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Abstract. It is well known that the monotonicity condition, either in Lasry—Lions sense or in dis-
placement sense, is crucial for the global well-posedness of mean field game master equations,
as well as for the uniqueness of mean field equilibria and solutions to mean field game systems.
In the literature, the monotonicity conditions are always taken in a fixed direction. In this paper,
we propose a new type of monotonicity condition in the opposite direction, which we call the
anti-monotonicity condition, and establish the global well-posedness for mean field game master
equations with non-separable Hamiltonians. Our anti-monotonicity condition allows our data to
violate both the Lasry—Lions monotonicity and the displacement monotonicity conditions.
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1. Introduction

In this paper, we consider the following second-order master equation, arising from mean
field games with common noise, with terminal condition V(7 x, u) = G(x, u):

A,

2
LVt x, 1) 1= —8,V — %tr(axxV) T HG V)= NV =0, (1D

where
~ A2 ~ ~ ~ ~
NVt x. 1) = rr(lE[%afaMV(r,x, ) = 9Vt x, B 0p HYT(EL 2V (2. E, )
2

B R R RO :)) )
(t.x, ) € [0, T) x R? x P,(RY).
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Here 8 > 0 is a constant, 32 := 1+ B2, 0;, 0x, 0yxx are standard temporal and spatial
derivatives, 0y, 0, are W,-Wasserstein derivatives, § and E are independent random
variables with the same law p and E is the expectation with respect to their joint law. The
theory of mean field games (MFGs, for short), initiated independently by Caines—Huang—
Malhamé [33] and Lasry—Lions [40], studies the asymptotic behavior of stochastic differ-
ential games with a large number of players interacting in certain symmetric way. We refer
to Lions [41], Cardaliaguet [15], Bensoussan—Frehse—Yam [7], Carmona—Delarue [20,21]
and Cardaliaguet—Porretta [ 18] for a comprehensive exposition of the subject. First intro-
duced by Lions [41], the master equation characterizes the value of the MFG, provided
there is a unique mean field equilibrium. Roughly speaking, it plays the role of the HIB
equation in the stochastic control theory.

The master equation (1.1) admits a unique local (in time) classical solution when
the data H and G are sufficiently smooth, see, e.g., Gangbo—Swiech [32], Bensoussan—
Yam [10], Mayorga [42], Carmona—Delarue [21] and Cardaliaguet—Cirant—Porretta [16].
In particular, [16] studied the local well-posedness of the master equations not only for
MFGs involving homogeneous minor players but also for MFGs with a major player.
It is much more challenging to obtain a global classical solution, we refer to Buckdahn—
Li—Peng—Rainer [14], Chassagneux—Crisan—Delarue [24], Cardaliaguet—Delarue—Lasry—
Lions [17], Carmona—Delarue [21], Gangbo—Meszaros—Mou—Zhang [31] and, in the
realm of potential MFGs, Bensoussan—Graber—Yam [8, 9], Gangbo—Meszaros [30].
We also refer to Mou—Zhang [43], Bertucci [12], and Cardaliaguet—Souganidis [19] for
global weak solutions which require much weaker regularity on the data, and Bayraktar—
Cohen [5], Bertucci—Lasry—Lions [13], Cecchin—Delarue [23], Bertucci [11] for classical
or weak solutions of finite state mean field game master equations. All the above global
well-posedness results, with the exception [14] that considers linear master equations and
thus no control or game is involved, require certain monotonicity condition, which we
explain next.

One typical condition, extensively used in the literature [5, 11-13,17,19,21,24,43],
is the following well-known Lasry—Lions monotonicity condition. For a function G:R? x
P (R4) — R,

E[G(Slv iél) + G(EL ‘féz) - G(Elv ‘f&'z) - G(EZ» ‘f%’l)] >0 (1.2)

for any square integrable random variables &1, &,. Another type of monotonicity condi-
tion, originating in Ahuja [1] and later sparsely used in the literature, see Ahuja—Ren—
Yang [2] and [8,9,30,31], is the displacement (or weak) monotonicity,

E[[0xG (€1, L) — 0xG (2. L)1 — 6211 = 0. (1.3)

When G is regular enough with bounded dxx G, 0, G, (1.2) and (1.3) are equivalent to
the following inequalities, respectively, for all square integrable random variables &, :

E[(0xuG(&. L& E)F. m)] = 0.

_ - (1.4)
E[{0x, G (€. Le. §)T. )] + E[(0xx G (&, Le)n, n)] = 0,
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where (§ 7) is an independent copy of (&, 17). These monotonicity conditions are crucial
for the uniqueness of mean field equilibria and the well-posedness of the master equations.

When none of the monotonicity conditions holds, the MFG could have multiple equi-
libria, see, e.g., Foguen Tchuendom [29], Cecchin—-Dai Pra—Fisher—Pelino [22], Bayrak-
tar—Zhang [6]. In this case, one approach is to consider a special type of equilibria, see,
e.g., [22], Delarue—Foguen Tchuendom [25], Cecchin—Delarue [23], Bayraktar—Cecchin—
Cohen-Delarue [3,4]. A larger literature is on the possible convergence of the equilibria
for the N -player game, which is quite often unique because the corresponding Nash sys-
tem is non-degenerate due to the presence of the individual noises, to the mean field
equilibria (which may or may not be unique), see, e.g., [17,21, 43], Delarue-Lacker—
Ramanan [26, 27], Djete [28], Lacker [35-38], Lacker—Flem [39], Nuts—San Martin—
Tan [44]. Finally, we note that Iseri—Zhang [34] takes a quite different approach by invest-
igating the set of game values over all mean field equilibria and establishes the dynamic
programming principle and the convergence from the N -player game to the MFG.

We emphasize that the two inequalities in (1.4) share the same direction. Our goal of
this paper is to propose a new type of monotonicity condition in the opposite direction,
which we call anti-monotonicity condition, and establish the global well-posedness for the
master equation (1.1), with possibly non-separable Hamiltonian H. We remark that the
mean field equilibrium is a fixed point, and the monotonicity conditions (1.4) were used
to ensure the uniqueness of the fixed point. To motivate our anti-monotonicity condition,
let us use a very simple example to illustrate the idea. Suppose that f:R! — R is a con-
tinuously differentiable function and we are interested in its fixed point x*: f(x*) = x*.
When f is decreasing, i.e., f' <0, clearly f admits a unique fixed point x*. When f is
increasing, in general neither the existence nor the uniqueness of x* is guaranteed. How-
ever, if f is sufficiently monotone, in the sense that ' > 1 + ¢ for some ¢ > 0, then
again f has a unique fixed point x*. While in complete different contexts, our condi-
tions follow the same spirit. Roughly speaking, the standard monotonicity conditions (1.4)
correspond to the case that f is decreasing, while our new anti-monotonicity condition
corresponds to the case f is increasing, and for the same reason we will need to require
our data to be sufficiently anti-monotone in appropriate sense.

