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Abstract. We consider Fokker—Planck type differential operators associated with general Langevin
processes admitting a Gibbs stationary distribution. Under assumptions ensuring suitable resolvent
estimates, we prove Eyring—Kramers formulas for the bottom of the spectrum of these operat-
ors in the low temperature regime. Our approach is based on the construction of sharp Gaussian
quasimodes and avoids supersymmetry or PT-symmetry assumptions.

Keywords: metastability, spectral asymptotics, infinitesimal generator, tunneling effect.

1. Introduction

1.1. Motivations

Let P be the real semiclassical second order differential operator
P =—hdivo AohV + 2(b-hV + hdivob) +c, (1.1)

where the matrix field A, the vector field b and the function ¢ depend smoothly on x € R¥,
and & > 0 is a small parameter. We assume that the matrix field A is pointwise symmetric
and positive semidefinite and the function ¢ is nonnegative. In stochastic analysis, such
operators arise naturally as the generators of time homogeneous Langevin processes

dX; = £(X;) + V2ho(X,) dB;. (1.2)

where (B;) denotes the Brownian motion on R4, the vector field & is the drift coeffi-
cient, the matrix field o is the diffusion coefficient and the parameter 4 is proportional
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to the temperature of the system. Given any test function ¢, the expectation u(f, x) =
E(p(X;)| Xo = x) solves the Fokker—Planck equation

0 Lu =0,
{ U+ Lu (13)

Ut=0 = ¢,

where

d d
£ =—h Z ai,jax,-ax_,- - ngaxk’
k=1

ij=1
with A = (a;, ;) = oo’. Up to the multiplicative factor /, this operator has the form (1.1)
for some suitable » and c. Denoting by £ the formal L?(dx) adjoint of &£, (1.3) is
equivalent to saying that the probability density o(¢, -) of the process (X;) is a solution of

the adjoint equation
di0=%0.

Among many examples of such operators, let us mention two cases of particular interest.
Taking § = —V f for some smooth function f on R? and o = Idga, the generator £
of the overdamped Langevin process

dX; = -V f(X;)+ ~v2hdB; (1.4)
can be written as
E£=Lxs=—-hA+Vf.V, (1.5)

which is sometimes called the Kramers—Smoluchowski operator. Depending on the field
of research, this operator is also known as the weighted Laplacian or Bakry—Emery Lapla-
cian and is unitarily equivalent to the Witten Laplacian.

Another famous example is given by the case where o : R2¢ — R s the projection
onto the subspace 0 @ R¥, o'(x,v) = (0,v), and £ : R2¢ — R24_ defined by &(x,v) =
(v, =V, V —v), is related to the energy function f(x,v) = %|v|2 + V(x) depending on
a smooth potential IV on R?. The associated Langevin equation reads

{dxt = V¢ d[, (16)

dUt = —VXV(XZ) dl — V¢ dl + V2h dBt,

where (B;) is the Brownian motion on R¢. The associated generator is the Kramers—
Fokker—Planck operator

L =Lxpp = -V -V + Vo, V-V, +v-V, —hA,, (1.7)

where A, is the Laplace operator in the v variable only.

The study of the operators £xs and £xpp has been the subject of many works in the
last decades. It is particularly motivated by its applications to computational physics. The
above processes are indeed ergodic with respect to their Gibbs measure and can thus be
used to sample this distribution. We refer to [22] for details on these topics.
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From a theoretical point of view, the study of the qualitative properties (well-posed-
ness, asymptotic behavior) as well as of the quantitative properties (precise spectral
asymptotics) of the Fokker—Planck equation (1.3) has recently seen a major progress on
the impulse of microlocal techniques. When the matrix field A is positive definite, the
operator P is elliptic and standard tools apply to prove general properties on the operator
P (maximal accretivity, compactness of the resolvent). When A is not invertible, the oper-
ator P is not elliptic anymore (it is sometimes called a degenerate diffusion) and advances
have recently been made using hypoelliptic methods in the spirit of Hérmander. For
the Kramers—Fokker—Planck operator £kgp, exponential convergence to equilibrium was
proved in [26] and explicit rate of decay in the nonsemiclassical setting was given in [16].
More generally, hypocoercive methods developed for various kinetic models provide now
robust tools to prove return to equilibrium and spectral gap estimates (see [27] for an
overview).

In the semiclassical setting # — 0, computing sharp spectral asymptotics for the low-
lying spectrum of P is a classical problem having a long history. In the elliptic self-adjoint
case, i.e. when A is uniformly positive definite and b = 0, the low-lying eigenvalues of P
are localized near the absolute minimum value of the zeroth order part of P, that is, the
minimum value of the function c. Moreover, the harmonic and WKB approximations of P
near the absolute minima of ¢ yield spectral expansions in powers of & of the low-lying
eigenvalues of P (see [7, Chapters 3 and 4] for a detailed study in the case of Schrodinger
operators).

However, in certain situations, these expansions are identical, and thus do not permit
one to discriminate between these low-lying eigenvalues. This is for instance the case
for Witten Laplacians associated with a confining Morse function f (in this case, the
corresponding function ¢ also depends on %), for which we know from the early works
of Witten [28] and Helffer—Sjostrand [10] that P admits exponentially small eigenvalues
(that is, of order @ (e~C/") for some C > 0, and hence indistinguishable on the basis of
their expansions in powers of /), in one-to-one correspondence with the minima of f,
and that the rest of the spectrum is above &,/ for some g, > 0.

Up to a unitary conjugation, the Witten Laplacian is nothing other than the Kramers—
Smoluchowski operator (1.5) and its small eigenvalues govern the time of return to equi-
librium for the overdamped Langevin process (1.4). The computation of these eigenvalues
is a historical problem which goes back at least to Eyring [8] and Kramers [18]. In
the early 2000s, sharp asymptotics of these small eigenvalues were obtained by Bovier—
Eckhoff-Gayrard—Klein [4] and Helffer—Klein—Nier [9]. Known as Eyring—Kramers for-
mulas, such spectral asymptotics were also obtained recently in [20] in elliptic non-self-
adjoint settings, associated with nonreversible overdamped Langevin processes general-
izing (1.4). Concerning the transition times of these processes, Eyring—Kramers formulas
have been established in both reversible and nonreversible settings in [3] and [2, 19,21]
respectively under similar assumptions. We also refer to [1] for a nice introduction to
these topics.

In the nonelliptic case, major progress in the analysis of the operator P was made by
Hérau, Hitrik and Sjostrand in a series of works. In [13], the authors proved resolvent
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estimates and established harmonic approximation of the spectrum under dynamical
assumptions on the symbol of the operator P. In [14], they applied these results to oper-
ators satisfying additional symmetries (supersymmetry and PT-symmetry). Under these
assumptions, the operator P admits a natural Gibbs stationary distribution e ~//# and the
authors proved spectral Eyring—Kramers formulas in this setting, where the small eigen-
values govern the time of return to equilibrium for the Langevin process (1.6).

Though they are satisfied by many interesting examples (like Kramers—Fokker—Planck
operators), the assumptions of supersymmetry and PT-symmetry do not look necessary to
prove sharp spectral asymptotics, as shown in [20]. The aim of the present paper is to
prove spectral Eyring—Kramers formulas for general operators P satisfying the assump-
tions of [13] and admitting an explicit Gibbs stationary distribution, but without the
additional symmetry assumptions of [14].

1.2. Framework and results

Let P = P(x,h0y,h) be a semiclassical second order differential operator on R, d>1,
with smooth real coefficients,

d
P ==Y hoy oa;j(x,h)ohiy,

ij=1

d
1
+3 > (bj(x.h) 0 hdy; + hdy; 0 by(x.h)) + c(x. h), (1.8)
j=1

where the real functions a; ;, b;, and ¢ depend smoothly on x € R¥, a; ; = a;; for all
i,j=1,...,d,and h € ]0, 1] denotes the semiclassical parameter. We suppose that the
coefficients of P satisfy the following growth condition at infinity:

Vie| >0, 0%a; ;(x,h) =0(1),
Via| > 1. 8%b;(x.h) = O(1), (19
Vo] =2, 3%(x.h) = O(1),

uniformly with respect to /, where the @(1)’s may depend on «. We assume moreover
that the above coefficients admit classical expansions a; j(x,h) ~ Y ren hkal’f (),

bi(x,h) ~ Y ren hkbll.‘(x) and c(x,h) ~ ) pen h¥c* (x) in the sense that

ag(e(x,h)— 3 ek(x)hk) — 9K+ (1.10)

0<k<K

foralla e N9, K eNande € {a;,;.bj,c}. This yields classical expansions for the matrix
field A(x,h) = (a;,; (x,h))i,; ~ > ) h¥ A% (x) and the vector field b(x, k) ~ 3", h¥b¥ (x).
Considering symbols which have a classical expansion allows us to deal with, e.g., Witten
Laplacians and Kramers—Fokker—Planck operators, which naturally have subprincipal
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terms. Finally, we also assume partial positivity of the symbols of the operator P: for
allx e R4 and 1 € ]0, 1],

®(x)=>0 and A(x,h) = (ai,j(x,h)); ; is positive semidefinite. (1.11)

Such operators were studied in detail in [13], where the authors establish resolvent estim-
ates together with spectral asymptotics. In particular, the graph closure of the operator P
initially defined on the Schwartz space §(R?), still denoted by P, is maximal quasi-
accretive (more precisely, P + Ch is maximal accretive for some C > 0) and has domain

D(P) = {u € L>(R?); Pu € L*(R?)}, (1.12)

by [13, Proposition 3.1 and Corollary 3.2]. The same properties also hold for the
adjoint P* mutatis mutandis. Throughout the paper, we assume (1.8)—(1.11) without
explicit mention.

Let us introduce the symbol p(x, &, h) of P in the semiclassical Weyl quantization. It
satisfies

2 d
p(x, & h)=§E-A(x,h)E+ib(x,h)-&E+c(x,h)+ % Z 8xi8xjai,j(x,h), (1.13)

i,j=1

where, throughout the paper, x - y denotes the usual scalar product of x and y in R? (in
order to facilitate the reading, we will also sometimes use the notation {(x, y) = x - y). The
symbol admits a classical expansion p(x,&,h) ~ > h* p¥ (x,£) and the principal symbol
p® is given by p® = p§ +ip) + p§ with p3(x.§) = & - A°(W)E. pA(x.§) = bOx) - §
and pd(x) = ¢%(x). In order to lighten the notation, we will drop the superscript O when
it is unambiguous. Consider the symbol

pa(x.§)
(2 7

where (£)2 = 1 + |£|?. Thanks to (1.11), one has p3, pY > 0 and hence 5 > 0. Given
T > 0, let us define the symbol (p)r by

p(x.§) = pJ(x) + (1.14)

1 T

Foe ' dt (1.15)
= — oe , .
o)t

(P)r

where H 0= dgpY - 0x — dx pY - D¢ denotes the Hamilton vector field associated with the
symbol p?. The critical set associated with p is defined by

€ = {(x,0) € T*R%; b°(x) = 0 and c°(x) = 0}. (1.16)

As in [13], we suppose that the set € is finite, € = {p1, ..., py}, and for some fixed
T > 0 (see [13, (4.21) and (4.23)]) there exists a constant C > 0 such that

- 1
(P)7(p) = =lp—p I forall pnear any p;. (Harmo)
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and, for any neighborhood U of 7€,

3C >0, Vx eR? \U, meas {t e[-T.T]; co(exp(tbo . V)(x)) > é} > é (Hypo)
Assumption (Harmo) may look difficult to check in applications, but Corollary 2.4 and
Remark 2.5 provide a concrete criterion to verify it. Observe also that (Hypo) holds true
for instance when ¢ is uniformly positive outside each neighborhood of 7, €. Note that
it is not necessary to assume (4.22) of [13] here since this is a consequence of (Harmo)
and (Hypo), as explained in [13, p. 223].

Under these assumptions, Hérau, Hitrik and Sjostrand obtained spectral information
that we sum up below. For this purpose, we introduce the fundamental matrix Fpo of
the symbol p? at a critical point p € € (see (1.16)) as the linearization of the Hamilton
field Hyo at p. Its eigenvalues are of the form £4,4, 1 <{ < d, withImA,, > 0. We
use the notation

d
W(p.p) = =i ) Ape +2¢! (1xp).
=1

The following results from [13, Proposition 7.2, Theorems 8.3, 8.4].

Theorem 1 (Hérau—Hitrik—Sjostrand). Assume that (Harmo) and (Hypo) hold true. For
any B > 0, there exists C > 0 such that for h small enough, the operator P has no

spectrum in
{zeC;Rez < Bhand|Imz| > Chj}.

Moreover, for any B > 0, there exists a« > 0 such that, for h small enough, the spectrum
of P in D(0, Bh) is discrete and made up of eigenvalues (with multiplicity) of the form

tpk(h) = h(i) ;. + O(h®)),
where the (,ug ©)pee, keN are all the possible numbers of the form

d

1 |
0 .
“’p,k = l— ZZ} vp,k,g)tp’g =+ 5 tr(p, ,0) with Vok,t € N.

Finally, for every B > 0, there exists C > 0 such that
I(P—2)""<C/h (1.17)
Sfor all h small enough and z € C such that Rez < Bh and dist(z,o(P)) > h/B.

In addition, they showed that the remainder terms () (h*) have a classical expansion
in fractional powers of A. It is assumed in [13] that the coefficients a; ;, b;, ¢ of the
operator P (see (1.8)) do not depend on £, but a direct adaptation to our setting (using in
particular (1.10)) gives Theorem 1. It turns out that in many situations, some leading coef-
ficients ug’ « vanish and one aims at having a more accurate description of the spectrum.
This is the case for instance for Witten Laplacians or Kramers—Fokker—Planck operators,
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which both admit an invariant distribution. In the present paper, we consider the situation
where the operator P satisfies the assumptions of Theorem 1 and there exists a smooth
function f : R — R such that

e/t e Lz(Rd), lim f(x) = +o0, (Confin)
|x|—>+o00
with
P /"y =0 and P*E /") =0, (Gibbs)

in the sense of distributions. In particular, (1.12) shows that e=//% € D(P) N D(P*).
Moreover, we will assume that

f is a Morse function with a finite number of critical points. (Morse)

We denote by U the set of critical points of the Morse function f and by UY) the set of
its critical points of index j = 0, ..., d (that is, the set of those critical points u such that
Hess f(u) has signature (d — j, j)). Moreover, we denote by 79 := U the number of
local minimum points of f, by H(x) := Hess f(x) the Hessian matrix of f at x € R¥,
and we call the elements of U saddle points.

For j € {0, 1,2}, let us denote by P; the jth order part of the operator P = P, +
Py + Py with P, = —hdiv o A o hV formally self-adjoint, P, = %(b -hV + hdiv o b)
formally anti-adjoint, and Py = c¢ formally self-adjoint. It then follows from (Gibbs) that
Pi(e=//") = 0 and (P, + Py)(e~//") = 0. Using the classical expansions of the coef-
ficients and looking at the terms of order 0 in the expansion, we obtain the following
eikonal equations: for all x € R4,

(A°()V f(x). V f(x))ga
(b°(x), V f(x))pa

The first consequence of these identities is the following lemma whose proof is postponed

c%(x), (1.18)
0. (1.19)

to the next section.

