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Abstract. We compute asymptotic formulas for the transition densities p(n; x, y) of finite range
isotropic random walks on affine buildings. We also describe the asymptotic behavior of the corre-
sponding Green functions.
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1. Introduction

Solving the heat equation led to develop at least two fundamental tools in modern math-
ematics, namely the Fourier transform and the heat kernel. Harmonic analysis, i.e., the
mathematical study of the Fourier transform, is one of the main tools of this paper, while
the heat kernel is its main object of study. The latter can be constructed in the context
of Riemannian geometry, see, e.g., [7], leading to a deep interplay between the analytic
behavior of the heat kernel and the geometric properties of the considered manifold. The
better understood the ambient manifold, the more precise the information on the heat ker-
nel is expected. This paper is dedicated to studying the kernels on some singular spaces,
called affine buildings, in tight connection with Lie theory, more precisely with non-
Archimedean Lie groups [9]. The probabilistic viewpoint is systematically considered
since it is particularly well adapted to these singular spaces with strong symmetry prop-
erties. Some related results on associated Green functions are also derived. The latter has
a deep connection with potential theory, see, e.g., [13].

In order to better motivate our study, let us first consider the case of Riemannian
symmetric spaces of non-compact type, called symmetric spaces for short, since affine
buildings are the non-Archimedean counterparts to the latter manifolds; both situations
are complementary pieces at the heart of Lie theory [17,35]. On a symmetric space, the

Bartosz Trojan: The Institute of Mathematics, Polish Academy of Sciences, ul. Sniadeckich 8,
00-696 Warszawa; Wydzial Matematyki, Politechnika Wroctawska, Wybrzeze Wyspianskiego 27,
50-370 Wroctaw, Poland; bartosz.trojan @pwr.edu.pl, bartosz.trojan @ gmail.com

Mathematics Subject Classification 2020: 33C52 (primary); 42C05, 51E24, 60B15, 60J10, 20E42,
20F55, 22E35, 31C35, 43A90, 60G50 (secondary).


https://creativecommons.org/licenses/by/4.0/
mailto:bartosz.trojan@pwr.edu.pl
mailto:bartosz.trojan@gmail.com

B. Trojan 4650

heat kernel %, for the heat semigroup ¢’®, where A is the Laplace—Beltrami operator, is
a basic and well-studied object. Estimates as well as asymptotic of /; play a fundamental
role in studying geometry of the underlying space. Initial studies of &, were carried out
by Sawyer [31-33] and Anker [2,3]. In [4], Anker and Ji proved sharp estimates on the
kernel /,(x) whenever |x| is smaller than some constant multiple of 1 4 ¢. Global esti-
mates were subsequently found by Anker and Ostellari [5]. These results have important
applications. One is to determine the behavior of the Green function which is the analytic
input needed to describe the Martin boundary [14, 15]. In [15], Guivarc’h, Ji and Taylor
used results obtained in [4] to construct the Martin compactification of symmetric spaces.

Apart from strong topological differences, real and non-Archimedean simple Lie
groups share many combinatorial and geometric properties. From the geometric point
of view, they both act, with strong transitivity properties, on contractible spaces carrying
nice non-positively curved complete distances. In the real case, these are of course the
symmetric spaces. The corresponding spaces for groups over totally disconnected local
fields are Bruhat-Tits buildings. Bruhat-Tits buildings, or more generally affine buildings
when no group is assumed to act transitively on them, are unions of Euclidean tilings,
called apartments, playing the role of maximal flats in symmetric spaces. Apartments
contain Weyl cones, also called sectors, in which, thanks to a polar decomposition of the
group, the behavior of the heat kernel is suitably described.

To get a deeper and more precise understanding of symmetric spaces, many authors
have studied the corresponding problems on appropriate graphs. In this context, Guiv-
arc’h, Ji and Taylor emphasize the importance of extending all the compactification pro-
cedures to Bruhat-Tits buildings associated with reductive groups over p-adic fields. The
group-theoretic part of this program has been carried out by Guivarc’h and Rémy in [16].
A basic important problem raised in [15] is to describe the asymptotic behavior of the
Green function of a finite range isotropic random walk on a Bruhat-Tits building. One
way to understand the Green function is to obtain the asymptotic formula for the corre-
sponding heat kernel which in this context is the nth iteration p(n;-,-) of the transition
operator given by the transition density p (see Section 4.1 for definitions).

In the present paper, we obtain the uniform asymptotic formula for the heat kernel
p(n;-,-), giving a definitive answer to the question posed in [15]. The heart of the matter
is a detailed description of the off-diagonal behavior of p(n; x, y). We achieve this for
all affine buildings in particular those with small or possibly trivial automorphism group.
There has been considerable work done giving on-diagonal estimates, i.e., for p(n; x, x)
(see [12,27] for instance). However, let us emphasize that one needs to understand the
off-diagonal part of the heat kernel p(n; x, y) for the Green function asymptotic. More-
over, the off-diagonal estimates cannot be deduced from the on-diagonal results. We are
able to establish the asymptotic formula for p(n; x, y), uniformly in a region asymptoti-
cally approaching the building-theoretic analog of Cramér’s zone which we denote by M.
The main result of the paper is Theorem 4.1, see also Corollary 4.10 for its weaker ver-
sion which is good enough for most applications. The asymptotic behavior of the Green
function is described in Theorems 4.13 and 4.14. The Martin compactification of affine
buildings is the subject of the forthcoming paper [28].
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Random walks on affine buildings have been studied for over thirty years. In 1978,
Sawyer [34] obtained the asymptotic of p(n; x, x) for homogeneous trees, i.c., affine
buildings of type Aj. This is called local limit theorem. The result was extended to A,
by Tolli [36], Lindlbauer and Voit [20] and Cartwright and Woess [12]. Lastly, local limit
theorems for all affine buildings were proved by Parkinson [27].

Local limit theorems describe the behavior of p(n; x, y) for fixed x and y. However,
in many applications it is desired to know the uniform asymptotic behavior in a large
spacetime regime. For affine buildings, it was previously studied in two cases only. For
homogeneous trees, uniform asymptotic were found by Lalley [18, 19]. For affine build-
ings of higher rank, the first results were obtained by Anker, Schapira and the author
in [6], where for each building of type Ar,a distinguished averaging operator was studied.
We obtain sharp upper and lower bounds on p(#; x, y). In this paper, we treat all affine
buildings.

To be more precise, we need to introduce some notation. Let ® be the type of the
building, that is ® is the affine root system in a, where a is the Euclidean space on which
apartments are modeled, and let ®*+ denote the set of indivisible positive roots in ®.
By Wy we denote the corresponding (spherical) Weyl group. Given a transition function p
of the isotropic finite range random walk on good vertices Vp of the building, we define
the corresponding averaging operator acting on functions on Vp as

Af() = Y px.y)f().

yevVp

Then the Gelfand—Fourier transform of A, denoted by //l\, is a Wy-invariant exponen-
tial polynomial expressed as a combination of Macdonald spherical function P,. The
Cramér’s zone M is the interior of the convex hull in a of the support of A.Foré € M,
we set

¢ () = max{(x, ) —logk(x) : x € a},

where k = ¢! Aand o is the spectral radius of the random walk. We also need a quadratic
form on a given by Bo(u,u) = D2Zlog k(0). Let us recall that each apartment of affine
building contains as a discrete subspace the coweight lattice of the root system ®g, so the
statement below completely describes the process in the building.

Theorem A. Let (v, : n € N) be a sequence of co-weights such that the sphere centered
at o and radius w, is contained in the support of p(n;o,-). Suppose that

lim (6,,a) =0 foralla € ®,

n—>oo

where 8, = n~Yw,. Then for any sequence of good vertices (x, : n € N) such that the
Weyl distance between o and x, equals w,, we have

p(n;0,x,) = n"2T12TTIR, (0)0"e ) (Cy + O(I8,]) + O(7Y)).

The constant Cy is absolute.
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Theorem A is the direct consequence of a more general Theorem 4.1 which con-
tains the detailed description of the asymptotic behavior of p(n; x, y). We emphasize that
the main difficulties lay in the asymptotic analysis along the walls of the Weyl chamber
when §, approaches the boundary of M. Using Theorem 4.1, we study the asymptotic
behavior of the Green function G¢ for ¢ € (0, 0™!]. In particular, at the bottom of the
spectrum, we obtain the following asymptotic formula for the Green function G,-1, see
Theorem 4.14. For the detailed study of the Green function above the bottom of the spec-
trum, see Theorem 4.13.

Theorem B. For all x € Vp such that the Weyl distance between o and x equals w,
we have .
G1(0.%) = Po(0)(By ! (@.0)) 2717 (Dg + o(1)),

as |w| tends to infinity. The constant Dy is absolute.

This paper is analytic in its nature as far as the tools of the proofs are concerned. How-
ever, there are strong connections with Lie combinatorics associated to parametrization of
representations. This is a well-known phenomenon in the field, illustrated for instance by
the case of the Fourier transform on non-Archimedean Lie groups. The starting point in
spherical harmonic analysis is to exhibit a suitable Gelfand pair: this was done by Satake
in the 60’s who also showed a combinatorial parametrization of the spherical functions
providing the desired Fourier transform [30]. The exact computation of the latter functions
was achieved by Macdonald, leading to an explicit description of the involved Plancherel
measure [21]. The situation is so well understood now that it can be made completely geo-
metric, i.e., without any use of group action. The importance of the geometric approach
is important since not every affine building corresponds to a group of p-adic type. For
exotic buildings of type A, Cartwright and Mlotkowski [11] proposed a construction of
the spherical Fourier transform using the geometric and combinatorial properties of the
building. This approach was extended by Cartwright [10] to buildings of type A, and by
Parkinson [26] to all affine buildings.

Let us now give a brief sketch of the proof of Theorem 4.1. As usual, an application of
the spherical Fourier transform results in an oscillatory integral. Thanks to some geomet-
ric properties of the support of the spherical Fourier transform of p, see Theorem 2.2, the
integral can be localized to {6 € a : |0 < ¢}. Therefore, the proof reduces to establishing
the asymptotic behavior, as n approaches infinity, of

de
F,(x =/ P
n( ) 10]<e c(x —i—l@)

uniformly with respect to x € clay, where a4 is the Weyl chamber of the underlying
root system, and ¢ is the non-Archimedean counterpart of Harish-Chandra c-function.
The function ¢ is related to «, for the definition we refer to (4.7). This paper relies on
the study of oscillatory integrals in a uniform manner, and its core is contained in The-
orem 4.4, where the asymptotic behavior of F}, along the walls is investigated. We use
a variant of the steepest descent method. However, there is an interplay between the time n
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and the distance of x to the walls. Therefore, to identify the leading terms we need to uti-
lize combinatorics of subroot systems. In fact, if x lies on a certain wall of a4, then the
function ¢(x, -) retain symmetries in the directions orthogonal to that wall. Close to the
wall, we take advantage of this by expanding F}, into power series and using combina-
torial methods we identify remaining cancellations. In [6], a key combinatorial formula
available for a distinguished averaging operator allowed to avoid the difficult analysis of
cancellations.

1.1. Organization of the paper

In Section 2.1, we present the definition of a function s which underpins all estimates
for p(n;-,-). We next prove two auxiliary lemmas: one analytic and one combinatorial.
In Section 3, the definitions of root systems and affine buildings are recalled, and a number
of spherical-analytic facts used across the paper are collected. The main theorem is stated
and proved in Section 4.2. As an application, the asymptotic behavior of the corresponding
Green function is found (Theorems 4.13 and 4.14).

We use the convention that C,C’, ¢, c’, ... stand for a generic positive constant whose
value can change from line to line.

2. Combinatorial and analytic preliminaries

This section contains most of the preliminaries necessary to the technical arguments used
in this paper. This explains why it is varied in nature. The first subsection is dedicated
to convex combinations of exponentials in Euclidean spaces; they appear naturally in
the study of random walks in spaces governed by Lie-theoretic data. The optimization
problem leads to defining a function providing asymptotic directions of random walks.
The second subsection is dedicated to multiple derivation while the last one contains
a variation of the marriage lemma useful later to handle root system combinatorics.

2.1. Convex combinations of exponentials and the function s

Let a be an r-dimensional real vector space with an inner product (-, -). By ac we denote
its complexification. We fix a finite set of vectors V C a and a set of positive constants
{cy v € 'V} satisfying D, .y ¢y = 1. Let k: ac — C be a function given by the for-
mula

k(z) = Z cpel? ),
veV

The motivation to study the function ¥ comes from random walks. It is ultimately con-
nected to the Gelfand—Fourier transform of the corresponding averaging operator, see
Section 4.1 for details.
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For x € a, by By we denote a quadratic form By (u,u) = D2 log k(x), where D, is
the derivative along a vector u, i.e.,

Duf() = S fe |

Since

cpet®v)

K(x)

Dy logk(x) = Z (u, v)

vey

and
(x,v) x,v) x,v) Cv,e(x,u/)

Cp€ CU€< Cve( ’
D"( K (x) )Z Kk (x) (u,v)—z k(x)  k(x) fu. 7).

v'eV

we may write

x,v’)

1 (x,v) sel
Biwuwy == Y Yy @2.1)
2 i K(x) K(x)

Let M be the interior of the convex hull of V. We assume that M is not empty. For the
sake of completeness, we provide the proof of the following well-known theorem.

Theorem 2.1. For every § € M, a function f(8,-): a — R defined by

f(8,x) = (x,8) —logk(x)
attains its maximum at the unique point s € a satisfying Vlogk(s) = 6.

Proof. Without loss of generality, we may assume that Vk (0) = 0. Indeed, otherwise we
will consider

R(z) = e B0k (z) = Z Cotuo® (z.0),
veV

where vg = V~K (0), and V=v_ vo. Then ﬂ, the interior of the convex hull of 17, equals
M — vg. For § = § — vy, we have

F (8. x) = (x,8 —vg) — logR(x) = (x,8) —logk(x) = f(8.x).