To be precise, our anti-monotonicity condition takes the following form:

E[A0(0xxG (. L) n) + M1 (0xu G (. L. 5T 1) + |0xxG(E, Lol
+ AalE gy [0, G (& L. DTN — Asln?] < 0 (15)

for some appropriate constants A9 > 0, A1 € R, A, > 0, A3 > 0. We remark that the
inequality here takes the opposite direction to those in (1.4). In particular, the displace-
ment monotonicity requires the convexity of G in x, while here G is typically concave
in x, due to the first term in (1.5). This justifies the name of anti-monotonicity (and to have
a better comparison with (1.4), we may also set A; = 1). We also note that, considering
the case A3 = 0, the second line of (1.5) is positive, this means that the first line of (1.5)
should be sufficiently negative, which is exactly in the spirit that G to be sufficiently
anti-monotone.
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To establish the global well-posedness of the master equation (1.1), we follow the
strategy in [31], which consists of three steps. The key step of this approach is to show
a priori that the anti-monotonicity propagates along the solution V. That is, under appro-
priate conditions, as long as V(7,-) = G is anti-monotone, then V (¢, -) is anti-monotone
for all ¢. The second step is to show that the anti-monotonicity of V' implies d, V is uni-
formly Lipschitz continuous in (x, ), under W, in w. This, together with a representation
formula established in [43], implies further the Lipschitz continuity under Wj. In the final
step, we show that the uniform Lipschitz continuity under W enables us to extend a local
classical solution to a global one.

There is a major technical difference from [31] though. The assumptions we impose
for the propagation of anti-monotonicity prevents us from assuming uniform Lipschitz
continuity of the data G and H. Instead, we can only assume d5G, 0, H are uniformly
Lipschitz. This has two consequences. First, the a priori estimate for the boundedness
of d,xV, which is crucial for the global well-posedness of the master equation and is
pretty easy to obtain under the conditions in [31], becomes very subtle. In fact, we need
some serious efforts to obtain this estimate. Moreover, unlike in [31], under our conditions
the solution V' will not be Lipschitz continuous. Instead, we can only expect the Lipschitz
contlnulty of 0, V. Therefore, we will actually consider the vector master equatlon of
U:= = 0,V and establish its global well-posedness first. Once we obtain U then it is
immediate to solve the original master equation (1.1) for V.

The rest of the paper is organized as follows. In Section 2, we review the setting in [31]
and introduce our problem. In Section 3, we introduce the new notion of anti-monotonicity
and present the technical conditions used in the paper. In Section 4, we show a priori the
crucial propagation of the anti-monotonicity. Section 5 is devoted to the a priori uniform
Lipschitz estimate of d, V' in w, first under W, and then under Wj. In Section 6, we provide
the a priori estimate for dx V. Finally, in Section 7 we establish the global well-posedness
of the master equation (1.1).

2. The setting

Throughout the paper, we will use the setting in [31]. We review it briefly in this section
and refer to [31] for more details.
We consider the following product filtered probability space on [0, T]:

Q:=QoxQ1, F:={Flo<z<r ={F'® Fllo<i<r, P:=Py®P;, E:=EF.

Here, for o = (0°, 0') € Q, B°(w) = B°(w°) and B(w) = B(w!) are independent
d-dimensional Brownian motions; F® = {#°} is generated by 4 B, and F! = {F!}is
generated by B and ', where we assume %, has no atom. Let Q... B, ]P’l) be a copy
of the filtered probability space (21, F', B, P;) and define the larger filtered probability
space by
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Given an #;-measurable random variable E@) = p(@°, 0Y), & = (0°, 0!, &) € Q, we
see that S(a)) = ¢(»° ') is a conditionally independent copy of £, conditional on %,°
under P. When two conditionally independent copies are needed, we let (;,F!, B, P)
be another copy of (Q1,F!, B, P;), and enlarge the joint product space further,

S35:9X§1X§1» F={ tYo<t<T 3={37t®§11®§;1}05t5%
IE:=P®@1®I?’1, E:= ]1;.

Throughout the paper, we will use the probability space (€2, F, P). However, when con-
ditionally independent copies of random variables or processes are needed, we will tac-
itly use their extensions to the larger spaces (Q F,P IE) and (Q P ]E) without men-
tioning.

We next introduce the Wasserstein space and differential calculus on Wasserstein
space. Let # := P (R?) be the set of all probability measures on R? and, for any ¢ > 1,
let #, denote the set of u € & with finite g-th moment. For any sub-o-field § C 7
and /L € &, we denote the set of R?-valued, §-measurable, and g-integrable random
variables & by ]Lq(ﬁ)' and the set of £ € IL9(§) such that the law &£¢ = p by LI(§; p).
For any u,v € &4, the W,-Wasserstein distance between them is defined as follows:

Wy (. v) := inf{(E[|E — n|7])* : forall § € LI(F7: ), 1 € LI(Frsv)}.

For a W,-continuous function U: 2, — R, its Wasserstein gradient, also called Lions-
derivative, takes the form

0, U: (u,X)ed P x R4 — R?
and satisfies

U(Lern) —U) = E[0,Uu. ). n)] + o(lnll2) 2.1

forall £ e L2(F7; u), n € L2(F7). Let €°(P,) denote the set of W,-continuous functions
U: %P>, — R. For k = 1, 2, we introduce ek (#2), which are referred to as functions of
full € regularity in [20, Theorem 4.17], as follows. By €! (%), we mean the space of
functions U € €°($;) such that 9, U exists and is continuous on $, x R, it is uniquely
determined by (2.1). Similarly, €2 (&) stands for the set of functions U € €!(#,) such
that 953, U, 0, U exist and are continuous on &, x R? and P, x R24, respectively.
Let €2(R? x &,) denote the set of continuous functions U:R? x £, — R satisfying
0,U, 0xxU exist and arejoint continuous on R¥ x P,, .U, 0x,U, 05, U exist and are
continuous on R x £, x R¥, and d,,,U exists and is continuous on R¥ x £, x R4,

Finally, we fix the state space

=[0,T] xR? x P

for our master equation, and let €1:2(®) denote the set of continuous functions U €
® — R which have the following continuous derivatives: 9,U, 0,U, 0,xU, 0, U, 0x, U,
05, U, 9, U.
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One crucial property of functions U € €2(®) is the Itd formula. For i = 1,2, let
dX! := bidt + oldB; + 06"°dB?, where b': [0, T] x Q@ — R4 and o*, ¢70: [0, T] x
Q —>R? xd are [F-progressively measurable and bounded (for simplicity) processes, and
pr = ‘fX?IJ‘TtO’ then we have (cf. [21, Theorem 4.17], [14,24])

AU, X, py) = [atu+ .U -b! + tr(axxU[o, OHT+ O(OII’O)T])](;, X1, py)dr
+ 8xU(l,X1,pt)-ot dB; + (0, Ta, U, X}, p;) - dB?
+ (B [0, U, X} pr, XD)(BY) T
+E7 (@7 T0,UG, X}, pr, X7)] - dBY
+tr(ﬁf,[ 050, U(t. X, pr. XOGZED) T +5,°6G7) ]
+a 0, U, X}, pr, K)o @G0T

30l X, K2 KNGO ) @)

Here iixz‘ o stands for the conditional law of X? given %,°, and E %, and E ¥, are the
conditional expectatlons given ¥; corresponding to the probablhty measures P and P,
respectively. Throughout the paper, the elements of R? are viewed as column vectors;
9xU, 3, U € R? are also column vectors; 0y, U = 9,0, U := 0,[(,U)T] € R¥*4,
where T denotes the transpose, and similarly for the other second-order derivatives; both
the notations “-” and (-, -) denote the inner product of column vectors.