Lemma 1.1. If (Gibbs) and (Morse) hold true, then U x {0} C €. If in addition (Harmo)
is satisfied, then € = U x {0}.

Using this lemma, we obtain our first localization result for the spectrum of P. Its
proof will also be given in the next section. Note that the eigenvalues are counted accord-
ing to their algebraic multiplicities throughout the paper.

Proposition 1.2. Assume the hypotheses of Theorem 1, (Gibbs) and (Morse). There
exist hg, ex > 0 such that, for every h € 10, hgl, P has exactly no eigenvalues in
{z € C; Rez < e4h). Moreover, these eigenvalues are of order O (h'T%), where o > 0 is
given by Theorem 1.

The aim of this paper is to give sharp asymptotics of these n¢ small eigenvalues of P.
For this purpose, we recall the general labeling of minimum points introduced in [9] and
generalized in [14]. The presentation below originates from [20,24], where extra material
can be found. The main ingredient is the notion of separating saddle point which is defined
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as follows. Note that, for a saddle point s € U of £ and r > 0 small enough, the set

{x e D(s.r): f(x) < f(9)}

has exactly two connected components C;(s,r), j = 1,2. Observe that this set is empty
when s € U© and connected when s € R4 \ (U@ U UD). The following definition
comes from [14, Definition 4.1].

Definition 1.3. We say thats € UV is a separating saddle point of f if, for every r > 0
small enough, Cy(s, r) and C, (s, r) are contained in two different connected components
of {x € R%; f(x) < f(s)}. We will denote by V(1) the set of these points.
We say that o € R is a separating saddle value of f if ¢ = f(s) for some s € V1),
We say that £ C R is a critical component of f if there exists o € f(V(D) such that
E is a connected component of { f < o} and dE N VD £ g,

Let us now describe the labeling procedure of [14]. Assume that f(x) — +o0o when
|x| = +o0 and that f satisfies (Morse). The set f(V(D) is then finite. We denote by
0, > 03 > --+ > oy its elements and, for convenience, we also introduce a fictive infinite
saddle value o0y = +o00. Starting from o1, we will recursively associate to each o; a finite
family (m;_;); of local minimum points and a finite family (£;,;); of critical components:

o Let X5 ={x¢€ R%: f(x) <01 = 400} = R?. We let m; ; be any global minimum
point of f (not necessarily unique) and Eq; = R?. In the following, we will write
m=my,;.

o Next, we consider X,, = {x € R?; f(x) < 02}. It is the union of finitely many con-
nected components. Exactly one of these components contains m;,; and the other
components are denoted by E5 1, ..., E> n,. They are all critical and, in each com-
ponent E5_;, we pick up a point my ; which is a global minimum point of fig, ;.

e Suppose now that the families (my ;); and (L%, ;); have been constructed until rank
k=i—1.Theset X;, ={x € R4; f(x) < 0;} has again finitely many connected com-
ponents and we label E; ;, j = 1,..., N;, those of them that do not contain any my ¢
with k < i. They are all critical and, in each E; ;, we pick up a point m; ; which is a
global minimum of point f|g; ;.

At the end of this procedure, all the minimum points have been labeled (see Fig. 1.1).

We now recall some useful constructions of [20,24]. Throughout, we denote by s; a
fictive saddle point such that f(s;) = o; = 400 and, for any set A, $(A) denotes the
power set of A. From the above labeling, we define two mappings

E:UQ 5> 2R and j: UQ - 2(VD U {s;))
as follows: foreveryi € {1,...,N}and j € {1,..., N;},
E(m; ;) := E; ;, (1.20)

and
jm) :={s;} and j(m; ;) :=IE;,; N VD fori > 2. (1.21)



Eyring—Kramers law for Fokker—Planck type differential operators 4355

In particular, E(m) = R¢ and, foralli € {I,...,N}and j € {I,...,N;}, one has @ #
j(m; ;) C {f = o0;}. We then define the mappings

o:UQ > f(VD)U{oy} and S: U 10, +o0],

by
vme U®, o@m):= f(j(m)) and S(m):=o(m)— f(m), (1.22)

where, with a slight abuse of notation, we have identified the set f(j(m)) with its unique
element. Note that S(m) = +oo if and only if m = m.

j(mz 1)

jmg 1) E(mg1)

m=mj,

Fig. 1.1. An example of the labeling procedure.

We are now in a position to introduce our last assumption. In addition to (Gibbs),
(Confin), and (Morse), we assume the following:

 foranym € U@, m is the unique global minimum point of JIEm)

(Gener)
* forallm # m’ in U?, j(m) N jm’) = 0.

In particular, (Gener) implies that f attains its global minimum only at m € U, This
assumption is a generalization of [14, Assumption 5.1], which was already used in [20].
In Section 6, we discuss how to remove this hypothesis and deal with the general case, in
the spirit of [24].

In order to state our main result, we need the following lemma which is proved in
Section 2. Throughout the paper, we denote C = {z € C; £ Rez > 0}, and M is the
transpose of any matrix M.

Lemma 1.4. Assume (Harmo), (Gibbs), and (Morse), and letk € {0, ...,d}. Letu € U®

be a critical point of f of index k. Denote B(u) = db°(u) and recall that H(u) is the

Hessian matrix of f atu. Then

(i) the matrix A(u) := 2H()A%(u) + B*(u) admits exactly k eigenvalues in C_ and
d — k eigenvalues in C,

(1) if k = 1, its unique eigenvalue j(u) in C_ is real (and thus p(ua) < 0).
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We can now state our main result.

Theorem 2. Suppose that the assumptions of Theorem 1 are satisfied. Assume also that
(Gibbs), (Confin), (Morse) and (Gener) hold true. Let €« be given by Proposition 1.2.
There exists ho > 0 such that, for all h € 0, hy], counting the eigenvalues with multiplicity,

one has
o(P)N{Rez < e,h) = {A(m, h); m € U},

where A(m, h) = 0 and, for all m # m, A(m, h) satisfies the Eyring—Kramers type formula
A(m, h) = z(m)he 5™/ g (n), (1.23)

where a(h) € C admits a classical expansion a(h) ~ 1 + ijl ajh’ with every a; real.
Here, S : U©® — 10, +00] is defined in (1.22) and, for everym € U \ {m},

_ (detHess f(m))”z( 3 (9] )

Z(m) 2 |det Hess f(s)|1/2

(1.24)

s€j(m)
where j : U — PV U {s,)}) is defined in (1.21) and ju(s) is given by Lemma 1.4.

Let us make some comments on the above result. In [14], the authors studied the case
where the operator satisfies some supersymmetry property. More precisely, they assumed
the existence of a smooth matrix-valued function G(x) such that P = Az g, where

Afc =dj oG(x)ody, (1.25)

and dy denotes the semiclassical Hodge derivative twisted “a la Witten™: dy = e=//" o
hd o e/’" for some smooth function f. Under suitable assumptions on f and G,
Ay satisfies the general hypotheses of Theorem 1. Moreover, one has obviously
Aﬁg(e_f/h) = A]"EG(e_f/h) = 0. Assuming additionally that f is a Morse function,
the authors proved that the smallest eigenvalues of Ar g are exponentially small with
respect to /i, and established Eyring—Kramers type formulas under suitable topolo-
gical assumptions (see [14, Theorem 5.10, Proposition 6.7 and (6.71)]). In their paper,
the supersymmetry assumption is fundamental since, combined with the PT-symmetry
property, it permits following the strategy used by Helffer—Klein—Nier [9] in the super-
symmetric framework of Witten Laplacians. More recently, the last two authors [20]
studied the case of nonreversible diffusions

P=Ar+b-dy, (1.26)

where Ay = —h?A + |V f|?> — hAf denotes the Witten Laplacian and b is a vector
field satisfying divbh = O and b - V f = 0. In this setting, which is not supersymmetric in
general, the authors built accurate quasimodes and used them to prove Eyring—Kramers
asymptotics.

The interest of the approach developed in the present paper is in dealing simultan-
eously with all these models without assuming additional symmetry. In particular, The-
orem 2 applies to both (1.25) and (1.26). Moreover, in Appendix B we give examples
of operators P satisfying our assumption but which do not enjoy a nice supersymmetric
structure (1.25). Compared to the results of [14], our approach also has the advantage of
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giving formulas which are completely explicit in terms of the coefficients of the operator
and of the function f. Moreover, compared to the result of [20], we obtain a full asymp-
totic expansion of the prefactor z(m)a (/). The proof relies on the resolvent estimates of
[13] and on the construction of accurate quasimodes near the saddle points of f. These
constructions, inspired by [3,6,20], are the main novelty of this paper. To be more precise,
we generalize the use of Gaussian cut-off functions introduced in [20] by using geometric
constructions, which lead to complete asymptotic expansions.

Theorem 2 permits us to determine the long time behavior of the solutions of the
evolution equation associated with P,

Pu =
{hazu + Pu =0, (1.27)

Ujt=0 = Uo.

Under our assumptions, P is better than maximal quasi-accretive. More precisely, we
have the following.

Remark 1.5. If (Gibbs) holds true, then P is maximal accretive. Indeed, the same com-
putation as the one leading to (5.2) below shows that

Vu € C°(RY), Re (Pu,u) = h2(e /" AV (e/ "), e /1" (e7/ 1)) > 0.

Therefore the Cauchy problem (1.27) has, for every uo € L2(R?), a unique weak solution
in C°([0, +o00[; L?>(R?)), denoted by u(t) = e~*P/"uy. Modulo conjugation by e~//*,
(1.27) is the Fokker—Planck equation (1.3) in the case of the general Langevin pro-
cess (1.2).

We first state the spectral expansion of the propagator.

Corollary 1.6. In the setting of Theorem 2, there exist C, hg, & > 0 such that, for all
h €10, hol and ug € L2(R?), there exists Man)an C L2(R?) such that the solution u(t)
of (1.27) satisfies

vt >0, u(t) — Z uk,nt”e_)”/h

Ae{A(m,h); meUD}
0<n<mult(A)—1

< Ce™|lugll.  (1.28)

Moreover, for all N € N, there exist Cy, hg > 0 such that, for all h € 10, ho] and uy €
L2(R?), the solution u(t) of (1.27) satisfies

—f/h —¢ min Re(A(m,h))(1—=hN)/h
u(t)—u “fIh| < Cye mEm luoll.  (1.29)

vt >0, e
B lle=77h]2

The double sum appearing in (1.28) is nothing but e~*?/#T1;,, where IIj, denotes
the spectral projector of P associated with its ny exponentially small eigenvalues. In
particular, when the A(m, /) are pairwise distinct, (1.28) reads

u(y =Y Tw(u)e ™M 4 O )|luo]. (1.30)
meU©

where I1,, is the rank-one spectral projector of P associated with the eigenvalue A(m, /).
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Estimate (1.29) implies that ugo = Hyuoe = |le™//"|72(e™//" ug)e=//" and
mult(0) = 1, where Iy, is the (orthogonal) spectral projector of P associated with the
eigenvalue 0 with the corresponding eigenspace e~//#C. Equation (1.29) is a return-to-
equilibrium formula generalizing [20, Theorem 1.11]. We see that the spectral gap (that
is, minym Re(A(m, 7))) indeed gives the rate of convergence to the equilibrium state
modulo @ (h°°). In addition, when there exists precisely one m* € U® \ {m} such that

A, h) = min Re(A(m, m)(1 -+ O()),

the eigenvalue A(m*, /) is simple and real and ming«m Re(A(m, £))(1 — 1) can be
replaced by A(m*, /) in (1.29).
One can also show the metastable behavior of the solutions of (1.27).

Corollary 1.7 (Metastability). In the setting of Theorem 2, let S1 < --- < Sx = +00
denote the increasing sequence of the S(m)’s defined in (1.22) and let l'[,f be the spectral
projector of P associated with its eigenvalues of modulus less than e=25/"_ For two
positive functions g+ (h) such that g_(h) = O(h*°) and g;l (h) = o(|lnh|™1), we define

tf =g+(h) and V1<k <K, tf=gi(h)e*Sc/h

(in particular, tg = +00). Then, for every h small enough, the solution u(t) of (1.27)
satisfies
Vit <t <, u@) =TZug + Oh™)|uol, (1.31)

uniformly with respecttot, 1 <k < K and ug € L2(R?).

In other words, e % I 1T f in the time interval [t,j'_l, Iy ], whereas transitions occur

around the times #; = ¢25/%_In this result, one can take for instance g_(h) = e~%/%
with § > 0, and g (h) = |In h|?. Note that H]-SHE = Hiax(j,k)’ Hl5 = Iy, is the spectral

projector of P associated with its no exponentially small eigenvalues, and 1'[,5( = Iy is
the orthogonal projector on e~//*C. The proofs of Corollaries 1.6 and 1.7 are given at
the end of Section 5.

We conclude this introduction by applying Theorem 2 to a generalization of the
Kramers—Fokker—Planck operator defined in (1.7). For two smooth functions V(x)
and W(v) and a friction coefficient y > 0, the generator associated with the SDE

dxt = 8vW(v,) d[,
(1.32)
dv, = —0xV(x,)dt —yd,W(v,)dt + \/2yh dB;,
is given by
£ =—0,W -0x + 0xV -0y + Y3, W -0y — yhA,. (1.33)

This is an example of a Hamiltonian SDE discussed in [22, Section 2.2.3]. Defining
My (x,v) := e~ V@TWED/E we have

£(1)=0 and £Y(M;) =0.
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Hence, P := Mh_1/2hé€TMhl/2 satisfies
P(e /™"y =0 and P*E /") =0,

where f(x,v) := (V(x) + W(v))/2. Moreover, an immediate computation shows that
P =0,W -hdy — 0,V - hdy + yAw)a, (1.34)

where Ay/o = (—hdy + 0,W/2) o (hdy + 0, W/2) is the Witten Laplacian in the vari-
able v associated with the function W(v)/2. Thus, P has the form (1.8) with

A(x,v) = (g y(;d) , b(x,v)= (_85)[:11//((12)) , c(x,v) = %|VUW|2 _thw_

Of course, f satisfies (Morse) if and only if V' and W do. In that case, Corollary 2.4,

Remark 2.5 and
0 Hess, W
B:=db°’ = v
(— Hess, V 0 )

show that (Harmo) is satisfied. Under some additional growth assumptions on V' and W
at infinity, one can verify that (Confin) and (Hypo) hold true. At a critical point u, the
matrix A(u) of Lemma 1.4 is given by

AQu) = ( 0 — Hessy V) '

Hessy, Wy Hess, W

The setting of (1.7) corresponds to W(v) = v2/2. In that case, the saddle points of f are
of the form s = (x, 0), where x is a saddle point of V', and the unique eigenvalue of A(s)

with negative real part is
1(s) = 3 (y = Vy2 —4h), (1.35)

where A1 is the unique negative eigenvalue of Hess, V' (x). This yields an explicit expres-
sion of the prefactor z(m) in (1.24) and we observe that it has the same form as the one
obtained in [14, (6.67)]. Observe also that |u(s)| < |A1]if and only if y > 1 4+ A;. Thus,
the rate of convergence to the equilibrium for the Langevin process (1.6) (whose gener-
ator is the Kramers—Fokker—Planck operator, see (1.7)) is smaller than for the overdamped
Langevin process (1.4) (generated by the Witten Laplacian, see the lines above (1.5))
if and only if this condition holds. Note that this discussion is more generally valid if
W admits a unique critical point at v = v with Hess, W(v) = Id. In particular, it is easy
to choose W such that P is not PT-symmetric, which provides a setting covered by The-
orem 2 but which cannot be treated using [14].