We conclude that if s is the unique maximum of a 3 x +— f (g, X), then it is also the
unique maximum of a 3 x — f(8, x). Because

Vlogk(x) = Vlogk(x) — v,

we get Vlogk(s) = §— vo = §, proving the claim.
Fix § € M. Since Vi (0) = 0, by Taylor’s theorem we have f(8,x) = {(x,8) + O(|x|?)
as |x| approaches zero. Moreover, for any x,u € a,

D2f(8,x) = —By(u,u),

thus the function a > x + f(8, x) is strictly concave.
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Let us observe that
0=Vk(0) = ch-v eclM.
vey

Since M is not empty, the set 'V cannot be contained in an affine hyperplane, thus, 0 € M.
Now, § € M implies that there are vy, ..., v, € dM NV such that § belongs to the
convex hull of {0, vy, ..., v}, i.e., there are tg, #1, ..., 1, € [0, 1] satisfying

r r
8=t0-0+th-vj=th-vj.
i=1

j=1

Because § ¢ d.M, we must have 7y > 0, thus ZJ'.=1 tj < 1. Hence,

r r r
Zt_/ logk(x) > Zt_/(logcvj + (x,vj)) = Zt_/ logcy, + (x,9),
j=1 j=1 j=1
and we get

f(6,x) = (x,8) —logk(x) < (th — 1) logk(x) — th logcy, . (2.2)

j=1 =1

Because

lim logk(x) = +o0,
|x|—o00

estimate (2.2) implies that
lim f(§,x) = —o0,

|x]—o00
and the proof is finished. ]
In this paper, for a given § € M, we denote by s € a the unique solution to
cpelsv)

K(s)

8§ =Vlogk(s) = Z

vey

(2.3)

Let ¢p: M — R be defined by
¢ (8) = max{(x, ) —logk(x) : x € a},

thus, by Theorem 2.1,
¢ (8) = (8,s) —logk(s).

By (2.3), for any u € qa,
(6,u) = Dy logk(s).

Hence, for u,u’ € a,

d
(u,u’y = Dy(Dy logk(s)) = Z D; Dy logk(s)Dysj = Bs(Dys,u'),
j=1
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ie., Dys = Bs_lu. Therefore, we can calculate

d d
Vo) =s + ZSjVsj — Z Djlogk(s)Vs; =5,
j=1 j=1

thus,
D2¢(8) = Du((u,s)) = By ' (u.u).

In particular, ¢ is a convex function on M. Let §o = V log k(0). By Taylor’s theorem,
we have

1
$(8) = 5By (5= 80,8 = 80) + 08 —bol) (2.4)
as § approaches 8y. We claim that' for all § € M,
#(8) < By (8 — 80,8 — 8o). (2.5)

Since ¢ is convex and satisfies (2.4), it is enough to show that ¢ is bounded from above.
Given § € M, let vy € 'V be any vector satisfying

(s,v9) = max{(s,v) : v e V}.

Because
cpelsv)

k(s)

(5.8) = (s.v0) = 3

vey

(s,v—wg) <0,

we get
¢(8) = (s,8) —logk(s) < (s,8) — log(cvoe(s’”")) < —logcy,,

proving (2.5).

In general, there is no explicit formula for the function ¢. By the implicit function
theorem, the function s is real-analytic on M. In particular, s is bounded on any compact
subset of M. From the other side, |s| approaches infinity when 6 tends to d.M. To see this,
let us denote by ¥ a facet of M such that § approaches d.M N F. Let u be an outward
unit normal vector to M at ¥ . Then foreachv’ € F N Vandv” € V \ ¥, we have

(s,0)
(V' —68,u) = Z Cve (v —v,u)

vey K(S)
(s,v) L, elssv”)
= Z Cve (v'—v,u)zL(v/—v”,u).
verng K0 K(s)
Therefore, forany v € V\ ¥,
elsv)

li = 2.6
8_)31;?”? K(s) 26)

The next theorem provides a control over the speed of convergence in (2.6).

14 =< B means that cB < A < CB for some constants ¢, C > 0.
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Theorem 2.2. There are constants n > 1 and C > 0 such that forall § € M andv € 'V,

we have
els:v)

=C dist(8, dM)",

K(s
where s = s(8) satisfies § = V logk(s).

Proof. We consider any enumeration of elements of V = {vy, ..., vy}. Define
Q={we STl (w,v;) > (w,vj41) fori =1,...,N — 1},

where S”~! is the unit sphere in a centered at the origin. Since V is finite, it is enough to

prove that there are C > 0 and n > 1 such that for all x € a, if |§—| € Q,thenforallv eV,

e(‘x’v)
) > C dist(8, 9M)",

K(x

where
(x,v)

cpe'®
5= (x)

vey

Without loss of generality, we may assume that 2 # @. Let k be the smallest index such
that points {vy, ..., vx} do not lay on the same facet of M. Let us recall that a set ¥ is
a facet of M if there are A € S”~! and ¢ € R such that forall v € V, (1, v) < ¢, and

F =conv{v € V: (A,v) = c}.

Since {vy, ..., vx} do not lay on the same facet of M and €2 is a compact set, there is
& > 0 such that for all w € 2, we have

(C(),U]) = (C(),Uk) + e. (27)

Indeed, otherwise, there are w,, € 2 such that

1
(Wn, V&) < (@Wn, V1) < {Wn, V&) + -

Since 2 is compact, there is wg € 2 such that (wg, v;) = (wo, V) and for each i €

{2,...,N}, {wg,v1) > (wo, v;). This contradicts that {vy,. .., vt} do not lay on the same
facet of M.
Let ¥ be a facet containing {vy, ..., Vx—;} determined by A € §"! and ¢ € R. Let

us consider x € R¥ such that ‘i—‘ € Q and
(x,v)

cye
8= Z k(x)

veV

The distance from § to a plane containing the facet £ is not bigger than ¢ — (A, §), thus

{x,0) {x,vi)
ve ()&,vl—v)§2max{|v|:ve"\7}-e

dist(8, 0M) <c — (A.8) = ) e R

veV\F
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Since ¢y, etv1) < ke(x) < e®1) we obtain e*-U« V1) > C dist(§, d.M). In particular, for
1 <j <k, wehave
elx:v))

K (x)

> C dist(8, 9M).

If j > k, we can estimate

elx:v))
> plxvi—v1) — (e(x,vk—vl))(x,v1—v/)/(x,v1—vk)

K(x) —
> C dist(8, BM)<X’U1_Uj)/(X,U1—Uk)

which finishes the proof since, by (2.7),

1< v =) <& 'y -],
(xsvl —Uk)
thus it is enough to take
n=¢ ' max{lv; —v|:ve V). |

2.2. Analytic lemmas about multiple derivation

For a multi-index 0 € N”, we denote by X, a multi-set containing o (i) copies of i.
Let [T, be a set of all partitions of Xy, and let {uq,...,u,} be a basis of a. For the
convenience of the reader, we recall the following.

Lemma 2.3 (Faa di Bruno’s formula). There are positive constants ¢, ®w € g, such
that for sufficiently smooth functions f:S — T, F:T — R, T CR, S CR’, we have

dm G
PF(f$) =D tn—x F) 0% fs).
dr™ lt=f(s) .
nelly j=1
where 1 = {By,..., By}
Let us observe that for
Fiy == ad fio=]]—
= —— an s) = ,
2—t j=11-_%

the function F( f(s)) is real-analytic in some neighborhood of s = 0, thus, there is C > 0
such that for every o0 € N”,

D eam! [ Bj! = 0°F(f(0) < Cl”*ol, (2.8)

nwelly j=1

where for a multi-set B containing (i) copies of i, we have set

Bl =[] w)

i=1

Using Lemma 2.3, we can prove the following.
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Lemma 2.4. Let 'V C R? be a set of finite cardinality. Assume that for each v € 'V, we
are given a, € C, and by, > 0. Thenforz = x +i0 € C? such that

6] < (2-max{|v| :v e V)L,

we have

‘Zb el > Zb et (2.9)

vey ve'V

Moreover, there is C > 0 such that for all 0 € Nd,

3 —Zvev ave® || _ ol gy Lvev lavle™ (2.10)
Z ey bve o) [~ ZUG'V byetx:v)
Proof. We start by proving (2.9). We have
2 ’
‘ Z bye'®V | = Z bybye* P cos (0, v — ')
vey v, €V
2
> 37 bybye (1 - .0 —vy )
v,v' eV 2
1 2
2 5 (X bue™)
veV
because |(0,v —v')| < 1.
For the proof of (2.10), it is enough to show
)| = €t 2.11)
Zvev bve(z’w - ' ve'Vb elx) '

Indeed, since

0°{ Yo ave ™| = D laul - ol < €Y fay et 2.12)

vey vey veV

by (2.11) and Leibniz’s rule we obtain (2.10). To show (2.11), we use Faa di Bruno’s
formula with F(t) = % By Lemma 2.3 together with estimates (2.9) and (2.12), we get

sl = X com(S ) [T o)

nelly veVy j=1 vey
1 m
< Clg‘ﬁ Z cxm! H B!
2vev bue zelly j=1
<clo+i b
ZUE'V bve(x,v)

where in the last inequality we have used (2.8). ]
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2.3. Variation on the marriage lemma

The following combinatorial lemma may be known but we include its proof for complete-
ness and lack of reference. Let (Cq, C», ..., C,) be a fixed sequence of subsets of a finite
set X. A multi-index y € N” is called admissible if there is (X; : 1 < j < r) a partial
partition of X such that X; C C; and |X;| = y(j). We set e; to be a multi-index with 1
on the jth position and 0 elsewhere.

Lemma 2.5. If y is admissible, then for any partial partition (X; : 1 < j <r) corre-
sponding to y, we have
Ux=Uc.
i€y Jjely
where J, = {j : y + ej is not admissible}.
Proof. Givenm € J,, we construct a sequence (/; : 0 < j) as follows: /o = {m} and for

i >0,
Iiyi ={j : X; N Cx # @ for some k € I;}.

We notice that /; € I;41. Let I = limsup;5q I; and V = J;¢; X;. We claim that
v=_Jc.
jel
Suppose that, contrary to the claim, there is
yvelJginve
jel

We first observe that y ¢ U_;=1 X;. Indeed, y € C; N X, for some j € I implies that
j’ € I. Also there are sequences (j; : 1 <i <n)and (x; : 0 <i < n) of distinct elements
such that j; =m,y € Cj,, xo € Xj,,x, =yandx; € C;; N X, fori e{l,...,n—1}.
By setting

i+1

v {(Xj[U{x,-})\{x,-_l} if j = jifor €i e{l,....n},
j =

X; otherwise,

we obtain a partial partition of X corresponding to y such that

r c
X()GCmﬁ(UYj)

j=1

which is not possible since m € J,,, proving the claim.
As a consequence of the claim, we have

VI=>"r().

jeI
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We next show that / = J,,. Suppose that, on the contrary, thereis k € 1 N Jy, . Then there
exists a partial partition (¥; : 0 < j < r) corresponding to y such that

r

ckm(UYj) £ 0. (2.13)

j=1

Since Y; € Cjand }_; ¢/ |Yj| = 3 ;7 v(j), we must have

Urn=Ucq

jel jel

which contradicts (2.13). Therefore, I C J,, and the lemma follows. [

3. Affine buildings

This section presents the singular, usually higher-dimensional, spaces in which we wish
to study the behavior of the heat kernel. These spaces are called affine buildings and are
discrete analogs of Riemannian symmetric spaces. They are union of Euclidean tilings
in tight connection with the theory of root systems. They have strong symmetry proper-
ties, so that they often have a very transitive automorphism group. Still, we prefer to use
them in a purely geometric way. The last subsection illustrates this choice by presenting
the spherical harmonic analysis we need. Indeed, harmonic analysis on buildings started
in a group-theoretic context by exhibiting Gelfand pairs (see [30]) and then by comput-
ing explicitly the corresponding spherical functions (see [21,23]), but these fundamental
works have now geometric generalizations avoiding group actions, thus allowing to con-
sider a few more cases in dimension 2.

3.1. Root systems, weights and coweigths

We start by recalling basic facts about root systems and Coxeter groups. A general refer-
ence is [8].

Let @ be an irreducible but not necessarily reduced finite root system in a. Let {c; :
i € Ip}, where Ig = {1,...,r} be a fixed base of ®, and ®* the corresponding set of all
positive roots. Let ay be the positive Weyl chamber, i.e.,

ar ={xea:{ax)>0foralla e d*}.

By «g, we denote the highest root of @, that is, a root
ap =Y mia;,
ielp

such that for any ¢ € ®, ¢ = ) n;a;, we have n; <m;. Wesetmg =1and I =

Iy U {0}. Let

iely

Ip={iel m =1}
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The dual basis to {o; : i € I} is denoted by {A; : i € Ip}. The co-weight lattice P is the
Z-span of fundamental co-weights {A; : i € Iy}. A co-weight A € P is called dominant if
A=) Io X;jAi, where x; > 0 for all i € I. Finally, the cone of all dominant co-weights
is denoted by P ™.

Let H; = {x € a : {a;,x) = 0} for each i € I,. We denote by r; the orthogonal
reflection in H;, i.e., ri(x) = x — (ai,x)otly for x € a, where for @ € ® we put

2a
(o, @)

oV =

By Q we denote the co-root lattice, that is, Z-span of the co-roots {aV : « € ®}. The
subgroup Wy of GL(a) generated by {r; : i € Iy} is the Weyl group of ®. Let ry be the
orthogonal reflection in the affine hyperplane

Hy={x €a:{ag,x) =1}

Then the affine Weyl group W of ® is the subgroup of Aff(a) generated by {r; :i € I}.
Finally, the extended affine Weyl group of ® is W = Wy x P. We set

,
p=ZAJ- =% Z aV.
j=1

acdt

Let M = (m;j)i jer be a symmetric matrix with entries in Z U {oo} such that for
alli,j e,

>2 ifi #J,

mij = o .

1 ifi = j.

The Coxeter group of type M is the group W given by the presentation
(ri : (rirj)™7 = 1foralli, j € I).

For a word f =iy ... i in the free monoid /, we denote by ry an element of W of the
form ry = r;, ... r;.. The length of w € W, denoted by £(w), is the smallest integer k
such that there is a word f =iy ...ix and w = ry. We say f is reduced if £(ry) = k.

3.2. Building, thicknesses and (co)type

For the theory of affine buildings, we refer the reader to [29].

A set X equipped with a family of equivalence relations {~; : i € I} is a chamber
system, and the elements of X are called chambers. A gallery of type f =iy ...i; in X
is a sequence of chambers (cg, ..., cg) such that forall 1 < j <k, ¢j_; ~i; Cj and
cj—1 #c¢j. If J C I, J-residue is a subset of X such that any two chambers can be joined
by a gallery of type f =iy...ig withiy,...,ig € J.