We finally introduce the mean field game system related to the master equation (1.1).
Given fg € [0, T] and & € L2(F,,), it either takes the form of forward backward McKean—
Vlasov SDEs on [fo, T], denoting B{° := B; — By,, B := B? — BY,

Xi=§- f Op H(X{. ps. Z)ds + B + pB™,
) - - (2.3)
vE = G(XE. pr) + / LEpe Zids— [ 28-d.— [ 20%-aBy.
t t t
where

Leepp)i= p-dpH(x o p) = HOe o p), - pri= pi = Lyt o,

or takes the form of forward backward stochastic PDE system on [zy, T'],

A~

2
dp(t.x) = [%tr(axxpa, )+ div(p(t, X)3, H(x. plt, ), (e, x))) |dr

— Bdxp(t,x) - dBy,

A,

du(t, x) = —[tr(%zaxxu(t,x) + ﬂava(t,x)> — H(x, p(t.), Bxu(t,x))]dt 4
+v(t,x)-dB?,
plto,”) = Le, u(T,x) = G(x, p(T,-)),
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where /§2 := 1 + B2, the solution triple (p, u, v) is F°-progressively measurable and
p(t,-, w) is a (random) probability measure. Systems (2.3) and (2.4) connect to the master
equation (1.1) as follows: provided all the equations are well posed and in particular (1.1)
has a classical solution V', then

YIS = V(I»Xtéwot),
ZE = 0.Vt XE. po). 2.5)
ut,x,w) = V@, x, p(t, -, 0)).

It is already well known that, cf. [21], if the master equation (1.1) has a classical solu-
tion V' with bounded derivatives, then we can get existence and uniqueness of the mean
field equilibrium, and the equilibrium of the corresponding N -player game will converge
to the mean field equilibrium. Therefore, we shall only focus on the global well-posedness
of the master equation (1.1).

We conclude this section with the strategy from [31] for the global well-posedness
of (1.1). We will follow the same strategy in this paper, except that we shall replace the
monotonicity condition with the anti-monotonicity condition:

Step 1. Introduce appropriate monotonicity condition on data which ensure the propaga-
tion of the monotonicity along any classical solution to the master equation.

Step 2. Show that the monotonicity of V(¢, -, -) implies an (a priori) uniform Lipschitz
continuity of V' in the measure variable x.

Step 3. Combine the local well-posedness of classical solutions and the above uniform
Lipschitz continuity to obtain the global well-posedness of classical solutions.

3. Assumptions and anti-monotonicity conditions

In this section, we introduce the following notations. For any 4 € R%*4

1

k(A) := |i‘nf (Ax, x) = the smallest eigenvalue of E[A + 47,

x|=1
kK(A) := sup (Ax, x),

lx|=1 (3.1
k'(A) := the smallest real part of eigenvalues of A,

|A] == sup (Ax,y).
lx|=1y|=1

It is obvious that, for any A, A1, A> € R4%4 and x € ]Rd,

|-|isanormon R¥*?, |A1A45] < |A1||42], |Ax| < |4]|x],

32
and, when 4 is symmetric, «'(A) = k(A), |A| = |k(A)| V [c(4)]. G2
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3.1. Regularity assumptions
We first specify some technical assumptions on G and H.

Assumption 3.1. (i) H € €2(R% x P, xR?) and there exist constants LZ,, Lg, LH >0
such that

|0xpH| < LE . |0,xH| < LY

xp’ xx°

10pp H |, |0x HI, |0, H) < LY. (3.3)
(i) H € €3(R? x £, x R?), and

OnH, 3pH, dxxH, dxpH, dppH, dxxpH, dxppH, a,,p,,H € €2(R¥x £, x RY),
O H, 0y H, dppH, dxppH, dppp H € €2(R? x P, x R2Y),

where all the second- and higher-order derivatives of H involved above are uniformly
bounded.

Assumption 3.2. (i) G € €2(R? x $,), and there exist constants LS

XX’

LS > 0 such that

|0¢xG| < LS

xXx?

10, G| < LS. (3.4)

(i) 0xG, 0xxG € €2(R? x $,), and 9,,G, 35, G € C2(R? x P, x R?), and all the
second- and higher-order derivatives of G involved here are uniformly bounded.

Here the spaces €2, €3 are defined in the same manner as €!-2(®). Note that at
above we do not require the first-order derivatives to be uniformly bounded. In fact, con-
dition (3.14) below does not allow d, H to be bounded.

Remark 3.3. Under Assumption 3.2 (i), we see that d, G is uniformly Lipschitz continu-
ous in y under W; on R4 x £, with Lipschitz constant LG This implies further the
Lipschitz continuity of G in x under W on R? x &,, and we denote the Lipschitz
constant by L2G < L9,

B[00, G(x, 0, O < LS E[PD? V& € LA(FE, ), n € LA(FP).

3.2. Monotonicity and anti-monotonicity conditions

Under the above regularity conditions on the data G and H, the MFG may still have mul-
tiple mean field equilibria over a long time duration and thus the global well-posedness of
classical solutions for the master equations can fail. Therefore, some structural conditions
on G, H are needed in order to guarantee its global well-posedness. The typical struc-
tural conditions assumed in the literature are two types of monotonicity conditions, i.e.,
the Lasry—Lions monotonicity condition and the displacement monotonicity condition.

Definition 3.4. Let U:R? x $, — R be such that U € €2(R? x $,).
(1) U iscalled Lasry—Lions monotone if for any &, 1 € ]LZ(?T),

E[(9:,U(E, £, 5)7, )] = 0. (3.5)
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(i1) U is called displacement monotone if for any &, 1 € Lz(ff*‘;),

E[(0x, U, Le, )T, ) + (0x:U(E, Le)n, )] = 0. (3.6)

(iii) U is called displacement semi-monotone if for some A € R and for any &, 7 €
L2(F4),

E[(0x U, Le, )T, ) + (0 UE Le)n, ] — AE[n*] = 0. (3.7)

Here, as in Section 2, (§, 7) is an independent copy of (£, n). We remark that the
displacement semi-monotonicity is obviously weaker than the displacement monoton-
icity (3.6), and when 0., U is bounded, it is also weaker than the Lasry—Lions monoton-
icity (3.5).

Remark 3.5. The above formulations of the monotonicity conditions are convenient for
our purpose. For U € ‘CZ(Rd X $3), (3.5) and (3.6) are equivalent to (1.2) and (1.3),
respectively, which appear more often in the literature. See [31, Remark 2.4].

We next turn to the monotonicity conditions for the Hamiltonian H. In the literature,
the Lasry—Lions monotonicity has only been proposed for the separable Hamiltonians,
ie., H(x,u, p) = Ho(x, p) — F(x, 1) and F satisfies (1.2). In [31], a notion of displace-
ment monotonicity for non-separable H was proposed to study the well-posedness of the
master equation (1.1).

Definition 3.6. Let H be a Hamiltonian satisfying Assumption 3.1 (i) and H be strictly
convex in p. We say that H is displacement monotone if for any &, n € ]L2(fF71) and any
bounded Lipschitz continuous function ¢ € C 1 (Rd; Rd),

B0 H & £6.E 0@V + dux HE. Lo 0. 1)
+ 4100 HE 22, 0@) By Dy (& 2. E0@TF] <0, 69

Remark 3.7. (i) The above definition of displacement monotonicity for non-separable
Hamiltonians is not really used in the rest of the paper except for the comparison with the
new notion of anti-monotonicity introduced below. We refer to [31, Proposition 3.7] for
another equivalent definition of the above one.

(ii) The function ¢(§) in (3.8) is chosen to be 0, V(t, &, £¢) in the proof of the
propagation of the displacement monotonicity (3.6) along V(z,-) in [31]. Since 0,V is
not known priorly, the displacement monotonicity (3.8) is made for any desirable func-
tion ¢.

