uniformly on K; moreover, any compact
set K C Prep, 1, is contained in Py, for n large enough and the sequence (®y, —
1/ay,) converges to @, 1, uniformly on K.

Proposition 2.2 was proved in [7] only for Inou—Shishikura’s class. However, when
f = Qq with sufficiently small & > 0, the existence of the domain &y and the coordinate
&, : Py — C satistying the properties in the above proposition is classical (see [45]).
The map ®; in Proposition 2.2 is called the (perturbed) Fatou coordinate of f and &y
is called a (perturbed) petal.

Definition (see Figure 3). Let f € S, U {Qq} with o € (0, &1], where &1 > 0 is the
constant of Proposition 2.2. Define

€ ={z€Pr:1/2<RePs(z) <3/2and -2 < Im Pr(z) < 2},
! = {z € Pr:1/2<Red;(z) <3/2and Im Ds(z) = 2}. (2.3)

Note that cv = —4/27 € int €7 and 0 € 8‘6}3.

Proposition 2.3 ([10, Proposition 2.7]; see Figure 3). There exist constants €} € (0, &1]
and ko € N7 such that for all f € 484 U {Qq} with o € (0, €], there exists a positive
integer ky € [1, ko] such that

(@) forall 1 <k < kg, the unique connected component (‘fﬁ)_k of 7k (‘CJE) that con-
tains O in its closure is relatively compact in Uy and f ok . (E’ﬁ)_k — t’ﬁ is an

isomorphism, and the unique connected component ‘Cf_k of 7k (€r) that intersects

5

Vs

=y
> = .
g0 o

induced map

ARRRRRSES

&

Fig. 3. Left: The sets T, fﬁ and some of their preimages. The blue set depicts the forward orbit
of the critical point cps. Right: The images of € U t’}i and Sy under the perturbed Fatou coordi-
nate ®¢. This shows how the near-parabolic renormalization map is induced.
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(“C’fn)_k is relatively compact in Ur and f ok . ‘Gf_k — €y is a covering of degree 2
ramified above cv;

(b) kp is the smallest positive integer such that ‘t?f_ka (f})‘kfc {z€Pr:0<RePr(2)
< |1/ar] —k—1/2}.

The same statement as Proposition 2.3 without the uniform bound of ky is proved in
[7, Proposition 13, p.713]. For the statements corresponding to Propositions 2.2 and 2.3
with « € C (specifically, when |argo| < /4 and |« is small), we refer to [14, Section 2].

Definition (Near-parabolic renormalization; see Figure 3). For f € 4S8, U {Q,} with
o € (0, ], define
—k _
Sp=1¢," u(eh™r,
and consider the map
®f o [k 0 @71 dp(Sy) > C.

This map commutes with translation by 1. Hence it projects by the modified exponential

map’

4 )
Exp(¢) = —5(e*™) (2.4)

to a well-defined map R f which is defined on a set punctured at zero, where s : z > Z
is the complex conjugacy. One can check that R f extends across zero and satisfies
(R f)(0) =0and (R f)(0) = 2™/ The map R f is called the near-parabolic renor-
malization® of f.

Let P(z) = z(1 + z)? be the cubic polynomial introduced at the beginning of Sec-
tion 2.1. Define

U = P7H(D(0, 35¢*)) \ ((—o0, —1] U B), (2.5)

where B is the connected component of P~!(ID(0, 24—76_4” )) containing —1. By an

explicit calculation, one can prove that U C U’ (see [30, Proposition 5.2] and Figure 1).

Theorem 2.4 ([30, Main Theorem 3]). Forevery f = P og~! € 84 or f = Qg with
o € (0, €], the near-parabolic renormalization R f is well-defined and the restriction of
R f to a domain containing 0 can be written as P o Y~ € 481 ,4. Moreover, Y extends
to a univalent function on e~/ [’

From Theorem 2.4 we know that the near-parabolic renormalization R f can also be
defined if the fractional part of 1/« is contained in (0, £}]. This implies that the near-
parabolic renormalization operator R can be applied infinitely many times to f if « is of
sufficiently high type.

SNote that Exp(0) = —4/27 is a critical value of R f and Exp(4oci) = 0. In some literature,
the modified exponential map is defined as ¢ — —%ezn i€ 50 that (Rf)Y(0) =e 27 i/ef In order
to apply the classical continued fraction expansion conveniently, in this paper we put a complex
conjugacy s in the definition of Exp.

This is the fop near-parabolic renormalization; the botfom near-parabolic renormalization
around the fixed point oy can be defined similarly. See [30, Section 3].
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2.3. Some sets in the Fatou coordinate planes

Let f € 4Sq U{Qq} with @ € (0, &}]. In the Fatou coordinate plane of f, we define

by
By = int (92 U | (@r(Sp) + ), (2.6)
j=0
where by := ks + |1/a] —k — 2 is the largest integer’ such that one can extend <I>;1 :
@7 (Pr) — &Pr holomorphically to a domain like 0‘5f. See Figure 4.

@y (Sy) + by

8%

‘ Juas

[

R

o |1 UG DAY D ) D B |
Py - ®7(55) .
D(CruUCh) el

Fig. 4. The inverse QDJTI of the perturbed Fatou cooEdinate can be extended holomorphically to D 7a
(colored cyan). It can be seen that the image CDJTI (Dy) wraps around 0. The holomorphic map o1
has an anti-holomorphic lift x ¢ such that Expo yr = @;1 (note that Exp is anti-holomorphic).
Some special points are also marked.

Lemma 2.5. The map CD]T1 1 @r(Pr) — Pr can be extended to a holomorphic map

ky

o' Dy —> Prul £(Sy)
j=0

such that CDJII(Q' +1)=fo q)j?l(é')forallé' e Cwithg, ¢+ 1€ iif.

7In particular, from the proof one can see that Lemma 2.5 will not be true if by is chosen as

kp+ |1/a) —k—1.
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This lemma has been proved in [2, Lemma 1.8]. For completeness and to clarify some
ideas we include a sketch of the construction of <I>J71 here.

Proof of Lemma 2.5. By (2.3), the definition of S¢, and Propositions 2.2 (b) and 2.3 (a),
we have f°kr (Sr) =%¢r U E’ﬁ and f°/ (Sr) is well-defined for all 0 < j < by. If
l e jjf \ @ (&), then there exists an integer j € [1, by] such that € ®¢(Sy) + j.
For such ¢ we define
71 (¢) := (@ (E - ).

Note that there may exist two choices® of j for some point {. Assume that { € @7 (Sy)+ j’
forsome j" €[1,br]and j' # j.Then|;’ — j| = 1. Without loss of generality, we assume
that j/ = j + 1. By Proposition 2.2 (c), we have d>}71(§ +1)=fo CDJII(E) forall ¢ € C
with §,¢ + 1 € &7 (Pr). Thus we have

L@@ =) = U@ -+ D) = £(@F (- ).

This implies that CD/II is well-defined in 06f and it is straightforward to check that
@;1 is holomorphic. Finally, a completely similar calculation shows that CD/II C+1)=

fo®71(¢) forall ¢ € Cwith ¢, +1 € Dy. .

Note that Sy is contained in {z € s : 0 <Re Pr(z) < [1/a| —k—1/2} and fobr (Sr)
={zePr:|l/a] —k—3/2 <Re®Py(z) < |l/a] —k—1/2and Im O (z) > —2}.
According to Proposition 2.3 (b), if we consider the local rotation of f near the origin,
this implies that

by =k + |1ja) —k—2=|1/a) + 1, ie, ky=k+3. @.7)

The modified exponential map Exp : C — C \ {0} defined in (2.4) is a covering
map which is anti-holomorphic. The map CIDJTI : S(Sf — C \ {0} can be lifted to an anti-
holomorphic map

Xr e f)f - C

such that
Expo xr({) = ®7'(¢) forall¢ € Oy.

See Figure 4. There are infinitely many choices of ¢ : f)f — C. But the following result
holds.

Proposition 2.6 ([2, Proposition 1.9]). There exists ky € NT such that forall f € 48, U
{Qq} with a € (0, &}] and any choice of the lift yr, we have

sup{[Re({ — )| : 8. ¢ € xp(Df)} < k.

8For example, this happens when ¢ lies on (D (S + ) N(Pr(Sp)+j+Dforl<j<
by —1.
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Proposition 2.6 was proved by applying Proposition 2.3, the pre-compactness of the
class 454 and a uniform bound on the total spiral of the set &+ about the origin (see
[7, Proposition 12] or [10, Proposition 2.4]).

From [30, Section 5.A] or [14, Propositions 2.6, 2.7] (the top and bottom near-
parabolic renormalizations can be defined for all f € dSo U {Qq} with @ € (0, ]]),
Py is contained in the image of f. By Lemma 2.5, we have ¢;1(35f) C f(Uy). Since

f(Us) C P(U") =D(0, 2;4764”), it follows that Im ¢ > —2 for every ¢ € )(f(ﬁf), where

P(z) = z(1 4+ z)? and U’ is defined in (2.5). Therefore, by Proposition 2.6, there exists
a choice of yr, denoted by yr,, such that

X70(Dy) C{EeC:1<Rel <ky +2and Im¢ > —2}. (2.8)
We define
ky+ko+ki+2
Dy = int(cpf(ff) u | @+ j)), 2.9)
j=0

where kg, k; € N1 are as in Propositions 2.3 and 2.6 respectively. Let k € N* be as in
Proposition 2.2.

Lemma2.7. Forall f € 48, U{Qq} withO <o <&, :=min{e],1/(k+ko+ki +4)},
we have Dy C Dy. Moreover,

Dy CPp(Pr)U{CeC:0<Rel—([1/a| —k) <2ko+ki+3/2},

2.1
Dy D Bp(Py)ULE €C:0<Rel—(|1/a] —k) <ko-+ky+3and Im¢ = 0}. (@10

Proof. The condition on « implies that ky + ko + k1 +2 < kg + |1/a| —k — 2. Then
we have Dy C ﬁf by definition.

Since ®¢(Sy) C{{ € C:0 <Rel < [1/a] —k — 1/2} by Proposition 2.3 (b), for
(e Dy wehaveRel < |1/a] +kr+ko+ki—k+3/2<|1/a|+2ko+ki—k+3/2.
Hence (2.10) holds.

By (2.1) and (2.2), we have U D (0, 8/9) (see also [10, Lemma 6.1]). For any
f €d8aU{Qq}, by Koebe’s 7-theorem we have Ur D D(0,2/9). Since Exp(®¢(Sy)) D
Ugr \{0}and R f € 48 1/q, we have ID(0,2/9) C Exp(Ps(Sy)). Since f°kf(Sf) =
Cr U ‘8)3 C #r, we have Re{ > [1/a| —k for all { € ®¢(Sy) + ky. This implies that
{{eC:-3/2<Rel{—(|1/oe] —k)<land Im¢ > —% log %} is contained in the
interior of Uf’io(q’f (Sr) + j). Therefore, Dr \ @7 (Fr) contains {{ € C: 0 < Rel —
(I1/a] —k) <ko+ ki +3and Im¢ = 0}. [

2.4. Some quantitative estimates

Let or # 0 be another fixed point of f € 484 U {Qq} near 0 which is contained in
08¢ for small o > O (see Figure 2). It depends continuously on f and has asymptotic
expansion

of = —4wai/fy (0) + o(e) (2.11)
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as [ — fo € 450 U{Qyp} in a fixed neighborhood of 0 (see [45, Section 3.2.1]). By
[30, Main Theorem 1 (a)], | fy'(0)| € [3,7] for all fy € 4S¢. By the pre-compactness
of 48, there exists a constant D¢ > 1 such that forall f € d§o U {Q4} witha € (0,&1],
one has

a/Dy < |of| < Dyer. (2.12)
For a general statement of (2.12) (i.e., for & € C), see [14, Lemma 3.25 (1)].

Let o
(W) = 1—f (2.13)

_ e—2ni¢xw

be a universal covering from C to @ \ {0, o7} with period 1/c. Then t7(w) — 0 as
Imw — 400 and 77 (w) — o7 as Imw — —oo. There exists a unique lift F¢ of " under
7r such that

fotr(w) =170 Fr(w) with o O<>(Ff(w) —w) = 1.

li
muw—-+
The set ‘L'f_l (&) consists of countably many simply connected components. Each of them

is bounded by piecewise analytic curves going from —ooi to +o0i. Let {/’Sf be the unique
component separating 0 from 1/«. Define

Ly :=®s ot : Pr— C. (2.14)

Then L is univalent and it is the Fatou coordinate of Fr since Ly (Fr(w)) = Lr(w) + 1
if both w and Fr(w) are contained in &¢.
For o € (0,,] and R € (0, +00), we define

Oa(R) :=C\ | J D(n/e. R).

nez
For C > 0, we denote ac := Ce>™/12 and define a piecewise analytic curve
le = {w e C:arg(w—ac) = %n} u {w € C:arg(w—ac) = —%n}
i0 . 5z 5
U{Ce” : 0 e[-3%,3Z]}.

Then £c U (—{c + 1/a) divides C into three connected components.” Let A;(C) be
the component of C \ (¢ U (—€¢ + 1/a)) containing 1/(2«). The following result is a
summary of [10, Lemmas 6.4, 6.7 (2), 6.6, 6.11].

Lemma 2.8. There are constants e € (0,€1], Co, Cj > 0 and C§' = 6 such that for all
fedS, U{Qq} witha € (0, &3],

(a) Fy is defined and univalent in ©4(C{), and for allr € (0,1/2] and all w € O (r/a) N
Bu(C})),

1
|Fy(w) — (w + D], [Fp(w) — 1] < min{z,c(,;e—mlmw};

9We always assume that o is so small that ©4 (C) is connected and hence 1/(2a) € O (C).
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(b) forall' R € [Cy,2/a] and all w withD(w, R) C Ay := A1(Cy) and Imw = —1/«,

1 Co
s+ =
L (w)] R

(©) Ly: j;f — C has a unique univalent extension onto ﬁf U Ay such that Ly (Fr(w)) =
Ly (w) + 1 if both w and Fr(w) belong to Pr U Aq;

(d) foranyr > 0 there is K, = 1 depending only on r such that''
K< (LYY QI < Ky forallg € @p(Pr) \D(O, 7).

Lemma 2.9 and Proposition 2.10 below are useful in the estimates of the locations of
the points under ®7' and .

Lemma 2.9. There exists a constant Do > 0 such that for any D > 0, there exists Dy >0
such that forall f € 484 U {Qq} witha € (0, &3],

(@ Do < |L7' Q)| < Diforf € @p(Pr) N D0, Dy);
(b) Do < |L;'(¢) = 1/a| < Dy for ¢ € ®p(P) ND(1/a, DY).