Let W be a Coxeter group of type M . For eachi € I, we define an equivalence relation
on W by declaring that w ~; w’ if and only if w = w’ or w = w’r;. Then W equipped
with {~; : i € I} is a chamber system called Coxeter complex of W.



Asymptotic behavior of heat kernels and Green functions on affine buildings 4663

Definition 3.1. Let W be a Coxeter group. A chamber system X is a building of type W if
(i) forallx e Xandiel,[{yeX:y ~; x}|>2,

(ii) there is a W-distance function §: X x X — W such that if f is a reduced word, then
8(x,y) = ry if and only if x and y can be joined by a gallery of type f.
If W is an affine Weyl group, the building X is called affine.

Notice that if we define Sy : W x W — W by §w (w, w’) = w™lw’, then 8y is a W-
distance function. Thus a Coxeter complex of W is a building of type W.

A subset A C X is called an apartment if there is a mapping ¥: W — X such that
A = (W) and for all w,w’ € W, §(y(w), ¥ (w')) = Sw(w, w’).

A building X has a geometric realization as a simplicial complex X(X), where
aresidue of type J corresponds to a simplex of dimension |/ | — |J| — 1. Let V(X) denote
the set of vertices of X (X). Define a mapping t: V(X) — I by declaring 7(x) =i if x
corresponds to a residue of type I \ {i}.

Forx e Xandi € I,letg;(x) beequaltog; (x) =|{y € X : y ~; x}| — 1. We assume
that the building is regular, that is, ¢; (x) is independent of x. Denote the common value
by g;, and assume local finiteness: ¢; < co.

To any irreducible locally finite affine building, we associate an irreducible, but not
necessary reduced, finite root system ® (see [26]) such that the affine Weyl group corre-
sponding to ® is isomorphic to W, and ¢;(y) = ¢-w+a) forall A € P and v € Z(W).
Then the set of good vertices is defined by

Vp ={veV(X):t(v) € Ip}.

3.3. Spherical harmonic analysis

In this subsection, we summarize spherical harmonic analysis on affine buildings (see
[21,26]).

Let X be an irreducible locally finite regular affine building. Given x€Vp and A€ P T,
let V) (x) denote the set of all y € Vp such that there are an apartment -+ containing x
and y, a type-preserving isomorphism : A — X (W) and w € W such that Y(x)=0
and ¥ (y) = wA. It may be shown that |V, (x)| is independent of x. Let N, denote its
common value.

Foreach A € P, we define an operator A, acting on f € £?>(Vp) by

S =5 X SO,

YV (x)

Then Ag = C-span{A; : A € PT} is a commutative x-subalgebra of the algebra of
bounded linear operators on £2(Vp), see [25, Theorem 5.24]. The multiplicative func-
tionals on Aq can be described in terms of Macdonald spherical functions Py, A € P,
see [25, Section 6.3]. Namely, each multiplicative functional /., z € ac, is a linear map
on Ag such that

hz(Ay) = P(2)
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for all A € P*. Before we recall the definition of Macdonald spherical functions, let
us introduce some notation. Let ¥ be the set of roots @ € ®F so that Jo ¢ +.
If o € ®*, then g = g; provided that o € Wy - o; for some i € I. We define

1 ifo ¢ @,

qa ifa € ®, but %a, 20 ¢ D,
T, =
T ey ifalaco,

Golyy ifa, 20 € ®.

Let yo denote the fundamental character that is a multiplicative function on P,

X0 = ] =

aedt

If w € Wy has a reduced expression w = r;, 74, -+ Ty, then gy = ¢q;, -+ i, . If A € P,
the Macdonald spherical function P, is (see [21])

-1/
Paty = OO 5 et

—1
Wo(g )weWo
where
1-— t(;lra_/lz/ze_(z’“v)
c(z) = 1_[ 1 —1/2 (7 av)
acdt T Taj2 €
- Gata e BN (1 4 72202
- cp++ I —emter) ’
o
Wola™) =D ay".
weWy

Values of P, where the denominator of the c-function equals zero, are obtained by taking
proper limits.

By A, we denote the closure of Ag in the operator norm. Then A, is C *-algebra.
To describe the Gelfand transform as well as the Plancherel measure, we need to distin-
guish two cases.

The standard case. Assume that 7, > 1 for all « € ®. Then for each 6 € Uy, where
Uy=1{0ca:{0,av)<nmforalla € ®},

the multiplicative functional /;¢ extends to A, in a continuous way. Moreover, for each
A € Ag,x € Vp,and y € V) (x), we have

Wolg™)

1
)
S, e P s

500 = (5-) G.1)

le(i 9) 2
where 8, () is Dirac’s delta at x, see [26, Theorem 5.2 and Corollary 5.5].
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The exceptional case. Suppose that 7, < 1 for some a € ®. It is only possible when @ is
BC, root system and ¢, < ¢o, namely

b ={+e;,*2¢;,Fejte:1<i<r1=<j<k=r}

where {e1, ez, ..., e,} is the standard basis of a. We seta = ./g,qo and b = Z—(’J. Then

= ([ )

y ( 1_[ (1—611 le—z,-—zk)(l_ zj+zk)>.

(1 _e—z_,-—zk)(l —z] +zk)

1<j<k<r

Letv =logh—im.Forj =1,...,r, we set

1 3 9
= {9 € [—En, En] 10 = —v}.
and Up = [-7, 7”] For 6 € U;, we define

el + e
= lim ———.
$1(i6) = lim ————
Then for each 6 € Uy U Uy, the multiplicative functional /;4 extends to A, in a continuous
way. Moreover, for A € Ay, x € Vp and y € V) (x), we have

LW [ df
(A8)(y) = (E) Ty, PO
1 \7— lWo(CI 1 do
(Zn) i o his (AP E0) s (3.2)

where W is the Coxeter group C,_; and the measure df on U; equals

,
do = ]_[ doy
k=1
k#j
forj =0,1,...,r,see[26, Theorem 5.7 and Corollary 5.8].

4. Asymptotics

In this section, we prove the main result of the paper, on the asymptotic behavior of the
heat kernel on affine buildings (see Theorem 4.1). This requires to recall some facts on
random walks in Section 4.1, where we also explain the relationship with Section 2.1
on convex combinations of exponentials. The longest Section 4.2 deals with the proof of
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Theorem 4.1: it is analytic in nature but requires some combinatorial arguments with Lie-
theoretic ingredients. It starts with an application of the spherical Fourier transform and
the contour deformation which results in an oscillatory integral studied by the steepest
descent method. The rest of the preliminary Section 2, i.e., analytic lemmas on multiple
derivations and a combinatorial one elaborating on the marriage lemma, is used here. Con-
siderations of root systems are used to determine the correct leading terms in the desired
asymptotics. At last, Section 4.3 is dedicated to asymptotics for the Green functions.

4.1. Random walks

In this paper, we are interested in asymptotic behavior of isotropic random walks on good
vertices Vp, i.e., random walks with the transition probabilities p(x, y) constant on

{(x,y) e VpxVp:yeVyx)}

for every A € PT. Let A denote the corresponding operator acting on £2(Vp), namely for
f e (Vp),
Af() = Y p(x.y)f().

yeVp
Then A belongs to the algebra A, and may be expressed as
A= D" a,Ay
neprP+
where @y, > 0 and ), p+ @, = 1. We say that the random walk has a finite range if
ay, > 0 for finitely many u € P*. We set p(1;x,y) = p(x,y), and forn > 2,
pix,y) =Y pn—1;x,2)p(z,y).
z€Vp
If o is a fixed good vertex, we write p(n; x) = p(n;o, x).
The random walk is irreducible if for any x,y € Vp, there is n € N such that
p(n;x,y) > 0.
Lastly, the walk is called aperiodic if for every x € Vp,

ged{n e N : p(n;x,x) >0} = 1.

We shall be concern with irreducible and aperiodic random walks having a finite range.
Then there are a finite set V C P and positive real numbers {c, : v € V} such that

k(z) = che(z’”),
vey

where we have set
K(z) =0 "ho(A)
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and o = ho(A). We can use the results of Section 2.1. Recall that M C a is the interior of
the convex hull of V. The set M is not empty as it contains the convex hull of

m- m’ T m’ m
where m is such that V), (0) € p(m;-) forall j € Io. Because k is Wo-invariant, we have
Vik(0) =0.1f§ € M and w € Wy, we can write

w-8=w-Vlogk(s) = Vlogk(w -s),
where s = s(§). Hence, Theorem 2.1 implies that w - s(§) = s(w - §). For € ®, we set
Fe(x) = x — {aV, x)a.

Since
0 < (s5,8) —logk(s) — (res,8) +logk(res) = (s,a"){a,8),

by the implicit function theorem, the mapping s: M — a is real-analytic and s(M N
clay) = clay. In what follows, > 1 is the number determined in Theorem 2.2.

4.2. Heat kernels

Before stating the asymptotic formula for p(n; v), we need to introduce some notation.
Given ¥ # J < Iy, by W denote the set consisting of & € & such that («, A;) = 0 for all
j € Iy \ J. Then W is a root system in ay = R-span ¥. By Ty:a — a we denote the
orthogonal projection along ay. Let ¥ = W N &+, Forw € P and x € a, we set

_ Xo(w) /2 1

P —(w-0,w)
o = i iy 2 et
by ) 6~0 [Wo(W) | £
and
_ —1/2 —(x,aV)
1 " 1 T e
a‘ll(-x) = (2_> /e—Bx(u,M)/2|an(u)|2 du . ( 1—[ a/z_l/z ; ,
4 a wedt\w+ 1— Tot_lfa/z e—(x.aV)
where
()= [] (x.a¥) 4.1)
ae¥t++
and
1=l 2o xa)
cy(x) = l_[ « 11/2
1—1t /Ze,(x"xv)
aewt o/2
b\IJ(X) = 1_[ (1 _ ,[2—()[1{0!—1/26_()6,(1\/)/2)(1 + r;l/ze_(x’avvz)'
oW+t

If J =0, then ¥ = @, and

_ 1\7 _ 1
Py(@) = 1o(@) ™ and @y = (5) / I g
a
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Theorem 4.1. Let J < Iy. Suppose that (o, : n € N) is a sequence of co-weights such

that V,, (0) is contained in the support of p(n; -). We assume that §, = n~'wy satisfies

lim n~Ldist(8,, dM) 72" = 0, (4.2a)
lim (85, o) dist(8. IM)™2 =0 foralla € W, (4.2b)
(8p.a) > & foralla € ®T\ ¥ (4.2¢)

for some & > 0. Then for any sequence of good vertices (v, : n € N) such that v, € V, (0),

_ _|pt++ _
p(n;vy) = n~ 2T g e 160 Py (w0,) Qg (1) (1 + En(81))

with
|EnGn)| <C Y ({0 +n7") dist(8,. 0M) 7",
ac¥tu{o}
where
th = —Ty)sn, $n=V¢g(By),
and

¢ (8) = max{(u,d8) —logrx(u) : u € a}.

Proof. We consider the standard case. The necessary changes in the exceptional case
are explained in Appendix A. Let us recall that 7, > 1 for all @ € ®. By the inversion
formula (3.1), we can write

) Wolg™)

1
) .
e ], oy P,

pnson) = (5 < 9)|

Using the definition of P, and Wy-invariance of the integrand, we get

1 \7
pn:va) = (5-) x0(@n)™%e" Fa@n).

where
do

o _ i ,—i{0,w) 7
Fu(w) /Uo k(if)e o)’
Suppose now that 8y € Uy is such that k(i6y) = e'’ for some t € [—x, 7). Since k(i6)
is a convex combination of complex numbers from the unit circle, k(if) = €'’ if and
only if e?{%0:¥) = ¢/f for all v € V. Therefore, if p(n;x) > 0 for some x € V,(0), then
eit00:@) — oint Gince the random walk is irreducible and aperiodic, for all sufficiently
large n we have p(n; x) > 0, thus

eint — ei(@g,(u) — ei(n+l)t

which implies that # = 0. Therefore, ¢'(00:0) — 1 forall w € P, which entails that 6o = 0.
Next, we observe that we can shift the integrand. In fact, we have the following

claim.
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Claim 4.2. For any u € b, where
1
b= {x ca:{x,av)>—logry — Elogta/z foralla € <I>+},

we have 40
7 — i 0)" —(u+i0,w)—'
(W) /Uolc(u-l-l)e w1 10)

Let us first observe that the integrand is 27 Q-periodic. Hence, the value of the inte-
gral stays unchanged if we replace Uy by any other fundamental domain for the action
of 2 Q on a. It will be more convenient to replace Uy by

V={0=0ici+:+ 6 :0; € [-m n]}.

Now, it is easy to see that for any A € P, we have

/ i (0.) —i(6.0) gp :/ utifA) ,~utifo) 4o 43)
1% 1%
Since e_(“’“v)rt;ltg/lz/z < 1, we can write
l—1 /1/28—(u+19 aV) ) )
/2 n_—n/2 —n(u+19a n_—n/2 —n(u+19a )
1 -1 —1/2 (u+i0,aV) - Z‘C 06/2 — To Z‘C 06/2
— Ty Ta/Z n>0 n>1
=14 (1 —14) Z ta—naroj/nza/2e—na(u+i0,av)’
ne>1

where the series is uniformly and absolutely convergent. Hence,

1 ( - n /2 - 9,
_— = 1+(1—‘L’) ‘L'na‘L' a na(u—l-lot))
c(u+i6) ag+ ¢ n;:l

— Z c(av’q)e(u-i-iG,Otv)'
avVeQVv

Thus, by identity (4.3), we obtain

i de
i 0)" —(u+if,w)
/I/K(u+l y'e c(u-i—i@)
= Z C(O{ .q) Z 1_[ / (u4i6,57 _ lvj —(u+if,w) u_HQO[V)dG
aveQV Vlsenns vne’Vj—l
= Z c(a” .q) Z 1_[ / (16,7~ 1Vj) =i {0.0) ,i(0,0) 4p
avegv V], vp €V =1
= / k(i) e~ (0) i
1% c(if)’

proving the claim.
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Thanks to Claim 4.2, we can choose the shift u € b depending on w;, in such a way
that the critical point of the phase function is at = 0.