(iii) When H is non-separable, it still remains a challenge to find appropriate condi-

tions on H so that the Lasry—Lions monotonicity (3.5) could propagate along the solu-
tion V(¢,-).
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Finally, we introduce the anti-monotonicity condition, which is the main structural
condition in this paper and serves as an alternative sufficient condition for the global
well-posedness of the master equation. Denote

Dyi=1k = (Ao, A, A2, A3) 1 Ao > 0, Ay € R, A5 > 0, A3 > 0. (3.9)
Definition 3.8. Let U € €2(R? x ) and A € D4. We say U is A-anti-monotone if

(AntiMon); U, 1) := E[Ao(0xxU(E, Le)n. n) + A1 (05, U(E, Lg, )T, )
+ 10xx UG L + A2|E gy [0, U L. DTN
3PPl <0 VEneL2(Fp). (3.10)
Remark 3.9. (i) The main feature of (3.10) is that the direction of the inequality is

opposite to those in Definition 3.4. In particular, (3.10) implies the Lasry-Lions anti-
monotonicity,

E[(0xuU(E. Le. 5T )] <0, (3.11)

for the case that A\ = A3 = 0 and A; = A, = 1. In fact, in this case condition (3.10) is
stronger than (3.11), and we interpret it as U is sufficiently Lasry—Lions anti-monotone,

E[(@xu UG L. 7. )] < ~Ell0xx UG L + 1E ) [0, U Le. O] < 0.

Similarly, in the case A9 = A1 = A, = 1 and A3 = 0, we see that (3.10) implies U is
sufficiently displacement anti-monotone,

E[(0xxU(E. L. m) + (05, U(E. L. 6T )]
< —E[l9xxUE Ll + [Egp [05,UE L6 DA 0. (3.12)

Note that the concavity of U in x could help in (3.12), while in (3.6) its convexity is
helpful.

(i1) Inequality (3.10) implies the displacement semi-anti-monotonicity, i.e.,

E[(0xxU(E, £6)n.0) + (95, U, L. 8. n)] < AsE[|n[?] (3.13)

if ) e D4, Ao = A1 = 1 and A3 > 0. Note that condition (3.13) is weaker than (3.12) for
the case. We recall that in the literature a function u: R? — R is said to be semi-concave,
or A-concave, if dyxu < Al; for some constant A > 0, where I; is the d x d identity
matrix. We follow the same spirit to call U A-anti-monotone if U satisfies (3.10).

We next provide an example which is A-anti-monotone.

Example 3.10. Let d = 1 and consider the function for some constants ag, a,

a
Ulx. ) = 7°|x|2+a1x/Ryu<dy), (r. 1) €R x .

Itis clear that 0,xU = ap and 05, U = a;.
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(i) Forany &, 7 € L?(%}), we have

E[(dx, Ut £¢. 5. n)] = a1 [E[n]|.

So U is Lasry—Lions monotone if @y > 0, and Lasry—Lions anti-monotone if a; < 0.

(i) Similarly, we have

E[(0xxUE L) n) + (35U L6, T )] = aoEllnP] + a1 [E[n]|>.

Then one can easily check that U is displacement monotone if ag > 0, a; > —ayp, and
displacement anti-monotone if a9 < 0, a; < —ay.

(iii) For any Ae Dy, we have
(AntiMon): U(y, 1) := [Aoao + laol” = A3]E[In] + [A1a1 + Azlar [P]|E[n] .
Then U is A-anti-monotone if
doao + laol?> —A3 <0,  Aoao + lao|* — A3 < —[A1ar + Azlay|?],
which is equivalent to
A3 > max(oao + |aol?, roao + |aol® + A1a1 + Azlai]?).
In particular, if we set A g = A1 = A, =1, A3 =0, and —1 < ap,a; <0, we see that U
is A-anti-monotone.
Remark 3.11. Let U € €2(R? x £,) and 1 € Dy.
(i) When g = 0, then for all &1, &, € L?(F;), (3.10) is equivalent to the following
integral form:
ME[UEr, L)) + U(E2, Le,) — U(E1, Le,) — Uz, Le))]
+E[10:U(61, £5,) — 02U (62, L6,)* + 2200 U (&2, £g,) — 0:U (62, L) ]
< LE[lE — &7 + o(E[l§1 — &1°D.
Here o(¢) means it vanishes faster than ¢ as ¢ — 0.
(i) When Ao = Ay, then forany &1, &, € L?(F;), (3.10) is equivalent to the following
form:
A'OIE:KE)JC U(él’ xé’]) - 8)6 U(SZ’ xéz)v gl - 52”
+ E[|0xU(§1, L&,) — 0xU(62, Le,)|* + A2|0xU (62, L) — 0 U(62. L) ]
< CE[|& — &1 + o(E[l& — &/°)).

(iii) In general, for any &1, &, € Lz(ff";), (3.10) is equivalent to the following form:

E[A0(0xU(€1, Lg,) — 0xU(62, Lg,). &1 — £2)
+ A1 (0xU(62. Lg,) — 0xU(62. L,). &1 — £2)]
+ E[|0xU(E1. L&) — 0xU(E2. L&) + A2|0xU(E2, Lg,) — 0xU(E2, Lg,)[?]
< LE[lE — &7 + o(E[151 — &I%)).
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Assumption 3.12. (i) G satisfies Assumption 3.2 (i) and is A-anti-monotone for some
A€ Dy;

.. . . . . H H pa—
(ii) H satisfies Assumption 3.1 (i) and there exist constants Ly, >0, Ly, >0,y >y >0
such that
k(OxpH) > LY k(0 H) > LT, (3.14)
and
yLy, < LY < LY <yLY,. LY <yLy,. (3.15)

Note that no structural conditions are required for dx, H here, and d,,H can be
degenerate.

4. Propagation of anti-monotonicity

In this section, we show that any classical solution V to the master equation (1.1) could
propagate the anti-monotonicity under appropriate conditions.

Theorem 4.1. Let Assumption 3.12 hold and let V be a classical solution of the master
equation (1.1) such that

IexV(t, ) € C2RE X P2), V(1) € EXRY x £, x RY),

and all the second- and higher-order derivatives of V involved above are also continuous
in the time variable and are uniformly bounded. Assume further that there exist a constant
LY > 0 such that

0xx V| < LY.

XX’

4.1
and a constant

V21 + LY 1> —8A y[1+ LY
>Y[ + L 3 such that 61 := Y+ L

4y V4o +243)

Introduce the following symmetric matrices, which depend only on y, y, 1 and L}C/x:

Ao

<1. 42

[4[1—6,] 0O 0

Ay = 0 21, 0 , 4.3)

0 0 [1 —91][10Z+2A3]

B Ao Ao |/\0—%/\1| + A3 01 1

Ay = Ao 1] DAl + A+ A3 [+ |1 2 A2 [ LY.
_MO_%AI|+A3 %l/\1|+12+k3 [A1] + 243 1A, 0

Then, whenever
LY, > k(A7 A2) L (4.4)

Vit,-)is A-anti-monotone in the sense of (3.10) forallt € [0, T].
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Proof. Without loss of generality, we shall prove the theorem only for 7o = 0.
Fix £ € L2(%p) and n € L2(%y). Given the desired regularity of V and H, the fol-
lowing system of McKean—Vlasov SDEs has a unique solution (X, §X):

t
X, = S_/(; dp H (X, s, 05V (s, X5, us))ds + By + ﬂBOa He = xXM,O’

t
85X, =n— /0 [8pr(XS, Ws, 0V (s, Xs, tts))6Xs (4.5)
+ E g, [0 H (X5 s, 32V (s, Xy is), Xs5)8X]
+ Opp H (X, s, 0x V (s, Xy, o)) [Ys + Y]] ds,
where

Yy o= By, [0, V(0 Xpo e X8 X))
’Yt = 8xxV(t, Xt, /./Lt)(SXt

In the sequel, for simplicity of notation, we omit the variables (¢, ;) as well as the
dependence on d, V, and denote

Hp(Xt) = 8PH(X1, Mt Ox V([1 Xy, I/Lt)),
Hpu(Xy, )?t) = 0p H (X, s, ft7 0V (t, X, pr)),
and similarly for Hyp, Hpp, Hxy, 0xx V', 0x, V, etc. We remark that, ()?,, 8)?,) is a con-
ditionally independent copy of (X;,8X;) and u, is F-measurable.
Recall (4.5) and introduce
It = E[(Tt,SXt)], I_l‘ = E[(Tt,(gXt)],

T, := (AntiMon)} V(t,)(8X:, 8X;)
= Xol; + A1ly + E[ 0> + Aa| Xy |* — A318X, 7).