Proof. By the continuous dependence of the Fatou coordinates of the maps in 48, the
pre-compactness of d$¢ and the fact that ¢ is compactly contained in the domain of
definition of f, there exists a constant Ry > 0 such that

Pr CD(,Ry) forall f edSy U{Qq} witha € (0, &2].

By (2.12) and the formula for 77 in (2.13), a direct calculation shows that there exists a
constant Dy > 0 such that the Euclidean distance satisfies dist(Lj?l(E ), Z/a) = Dy for
all fedSy U{Qq} witha € (0,¢;] and all £ € Oy (FPr).

By Lemma 2.8 (d), there exists a constant K; > 1 such that

Ki' < (LY O] < Ky (2.15)

forall f € dS4 U {Qq} with @ € (0,62] and all { € @ (Pr) \ D. From [10, Proposi-
tion 6.17], there exists a constant C; > 0 such that forall f € 4§, U{Q,} witha € (0, &5]
we have

IL7'(3/2)| < Ci. (2.16)

Without loss of generality we assume that D} > 1. Combining (2.15) and (2.16), there
exists a constant C, > 0 depending only on Ky, C; and D7 such that |L;1(§)| < C, for

all f €dSyU{Qq} witha € (0,82] andall § € (Pr(Pr) N D(0, D/)) \ D. On the other

1011 [10, Lemma 6.7(2)], R is contained in [3.25, 1/(2a)]. In fact the estimate of |L} (w)| there
still holds if R € [3.25, C/«] for every C = 1/2 (only the constants in the estimate have to be
modified).

By Lemma 2.8 (c), the number Xy defined in [10, equation (50)] satisfies xy = |1/a| — k.
Hence by [10, Lemma 6.11] this part holds for all { € ®¢(Pr) \ D(0, r).
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hand, by Lemma 2.8 (a) and applying

L) = Flo L7\ ¢ + 1),
there exists a constant C3 > 0 such that |LJ71(§‘)| < Cs forall f € dSy, U{Qq} with
a € (0,e]and all § € @7 (Pr) ND.

By Lemma 2.8 (d) and [ 10, Proposition 6.16], there exists a constant C4 > 0 depending
on D/ such that |L;1(§) —1/a| < Cyforall f €dS,U{Q,} witha € (0,e3]and all ¢ €
S (Pr)N D(/a, D1). Then the proof is complete if we set D := max{C,,C3,Cs}. m
Proposition 2.10 ([10, Propositions 6.19 and 6.17]). There are constants €, € (0, £2] and
Dy > 0 such that for all f € 484 U{Qq} witha € (0, &),

(@ ifcel0,|l/a]l —k]+i[-3,+00), then

IL71(Q) =&l < Dalog(1 + 1/a);
(b) ifcel0,[1/a] —k]+i[-3,1/a], then
IL7'(§) = ¢ < Do min {log(2 + [¢])., log(2 + |¢ — 1/a)}.

Proposition 2.10 (a) was proved in [10, Proposition 6.19] (see also [10, Proposition
6.15]). Statement (b) was proved in [10, Proposition 6.17] for ¢ € [0, |1/a| — k] (i-e.,
¢ € R). However, the arguments there can be appliedto ¢ € [0, |1/a] — k] +1[-3,1/¢]
completely similarly by using [10, Lemma 6.7] and Lemma 2.9. For more details on the
study of Ly and L;l, see [10, Sections 6.3-6.6] and [14, Section 3.5].

Let X,Y = 0. Weuse X < Y todenote that X and Y are of the same order, i.e., there
exist universal positive constants C; and C, such that C1Y < X < C,Y. Let Dy be the
set defined in (2.9).

Lemma 2.11. There exist constants €3 € (0, 5] and D3 > 0 such that for all f € 484 U
{Qaq} witha € (0, &3],
@) if¢ € Of withIm¢ = 1/a, then

-1 _ o 1 1 )
|D, (5| < Samaimt and ‘Im)(f@) - (05 Im¢ + Elog &)' < Ds;

(b) if ¢ € Dy withIm¢ € [-3,1/a), then

e I I
1% “)'“ma"{m;r1+|z—1/a|}’

1
'Im)(f(f) — 5 min {log(l +[¢]).log(1 + | —1/a])}| < Ds.

Proof. By the definition of d>]71 in Lemma 2.5, if £ € Dy \ ®f(P5), then there exists
a positive integer j € [1,kr + ko + k1 + 2] such that { — j € ®7(Pr) and d>]71(§) =
Y (CIDJTl (¢ — J)). By the pre-compactness of 4§, it is sufficient to prove the statements
in this lemma for { € ®7(Fy).
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(a) By Proposition 2.10 (a), we have
Im¢ — Dylog(l + 1/a) < ImL/?l(é’) <Im¢ + Dy log(1l + 1/@).
If o is small, then so is e log(1 + 1/@). Suppose ¢ € Dy withIm ¢ = 1/a. Decreasing o
if necessary, we assume that Im ¢ — D5 log(1 + 1/a) > 1/(2«). Denote w := L;l(g).
Then |e 270w | = |g27aImw , p=27iaRew| o7 Note that a log(1 + 1/c) is uniformly
bounded above. Since Im¢ > 1/a, we have

|1 _e—2rriaw| = p2ralmw 82nalm§.
By (2.12)—(2.14), we have

©710)] = oy 0 L7 ()] = ‘1_:/' i

T p2malmg’

—2micw

Denote y :=ImExp~!o <I> 1(¢). By deﬁnltlon we have 27 < o fe?TeImE A direct

calculation shows that y = o Im{ + 5 log +0Q1), where O (1) is a number whose
absolute value is less than a universal constant

(b) We divide the argument into two cases. Firstly we assume that { € Dr withRe{ €
[0, 1/(2a)]. By Proposition 2.10 (b), we have

IL71(Q) = ¢ < Dalog(2 + [¢)). (2.17)

Let D} > 0 be the smallest constant depending only on D, such that if |[{| = D, then

[C] = Dzlog(2+ [¢]) + 1.1f |¢] = D{,and Re € [0,1/(2a)] and Im § € [-3, l/oz] by
(2.17) we have

ILF QI = ¢+ 1. (2.18)

If |¢| < D},and Re¢ € [0,1/(2«)] and Im ¢ € [-3, 1 /«], by Lemma 2.9 (a) there exists
a constant Dy > 1 depending only on D/ such that Dy < |L 1(¢)| < Dy. Therefore, we
still have (2.18).
Next we assume that Re ¢ € [1/(2«), |1/« — k]. By Proposition 2.10 (b), we have
IL7'(6) — ¢l < Dalog(2 + ¢ — 1/a)). (2.19)
If | —1/a| = Dy, then |{ — 1/a| = Dylog(2 + | — 1/a]) + 1.If |{ — 1/a| = D7, and
Rel € [1/Q2a), |1/a] —k]andIm ¢ € [-3,1/«], by (2.19) we have
L) = 1/al = (L7 =) + = 1/a)| = [{—1/a| + 1. (2:20)
If|¢ —1/a| < Dj,andRel €[1/(2w),|1/a] —k]andIm¢ € [-3,1/a], by Lemma 2.9 (b)
we have Dy < |L 1(¢) = 1/a| < D;. Therefore, in this case we still have (2.20).
Denote w := L 1(¢). By (2.17) and (2.19), if & is small enough, then —1/4 < Re(aw)
<5/4 and |ow| < 3/2. By (2.12), (2.14), (2.18) and (2.20), we have

{ror =71
= max{ —, ———
lw|" [w—1/«f

1 1
ma"{1+|z|’1+|¢—1/a|}'

o d)jtl () follows by a direct calculation. ]

e—27rio¢w

97O = | = v

X

Then the estimate of Im Exp~!
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Remark. (1) There exist some overlaps between the estimates in Lemma 2.11 (a, b).
Indeed, if { € O and Im ¢ < 1/, then

- _ _ 1 1
|<I>f1(§')| =a and ImExp'o <I>f1(§) = Eloga + 0(1).

(2) Lemma 2.11 illustrates how the renormalization microscope x reshapes the
geometry of the Siegel disk at deeper scales. Specifically, part (a) is for the points deep in
the Siegel disk, while (b) is for the points close to the Siegel boundary.

The following lemma can be seen as an inverse version of Lemma 2.11.

Lemma 2.12. There exist constants D4, Ds > 1 and €’y € (0, €3] such that for all f €
ISo U{Qq} witha € (0, 5],
(a) if ¢’ € C satisfies Im¢’ = % logé + Dy, and Exp({') € $r and @5 o Exp({’) €
(0,2] +1i[-2, +00), then
1 1 1 D
Im ®¢ o Exp({’) — —(Imé" — —log —)‘ <=,
o 2 o o

(b) if ¢’ € C satisfies Im¢’ < %logé + Dy, and Exp({') € $r and ®f o Exp({’) €
0,2] +1i[-2, +00), then

|log(3 4+ Im @/ o Exp({)) — 27 Im{’| < Ds.

Proof. (a) Denote { = ®¢ o Exp({’) € & (Pr). By Lemma 2.11 (a), if In{ > 1/ we
have
<Ds

1 1 1
’Im{—&(lmﬁ’—gloga)‘ - (2.21)

Suppose Re ¢ € (0,2] and Im ¢ € [-2, 1/a). By Lemma 2.11 (b), we have

1 1 1 1 1
Im¢' < Zlog(1+|§|)+D3 < Elog(&+3) + D3 < Eloga+D3+1.

Therefore, if Im¢’ = 5-log L + D3 + 1, thenIm¢ = 1/ or Im¢ < —2. By the assumption
of the lemma we have Im¢ = 1/« and (2.21) holds. Then part (a) follows if we set D4 :=
D3 + 1 and D5 := Ds.

(b) Denote ¢ = ®f o Exp(¢’) € (0,2] +i[-2, +00). By (2.21), if Im¢ € [1/a,
(1 + 2D3)/«], we have |log é 4+ 2raIm¢ — 27 Im¢’'| < 27 D3 and hence

log(3 + Im¢) — 27 Im{’| < [log(Ba + o Im &) — 2ma Im | + 27w D3

<
< log(4 +2D3) + 6w D3 + 2.

ByLemma?2.11 (b),ifRe¢ € (0,2] and Im¢ € (=2, 1/a) we have [log(1 + |¢]) — 27 Im |
< 2w D3 and hence

[log(3 +Im¢) — 27 Im¢’| < [log(3 + Im¢) —log(1 + [¢])| + 27 D3

<
< log5 + 2nDs.
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Set Ds = log(4 + 2D3) + 6w D3 + 2. Then if Im¢ < (1 + 2D3)/o we have
[log(3 + Im¢) — 2n Im¢'| < Ds. (2.22)
Suppose Im¢ = (1 4+ 2D3)/a. By Lemma 2.11 (a), we have

1 1 1 1
Im¢{ 2o Im¢+ —Ilog—— D3 = —1log—+ D3 + 1.
2 o 2 o

Therefore, if In ¢’ < ﬁ logé + D3 + 1,then Im¢ < (1 + 2D3)/« and we have (2.22).
Summing the constants in parts (a) and (b), the lemma follows if we set D4 := D3 + 1
and D5 :=log(4 4+ 2D3) + 67 D3 + 27. n

In the following, we use /' to denote dh/dz if  is holomorphic and denote d4/9z if h
is anti-holomorphic. The following result is useful in the estimate of the Euclidean length
of curves in Fatou coordinate planes.

Proposition 2.13. There exist positive constants €4 € (0, €3] and D, Dy, D¢ > 1 such
that forall f € 484 U {Qq} witha € (0, g4],

(@) if¢ € Dy withIm = 1/(4w), then
X/ Q) — a| < Dore >
(b) if ¢ € Df withIm{ € [-2,1/(4a)] and r = min{|¢|, | — 1/|} = Dy, then

, o D6
|Xf(§)| S 1— e—2na(r—Dé log(2+r)) (1 + T)’

where D, and Dy are so chosen that r — 2D’ 1og(2 +r) = 4 if r = D.

Proof. Part (a) is proved in [9, Proposition 3.3]. We only prove part (b). For the continuous
function
0() 1= |1 = 2],
where z € B, := {0e'? : 0 € [-7/4,57/4]} with 0 < ¢ < 2/3, by a direct calculation'?
we have
min ¢(z) = p(0e'™?) = g(oi) = 1 — 7" (2.23)
o

Case 1. We first consider { € A; == Dy N{{ € C:Rel € (0,1/Ra)]and Im ¢ €
[-2, 1/(4a)]} and denote w := LJII(C) € #r. By (2.4), (2.13), (2.14) and a straight-
forward calculation we have
1) = Exp~ 0 71 Q) = Exp~ 077 0 L7 (0)
o 1

=— . ) (2.24)
1— eZmaw L} (LU)

12By setting r := 27p, B := 6 — /2 and considering the derivative of f — (go(éei(ﬂ""”/z) ))2,
it suffices to verify that e =7 ©58 sin 8 — sin( — r sin 8) > 0 forany r € (0,47/3] and 8 € (0,37/4].
This can be done by considering three cases: (1) § —rsin 8 € [-7,0]; (2) B —rsinf € (0, /2]
and B € (0,7/2];and 3) B —rsinB € (0,37 /4] and B € (/2,37 /4].
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By Proposition 2.10 (b), we have
w € D(. Dalog(2 + [¢]). (2.25)

Let Cy = 6 be the constant and A; = A;(C})) be the domain introduced in Lemma 2.8 (b).
Let C; = 1 be a constant depending only on CJ' and D> such that if |{] = Cy, then

|¢] —2Dslog(2 +|¢]) =4 and D(w,Cy) C A;. (2.26)

We assume that £; > 0 is so small that if &« € (0,&;], then ¢|¢| < 3/5 and Dy log(2 + [¢])
< 1/15forall { € Ay. Hence

a|l| + Daalog(2 + [¢]) <2/3 forall¢ € A;. 2.27)

By (2.25)=(2.27),for{ € A} := A1 N{L e C:|¢| = Cy} we have aw € {pe? :0 <0 <2/3
and —7/4 < 6 < 37 /4}. According to (2.23), we have

|1 _ eZni(xu)| >1-— e—2n(x(\§‘|—D210g(2+|§'|)). (2.28)
On the other hand, by (2.26), Lemma 2.8 (b, d) and Proposition 2.10 (b), there exists a

constant C, > 1 depending only on C; and D> such that if { € A’ then

1 C,
<142 2.29
il < 229

Combining (2.24), (2.28) and (2.29), if { € A we have

’ d C
|Xf(§)| < 1 — e—2ma(|¢|-D2log(2+I¢]) (1 + E)

Case 2. Suppose { € Ay := Dy N{{ € C:Rel > 1/(2a) and Im ¢ € [-2, 1/(4a)]}.
By the definition of Oy in (2.9), there exist an integer J > 1 which is independent of f
and jo € N with jo < J such that { — jo € @¢(Pr) N{{:Rel > 1/(20r)}. We denote
w = L;l(é’ — jo) € ﬂ;f and W := F;jo(w). Then

1 (©) = Exp~ o £ 0 &7 (¢ — jo)

o (FRYw)
1— e27rio¢ﬁ)' L} (LU)

= (Exp ' o1y 0 F0 0 L7 (¢ — jo) = — (2.30)

By Proposition 2.10 (b), we have
w € D(¢ = jo. D2log(2+ |¢ = jo— %))

Let CJ = 6 and Ay = A;(C{) be as in Lemma 2.8 (b). By Lemma 2.8 (a), there exist pos-
itive constants C; and C’ depending only on C{/, D, and J such thatif |{ — 1/a| = C{,
then

D(w.Cy) C Ay and |F}/(w)—1/a] = C/'|t - 1/a| (2.31)
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forall j =0,1,..., jo. Also by Lemma 2.8 (a), there exists a constant D}, = D, depending
only on C{/, C{, D> and J such that

G=F JO(w)e]D)(g' D} log(2 + |¢ — 1/al))

and ,

°joy/ D;
I(F7) (w) < 1+ T al (2.32)

Let C; = C| be a constant depending only on C{ and D/, such thatif |{ — 1/a| = C,,
then
|¢—1/a| —2Djlog(2 + |¢ — 1/a|) = 4.