Let us notice that if p(n;v,) > 0, then §, = n"'w, € clM. Since dist(8,, M) > 0,
by Theorem 2.1, there is the unique s, = s(6,) such that V log «(s,) = §,. Hence, by
Claim 4.2, we can write

Ry

(K(Sn + ie))ne—i(ﬂ,wn) d@
Uo

K(Sn) c(sp +160)’

where ¢ (§) = (8, s) — logk(s).
Let ¢ > 0 be small enough to satisfy (4.8) and (4.11). We set

U ={0ca:(0,a") <eforalla € d}.

With a help of Theorem 2.2, we can show that the integral over Uy \ U, is negligible.
To see this, we write

k(u+1i6)2 cpeluHif) oo u—if o)
| ==y

c(u) o2y k) k)
coelv) o o) ) 2
=2 ? .2 in(—,v—1')) . 4.4
vv/zev ) D) (sm<2 v v>) 4.4)

We need to show that for each 6 € Uy \ U,, there is always at least one non-zero term
in (4.4). In fact, we show the following statement.

Claim 4.3. For every vg € 'V, there is § > 0 such that for all 0 € Uy \ U,, thereisv' € V
satisfying
.10
sin{ —, v — > £
‘ ! <2 v v°>‘ §
For the proof, we assume to the contrary that for some vg € V and all m € N, there

is 6, € Up \ U, such that forall v € 'V,
R B
sin{—,v —vp)| < —.
2 m
By compactness of Uy \ Us, there is a subsequence (6,,, : k € N) convergent to 6" €
Up \ Ug. Then forallv € V,
9/
sin{—,v —vg) =0,
' <2 °>
and thus |« (i6”)| = 1, which is impossible since 0 = 6’ ¢ Uy \ U,.
Before we apply Claim 4.3, we select any v € 'V satisfying
(Sn, vo) = max{(s,,v) : v € V},
thus e{sn-vo) > Kk (sy). By Claim 4.3 and (4.4), for each 0 € Uy \ U, there is v’ € 'V such
that
k(s, +i0))2 cyretsn?’) elsnv")

_— > —2> 2 s 2. .
1—’ o) > 2¢y, o) &% > 28" min{c; :v € V} o
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Although v" may depend on 6 and n, by Theorem 2.2, there are C > 0 and 1 > 1 such
that forall @ € Uy \ Ug and all n € N,

0) 12
1 (M > C dist(8,, 0M)".
«(sn)
Hence, )
‘K(s,, +i0)2 < 1= C dist(8,, 3M)" < ¢~C distGn,040"
K (sn)
Since 12
‘ I_Ta/z e—{sntif.aY) 3 2
1-— r—lfa/lz/ze—(sﬁieﬁ‘"v) 1— t—lra_/lz/z’

we conclude that

K(Sn +I0N" i 0.00)
)/Uo\m K (sn) ) ¢ c(sn +19)’ < Cexp{—C'ndist(8,, 9M)"}.  (4.5)

The argument above reduced the problem to studying the integral over U. Observe that,
by (2.9), the function Log « is analytic in a strip a 4 i B, where Log denotes the principal
value of the complex logarithm and

B={fca:|f| <@ -max{|v]:ve V).

Let F), be a function on b defined by
do
Fo(x) = | "™ —— 4.6
n(x) /U c(x +i6) (46)
wherein
¢(x,0) = Logk(x +i6) —Logk(x) —i(6, Vlogk(x)), 4.7)
provided that ¢ is sufficiently small to guarantee that

U, C B. (4.8)

Hence, by (4.5),
Fn(wn) = e (Fy(sn) + En(8n)),

where
|E,(8,)| < C exp{—C'ndist(§,, 3M)"}.

Therefore, our aim is to find the asymptotic behavior of (F,(s,) : n € N). We notice
that F, (x) is an oscillatory integral depending on x € b, and its asymptotic behavior
depends on stabilizer subgroup of Wy with respect to x.

We start by proving some estimates on ¢. Since for any u,u’ € aand z € a + iB we
have

1 el cypelz)
DuDyLogk(@) = 5 D, === = = lwv=viw' v —v),
v, eV
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by Lemma 2.4, there is C > 0 such that for all 0 € N”,

18 (Dy Dy Logk(2))| < C°loV/ By (u, u) B /', '), (4.9)
where z = x + i6. By using the integral form for the reminder, we can write
1 i [!
V(x.0) = (x,0) = 3 Ba(6.0) = _’5/ (1—1)>D3 Logk(x + i61)dr.
0

In view of (4.9), there is ¢ > 0 such that forall x € aand § € B,

[V (x,0)] = ¢c|0|Bx(0,6). (4.10)
Therefore, by choosing
[V (a.b)| !
4. : ,beB , 4.11
8<( Sup{|b|Ba(b,b) acabe }) ( )
if |0| < &, then we may estimate
1
[¥(x.0)| <  Bx(6.6). (4.12)
Hence, .
Re(x, 0) < —7 Bx(9.0). (4.13)

We next observe that the function F}, is real-analytic on b. To see this, let us choose in a
coordinates x; = (x,«;). By Lemma 2.4, there is C > 0 such that for all 4 € N” and
x+ifeb+ilU,

w < C|M|+1 .
x(c(x~|—i0)))_ ”

For v € N, by Lemma 2.3 together with estimates (4.9) and (4.13), we have

m
|a;en¢(x,9)| < i1 Z C,,e_("/4)B”‘(0’0)(an(9, 0))" 1_[ B;!.

nwelly, j=1

Since
e—(n/4)Bx(9,9)(an(9, 9))" < 8mm!e—(n/8)3x(9,9)’

by (2.8), we obtain

m
|3ven¢>(x,9)| < CIVH1,=(/8)Bx(6,0) § : 8¢ m! l_[ B;!
X —_ . .
well, j=1

< CIVIH1y1p=(1/8)Bx(0.0) (4.14)
Therefore,

102 Fy (x)] < C""“a![ e~ (/8B (0.0) 49 < CloH1 51,7712 (det B, )12,

£

which implies that F;, is real-analytic.
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We start with the case J # @. Our aim is to describe the asymptotic behavior of F, (x)
close to walls. Let xo € da be such that (xg, a]\.’) =0forall j € J. By I'y we denote the
set of all multi-indices y such that 0¥ wy # 0, where my is defined in (4.1). The following
theorem is our key tool.

Theorem 4.4. There are C,C’, R > 0 such that for all h € ag, |h| < R,

Fy(xo + h) = (det Byy) ™ 2mu(Bylp) Y (Byoh)?n ™12 AT (xg )

vel'y

+ En('x05 h)5 (415)
where A (xo, h) = a (xo) + g, (X0, h) + EJ (xo, ), and

lay(xo)| <€, |E}(xo,h)| = Cn™ Y| BL ], “.16)
gy (X0, h)| < Clh|, |En(xo,h)| < Cexp{—C'n||BL'[I""}.
The constants C, C' and R are independent of xo and n.
Proof. We start by changing coordinates in a, namely for x € a we write
(x, ;) if j € J,
Y= {(x,(] CTy)ey) ifj e lo\ J.

Therefore,
9, — Dryy; ifj €J,
! Dy, ifjelg\J.

Observe that for j € Iy \ J, we have TgA; = 0, because for any k € J,
(TyAj o) = (Aj. ) = 0.
Since for all w € Wy and x € q,
Byx(w-u,w-u") = Dyy Dy logi(w-x) = Dy Dy logi(x) = By(u,u),

for any o € W, we have
By, (rau, rqu’) = By, (u,u’).

Thus, fork € Iy, j € J, j # k, we have
on(xk»aj) = BxO(rjkk,rjaj) = —on(kk,aj) =0.

Therefore, by setting
1 r
p=3 2 «'=2 4
acdt+ j=1

we have
BXOOlj = BXO(A]‘,O{]‘)O{]' = BxO(p,Olj)Olj.
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Hence,
(onpvo[j> = (onkjaaj) = (BXOT\I/AJ"O‘]')- (417)
Moreover, we have
T\prOT\p)Lj = Z (Tq;BxOT\ykj,Otk)T\plk = (BxOp,aj>T\IJA.j. (4.18)
keJ

Without loss of generality, we may replace ¢ by any 0 < ¢’ < ¢. Indeed, by (4.13) we

have
) / o) 40 )<c / o—(/DB0.0) 4o
U\U,s cx+i0) —  Juav,

Since the mapping a 3 x + By (6, 0) is real-analytic, by (4.9) we have
1
Bx(0,0) = (1= Clh|)Bx,(0.6) = ino((?, 0),
provided that |#| < (2C)~!. Hence,

do 1
ne(x,0) )<C - B—l -1 )
o, " wrmp| =Coolgmiazi™}

We next define a function f on b + i U, by the formula

1 1 iz 1 — et
0= e ~ w1 =) (I =),

acdtH\wUt+ ac¥tt

Observe that each factor is real-analytic on b 4 i Ug, thus there is C > 0 such that for all
w,ve N andx +if € b+iU,,

0402 f(x +i6)] < CPIHIHFT 11, (4.19)
We are going to show that there are positive constants C and C’ such that for any o € N/,

_ _ _ —|ypt++
0% Fy(x0) = (det By,) ™ ?my(Bylp) Y (B p)?n™ 27171 YIAY (xo)

ryel'y
Y=o

+ Eno(Xo0), (4.20)
where A4} 5(x0) = ay(xo) + E) 5(x0) and
a5 (xo)| < Cl71+1o1,
|E} ,(xo)| < C1 ot B, (4.21)
|Eno(x0)] < CI71H olexp(=C'n|| B 7'},

Recall that for two multi-indices o, y € N”, we write y < o if and only if y(j) <o (j)
for all j € Iy. Let us check that (4.20) implies (4.15). Notice that, by (4.17), for y € T'y,

(Brop)”h” = [ [(Bxop. @ }1))"D = [[((BuoTwhs. ;)1)7D = (B, )"
jeJ jeJ
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Since F), is real-analytic, for & € ay, |h| < C~! we have

_ _ _ —_|ptt
Fy(xo + h) = (det By,) 1/27t\y(Bx01p) Z (onh)yn r/2— |t |+]y|

yely
X Y W7V AL (x0) + En(xo.h).
o>y
Thus ) q
ay(xo) = —‘a’;(xo), gy(xo.h) = Z —'a;‘,'(xo)h"_y,
y! = 0!
and

1 _ 1 o
E)(xo,h) = Z ojEr)z/,o'(XO)ho Y, En(xo.h) = Z aEn,U(XO)h .

oxy oeN/

Estimates (4.16) clearly follow from (4.21).
For the proof of (4.20), in view of (4.14) and (4.19), we can write

o! . .
R0 = 0 i [0 € f i) i6) 4.
n+v=co £
nel'y

For u +v =0, u € I'y, we set
I = /U 00| oy, (€000 f(x +160))mw(6) dO. (4.22)
Then by the integration by parts, one can show that
| fU 0% | (€770 f(x +160)3 79 (8) dO — (D) 1

< c""“v!m/ e~ (/®)Bxo 0.9) 45 (p)
AU,

< C|a|+1V!/L! exp{_cfn”B;Ol ”—1}»

because for 6 € a,
1B 76, 6) < By (6, 6).

In this way, we have reduced the matter to finding the asymptotic of 7,”. Let y denote
a maximal multi-index belonging to I'y satisfying 4 < y < 0. We claim that

— — — —|pt+
I = (det Byy) ™2 mu (B! p) (B, p)Y /271 IRV 41 (i), (4.23)
where 45" (x0) = auw(x0) + Ei” (x0) and
lan (x0)| < CI7H vl |ELY (xo)| < CI7H ulvtn ™| B!

We emphasize that the degree of my(f) is ¥ 1|, thus the main difficulty in show-
ing (4.23) lies in finding the remaining cancellations. To do so, by Leibniz’s rule together
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with Lemma 2.3 we express the integrand in (4.22) as a linear combination of terms of

a form
m

mereto) (T a5 gt 6) )50 3o + 16),

j=1
where m € N, (v; : 0 < j <m)and (u; : 0 < j < m) are sequences of multi-indices
such that |pj| + |vj| > 1for j > 1 and

m

m
MZZMj» V=ZV1'-
j=0 j=0

Therefore, to prove (4.23) it is enough to establish the asymptotic of
I, = / o100.0) (

1
go(0) = —— 5093 f(xo +i6),
Vo:Ho:

[Ts (9))w(9) de, (4.24)

J=0

where

and for j € {1,...,m},
1 .
gi(0) = —— " 85 ¢(x0.6).
Vjilj:
We claim that
Iy = (det Byy) ™V 2my(BZ p) (B, p)Yn 27T Immt g, (), (4.25)
where A, (xo) = a(xo) + En(xo) and
la(xo)| < CIIHY | Ep(xo)| < C1H a7 BL.

For the proof, we set J, = {j € J : y + e; € I'g}. We introduce an auxiliary root
system

T={aeV¥: (o) =0ifj ¢ J,}.

This is the main idea that the root subsystem Y describes the remaining symmetries of
the integrand in (4.24).
For a multi-index § € N”, we set

B(j) ifa; €T,
0 otherwise,

B'(j) = {
and " = B —B’. Let

Ao=A{l=j=m:|vi[+|u;| =0} and AG={0=<j=<m:j¢Ao}
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We construct a sequence of multi-indices (8; : 0 < j < m) as follows: if j € Ao, then we
take B; =< ;. |B;| = min{2, ||}, otherwise B; < 2(v; + u}), |Bj| = 2 and |Bo| = 0.
Let 8 = Z;‘n=o B;. By maximality of y, we have u” < y” and y’ = ' + p’, thus

B=u"+2y 2y +y. (4.26)

We set
Ko= Y"1+ > @—18) =TT +2m—|B].
Jj€Ao

Let us notice that if j € Ay, then the function g; is Wy (Y)-invariant. Indeed, by (4.7), for
allo € Wand 0 € U,

©(x0,rq8) = @(raxo, re0) = ¢(x¢, 6).

Since j € Ao, if vj(k) + p;(k) > 0, thenax € W\ Y, thus (o, Ax) =Oforallae € Y.
Hence, forall0 € Uy andax € Y,

37 9% o (xo,140) = 037 3% ¢(x0, 0).

Therefore, we may write

1
Iy=—n
" W] Ju,

o) =([12®) X 0 ] gw-o).

Jj€Ao weWy(Y) JEA§

"0 G(0)my(0) db,

where

To identify cancellations in /,,, we need the following two propositions.
Proposition 4.5. Let v € N7, |t| > 2. If t(k) > 1 fork € J, then
|07 log i (x0)| < C'** 2!y, Byyp).