By the calculation in [31, Theorem 4.1], we have

d ~ -~ _
E[(t) = E[—(Hpp(X)Ye, Y1) — (Eg, [Hpu(Xe, X1)8X,]. Yr — Yy)

+ (Eg, [Hxn(Xe, X0)8X:),8X,)],
d - o _ (4.6)
El(l) = E[—(pr(xt)Tt, i) — 2(Hpp(Xe)Ye, Yy)

—2(Y1. B, [Hpp (X1, X0)8X,]) + (Hox (X1)8X 1, 8X,1)),
and, by the calculation in [31, Theorem 5.1], we have

dY; = (dB;)"K1(t) + B(dBY) T Kx(t) + [K3(t)Ys + Ka(t)]dt,
dY, = (dB;)"K,(t) + B(dB®) T K (1) (4.7)
+ [2pr(Xt)Tt - axxV(Xt)pr(Xt)Tt + E3(I)]dt’
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where (K5(t) and Kg(¢) in [31] turn to K3(z) and K4(2), respectively, here)

Ki(1) = Eg, [0V (X0, X8 K],

Ka () := Ki(t) + B, [[Qpp V) (X1, X1 K1) + 0z V(Xe, X8 X,

K3(t) := Hyp(X;:) + 0xx V(X:) Hpp(Xy),

Ka(t) = Eg, [[Hep(Xe. Xo) + 0xx V(X0) Hpp (X1, X018 X,].

K1 (1) i= 3xxx V(X1)5X1,

Ka(t) = K1(1) + Eg, [0 V) (X1, X0)8 X,

K3(t) = [Hyx(Xs) = 0xx V(Xt) Hpx (X)18X 1 — 0xx V(X)) E 7, [Hpp (X1, X1)8X1].

In particular, this implies that

d
EE[ITzIZ] = 2E[(Ye, K3(1) Y + Ka(0))],

4.8)
d _ _ _ _ _
EEHTHZ] > 2E[(Ys, 2Hxp(X:) Vs — 0xx V(X:) Hpp (X)X + K3(2))].
Moreover, by (4.5) we have
d
—E[|5Xt|2] = —2E[(Hpx(X;)dX; + ]Efz [Hpu(Xt»Xt)SXt]
+ Hpp(X)[Y: + Y11, 8X,)]. 4.9)

Thus, by (4.6), (4.8), and (4.9), we have

0 2 AR [~ (Hpp (X0) V1. T1) = 2{Hyp (X0 V1. X1
—2(Y1.Eg, [Hpu (X1, X1)8X1]) + (Hyx (X)X, 6X,)]
+ AI]E[_<HPP(XI)TM ;) — (IEF, [Hpu(Xe, X)8X:], Y — 1y)
+ (Eg, [Hxu(Xe, X1)8X:),8X1)]
+ 2E[(Yy, [2Hxp(X)Ys — 0xx V(Xs) Hpp (X ) Ys + K3(1)])
+ A2( Y1 [K3(0)Ys + Ka(0)])]
+ 203 E[(Hpx (X1)6X: + Eg, [Hpp (X, X)8X,] + Hpp(X)[Ys + 1], 6X,)]
= E[{[~AoHpp(X) + 4Hp (X)) T, To)
+ ([=A1 Hpp(X7) + 242 K3(0)] Y7, Yt)
+ ([AoHxx (X)) + 243 Hpx (X1)]6X:, 8X¢)
+ (MEg, [Heu (X X)8X1] + 203E 7, [Hpp (X, X)5X,].6X,)
— (2[AoHpp(X1) + dxx V(X¢) Hpp (X)] s, Tt)
+([240 + A ]E%[ Hpu(Xt, Xz)SXz] +2K;3(t) + 2A3Hpp(X1)dX,, ;)
+ (—MEg, [Hpu (X0 X0)8X,] + 2A2Ka(t) + 243 Hpp(X1)8X,, Yy) ).
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Next, by Assumptions 3.1 (i) and 3.12 (ii), and (3.15) we have

d —
T [4L3, = 2oL IENY: P] + [222L7, — (1] + 22 LY ILSE(Y ]

+ oL + 2AsLE — [ + 2451 LI TE[56X[?]
—2L5 Ao + LY E[|T|1T: ]
— A1 —2XolLE + 271 + LYILE +2LY LT + 22517
x (E[|6X; )2 (B[ T,[*])?
— LE[] 4 22401 + LY,] + 22:)E[18X, 2D 2 E[| Y, [2]) 2.
Note that, recalling the 6; in (4.2),
40.E[|T: 2] + 2701 + LYJENSX, 2D 2 ENT D2 + 61 [hoy + 2243]E[I8X, 2] = 0.
Then, recalling (4.3) and denoting a := [(E[|Y:|2]) 2. (E[| Y |?]) 2. (E[|6X;|2]) 2],

%rt > [4[1 = 1)Ly, — Ao L JENT: ] + AL, — [1A1] + AL LY B[ %)

+[[1 = 61]lAoy + 2431L75 — [1A1] + 2431 L5 TE[16X, %]
—2L5" ko + LYLIE[Y (Y]
— LY — 20| +2LY, + 223 (E[I8X, 2])2 (B[ T [?) 2
— LA | + 22001 + LY, + 225)B[8X, 2D} @[ 7, 2]

=a[A\ LY — 4,L]a" >0,

where the last inequality thanks to (4.4) and the fact that A; > 0. Thus
(AntiMon)} V/(0, 7, 1) = Ty < T'r = (AntiMon)}, G(6X7,6X7) < 0.

That is, V(0, -, -) is A-anti-monotone. ]

5. The Lipschitz continuity

We first show that the anti-monotonicity of V' implies the uniformly Lipschitz continuity
of 0,V in p under W,. Unlike in [31], since we do not require the first-order derivatives
of G, H to be bounded, here we do not expect the Lipschitz continuity of V itself.

Theorem 5.1. Let Assumptions 3.1 (1), 3.2 (1) hold and V' be a classical solution of the
master equation (1.1) such that

exV(t, ) € C2RY X Po), 0y, V(t,---) € EXRY x P, x RY),

and all the second- and higher-order derivatives of V involved above are also continu-
ous in the time variable and are uniformly bounded. Assume further that V(t,-, ) is
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A-anti-monotone in the sense of (3.10) forallt € [0, T]. Then 0,V is uniformly Lipschitz
continuous in (L under W, with a Lipschitz constant C; depending only on A, the para-
meters in (3.3) and (3.4), and L;’x.