Moreover, we assume that £, > 0 is so small that if & € (0, &;], then
a|¢ —1/a| + Dyalog2 + |¢ —1/al) <2/3 forall{ € As.

For{ e A, :=A,N{¢eC:|{—1/a] = C,}, we have ad — 1 e{oe? :0<p<2/3
and 7/4 < 0 <57/4}. By (2.23) and |1 — 2’”Z| = |1 — 27D we have

|1 _ e2niaﬁ| >1— e—2na(|§—1/a|—Dé10g(2+|§—1/(x\)). (2.33)

Similarly, by (2.31), Lemma 2.8 (b, d) and Proposition 2.10 (b), there exists a constant
C3 = 1 depending only on Cy’, C; and D/, such that if { € A/, then
1 C
<l
|L% (w)] 1§ —1/«f

Combining (2.30), (2.32), (2.33) and (2.34), if { € A/, we have

(2.34)

o C;
/ < 3
|Xf(§)| =~ 1— e—2mx(\§—1/a|—D’2log(2+\§—1/a|)) (1 + |é‘ _ 1/0(|)

for a constant C; > 0 depending only on C3 and D). The proof is complete if we set
g4 = min{e}, €1, &}, Dg := max {Cy, C,} and D¢ := max {C», C}}. [ ]

Remark. Proposition 2.13 will be used in the proof of Lemma 4.8. In [10, Proposition
6.18], an estimate of | )(} (¢)| has been obtained for ¢ € [1, 1/(2«)] in another form.

2.5. Renormalization tower and orbit relations

In the rest of this paper, we always assume that the integer N is so large that N = 1/¢y,
where g4 > 0 is the constant of Proposition 2.13. Let [0; a1, a3, ...] be the continued
fraction expansion of &« € HTy. Define o := «, and inductively for n = 1, define the
sequence of real numbers «,, € (0, 1) as

1 1
oy = — { J forn = 1. (2.35)
Op—1 Xp—1
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Then each o, has the continued fraction expansion [0; a1, dn+2, . . .]. By definition, we
have oy, € (0, 4] foralln € N.

Leto € HTy and fp € 4S8 U{Qq}. By Theorem 2.4, the following sequence of maps
is well-defined for all n = 0:

fn+1 = :an : Ufn+1 — C.
Let U, := Uy, be the domain of definition of f, for n = 0. Then for all n, we have
fu:Un—C, f,(0)=0, f/(0)=e>™ and cv=cvy =—4/27.

For n = 0, let ®, := &y, be the Fatou coordinate of f, : U, — C defined in the
perturbed petal &, := &, and let €, := €y, and f’ﬁ = ‘C}n be the corresponding sets
for f, defined in (2.3). Let k, := ky, be the positive integer in Proposition 2.3 such that

SY:=8, =€ nyEh™ c{ze P, 0<ReDy(z) < [1/an] —k—1/2}.

Forn =0, let {5,, = ﬁfn and D, := Dy, be the sets defined in (2.6) and (2.9) respectively.
Note that D, C D, by Lemma 2.7. According to Lemma 2.5, we have a holomorphic map

o' Dy — Uy \ {0}

such that ®,1(¢ + 1) = f, 0 @, 1(0)if ¢, L+ 1 € Dy. We denote the lift Xf,0 in (2.8)
by xn,0. Then forn = 1 we have

Xno(Dy) C{eC:1<Rel<ky+2and Im¢ > -2} C ®p1(Pu_y). (2.36)
Each yp o is anti-holomorphic. For j € Z we define
Xn,j = Xno +J. (2.37)

In the following we are mainly interested in y, ; with0 < j <a, = [1/ay—1].

Recall that for § > 0, Bs(X) is the §-neighborhood of a set X C C with respect to the
Euclidean metric. The following lemma will be used to prove uniform contraction with
respect to the hyperbolic metrics in the domains of adjacent renormalization levels (see
Lemma 4.7).

Lemma 2.14 ([2, Lemma 2.1]). There exists a constant §q > 0 depending only on the
class 48 such that foralln = 1 and 0 < j < ay,

BSO(Xn,j (Dn)) C Dy—1.

For n = 0, recall that J, is the perturbed petal of f,. For n > 1, we define an anti-
holomorphic map ¥, by

wn = q);il o Xn,o o CDn N j)n — g)n—l' (238)
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Hence we have the following diagrams:

oL ol
t‘Pn—l — an—l(C(Pn—l) Un—l — ﬂn—l
wnT TXn,o TXV!,/‘
n 2,
Py ——— D,(P) U, +—— D,

Each ¥, extends continuously to 0 € 3/, by mapping it to 0. For n = 1, we define
W, :=yr0--0Yy,: Py —> Py C Up.
Forn = 0andi > 1, define the sector
SE = Ynt1 00 Ynti(Sey;) C P
In particular, S§ C & for all n = 0. Define
Pr={z€Py:0<Re®,(z) < |[1/ap] —k—1}.

Let g, be the denominator of the convergents [0; @y, . . ., a,] of the continued fraction
expansion of «. Recall that k, = kg, is the positive integer as in Proposition 2.3. The
following lemma was proved in [ 10, Section 3] and parts of the results can also be found in
[7, Section 1.5.5]. The proof is based on the definition of near-parabolic renormalization.

Lemma 2.15 ([10, Lemmas 3.3, 3.4]). Foreveryn = 1,

(a) foreveryz € P, [ oY, (z) = Yy 0 fu(2) and f3?" o Wyu(z) = Wy 0 fo(2);

(b) forevery z € S0, £V 0y (2) = Y o £ 2) and f7E TN 0 0 (2) =
v, o fno "(2);

(c) for everym <n, fn: P, — Py and fnok” H N AT ‘€,§ are conjugate to some

iterates of f on the set Wpyy4q 0 -+ 0 Yy (Py).

In particular, the dynamics of f, is conjugate to the dynamics of fo. Specifically, the
first ky iterates of f on S? correspond to knqn + qn—1 iterates of fo, and the next
|1/ | — k — 2 iterates correspond to g, (| 1/an | — k — 2) iterates of fo.

For each n € N, by (2.7) we have
by :=ky+ [1/an] —k—2=ay4+1 + 1.

From the definition of D, in (2.6) and by Lemma 2.15, the following sets are well-defined
for eachn = 0:

bn bnan+qn—1
Q)= JA7sHutor and Q5= (7 (SHULo)
j=0 j=0
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Definition (High type Brjunos). Let N be the integer fixed before. Define

By = {a =[0;a1,d2,...] € (0, 1)\ Q (2.39)

« is Brjuno and
n=N,¥n =1

Then By is strictly contained in HT y .

Proposition 2.16 ([ 10, Propositions 3.5, 5.10 (2)]). Let fo € dSo U{Qq} witha € HT 5.
Then for alln = 0,

(a) Qbt!is compactly contained in the interior of QP and fo(QBt!) C QB;

(b) ifa € B, then int((),—, 28) = Ao, where Ay is the Siegel disk of fo.

In the rest of this paper, unless otherwise stated, for a given map fo € S, U {Q4}
with @ € HT y, we use f;, to denote the map after n-th near-parabolic renormalization. We
also use Uy, #, and @, etc. to denote respectively the domain of definition, the perturbed
petal and the Fatou coordinate etc. of f;,.

3. The suitable heights

3.1. Radii of Siegel disks
The following classical distortion theorem can be found in [37, Theorem 1.6, p. 21].

Theorem 3.1 (Koebe’s distortion theorem). Suppose f : D — C is a univalent map with
f(O) = 0and f'(0) = 1. Then for each z € D we have
— Iz 1+ 2|
@ ——S5 <Ol —X3
(1 +1z1)? (1—z])?
|| ||

) G SIS G
L+

(© farg f'(2)] < 2log -1
Let g := o € By and o, € (0, 1) be the number defined inductively as in (2.35) for

n = 1.Denote f—; = 1 and B, := [];_y & forn = 0. The Brjuno sum B(«) of « in the
sense of Yoccoz is defined as

1 1 1 1
B(a) = Zﬂn 1log— log — + aglog — + agary log — + -+ . (3.1)
ne0 (041} (05} (0%)

It is proved in [53, Section 1.5] that |B(a) — Y oo ¢ ' 10g gn+1] < C’ for a universal
constant C’ > 0.

Suppose a holomorphic map f has a Siegel disk Ay centered at the origin which is
compactly contained in the domain of definition of f'. The inner radius of Ay is the radius
of the largest open disk centered at the origin that is contained in A¢.
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Lemma 3.2. There exists a universal constant D7 > 1 such that for all fy € 484 U {Qq}
with a € By, the inner radius of the Siegel disk of f;, is cne™ @) with 1/ D7 < ¢, < D4
foreveryn € N.

Proof. By the definition of near-parabolic renormalization, f, € J8,, with o, € By
for all n = 1. Then according to [5], each f, with n = 0 has a Siegel disk centered at
the origin. By the definition of Inou—Shishikura’s class and Koebe’s distortion theorem
(Theorem 3.1 (b)), f, is univalent in D (0, ¢) for a universal constant ¢ > 0. According
to Yoccoz [53, p. 21], the Siegel disk of f, contains a round disk D (0, Cle_i’)("‘”)) for a
universal constant C; > 0, where

1 = 1
B(on) :=1log — + Yty i1 log (3.2)
Op =1 Xpn+k

is the Brjuno sum of «;, defined in (3.1). On the other hand, by [10, Theorem G], there is
a universal constant C, > 1 such that the inner radius of the Siegel disk of f;, is bounded
above by Cre 8@ for all n € N. The lemma follows with D7 := max {C2,1/Cq}. m

3.2. Definition of the heights

In the following, we use A, to denote the Siegel disk of f, for all n = 0, where f, €
I8y U{Qy} with ¢ € By and f, is obtained by applying the near-parabolic renormal-
ization operator.

Definition (The heights). Let M > 1. For n = 0, we define

_ Blew) M

hy, - .
" 2 oy

(3.3)

There are many choices of the height /,. One of the candidates is % + M.In
order to apply Lemma 2.11 (a) directly, we choose £, above so that i, > 1/a,. Similar
to (2.3) (see Figure 3), we define

‘Eﬁ ={zeP,:1/2<Red,(z) <3/2and Im ], (z) = h,}.

Let (‘gnﬂ)_k” be the component of f,,_k" (%',‘,*) contained in (fﬁ)_k". Recall that v, is
defined in (2.38). Forn = 0 and i = 1, we denote

V0= (EH 7k < 8% and Vi = i1 0.0 Y (V) C SE.
Lemma 3.3. There exists a universal constant My = 1 such that if M = M, then for all

n=0andi =0, V,f is compactly contained in A,,.

Proof. We first prove that Vn0 is compactly contained in A, foralln = 0if M > 1 is large
enough. By a straightforward calculation, the image of ®, (‘6,5 ) under Exp is a punctured
rounded disk centered at the origin with radius

—2mhy, — 4 _anm

ie e an .o Blant1) Le_ﬂ(an—&-l)
27 27 D5
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iftM =M, = % log D7 + 1, where D > 1 is the constant of Lemma 3.2. This implies

that Exp o @, (@,ﬁ’) is compactly contained in the Siegel disk of f, 1 if M = M;. Hence
there exists a small open neighborhood D of gﬁ in $, such that Exp o ®,(D) is com-
pactly contained in the Siegel disk A, 1. By Lemma 2.15 (c), f, can be iterated infinitely
many times in D and the orbit is compactly contained in the domain of definition of f;,.
Note that 0 € D. Therefore, D is contained in the Siegel disk of f, and at,i € A,. Since
£k (v9) = €} and 0 € V0, we have V° € A,.

For each z € V2, there exists a small open neighborhood of z on which f, can be
iterated infinitely many times. By Lemma 2.15 (b), there exists a small open neighborhood
of W, (z) € V on which fj can also be iterated infinitely many times. Since each z € V,2
has this property and 0 € 9V}, it follows that Vj' € Ag. By a completely similar argument,
we have V| € A, foranyi,n > 0. n

Note that the forward orbit of V! is compactly contained in A, for any n,i > 0.
Moreover, the backward orbit of V! is also compactly contained in A, if the preimage
under f, is chosen in A,. In the following, we always assume that M > M; unless
otherwise stated.

3.3. The location of the neighborhoods

For n = 0, each V,Y U {0} is a closed topological triangle'* whose boundary consists of
three analytic curves. We use 8’ V.0, 3" V. and 9”2 to denote the three smooth edges of
V.9, where f£,(0'V,0) = 0" V.0 and 3' V.2 N 9" V,? = {0}. The superscripts ‘/’, ‘r’ and ‘b’
denote ‘left’, ‘right’ and ‘bottom’, respectively. See Figure 5.