Proof. Let h(x) = 0° % log k(x). Suppose that for each j € Iy such that e; < v — e,
we have (A;, TgAg) = 0. Then (A;, TyAr) # 0 implies that j € J and h(r;x) = h(x).
Hence,

Dayh(x0) = —Dy;a; h(x0) = —Da; h(x0) = 0.

Therefore,

0" logk (x9) = 9 h(xo) = Z (Aj, TwAr)Dg;h(x0) = 0.
jeJ
Otherwise, there is j € Iy such that e; < v — e and (A;, TgAg) # 0. Since j € J,
by (4.18),
(BXO,O, Olj)(T\plj,lk) = (Tq;BxOTq;lj,Ak) = ()Lj, T\prOTq/)Lk)
= (Bxop, k) (Aj, TwAk)
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and so (Byx,p., ;) = (Bx,p, ). Therefore, by (4.9), we have

|07 log i (x0)] < CMHT!\/BxO (TwAk, Twri) By (Twhj, TwAj)

= CIH LD Ty g | - [Twh; 1 (Brop. o) (Brop. ).
which finishes the proof. ]
In the next proposition, we use our variant of marriage lemma, see Lemma 2.5.

Proposition 4.6. We have

71 (p) - Tw(Brop) = (Bxop)” ww(p) - mx (Bxop).

Proof. Let X = Wt and C; = {@ € ¥ : (o, A;) > 0}. Then y € I'y is admissible
(see Section 2.3). We choose any partial partition (X; : j € J) corresponding to y.
Forany u € a and o € U+, we have

(Bxot,u) = —(Bxyrat,u) = —(Bx o, u) + (o, u)(By o, "),
thus

(Bxoa,u)  (Bx,a,a)
(,u) (o, )

s

provided that (&, u) # 0. Therefore, for « € X;,

(Bx()a! p) (Bx(,a,a) _ (Bx()a, T‘I/A'j)

(Ot, ,0) (Ol,Ot) B <Ol’ T\PA]> '

which together with (4.18) implies that
(Bxoet, p) = (Bx,p, o)) {, ).
Hence, by Lemma 2.5, we obtain

1_[ (Ol, onp) = 1_[ l_[ (as onp)

aePt+t\r++ j:(x_,-E\IJ++\T++ aEX;

=By ] [ (@n)

jujem++\T++a€X/

=By [ (en) "

acwHH\T++

We are now in the position to prove (4.25). Since the function G is real-analytic,
we can expand G () about & = 0 into convergent power series. We are going to estimate
DlgG(O) fork € N.Let (kj : j € Ag) and let kg € N be such that

ko+ Y kj =k

J€Ao
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We first consider j € Ag. Observe that k; + |u;| > 2, otherwise, by (4.7), Dlgj g;j(0) =0.
We claim that,

|nggj(0)| < ij+‘vj‘+|/~‘/j‘+1kj!(B;:(/)zp)ﬂj |B;429|2_‘ﬂj||9|kj—2+|ﬁj|. 4.27)
For the proof, we need to consider three cases:
Case 1: |p;| = 0. Then |8;| = 0 and k; > 2. By (4.9), we get
Dy g; (0)] < R+ Ik 1B (60.0)[0]5 72 = CR+IY k1| B2 P g ki =2,

Case 2: |p;| = 1. Let B; = e, for p € J. Since k; > 1, by (4.9) and (4.18), we obtain

1D & 0)] = CH I G By (0.0) By (Tuy. Tk 0]~
< COFI I 1| BY201 (B2 p. ap) |61

X0

Case 3: || > 2. Let B = e, + ¢4 for p, g € J. Then we conclude that

Dy g (0)] = CRAH I LG 1 B (Tydy, Twp) By (Tudg, Twg)I01
= R e (B2 p, o) By, q) 101

Let us next consider a sequence (z; : j € Af) of multi-indices from N’ such that

ko= >zl (4.28)
JEAG
We may assume that
ST DM T w-0)7 #o. (4.29)
weWo(T) JEA§

in particular, ko > | YTT|. Since the left-hand side of (4.29) is anti-invariant under the
action of W (), it is divisible by v (6). Moreover,

wr(0) = mr (B2 p)mr(BLI?0).

0 X0
thus we obtain

Y D [Tw-0

weWp(T) jeAs

T+t

< Cmy(By?p)|By/?0]

If j € A§, j > 1, then by Proposition 4.5, we have
|afj gj(0)| < Cltj|+\vj~|+|ﬂj\+lrj!(3%2/0)}‘3]‘ ,
which is also correct for j = 0 because |8¢| = 0. Therefore,
(X @ [Tw-ov) [0
weWy(Y) JEA JEA

< CET(B;1/2P)|B;(/)29||T++‘|0|k0—|T++‘ 1_[ C‘rj‘+|vj|+|uj|+ltl'!(B;ézp)ﬂj~

0
JEA
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By summing up over (z; : j € A) satisfying (4.28), we arrive at
k
> ([ &),
weWy(Y) JEAG
< CRokolmr(By) )| By 01|60 T ci ks (B2 )8,
JEAG
Finally, the above estimate together with (4.27) imply that for k > Ky, we have
ID5GO)] = CIHH htmy (B! 2p) (B 2p)? | By 2010100, (4.30)

and D’gG(O) = 0if k < Ky. By taking ¢ < C~1, for |0| < eand K > K, we conclude
that

DI

k>K

Dk G(O) _
| = Cl L (B2 p) (B0 | B K TEO2 B201K. 431)

In particular, for |0 < e,

1G(0)| < Clol+ Kot gy (B 12 p)(BY2p)P | B30, (4.32)

We are now ready to prove (4.25). We first treat the case when K¢ 4+ |¥ 1| € 2Z. Let us
write

DXG(©o
en‘/f(xO,g)G(e) = (enw(xo,e) — 1 —nv¥(x9,0))G(0) + ny(xo, 9)<G(9) - GK—'())
0-
+ (60 D3°GO) _ Dy*t'G(0)
Ko! (Ko + 1)!
D3y (x0,0)\ Dy°G(0)
_ 9 ’ o
+ (V0. 6) ) Ko!
N (ngf(xo,m Dg‘OG(O)) pXtGwo)  DEG(0)
" 3! Ko! (Ko + 1! Ko!
and split /,, into seven corresponding integrals denoted by 41, ..., d7, respectively.

Since fora € C,
2
e —1—a| < ﬂe‘“‘,
2
by (4.10) and (4.12), we can estimate

1
"V 0D — 1 —ny (x0, 0)] < S e OBED Gy (x0.0))

< Ce("/4)BX(0’6)n2||B;01 “ . |Bl/29|6.

X0

In view of Proposition 4.6,
wx (B ?p) - ww(8) = mr(By)?p) - wu (B p) - mu(BL)?6)
y(p)

= (o) Be P mu(Byp) - mu(B0).
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therefore, by (4.32) we get
93] < Cl Koy (B o) (BY)2 )P+ n? | BL)|
x /e—(n/Z)BX0(9,9)|B1/29|K0+|‘I/++H-6 4o
X0
a
_ _ no_ ++ _ _
< C\G|+K0+1(det on) I/ZH‘P(onlp)(Bl/Zp)ﬂ-i-y n (Ko+|¥ |+r)/2}’l 1”on1 ”

For the second integrand, we use (4.10) and (4.31) to estimate

DXoG(0)
e
)nw(xo,e)(G(e) e )‘
< CloH KTy (BL 12 0) (B2 )P | By | - | By 2010+,

thus
2] < ClHE g (B 0) (B2 0) 7 nl| B |
X/e—(n/Z)on(G,O)|B;(/)29|K0+|\Il++‘+4d@
<C‘UT+K0+1(dethO) 1/2]1.\1,(3 p)(Bl/Zp)ﬂH/” —(Ko+WTT[+r)/2 —1”3 1”
By (4.31), the third integrand is bounded by

K K
Dy°G(0) Dy ot G(0)
Ko! (Ko + 1)!
< ClOPRH oy (B 200 (B2 p) B I -1 By 201 K02,

G(0) -

hence,

|43 < CloH Ko g (B p)(BY2p)P+7"|| B,

X0 ||
X/e—(ﬂ/Z)on(eye)|B;/29|K0+|‘I’++H‘2d@
0
a
— _ "o ++ — _
< ClIHEOT (det By) ™V 2mu (By,) p) (By)2p)P 7 = (Kot Wm0 274 B

For the fourth integrand, we observe that by (4.9),

D3 .0 1] !
‘1//(x0,9) - M( = —| [ (1=0)®DLogk(xo + i61) dr

< C|0?Bx,(9.0).

Therefore, by (4.30), we obtain

D3 ,0)\ DXog(o
(01 P RO

<C\0|+K0+lnT(B I/Zp)(Bl/Zp)ﬁn”B || |B1/29|K0+4,
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and the corresponding integral is again bounded by
- - no_ ++ 1y p—
C|U|+Ko+l(deth0) I/ZH‘IJ(BXOIP)(B;éZP)ﬂ-FV n (Ko+|¥ |+r)/2n 1||Bx01||'

The fifth and sixth integrals equal zero because the integrands are odd functions as 3 +
Ko+ [Tt and 1 + Ko + |¥T | are odd integers. Finally, by (4.30), we have

‘/ —(1/2)Bx(6,6) KG(O) q,(e)d(?—ch)

< Clol+Kotl g L (BL 1/2)(3%21))‘3””/ 'e—(n/2)3x0(0,9)|B;é29|Ko+|‘I/++\dg

< CloHKo+ (et on)fl/zn\p(B;Ol P)(B;ézp)ﬂﬂ”n*(KOH‘er|+r)/2

X exp{—C'n||B;01 71}

By the change of variables, we obtain

DFOG(0)
/ ~(1/2)B, 6.0) Lo GO my(60)do
a KO

Ko
— (Kot WHT|4r)/2 / o~ Bro@)/2 DuKG'(O) () du.
a 0:

hence, by (4.30), we get

\/ gt 200 SO
Ko!

< C|0’H-K()+l(det on) l/znq/(B;Olp)(Bl/zp)ﬁ+y
Therefore, we conclude that
- - "o ++
I, = (det Byy) ™2 mu (B p)(BY2p)P 7 n= KotV TTIED2 g (x). (4.33)

What is left is to compare the exponents. In view of (4.26), 8 + y” < 2y, and by Propo-
sition 4.6, |y”| + | YT | = |¥*7|. Therefore,

Ko+ W5 —2m = YT — || + [¥FF| = 21w — |8 — "],
giving 2(|W*T| — |y|) in the case when 8 + y” = 2y.If B + y” < 2y, then
(B;éZ'O)ﬂ-i-V”n—(ko-i-l\P"""H—r)/z
< (B, p)’n~ /2T lmmtlyl =1 gty (B /2=y
f— 0 0 b

which concludes the proof of (4.25) when K¢ + |¥ 17| € 27Z.
If Ko + |W1T| ¢ 27, we write

D;‘OG(O)) DX°G(0)

em//(xoﬂ)G(e) = (e'”p(xo’e) - 1DGO) + (G(Q) - Ko! Ko!
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By a reasoning analogous to the previous case, one can show that

|I,] < Clo1+Kot1 (ge on)—1/2n,w(Bx—01p)(B;é2p)ﬂ+y”n—(Ko+|‘I/++|+r)/2
xn M2 B2 (4.34)
Since [B] + [y"] = [WF] + 2m — Ko ¢ 2Z, by (4.26) we get [B] + [y"] < 2|y|.

Thus
(Bi2p)P 7" < (B, p)" || B2

Finally, (4.33) together with (4.34) imply (4.25) and the proof of Theorem 4.4 is com-
pleted. ]

In the generic case, that is, when J = @, to determine the asymptotic behavior of F,,
we can use the same reasoning as we have applied in Theorem 4.4 to study 7,, form = 0,
u=v =0,and

go(0) = m,

resulting in the following corollary.

Corollary 4.7. If J = @, then there is C > 0 such that
Fu(x0) = (det Bxy) ™20/ (ag(x0) + En(x0)).

where
lag(xo)l < C. |En(x0)| < Cn™ || BZ1.

The constant C is independent of x¢ and n.

Based on Theorem 4.4 and Corollary 4.7, we can finish the proof of the theorem.
Indeed, by taking h, = s, — t,, we get

— — _ —|pt+
Fu(sn) = (det B;,) ™ ?mw(B; p) > (By,hn) n™ 27T AV (1 By
yel'y
+ Ep(tn. hy), (4.35)

where A} (ty, hn) = ay (tn) + gy (tn, hn) + EX (ty, hy), and

|ay(tn)| <C, |gy(tn’hn)| < Clhyl,
|EY (tn. hn)| < Cn7 B | En(tn. hn)| < C exp{—C'n||B; 7"}

Now, our task is to estimate |4, | and ||B,711 | in terms of §,. By (2.1) and Theorem 2.2,
we have
Bo(u,u) > By, (u,u) > C dist(8,, dM)>" Bo(u, u).

Hence, we get

IB, I = (min{By, (u,u) : [u] = 1})~" < C dist(8,, dM) ™", (4.36)
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and
r!det By > det B;, > C dist(8,, dM)>"".

To control |hy,|, we estimate (s,,,a") for « € ¥t. By Wy-invariance and Theorem 2.1,
we have
(sn,aYy = —(rgsn, @) = —(s(8y — (Sn, a)a”), V).

By the triangle inequality, for any # € [0, 1] we have

1
dist(8y — 1 {8n. o), M) > dist(Sp, IM) — || (Sp, @) > = dist(5, IM).

provided that » is large enough because, by (4.2a) and (4.2b),
lim (8,,«) dist(§,, 8M)_1 =0.
n—o00
Hence, by (4.36), we can estimate

2(sp. o) = (sp. o) = (s(8p — (Bn.)¥), ")

< (8n,a) sup (Bs_(én_t((gn,a)av)av,av) < C{(8p, ) dist(8,, dM) 2",

0<t<1

which gives
] <C Y (Bpo ) dist(8,. 0M) 727 (4.37)

ac¥t

Lastly, since
n dist(8,, 9M)" = n'/?(n dist(8,, 9M)*") /2,

we obtain
exp{—C'n dist(8,, IM)"}
< C'(det B,,) " 2ru(B; pyn 2T disy(8,, 9.M) 720 (4.38)

The argument above allows us to control the approximation in (4.35) in terms of §,,.
We next claim the following.