Proof. In this proof, C > 0 denotes a generic constant depending only on quantities men-
tioned in the statement of the theorem. As in the proof of Theorem 4.1, without loss
of generality we show the theorem only for 7o = 0. First, by (3.10) we have, for any
£ e L2(F)D,

E[E gy 00, V(1.6 £6. ] < CIE[(0xu V(1.6 L. OT. 0 + CE[0]’).  (5.1)
Next, applying Holder’s inequality to (5.1) we have
E[|E g [0,V (1.6 £5. DTN < CE[nl). (5.2)

From now on, we fix £ € IL2(%p) and € .?(%5) and continue to use the notation as in the
proof of Theorem 4. 1. In particular, X, 6X, it;, Y, T are defined by (4.5). Applying (5.2)
by replacing E by E 70 and noting that X; is ¥;-measurable, we have

E[Y: ") = E[Epo[|E sy (05, V (¢ X e X)SXe] )]
< CE[Ego[|8X, ’]] = CE[8X,|*]. (5.3)

Using Holder’s inequality on (4.5) and noting in particular
Tl < L 18X,
we obtain
t ~ ~
18X 1> < 2[n)* + C/ [18Xs]? + [Eg, 18X 1117 + Y5 |*]ds. (5.4
0
Taking expectation on (5.4) and using (5.3), we derive
t
E[|8X|%] < 2E[|n|*] + C/ E[|8Xs[?]ds.
0

Then it follows from Grénwall’s inequality that

sup E[|8X,]*] < CE[[nl?]. (5.5)
t€l0,T]

Next, by (4.7), we have
T T T
== [ KT+ Kalds = [ @BITK0) - [ @B Kao)
t t t
Taking conditional expectation 1) #,, we have

T
Y: = Eg,[0x,G(XT, 1, XT7)8XT] —/ Eg, [K3(s)Ys + Ka(s)]ds. (5.6)

t
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Then by (5.6) and the required regularity of G, H and V', we have
~ ~ T ~ ~
T < g, 18871+ € [ BT + pE.las.
t
Now taking conditional expectation E Fo» We get

T
B (17,2 < CBay 18572 + C / B (1T + 18K, P1ds.
t

Thus, by Gronwall’s inequality we have
~ ~ ~ T ~ ~
1Yol? = Ex [ Tol?] = CE,[I8X7[°] + C/ E o [18Xs]%)ds. (5.7)
0

Note that, recalling the setting in Section 2, § X, is measurable with respect to
F2 v F!, which is independent of Fo under P. Then the conditional expectation in the
right-hand side of (5.7) is actually an expectation. Plug (5.5) into (5.7), we obtain

|E 7 [0, V(0.6 120. 7> = | Yol* < CE[In]].

This implies

~ ~ 1

[E[0x V(0. x. 0. )7l < CE[n[*)2,  juo —ace. x. (5.8)
Since d, V' is continuous, then (5.8) actually holds for all x. In particular, this implies that
there exists a constant Czu 9 > 0 such that

1
[0xV (0, x, Le4p) —0xV(0,x, Le)| = '/ E[0x.V (0, x, £e167,§ + On)n]do
0
< G4 EnIP)?.
Now, taking random variables &, 1 such that
W (Lety, L) = Ellnl’],

the above inequality exactly means that d, V'(0, x, -) is uniformly Lipschitz continuous
in 1o under W5 with uniform Lipschitz constant C,. ]

We emphasize that the above Lipschitz continuity is under W,, while the global well-
posedness of the master equation requires the W;-Lipschitz continuity. As in [31], we
shall derive the desired W;-Lipschitz continuity from the W,-Lipschitz continuity by util-
izing the pointwise representation for the Wasserstein derivative developed in [43]. Note
again that in Theorem 5.1 we only have the Lipschitz continuity for d, V', but not for V,
so at below we shall also consider

(7([, X, )) = 0, V(t, x, 1),
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which formally should satisfy the following vectorial master equation on [0, 7) x R¢ x
P, (R¥), with terminal condition U (T, x, 1) = 0, G(x, b):

A,

2 .
—BtU—%tr(axxU)+3xH(x,;L,U)+3I,H(x,,u,U)-8xU —NU =0, (59)

where

A,

- - ~ 2 - ~ - ~ ~ - ~
JV.U(t,x, l,L) = tr(]El:%a)}‘auU(tvxa l’Lv g) - 8/LU(I»X’ I’L9 S)(apH)T(g’ l’Lv U(t7§7 I’L))
- ~ 2 - —_ o~
82000 (11 )+ 00 (1w B ).

To be precise, fix ty, £, we first consider the following McKean—Vlasov SDE on
[t0. T]:

t
Xf=¢- f Oy H(X{.ps. VYS)ds + B + BB, py = pf := Lyt o,
0

T T
vYf = 8XG(X§,pT)—/ BxH(Xf,,os,VYf)ds—/ vZ§. dB, (5.10)
t

t

T
- / vz . dB?.

t

Next, given p as above, for fixed x € R and letting (e, . .., ;) denote the natural basis
of R¥, we introduce a series of FBSDEs, possibly McKean—Vlasov type,

t
X =x - / pH(XE™, ps, VYE¥)ds + B + BB,
to

T
VYES = 0,G(XE", pr) — / O H(XE™, ps, VYEX)ds (.11
t

T T
—/ sz’X-st—/ vz%Ex . dBY;
t t

t
Vi XET = o — [ [(VeXE5) T 0, H(XE®, py. VYEY)

to
+ (VEYE) T8, H(XE, ps, VY E™)]ds,
V2YEY = (Vi X5 T 0., G(XE™ pr)
T (5.12)
- / [(VeXE¥) T0, HXET p,, VYET)
t
+ (VEYE) T 0 H(XE®, ps, VY ES)]ds

T T
[z ame— [ sz anpe,

t t
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t
Vi X" = —/ [(VeXE¥) T a5, H(XE, ps, VYE)
11

0
+ (VRYE) T 0pp H(XE . ps. VYY)
+ B (Ve XE) T (0p H)(XE, s, X%, VY
+ (Ve XE)T0,, H(XE, ps. XE, VY E)]]ds,
VY = B (X5 T 0, G (X pr. K57)
+ (Ve XE) T8, G(XE. pr. K5)]
+ (VX5 T 0 G (XS, pr) o1

T T
- / V2ZE* . dBl — / V2Z06x . Yt

t t
T
— / [(VeXE) T, H(XE, ps, VYE)
t
+ (V2YER) T3, H(XE, ps, VYY)
+ Eg (Vi XE%) T8, H(XE, ps, XEX, VYE)
+ (Vi XEN) T, H(XE. py. XE.VYE)]]ds:

~ r_ — — o~
Vi X = _/ (B [(ViXED) T 0,p HXE o, X575, VYE)

to
+ (Vi XE5) T 0, H(XE™ ps, XE. VY EY)]
+ (Vi sz’g’f)-rapo(ng’xv Ps> VYséjx)
+ (V2 YEENT o, H(XE®, ps. VYES)]ds,
V/ik th’s’x = ETT [(Vki%x)—rau«xG(X%x’ PT Y%x)
+ (VeX5) 0, GOXE™ pr. K5)]

% 5.14
b (Vo X T, G(XE pr) 19
T _ T _
i O L
t t

T
— / [(ka Xf’g’x)TaxxH(Xf’x,ps, VYf’x)
t

+ (Vik st’s’g)TaPXH(X;C’ Ps; VYsg’x)
+ Eg [(VeXE¥) T 0, H(XES, ps, XEX, VY EY)

+ (VX T 0, H(XE s, XE VY E)][ds.