More sophisticated Langevin equations have been considered in the literature, as the
generalized Langevin equation in [25] (see also references therein). Our results enable
one to compute in the low temperature regime the low-lying eigenvalues of the different
generators treated in [25].

The rest of this paper is organized as follows. In Section 2, we derive algebraic and
geometric results from our assumptions. This leads to the proofs of Lemmas 1.1 and 1.4,
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and of the rough localization of the spectrum of P stated in Proposition 1.2. Section 3 is
devoted to the construction of new Ansitze of the eigenmodes of P near the saddle points
of f. These Ansitze are then used in Section 4 to construct global quasimodes. After-
wards, in Section 5, we prove our main results, Theorem 2 and Corollaries 1.6 and 1.7.
The aim of Section 6 is then to show that Theorem 2 can be generalized to an arbitrary
Morse function f, that is, without assuming (Gener). A vague statement is given in The-
orem 3, while precise ones are Theorems 5 and 6. Let us also recall here that we are not
working with symmetry assumptions such as supersymmetry or PT-symmetry. This pre-
vents us from concluding as in [9] (and in many other later works such as, e.g., [14,24])
after reduction of the problem to the computation of the eigenvalues of a square matrix
of size ny. To handle this computation, we then make crucial use of the Schur comple-
ment method, as in [20], and refine [20, Theorem A.4] in Theorem 4. We believe that
Theorem 4 is of independent interest and may be used in other contexts.

2. Preliminary results

In this section, we prove some preparatory geometric results and use them to show the
rough localization of the spectrum of P stated in Proposition 1.2. For a critical point u
of f, we use the abbreviations

A =A%), B =db°(u), H = Hess f(u).

2.1. Analysis of the critical set

The aim of this section is to prove Lemma 1.1 and to discuss the assumptions of Sec-
tion 1.2. We start with a microlocal observation.
Lemma 2.1. (i) Assume (Harmo) and let (u,0) € €. Then

T

_ —tB! ;. . o .
the real symmetric matrix / e B A8 it is positive definite. 2.1
-T

(i) If (2.1) holds true, then ker(A®) Nker(B* — z) = {0} for every z € C.

Proof. Since the Hamilton vector field H 0 at (u, £) equals (0, —B’£) when £ € R?, it
follows that, for every £ € RY (see (1.14) and (1.15)),

_ ST 1T pdueBg)
(P)r(u,§) = 7). plae™™ &) dt = PV = e
T
= % _T<A°e"B’é,e—’B’s>dr, 2.2)

where we have used (u, 0) € € and thus c(u) = 0 to obtain the second equality. Since
(Harmo) implies (p) 7 (u, §) > % |€|? for some constant C > 0 and every £ small enough,
part (i) of Lemma 2.1 is then an immediate consequence of (2.2).
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To prove the second part of Lemma 2.1, let n € C¢ belong to ker(4°) N ker(B? — z)
for some z € C. Then e 8"y = ¢ 72y, and thus 7 € ker(f_TT e B A% B 41y ={0}). =

For a not necessarily Morse function f (that is, without assuming (Morse)), U
(resp. U) denotes the set of critical (resp. nondegenerate critical) points of f.

Lemma 2.2. (i) If (Gibbs) holds true, then
U x {0} C €. (2.3)
(i) If (Gibbs) and (2.1) hold true, then
€ C U x {0}. (2.4)

Proof. Suppose that u € U and assume without loss of generality that u = 0. Thanks to
(1.18), we have ¢°(0) = 0. Moreover, near the origin,

Vf(x)=Hx+ (9(x2) and bo(x) = bo(O) + O(x),
which, combined with (1.19), yields
vx e R, (b°(0), Hx) =0,

and thus Hh°(0) = 0. Since u = 0 is assumed to be nondegenerate, H is invertible and
hence 5°(0) = 0. This proves (2.3).

We now show (2.4). Let (u, 0) € € and assume without loss of generality that u = 0.
Then 5°(0) = 0 and c°(0) = 0. Denoting 7 := V £(0), it follows from (1.18) that (A%7, n)
= 0. Since A° is positive semidefinite, this implies A°n = 0. On the other hand, (1.19)
yields

Vx eRY, 0= (b°(0) + Bx + O(x?).n+ O(x)) = (Bx + O(x?).n + O(x)).

and hence B'n = 0. It follows that n € ker(A4%) N ker(B?) and so n = 0 thanks to
Lemma 2.1 (ii). This completes the proof of (2.4). [

Proof of Lemma 1.1. We can deduce Lemma 1.1 from Lemma 2.2. Indeed, the sets U
and U coincide when f is a Morse function. Then Lemma 2.2 (i) provides the first
statement of Lemma 1.1. On the other hand, (Harmo) and (Gibbs) imply (2.1) from
Lemma 2.1 (i) and hence (2.4). Thus, Lemma 2.2 gives € = U x {0} in that case, fin-
ishing the proof of Lemma 1.1. ]

Lemma 2.3. Assume (Gibbs) and let u € U with b(u) = 0. Then the matrix B'H is
antisymmetric. If moreover the critical point u is nondegenerate (i.e. u € U), the matrix
J := H™'B! is also antisymmetric.

Proof. As before, we assume for simplicity that u = 0. Performing a Taylor expansion of
the identity b(x) - V f(x) = 0 (see (1.19)), we deduce Bx - Hx = 0 for every x € R?.
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Therefore, x - B' Hx = 0 for every x € R¢, which implies that the matrix J=B'His
antisymmetric.

Moreover, if in addition H is invertible, then J = H™1B* = H~! JH lis antisym-
metric since H is symmetric. ]

Corollary 2.4. Assume (Gibbs). Then condition (Harmo) is satisfied if and only if, for
every (u,0) € €,

T
- . . . - —tB! g, . L .
H is invertible and the symmetric matrix / e B A8 41 is positive definite.

-T
Remark 2.5. Mimicking the Kalman criterion for controllability of finite-dimensional
systems (see [5, Theorem 1.16]), one can show that f_TT B A0:~1B" gt is positive def-
inite if and only if

d—1 d—1
—+Im(B" A% =R? or () ker(4°(B")") = {0}.
n=0 n=0

Proof of Corollary 2.4. We first prove a formula for (p)7 near (u,0) € € with u € U.
Without loss of generality, we can assume that u = 0. Denoting (x, £) by p, (1.14) and
(1.18) yield, near (0, 0),

P(p) = p3(x.&) + c°(x) + O(p*)
=A% . £+ A°Hx - Hx + 0(p>).

On the other hand, since 0 = (0, 0) is a critical point of Hp?, we have d exp(th?)(O) =
exp(tFp?), where Fp(l) is the linearization of Hp(l) at 0. Using p?(x,§) = Bx - £ + O(p?),
we obtain Fp(l) (x,&) = (Bx,—B'€). Consequently, near (0, 0),

T

(P)r(p) = % ((AOHeth, He'Bx) + (Aoe_’BZS,e_’BIE) + (9(,03)) dt
-T
1 T

T ((A°He'Bx, He'Bx) 4 (A% "B'¢, e 7B'g)) di + 0(p?),
-T

from (1.15). Since moreover B’ H is antisymmetric according to Lemma 2.3, we have
HB = —B'H and hence He'® = ¢~'3' H . This leads to

T
(P)r(p) = % / ((A% B Hx, e 7B Hx) + (4% B¢ B £)) dr + 0(p?).
-T
(2.5)

Let us now prove the corollary and consider (u, 0) € €. If (Harmo) holds, Lem-
mas 2.1 (i) and 2.2 (ii) imply that u € U. Then, we can apply (2.5), which, combined
with (Harmo), shows that the matrices

T T
H(/ e 1B A0 1B’ dt)H and / e "B A% 'B" 4t are positive definite.
-T -T
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This is equivalent to

T
. . . . - —tB! ,, - . .
H is invertible and the symmetric matrix [ B 4% 718" 41 is positive definite,

-T
(2.6)

proving the direct implication of Corollary 2.4. On the other hand, if (2.6) holds true,
then (2.1) holds true and Lemma 2.2 (ii) gives u € U. Then (2.5) and (2.6) imply (Harmo),
proving the converse implication. ]

2.2. The spectrum of the matrix A

The aim of this section is to provide information on the spectrum of the matrix A =
2HA® + B! and to prove Lemma 1.4. We start with the following result, where J =
H~'B" is antisymmetric according to Lemma 2.3.

Lemma 2.6. Assume (Harmo), (Gibbs) and (Morse). For any u € U and r € [0, 1], the
matrix
Ay = H(rQA+J)+ (1—r)1d)

has no eigenvalue on the imaginary axis {Re z = 0}.

Proof. Suppose that there exists v € C¢ such that A, v = zv with Re z = 0. Then, using
(v, H ) ca € R, we get

Re (A,v, H '0)ca = Re(z{v, H 'v)ca) = 0. (2.7)
On the other hand,

Re (A,v, H 'v)ca = 2rRe (A%, v)ca +rRe (Jv,v)ca + (1 —r)Re (v, v)ca
=2r{A%, v)ca + (1 =1)|v]% (2.8)

For r € [0, 1], (2.7) and (2.8) imply v = 0 and the lemma follows in that case. Assume
now that r = 1. Relations (2.7) and (2.8) yield (A%, v) = 0 and so A% = 0 since A°
is positive semidefinite. Thus, the eigenvalue equation Av = zv reads B’v = zv. Hence,
v € ker(A%) Nker(B! — z) and thus v = 0 according to Lemma 2.1, which completes the
proof in the case r = 1. u

We now give the proof of Lemma 1.4. Letk € {0,...,d} andletu UX  Forr =0,
Ao = H has exactly k eigenvalues in {Re z < 0} since u is a critical point of index k.
As the eigenvalues of A, are continuous with respect to  and cannot cross the imaginary
axis from Lemma 2.6, A1 = A has exactly k eigenvalues in {Re z < 0} and no eigenvalue
on the imaginary axis. This proves (i) of the lemma.

Suppose now that k = 1 and let w(u) denote the unique eigenvalue of A in {Rez < 0}.
Since A is a real matrix, its set of eigenvalues is stable by complex conjugation and hence
u(u) € R. This proves (ii).
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2.3. Rough localization of the spectrum

In this section, we prove Proposition 1.2. The arguments are close to those of [14, Section
2.2.2]. Thanks to Lemma 1.1, one has € = U x {0} and hence it suffices to show that, for
any p = (u,0) € U x {0}, the numbers /Lg’o of Theorem 1 have the following property:

0 =0 forallue U®,
{/"Lp,O orallu (2.9)

Reug,o >0 forallue U®, k>1,

where we recall that Mg,o = %E(p, p) with tr(p, p) = —i Z?=1 Api+2ct(u),and £1, 4,
£ e{l,...,d}, denote the eigenvalues of the fundamental matrix F, 0 of pO at p = (u,0)
with the convention Im A, ; > 0 (see the paragraph above Theorem 1). From now on, we
take u € UK, k > 0, and we suppose again that u = 0 in order to lighten the notation.
Thanks to (1.18), near (0, 0) one has

PO(x,E) = (A%(x)E. &) +ib°(x) - £ + °(x)
= (A%(x)E. &) +ib°(x) - £ + (A°()V f(x), V f(x))
= (A%, &) +iBx-E+ (A°Hx, Hx) + O((x,£)%).

Then o
iB 24
Fpo = (—2HA°H —iB’) . (2.10)
Using the identity B* H = —H B which follows from Lemma 2.3, a direct computation

shows that Ly = {(X, £iHX); X € C%} are vector spaces stable under Fo, that the
map Fo restricted to L4 acts like

Fy =i(+£24°H + B),

and that C>¢ = L, @ L_ since H is invertible. In particular, 0(Fy) =o0(Fy)Uo(F-).
It follows moreover from Lemma 1.4 that Fy = i(2HA® + B?)’ has k eigenvalues
)LT, . ,)L;' in{Imz < 0} and d — k eigenvalues )L,':H, . .,)L; in {Im z > 0}. In addition,
using again B'H = —HB, we get
F_=i(-24°H + B) =iH Y(—2HA* + HBH Y H
=—-H 'iQHA® + B"YH = —H ' (F.)'H.

Hence, 0 (F_-) = —o(F), which proves that

0(Fp)N{Imz >0y ={-AF,.... =AU . A  ={Ap1.. . Apa). (21D

On the other hand, let us recall that (Gibbs) implies (—h divo A o hV 4 ¢)(e~ /") =0
(see the lines above (1.18)). Using the classical expansions of the coefficients and looking
at the terms of order 1 then shows that

d
2c ) = =2 ) A, ()dy; 0y, f(u) = —r(24°H).
jA=1



Eyring—Kramers law for Fokker—Planck type differential operators 4365

Since tr(B) = tr(—H 'B'H) = —tr(B") = —tr(B) = 0 thanks to B'H = —HB, we
get
2ct(n) = —trQA°H + B) = i tr(Fy). (2.12)

Combining (2.11) and (2.12) yields

k

d k d d
Wp.p)=—i ) Ape+2c'wy=iD» AF—i Y Af+iY Af=2i) A
=1 j=1 j=1

j=k+1 j=1

By definition, this last quantity vanishes when k = 0 and has a positive real part when
k > 1. This proves (2.9).

3. Quasimodal constructions near the saddle points

In this part, we assume the hypotheses of Theorem 1, (Gibbs) and (Morse).

3.1. A first step in the construction of quasimodes

Given's € UM, we look for an approximate solution to the equation Pu = 0 in a neigh-
borhood V of s of the form
u(x) = v(x, h)e /®/h

with a function v of the form
L(x,h) 5
v(x, h) :/ E(s/T)e™ M g, (3.1
0

where the function £(x, h) € C°° (V) has a classical expansion £(x, h) ~ ijo hi4;(x)
in C*° (V') with £( £ 0. Here, ¢ denotes a fixed smooth even function equal to 1 on [—1, 1]
and supported in [—2, 2], and t > 0 is a small parameter which will be fixed later. The

object of this section is to construct the function £.