Fig. 5. In the dynamical plane of f, the sets 3! Vno, " Vn0 and /, ,? are colored cyan, purple and red
respectively. The blue set is the (partial) forward orbit of the critical point cpy, . The sets VnO and
‘6& = fnok” (Vno) are colored gray.

3Here we use the fact that for any x € (0, | 1/ay | — k), limy s 4 00 @, 1 (x + yi) = 0 (see
[14, Proposition 2.4 (a)] or [10, Lemma 6.9]).
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A similar naming convention is adopted for V,f and their forward images for all
n,i = 0. For example, 9! Vni ‘= Yp410---0 wn_H(Bl Vn0+l.) if i is even, while ' Vni =
Ypt1 0+ 0 Ypyi (0" Vn°+i) if i is odd (note that each v; is anti-holomorphic). For sim-
plicity, we denote

10 := 3"V c A,.
The ‘left’ and the ‘right’ end points of 12 are denoted by 3/ 12 and 0" 12 respectively so
that £, (0" 1%) = 9" I?. A similar naming convention is adopted for /! and their forward
images for all n,i > 0. In particular, by Lemma 2.15 (a) we have f5% (3’ I}) = 9" I} if
nisevenand fy 7" (0" 1) = 8" 1} if n is odd. Moreover, let 3 S} and 9" S, be the smooth
edges of S containing 9’ V! and 8"V} respectively.

Let k, = ky, = 1 be the integer of Proposition 2.3, D3 > 0 be the constant of Lemma
2.11 and O, = Dy, be the set defined in (2.9).

Lemma 3.4 (see Figure 6). There exists a constant My = 1 such that if M = M>, then
foralln € N,

(a) diam(®,(I°)) <2and |Im¢ — hy| < 1 forall ¢ € ®,(10);

b) up(y):={¢eC:Im¢=y}nN @n(als,?) is a singleton forall y = h, — 1;

(c) diam(B,) < 1, where B, is the arc in ®, (' S?) connecting u, (hy) to ®, (' 1?).

D, (S9) B,(S0) + ky — 1

B EEEEREEEE

D=

Fig. 6. The sketch of the construction of the continuous curve y,? (in blue) in the Fatou coordinate
plane of fy. The two red dots denote the initial and terminal points of y,? and they have the same
image under the map @;1. In particular, @;1 (y,?) is a continuous closed curve in the Siegel disk

of fu.

Proof. The proof is mainly based on applying Koebe’s distortion theorem and the defini-
tion of near-parabolic renormalization.
(a) By the definition of near-parabolic renormalization, we have

Frr1(Exp o @, (V) = Exp o @,(EF).
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Note that Exp o &, (g,f ) U {0} is a closed round disk with radius

_2nM _
[n = 24—76 an -e £(an+1)_

By Lemma 3.2, A, 4+; contains the disk D (0, ¢, ), where
G = D7_le_$(a"+l).

Therefore,
g:= f31 1 D0, 6n) = Ay (3.4)
is a well-defined univalent map with |g’(0)| = 1. If M is large enough such that ¢,, is much
smaller than ¢,, then by Theorem 3.1 the distortion of the circle g(dID(0, ¢,)) relative to
dD (0, t,) can be arbitrarily small. Part (a) is proved if we notice that ®, (1) is the closure
of a connected component of Exp~! o g(dD (0, t,) \ {tn}).
(b) Still by the definition of near-parabolic renormalization, we have

Fus1(Expo @,(3'S)) = (0, 2£e*].

Since D(0,6,) C An1, we have f,71 ([0, 35¢*7]) N g(D(0,64)) = g([0,5n)), Where g
is defined in (3.4). On the other hand, by (3.4) and Theorem 3.1 (b), we assume that M
is so large that ¢, is small and g(ID(0, ¢,)) D D(0, €% 1,). According to Theorem 3.1 (c),
we assume further that M is large so that g([0, ¢,)) N dD(0, r) is a singleton for any
0 < r < e?™y,. Therefore,

Expo @, 8 N{zeC:|z|=r}
is a singleton, where 0 < r < €271, = 24—7e_2”(h”_1). This proves (b).
(c) By the definition of near-parabolic renormalization, we have
Exp(itn () = £([0.64)) N OD(0.1,) and  Expo @y (d'1,)) = g(ta).

Moreover, by the definition of B, we have Exp(f,) C g([0, c»)). By Theorem 3.1, the
Euclidean length of the arc Exp(f,,) with end points g([0, ¢,)) N 9D(0, ) and g(¢,) can
be arbitrarily small if M is large enough. This proves (c). ]

Let D3 >0 be as in Lemma 2.11. In the following we always assume that M >
max {M, D3 + 5 log 4D 5" + 2} unless otherwise stated. Then

B 3 B 1 27
(ctn+1) CM_Dy_ls (n+1) 1 og Cnt1
2 2 2 2 4

This implies that if Im¢ > y,,, then ¢ € Exp~ 1 (A,41).

Yn ‘= 3.5

4. The sequence of the curves is convergent

In this section, we define a sequence (y};)neN of continuous curves in the Fatou coordinate
planes with i € N. The image of each y., under @, ! is a continuous closed curve contained
in the Siegel disk A, of f,,. We shall prove that (y{),en converges uniformly to the
boundary of Ay.
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4.1. Definition of the curves and their parametrization

Note that ay4+1 = |1/, ] for each n € N. Recall that
U = (hy) = { € C : ImE = hy} N D, (3 SY)

is introduced in Lemma 3.4 (b). Since f,2¥" (SH=e,uU €. we have Rel > any1 —k
for all { € ®,(S?) + k. Therefore,

an+1 —k —k, <Reu, <apy1 —k—3/2. 4.1)

We denote
Uy = any1 —k —kp — 1/2 + hyi.

According to (4.1), we have Re u], < Re u,. Denote
u!l = @, (' 1°).

Let B, be the arc in @, (3’ S?) connecting u,, to u’’; see Figure 6. We first give the defini-
tions of y2(¢) and y,! (¢) for ¢ € [0, 1], and then define the curves (y}),en inductively.
Definition of y2: The curve y? : [0, 1] — C is defined piecewise as follows:

(ag) forr €[0,1 — ’%], define y2(1) := ant1t + 5 + hai;

(bo) lety? : [1— k':fifl, 1- afil] — [u},, u,] U B, be a homeomorphism such that

k+k 1 k
y,?(l——+ nt ):u; and y,?(l——" ):u;{;
api1 dn+1

(co) lety?: [1— a,]jﬁ’ 1- ];Z—J_rll] — ®,(1?) be a homeomorphism such that

k ky,—1
y,?(l— z ):u;; and y,?(l— - )zu;:—i-l;
An+1 an+1

(do) fors e [1 — k=i 1—"';1;—11—1] with 1 < j < k, — 1, define

an+1’
J )
0] :=V,?(t—a )+J-

n+1

Lemma 4.1 (see Figure 6). The map y? : [0, 1] — C has the following properties:
(@) yQ and y? + 1 are simple arcs in Dy;

() y2(0) = 5 + haiand yJ(1) = uy + kn;

(©) ®,1(y?) is a continuous closed curve in Ay;

(d) Tmy2(t) —hy| < 1forallt €[0,1].

Proof. (a) and (b) follow from the definition of y,? . For (c), since fn°k” (q);l(u;;)) =
@, 1(1/2 + hyi), we have @, 1(1/2 + hyi) = @, 1 (u) + k) by Lemma 2.5. This implies
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that @, 1(y?) is a continuous closed curve in A,. Part (d) is an immediate consequence
of Lemma 3.4 (a, c). [

Before introducing y,!, we define a thickened curve 7 : [0, 1] — C of y:

37,(1)(1) = {yi?(a:i—:_ilt) lft € [O’ 1 _lanl_t,_]]’
)/r?(l)‘i‘l lfle(l—m,l].

One can see that 72 = y2 U (y2([1 — anlﬂ AD 4+ 1) = y2 U (@p(10) + ky) and 70 :
[0, 1] — C is a continuous curve in Dy. Let y,,0 := xf,,0 be the anti-holomorphic map

defined in (2.8).
Definition of y,\: The curve y, : [0, 1] — C is defined piecewise as follows:
(ay) Fort € [0, ﬁ], define y,} (1) := Yn+1,0 © Vo1 (1 — ang1t);

(by) Fort € (a ];rl , iziJ: ], where 1 < j < ap41 — 1, define
n n

Vr%(t) ‘= Xn+1,j © yr(z)-‘,-l(j + 1 —ans1t),
where x,4+1,j = xn+1,0 + j is defined in (2.37).
Let D3 > 0 be the constant of Lemma 2.11.

Lemma 4.2. The map y! : [0,1] — C has the following properties:
(a) y,} and )/,1 + 1 are continuous curves in Dy,;

1) 74 0) = yns1,0(r2 (D) + 1) and yy (1) = xns1,0(vn1 (1) + ani1s
©) ©,'(yL0) = @, 1y} (1) and @, 1 () is a continuous closed curve in Ay;
(d) there exists a constant Dg > 0 independent of n such that for all t € [0, 1],

Bln) 4|y

[Rey,(1) ~Rey, ()] < D and |Imy, () = = 1
T

Proof. (a) Since x,41,; is anti-holomorphic for all j € Z, we have

Xnt1,i Ve 10) = gns1, Va1 (D) + 1= gng1j41(vpy (1)

for 0 < j < ap4+1 — 2. Therefore, y, : [0, 1] — C is a continuous curve. By Lemma 2.14,
¥a and y,! + 1 are continuous curves in Dj,.
(b) By the definition of y,!, we have

Y (0) = xns1,0 0 Vp 1 (1) = qna1,0(ypsr (D) + 1)
and

Ya(D) = tnt.ani1—1Vny1(0))
= YntLans1—1 Vo1 (D) + 1= Yug1,0(7041 (1) + any1.
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(c) By Lemma 2.15 (a), we have

Ol o gngro(0 e (D + 1) = £, (@ 0 gng1,0(r04 (D).

This implies that @, (y, (0)) = @, 1(y!(1)) by (b). Therefore, @, !(y}) is a continuous
closed curve in A,,.
(d) By (2.36) we have

Re fni1,;Fos)) CU+ jki +2+ ], j€Z. (4.2)

k +kn

Hence fort € [0,1 — Jrl] we have

[Re y2(t) — Re yp (t)| < k1 + 3/2.

k+kn+1 1 kn
Fort € [1 — ay A= +1] by (4.1) and Lemma 3.4 (c) we have

Rey,?(t) € [Reu, —1/2,Reu, + 1] C [ant1 —k —kn — 1,ap+1 —k—1/2].

n n k
Ift el— kaJrj—l 1= ank+1 ], then )’r} () € Ui=0 Xn+l,a,41—k—kp—1+i (V,?+1)' By (4.2)

Re y,%(t) € [an+1 —kn —k, any1 —kn + k1 + 1].

ktkn+1 q _ _kn

Therefore, fort € [1 — ,
an+1 an+1

] we have
[Reyy (1) — Rey, (1) < max {k, — 1/2.k + ki + 2}.

By Lemma 3.4 (a, ¢), we have

ul € D(up,1) and @,(12) C D(u),2). (4.3)
Forte[l—a el ’;n:] by (4.1) and (4.3) we have

Re)/,?(t) €lany1 —k—kn—3,a,41 —k+3/2].
On the other hand,

Rey,}(t) € lany1 —kn + 1,an41 —kn + k1 + 2].

)—yn(t)+lf0rt€[l— ko

+1

Since y} (1 + - +1
that for all ¢ € [

, 1], we have
[Rey2(t) —Reyl(t)| < max{k, —k+ 1/2,k +k; + 5}.

Since k, < ko by Proposition 2.3, this implies that |Re y2(¢) — Re y,! (t)| =
max {ko — 1/2,k + k; + 5} for all ¢ € [0, 1]. Finally, the statement on Im y,} () follows
immediately from Lemmas 2.11 (a) and 4.1 (d). ]
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By (3.5) and Lemma 4.2 (d), for any # € [0, 1] and ¢ € Exp~'(dA,41), we have

Blan+1)

Im y,} (t) = T

1
+M—D3—§>1+Im§. 4.4)
For £ = 1, we define a thickened curve )7,52 :[0,1] - C of y,f b

() = {Vf(afif‘_lf) AR ——

@ +1ifre(l- 1]

(4.5)

One can see that 75 =y U (y£([1 — Z +1 D4+ = vE Uyt an+1(7/n+1) and ¢ :
[0, 1] — C is a continuous curve in D,,.

Inductive deﬁnition of y,i' Foralln € N and 1 < £ < i, we assume that the curves y,f :
[0,1] = C and y; : [0, 1] — C are defined and satisfy

(ag) yn is deﬁned as in (4.5);

(be) y4(0) : Xn+1,0 © T (1 = anat) fort € [0, ; IH)
¢ =
n Xn+1,j°Vn+1(J 4+ 1—ay4+1t) fort e (a +l’(;”+;11]’

where | < j <au41—1;
(cp) y,‘; and y,f + 1 are continuous curves in Dy;;
(de) v, (0) = An+1 O(Vn+1(1) + 1) and Vn(l) = An+1 O(Vn+1(1)) + an+1;
(er) ®;1(y(0)) = &' (yL(1)) and ;' (yf) is a continuous closed curve in A,,.

Similar to the construction of an the curve y“H : [0, 1] — C is defined as follows:

+1(f) —Xn+100)’n+1(1 an+1t);

(bjy1) fort € (a - aJnJ:Lll] where 1 < j < a,41 — 1, define

Vyl;+l(t) = Xn+1,j © Vyi,-l,-](j + 1 —apy1t).

i+1 .

Lemma 4.3. The map y; " : [0, 1] — C has the following properties:

(@) v ™! and yit + 1 are continuous curves in Dy,

®) 2 1O0) = dn+1,0(p (D + 1) and y, 1 (1) = xurr,0(pg1 (D) + an;

(©) 1 (yit1(0)) = &, (yit1(1)) and @, ' (yi ) is a continuous closed curve in A,,.
The proof of Lemma 4.3 is completely similar to that of Lemma 4.2. Moreover, one

can define the thickened curve 7¢ of y¢ with £ = i + 1 as in (4.5) similarly.
By the definition of 77,’;, we have the following result.

Lemma 4.4. For each ty € [0, 1], there exist sequences (ty)nen with t, € [0, 1] and
(Jn)nz=1 with 0 < j, < ay, such that foralln = 1 and alli € N,

T taer) = Tnsjn (T (tn))-
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4.2. The curves are convergent
Our main goal in this subsection is to prove the following.