The following local (in time) result provides the crucial W;-Lipschitz continuity
of U.
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Proposition 5.2. Let Assumptions 3.1 (i) and 3.2 (i) hold. Recall the constants Zg, Zg,,
Lg in (3.3), LG, fo in (3.4), and L2G in Remark 3.3. Then there exists § > 0, depending
onlyond, ng, l_,g,, L;I, ng, L26, such that whenever T — ty < §, the following hold.

(i)  The McKean—Vlasov FBSDEs (5.10), (5.11), (5.12), (5.13), and (5.14) are well
posed on [tg, T] for any u € P and & € L*(Fy,, 1)

(1) Define U (to, x, ) := VY%’E. Then we have the pointwise representation

3, U (to.x, (1. %) = V2, Y05, (5.15)

Moreover, there exists a constant CIM > 0, depending only on d, fo, fop, Lf,
LS, LG, such that .

10,U 0, x, u,X)| < C{". (5.16)

(i) Assume further that Assumptions 3.1 (i1) and 3.2 (ii) hold true. Then the vectorial

master equation (5.9) has a unique classical solution U. Moreover,
U(t. ). 9:U(t.-) € R x Py), 0,U(t.-.-.") € E*(RY x P, x RY),

and all their derivatives in the state and probability measure variables are continu-
ous in the time variable and are uniformly bounded.

(iv)  The following decoupled McKean—Vlasov FBSDE

XF =x+ B+ BB,
T
th,g = G(X%"UOT)_/ H(X;C,IOS,U(S,X;C, ps))ds (517)
t
T T
- / Zx . dBy — / VAN
t t

is well posed on [ty, T] for any x € R?. Define V(to, x, j1) := Y,z’s. Then V is the
unique classical solution of the master equation (1.1) and 0,V = U on [0, T] x
Rd X 47)2.

We emphasize that at above C;* depends on Lg in (3.4), but § depends only on ZZG in
Remark 3.3, not on Lg.

Proof. The proof of (i)—(iii) is very lengthy, but essentially identical to that of [31, Pro-
position 6.2], except that [31] considers both 9,V and 9y, V = 3,Ll7. So we omit it here.
(iv) By the smoothness of U obtained in (iii), clearly the V' defined in (iv) is smooth
and th"SE = V(t, X}, ps). By applying 1t6’s formula (2.2), we see that V' satisfies the PDE
p R .
=0V = Str(@ax V) + Hx. . 0) - tr(E[TagauV(I,x,u, )

2 —_— o~ o~ ~ - i~
+ BtV n B - 0,V 0xn B0, BT E . O )

+ 00,V (t. x, uf)]) =0. (5.18)
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Differentiate it with respect to x, we obtain the PDE for U =39 <V

A,

2

-0, U — %tr(axxU’) + 0 H(x,u,U)+ 0, H(x,pu,U)-0,U
—_-R2 ~ 2 . o
—tr(E[%&gauU’(t,x,/L,g) + ’%aMU'(z,x,M,s,g)

— 3,0 (t, %, 11, E) O H) T (E, 1, U (1, &, 1))
+ 0,0, U (¢, x. 1, E)]) — 0. (5.19)

Compare this with (5.9), we see that U also satisfies (5.19). Thus, by the uniqueness we
have
U=U =30V

Plug this into (5.18), we verify that V' satisfies (1.1). [

6. Uniform estimates of 9, V

We note that all the above results rely on the bound L}C/x of dxxV in (4.1). In particular,
in Theorem 4.1 the ng depends on LY . Then it is crucial to obtain an a priori uniform
estimate of L}C/x which is independent of Lg). Recall (2.5), we have 0y, V = 0xxu, so it
suffices to establish the a priori estimate for the solution u to the backward SPDE in (2.4),
for an arbitrarily given p (not necessarily satisfying the forward SPDE in (2.4)).

For this purpose, we consider a special form of H .

Assumption 6.1. The Hamiltonian H takes the following form:

H(x,p, p) = (Aox, p) + Ho(x, 11, p), (6.1)

where Ay € R9*4 5 a constant matrix and Hy: RY x Pr X R? — R is a function satis-
fying
(i) Ho € €2(R? x £, x R?) and there exist constants L0 Zg?, L;IO > 0 such that

XX’

k(0xx Ho) > LHO |0, Ho| < L0, (6.2)
10p Hol. |8pp Hol. [8x, Hol. |8pu Hol < L onRY x £, x RY. (6.3)

(i) Hy satisfies Assumption 3.1 (ii).

Given Ay, consider its Jordan decomposition

Ao = Q0J0Qy ", (6.4)

where Jy € C4*4 is the Jordan normal form of Ag and Q¢ € C4*4 is invertible. Let Q¢
denote the conjugate of Q¢ and thus Qg QS— is positive definite. The following estimate
will be crucial.
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Lemma 6.2. Recall (3.1). For any t > 0, we have
e 40" | < /L Ao =(A  yppere A0 = inf ¢K(2000) (6.5)
20 k(Q0Qy¢)

Here the infimum is over all Qg satisfying (6.4).

Proof. Fix Jo, Qg as in (6.4). It is obvious that =40 = Qge™/0' Q1. We claim that

[1-k/(A40)]t

(e o' x, y)| < e x|yl Vx.yecC?. (6.6)

Then, for any x, y € R4 with |x| = |y| = 1, we have
|(e_A°’x,y)| — |(€_J0tQ61X, QOTyH < e[l—& (AO)]tIQalx”QoTyl
< 1K U (051 (D7) 1) \/7(Q0 D7)
(- [€(Q00¢)
(0004)

Since Qy is arbitrary, this implies (6.5) immediately.

To see (6.6), assume the Jordan normal form Jy = diag(Jy,..., Jr). Heredy +--- +
dr =d; Ji = Ailg, + Uy, € R%4>di j =1,... k;Aq,..., A are all the eigenvalues
of Ap; and Uy, is the matrix whose (j, j + 1)-componentis 1, j = 1,...,d; — 1, and all
other components are 0. It is straightforward to see that

e~J0t = diag(e /1!, ... 7K.

Note that, for each i, since /4, and Uy, can commute, and Ujl_" =0,
e_th — e—)t,-te—Udit — e—/l,;z 2_: ﬂU"
For any x¥), y@) e C% it is clear that
U XD,y D)) < 2O + [y O]

Then, for x = (xV, ... . x®), y = (D, ..., y®) e C¢ with |x| = |y| = 1, we have

k di—1 n
|(e—Jot Z —Jit (l) (l)) Z| —A; t| Z , (l)>|
k di— ltn d— ltn
e~ (o)t @2 @) —K/(Ao)t -
< ZZO SIFOP+1yOP < 20"!'
i=1n n

This implies (6.6) immediately. ]
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Remark 6.3. (i) Form (6.1) is assumed for estimate (6.5) and for the property

de A0t = _g= A0t g dt = —Age 0% ds, (6.7)

t
required in the proof of Theorem 6.4 below. In general, e~ Jo dxpHds qoeg not enjoy these
t
properties. When d = 1, however, e~ Jo dxpHds obviously satisfies similar properties and
thus we do not need the special form (6.1). Moreover, we remark that any alternative

structures which could ensure a uniform a priori bound for dxxu can serve our purpose.

(ii) Itis clear that, under (6.1), (6.2), and (6.3), we may set
LY, = k(4o) = L3, LY, := |Ao| + L5":

H ._ 7 Hy TH ._ 7Ho H ._ 7 Ho
Lxx T Lxx ’ Lxx T Lxx’ L2 T L2 .

(6.8)

Then (3.3) and (3.14) hold true. We shall remark though that the term x(Ag) and the
condition x (dxx Ho) > L f)? are not used in Theorem 6.4 below.