Claim 4.8. There are R, C > 0 such that forall h € ay, |h| < Rand o € V,
| Dy logi(xo + 1) — By, (o, xo + h)| < C|Bx, (o, xo + h)| - |h|.

For the proof, let us observe that log « is a real-analytic function on a. By Lemma 2.4,
there is C > 0 such that for j > 1,

Dj logk(xo) < C/F 1A}/,

where C > 0 is independent of xo. Hence, for |#| < C~! and « € W, we can write

1
Dy logk(xo + h) = Z FDI}fDa log k(xp).
k>0
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Let us consider k > 2. Then

D;fDa log k(xg) = DfahDraa logk(xg9) = —(Dp, — (h,aV)Da)kDa log k(xo)
= —Dj Dy logk(xo)
k
—Z—k! (—1)/ (h, ")’ D™/ D] log i (xo)
=y e B
For j €{l,...,k}, by (4.9),

i o L
|D; 7 DIt logk(xo)| < CFF(k — j)1j !By (o, )| [F 7 |a) .

Since
(Bxoat, h) = —(ro(Bxyo), h) = —(By,a, h) + on(oz,oz)(av,h),
we get
|D¥ Do log i (x0)] < C¥F1kN By, (@, )| - [hFL.
Hence,

|Dg logie(xo + h) — DDy logk(xo)| = C[Byy(a, h)] - [A],

proving the claim.
With a help of Claim 4.8, forall € W,

|(0n. &) = (By, hn. )| < C{(By, hn. )| - |hnl.
Therefore, by (4.36)—(4.38), we can write

Ful(wn) = (det By,) " 2my (B, p)n ™21V Tl S™ oy AV (1, ). (4.39)
yely

where A}, (tn, hn) = ay(ta) + E} (tn, hn), and
lay ()| < C. |EY(tn )| S C Y ((8no ) + 07 ") dist(8,, 0M) 7.
aevwt+

Notice that

(detBtn)fl/zn\p(Btfnlp)c\y = /e*Btn(u,u)/Zln‘P(u)qu’

a

where
cy = /e_1/2|"|2|7r\y(u)|2 du.
a

Analogously, in the generic case, by Corollary 4.7, we obtain
Fn(wn) = (det By, )™ 2n72e7 ) (a4 (s,) + En(sn)),

where
lao(sn)| < C, |En(sn)| < Cn! dist(8,, 3M)_2".
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The final task is to identify the function

ag 3t Z n¥ay (1). (4.40)
rvel'y

To do so, we perform analysis resembling a proof of the local limit theorem towards the
wall of ay. Fix w,n € P% such that (w,a) = 0 for all @ € W. There is m such that
Vy(0), Voy(0) € p(n;-) for all n > m. By increasing m, we may assume that § = m™'w
belongs to M. Let (w, : n > j) be a sequence of co-weights such that for (k + 1)m <
n < (k+2)m,k e NUJ{0},

wn = ko + 1.
We set 8, = n" 'y, s, = 5(8,) and t = 5(8). By (4.39), we have

lim "2 0G0 £ (0,) = (det B)TV2mu (B o) Y n¥ay (). (441)

n—>oo
yel'y
The limit (4.41) can be also computed by different method. By Claim 4.2,

?n(wn) — K(l)ne_(t’w”)/ (K(t + i9)>ne—i(9,wn) d9
U

k(1) c(t +i0)’
thus,
Fn(wp) = K(t)"e—“’wn)( / (n0(t0) p=it.wn—n8)__ 49 + E,,(S,,)) (4.42)
U, c(t+1i6) ’
where
|En(8)| < Ce™ €,
We first show that
lim n(¢(8,) —logk(t) + (t,8,)) = 0. (4.43)
n—>oo

By writing Taylor’s polynomial for log « centered at ¢, we get
llog k(sx) —log k(1) = {sn — 1, Vlogk(t))| < Clsn —1]*.
Since 6 = Vlogk(t), we have
[(sn — 1, Viogk (1)) = (sp — 1,8p)| < |sn — 1]+ 16n — 8|
Hence,

|¢(8n) —log k(1) + (. 8n)| = [logk(sn) —logk(r) = {sn —1.84)|
< Clsp —t? + |sp —t] - |8, — 8
< C'[8y — 81

which proves (4.43), because 1|6, — §| < |n| + 2|w]|.
We next deal with the integral over U,.
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Claim 4.9. We have that

: do G
lim nr/2+|\Il++\/ on9(0.0) y—i (0.0 —n8) — n) @) 0(77)27
n—00 U, c(t +1i0) Ibw (0)]
where
1 .
G —i(w-6,n) —iw-0).
o) = lim s D @ ey (~iw - 0)
weW(¥)

For the proof, we consider a sequence of functions on U, defined by

9) I
0) = "V (8.60) ,=i(8.kw+(I~Tw)n—ns) cw(i )
Jn®) = C+10) re@)ceGOP

Note that a simple reflection r; for j € J, sends «; to —a; and permutes elements
in ®* \ W, Consequently, f, is Wo(W)-invariant. Since

1 l—[ ‘1—e_i(9,(xv)‘ |1 “1_-1/2 —(i/2)(90{v)|—1

= — |l =17 T e )
] Vv 20 ‘a
e @)ewGO) 21 (6.aY)
X |1 + fa—l/Ze—(i/Z)(G,av)rl <C
and
‘ cw(i0) ‘ 1— Ta/lz/ze—(tﬂea )
e(t +10) ¢+\w+ =gyt ety | =

by (4.12), foru € U, we get
| fu(n ™1 2| < @Brlenls,
Moreover, we have
(™ Pu ko + (I = To)n—nd)| < n™ul(n] + 2|o]),

thus, by (4.10), we obtain

1 1— f—/l/z )
lim f,(n""?u) = ——— . a/2 '
e by (0)]? aeq)l:[\\w 1- ta—lra/lz/ze—(t,av)

We now use Wy(W)-invariance of f;, to write

[ o"e(.0) ,—i(6,0n—n8) d9. =/ e_("/z)B’(e’e)fn(9)g(9)|7t\p(9)|2 de.
U, C(l =+ l@) U,

where

g(0) =

> et Tumey (—iw - 0).

Wo(¥) weWo (V)
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Because the function
0> Y (=)W whTuntoulhy (—jw - 6)
weWp(¥)
is an anti-invariant exponential polynomial, it is divisible by the Weyl denominator
A\p(ig) — 1_[ (ei(G,aV)/z _ e—i(e,av)/Z)_
ae¥++

Hence, for 6 € U,,

HOIE > (e Tentenhy (—jw - 6)) < C.

‘ 1
Aw(if) |, Gt
Finally, using the dominated convergence, we can evaluate the limit

lim n7/2+¥ f J10000) g—i0,on—nt) 90
Ue

n—00 c(t+i6)
= lim e Br @2 £ (=12 e (n ™V ?u) | g (u))? du
n—>o0 U
Jne
Go(n)
= 27)" Qu(t)——,
by (0)?

proving the claim.
We now apply Claim 4.9 together with (4.43) to formula (4.42) to get

G
lim n//2HY T enoGn) g () = (2n)r@\p(z)ﬂ. (4.44)

n—00 by (0)|?

In view of Theorem 4.4, function (4.40) is continuous, thus comparison (4.44) with (4.41)

gives
L=\ Goln)
Yowan=c( T1 1= S

yely acdH\U+ |b (0)|

Our final step is to show how to control the error term in (4.39). Let us observe that for
all x, y,u € a,

| Dy logi(x) — Dy log(y)| < sup |Bxts(y—x)(u, x —y)|

0<r<l1

< VBo(,u)By(x —y,x —y) < Clu| - |x — y|.

Since fora € ®T,
Dy logk(sp) = Dyya logk(sp) = —Dg logk (s, — {(sn, a\/)a),
we obtain

2(8n, &) = Dy logk(sp) — Do logi(sp — (sn,a”)a) < C{sp, ). (4.45)
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Therefore, (4.2¢) and (4.37) imply that
(tn,aV) > (sp.a¥) — |hp| = CT1e foralla € ®T\ W,
In particular, there is C > 0 such that

1— T—1/2 —(tn,@)

e

[ e > C,
— - — 4 -

aedT\W+ - To 1Tot/2 e (tne)

and since (see [1,6])
C_ln\ll(wn + /O) =< GO(wn)s

given y € I'y, we can estimate

1— -[_1/2 —{tn, ")

14
oy < wy(wp +p) < C( l_[ 1= =177 Y2 = (tn )
aedH\wt @ Ca/2

Hence,

Go(wn)

_ ro—r/2—|Wtt| — 8n)
Fn(wn) = Q) 0271V oG @y (1)
MMOIE

which completes the proof of Theorem 4.1.

a2 € ) Go(wn)
by (0)]>

(I + En(5n)).

The asymptotic in Theorem 4.1 is uniform on a large region with respect to n and v,
but it depends on the implicit function § — s(8). In most applications, one needs the
asymptotic of the heat kernel in the region where w,, = o(n) accompanied by global upper
estimates. For this reason we state the following corollary which is a direct consequence

of Theorem 4.1.
Corollary 4.10. Let (w, : n € N) be a sequence of co-weights such that

Vo, (0) C supp p(n; -).

We assume that 8, = n~!

wy, satisfies
lim (§,,a) =0 foralla € ®.
n—00
Then for any sequence of good vertices (v, : n € N) such that v, € V,,,(0),
p(nvg) = n" TR, (0)0"e D (Co 4+ O(18,) + (7)),
where

1 N
Co = Wolg™H)—— (= /e_BO(“’u)/2|7tq>(u)|2du.
o=y o (),

The implied constants in (4.46) are absolute.

(4.46)
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Remark 4.11. It is not possible to replace ¢ (§,) by %BO_ 1(8,,8,) without introducing an
error term of a very different nature. Indeed, by (2.4),

exp(—n(6:)} = exp{~Z By (8. 8) | xplO @18}

If 8, approaches .M, then n|8,|> cannot be small. Note that the third power may be
replaced by higher degree whenever the random walk has vanishing moments.

Remark 4.12. It is relatively easy to obtain a global upper bounds on p(n; v), namely,
by Claim 4.2, for any u € b and v € V,,(0), we have

P = (52) xol@) 2wty [ (KO o) 2

27 U K (u) c(u+i0)’
Thus,
p(n;v) < Crolw)™ 20" (min{k(u)e™ ™% 1 u € b})"
= Cyo(w) /20 e @), (4.47)

4.3. Green functions

In this section, we prove the asymptotic formula for the Green function of the random
walk with the transition probability p. Let us recall that the Green function G¢ is defined
for ¢ € (0,07 '] and x, y € Vp by the formula

Ge(x.y) =) " pnix.y).

n>0

We set G¢(x) = Ge(o, x).
We first treat the case & € (0,071). Let

€={xeainx)= (o)}

Foru € S"7!, the unit sphere in a centered at the origin, there is the unique point s,, € €
such that
Vi (sy) = |Vi(sy)|u.

We have the following assertion.
Theorem 4.13. Let ¥ C ®. Suppose that u = || ' for o € P satisfies

lim (u,a) =0 foralaeWV, (4.48a)

|w|—>o00

(u,) > & foralla € ®F\ T, (4.48b)
for some & > 0. Then for all x € V,(0),
Ge(x) = |o| "2V Py () Ry e (1 +0(1)),  (4.49)
as |w| tends to infinity, where

Ry () = V27|V 1og k(5,2 (BT (,1) 72 Q@ (50).
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Proof. Fixu € S"!and letty = min{t > 0:¢ 'u € M}. Fort > to, we have t "lu € M,
thus we may define s, = s(t~'u). Consider a function on (fo, o0) given by the formula

Yu(t) = 1(log(to) — ¢ (1~ u)).

A simple calculation leads to
v, (t) = log(lo) + logk(s;) and v, (t) = —I%Bs_tl(u,u).
Hence, v, is concave in (¢, o0). Since
tli_)ntlolc(s,) = +o0 and t—1>i-|n-looK(St) =1,
there is the unique maximum attained at #,, > 7 satisfying
0 = Yy (tu) = log(¢o) + logk(ss,)-
Because V log k(sy,) = t, 'u, we conclude that s, = sy, and
lo| - Yu(tu) = —(su, 0). (4.50)
By compactness of "1, there is § > 0 such that for all v € S™~!,
dist(z, 'u, M) > 25.

Hence, for all t € I5, where

Is={teR:|t7' -1 <6},

we have
dist(r 1w, M) > 6,

which entails that the mapping /5 > t — s;, and all its derivatives are bounded independent
of u € S”1. Therefore, there is C > 0 such that forall 7 € Ig andu € S™71,

) = V) + 55 55, el =] = Cli =P (451)

Moreover, ¥, is concave thus there is ¢ > 0 such that forallz > tp andu € S r=1,
) = V) =~ B e =1 452)
< =2c¢|t — tu|*. (4.53)

By a straightforward computation, one can check that the function @y and all its deriva-
tives are bounded on compact sets. Therefore, for all 1 € Is and u € S™~! satisfying
formula (4.48b), we can estimate

1Qu((I — Tw)s:) — Qu(su)| < C(|sr — sul + [Twsul)
=c(i =gt Y ). @54

ae¥+
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where in the last inequality we have used (4.37). Finally, by (4.45), there is C > 0 such
that for all u € S”~! satisfying (4.48b),

C™' < @Qy(su) < C.