Proposition 4.5. There exists a constant K > 0 such that for alln € N,

n

> sup [y -yt < K. (4.6)

i—o t€l0,1]

In particular, the sequence (y( : [0, 1] = C)pen of continuous curves converges uniformly
asn — oQ.

In order to estimate the distance between yé (t) and yé“(l) for ¢t € [0, 1], we will
combine uniform contraction with respect to the hyperbolic metrics and some quanti-
tative estimates (with respect to the Euclidean metric) obtained in Section 2.4. For any
hyperbolic domain X C C, we use py(z)|dz| to denote the hyperbolic metric of X.
The following lemma appears in [10, Lemma 5.5] in another form. For completeness
we include a proof.

Lemma 4.6. Let X, Y be hyperbolic domains in C with diam(Re(X)) < A’ and Bs(X)
C Y, where A" and § are positive constants. Then there exists a number 0 < A < 1 depend-
ing only on A’ and § such that for any z € X,

py (2) < A px(2).

Proof. For any fixed zo € X, we consider the holomorphic function

8 (z — zo)

— X > C.
z—2z9+24"+6 -

F(z) ==z +
Since diam(Re(X)) < A, it follows that |z — zg| < |z —zg + 24’ + 8| if z € X. Thus we
have |F(z) —z| < § and F(X) C Y by the assumption. Applying Schwarz—Pick’s lemma
toF: X — Y at F(z9) = zg, we have

py (F(20)|F'(z0)| = PY(ZO)(l + ) < px (20)-

24"+ 6
The proof is finished by setting A := (24" + 8)/(2A’ + 26). L]

Let X be asetin C and zo € X. We use Comp, X to denote the connected component
of X containing z¢. Let O, be the set defined in (2.9). For n € N, we define

D, := Comp, (D, N{¢ € C: =3 <Im¢ < hy, +2}),

where /1, is the height defined in (3.3). Note that each D, is a hyperbolic domain. Let
pn(z)|dz]| be the hyperbolic metric of £;,. We use len(-) and len,,, (-) to denote the length
of curves with respect to the Euclidean and the hyperbolic metric p, (z)|dz| respectively.
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Lemma4.7. Let A',§ > 0 be constants. Then there exist A > 0 and 0 < v < 1 depending
only on A" and § such that for any piecewise continuous curve O, in D,, withlen(d,) < A’
and Bs(9y,) C D,,, we have

len(x1,j, ©+*© Xn,jn () < A-V"
forall0 < j; <ajand1 <i <n.
Proof. Letl <i <nandO0 < j; < a;. Note that we have assumed that M > D3 in (3.5).
By Lemma 2.11, for { € D] we have

B B M
Im xi,j; (§) < (Ol,) +M+Ds+1< 2(011) n

v Qj—1

+l1=h_1+1. (&7

Since d>i_1 (D) is contained in the image of f;, by the definition of near-parabolic renor-
malization (see also (2.8)) we have

Im x; ;;(§) > =2 forall{ € D;. (4.8)

By Lemma 2.14, we have Bs,(y;,;; (D;)) C D;— for a constant §g depending only on the
class 4§ ¢. Without loss of generality, we assume that §o < 1. Combining (4.7) and (4.8),
we have

Bs, (xi,j; (D})) C Dj_;. (4.9)

Note that y; j; : (D], p;) = (D]_;, pi—1) can be decomposed as

Xi.ji P inc. ,
(°{DI/7 pl) B (Xi,ji ("(I)i)» pl) — (‘:l)i—la /Oi—l),

where p; (z)|dz| is the hyperbolic metric of y;, j; (D}). According to Proposition 2.6, we
have diam(Re y;,j; (D;)) < k. By Lemma 4.6, the inclusion map

iy (D)), i) = (D], pi-1)

is uniformly contracting with respect to the hyperbolic metrics (and the contracting factor
depends only on k; and 8). Since y;,j; : D] — yi,j; (D;) do not expand the hyperbolic
metric, it follows that y; j, : (D], p;) = (D]_;, pi—1) is also uniformly contracting.

Since ¥, is a piecewise continuous curve satisfying len(d,) < A" and Bs(9,) C D,
it follows that there exists a constant A” > 0 depending only on A’ and § (not on n) such
that len,,, (9,) < A”. Define

I . L. ’ I
G” = X1,j1 OO0 Xnyjn - e(Dn - ‘@0'

Since y;,j; for 1 < i < nis a uniform contraction with respect to the hyperbolic metrics,
there exists a constant 0 < v < 1 depending only on k; and §y such that

lenp, (G, (9,)) < A" V™.

Since Bs,(Gn(D,)) C D), the Euclidean metric and the hyperbolic metric po of Dy, are
comparable in G, (D),). Since G,(¥,) C G,(D),) C Dy, there exists a constant A > 0
depending only on A’ and § such that len(G, (%,)) < A - v". |
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Let Dg > 1 be the constant of Proposition 2.13.

Lemma 4.8. There exists K1 > 0 such that for any n = 1 and any continuous curve
M+ [0, 1] — Dy with 1,(0) € 72 and len(n,) < hy — D — 1,

1
len(xn,0(n)) < B B(an) + K.
T

Proof. By Proposition 2.13, we define

$1(r) == (1 + Dge 27" )y, if r € [, +09).
e () D6 . / 1
(f)z(?‘) T 1— e—2mx,,(r—D£ log(2+r7)) (1 + T) ifre [D6’ m]
A direct calculation shows that
hy—1 1
J' = / $1(r)dr < —a, B(ans1) + M + De. (4.10)
1/(4ap) 2r

We claim that there exists K| > 0 independent of «,, such that

1/(4an) 1 1
J" :=/ da(r)dr < EIOga_ + K. 4.11)
D n

6

In fact, a direct calculation shows that J” = J; + D, J, + DgJ3, where

1 1/(4ay) 27_[“”627105,,7‘ _ 27TOCnD/2(V + 2)27105,,D’2—1

J = — ; dr,

1 T Dg e2manr _ (r + 2)271(an2
; /1/(441,1) oy (r + 2)2nanDéfl

2 == /7 9

Dé, emenr _ (7’ + 2)2na,1D2
; /1/(441,,) aneZn(xnr 1 q
= ~ - —dr.
3 Dg e2manr _ (7’ + 2)2na,1D2 r

We assume that o, is small such that 2w e, D), < 1/2 and 27, D) log(2 + Wln <1/2.
<

Since 1 +1 <e' <1+ 2tfort €[0,1],if Dy <r < ;2 we have

4ap

e2mn” _ (r +2)27 Dy > | 4 dma,r — (14 4w, D) log(r + 2))
= 2mwa, (r —2D5 log(r + 2)), 4.12)

where r — 2D/ log(2 4+ r) = 4if r = Dy (see Proposition 2.13 (b)).
By (4.12), there exist Cy, C{ > 0 independent of o, such that

1 , , 1 1
J1 < Cy — — log(e?™nPs — (D} 4 2)*™ P2y < —log — + (.
2 2 oy

For J,, since the integral

+o00 1 1
. d
/D r—2D5log2+r) (r+2)1/? '

/
6
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is convergent, there exists a constant C, > 0 independent of ¢, such that J, < C,. Sim-
ilarly, there exists a constant C3 > 1 independent of «,, such that J3 < C3. Hence (4.11)
follows if we set K| := C| + C2 D} + C3Ds.

Without loss of generality we assume that r +— r — D} log(2 + r) is increasing on
[D}, +00). Then ¢;(r) and ¢, (r) are decreasing on [Wln +00) and [Dy, ﬁ”] respec-
tively. Denote

$1(r) ifr €[4, +00),

4ay’

max{gs(r). 1 (5a-)} ifr € [Dg, 35-).

Then ¢(r) is (maybe not strictly) decreasing on [Dg, +00). By Lemma 4.1 (d), we
have |[Im 7,(0) — h,| < 1. Since len(n,) < h, — Dy — 1, we have n, N (D(0, Dg) U
D(1/an, Dg)) = @. By (4.10) and (4.11) we have

hn 1 1 1
entinot) < [ pmar <+ (174 (- 6)on(41))

6

1 1
<J' "+ 1 (Ds + 1) < —Blaw) + K, (4.14)

o(r) = { (4.13)

where K| ;= M + %D6 + K{. The proof is complete. [

Proof of Proposition 4.5. Note that y{ (1) = )76’(%0 forallz € [0,1] and all n € N. In
order to prove (4.6), it suffices to prove that there exist K > 0 and a sequence (y;)i=o of
non-negative numbers such that for any n € N, any 0 < i < n and any ¢ty € [0, 1],

n
To(to) — 76 (t)] < yi and Yy < K. (4.15)
i=0

We divide the argument into several steps.

Step 1. Basic settings. For any ty € [0, 1], by Lemma 4.4 there exist sequences (¢,)neN
with ¢, € [0, 1] and (j,)n=1 With 0 < j, < a, such thatforalln = l and alli € N,

)7,1:11 (th—1) = Xn,jn ()7;; (tn))- (4.16)

Forn e N, let
£y 2 [0.1] = [7) (ta).  (tn)]

be the segment with £2(0) = y2(z,,) and £2(1) = 7 (t,) (we assume that the parametriza-
tion of £2 on [0, 1] is linear).
By the definition of 9;, and Lemma 2.7, the set D, contains

{CeC:0<Rel < |1/ay] —k+ko+k+3and0 <Im?¢ < hy + 2}.
By Lemma 3.4 (a, c), (4.1) and Lemma 4.1 (d), we have

P0c{teC:1/2<Rel < |l/ay] —k+ky,+3/2and —1 <Im¢ —h, < 1}.



The high type quadratic Siegel disks are Jordan domains 4539

In (3.5) we assume that M > D3 + 5~ log 4D7 +2>D3+35 3 (since D7 > 1). Hence by
(4.2) and Lemma 4.2 (d), we have

yrc{teC:1<Rel<|l/ay] +ky+3and1 <Im¢ < hy, + 1} (4.17)
Note that k,, < ko (see Proposition 2.3). Hence Bl/z(é,?) C D, foralln € N.For{ > 1
we define the Jordan arc Sﬁ :[0,1] = C as
EL(S) 1= Antngr © 0" O Anttojnye ES4g(s))  fors € [0,1]. (4.18)
By (4.16) and (4.18), the following curve is continuous:
p=E UE U UE = £ U futt,jy (1550)
= S}? u Xn+1,jn+1(g;(1)+1 U---u fl:-ll .

Denote 79 := £2. According to (4.9), for any n = 0 and £ = 0 we have

n:
Bs(n') C D), where §&:= min {8, 1/4}.
A parametrization of nfl : [0,1] — C is given by

nh(s) =& ((L + 1)s — j)

fors € [e+1’ Z:}] and 0 < j < £ (note that E,{(l) = j+1(0) forevery 0 < j <£—1).
By definition, |y0(t0) — )/’+1(t0)| < len(éo) for all i € N. Therefore, to obtain (4.15), it
suffices to prove that there exist K > 0 and non-negative numbers (y;);>o such that for

anyn €e Nandany0 <i <n,

n
len(§)) <y; and Y y; < K. (4.19)
i=0

Step 2. Decompositions of the curves. Note that we have assumed that M > D3 + 3/2

(see (3.5)). By (4.5), it follows that Lemma 4.2 (d) holds also for )7,? and 7. By Lem-
ma 4.1 (d) and a direct calculation, we have

len(ny) = len(£,) = |7, (ta) — 7 (ta)]

B 1 B
M_M+D3+_+D8<hn_M
2 2 2

Hence 7)) = & : [0, 1] — C can be written as the union of two continuous curves 1, o 1=

<hp+1-— + Dg.  (4.20)

n2([0, s,]) and r)g a = 1 ([sn, 1]) for some s, € (0, 1) (the choice of s, is not unique),
such that

len(n) o)) < hn—Dg—1 and len(n) )) < Dg+ Dg + 1. 4.21)

Since Bs(n2) C D}, there exists a constant K} > 0 depending only on § and D + Dg + 1
such that
len,, (7, 1)) < K5, (4.22)

where p, (z)|dz| is the hyperbolic metric of D,.
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Let K1 > 0 be the constant of Lemma 4.8. There exists a constant K, > K/, depending
only on A’ := K; + Dg + Dg + 1 and § such that for any n € N and any piecewise
continuous curve £’ in D;, with Bs(¢’) C D, and len(¢’) < K; + Dg + Ds + 1,

len,, (§') < K. (4.23)

Let v € (0, 1) be as in Lemma 4.7 depending only on A’ and §.
Suppose n = 1. By Lemma 4.8 and (4.21), Lemma 4.7 and (4.22), E,}_l is the union
of two continuous curves X, (1 ) and Xu,j, (1, )), where
len(xn gy (12 (0))) < 5 Bletn) + K.
leng, _y (Xn,jn (772,(1))) < Kjv < K. (4.24)

Therefore, by (4.20) we have

len(sr(z)—l U Xn,jn (712,(0)))

B(ay B(an
s(hn_l— z(i)+Dg)+( 2((;)+K1)=h,,_1+Dg+K1. (4.25)

This implies that £0_; U yp, j, (2 ©) = 0, US 1([0, sn]) = nl_, ([0, H;”]) can be
written as the union of two continuous curves nn 1,0) - n,11_1 ([0, $,—1]) and nrll_l =

1
nn—l([snfl’ -an _zsn

]) for some 5,1 € (0, ), where

len(n,_y ) < hn-1— D — 1,
16“(’75—1,(1)) <A =K\ +Dg+Ds+ 1 (4.26)

Since Bs(n;_,) C Dj,_;, by (4.23) we have len,, , (n}_ 1 (1)) < Ks.

1
Denote 7}, @ =[5 i
Then the continuous curve

1]) = Xn »Jn (’7” (1)) S 1 = Sp— 1and Sn 1 = 1‘25”.

1 0 1 1 1 1
M1 = &1 Y1 = Mh_1,00) Y o1,y Y -1,

satisfies

(1) (2) ) .
i ’7,, 1,0) = nn 1 ([0, n 1]) 77,, 1(1)_71;1 1([5;1 1 SnaDs 77" L) = ﬂn 1([Sn 1 1D

° len(nn_lj(o)) < hy—1—Dg—1,1len,, | (nn_l,(l)) < K, leny, (nn—l,(z)) < Kpv.