Lemma 3.1. One has
P(ve_f/h) =(w+ r)e_(sz/z)/h,

where
w =h(2AVL-V f + (AVL-VOL + b - VL) — h* div(4Ve),

the function r and all its derivatives are (locally) bounded, uniformly with respect to h,
and supp(r) C {|€| > t}. Here, we recall that all the functions above depend on x and h.
Moreover, w admits a classical expansion w ~ ijl hJ w; with

wy =24V f - Vi + (A°Viy - V)l + b° - Vi,
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and, forall j > 1,
wjt1 =24°V f - VL + (A°VL - VEg)E; + 2(A°V L - VL)L
+ 0% Ve + R;(x,0%y),

where R; is a polynomial in 0%{y, |a| <2, and k € {0, ..., j — 1}, with smooth coeffi-
cients.

Proof. Throughout the proof, we write {(-) instead of {(-/7). Recall that P = P, +
P14+ Py with Py =c¢, P; = %(b -hV + hdivob)and P, = —hdivo A o hV. Of course,

[P, v] = 0. (3.2)
Using (3.1), one gets
[P1,v] = h(b-VOL(L)e™/CN = h((b - VL) + rp)e /@D, (3.3)

with r; = (b - VE)(¢(£) — 1). In particular, r; and all its derivatives are (locally) bounded,
uniformly with respect to %, and supp(r1) C {|€| > t}. On the other hand, since the mat-
rix A is symmetric, for any smooth function v one has

Py(vy) = —hdiv(ARV (vif)) = Y Prv + vPry —2AhVv - hV .
Using again (3.1), this yields
(P2, v] = e /CP(Z2hE (0)AVE - hV — B> div(E(£)AVE) + hEL(E)AVE - VE),
and hence
[P2.v](e™ /") = (hC(£)QAVE -V f + LAVE- VL) — K> div(£(£) AVE))e™S /21
= (hQAVE-V [ + LAVL- VL) — h2 div(AVE) + rp)e” S TE//h

with 1, = h(¢(0) — 1)(2QAVL -V f + LAVL - VL) — h? div((¢(£) — 1)AVY). In partic-
ular, r, and all its derivatives are (locally) bounded, uniformly with respect to A, and
supp(r2) C {|£| = t}. Combining this identity with (3.2) and (3.3), and using the relation
P(ve~//"y = [P,v](e~//") implied by (Gibbs), we obtain the first part of the statement.
Moreover, since the coefficients of P and the function £ have classical expansions, so
does w. Plugging the expansions of A4, b, ¢, and £ into the expression of w and identify-
ing the powers of /1, we obtain the formulas for the w;. ]

In order to construct accurate quasimodes, we have to find smooth functions £;, j > 0,
with £o # 0 and such that the above w; 41 vanish. The equation on £ is

24V f - Veo + (A°VLgy - Veg) Ly + b° - Viy = 0, (3.4)
and the equations on the £;, j > 1, are
2A°V f - VU + (A°VLy - VEo)l; 4+ 2(A°ViEy - V)L +b° -V = —R;.  (3.5)

By analogy with the usual WKB method, we call (3.4) the eikonal equation and (3.5) the
transport equations.
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3.2. Resolution of the eikonal equation (3.4)

Consider the complexified symbol

q(x,8) = —p°(x,i§) =& - A°(0)E +0°(x) - £ = (x) € R, (3.6)

and let, for some saddle point s € UM, A, (resp. A_) be the stable outgoing (resp.
incoming) manifold of the H, flow passing through ps = (s, 0) € €. It is proved in
[13, Lemma 8.1] that A + are Lagrangian manifolds which project nicely on the x-space.
Hence, there exist smooth functions ¢+ defined in a neighborhood of pg such that ¢4 (s)
= 0 and, near ps,
As ={(x.§) € T*R?: § = Vo (x)}.

Moreover, Az C {(x,£) € T*R%; q(x,£) = q(ps) = 0} and, according to [13, Propos-
ition 8.2], & Hess ¢ (s) > 0. Summing up, the following properties of the functions ¢4
will be used:

¢+(s) =0, V¢i(s) =0, =£Hesspr(s)>D0. 3.7)

Lemma 3.2. There exists a neighborhood V of s and a smooth function £so € C*(V)
such that
£24(x)
VX eV g0 = f00) - () + 5
Moreover, Vi (s) # 0.

Proof. This lemma comes from an observation of [13, (11.20)] and we follow this
approach. Let Ay = {(x, V f(x))} C T*R? denote the Lagrangian manifold asso-
ciated with the phase function f. The eikonal equations (1.18) and (1.19) imply
g(x,Vf(x)) = 0 and so Ay is stable by the H, flow. In particular, the tangent space
Ty, Ay at pg is stable by Fy, the linearization of H, at ps. Moreover, a direct computation
and (2.10) show that

B 24° (1 0 1 0\
Fq_(2HA°H —B’)__l (0 —i)FP° (o —i) '

In particular, the discussion below (2.10) implies that F;; has no eigenvalue on the
imaginary axis. Let k+ be the number of eigenvalues of F; restricted to T, Ay with
positive/negative real part. Then k4 + k_ = d.

Let K4 be the stable outgoing/incoming submanifold of A ¢ given by the Hamiltonian
vector field H, restricted to Ay. Then K+ has dimension K+ and K+ projects nicely on
the x-space

Ki=ALnN Af and T, Ky =T, A+ N Tpsl\f. (3.8)
On account of Vg = V f on 7, (K1), we get
Vx € mx(Ky), ¢+(x) = f(x) = f(9). (3.9)

Since s is a saddle point of f, its Hessian has signature (d — 1, 1). Thus, (3.7) and (3.9)
imply that k; = d — 1 and k— = 1. Eventually, using (3.9) again, we have on Ty, (K_)

Hess(¢+ — f) = Hess ¢+ — Hess ¢p_ > 0.
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Thus, in a neighborhood of s, g := ¢4+ — f + f(s) is a nonnegative function which
vanishes to order 2 on 7y (K4).

Let us now construct a square root of g. After a local change of coordinates
x — (y,2z) € R4 x R mapping s to 0, we can assume that 7, (K;) = {(y,z); z = 0}.
Near 0, g(y,0) = 0 from (3.9), d,g(y,0) = 0 from (3.8), and ag,zg(y, 0) > 0 from the
last sentence of the previous paragraph. Thus, the Taylor formula gives

1
g(y,Z) = 22/(; (1 _t)ai,zg(y’tz)dtv

which leads to

22 1 1/2
o+ =f—f(s)+ %0 with Lso(y,2) = 2(2/ (1 —t)8§’zg(y,tz) dt) .
0

Since the quantity under the square root is positive when evaluated at z = 0, {5 is a
smooth function in the vicinity of s and V£, ¢(s) # 0. (]

Lemma 3.3. Let s € UWY. The function s defined by Lemma 3.2 solves (3.4) in a
neighborhood of s. Moreover, 1(s) := Vi(s) is an eigenvector of the matrix A(s) =
2H(s)A%(s) + B (s) associated with the negative eigenvalue u(s). Finally,

u(s) = —A°(s)n(s) - n(s). (3.10)

and

detHess(f + 302,)(s) = —det H(s). (3.11)
In particular, A°(s)n(s) - n(s) > 0.

Proof. We drop the index s and write £ instead of £ ¢. By definition, ¢ is a solution of
the eikonal equation
AV, Vo +b° Vo, —c =0. (3.12)

Since ¢4+ = f — f(s) + %E%, this implies
AV f Y f 4+ 2004V f - Vi + L34V - Ve + b -V f + £ob° - VEy —c® = 0.
Since f is also a solution of (3.12) by (1.18) and (1.19), it follows that

200A°V f - Vo + LEAVEy - Vg + Loh° - VEy = 0,

which gives (3.4) by dividing by £, (this is allowed since V£((s) # 0 implies £y # 0 a.e.
around s). Moreover, the Taylor expansion of (3.4) at s gives, for every x around s,

24°(S)H($)(x =) - 11(s) + (A°($)n(s) - 1(8))(1(s) - (x —5)) + db°(s)(x —5) - 7(5) = 0,

or equivalently

(x=9)- (CHEAS) + B'(9) + 4°()n(5) - 7(9))n(s)) = 0.
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It follows that
(2H(s)A°(s) + B'(s) + A°(s)n(s) - n(s))n(s) = 0, (3.13)

which shows that 7(s) is an eigenvector of A(s) = 2H(s)A%(s) + B’ (s) associated with
the eigenvalue —A%(s)n(s) - n(s). Since A%(s) is positive semidefinite, this eigenvalue is
nonpositive. Then Lemma 1.4 implies that —A4°(s)n(s) - n(s) = u(s) < 0.

It remains to prove (3.11). We drop the dependence on s in the following when it is
unambiguous. By definition of £¢, one has

Hess(f + %@g)(s) =H +11,,
where I1,x := (x, n)n. Hence, (3.11) is equivalent to
det(ld + H~'IT,) = —1. (3.14)

We first observe that 7' is stable by E := Id + H~'Tl,, and E,1 = Id. On the other
hand,

(En,n) = InlI>(1 4+ (H'n,n)). (3.15)

But H(2A° + J)n = An = un with J = H=1B? gives ((24° + J)n,n) = u(H'n,n).
Since J is antisymmetric by Lemma 2.3 and thanks to (3.10), this implies

~ 2
(H 'n,n) = ;(Aon, n) =-2.

Plugging this identity into (3.15), we get (En, n) = —||n||?. Choosing a basis (e, ..., ez)
of r;L and computing the matrix of E in the basis (1, ez, ..., eg), the above discussion
implies (3.14). [ ]

3.3. Resolution of the transport equations (3.5)

Lemma 3.4. There exists an open neighborhood V of s and some smooth functions
L, j € C®(V) such that L ; solves (3.5) forall j > 1.

Proof. Since, for all j > 1, R; only depends on the {s; with 0 < k < j — 1, we can
solve the equations (3.5) by induction. It thus suffices to show that there exists an open
neighborhood V of s such that, for any smooth function f, there exists u € C*°(V)
satisfying

fu = f, (3.16)

where £ is the transport operator defined by
Lu =24V f - Vu + (A°Vis - Vi o)u + 2Ls,0(A°Veso - Vi) +5° - Vu. (3.17)

Assume for simplicity that s = 0. We first look for a formal solution in powers of x.

Given m € N, we denote by &  the set of homogeneous polynomials of degree m and
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we write f(x) >~ > N fm With f5, € P . We recall that V& o(s) = n(s) is an eigen-
vector of A(s) = 2H(s)A%(s) + B’ (s) associated with its sole negative eigenvalue /i(s)
(see Lemma 1.4). Then £ decomposes into

£=%Lo+ £,

where £ (p) = O(x™+!) forall p € P and Lo : — P is given by

hom
Lo =24°)H(s)x - V + A°(s)n(s) - n(s) + 2(n(s), x) A°(s)n(s) - V + B(s)x - V,
which we can rewrite, since u(s) = —A°%(s)n(s) - 7(s) by Lemma 3.3, as

Lo = (24%s)H(s) + B(s) + 24°(s)1y)x - V — u(s). (3.18)

where I,y := (y, n(s))n(s). We shall prove that &£ is invertible on £ for any m > 0.
Let us denote Y = 2A4%(s) H(s) + B(s) + 24°(s)IT, = A’(s) + 24°(s)I1,. One has

Tin(s) = A()n(s) + 21T, 4°(s)n(s) = p(s)n(s) + 2(A°(s)n(s). n(s))n(s)
= —pu(s)n(s).
Choosing some vectors ey, . .., eg such that B = (1(s), ez, ..., eg) is a basis of C and

the matrix M of A(s) in the basis B is upper triangular, it follows that the matrix M’
of Y? in B is also upper triangular, with the same diagonal entries as M, except that the
first diagonal entry j(s) is replaced by —u(s) (actually, only the first lines of M and M’
differ). Since p(s) is the only eigenvalue of A(s) with nonpositive real part, the spectrum
of Y? is contained in {Re z > 0}. Thanks to Lemma A.1 in the appendix, this implies that
the spectrum of Yx -V : P — P7  is contained in {Re z > 0} for every m > 0 and
hence £9 = Yx - V — u(s) is invertible on $  for every m > 0 (note that £o = —/(s)
on Oh%m) Using this property, we can solve the transport equation £u = f by the method
of [7, Chapter 3]. We recall briefly the successive steps. We first find a formal solution %
to the equation

Lii = f, (3.19)

where f denotes the formal power expansion of f: f >k fk with fk € J hom We
look for # of the form % >~ Zk U with it € F °k . Since £ is invertible, there exists
g € P solving Loilg = fo. Then we choose i; € PL solving

Loily = fi + 11,

where r1 denotes the homogeneous part of degree 1 of —£~ (). Iterating this procedure,
we obtain a formal solution to (3.19). Using this formal solution and a Borel procedure,
we construct a smooth function % such that # and % have the same Taylor expansion at
the origin. As a consequence, £u = f + O(x*). The last step consists in showing that
for every g = O(x®°), there exists a solution v = O (x*°) to £v = g. This can be done
by using the method of characteristics and the fact that the spectrum of Y is contained in
{Rez > 0}; we refer to [7, proof of Proposition 3.5] for details. Then, taking i, satisfying
Lo = f — Lu = O(x*>°), we find that u := U + U is a true solution of (3.16) and
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[7, Proposition 3.5] shows that the neighborhood V' of s where u is defined can be chosen
independently of f. L]

Using the preceding result and a Borel procedure, we get the following.

Proposition 3.5. For any s € UW, there exists a smooth function x — £s(x, h) defined
in a neighborhood Vs of s such that

(i) £s admits a classical expansion {s ~ Y hkﬁs’k,
(1) 2AVLs-V f + (AVLs-VL)s + b - Vi) — hdiv(AVLs) = O (h®), uniformly with
respect to x in Vs,

(iii) £s0(x) = (x —s) - n(s) + O(|x —s[?).

Note that the function x — —fs(x, &) also satisfies Proposition 3.5. More precisely,
(i) and (ii) hold without modification, while 7(s) has to be replaced by —n(s) = —V{s ¢(s)
in (iii). At this point, we do not specify which function ({5 or —£s) will be used later.

4. Global construction of quasimodes

In this section, which is an adaptation of [20, Section 4A], we assume the hypotheses of
Theorem 1, (Gibbs), (Confin), and (Morse). We refer the reader to the notation following
Definition 1.3 and introduce some additional topological objects. Givenm € U \ {m},
one has o(m) = o; for some i > 2. Moreover, since 0;_; > 0;, there exists a unique
connected component of { f < ¢;_; } that contains m (observe that this component is not
necessarily critical). We denote that component by E_(m), and by

E_: UP\ {m} > P(RY) (4.1)

the corresponding map. It follows from [24, Remark 2.2] that, for any m € U© \ {m},
there exists a unique m € E_(m) N U such that (M) > o(m). In particular,
m € E_(m) C E(m), and thus

vme U\ {m}, f(@m) < f(m). 4.2)

—

mp, 1 = my

Fig. 4.1. The geometric setting associated to my4 1.
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We denote by E (m) the connected component of {f < ¢(m)} containing m. Then
E (m) C E_(m) and E (m) is a critical component (see Definition 1.3). We denote by
E: U\ {m}— Candmi: U\ {m} — U the corresponding maps (see Fig. 4.1).