We are now ready to deal with Green function G¢(x). We write

Ge(x) =) &"p;x)+ ) " p(n;x),

neA neB

where

|3ﬁ

B={neN:|n—|owt>|ol” andn > |ol|t},

and

A={neN:|n-t|ol < o>}
We can assume that

lo| = 32max{r> :u e STy + 672,
Let us first estimate the sum over B. Since (see [1,6])

C( I1 q;m,w)/z) < Py(),
aedt
by (4.47), (4.50) and (4.53), we get
3 p(nix) = CPyl) 3 el ™

neB neB

- — 1/5 _
< CPy(w)e el N expl—clo| - ||o|™'n — 6|},
nez

In the light of

) " exp{—clo|-||o[ "' — [} < 2|w|/ exp{—c|wlu®} du < Clw|'/?,
R
nez

we obtain
38" p(nix) < € Pafw)ebulemelel ]2,

neB

To deal with the sum over A, we notice that forn € A,
dist(n " 'w, M) > 6,
which justifies the application of Theorem 4.1. Hence,

S pmix) = Pe(@) Y 0P Qy(U - Te)s(n7 w))

neA neA

x eletvulel™n (1 L g (1)),
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where

1
|Ex(n'o) =C Y —(1+ (w.a)).
aE\IIJFU{O}n

Let us consider the following sum:
S(w) = Zn—r/2—|‘P++Ielw\-llfu(lwl_‘n)_
neA
Forn € A, we have

o] 1

=)___

nooty

w

! < |25,
nooty

thus, by (4.54),

| 2 n T @y (1 = Ty)s(r w)el @D — @y (s,)S(@)

neA

< C<|a)|_2/5 + Z (u,oe))S(w).

ac¥t

Furthermore, we have

| Y n T @y (1 = Ty)s(n w)el v e B, ()

neA

=C(lol"+ Y wa)s@).

ae¥tu{o}

because forn € A,

Exo o) < C(lol "+ Y (wa)).

ac¥+U{0}

Consequently, the problem reduces to establishing the asymptotic behavior of S(w). To do
so, let us introduce

Sofw) = 3 exp{ 31l - v/ - — o0},

neA

By (4.51) and (4.52), we have
1
expllo] - V(o] )} —expf o] (Vault) + S0 - o 'n = 1)}
1
= Clol™ S exp{lol (vu () + 53w - lo] ™0 — ) .

Furthermore, by the mean value theorem, we can estimate

=P (o) < Claleo T w2

because |w|71/5 < 14,
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Hence,
[S(@) = e 1|y 2T ISy (@) < Clo /%60 (1) 2T Sy @),
Lastly, we replace the sum Sy (w) by the corresponding integral, that is,

1 _ -

I©) = A exp{ S0l - v (1) - 1w = || 112} dt = V2wlw] /(= (0) 2.

Forn € A suchthatn < |w|ty, andn <t < min{n + 1, |w|t,}, we have
1 _ 1 _

exp{ 31| Y - It = o] 0P} = exp{S o] Yl - |t = ol 12}

< Clo[ S exp{1210] - v () - e — o 17},

Analogously, for n € A such thatn > |w|t, andn <t <n + 1,
exp{ 3101 W 60) -1~ o0} —expl 3 o] - ¥ e0) -l — ol 12}
< Clol /5 exp| ol - V1) -l — lolnl?).
Hence, we deduce that
|So(@) = I(@)| < Clo| > I(@).
By putting these estimates together, we obtain
S(@) = V2 (o)A 2 B )T 2e T (14 0(1)),
which entails (4.49) because t,, = |V log x(s,)| 7. |

We now turn to the case { = ¢ !.

Theorem 4.14. For all x € V,(0),
Gp-1(x) = Py(0)(By (@, ) "> 1+ (Dy 4 o(1)),

as |w| tends to infinity, where

1 1\7
Do = or/2+@t -1 r o — 1 YWole~ ) —— (—
0 (2 + | ) olg )|b¢(0)|2 <271)

X / e_BO(”’”)/Z|7tq>(u)|2 du.
a

Proof. Letng = min{n € N : n"'w € M}. We write

Gp1(x) =Y 0 "p(n:x) + Y 0" p(n;x),

neA neB

where A={neN:n>|w/* and B={neN:|w|"*>n=>ny).
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We first treat the sum over B. By (4.47) and (2.5),
Z o "pn;x) <C Z e~zen” ol < C6726|“’|1/4‘|a)|7/4 < Ce—clol'*,
neB neB

To the sum over A, we apply Corollary 4.10. To justify its use, we observe that forn € 4,

M < |w|_3/4.

Hence,
S 0 p(nix) = Py(0) Y a7 el (¢ 4 B (17 w)),
neA neAd
where
|E,(n~tw)| < Cn_1(|a)| +1).
Since forn € A,
|Ex(n”'w)| < 2C 0|74,
it is enough to find the asymptotic of the sum
Z n—r/2—\<I>++|e—n¢(n71(u).
neA
To do so, let us introduce
1
So(w) = Zn—r/z—\<1>++| exp{—ﬂBo_l(a),a))}.
neA
Because forn € A,
1 w3
o) = 5By (@.0)| < c'n—l < Clo[™"2,
we see that
| Yo 0T 5y (@) < Clol T 2So().
neA

By takingn € A andn <t <n + 1, we can estimate

1 1 __ _ G
exp{-~-B7'(©.0)] —exp{--B7' (@.0)}| = Clo 2 exp{ -7 (0.0)}.

and

|n—r/2—\<1>++| _ t—r/2—\<1>++|| < Ct—r/z—\q>++||w|—7/4’

thus

/2 ‘I | 1 1
S w t r exp B w,w dt‘
0( ) /l;o—7/4 { 2[ 0 ( )}

o 1
< C|w|_3/2f t_’/2_|¢++‘exp{——BO_I(a),a))}dt.
lw|=7/4 2t
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Finally, a straightforward computation shows that

& 1
[ e By @) = (B @20 G o),
lw|~7/4 2t

where
_ 2r/2+\<b++|—11—w(% 4ot - 1)’

which completes the proof. ]

Appendix A. Asymptotic in the exceptional case

In the appendix, we indicate the necessary changes to the proof of Theorem 4.1 in the
exceptional case, that is, when 7, < 1 for some o € ®. Then the root system ® is BC,
and ¢, < go. In view of the inversion formula (3.2), for v, € V,, (0),

Wolg™) D
= hig(A))* P, (i6)
pinun = (5-) Ty e P @) (0)|2
r=1Wo(g™) b do
hig(A))* Py, (16) ———
+(5) A )¢(9)
Using Wy-invariance of the integrand and the definition of P, , we can write
_ do
POrva) = olwn) ™2 [ (hig (A))"e 6]
c(if)
1/2 —(0, n)
+ 1o(on)” Z |, st e 5
where
& o )= 1 c(zieg + -+ zrep)
CilZ1,. . s Zj—1, =V, Zj 41, -5 Zr —Z./_I_I)Tlv 1+b_1€_zf .
Foru > 0, if u # —logb, we denote by y,, the line segment u + i [—%,%”],otherwise
it ift e[-%,m—1],
Yu(t) = —logh + ¢ im —rexp(in(l — 5%)) ift e (w— 1,7 + 1],
it iftr € (w +1, 3],

where 0 < 4t < min{—logb, 7}. Let
H ={z € C: Nz > min{—loggq;, —loga}}.

We set s, = 5(8,). Let j e {1,...,r} and fix zy,...,2zj—1,Zj41,....2r €{z € H :
|z 4+ v| > t}. We consider the function

H 3 zj > (hy(A)) e Zon) —

L (A1)
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where z = (z1,...,z,). Since b < 1, mapping (A.1) is meromorphic in H with a pole
at —v. Moreover, it is 27ri-periodic. Therefore, if 0 < s5,;; < —log b, then

dz; dz:
(hZ(A))ne—(Z,a)n)i = / (hZ(A))ne—(z,w,l)i
V.

Yo c(z) oy c(z)’
otherwise
dz; dz;
(et S — [ ruapyretzon £
Y0 ¢(2) Vsn: c(2)
1+b7le7%
“omi lim (hy(A)yre—tzen T2 €
zZ;—>—v c(z)
Since g1 > 1, we must have q1b > 1, see [26, Lemma 5.6] for details. Therefore, the
second term in (A.1) as a function of zz is holomorphic in H for k =1,...,j —1,
j +1,...,r. Hence, by repeated change of the contour of integration, we get
1\ d
poion) = 0@ (5 ) [ [ Gatayreten
2mi Vsmot Vsner c(z)
1 \r—1
+ XO(wn)_l/2<_)
2

do

—, A2
C;(Sn:j +1i0) (A2)

> /u(hfn;,+ie(A))"e—<fn:f+i6,wn>

Jisp.j<—logh " "/

where Sy = (Sn;1s -+ s Snsj—1. 0, Snsj 410+ - - Snzr)-

Let us consider the first integral in (A.2). Select ¢ satisfying (4.8) and (4.11), and let
Ug = [—¢.€]". Every z € y,,., X +++ X Vs,., canbe written as z = s, + x + 16 with [x| <t
and 6 € Uy. Hence, if 6 € Uy \ Ug, by (4.4) and Claim 4.3,

Kk(sp +x +1i6)2 cpelsntXv) o elontx) g N\ 2
1-|— = =2 (sm<—, vV—v ))
K (Sn) S K(sp +x)  Kk(sn + x) 2
- 25 Z CU€<S”+x’v) Cv/e(sn"‘xav/) > c. cvre(s"’M
v eV k(Sp +x) Kk(sp 4+ x) Kk(Sn)

Thus, by Theorem 2.2,

‘K(Sn +x +if)2 < ¢~ C dist(,04)"
Kk(Sn)

and so

/ (s (e Eom I2 _ mn960) (E, (5,) + En(50)).
Y.

)
ir Y snir C(Z)

where F}, is given by formula (4.6), and

Sn:l

|En(8n)] < C exp{—C'n dist(8,, dM)"}.
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We can now repeat the reasoning from Theorem 4.1 to obtain the asymptotic behavior of
F, (s,). Hence, it remains to show that the second term in (A.2) is negligible, that is,

- . do
he (A ne—(s,l;/- +10,wn)#
‘/U,.( ) e

< Co"e @ exp —C’ dist(8,, I M)" (A.3)

provided that s,,.; < —logb. To do so, we need the estimate on P, (z) if z; = v. We start
with the following theorem.

Theorem A.1. Suppose that b = ‘/Z—g < 1. Then foreach A € P* andu +i6 € C"™71,
|Py(u +i6,v)] < Py(u,0), (A4)
where v = logh —im.

Proof. Let us consider the simplest case r = 1, that is, a semi-homogeneous tree. Then
forA = kAi, k € N,

A —1/2
Pi(z) = %wc@ +ekoe(—)),
1
where
_ (1—a e ?)(1 + b 1e7?)
c(z) = =T
_ _ |a
anda = /qoq1,b = g Hence,
Xo(A)~/2 1,
P (v) = W(—b)k(l +a7'h7Y).
Since
xo()~1/2
P = A"
2(2) =7 e
k+1)z _ ,—(k+1)z kz _ ,—kz (k—1)z _ ,—(k—1)z
e e _1 _1.€ e e e
X( e? —e~Z +(b —a )ez_efz + e? —e— 2 )’
we easily get
A —-1/2
P (0) = %k(l +b7t—ah.
Thus "™
-
Pl < 2N " a1 < py(0),

14+g¢1
For r > 2, we use the integral representation of Macdonald spherical functions. Namely,
there is a measure v on the maximal boundary €2 of the affine building X such that for any
x € Va(o),

Pi(z) = /Q x0(h(0, x; w))'/2e!ZhOX0y, (de), (A.5)
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where h(o, x; w) is the horocycle function, see [26, Section 3]. Furthermore, in view of
[22, Section 4], we can decompose €2 as a disjoint union

Q=[] ot,.

IS Y

where each 0T}, denotes the maximal boundary of a semi-homogeneous tree with param-
eters (qo, gr)- On Q,, there is a probability measure p, such that

Paz) = /Q /a (o, i) VOO, o) @),
r n

where v, is the probability measure on T, determined by (A.5). For a fixed n € €, the
mapping

r—1

0Ty 3 w > Q(h(o.x:w)) = Y _ (h(0.x:0).¢))

J=1

is constant (see [22, Proposition 4.13]). Moreover,
0T, 3w — (h(o,x;w), e;)

is the horocycle function between the projections of 0 and x onto T () (see [22, Proposi-
tion 4.13]). Then by the first part of the proof, we have

[ r0s (o301, e0) 20, o)
aT,

< [ Kor (B0, x: ). )20, (dao),
aT,,

where we have set

Xo,r(k) = r;‘rrzzjfr, keZ.
Hence,
Py (u + 6, v)] < /Q /3 ol xi ) 2 OHO Ny 40) i, ()
r n
= P)L (u’ 0)’
and the theorem follows. [ ]

In the next step, we improve estimate (A.4).
Theorem A.2. Suppose that b = 1/3—(’) < 1. Then for each A € P, there is c; > 0 such
that for allu +i6 € C™71,

Ca

P 10, < Py(u,0) — ———,
[Pr(u+i6,v)| < Py(u,0) Pru.0)

where v = logh —im.
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Proof. Let us first show that
|Pa,(u +i6,v)] < P, (u,0) —cyp,

for some ¢y, > 0. Indeed, by [24, Lemma B.3.2]

> (e + e‘Zf)),

1
P)LI(Z) = N—(a1 + as
e =

where a1 = (go — 1)(1 + g1 + -+ ¢ 1), a2 = /90qrq; . Thus

1 r—1 ) )
PA,] (u + ie’ v) — _(al _azm + as Z(euj+loj + e_uj_lej)).

Ny, V4oqr =
If
a1 —ay qdo + qr 0
Voo Fta
then

A

1 + r—1 . -
|PAI(U +i6, U)| = —(Cll —a2q0 dr + a Z(@u./ + e_u]))

Ny, V404r =
= PAI(M,O)—Zaz —a2q0 +qr.
/doqr

Otherwise, by [24, Theorem B.3.3],

a a QO+(/]r
1 —d2——F—mm—
V490 +Qr

> —ay) — 202,

thus

-1

) 1 qo + qr 4 ) .

[Py, (u +i6,v)] < (az— —ay+az )y (€% +e %)
' Nu \ " Vo + 4r ];

qdo + 4r

VQO+Qr'

Now, by the triangularity condition for Macdonald spherical functions, and estimates
(A.4) and Theorem A.1, we get

< Py, (u,0) - 2a; —2a3 + a

|Pa(u+i0.0) < > aaulPulu+i6.v)]
HEPT

< Y aauPu,0) —az e,
HeEP+

= (Pr(u,0))* —az 1:2,€2,

which completes the proof because by [24, Lemma B.3.4], we have a) 3.1, > 0. ]
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We return to proving (A.3). Since the random walk has finite range, by Theorem A .2,

we easily get
c

h 0n(A)| <h A — ——.
|7, x+ioy(A)] < h,x)(A) o ()

Using Wy-invariance, for any ¢ € R we have

1 _
B x)(A) = 3 Z Cu(et(el’l/v) + e Hlenuhy ot > Z cue(x’“) = h(oxn(A).
Hevy WEV

Therefore, for 8 € U;,

c
1,410 (D] = s, (A1 ).

k2 (4)
thus, by Theorem 2.2,
n n n
|h(§,,;, +i0)(A)| < (hs,(A4)) CXP(—CW>

< (hs, (A))" exp{—C'n dist(8,, IM)*"}.