Step 3. Inductive procedure Suppose there exists 1 < i < n — 1 such that r);_i =
Ut=o gﬁ_i = U;€+10 m,_; ) with Bg (n;_i) C D,,_; has the following properties:

(k) (0) (eY)

o nfl_i = n (s, ,(lk+1)]) forall0 <k <i + 1 withsome 0 =5s,"; <s5,”; <
< s(H—l) < S(z+2) — 1

° len(nn_iy(o)) <hy—i —Dg—1landlen,, (niz—i,(k)) < Kovk 1 forevery 1 <k <i + 1.
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By a similar argument to (4.24)—(4.26), there exist 0 = s,(io)l 1 < s,gl)l <<

°7 = 1 such that the continuous curve

i+1 i+2

i+1 L _ i+1
Ma—i—1 U Sn—i—l - U 77n—i—1,(k)
=0 k=0

with Bs(n'T!_ ) c D!

i1 has the following properties:

n—i—1

k k+1
o i Lk = it 1([5( ) s* DYy forevery 0 < k < i + 2

n—i—1°Sp—i—1
. len(n;:tl._l ) Shn-i-1— Dg—1landlen,, , (r];_l._l ) S Kov*~1 forevery 1 <
k<i+2.
Inductively (as i increases), there exist 0 = 50 < s{ < ... < 50T < s0+2 =
such that the continuous curve 1 = (Jj_o €5 = UjZo 0! & With Bs(115) C i)(, has the
following properties:

. ng’(k) = ng([s(()k),s(()kH)]) forevery0 <k <n -+ 1,
e len(ng () < o — Dy — 1 and len,, (15 ) S Kovk~ ' forevery 1 <k <n + 1.
Step 4. The conclusion. Since Bs(nj) C Dy, the Euclidean metric and the hyperbolic

metric pg of O are comparable in a small neighborhood of 1§. Hence there exists a
constant C > 0 depending only on § such that

n+1 n+1

Z len(ng ) < C Z len (16, ) < i
k=1
Therefore, for all n = 0 we have
n ) n+1 CKZ
len(nft) = glen(&’)) = kz_;)len(ng,(k)) <K:=hy—Dj—1+ —

By (4.13), (4.14) and the estimates similar to (4.24) and (4.25) in the above inductive
procedure, it follows that for any n = 0, there exists a sequence (y( ») )7_, of non-negative
numbers independent of (#,),en such that for any 0 < i < n, we have

len(£)) < yi(n) and Zy(")

Then (4.19) holds if we set y; := inf,eN yl( )

The estimate (4.6) implies that the sequence (¥, )neN of continuous curves converges
uniformly on [0, 1]. Since y§ () = (“l 1t) for all # € [0, 1] and n € N, this implies
that (¥§ )nen converges uniformly on [O 1] [

Remark. If « is of bounded type, or if there exists a universal constant C > 0 such that
B(ant1) = C/ay forall n € N, then (y{f )nen converges exponentially fast as n — oo.
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4.3. The Siegel disks are Jordan domains

By Proposition 4.5, the sequence (¥ )n=o of continuous curves has a limit:
Yo () := lim yg(¢) fort €[0,1].
n—>o0

Proposition 4.9. The limit ®;' (y{°) is the boundary of the Siegel disk of fo.

Proof. For {y € yit, there exists ¢, € 7} C U;l::ll:o Xn+1,jus1 (Fr4 1) such that

fo = X1,j; O"'OXn,jn(é'n)

for some sequence (1, ..., ju), where 0 < j; <a; and 1 <i <n.ByLemma 4.2 (d) and
(2.8), we have

1 1
Im¢, — gﬂ(anH) — M| < D3+ 3 and 1<Rel, <ay+1 +ki+2. (427

By Proposition 2.16 (b), each Siegel disk A, is compactly contained in the domain of
definition of f,. Foreachn € N, @;1 is defined in D, (see Lemma 2.5). We denote

Al =4l € Dy ®,1(0) € Ay

By the definition of Dj,, we have ®,1(A}) = A, and Exp(A},) = Ap41. By Lemma 3.2,
the inner radius of the Siegel disk of fy,41 is cpr1e” 8@ +1) where ¢,y € [D;l, D7]

and D7 > 1 is a universal constant. According to the definition of the near-parabolic

renormalization fy4+1 = R fy, there exists a point {, € dA;, N Exp~!(0A,+1) such that
1 1 27Cn+1

g ——.

1
|Re(§n - {;1)| < 5 and Im;;t = Zgg(an"rl) — Z lo 1

Let [¢n, ¢),] be the closed segment connecting ¢, to {,,. By (4.4), we have [(,, )
C A},.By Lemmas 2.7, 2.14 and (4.17), we have Bs([{4,,]) C D, for § = min {8o,1/4}.
Combining (4.27) and (4.28), there exists a constant A’ > 0 independent of n such that
¢, — ¢q| < A’. According to Lemma 4.7, there exist constants 4 > 0 and 0 < v < 1
independent of n such that

len(x1,j, 0+ 0 Xn,j ([En: Ep]) < A V"

whenever 0 < j; <a; and 1 <i <n.Denote {:= x1,j, ©**+© fn,j, ({,). Then |$o — Co| <
A-v". Since {; € 0Ay, this implies that

(4.28)

dist(¢o, 0Ap) < A", (4.29)

For any ty € [0, 1] and n = 1, we choose {y = {é") = y(')’H(to). By (4.29) we have
Y6° (to) € A. By the arbitrariness of 7o € [0, 1], it follows that y§° C dAj,. Therefore we
have &5 (y5°) C dA,.

By Lemma 4.3 (c), ®5!(yd) is a continuous closed curve for all n = 0. Since y{
converges uniformly to the limit y$° on [0, 1] as n — oo, it follows that &5 (y5°) is a
continuous closed curve which separates A from each component of Uy \ Ay, where U,
is the domain of definition of fy. In particular, @5 (y5°) = dA,. ]
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Proof of the first part of the Main Theorem. Suppose fo € dS4 U {Q4}, Where @ € By
with N sufficiently large. By Proposition 4.9, the boundary dA¢ = @, (y$°) of the Siegel
disk of fp is connected and locally connected. On the other hand, Ag is compactly con-
tained in the domain of definition of fy by Proposition 2.16 (b). By the definition of Ay,
there exists a conformal map ¢ : D — Ay such that fy o ¢(w) = ¢(e>™*w). According
to the Carathéodory theorem, the map ¢ can be extended continuously to ¢ : D — A,.
For each 6 € [0,27), let yg := {¢p(re'?) : 0 < r < 1} be the internal ray of Ag. Sup-
pose there are two different rays yg, and yp, landing at a common point on dAy, i.e.,
$ (%) = ¢(e?2). Then ve, U vg, is a Jordan curve contained in Ag. By the maximum
modulus principle, { ;" }nen forms a normal family in the bounded domain Dy, ¢, which
is bounded by yg, U ys,. This implies that Dy, ¢, is contained in the Fatou set and hence
contained in Ay. However, by Riesz brothers’ theorem, ¢ must be a constant. This is a
contradiction and so each point in dA is the landing point of exactly one internal ray.
Hence 0Ay is a Jordan curve. [

5. A Jordan arc and a new class of irrationals

In this section, we first define a Jordan arc I' connecting the origin to the critical value
cv = —4/27 in the domain of definition of f € 4§, U {Q} with @ € HT y. In particular,
this arc is contained in #r. Then we define a new class of irrational numbers based on the
mapping relations between different levels of renormalization.

5.1. A Jordan arc corresponding toa € HT y

Let f € 48, U {Qq} with @ € HTy, where N = 1/g4 as in Section 2.5. We define a
half-infinite strip

U:={e€C:1/4<Rel<7/4and Im¢ > -2} (5.1)
and a topological triangle
Qf :={z € Pr: Oy(z) € U}.
Lemma 5.1. There exists € € (0, e4] such that for all f € d8q with o € (0, €],

Qs \ {0} C D(0, 5£>™) \ [0. 55 €77). (5.2)

We postpone the proof of Lemma 5.1 to Appendix A. The inclusion relation (5.2) is
proved for the maps in 4§ first and then a continuity argument is used.

For fo € 4S4 U {Qy} with @ € HTw, let f, := R f,—1 be the maps defined by the
renormalization operator inductively, where n > 1. In the following, we always assume
that N > 1/¢, and denote @, := @y ,. Recall that for X C C and § > 0, we denote

Bs(X) := U,cx D(z.9).
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Corollary 5.2. For each n = 1, there exists a unique anti-holomorphic inverse branch of
the modified exponential map Exp:

Log: @y — ®,—1(&p-1) =0,

such that]Log(—%) = 1. Moreover, Bl/4(]Log((f_2n \{0})) CUand ®,!, oLLog: @, \ {0}
— @y is well-defined.

Proof. Since Exp takes the value —4 /27 at each integer, it follows that Exp has an inverse
branch Log defined on @, \ {0} such that Log(—4/27) = 1 since @, \ {0} is simply
connected and avoids the origin. By Lemma 5.1, we have Re Log(@, \ {0}) C (1/2,3/2)
and Im Log(@,, \ {0}) > —3/2. Therefore, Bl/4(]Log((,72,, \ {0})) is contained in U and
@1 oLog: @, \ {0} — @, is well-defined. [

Define a half-infinite strip
U :={teC:1/2<Rel<3/2and Im¢ > -7/4} C U (5.3)
and a topological triangle, for every n = 0,
Q,:={z€Py:Pu(z) eV'}.
Definition (see Figure 7). Let Ko := @. For each n > 1, define
K, = ®;' oLogo---0®,!, oLog(@)).

By Corollary 5.2, K,,+1 C K, for all n = 0, the critical value cv = —4 /27 is in the interior
of K,, and 0 € 0K,,. Define

Ir:= ﬂ K. (5.4)

n=0

Lemma 5.3. The set I' U {0} is a Jordan arc connecting cv = —4/27 to 0.

Proof. The general idea is to use uniform contraction with respect to the hyperbolic met-
rics to prove that I' U {0} is locally connected and then prove that it must be a Jordan arc.
Let us give the details.

Step 1: We first define two continuous curves y(?’ 4 1[0, +00) — U by

0 (e 1£3 4 (=1L)i ifr e[l 4o0),
yO,:l: L t 7. .
]:ti—zl lfte[o,l).
Then y§ , and y{§ _ have the same initial point y{ , (0) = 1 — Ziand y§ , U yd_ = 3V,

where U is defined in (5.3). For a € (0, 1), we define

1 1 1 . 1 1
— t—2—loga+l 1ft>2—10ga,
o b4 b4

Pa(l) := (5.5)

1
et ift < —1log—.
2 o
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0
U/
P,
Ko = Q4 o/ L3
4 .
4
U/
1 3
O3l 1|3
_1
4

Fig. 7. A sketch of the renormalization microscope between levels 0 and 1. The sets I', U, (,‘Z;l, Ky
with n = 0, 1 and some special points are marked.

It is easy to see that ¢, is continuous on R and strictly increasing. For n = 1, we define
On = @q,- Then g, o ---0¢;(t) > +ooasn — oo forallt € R.

In the following, we define two sequences (y,?, L)nzo of continuous curves induc-
tively. For n > 1, suppose 7/;?—1, 4 1[0, 400) — U’ has been defined. We define y,?, L
[0, +00) — dVY as

1+
1+

+ (¢n (Im y,?_l,i(t)) —e7m/2 _ %)i ift € [1, +oo),

(
5.6
Zi ifz € [0, 1). G0

1
Vi (1) 1= { 2
2
Note that y? , (1) = 3 — Ziand y? (1) = 3 — Zi. Then both y? , : [0, +00) — 9V’
and y,?,_ : [0, +00) — 90U’ are continuous injections with the same initial point y,?’ L(0)=
1— %i. Moreover, y,?’+ U y,?,_ = JU'.
Forallt € [0, +00),n = 1 and 1 < i < n, by Corollary 5.2 the following curves are
well-defined:
Logo (ID;L-H o---ollogo @;l(y,?,i(t)) if i is even,

P =
Vn—ix( {]Logo @, 0---0Logo cp;l(yr?ﬁ(t)) if i is odd.

In particular, y,il_i L C U’ for every 0 < i < n. Define

T2 (0) =@, (va_; +(1)) fort €0, +00).
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Then l",ihi,Jr U {0} and Fril—i,— U {0} are Jordan arcs, and F27i5+ U F,’;ﬂ.’f U {0} is a

Jordan curve.'* In particular, we have I'gulg_U {0} = 0K, and two sequences of
continuous curves yg , : [0, +00) — ', where n € N. In the following we prove that
Yo+ and I'f | converge uniformly on [0, +-00) as n — oo.

Step 2: We first estimate the distance between y,?_l 4 (¢) and y,}_l () foralln > 1and
t € [0, +00). Let t,, € (1, +00) be the unique parameter such that

ImyY o (ta) = gu(Imyd_; L (ta)) — e ™2 = 7/4 = 1/ay.

Then 5= log i <Imyl_| ,(tn) < 35 log i + 2a,,. By definition, we have

V—1,2(0) = Va1 £ O] = [yg—1 + (1) —Logo &, (y,) £ (1))
<1+ |[Im )/,?_Li(t) —ImLogo @;l(y,?,¢(t))|.

Ift > t,, then Im y,? L(t) = 1/ap. By (5.5), (5.6) and Lemma 2.11 (a),

Imyy_; +(t) —ImLog o @, (v, £())]
1 1
< D3+ |Im y,?_l,i(t) —a, Im y,?’jF(t) ~ 5 log a
< D3+ 1+an(e ™% +7/4) < D3 +2.

Ift <t,,thenIm y,? () <1/ap.By(5.5),(5.6) and Lemma 2.11 (b), there exist universal
constants C1, C> = 1 such that

[Imy,_, 4 () —ImLogo ®, " (y, +(1)]
1
< D3+ ’Im V—1,+(0) — Elog(l + |yr?,:F(t)|)'

1
<D3;+Ci + ‘Imy,?_l,i(t) — 5 log(1 + [Imy, =(1)])| < D3 + Cy + Ca.

Therefore, foralln = 1 and ¢ € [0, +00),

Ve 1) =V 2O < D3+ Cr+Ca+1. (5.7)

Step 3: Let p5(¢)|d¢| and p,(z)|dz| be the hyperbolic metrics of U and @,, respectively.
Note that y,?_l 1 ynl_l L C U’ and B1/4(ﬁ) C O. By (5.7), there exists C3 > 0 such that
the hyperbolic distance between V;?—1 4 and an—l . satisfies

distpu(y,?_lsi(t), y,}_l,i(l)) < Cz foranyn = 1landt € [0, +00).