Fixm € U© \ {m}. For every s € j(m), one has f(s) = o(m). For any 7,8 > 0, we
define

By :={f <om)+8n{xeR% ns): (x—s)| <7},

Cs,1,5 := the connected component of B, ; 5 containing s, 4.3)

where 7(s) has been defined in Lemma 3.3. We recall that 7(s) is an eigenvector of the
matrix A(s) = 2H(s)A%(s) + B’(s) associated with its only negative eigenvalue 1(s),
which has multiplicity 1 (see Lemma 1.4). Moreover, from (3.10) we get the normalization
condition A°(s)n(s) - n(s) = —u(s). Observe that this condition is not the same as in [20],
where ||1(s)|| = 1 is imposed. Let us also define

Emes = (E-(m)N{f <om)+8)\ | Ces, (4.4)

s€j(m)

where E_(m) is defined by (4.1).
According to the geometry of the Morse function f around dE (m) and to the lemmas
of Section 3.2, we have the following result.

Lemma 4.1. For any m € U© \ {m} and s € j(m), there exists a neighborhood V of s
such that
VxeV\{s}, x—senis)t = f(x)> f(s).

It follows that, for g, 8¢ > 0 sufficiently small and every t € |0, 1] and § € 0, 8¢|, there
exists a connected component of Ey, 3; 35 containing UO N E@m) and disjoint from

UO N (E_(m) \ E(m)). We will denote by Eg 37,35 this component and by E_ ;¢

its complement in Ey, 37 35.
Remark 4.2. The above set E_ ;.
ever, when m satisfies j(m) N j(m’) = @ for every m’ € U@ \ {m}, one has, owing to

[20, Remark 1.7 and Section 4A], j(m) = dE(m) N dE(m). In that case, the set E 303

5 contains m but is not connected in general. How-

is connected.

Proof of Lemma 4.1. Without loss of generality, we can assume that s = 0 and f(s) = 0.
Thanks to Lemma 3.2 and Proposition 3.5, one has

Esz’o(x)
2

 fy + EOP o,

$+(x) = f(x) + :

near s = 0. This implies that, for all x € r;(s)L, we have

() = ¢4 (x) + O(3).

Since Hess ¢ (s) is positive definite by (3.7), the conclusion follows. ]
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----------- - s+ ()t T
s-l—m(s)L_f

f =76

Fig. 4.2. Representation of the Morse function f near a point s € j(m) N IE (m) when the latter
set is nonempty. Here, 11 (s) denotes an eigenvector of Hess f'(s) associated with its negative eigen-
value.

Let us now define, for 2 > 0 and 79, 6o > O small enough, the function vy, ; on the
sublevel set E_(m) N {f < o(m) + 38o} (see (4.1)) as follows. On the disjoint open sets

+ —_ . .
Em,3r0,380 and Em,3t0,330 introduced in Lemma 4.1, we set
+1 forx e E:’l_:‘at 3807
Um,p(X) i= »270,200 4.5)
—1 forx e E_ .
m,370,38¢

In addition, for every s € j(m) and x € € 3, 35, (see (4.3)), we set

£(x,h) )
U p (X) 1= Cs,_hl / L(r/to)e™" 1@h gy (4.6)
0

where the function £ is given by Proposition 3.5, and its sign (see the discussion below
Proposition 3.5) is chosen so that there exists a neighborhood V of s such that £(m) NV
is included in the half-plane {n(s) - (x —s) > 0} (see Lemma 4.1, Figs. 4.2 and 4.3),
¢ € C*(R;]0,1]) is even and satisfies = 1 on [—1, 1], {(r) = O for |r| > 2, and

1 [To° 2
Csp = —/ L(r/to)e " 1@h) gy
2 )
In particular,
2
Iy >0 C; = ,/—h(l + O(e7hy). 4.7
’ b4
Note also that, for every 7o > 0 and then for §o > 0 small enough, thanks to Proposi-
tion 3.5 and to the definitions (4.5) and (4.6), and since the sets £ E-

m,379,380° m,370,380
and €; 34,,35,, S € j(m), are mutually disjoint (see Lemma 4.1), vy, is well defined and

isC®on E_(m) N {f < a(m) + 35} for & > 0 small enough.
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supp(6m)

.......

Fig. 4.3. The support of the function vy, 5

Consider now a smooth function 6, such that

O (x) = { L forx e {f < otm)+ 35} N E-(m),

The function Op v, belongs to C° (R?;[—1,1]) and
SUpP(Omvm,n) C E—(m) N{f < a(m) + 25}

Definition 4.3. For 79 > 0 and then for &g, # > 0 small enough, define

_ S~ S (m)
h

{wm,h(x) =R

Vinsh () = Oon(06) (o (6) + D™

We then define, for any m € U@, the quasimode ®m,h bY
Wm,h

Pmh = -
" [¥m,nll L2

0 forx e RY\ ({f <a(m)+ 15} N E_(m)).

form € U@ \ {m}.

(4.8)

(4.9)

Note that, for every tg, 69, we have & > 0 so that the above definition makes sense,
P@m,n = 0 and, for every m € UO \ {m}, the quasimodes Ym,r and ¢p  belong to
Cc"o(Rd :R™) with supports included in E_(m) N {f < a(m) + 28y}. We have more

precisely the following lemma resulting from the previous construction.

Lemma 4.4. For every m € U and & > 0, there exists 7o > 0 and then 8y > 0 small

enough such that, for every h > 0 small enough,

(i) supp(¥m,n) C E(m) + D(0, ¢),
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of E(m) such that

(ii) when m # m, there exists a neighborhood Vy, s,
V‘Co,80 \ U 85,31’0,350 C {emvm,h = 1},
s€j(m)

(iii) when m # m,

Vx € supp(V(fn(om + 1), (/) <om)+ 326 = xe |J Camasn)-

s€j(m)

Let moreover m’ C U© with m # m'. For every 1 > 0 and then 8y > 0, one has, for
h > 0 small enough,

(iv) if o(m) = o(m’) and j(m) N j(m’) = @, then supp(Ym,n) N supp(Vm 5) = 9,
(v) ifo(m) > o(m’), then either

* Supp(Vm,xn) N supp(Ym,n) = 0, or
* Y = 2¢O o supp (Y 1)

Proof. Points (i)—(iii) follow from the construction of the quasimodes ¢y, , in Definition
4.3 form € UO®: see indeed (4.5), (4.6) and (4.8). Let us now prove the last two points.

If 6(m) = o(m’) and m # m’, note first that m and m’ differ from m since o(m) =
+00 if and only if m = m. Moreover, 0(m) = ¢(m’) and m # m’ imply £(m) N E(m’)
= . Indeed, E(m) N E(m’) # @ would imply that £(m) and E(m’) are the same con-
nected component of { /' < o (m) = o(m’)}, in contradiction with the construction of E.
When in addition j(m) N j(m’') = @, we have

E(m)N Em) = JEm) NIE@m') = j(m) N jim') = 3.

Combined with Lemma 4.4 (i) with & > 0 sufficiently small, this implies supp(Y¥m,z) N
supp(Y,1) = 0. L

If 6 (m) > o(m’) and m’ ¢ E(m), we have E(m) N E(m’) = @, and again, according
to (i), supp(¥m,n) N supp(Yrm,n) = 9 for every 7o > 0 and then Jo > 0 small enough.
Lastly, if 6 (m) > o(m’) and m’ € E(m), then E(m’) C E_(m’) C E(m) and so, according
to (i), Ymp = 20~ =f@)/h o supp(Y¥my,») for every o > 0 and then §p > 0 small
enough. [ ]

5. Proof of the main results

We will use the following notation. For two families a = (az)nejo,no] and b = (b)) he]o,ho]
of numbers, we write a € & (b) if there exists a family (cz)nejo,i,) Such that, for every
h €10, hol,

ay = bycy, and ¢, admits a classical expansion ¢ ~ Z cjhj with ¢y = 1.
Jj=0

We also write D, = |det Hess( f)(u)|'/2 for any u € U.
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5.1. Computation of interaction coefficients

Proposition 5.1. Under the assumptions of Theorem 2 but with only the first part of
(Gener), we have the following estimates for every to > 0 and then 8y > 0 small enough:
there exists C > 0 such that, for allm, m’ € UO and for h > 0 small enough,

(i) (Pms> P ) = S + O(e7C/ M),

D
(D) (Pomn, mn) eecl(he—2S(m)/h )3 I/Lz(S)I 4 )
T S

s€j(m)
(i) | Pemall> = Oh™®)(PYmp: Pmn)-
V) NP @mnll> = OR)(P@mp- Pmp)-

The statements of this proposition are very close to those of [20, Propositions 4.4
to 4.6]. The difference is that we have a classical expansion in (ii) and the multiplicative
error in (iii) is of order @ (™) instead of @ (h?). This is due to the fact that our quasimodal
constructions are sharper.

Remark 5.2. When, in comparison with the assumptions of Proposition 5.1, the first part
of (Gener) is not satisfied, items (iii) and (iv) of Proposition 5.1 still hold, while item (ii)
becomes

—1\—1

- 114(8)] o cargmin e £ Pt
(P ) < 6 e 2500 5 L oot/ 2w

s€j(m)

However, the quasi-orthonormality of the family (¢m s)meq @ stated in (i) is not satisfied
anymore when the first part of (Gener) does not hold. Indeed, if m # m’ € U© satisfy
f(@m) = f(m’) and m’ € E(m), then o(m) > o(m’) and it follows from Lemma 4.4 (v)
that Y, p = 20~ (/=S h o supp(Ym,»). Arguments similar to those in the proof
below show that there exists ¢ € ]0, 1] such that (¢m 4, $m’.n) ~ ¢ when h — 0%,

Proof of Proposition 5.1. The proof follows the proofs of [20, Propositions 4.4 to 4.6]
very closely. We just sketch it briefly and drop the index 4 in order to lighten the notation.
First, we recall that, for any m € U©, o = ¥m/||¥mll with ¥ given by (4.9).
Moreover, according to the first part of (Gener), f uniquely attains its absolute min-
imum on E(m) at m, and hence on supp(¥m) for every 7o, 8o > 0 small enough (see
Lemma 4.4 (i)). By the standard Laplace method, we then easily get, for any m € U©,

[Vmll € Ea(2(xh)?*D12). (5.1)

Let us now prove (i). First, by definition, we have (¢m, ¢m) = 1 for every m € U@,
Moreover, for every m # m’ € U@, we are in one of the following three cases.
(a) The case where 0(m) = o(m’) and j(m) N j(m’) = @. We then deduce from Lem-
ma 4.4 (iv) that supp(¥m) N supp(Yy) = @ and so (@, Pn) = 0.
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(b) The case where o(m) = o(m’) and j(m) N j(m') # @ (note that this does not occur
when the second part of (Gener) is satisfied). Then E(m) N E(m’) = j(m) N j(m’)
# @ and we deduce from the construction of the ¢, m € U, that gm@uy is sup-
ported in Usej(m)ﬂj(m’) Cs,310,35, (see indeed (4.5), (4.6), (4.8) and Definition 4.3).
Since [Yrm| < 2~ =/@/1) it follows that

4 (f_ (e
(@ 0w )| < Z (e f f(m))/h’e o f(m))/h)

/ LZ(ES.3T0.350).
it o Tl T

Using (5.1) and f(j(m)) = f(j(m')) > max(f(m), f(m’)), the last relation implies
(i) for 79 > 0 and then §y > 0 small enough.

(c) The case where up to switching m and m’, o(m) > o(m’). Here, according to Lem-
ma 4.4 (v), either supp(¥m) N supp(¥m’) = @, in which case (¢m, Pm’) = 0, Or Yy =
20~ =S@)/h on supp(Yy), in which case, since f > f(m’) on supp(Yy), the
Cauchy—Schwarz inequality gives

2 (f_ 1 B "
(Om. o) = (eI G 12 uppryyy = T O™ S @I=S /By
[Vmll [Vmll

Relation (i) follows easily, using (5.1) and the relation f(m’) > f(m) implied by the
first part of (Gener).

In order to prove the remaining points (ii) to (iv) of Proposition 5.1, let us write
Ym = T)],ﬁ;m with Uy = (1 + vy) and {ﬂm = e~ (/—fm)/h Using this notation and
the decomposition P = P, + P; + Py with Py = ¢, P = %(b -hV + hdiv o b), and
P, = —hdivo Ao hV, we get

(PYm. Ym) = (P2 + Po)Vm. Ym) = (ANV BmVm). hY Tmim)) + (Po¥m. Ym)

= W (T AVYm. OV ¥m) + 1> (Vm AV, ViV i)
+ 2% (Ym AV, T Vm) + (PoVm. ¥m)
= —h*(divVTAAVYm). Ym) + 7> (Vm AV T, Yin Vi)
+ 2h* (Ym AV, T Vm) + (PoVm. ¥m)
— (T2 P2 Vm: Um) + D> (Fm AV, Vi Vm) + (52 PoVim, Uim),
and since (P, + Po)(%n) = 0, this implies
(PYm. ¥m) = h* (Ym AV, Vi V). (5.2)
Since f — f(m) > S(m) + o on supp(Vby,) (see (4.8)), it follows that

(PYm, Ym) = h? / 02 AV Vg - Ve 2=/ k gy L @(e=2(Sm+50)/hy,

On the other hand, thanks to (4.6), on |

Vom = Z C

s€j(m) sh

s€j(m) lé>S,3‘50338() we have

1

£(ts/T0)e 5PV, (5.3)
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which yields, since Vv, = 0 on Em,3ro,380 U Em,310,350

by (4.5),

1 — —f(m
(Plimct) =1 Y o [ G/ AV Ve R0 g
s,h s,37(),380

s€j(m)

+ (9(6_2(8(m)+60)/h).

The first term of the right hand side can now be computed as in [20, proof of Proposi-
tion 4.5], the only difference being that here A and {5 depend on / and admit a classical
expansion with respect to . More precisely, since

e €
S 4o = fm) = f+ === f(m) + boolsih + O(h?),

. . 02 .
where, according to Lemma 3.2 and to (3.7), the function f + 52‘0 satisfies

(r+

we can apply the Laplace method with the phase function —2( f + 652,0 /2 — f(m)). Using
£s,0(s) = 0 and (4.7), this yields

02 2
) = 0 =am. (r+ ) =0, Hes(/ + 320 >0
(5.4)

(P Y, Yin) € Ea (2h/n(nh)d/2 3 (AL Vis)(8)

s€j(m)

X (detHess(f + %gio)(s))—lﬂe—zS(m)/h).