Since
(hs, (A))ne—(ﬁn;j,wn) < Qne—nt/)(&z)elogb(ej,wn)’

we obtain (A.3). This completes the proof of Theorem 4.4 in the exceptional case.

Acknowledgments. The author expresses his gratitude to Jean-Philippe Anker, Jacek Dziubanski,
Bertrand Rémy, Tim Steger, and Ryszard Szwarc for extensive discussions, comments and support.

Funding. The research was partial supported by the National Science Centre, Poland, Grant 2016/
23/B/ST1/01665.

References

[1] Anker, J.-P.: La forme exacte de I’estimation fondamentale de Harish-Chandra. C. R. Acad.
Sci. Paris Sér. I Math. 305, 371-374 (1987) Zbl 0636.22005 MR 910372

[2] Anker, J.-P.: Le noyau de la chaleur sur les espaces symétriques U(p, ¢)/U(p) x U(g). In:
Harmonic analysis (Luxembourg, 1987), Lecture Notes in Math. 1359, Springer, Berlin, 60—
82 (1988) Zbl 0669.43009 MR 974304

[3] Anker, J.-P.: Sharp estimates for some functions of the Laplacian on noncompact symmetric
spaces. Duke Math. J. 65, 257-297 (1992) Zbl 0764.43005 MR 1150587

[4] Anker, J.-P., Ji, L.: Heat kernel and Green function estimates on noncompact symmetric
spaces. Geom. Funct. Anal. 9, 1035-1091 (1999) Zbl 0942.43005 MR 1736928

[5] Anker, J.-P., Ostellari, P.: The heat kernel on noncompact symmetric spaces. In: Lie groups
and symmetric spaces, Amer. Math. Soc. Transl. Ser. 2 210, American Mathematical Society,
Providence, RI, 27-46 (2003) Zbl 1036.22005 MR 2018351

[6] Anker,J.-P., Schapira, B., Trojan, B.: Sharp estimates for distinguished random walks on affine
buildings of type A,. Indag. Math. (2024)

[7] Berline, N., Getzler, E., Vergne, M.: Heat kernels and Dirac operators. Grundlehren Text Ed.,
Springer, Berlin (2004) Zbl 1037.58015 MR 2273508


https://zbmath.org/?q=an:0636.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=910372
https://doi.org/10.1007/BFb0086588
https://zbmath.org/?q=an:0669.43009
https://mathscinet.ams.org/mathscinet-getitem?mr=974304
https://doi.org/10.1215/S0012-7094-92-06511-2
https://doi.org/10.1215/S0012-7094-92-06511-2
https://zbmath.org/?q=an:0764.43005
https://mathscinet.ams.org/mathscinet-getitem?mr=1150587
https://doi.org/10.1007/s000390050107
https://doi.org/10.1007/s000390050107
https://zbmath.org/?q=an:0942.43005
https://mathscinet.ams.org/mathscinet-getitem?mr=1736928
https://doi.org/10.1090/trans2/210/03
https://zbmath.org/?q=an:1036.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=2018351
https://doi.org/10.1016/j.indag.2024.06.002
https://doi.org/10.1016/j.indag.2024.06.002
https://doi.org/10.1007/978-3-642-58088-8
https://zbmath.org/?q=an:1037.58015
https://mathscinet.ams.org/mathscinet-getitem?mr=2273508

B. Trojan 4702

(8]
(9]
(10]
(11]
[12]
[13]

[14]

[15]
[16]
(7]

(18]

[19]
[20]
[21]

(22]

(23]

[24]
[25]

[26]
[27]

(28]
[29]

(30]

(31]

Bourbaki, N.: Lie groups and Lie algebras. Chapters 4-6. Elem. Math. (Berlin), Springer,
Berlin (2002) Zbl 0983.17001 MR 1890629

Bruhat, F., Tits, J.: Groupes réductifs sur un corps local. Publ. Math. Inst. Hautes Etudes Sci.
41, 5-251 (1972) Zbl 0254.14017 MR 327923

Cartwright, D. I.: Spherical harmonic analysis on buildings of type Ay, Monatsh. Math. 133,
93-109 (2001) Zbl 1008.51019 MR 1860293

Cartwright, D. I., Mlotkowski, W.: Harmonic analysis for groups acting on triangle buildings.
J. Aust. Math. Soc. Ser. A 56, 345-383 (1994) Zbl 0808.51014 MR 1271526

Cartwright, D. L., Woess, W.: Isotropic random walks in a building of type Zd. Math. Z. 247,
101-135 (2004) Zbl 1060.60070 MR 2054522

Doob, J. L.: Classical potential theory and its probabilistic counterpart. Classics Math.,
Springer, Berlin (2001) Zbl 0990.31001 MR 1814344

Guivarc’h, Y.: Compactifications of symmetric spaces and positive eigenfunctions of the
Laplacian. In: Fascicule de probabilités, Publ. Inst. Rech. Math. Rennes 1994, Université de
Rennes, Rennes, 63 (1994) Zbl 0855.58060 MR 1383326

Guivarc’h, Y., Ji, L., Taylor, J. C.: Compactifications of symmetric spaces. Progr. Math. 156,
Birkhiuser, Boston, MA (1998) Zbl 1053.31006 MR 1633171

Guivarc’h, Y., Rémy, B.: Group-theoretic compactification of Bruhat-Tits buildings. Ann. Sci.
Ecole Norm. Sup. (4) 39, 871-920 (2006) Zbl 1126.20029 MR 2316977

Helgason, S.: Differential geometry, Lie groups, and symmetric spaces. Pure Appl. Math. 80,
Academic Press, New York (1978) Zbl 0451.53038 MR 514561

Lalley, S. P.: Saddle-point approximations and space-time Martin boundary for nearest-
neighbor random walk on a homogeneous tree. J. Theoret. Probab. 4, 701-723 (1991)

Zbl 0737.60012 MR 1132134

Lalley, S. P.: Finite range random walk on free groups and homogeneous trees. Ann. Probab.
21, 2087-2130 (1993) Zbl 0804.60006 MR 1245302

Lindlbauer, M., Voit, M.: Limit theorems for isotropic random walks on triangle buildings.
J. Aust. Math. Soc. 73, 301-333 (2002) Zbl 1028.60005 MR 1936256

Macdonald, I. G.: Spherical functions on a group of p-adic type. Publications of the Ramanu-
jan Institute, No. 2, University of Madras, Madras (1971) Zbl 0302.43018 MR 435301

Mantero, A. M., Zappa, A.: Eigenvalues of the vertex set Hecke algebra of an affine building.
In: Trends in harmonic analysis, Springer INAAM Ser. 3, Springer, Milan, 291-369 (2013)
Zbl 1291.51008 MR 3026355

Matsumoto, H.: Fonctions sphériques sur un groupe semi-simple p-adique. C. R. Acad. Sci.
Paris Sér. A-B 269, 829-832 (1969) Zbl 0189.44802 MR 263977

Parkinson, J.: Buildings and Hecke algebras. Ph.D. thesis, University of Sydney (2005)

Parkinson, J.: Buildings and Hecke algebras. J. Algebra 297, 1-49 (2006) Zbl 1095.20003
MR 2206366

Parkinson, J.: Spherical harmonic analysis on affine buildings. Math. Z. 253, 571-606 (2006)
Zbl 1171.43009 MR 2221087

Parkinson, J.: Isotropic random walks on affine buildings. Ann. Inst. Fourier (Grenoble) 57,
379-419 (2007) Zbl 1177.60046 MR 2310945

Rémy, B., Trojan, B.: Martin compactificaton of affine buildings. arXiv:2105.14807 (2021)
Ronan, M.: Lectures on buildings. Perspect. Math. 7, Academic Press, Boston, MA (1989)
Zbl 0694.51001 MR 1005533

Satake, I Theory of spherical functions on reductive algebraic groups over p-adic fields. Inst.
Hautes Etudes Sci. Publ. Math. 18, 5-69 (1963) Zbl 0122.28501 MR 195863

Sawyer, P.: The heat equation on the spaces of positive definite matrices. Canad. J. Math. 44,
624-651 (1992) Zbl 0772.58057 MR 1176373


https://zbmath.org/?q=an:0983.17001
https://mathscinet.ams.org/mathscinet-getitem?mr=1890629
https://doi.org/10.1007/BF02715544
https://zbmath.org/?q=an:0254.14017
https://mathscinet.ams.org/mathscinet-getitem?mr=327923
https://doi.org/10.1007/s006050170025
https://zbmath.org/?q=an:1008.51019
https://mathscinet.ams.org/mathscinet-getitem?mr=1860293
https://doi.org/10.1017/S1446788700035540
https://zbmath.org/?q=an:0808.51014
https://mathscinet.ams.org/mathscinet-getitem?mr=1271526
https://doi.org/10.1007/s00209-003-0623-y
https://zbmath.org/?q=an:1060.60070
https://mathscinet.ams.org/mathscinet-getitem?mr=2054522
https://doi.org/10.1007/978-3-642-56573-1
https://zbmath.org/?q=an:0990.31001
https://mathscinet.ams.org/mathscinet-getitem?mr=1814344
https://zbmath.org/?q=an:0855.58060
https://mathscinet.ams.org/mathscinet-getitem?mr=1383326
https://doi.org/10.1007/978-1-4612-2452-5
https://zbmath.org/?q=an:1053.31006
https://mathscinet.ams.org/mathscinet-getitem?mr=1633171
https://doi.org/10.1016/j.ansens.2006.10.002
https://zbmath.org/?q=an:1126.20029
https://mathscinet.ams.org/mathscinet-getitem?mr=2316977
https://zbmath.org/?q=an:0451.53038
https://mathscinet.ams.org/mathscinet-getitem?mr=514561
https://doi.org/10.1007/BF01259551
https://doi.org/10.1007/BF01259551
https://zbmath.org/?q=an:0737.60012
https://mathscinet.ams.org/mathscinet-getitem?mr=1132134
https://doi.org/10.1214/aop/1176989012
https://zbmath.org/?q=an:0804.60006
https://mathscinet.ams.org/mathscinet-getitem?mr=1245302
https://doi.org/10.1017/S1446788700008995
https://zbmath.org/?q=an:1028.60005
https://mathscinet.ams.org/mathscinet-getitem?mr=1936256
https://zbmath.org/?q=an:0302.43018
https://mathscinet.ams.org/mathscinet-getitem?mr=435301
https://doi.org/10.1007/978-88-470-2853-1_12
https://zbmath.org/?q=an:1291.51008
https://mathscinet.ams.org/mathscinet-getitem?mr=3026355
https://zbmath.org/?q=an:0189.44802
https://mathscinet.ams.org/mathscinet-getitem?mr=263977
https://doi.org/10.1016/j.jalgebra.2005.08.036
https://zbmath.org/?q=an:1095.20003
https://mathscinet.ams.org/mathscinet-getitem?mr=2206366
https://doi.org/10.1007/s00209-005-0924-4
https://zbmath.org/?q=an:1171.43009
https://mathscinet.ams.org/mathscinet-getitem?mr=2221087
https://doi.org/10.5802/aif.2262
https://zbmath.org/?q=an:1177.60046
https://mathscinet.ams.org/mathscinet-getitem?mr=2310945
https://arxiv.org/abs/2105.14807
https://zbmath.org/?q=an:0694.51001
https://mathscinet.ams.org/mathscinet-getitem?mr=1005533
https://doi.org/10.1007/BF02684781
https://zbmath.org/?q=an:0122.28501
https://mathscinet.ams.org/mathscinet-getitem?mr=195863
https://doi.org/10.4153/CJM-1992-038-7
https://zbmath.org/?q=an:0772.58057
https://mathscinet.ams.org/mathscinet-getitem?mr=1176373

Asymptotic behavior of heat kernels and Green functions on affine buildings 4703

(32]
(33]
[34]

(35]

(36]

Sawyer, P.: On an upper bound for the heat kernel on SU*(27)/Sp(n). Canad. Math. Bull. 37,
408-418 (1994) Zbl 0811.58056 MR 1289778

Sawyer, P.: Estimates for the heat kernel on SL(7, R)/SO(n). Canad. J. Math. 49, 359-372
(1997) Zbl 0889.58083 MR 1447496

Sawyer, S.: Isotropic random walks in a tree. Z. Wahrsch. Verw. Gebiete 42, 279-292 (1978)
Zb1 0362.60075 MR 491493

Tits, J.: Reductive groups over local fields. In: Automorphic forms, representations and L-
functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc.
Sympos. Pure Math. 33, American Mathematical Society, Providence, RI, 29-69 (1979)

Zbl 0415.20035 MR 546588

Tolli, F.: A local limit theorem on certain p-adic groups and buildings. Monatsh. Math. 133,
163-173 (2001) Zbl 1005.60018 MR 1860298


https://doi.org/10.4153/CMB-1994-059-x
https://zbmath.org/?q=an:0811.58056
https://mathscinet.ams.org/mathscinet-getitem?mr=1289778
https://doi.org/10.4153/CJM-1997-018-1
https://zbmath.org/?q=an:0889.58083
https://mathscinet.ams.org/mathscinet-getitem?mr=1447496
https://doi.org/10.1007/BF00533464
https://zbmath.org/?q=an:0362.60075
https://mathscinet.ams.org/mathscinet-getitem?mr=491493
https://zbmath.org/?q=an:0415.20035
https://mathscinet.ams.org/mathscinet-getitem?mr=546588
https://doi.org/10.1007/s006050170030
https://zbmath.org/?q=an:1005.60018
https://mathscinet.ams.org/mathscinet-getitem?mr=1860298

	1. Introduction
	1.1. Organization of the paper

	2. Combinatorial and analytic preliminaries
	2.1. Convex combinations of exponentials and the function s
	2.2. Analytic lemmas about multiple derivation
	2.3. Variation on the marriage lemma

	3. Affine buildings
	3.1. Root systems, weights and coweigths
	3.2. Building, thicknesses and (co)type
	3.3. Spherical harmonic analysis

	4. Asymptotics
	4.1. Random walks
	4.2. Heat kernels
	4.3. Green functions

	A. Asymptotic in the exceptional case
	References