14 A5 before, we use the fact that limpy ¢ 400 @;li (¢) =0, where ¢ € O, (Pp—i)-
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According to Corollary 5.2, each map Log o <I>l._1 2 (U, pi5) = (U, pi5) for 1 <i < ncan
be decomposed as

o Lo s
Log o ®; " : (U, ps) —> (Qi. pi) —> (Log(Q:), i)
<5 (B1ja(Log(@)), pi) > (U, pis)s

where p; and p; are hyperbolic metrics of Log(@;) and Bj,4(Log(®@;)) respectively.
Since diam(Re(Log(@;))) < 1, by Lemma 4.6 the inclusion map

(Log(@). fir) — (Bya(Log(@)). pr)

is uniformly contracting with respect to their hyperbolic metrics. Since CI>i_1, Log and the
second inclusion map do not expand the hyperbolic metrics, it follows that Log o d>i_1 :
(G, pis) — (U, prs) is uniformly contracting.

By the definition of )/6” . there exists a constant 0 < v < 1 such that

distp,, ()/6’;1 (1), 75+(1) <Cs- V"1 forn = 1landt € [0, +00).

This implies that the hyperbolic distance between I'g 3! (t) and Ty . () in @p = &5 (V)
satisfies

distpo(F(;’;_Ll (1), Tg (1) <Cs- "1 forn > 1andt € [0, +00).

Let Qg := B, (@) and py(z)|dz| be the hyperbolic metric of Q. Then the Euclidean and
hyperbolic metrics (with respect to po) are comparable on @g. According to Schwarz—
Pick’s lemma, we have po(z) < po(z) for all z € @¢. Therefore, there exists a constant
C4 > 0 such that the distance in the Euclidean metric satisfies

T3 (1) = T§ ()] < C4-v""" forn = landt € [0, +00).
Therefore, the following convergence is uniform for ¢ € [0, +00):

Note that 1 € U and Log o ®;,' (1) = 1. Since Log o ®; ! : (U, pi5) — (U, py5) is uniformly
contracting for all 1 < i < n, we have

nlggo I5.(0) = nan;O ®y' oLogo @' o---0Logo @, (1 — i)
= oy (1) = —5.
Since y,?_l, e U’ and B, /4(5) C U, there exists a constant C > 0 such that
distp,, (yp_1 (1), yy_1_(1)) < C§ foranyn = land? € [0, +00).
By a similar argument, we have
[oop(t) = T2 () fort € [0, +00).

Note that I is the intersection of the nested sequence (K} ),>0, where K, is the bounded
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component of C \ (I'y ;. U T'g _ U {0}) for all n = 0. Therefore, I' = I'7%, = I'%_ and
I' U {0} is a Jordan arc connecting —4 /27 to 0. L]

5.2. Dynamical behavior of the points on the arcs
Let ¢ := id. For each n > 1, we denote
¢n ;= Expo®,_10---0Expo ®y.
Let I" be the Jordan arc defined in (5.4). By the proof of Lemma 5.3, ¢, can be defined

on 'y := T since
Tyi=¢n(To) C Q, =&, ') forn=>1.
Since the restriction of Exp o ®,_; to I, is a homeomorphism, each I', U {0} is also a
Jordan arc connecting —4 /27 to 0 in the dynamical plane of f;,. For each n > 1, the map
¢n : To — [, can be extended homeomorphically to ¢, : T'g U {0} — I';; U {0} such that
On (—%) = —% and ¢, (0) = 0. Moreover,
Yn = Pn(ly) (5.8)

is an unbounded arc in U’ with initial point 1.

Definition. For n > 1, we define
Say, = Pp o EXp : Yu—1 = Vn. (5.9
Then s, is a homeomorphism with sq, (1) = 1.

In the following, we assume that « = g € By, where By is the set of high type
Brjuno numbers defined in (2.39). Let 8(w;,) be the Brjuno sum defined in (3.2).

Definition. For n > 0, we define
B(an)
2
where M = 1 is a constant which will be determined in a moment.

ﬁ(an) = + M,

Lemma 5.4. There exists a constant My > 1 such that if M = M, then for alln = 1 and
¢ € yp—1 withIm ¢ = B(ay), we have Im sq, (§) = B(op+1).

Proof. Let D4 > 0 be the constant of Lemma 2.12. If M > Dy, then

~ B 1 1
Bl =29 Ly Lol b,
2 2 oy

By Lemma 2.12 (a), if M = 2D5 and Im¢ > ﬁ(an), then
1 1 1 1 [~ 1 1
Imsg, () 2 —|Im¢{— —log— — D5 | = —| B(ay) — — log— — D5
oy 2 oy oy 2 oy

= B(ont1) + O{L((l —an)M — Ds) = B(dnt1).

Then the lemma follows by setting My := max {D4,2Ds}. [
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Since @ € By, every fo € 4S4 U {Q,} has a Siegel disk A centered at the origin.
Let D7 > 1 be the universal constant of Lemma 3.2. In the following we fix

1 27D
M = max { My, — log . (5.10)
2 4
Let I'g U {0} be the Jordan arc connecting the critical value cv = — 3= to 0 corresponding

to fo (see Lemma 5.3). For a given point zy € 'y, let ()0 be the sequence defined by

Co:= ®o(z0) €yo and §p :=s54,(ln—1) €yn forn=1.

Lemma 5.5. If zg € ['g N Ay, then there exists ng = 0 such that Im ¢, > j);(anH)for
all n = ny.

Proof. Letzg € T'o N Ayg. By Lemma 3.2, for every n € N, the inner radius of the Siegel
disk of f, is c,e”B@) where ¢, € [1/D7, D]. Let U be the half-infinite strip defined in
(5 1). By the definition of the near-parabolic renormalization f,+; = R f,, there exists
é’n € U such that ]Exp(é‘n) € dA, 41 and (see (4.28))

~ 1 1 27Cn+1
I = _ 38 _ .
m¢, 2 (otn+1) ) Y 2

(5.11)

Assume there exists a subsequence (7;);>1 such that
~ 1
Imé‘nj < °(8(anj+l) = gﬂ(anj-l-l) + M.

IfIm¢,, < Imé‘n , there exists é" €Dy (0A,; NPy, ) N U’ with Im é" = Im{,; such
that

6y = Gyl < 1. (5.12)
If Im&y,; > Im E,,j, we have
1 1 27CnA+1 1
Eﬁ(anj+1)—2—10 Tj <Im§nj < E(B(anﬂ_l)—i—M
and hence )
~ 1 27D~
2
[Sn; — Cn, | S1+(M—i—§log 1 ) . (5.13)

By (5.12) and (5.13), for each {,, with j = 1, one can find a point ({' _or é‘n]) in

@y (0An; N Pp;) N U’ such that the hyperbolic distance with respect to pgs between
them are umformly bounded above. By a similar argument to Proposition 4.9 based on
Lemma 4.6, we conclude that &y € ®¢(dA¢ N Py) N T and zg € IA¢, which violates our
assumption that zg € Ag. Therefore, there exists ng = 0 such that Im ¢, > B (otyy41) for
alln = nyg. [

Lemma 5.6. Ty N dAg is a singleton. In particular, To\{cv} C Ag if and only if cve 9 Ay.
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Proof. Since I'g U {0} is a Jodan arc connecting cv = —% to 0, there exists a homeomor-
phism 8 : [0, 1] — Ty U {0} such that §(0) = cv and B(1) = 0. Assume that [y N A is
not a singleton. Then there exist 0 < #; < #, < 1 such that

e [(t;j) € 0Ap fori = 1,2,
e B([0.11]) N Ag = @ and B((t2, 1]) C Ao.

Let I}, := B([t1, t2]) be a subarc of I'g. Then we have the following two cases.

(1) Assume I'j, C dAy. There exists zo € Iy such that fooq" (z0) € T’y for some large
integer n since the restriction of fy to dAg is conjugate to the rigid rotation. Denote
I, :=Expo ®,_jo---0Expo ®y(I'y). Then I'} is a Jordan arc contained in ', C @),.
By Lemma 2.15 (a), T, and hence I',, contains a point z, and f;(z,), which is impossible.

(2) Assume I'y ¢ dA¢. Since @, (T',) C U, it follows that f,(I',) is well-defined and
contained in &,. Thus by Lemma 2.15, T’y (and hence I')) can be iterated infinitely many
times by fo. Let W # A be any bounded component of C \ (dAg U I'y). Since dAo U T
and W can be iterated infinitely many times by fo, it follows from the maximum modulus
principle that W is contained in the Fatou set of f. Since dW N dA contains a subarc
of 0Ay, it follows that W is contained in A, which is a contradiction. This finishes the
proof that I'g N A is a singleton.

From Iy \ {cv} C Ay we obtain cv € dA( immediately. If cv € dA, since [y is a
Jordan arc and I'y N A is a singleton, we conclude that 'y \ {cv} C Ay. |

5.3. A new class of irrational numbers

Forn =1, let sy, : Yn—1 — y» be the homeomorphism defined in (5.9). In the following,
we use [y (resp. yy) to denote Iy (resp. yo = Po(Iy)) when we want to emphasize the
dependence on @ = g € HTy .

Definition. Let J?N be a subset of By defined as

V¢ € yo \ {1}, In = 1 such that}

7 = B e
Hn {“ €N ‘ M S, © - 0 5, (§) = Blnt1)

In the next section we show that Jy is independent of the choice of fo € 4S5 U{Qq}
by proving that #n coincides with the set of high type Herman numbers.

Proposition 5.7. The critical value cv = —2;47 isin 0Ag if and only if ¢ € Hy.

Proof. Foreach ¢ € y, \ {1} and n = 1, we denote

Cn = Sa, O+ 08y, (©).

Suppose « € Jn. Then there exists n = 1 such that Im tn = ﬁ(anﬂ). By (5.11) and
the choice of M in (5.10), we have ®,!(,) € A, and hence ®;'(¢) € Ag. Therefore,
To \ {cv} = &5 (e \ {1}) is contained in Ag and cv € dA,.

Conversely, suppose & € By and cv € dAg. By Lemma 5.6, we have ®;'(¢) €
Ao N I'y. According to Lemma 5.5, there exists an integer n = 1 such that
Im¢, = B(ans1). This implies that o € Hy. [
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6. Optimality of the Herman condition

The Herman condition is not easy to verify in general. Yoccoz gave this condition an
arithmetic characterization so that one can check easily whether an irrational number is
of Herman type. In this section, we first recall Yoccoz’s characterization and then prove
that under the high type condition, an irrational number is of Herman type if and only if
it belongs to the set Jen defined in Section 5.3.

6.1. Yoccoz’s characterization of K

Fora € (0,1) and x € R, define

1 1 1
—(x—log—+l) if x = log —,
o o

S

re(x) =

e if x < log l

o
The map ry is of class C ! on R and satisfies r4 (log é) =r/} (log é) = é and x + 1 <ry(x)
< e*forallx € R,and r)(x) = 1 forall x = 0.

For an irrational number o € (0, 1), we use (¢;)n=0 to denote the sequence of irra-
tionals defined as in (2.35). Let B(«) be the Brjuno sum of « (see (3.1)). A Brjuno number
o is a Herman number (or belongs to Herman type) if every orientation-preserving ana-
lytic circle diffeomorphism of rotation number « is analytically conjugate to a rigid
rotation. Let # be the set of all Herman numbers.

Theorem 6.1 ([54, Section 2.5]). The Herman condition has the following arithmetic
characterization:

H={aeB:Ym=0,3In>msuchthatry, , ©---0r1q,, (0) = B(oy)}.

6.2. Two conditions are equivalent

In this subsection, we prove that the set of Herman numbers is equal to Hy defined in
Section 5.3 under the high type condition.

Lemma 6.2 ([54, Lemma 4.9]). Let « be irrational and x = 0. Then o & K if and only if
there exist m and an infinite set I = I(m, x,a) C N such that, forallk € I,

1
Atk

ram-l—k—l 00 ram ()C) < log
Let D4 and D5 > 1 be the constants of Lemma 2.12.
Definition. For o € (0,1) and y € R, we define
1 1 1 . 1 1
—|y—=—log—+ Ds| ify=_—log— + Dy,
o 21 o
1 1 (6.1)
eve if y < —1log— + Dy.
21 o
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Let Yo = Ya, be the unbounded arc defined in (5.8) and sq,, := @, o EXp: Y1 — ¥
the map defined in (5.9). By Lemma 2.12 and the definition of 5, we have the following
immediate result.

Lemma 6.3. For each o € By and { € yy, we have
Im 54 (§) < 5 (Im?).
Define #Hy := J£ N By .
Lemma 6.4. We have J N C Hn.
Proof. Assume by contradiction that & € Hn \ #y . Define
Co := 8mePs5T27D4, 6.2)

By Lemma 6.2, for the number 2Cy, there exist m = 1 and an infinite subset I =
I(m,2Cy, o) of N such that for all k € I, we have

1
Tapyi— © "0 Tap (2Co) < log P (6.3)
m+

Denote x,,—1 := 2Cp and y,,—1 := 1. For k = 1, we define
Xmak—1 "= Tapyp_y © " OTay, (2C0) and  Ymypk—1 1= Sayqy O O Say (1),
where 5y, is the map defined in (6.1). We claim that
Xmak—1 = 2TYmak—1 + Co forallk = 0. (6.4)

Assume temporarily that (6.4) holds. Since y,, is an arc starting at 1 and finally going
up to infinity, there exists { € yq,,,_, such thatIm¢ = 1. For k > 1, we denote

§m+k—1 = Sam+k71 -0 sam (;)7

where each s, is defined in (5.9). By Lemma 6.3, we have y,,4x—1 = Im {p, 4 for all
k=1

Since o € J?N, by the definition of §7 n and Lemma 5.4 there exists an integer ko = 1
such that for all k£ > ko,

+ M.

~ B(@m+1) 1
Ymket Z M iy = Bl@mak) = — >+ M > oy log

21 T Utk

On the other hand, since o & H#y, by (6.3) there exists k € I with k = k¢ such

that x,,+5—1 < log am1+k. This is a contradiction since by (6.4) we have X451 =

27 Ym+k—1 + Co > log aml . Hence it suffices to prove (6.4).

Obviously, (6.4) is true when k = 0 since Cy = 2m. Suppose Xpyik—1 =
27 Ymak—1 + Co for some k = 0. It suffices to obtain x,, 1 x = 27y, 4% + Co. The argu-
ment is divided into three cases.
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Case I: Suppose X, +x—1 < log

L and Vmtk—1 < % log L4+ Dy By (6.2), we

Em+k Um+k
have Cy > 2(Ds + log(27)) and hence e?7C0 > ¥+ Ds+log@7) 4 ¢ for any y > 1.