Moreover, thanks to Lemma 3.3,
(A°Vils - Veso)(s) = |u(s)| and  detHess(f + 1£20)(s) = |detHess(f)(s)].
and hence
2h
(P Y, Vm) € 801(—(nh)d/2e—2s<m>/ "y |u(s)|D;1). (5.5)
e
s€j(m)

Combining (5.5) with (5.1) proves (ii).
Let us now prove (iii). Since P(e~//") = 0, one has

= [P, O] (v + 1)e U =S/ g Py~ S =/ @)/ )
and since f — f(m) > S(m) + 8o on supp(V6m) and on supp(1 — Om) N supp(fm), this
implies
| PYmll? = 16 P (vme™ /)2 4 (¢~ 2S@+50) i
= ”P(vme_(f_f(m))/h)”iz(supp(am)) + 0(6—2(S(m)+80)/h)' (5.6)
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On the other hand, on supp(f), P (vme™/=/®)/y is supported in Usej(m) Cs 37,380
by (4.5) and, on any € 34,35, one has (see (4.6))

P(vme_(f‘f(m))/h) = Cs,_hl (w + r)e—(f—f(m)—i-ész/z)/h’

where w and r are given by Lemma 3.1. Since f + £2/2 = f +£2(/2 4 O(h) and the
Hessian of f + Zsz’o /2 at s is positive definite (see (5.4)), and r is supported away from s,
one has, for some § > 0,

—(f— 2 —
[ ) = 02D = O (%) (PYim, Yrm),

2(‘€s,310‘360

where we have used (5.5) to obtain the last equality. Moreover, thanks to Proposition 3.5
(and to Lemma 3.1), one also has

Jwe™ /=S EHEDIN R, = Oh™)e 25 = O (h) (P Y. Yim).

(Cs.379.350)

These two estimates and (5.6) show that ||Pym|? = O(h®){PY¥m, ¥m), which
proves (iii).
The proof of (iv) is similar and left to the reader. ]

5.2. Proof of Theorem 2

Until the end of this section, the local minimum points my, ..., m, of f are labeled so
that (S(mj));.lo=1 is nondecreasing (see (1.22)). That is,

forall j €{l,....no— 1}, S(m;41) > S(m;) and Sp,,, = +00. (5.7)
For j € {1,...,no}, we will also denote for brevity
Sj = SMy), ¢ = gmone Ay = (Pej.g)). (5.8)
From Proposition 5.1, one knows that, for all j € {1,...,n¢},
;€ 8q (he‘zsf/h Z @ lj)“:") (5.9)
s€j(m;)

and, for j,k € {1,...,no},

0. 0x) = 84 + O M), Pgil = 0= \3,). 1P = 0(n2\3)).
(5.10)

Using in addition Lemma 4.4 (iv, v) together with the second part of (Gener) (see [20,
proof of Lemma 4.7] for details), we also have

(Poj.or) = 8juch). (5.11)
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We then introduce the spectral projector
1
p= — (z—P) ldz, (5.12)
2i7 J3p(0,64h/2)

with e, given by Proposition 1.2. Working as in [20, proof of Lemma 4.9], one deduces
from the last two estimates of (5.10) and from the resolvent estimate (1.17) of Theorem 1
that

(11— = (9(h°°@) and  (1—T1})g; = O(h7Y2\/2)). (5.13)

The estimates (5.10), (5.11), and (5.13) easily imply the following proposition, whose
proof is the same as the proof of [20, Proposition 4.10].

Proposition 5.3. Forevery j € {1,...,no} and h > 0 small enough, define v; := Ip;.

Then there exists ¢ > 0 such that, for all j, k € {1,...,n¢},
(vj,vk) =8k + O(e~M, (5.14)
(Pvj, ) = ,-,k71,+(9(h°°\/1j7k). (5.15)
In particular, it follows from (5.14) that for every h > 0 small enough, (v, ..., Vp,) isa
basis of Ran ITj,.

The end of the proof of Theorem 2 follows line for line [20, proof of Theorem 1.9,
pp. 39-42]. First, we orthonormalize the basis (vn—j+1);2, to a basis (eno—;+1)72, by
the Gram—Schmidt process. Thanks to (5.14), we obtain an orthonormal basis of Ran Iy,
such that, for every j € {1,...,n¢0},

—C/h
€ng—j+1 = Ung—j+1 + O(e Ity

(see [20, Lemma 4.11]). We then show, using (5.15) and the above labeling of the basis
(eno—j+1);21 starting from ey, that, for all j, k € {1,...,no},

(Peng—jt1:€ngtr1) = 8jkdng—jt1 + O(h Ang—j+12ng—k11) (5.16)

(see [20, Proposition 4.12]). We can then compute the eigenvalues of the matrix M}, of
PiranT1,, in this basis, using the so-called graded structure of M}, (see [20, pp. 41-42 and
Theorem A.4] or Theorem 4 of the next section). Since A ; (or more precisely e25// h) i
see (5.9)) admits a classical expansion, and thanks to the A% multiplicative errors in
(5.16), we obtain the announced result.

5.3. Proof of Corollaries 1.6 and 1.7

Recall that T1j, the spectral projector of P associated with the ny exponentially small
eigenvalues of P, has been defined in (5.12). Since dD (0, £,k /2) is at a distance of order &
from the spectrum of P (see Proposition 1.2), (1.17) implies that there exists C > 0 such
that, for every /& small enough,

[Txll < C. (5.17)
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Then the estimates (1.17) and (5.17) imply that (P — z)~!(1 — I1}) is of order A~!
in {Rez < 2e,h/3} \ D(0, e+h/2). Since this operator-valued function is holomorphic
in {Rez < 2¢e4h/3}, the maximum principle yields

[(P—2)""(1—T)| <Ch™* (5.18)

for Rez < 2¢4h/3 and h small enough.
The solution of (1.27) can be written as

ut) = e P Myy = e P ug + e/ = TIy)ue. (5.19)

Let Q : Im(1 — I1;) — Im(1 — ITj) be the operator P restricted to the Hilbert space
Im(1 — ITj). Since P is maximal accretive, so is Q and thus [e*2/"|| < 1. Moreover,
(5.18) shows that ||(Q — z)7!|| < Ch™! for Rez < 2¢,h/3. To estimate the last term in
(5.19), we use a Gearhart—Priiss type inequality with an explicit bound. More precisely,
[12, Theorem 1.4] (see [11, Proposition 2.1] for more details) gives, for some C > 0 and
allt > 0,

exh _ _pExh -
o0t < (142550 sp (0 o) e 5 < coe
Rez=¢gxh/2

Combined with (5.17), this implies the existence of C > 0 such that, for all ¢ > 0,
le™ /2 (1 = T )uoll < Ce™ fluol, (5.20)

where & = €4/2. On the other hand, P restricted to Im ITj is a matrix of size ny whose
eigenvalues are the A(m, /)’s. Then (5.19), (5.20), and the usual formula for the exponen-
tial of a matrix applied to e ~*F/"TT,uq provide (1.28). Moreover, using (5.20) instead of
the argument of [20, p. 43], the proof of (1.29) is similar to the one of [20, Theorem 1.11],
except we have here to apply Theorem 4 instead of [20, Theorem A.4], and we omit the
details. Summing up, we have just shown Corollary 1.6.

Let us now prove Corollary 1.7. For R > 1, we define the balls

Vke{l,....K—1}, Dy =D((R+ R " )he 25k/h Rpe=25k/h),

and Dg = D(0, R"'he™2Sk-1/") For R fixed large enough and every & small enough,
each exponentially small eigenvalue of P belongs to exactly one of the disjoint sets Dy
from Theorem 2. Moreover, Dy is at distance of order he25k/h (resp. he=2Sk—1/h)
from the spectrum of P for k € {1,..., K — 1} (resp. k = K). Using (6.18) to estimate
the resolvent of P on the image of I1; and (5.18) to control the contribution on the image
of 1 — Iy, we get

Ve aDp. (P -2 < Ch™'e2Sk/h fork e{l,...,K —1}, 5.21)
ze , -z < .
, Ch™'e2Sk-1/h fork = K.
In particular, the spectral projector associated with the eigenvalues of order /e 25k/ %
~ 1
I, = — (z—P) ldz, (5.22)
2im Jop,

is well defined and satisfies || Ik | <C.
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We can now decompose

e P, = Y eI, (5.23)
1<k<K

Fork € {l,....K—1}and 0 <t <1, (5.21) and t; ¢ 25k/% = O (h*) imply

~ 1
e_tP/th = — / e_tz/h(z — P) Yz
2im Dy
1

1
— (z—P) ldz + —/ (e " 1)z - P) ldz
2im Jop, 2iw Jop,

= M +/ Otlzl/WI(P —2)7| dz
0Dy
=TIy + O@he 25" /)
= TI; + O(h>). (5.24)

On the contrary, for l,:' <t,(5.21) and et e S/ MR _ O (h™) give

~ 1
e_tP/th = — e_tz/h(z—P)_ldz
2irr Jap,

= (9(/ e tReEh(p — )7 dz)
Dy

=0wﬂ”mﬂw”h[ 1P — =) dz
0Dy
= O(h™). (5.25)

Lastly, e =¥/ hfig = Tk since Tlk is the rank 1 spectral projector associated with the
eigenvalue 0. On the other hand, since oot = O (h*), (5.20) becomes

le™ /(1 — 1) | = O(h™) (5.26)

fort > t(;F . Summing up, Corollary 1.7 is a direct consequence of formulas (5.19) and
(5.23) together with the relation H,f =) <j<K IT; and the estimates (5.24)—(5.26).

6. Generalization
In this part, we briefly explain how one can drop the assumption (Gener) and treat the gen-
eral case in the spirit of [24]. This requires introducing some additional material of [24].

Definition 6.1. Letm € U© \ {m}. We say that m is of type I when f(m) < f(m), and
of type Il when f(m) = f(m). We will also denote

UL = fm e U \ {m}; m s of type I},
UL = (tm e UP \ {m}; m s of type II}.

We have clearly the following disjoint union U@ \ {m} = U@ 1 YO-11,
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Giveno € X, let Qo := {E(m); m € 0~ (0)} U{E(m); m € 0! (o) N U1},
Definition 6.2. We define an equivalence relation R on U® by mRm'’ if and only if
o(m) = o(m’) = o,
{Ela)l,...,a)K €EQs,mew, M €wg, andVk =1,...,K—1, o Nwg11 # 0.
We denote by Cl(m) the equivalence class of m for the relation R. Observe that
Cl(m) = {m} since m is the only m € U such that ¢(m) = +o0. Let A denote the

(finite) set of equivalence classes for R and, for o € A, let uf,")
of the class «. Then evidently

WO | i || u.
aEA acA\{Cl(m)}

be the set of the elements

In the theorem below, we sum up in a rather vague way the description of the small
eigenvalues of P. Precise statements are given in Theorems 5 and 6.

Theorem 3. Suppose that the assumptions of Theorem 1 are satisfied and that (Gibbs),
(Confin), and (Morse) hold true. Let £« be given by Proposition 1.2. Then, for h > 0 small
enough, there exists a bijection, taking into account multiplicities,

D
g:toyu | (Jre?9 o (My;) > o(P)N{Rez < &b},
a€A\{Cl(m)}j =1

with B(z) = z + O(h*°|z|), for some symmetric positive definite matrices My, ; having
a classical expansion in powers of h with explicit invertible leading term and for some
labeling (S;)7_; of S(U® \ {m}).

Here, the set he =25/ ho(My, j) is empty whenever S; ¢ S (u,S,O)). The general strategy
to prove Theorem 3 (leading to an explicit expression for the matrices My, ;) is to combine
the quasimodal constructions near the saddle points developed in the preceding section
together with the topological classification of the saddle points introduced in [24]. In that
work, the construction of the quasimode ¢y, depends on the fact that m is of type I or II.
In order to lighten the presentation, we assume from now on that every point m is of type
I and we will prove Theorem 3 under this assumption, i.e. when U1 — @ n that case,
the leading term of M, ; is given in Theorem 6 below, which makes explicit the statement
of Theorem 3 when U®-/7 = @. The reader may check that the construction below can
be adapted to the case of type II points as in [24].

Remark 6.3. Note that U©-// = @ if and only if £(m) < f(m) for everym € U@ \ {m}
(see Definition 6.1). It follows that UO-IT = @ if and only if the first part of (Gener)
is satisfied. Indeed, if m is the unique global minimum of f|gm) for every m € U®,
then, for every m € U@ \ {m}, the relation m € E(m) implies f(m) < f(m). Con-
versely, by contraposition, assume the existence of m /\75 m’ € U@ such that m’ € E(m)
and f(m’) = f(m). Then o(m) > o(m’) and thus m’ € E(m), which implies f(m) <
f(m') < f(m') (see (4.2)), and then f(m') = f(m'),ie.m’ € UL £ g,
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In particular, the statement of Proposition 5.1 is valid when U@+ = @. This will be
used later.

6.1. Quasimodal constructions for type I minima

Let (Ym)mey©@ denote the family of quasimodes of Definition 4.3. We recall that when
m # m,
V(X)) = O (x) (vm(x) + 1)6—(f(x)—f(m))/h’

with 6y, and vy, defined by (4.5), (4.6), and (4.8) (here and throughout we drop the sub-
script / to lighten the notation). In particular, near any point s € j(m),

Ls(x,h) 2/oh
Um(x) = €] / E(r/r0)e 1M dr,
0

where £ is the function defined by Proposition 3.5 such that there exists a neighborhood
V of s such that E(m) NV C {n(s) - (x —s) > 0} (see the lines below (4.6)). This choice
of sign depends of course on m and in order to avoid any confusion, we shall denote
by £s,m the function £, above.

Lemma 6.4. Let m # m’ € U satisfy j(m) N j(m') # @ and take s € j(m) N jm').
Then the functions Lsm and Lspy can be chosen so that {spy = —Lsm nears.

Proof. Note that the function £, only makes sense when n € {m, m’}. We assume that
Zs.m is given by Proposition 3.5 with the sign condition for m below (4.6). As explained
at the end of Section 3.3, —{, n, also satisfies Proposition 3.5 with the opposite sign con-
dition. Thus, this function satisfies the sign condition for m” and can be chosen as the
function gy [ ]

Proposition 6.5. Assume that the hypotheses of Theorem 3 hold true and U@ = .
Then the conclusions of Proposition 5.1 are satisfied. Moreover, for allm,m’ € U, one
has

- —(S(m m’ S Dy Dy
(Pgom,gam/)égcl((—l)‘sm,m’ L SmESm/E M_V)_ ©.1)
S

e D
s€j(m)Nj(m’)

Finally, denoting P* = P, + Py, there exists a > 0 such that

(Pgm. pm) = (PP pm. gur) (1 + O(e™'M)). (6.2)
Remark 6.6. (i) Note that relation (6.1) implies that
(PPm, o) =0 (6.3)

for allm,m’ € U©® with j(m) N j(m’) = @. This is in particular the case when m’ ¢ Cl(m)
(see Definition 6.2).

(ii) When U1 £ ¢, the family (@m, ) mey©@ of quasimodes is not quasi-orthonor-
mal and thus does not satisfy (i) of Proposition 5.1 (see indeed Remarks 5.2 and 6.3).
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Proof of Proposition 6.5. Thanks to Remark 6.3 and U~/ = @, the assumptions of
Proposition 5.1 are satisfied.

Let us now prove (6.1) and take m, m’ € U©®. When m’ = m, this is exactly (i) of
Proposition 5.1 and so we can assume that m’ # m.