Therefore,

Xk = eFmHi—l > e2TYm+k—1+C0 - 27 Ym+k—1+D5+log(27) + Co

=27 Sy 4 Vm+k—1) + Co = 27 ym1k + Co.

1

Case II: Suppose X, +x—1 = log and yp1k—1 = 5= log ﬁ + Dy4. Then

Atk
1 1
Xmtk = Xm+k—1 — log +1
m+k Um+k
2 1 1
= (ym+k—l — —log + Ds) + (Co +1—2mDs)
Om+k 27 T Otk Om+k

2 27ym+k +2(Co + 1 =21 Ds) > 2 ymk + Co.

1
Em+k

Case III: Suppose X, -1 = log
the following two subcases:

Subcase (i): Suppose 27y, +k—1 < log aml+k — %. Note that

1 1
(xm+k—1_40g +1) = .
Um+k Um+k

Since xu—1 = 2Co, we have X, 4 = max {2C, am1+k }. By (6.2), we have Cy > 4Ds +
41og(4r) and hence 2weP5=C0/4 < 1/2. Then

1 } 2ePs—Co/4

1 1 :
and ym+x-1 < 5, log P + D4. We consider

1

Um+k

Xm+k =

= + Co
Um+k

> 2mePs e mtk—1 4 Cy = 27y mar + Co.

Xm+k = max{2C0,
Um+k

1
Um+k

- % <2 Ymyk—1 <log am1+k + 27 Dy4. Then

Subcase (ii): Suppose log

Atk Xmak — CrYmyr + Co))

= Xm+k—1 — IOg am1+k +1-— am-l,-k(z]TeDSeZ”merkfl + CO)

= 2nymik—1 + Co + 1 —log aml+k —2napqrelseP Itk — Cootppir.  (6.5)

For « € (0, 1/2], we consider the following continuous function:
ht):=t+Cop+1— logé —2naePse’ — Coo fort € R.
Then /'(t) = 1 — 2waePse’. Hence h is increasing on (—oo, logé — D5 —log(2m)] and
decreasing on [log é — D5 —log(2m), +00). By (6.2) and a direct calculation, we have
h(log 1 — Co/4) = (3/4—a)Co + 1 —2meP57C0/4 >
h(log L +27Ds) = (1 —a)Co + 27Dy + 1 —27weP5t27Pa > (6.6)

By (6.5) and (6.6), we have X, +x > 27y, +%x + Co. This finishes the proof of (6.4), and
so the lemma holds. ]
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Let D3 > 0 be the constant of Lemma 2.11.

Definition. For« € (0, 1) and y € R, we define

1 1 1 1 1
—|y—<—log—— D3 ify>=—log—+ D3 +1,
o 2 o 2w o
Sa(y) = ) ) (6.7)
—Ds 2my :
e e -3 ify<—log—+ D3+ 1.
2 o

Lemma 6.5. For each o € By and { € yy, we have

s¢(Im &) < Imsg(8).

Proof. 1t follows from the proof of Lemma 2.12 that D4 = D3 + 1. Moreover, we choose
Ds = Dj in the proof of Lemma 2.12 (a). Then the assertion follows immediately from
Lemma 2.12 and the definition of s4. [

Lemma 6.6. We have #Hy C §7] N-

Proof. The proof is similar to that of Lemma 6.4. Suppose o € Hn \ Fon by contradic-
tion. Since « ¢ Jx, by the definition of J there exist a point ¢ € vy \ {1} and an infinite
sequence (1 )ren such that B

Im &, < Bony+1)s (6.8)

where
Cn 1= Sq, 0+ 084,({) foralln € N.

By uniform contraction with respect to the hyperbolic metric as in the proof of Proposition
4.9 and Lemma 5.3 there exists an integer m > 1 such that

m—1 € Ym—1 and  ImEp_1 = 2C,

where Cy > 2M is a large number and M = 1 is as in the definition of B8 (o). Then by
(6.8) there exists an infinite subset I’ = I'(m, ¢, @) of N such that for all k € I’,

Im &kt < B(@maik)- (6.9)

Since @ € Hy, by Theorem 6.1 there exists ko = ko(m) = 1 such that rq,, , _, ©
22 07g,, (0) = B(op4k,)- A direct calculation shows that for all k > ko,

Fetmik—1 O ©Tay (0) = B(Amtk)- (6.10)
Denote x,,—1 := 0 and y,,—1 := 2Cy. For k = 1, we define
Xkt 1= Taps 0+ 0 Fay (0) aNd Ymgket 1= Sap iy © 0 Say (2C0).
where s, is the map defined in (6.7). We claim that if Cy is large enough, then

2V mak—1 = Xmyk—1 + Co forallk = 0. (6.11)
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Assume temporarily that (6.11) holds. By Lemma 6.5, we have y,,1x—1 <Im&, 151
for all k = 1. By (6.9), there exists an integer k € I’ with k = k¢ such that

B(m+k)

M.
2 +

Ymtk—1 S ImEpip—1 < B(m+k) =

On the other hand, by (6.10), we have X, 41 = B(a;+1). However, by (6.11) we have

Xmak—1 < 27Ymak—1 — Co < B(m+k), which is a contradiction. Hence it suffices to
prove (6.11).

Obviously, (6.11) is true when k = 0. Suppose 27y k-1 = Xm+k—1 + Co for some

k = 0. Then one can divide the argument into three cases as in Lemma 6.4 to obtain

27 Ym+k = Xm+k + Co- We omit the details since the rest of the proof is completely the

same. [ ]

Remark. Infact,if ¢ € #H ), then according to [24,27], the boundary of the Siegel disk of
each f € 454 U {Q4} contains the unique critical value —%. This implies that @ € Hy
by Proposition 5.7. Therefore in this way we also obtain H C Fox .

Proof of the second part of the Main Theorem. Let o € HT y be an irrational number of
sufficiently high type. By Lemmas 6.4 and 6.6, « € #y if and only if « € . By
Proposition 5.7, « € Jey if and only ifcv = f(cpy) € dAf, where Ay is the Siegel disk
of /€ J5o U{Qqu} and cpy is the unique critical point of f. Therefore, @ € Hy if and
only if cpy € dAf. |

Appendix A. Some calculations in Fatou coordinate planes

In this appendix we give the proof of Lemma 5.1 based on some estimates of [30]. Let
0 < a < 1/2. Define

T

1 3 2
Y = {w:x—l—yieC:—%(arccoszeszy—g)<x<£ and y>1}

and R := 3¢ (see Figure 8).

Lemma A.1. There exists & > 0 such that for all f € 48 witha € (0, '],
7 (Y) € D(O0, R) \ [0, R),

where 7y : C — C \ {0, o7} is the universal covering defined in (2.13).

Proof. By a direct calculation, we have

, 4 3
e iwey) = SG(C:|§|>€2’w‘and——n<arg§<arccos£—z
3 215 6
™, 1 — +/3i 2
:(C\(]D)(O,ebw)u{ge@:%Sarg(g_ 2\/_1)$?7[}).
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—2riaw

Fig. 8. The domain Y and its image under w > e

Since 4ma/(3R) < 2™ — 1, we have (see Figure 8)

e~2mew ¢ ¢\ (ﬁ(l, 43”_;) U {g eC: % arg(§ — 1) < })

This implies that

1 — e—2miow 4o

I eD(Oﬂ)\{EeC:%sarg§$2—n}. (A1)

Note that arcsin x < %x for 0 < x < 1/2. By [30, Main Theorem 1 (a)], we have
| fo/(0) —4.91] < 1.14 for all fy € 48. Hence |arg f;'(0)] < arcsin% < 5 and

drio dra 8ra 251 291
—We ZE(C:—<|Z|<—and—<argz<—
0

7 7 18 18
By (2.11) and the pre-compactness of 48, there exists a small ¢ > 0 such that for all
f e dSqy witha € (0,¢'],

4o 4 5
or €1z€C: —<||<—and—<argz<—. (A.2)
3 3 3
By (A.1) and (A.2) we have
W)= —2 ___ cD(0,R)\ [0, R).

1 — e 2miqw
The proof is complete. ]

For each C = 1, we define a subset of U (see (5.1)) by

U1(C):={¢eC:1/4<Ret <7/4and Im¢ = C}. (A.3)
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Lemma A.2. There exist C > 1 and ¢” > 0 such that for all f € 48, with o € (0, &"],
we have

L7 (Ti1(C) € 7.
where Ly : ﬁf — C is the univalent map defined in (2.14).
Proof. Let D, > 0 be as in Proposition 2.10. For y > 0, we define
01(y) 1= log(2 + Vy2 + (1/4)2).

There exists a constant C > 0 depending only on D, such thatif y > C, then

Yy —=2D2¢1(y) > 1 (A4
and e
3

%(arccos 7e2m %) — Dypi1(y) > 0. (A.5)

Let 0 < & < 1/C. By Proposition 2.10, we have L' (U1(C)) C X1 U X5 U X3, where

={x+yi:—Dzlog(1+ 1/a) <x < Dylog(1+ 1/a)+7/4and y = 1/},
Xo ={x+yi: =D2¢1(y) < x < Dag1(y) +7/4and y € [C, 1/a]},
={x+yi: =D2¢1(C) < x < D2¢1(C) +7/4and y € [C — D2¢1(C).C]}.

For y > 0, we define a continuous function

1 V3 T
¢(y) = %(arccos 262—7”0’ — g)

Note that o log(1 + 1/«) is uniformly bounded above for 0 < @ < 1. There exists a
constant k; > 0 depending only on D5 such that if & € (0, 1], then for y > 1/,

¢(y)— D2 10g(1 + &) > %(arccosm - g) — Dzlog(l + a) > 0.

Fory € [C,1/a], we denote t = 2wy € [2raC, 2x]. Then

¢ (y) — D201(y) = yy (1) — Dag1 (),

where
T

Yi(t) = (arccos g — E) (A.6)

A direct calculation'> shows that ¥ (¢) is decreasing on (0, 27]. By (A.5) we have

3
() — Do (v) = 2 (arccos V3 z) — Do () > 0.
2 2e 6

I5Note that v (r) = fo (4 2s 1)_1/2 ds can be seen as the average of the integral of @(s) =

(%ezs — 1)_1/2 in the interval (0, 7). Since s — 1;/;(5‘) is strictly decreasing in (0, +00), so is

t = Y(t).
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Finally, let y € [C — D2¢1(C), C] and still denote t = 2w ay. A direct calculation shows
that lim,_, o+ ¥ (¢) = /3, where Y is defined in (A.6). By (A.4), there exists a constant
k2 > 0 depending only on D, such that if o € (0, 3], then for y € [C — D191 (C),C] we
have

¢(y) — D2¢1(C) = y — D2¢1(C) = (C — D2¢1(C)) — D21 (C) > 1.

Let k3 > 0 be a constant depending only on D5 such that D¢ (%) + 7 < - for all
a € (0, k3]. The proof is finished by setting ¢” := min {1/C, k1, k2, k3}. [

Proof of Lemma 5.1. For fo € 459, one can define €y, and ‘C’]BO as in (2.3) similarly
(replacing Py and @y there by Py, 1, and Py, 1,,). We first show that (5.2) holds for
fo € 480 and then use an argument of continuity.

The Main Theorem 1 in [30] was proved by transferring the parabolic fixed point O of
fo € 48 to 00, and a class corresponding to 4§ was defined (see [30, Section 5.A]):

¢:C\E— C\{0}is univalent,}

0 . -1
5o { Q09| h(o0) = 00 and ¢'(00) = 1

where E is the ellipse defined in (2.1) and Q(z) = z(1 + 1/2)%/(1 — 1/z)*is a parabolic
map. Each map in this class has a parabolic fixed point at oo, a critical point at cpg :=
@(5 + 2+/6) and a critical value at cvg = 27 which is independent of F'.

By [30, Lemma 5.14 (a)], P and Q are related by Q = /5! o P o ¢y, where ¥ (z) =
—4z/(1 4 z)? is defined in (2.2) and ¥o(z) = —4/z. By [30, Proposition 5.3 (c)], there
exists a one-to-one correspondence between d S and 4 S OQ. For F e d$ OQ , one has natural
definitions of the attracting petal &, F, repelling petal $rp, F, attracting Fatou coordi-
nate @, r and repelling Fatou coordinate @y, r etc. based on the definitions relating to
Jo € 48 in Section 2.1. For example, the attracting Fatou coordinate of F is defined as

q)am,F(Z) = (DatLr,fo o Yo (2).
For fy € 480, we define a topological triangle

@fo = {Z € g)attr,f() : (Danr,fo(z) € U}

In order to prove (5.2), it is convenient to work in the corresponding dynamical plane of
F=vyy'o fooyy € JSOQ.Deﬁne

Do.r =42 € Par,F : 0 <Re Py, r(z) < 1 and Im Dy p (z) > —2}
and Dy F := F(Dy,r). By [30, Proposition 5.7 (¢)], for z € EO,F we have
|z] =0.05>27¢73" and z &R_.
By [30, Proposition 5.6 (b)], for z € 51, F we have
|z| = j—%sin% =2 >27¢7" and z¢R_.

Let R = 24—763”. We have

Do,r UD1,r C g (D(O,R)\ [0,R)) =C \ (D(0,27e ") UR"). (A7)
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By the definition of @, we have
Vo ' (Qf) = {2 € Paurr 1 1/4 <Re Py, (z) < 7/4 and Im Py, (z) > —2}.
Therefore, by (A.7) we have V5 ' (@, \ {0}) C Do r U Dy . This implies that
Qs \ {0} € D(0,R)\ [0,R) forall fo € JS,. (A.8)

Let C > 1 be the constant of Lemma A.2 and U1 = U;(C) be defined in (A.3). By
Lemmas A.1 and A.2, for every f € 8, with 0 < & < min{¢’, "} we have

1 (01) = 17 0 L7 (T1) € D(0, R) \ [0, R).
Define
U :=U0\U;={eC:1/4<Rel<7/4and -2 <Im¢ < C}.

By (A.8), the continuity of the Fatou coordinates in Proposition 2.2 (d) (see also [45,
Proposition 3.2.2]) and the pre-compactness of 48, there exists a constant 0 < &}, <
min {¢, ¢”} such that for all ' € 4§, with o € (0, €], we have CID;I(UZ) c D0, R) \
[0, R) and hence @7 \ {0} = &7 (B) C D(0, R) \ [0, R). "
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