Assume moreover that j(m) N j(m') = @. If o(m) > o(m’), then we have ¢y, =
Cm,he_(f_f(m))/h on supp(¢m) for some constant Cy, 5. Hence P ¢y, = 0 on supp(¢m),
which implies (P @y, ¢n) = 0. If o(m) < o(m’), the same argument works since
P*(e~//") = 0. Assume now that o(m) = o(m’). According to Lemma 4.4 (iv), it follows
that supp(¢m) N supp(¢m) = @ and s0 (P ¢m, Pn) = 0. Summing up, if j(m) N j(m') = @
we always have (P ¢y, ¢m’) = 0, which is precisely (6.1) in that case.

Assume finally that j(m) N J(m/ ) # @ and so 6(m) = o(m’). As in the proof of Pro-
position 5.1, we denote Wm = vmwm with U, = 6 (1 + vy) and Ip = e~ (f—f@m)/h
Using the identity Um V¥ = Ym Vm and working as in the proof of Proposition 5.1,
we get

(P2 + Po)Ym. Vo) = W (P AV U, Y AV ). (6.4)

Observe now that 8, = Gy (see (4.8)) and

Supp(em(vm + D(vw + 1)) C U 85,310,380 (6.5)

s€j(m)Nj(m’)

by (4.5). Since {sm = —€sm (see Lemma 6.4) and hence vy = —vp on the support of
Om(Vm + 1) (v + 1) (see (4.6)), we have

(P1¥m. V) = (P1(OmVm + 1)¥m). Om(—Vm + 1))

Since in addition P; is formally anti-self-adjoint and Py(e~//") = 0, and f — 8y >
o(m) = o(m’) on the compact set supp(V0y,) (see (4.8)), we have

(P1¥m, Y = —(P1 (vamﬁm), emvaZm’> + @(e—(S(m)+S(m/)+28o)/h)
— _e(f(m’)*f(m))/h<P1(9mvm{}m)’ gmvm{/;m) + @(e*(S(m)+S(m’)+280)/h)
— Q(e—(S(m)+S(m’)+280)/h)‘ (66)

Combining (6.4) and (6.6), we get
(Pwm’ wm/) — hz(&mAv‘ﬁm’ Jm’vam/> + (9(6—(5(m)+5(m/)+250)/h). (6.7)

Using (5.3), (6.5), and f — 8¢ > o(m) = o(m’) on supp(V6y,), this implies

1
(Phm ) =17 5 o [ G/ [0

s€j(m)Nj(m’)
X AVLsm - Vs m/e_(2f+e§m/2+eim’/z_f(m)_f(m/))/h dx
+ 0(6—(S(m)+S(m’)+250)/h).
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Since £sm = —Ls,m on Cs 31, 35, and ¢ is even, it follows that

-1
(P'Wm, wm’) = h2 Z C_2 / elié‘(es,m/TO)zAvgs,m : vEs,m
. iy h
s€j(m)Nj(m’) s o o~ CI +Bu—Fm)— @)/ h g

+ (9(6—(5(m)+S(m’)+280)/h).

Since j(m) N j(m') # @, this quantity can be computed by the Laplace method as in the
proof of Proposition 5.1. We obtain

—2h S S _
<Pwm,wm/>e&1(7(nh)d/2e (SmSmO/h % |u(s)|Dsl). (6.8)
s€j(m)Nj(m’)

Relation (6.1) follows, using also (5.1).

Finally, (6.2) follows from (6.4), (6.6), (6.7), and (6.8) when j(m) N j(m’) # @, and
when j(m) N j(m’) = @, from (P¢m, om') = 0 = (P*pm. ¢nv), where the last equality
can be proved as was the first one in the third paragraph, using (P, 4+ Po)(e™//") =
(Py + Po)*(e~ /") = 0. n

6.2. Graded structure of the interaction matrix

Suppose from now on that the minimum points m € U@ of f are labeled as in (5.7).
Let (¢; )_7&1 denote the basis of Ran IT; obtained from the sequence (Hh‘/’mno—/ 1 );’il
by the Gram—Schmidt process, and let e; = €,,—;4+1 for j =1,...,no. We recall that,
taking the ¢, of Proposition 1.2,

1
I, = — (z—P) ldz
207 J3D(0,64h/2)
denotes the spectral projector associated with the n¢ eigenvalues of P of order @ (h!1%),
a>0.
Let Y = (v;, j):”‘}_:ll denote the matrix with coefficients

Ui,j = (Pe,-,ej). (6.9)
Introduce also the matrix T# = (U?’j)?’(}_:ll defined by
vl = (PPom;. om,;) = (P2 + Po)gm, ¥m,)- (6.10)

Note that, in these definitions, we do not consider the contribution of the vectors e,
and Pmy which are collinear to e /7% and so belong to the kernels of P, P*, and PR If
we had added these last vectors in the definitions of Y and of T#, the last line and column
of these matrices would have consisted of zeros. In particular, o (P ran11,,) = 0 (1) U {0}.

In order to compute the spectrum of the matrix Y and then the spectrum of
PranT1,» We recall some tools from [24, Section 5B]. We denote by ST(E) the set
of symmetric positive definite matrices on a vector space E, and by S:T(E) the set of



Eyring—Kramers law for Fokker—Planck type differential operators 4387

h-depending matrices M (h) € 8T (E) admitting a classical expansion M (h) ~ > h' M;
with My € 8T (E). We will sometimes forget E and write for short §*, 7.

Definition 6.7. Let & = (E; )le be a sequence of finite-dimensional vector spaces, £ =
D7, Ej,andlet T = (2,...,7) € (RE)?~". Let 7 > M(t) be a map from (R} )7~
into the set of matrices M(E).

» We say that M(7) is an (€, 7)-graded symmetric matrix if there exists M € ST (E)
independent of 7 such that
M(1) = Q)M Q(7), (6.11)

with Q(7) = diag(e1(7) Idg,. ..., &p(7)Idg,), e1(r) = 1 and g;(z) = ]_[i:2 7% for
j=2

* We say that a family of (&, t)-graded symmetric matrices My (7), h € ]0, hy], is clas-
sical if My, () = Q(7) M, Q(7) for some matrix Mj, € 83 (E).

* We say that My (t) is an (€, t)-graded almost symmetric matrix if there exists
Mj, € M(E) such that

Mp(7) = QOMRQUT), My + M € SY(E), My — M) = O(h*™). (6.12)
* We say that a family of (&, t)-graded almost symmetric matrices Mpy(t), h € ]0, hg],

is classical if the matrix M, in (6.12) satisfies My, + M}’ € S:l' (E).

Throughout, we denote by GS(E, t) (resp. GScl(&, 7)) the set of (resp. classical) (€, 7)-
graded symmetric matrices, and by GAS(E, t) (resp. GAS (€, 7)) the set of (resp. clas-
sical) (&€, 7)-graded almost symmetric matrices.

For any M € M(E), we denote M* = %(M + M™) its real part. Obviously, the real
part of a matrix in GAS(E, 1) (resp. GAS (&, 7)) belongs to GS(E, t) (resp. GS¢i(&, 1)).

Let {S; <--- < S,} denote the set {S(m;); j =1,...,n9 — 1} and, for all k =
1,..., p, let E; denote the vector space generated by {e,; S(m,) = Sr}. We also set
7 = e~ Sk=Sk=D/h for anyk =2,...,p.

Proposition 6.8. Let & = (E1,..., Ep) and v = (12, ..., 7p) be as above. Then
h'e?S1/hYE e GSy(8,7) and h™'e*SVEY € GAS4(E, 1).

Moreover,

e2SU/hy = 25170k L Q(1)9(h™®)Q(7). (6.13)
Proof. Mimicking the proof of [20, Proposition 4.12], we get
Vij = (P Py Pmy )+ O P Py 0y ) (Pomy o)), (6.14)
Then one deduces from Proposition 6.5 the existence of some « > 0 such that

251y, ;= 2 (1 4+ 0(™/) + O™ (Pgm,;. om;) /> (P, . 0m;)/?)
— eZSI/thtj + (9(8(2S1_Si_sj)/hhoo).

This establishes (6.13).
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It just remains to show that h~1e251/2T# ¢ GS,(€, 7). Indeed, the fact that
h=1e251/h Y € GAS. (&, 7) will then follow from (6.13).

Using (6.1), (6.2) and the fact that P#is symmetric, we deduce that h~1e251/ht
is a graded matrix, say h~1e2S1/A Y% = Q (1) M, Q(t), where M}, is a symmetric matrix
having a classical expansion with leading term

(Mo);.j = (—1)%mim; 7! Z |k;(;)|

s€j(m;)Nj(m;)

D, Dum,

In order to show that M is positive definite, it is sufficient to show that it has the form
My = L*L, where L is an injective matrix from R0~ to R¥Y" | To this end, let us
define, for every s € V1V, G(sg) := {m € U@ \ {m}; s; € j(m)}. For any s; € VD,
the set G(sx) is nonempty. Moreover, from the structure of a Morse function near a (sep-
arating) saddle point, this set has at most two elements, and has only one element m if
and only if s € dE (m). If there is only one minimum point m; € U@ \ {m} in G(sy),

we set
D
Li; = | (s)] m;
2w Dy,

If there are two minimum points m; # m; € U@\ {m} in G(sg), we define

Dm; Dn:
Lo = O Dw [0 Dy
’ 2 Dsk ’ 2 Dsk

TR L

We do not specify which index (i or j) receives a , since this choice is irrelevant in
what follows. The other coefficients of L are set to zero:

Li; =0 whenever m; ¢ G(si), i.e. whenever sg ¢ j(m;).

A direct computation gives My = L*L. Moreover, it follows from [24, Lemma 5.1]
that L is injective. Let us briefly explain the argument of [24, Lemma 5.1]. Let X =
(Xm)meu©\(m} € R"0~1 be such that LX = 0. For any s; € V™ such that G(sg) con-
tains a unique element m(sg) € U@ \ {m}, we have Xm(s;) = 0. It follows from the
structure of L that X, = 0 for every m € Cl(m(sg)). But, for every m € U© \ {m},
there exist sy € V() and m(s;) € Cl(m) such that G(sg) = {m(sx)}. Thus X,y = O for
everym € U@ \ {m} and L is injective. Summing up, My is positive definite and thus
h=1e251/h % ¢ GS. (&, 7), which concludes the proof of Proposition 6.8. n

6.3. The spectrum of GAS matrices

The results stated here are variants of those of [24, Section 5] and of [20, Appendix]. For
p € N*, a finite-dimensional vector space £ = E; @ --- @ E,,and j € {1,..., p}, let
us write a general matrix M € M(E) in block form

M = (é g) on the direct sum (E; @ --- D Ej—1) ® (E; & --- D E,).  (6.15)
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If Ae M(E1 ®:--® E;_) is invertible, the Schur matrix of M (with respect to the
vector space E1 @ --- @ Ej_1) is the matrix on £ & --- & E), defined by

R;j(M)=D—CA™'B,

where by convention R{(M) = M. By the Schur complement method, M is invert-
ible if and only if R;(M) is invertible. Moreover, the map R; sends 81 (E) into
ST(E; & - ® Ep) and SI(E) into SI(E, @--- @ E,). We will also denote by ¢ :
M(@]f:j Ex) — M(E;) the restriction map to the first vector space E; of EB,’;ZJ. E.
More precisely, with the notation of (6.15), we will write §(M) = A when j = 1. Of
course, the map ¢ depends on j € {1,..., p}, but we omit this dependence since the set
on which ¢ is acting will be obvious in what follows.

Let E be a finite-dimensional vector space and M} € SC+1 (E). By a standard result
of perturbation theory of symmetric matrices (see [17, Theorem 6.1 in Chapter II]), the
eigenvalues of My, after an appropriate labeling that we assume, have an asymptotic
expansion in powers of 2 with a nonzero leading term. This justifies the following defini-
tion.

Definition 6.9. For M}, € Sj[ (E), we denote by o= (M},) the set of asymptotic expansions
(that is, formal power series in /) of the eigenvalues of Mj,. Moreover, m=(A, My) is
defined as the multiplicity of A € o=(Mjp).

By an abuse of notation, if A € o(M},) has an asymptotic expansion A € o=(M},), we
will sometimes write m=(A, M},) instead of m=(A, My). Roughly speaking, m= (A, M})
can be seen as the multiplicity modulo @ (h°°) of the eigenvalue A € o (Mj}). Note that if
A,v € 6(Mp) do not have the same asymptotic expansion, there exists Ky > 0 such that
|A — v| > h%o for h > 0 small enough.

Theorem 4. Let My = Q(v)MpQ(t) € GASu(E, t) and assume that v; = t;(h) =
O (h*™) forevery j =2,...,p. Then, for h > 0 small enough,

D
o(Mp) C | & (0)?(0(d o R; (M})) + D(0, O(h™))). (6.16)
j=1

where we recall that M, = %(Mh + M) denotes the real part of My. Moreover, for all
J=1,....p, K> 0large enough and A € o (g o R;(M}))), one has
n(Mp, D) = m=(A, & o R;(M})), (6.17)

which does not depend on K, where n(My, D ].KA) is the number of eigenvalues of My,
in DjK/1 = D(sjz-)t, SJZ-hK) counted with multiplicity. Finally, for all K > 0 large enough,
there exists C > 0 such that
vzeC\|JDK. [(My—2)7"| < Cdist(z.o(Mp)™" (6.18)
J,A

for h > 0 small enough.
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Proof. For j =1,..., p, we assume that the spectral parameter z belongs to the ring €; =

{z € C; &7/R < |z| < Re7}, where R > 1 is large enough so that Useo(gor, M) Df)t
C €;. We write My, as

B _(Ly O0\(A B\(Ly 0\ (LyAL, L, BL_
M = QO MpS2() = ( 0 L_) (C D) ( 0 L_) - (L_CL+ L-DpL_)"
with Ly = diag(e1 1dg,, ..., ej—11dg;_,) and L_ = diag(e; ldg; , ..., &p Idg, ). For
z €€, wehave § := Ly ALy —z = Ly(A— L7'zL7Y Ly with ||[L7'zLTY) =
O(eZe;%) = O(z7) = O(h™). Since 4 € 8T (E1 & --- @ Ej—1) modulo O(h™), the
matrix & is invertible and

e =L7N AT + O™)LT = 0(2). (6.19)

uniformly for z € €;. By the Schur complement method, M}, — z is invertible if and only
if

F=L_DL_—z—L_CLy&8 'L, BL_ isinvertible. (6.20)
In that case,
_ & '4+e 'Ly BL ¥ 'L_CL 6" —& 'L ,BL_F!
(M, —2) 1=( —?’i_lL_CL+8_1 + }t_l ) 6.21)

From (6.19), the matrix ¥ can be written, uniformly for z € €;,
F =L (D-CA'B)L_—z+0(;h®°) =4 (D —CAT'B) 0 —z + O(c7h™)
with (D — CA™'B) : E; — E; and the shorthand

T 0

T =
@0 (00

):E,@..-@Epan@.--eaEp.

Thus,
F=ed0Ri(Mp)®0—z+O(e7h™)
=7 o R (M) ®0—z + O(h™). (6.22)

We obtain an upper bound on the resolvent of Mj away from its expected spectrum.
Let Ko > 0 be such that |A —v| > h%0 for all 1, v € o(f o R; (M}))) having different

asymptotic expansions and let K > Kj. Define ‘gj =€\ Uleg(goﬁj M) DjKA. Since
g o R;(Mj) is symmetric, we have (e7¢ o R;(M}) —z)7' = (9(8]._2h_K) forz € €,
and
F=(5d0Ri (M) @0—2)(1+ (574 0 R; (M) &0 —2)"'O(;1™))
= (39 0 R; (M}) ® 0 — 2)(1 + O(h*)),

and so ¥ is invertible and

Fl=(2doRi (M) ®0—z2)"" +0(52h%) = O(2h7K). (6.23)
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Combining the first equality in (6.19), (6.21), (6.23) and using & = O (g¢h®®) fork > £,
we get, for z € €;,

0 0 0
Mp—2)""=| 0 (goRiM)—2"" 0 + 0720, (6.24)
0 0 —z~1

which implies that there exists C > 0 such that for z € ‘éj ,
(M —2)7 Y <C dist(z,sjza(gl oR; (M;f)))_l. (6.25)
We now compute the eigenvalues of My,. For A € o(g o R;(M}})), we introduce the
spectral projectors
H,\:—L (M —2z)"tdz and nA:—L (FoR;(M})—z)""dz.

2im DK, 2im Jap(a,nK)

Since the circumference of 9D jKA is 2nsjz.hK , (6.24) implies

0 0 O
;= 0 7, 0 |+0OK™).
0 0 O

Since E is a finite-dimensional space and the rank of a projector is an integer equal to its
trace, we deduce that

tk(IT)) = tr(ITy) = tr(owy) + O(h%°) = rk(my).

Thus, the number of eigenvalues of M in D].KA counted with multiplicity is equal to
m=(A, g o R/_I(M}f)). Since

P p
> > m=(A. g o R;j(M})) =) dimE; = dimE,

J=11eo=(doR, (M})) Jj=1

relations (6.16) and (6.17) of Theorem 4 follow.

To finish the proof of Theorem 4, we have to obtain the resolvent estimate (6.18).
Since the estimate follows from (6.25) in g-, j =1,..., p, it remains to prove it in
D1 ={z€C; Re <|z]}, D; ={z € C; Re] < |z| <& _;/R} for2 < j < p and
Dpy1 =1{z€C; |z] = elz,/R}. We only show it in &; when 2 < j < p, since the two
remaining situations can be treated in the same way. Mimicking the proof of (6.19), we
have 6! = L71(A™" + O(R™")) L for R large enough and z € O;. Then ¥ defined
in (6.20) satisfies, instead of (6.22),

F=edoR(Mj)®0—z+0(;R™).

Since |z| > Re7, this implies |7 ~'| = O(|z|™") and [[(Mp —2)7'|| = O(|z|™") from
(6.21). The last estimate gives (6.18). ]
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6.4. The spectrum of the interaction matrix
Combining Proposition 6.8 and Theorem 4, we obtain the following result.

Theorem S. Suppose that the assumptions of Theorem 1 are satisfied. Assume also that
(Gibbs), (Confin), and (Morse) hold true and U1 = @. Let Y* be defined by (6.10).
Then

p
o(P) N{Rez < exh} C {0} U | ] €75/ (o (g o R;(*S//"TH)) + D(0. O (h*))).
j=1
Moreover, forall j = 1,..., p, K > 0large enoughand A € 6(§ o R; (e25i1h ), one

has

n(P.DK) =m=(d. g o R;(*5/"1¥)),

where n(P, D].{(A) is the number of eigenvalues of P in ka = D(e 28i/h) e=28i/hpK)
counted with multiplicity.

Note here that the matrix /=1 o R; (€25i/77#) belongs to Sc+l, which almost gives
the statement of Theorem 3. In order to obtain an explicit version of Theorem 3, let us
use the specific structure of the matrix Y¥. We say that a matrix M is #-compatible if
My = 0 for all m, m’ with Cl(m) # Cl(m’). In that case, for all @ € A \ {Cl(m)}, M,
denotes the matrix M restricted to the lines and columns whose label belongs to ‘l,lao) .
Note that M is A-compatible iff M is block diagonal after a permutation of lines and
columns which gathers the labels of each element of #. Thus, if A4 is a square #-compat-
ible matrix,

o= |J o
acA\{Cl(m)}
counting the eigenvalues with multiplicity. Moreover, if B, C are two #A-compatible
matrices which can be multiplied, then BC is #A-compatible and (BC), = ByCq.
The same way, if D is #-compatible and invertible, then D~! is sA-compatible and
(D_l)ot = (Dot)_1~

It follows from (6.2) and (6.3) that (P*@p, ¢m) = 0 when Cl(m) # Cl(m’) and hence

the matrix Y* defined by (6.10) is #-compatible with

T = (PYom. o))y ey (6.26)

for all « € 4 \ {Cl(m)}. The previous paragraph shows that § o R; (€25i/7 %) is also
A-compatible and

(F o Rj (@571 = g o R (5177,
forallo € A\ {Cl(m)} and j = 1,..., p. This implies
o(goR;@¥Mrh)y = () o(doR;(V/"1h). (6.27)
€A\ {CI(m)}

counting the eigenvalues with multiplicity, and we obtain the following variant of The-
orem 5, whose formulation is close to that of [24, Theorem 5.8].
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Theorem 6. Suppose that the assumptions of Theorem 1 are satisfied. Assume also that
(Gibbs), (Confin), and (Morse) hold true and U1 = @. Let Tﬁ be defined by (6.26).
Then

s(P)NRez<e i} C{O}U | ) e 257/ (0(goR; (€27 T) + D(0. O(h*))).
acA\{Cl(m)}
1<j=<p
Moreover, forallae A, j =1,...,p, K>O0large enoughand A €o (g o R; (eZS//th)),
one has
n(P.DK) =3 " m=(r. g0 R;(5/"7})).
BeA

where n(P, DJ.KA) is the number of eigenvalues of P in D;'K)L = D(e 28i/h) 28/ hpK)
counted with multiplicity and with the convention that m=(A, M) = 0 if A ¢ o=(M).

In this result, if e™5//" does not appear in the graded expression of %, the matrix

JoR; (e2Si/ hTau) acts on the trivial vector space {0} and its spectrum is empty.

In order to emphasize the connection with the formulation of [24, Theorem 5.8], let
us set, with a slight abuse of notation, RE=Ry0---0 R, (k times), with the convention
RO = 1d. It then follows from Appendix C that R/ ~! = R; forevery j € {1,..., p}. Thus,
forevery j €{l1,..., p},theterm J o R; (e2sf/hT§) is nothing but f o R/ 1 (ezsf/th),
which is the expression appearing in [24, Theorem 5.8].

Remark 6.10. A similar result holds true without the assumption U@~/ = @. This
requires constructing adapted quasimodes as in [24, Section 3] (see for example formula
(3.14) there) with cut-off functions as above.

Appendix A. Spectrum of transport operators

We begin the appendix with a result used to solve some transport equations.

Lemma A.1. Form € N*, let 2" denote the set of complex polynomials in d variables
which are homogeneous of degree m. Let A € My (C) and let £ 4 : Pln. — Prn., be given
by

£ap = Ax - Vp.
Ifo(A) C {Rez > 0}, theno(£4) C {Rez > 0}.

Proof. Assume first that A is diagonalizable and denote by Ay, ..., A4 its eigenvalues.
After a linear change of variable in c4 (leaving #%  invariant), we can assume that A

is diagonal, that is, A = diag(A1,...,Ag). Forany y = (y1,...,yq) € N satisfying
2}1:1 yj = m, we have

y ¥
Lax¥ = Eqxit - x)? = lylax?¥
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with |y|; := Z}i=1 Ajy;j. Thus, the monomials of degree m form a basis of eigenvectors

of £4 on P

o . and the corresponding eigenvalues are |y .

In the general case, we note that A > £4 is continuous and recall that the spectrum
is a continuous function of the matrix (see [17, Theorem I1.5.14]). By density of the
diagonalizable matrices in M4 (C), the above discussion shows that the eigenvalues of £ 4
on P are still the |y|,’s where A1, ..., A4 are the eigenvalues of A. Since Re A; > 0 for

all j implies Re [A|,, > Oforall y € N4 such that Z?:l yj > 0, the lemma follows. m

Appendix B. The supersymmetric structure

We now give an example showing that the operators considered in this paper do not have
a nice supersymmetric structure. We refer the reader to Hérau, Hitrik, and Sjostrand’s
paper [15] and to the last author’s work [23] for general discussions of supersymmetric
structure for differential operators of second order. We say that P as in (1.8) admits a
temperate supersymmetric structure if there exist a smooth d x d matrix G(x, h) and
M > 0 such that

d
P ==Y (hdx; — Oy, f(x)) 0 Gi j(x.h) o (hdy; + Oy, f(x)). (B.1)
i,j=1
and ||G(x, h)|| < h~M locally in x. Note that (B.1) implies P(e /") = P*(e= /") =0
and that the present definition of temperate supersymmetric structure is weaker than that
of [23].

Proposition B.1. In dimension d = 2, there exists an operator P satisfying the assump-
tions of Theorem 2 and having no temperate supersymmetric structure.

The counterexample constructed in the proof also shows that the determination of
the supersymmetric structure (that is, the matrix G) of an operator having a temperate
supersymmetric structure is an instable question. On the contrary, since all the closed
forms on R¢ are exact, all the operators P satisfying the assumptions of Theorem 2 have
a supersymmetric structure which may not be temperate (see Theorem 1.2 of [15]).

Proof of Proposition B.1. First, we consider an operator Py satisfying all the assump-
tions of Theorem 2 and having a temperate supersymmetric structure (for instance, the

RZ

Fig. B.1. The geometric setting in the proof of Proposition B.1.
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Witten Laplacian described in (1.25)). Of course, Py is of the form (1.8). We assume in
addition that the Morse function f is such that there exist two points p;, po € R2, a simple
smooth loop y around p; but not p,, and Cy > 0 such that

max fj, < Co < min(f(p1), f(p2)), (B.2)

(see Fig. B.1). Let y € C2°(R?;[0, 1]) be such that y(p1) = 1 and supp(V x) is sufficiently
close to y (so, in particular, y(p2) = 0). We define P = Py + Py with the perturbation

operator
2

Poer = Y bE(x. h) 0 hdy; + hdx; o bE(x. ).
j=1

and the smooth and compactly supported vector field

BP (x, h) = e*//he=2Colhg* v where d* = ( agz ) (B.3)
0y,
If the support of V y is close enough to y, the function »P*" and all its derivatives are expo-
nentially small from (B.2). In particular, bP°" satisfies (1.9) with a null classical expansion
and Py, does not change the principal symbol of Py. Moreover, a direct computation
gives
Prer(e™ /1My = —(Pper)*(e7 71"y = e/ M div(pPe™2//h) = 0. (B.4)

Thus, P (as Py) satisfies the assumptions of Theorem 2. It remains to show that P has
no temperate supersymmetric structure. Since Py has such a structure, it is equivalent
to show that Py, has no temperate supersymmetric structure. Towards a contradiction,
assume that Py, can be written as in (B.1) for some polynomially locally bounded matrix

G(x, h). Since Pper = —(Pper)™, the matrix G must be antisymmetric, say
_ 0 g(x,h)
Gt = (—g(x,h) 0

for some smooth function g with |g(x, #)| < A~ locally. Expanding (B.1) gives

Por = —(hV =V ) -G(hV + V f)
= h(d*g)-hV —hV - (GV f) = (GV f) - hV

= (%d*g—GVf) “hV + hV - (gd*g—GVf).
Then G satisfies the relation

P = %d*g—GVf = gezf/hd*(efzf/hg), (B.5)
which is similar to [23, (2.4)]. Comparing with (B.3), this equation is equivalent to

2
d*(e—Zf/hg) — ]Tle_ZCO/hd*X-
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Since d*y = 0 implies that v is constant in dimension 2, this gives

g = 2 1 C(iy) B.6)

for some constant C(h) € R. Computing g at x = p, where y = 0, (B.2), (B.6) and
|g(p2, h)| < h~™ imply that C (h) must be exponentially small. On the other hand, com-
puting g at x = p; where y = 1 leads to g(p1, h) = h~'1e2(/(eD=Co)/ for j small
enough. Then (B.2) shows that g(p;, &) is exponentially large, in contradiction with
lg(p1, h)| < h~™ . Summing up, Ppe; and hence P have no temperate supersymmetric
structure and the proposition follows. ]

Appendix C. Iteration of the Schur complement

Let us conclude the appendix with a lemma about the Schur complement. We recall that,
for a matrix M € M4/ (C) with d, d’ € N* written in block form

A B . . .
M = (C D) with A € M;(C) invertible,

the Schur complement of the block D € My, (C) of M is the matrix defined by
R(M)=D —-CA'B e My(C).

Moreover, by the Schur complement method, M is invertible if and only if R(M) is
invertible.

Lemma C.1. For dy. d>, d3 € N* and matrices M € Mg, +d,+45(C) and M’ €
Ma,+d,(C) written in block form

A B C o
M=|D E F and M’=(é, g,)
G H 1

we denote respectively, when they make sense, by R1(M), R12(M) and R,(M') the
Schur complements of the blocks (fl 1;) € Mgy1a5(C) of M, I € My, (C) of M and
D" € Mg, (C)of M'.

If M has the previous form with A and ( g g ) invertible, then the Schur complements
Ri2(M), Ri(M) and R2(R1(M)) make sense and satisfy

R2(R1(M)) = R12(M).

Proof. First, since A and ( g g ) are invertible, the respective Schur complements R (M)
and R 2(M) of the blocks ( fI f ) and I of M make sense. Moreover, by the Schur
complement method, the invertibility of A and (4 2) implies that the Schur complement
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E — DA™ B of the block E of (g g) is invertible, and a straightforward computation
shows that

A B\ ' [(A'4 A'B(E—DA"'B)"'DA™! —A~'B(E — DA"'B)"!
p E) —(E — DA"'B)"'DA~! (E—-DA'B)"' )

It follows that

-1

Ri2(M) =1~ (G H)(g ﬁ) (va)

=1—-GA'C+(H—-GA 'BYE—-DA !By Y(DA"'C - F). (C.I)

Moreover,

E F\ (D\ ,_ E—DA™'B F-DA™'C
RI(M)Z(H 1)_(G)A1(B C)Z(H—GAIB I—GA‘C)'

Since E — DA™!B is invertible, the Schur complement R, (R1(M)) of the block I —
GA™!C of R1(M) makes sense and satisfies

Roy(R1(M))=1—-GA™'C —(H—-GA™'B)(E—- DA 'B)y"(F —DA™'C). (C2)
The statement of Lemma C.1 then follows from (C.1) and (C.2). ]
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