(iii) When A is symmetric, one can easily see that L40 = 1, and in this case (6.5)
can be improved: |e~40f| < ¢~/ (4o)t

Then we have the following uniform a priori estimate.

Theorem 6.4. Let Assumptions 3.2 (i) and 6.1 hold and let p: [0, T] x Q — P, be FO-
progressively measurable with

sup E[/ |x|2pt(dx)] < +o0.
tel0,T] R4
Assume (u, v) is a classical solution to the backward SPDE in (2.4) for the given p here
(p is not necessarily a solution to the forward SPDE in (2.4)) such that 0xxu is bounded
and, for some fixed constant L4 >1,

_ L Ho
L0 < T4 k/(Ag) 2 6y 2= max {0a, 25 + 1), (6.9)

G
Lxx

where

63:= 1+ LIVLAN + LO,I4 + \Ja + LG, L4 — 1)
Then the following estimate holds: for any 6 > 05,
[0xxu(t, x)| < L% .(63) V(,x), (6.10)

where

6—1—LILA_ \J(o—1— LB LAy —2LH0LG (L42[0 - 1]

u Pp—
LY(60) = o7

We note that (6.9) implies L%, (8) is well defined for 6 > 63, and we emphasize that
the_bgund LY. (63) depends only on Lf“, fo and L4, in particular not on T, k’(4y),
or LY.
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Proof. Fix (tp, x). First, under our conditions it is clear that the following FBSDE on
[to, T'] has a unique solution (X*,VY* VZ¥*, VZ0%):

t
XF=x —f 0, H(XY, ps. VY¥)ds + B + BB,
to

T T
VYF = 0:G(XE, pr) — / 8y H(XX. ps. VY)ds — / vZi.dB, (611
t

t
T
—[ vz .dB°.
t
In particular, d,u serves as the decoupling field:
VY[ = 0u(t, X[), telt.T] (6.12)

Next, denote Lo := L% (k'(Ao)), and consider the following BSDE on [t, T']:

T T
VY = 0uG0Gpr) - [ Vz5-dbo— [ V220 aB?

t t
T
— [ VYLD 4 by o (X2 VY]
t
+ [Ao + xp Ho (X, ps, VY)VZYF + 0xx Ho(X], ps, VYY)
+ [V2Y¥ A Loldpp Ho (XY, ps. VY) VY A Lo ]ds. (6.13)

Here A A Lo := [(—Lo) V a;j A Lg);,; is the truncated matrix. The above BSDE has
a Lipschitz continuous driver and thus is well posed. Recalling (6.7) and applying Itd’s
formula, we have

_ AT _ AT
e Aoththe Ayt —e AoTaxxG(X%,,OT)e Ay T

T
-~ / e ASIV2ZY - dBy + V2 Z)¥ - dBJle”
t

T
- / e~ A5 [V2Y7 3, Ho(X 7, ps, VY]F)
t

+ 0xp Ho(X, ps, VYX)V2YE + 0yx Ho(X], ps, VYY)
+ [V2Y A Lolopp Ho(XZ, ps, VYF) VYA Lolle™40 5 ds.

Taking conditional expectation E &, on both sides, we obtain
V2V = o0 DR [0, G(XF, pr)]es ¢
T
-~ / e0UIE ¢ [V2Y¥ 0, Ho(X. ps. VYY) + 0xp Ho(X] . ps. VY ) VYT
t

+ 0x Ho(XT, ps. VYF)
+ [V2Y A Loldpp Ho(XZ, ps, VYE)V2YE A Lolle0 €9 ds.
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Recalling (3.2) and applying Lemma 6.2, we have
ZHOZA
IV2Y¥| < 20K/ UIT-0 G T4 | xx [1 — 21—« (40T —1))
2[k'(Ao) — 1]

T
+ LgOZA[Z —+ LO] [ 62[1_E/(A0)](S_t)ET«t [|V2YSx|]dS.
t

Taking the conditional expectation Ez, = and noting that

L
k' (Ag) > 0 +1,
"(Ag) = 6, > 376

XX

we derive

ETto [|V2th” < 82[1—&’(A0)](T—t)zngA + ngl_,A[l _ 62[1_£/(A0)](T_l)]

T
+ LIOTAR 4 L] / PO ANDE . (VY ¥ lds
t
L B T /
< LS LA+ LA+ LO]/ PO AN . (V27 ¥l
t

Then by Gronwall’s inequality, we have
LG LI°|LAP2 + Lo]
2[k’(Ao) = 1] = Ly LA + L]
x [ — e R A)=11-L O LARELONT 1) (6 14

Eg, [IV2YF[] < LS. +

Recall (6.10), one can check straightforwardly that for any 6 > 03,

d 1 0—1— HOLA HOZG 7A4)2

L0 = = [1 - = Ak M 1C
JO—1-LH0Lay o TG (LAy(e -1

<0, (6.15)

Lo

Then, since k'(Ag) > 6, > 63 and Lo = L% (k' (Ap)), by (6.9) and (6.10) we have
20/ (Ag) — 1] — LEOTAR + Lo] = 2[05 — 1] — LEOLAR + LY (63)] = 0.
Thus (6.14) implies
LS LH\LAPRR2 + L)
2[k'(Ao) — 1] = LY°LAR + Lo]
B 2L8 LA (Ao) — 1]
20k’ (A0) — 1] — LY LA[2 + Lo]
= Lo,

Eg, [IV?Y ] < LS. LA +




C. Mou, J. Zhang 4494

where the last equality is due to the straightforward calculation. In particular, by setting
t = ty, we have |V2th)| < Lo. Similarly, we can show |V2Y*| < L for all ¢ € [to, T].
Then V2YX A Lo = V2Y* and thus (6.13) becomes

T T
VY =0, GGpr) — [ V23 edb.~ [ V220%-aBy

t t
T
— / [V2Y[[Ag + Opx Ho(XZ, ps. VY,5)]
t
+ [Ao + xp Ho(XZ, ps, VY)VZYF + 0yx Ho(X], ps, VYY)
+ VY, 0pp Ho (X[ ps. VY )V?Y |ds. (6.16)

By considering the equation for dy,u derived from the BSPDE in (2.4), one can
readily see from (6.11), (6.12), and (6.16) that VzY,x = Oxxu(t, X}). In particular,
[0xxt(to, X)| = |V2Y,z| < Ly. Since (tp, x) is arbitrary, we have |0y u(?,x)| < Lo =
L% (k'(Ap)) for all (¢, x). This, together with (6.15), implies (6.10). [

7. Global well-posedness

In this section, we establish the global well-posedness of the master equation. We shall
first construct the global well-posedness of the vectorial master equation (5.9). Following
the idea from [21,24,31,43], the key is to extend a local classical solution to a global one
through an a priori uniform Lipschitz continuity estimate of the solution in ©. We note that
Theorem 6.4 implies the uniform a priori bound of d,, V. Then, by applying Theorems 4.1
and 5.1, we obtain the uniform a priori Lipschitz continuity of U=29 x V' with respect to
under W,. Moreover, by Proposition 5.2 we derive the desired uniform a priori Lipschitz
continuity of U with respect to i under Wj.

We now present the main well-posedness result. Note that the dependence on the
parameters is quite subtle, so we will introduce them carefully. Following the order of the
assumptions below, one can easily construct a class of G and H satisfying all of them,
see, e.g., Example 7.2. In particular, in light of Remark 6.3 (iii), we may set L4 = 1 and
consider symmetric Ayp.

Theorem 7.1. Let Assumption 3.2 with LS LZG and Assumption 3.12 (i) with A e Dy

xx’

hold true, and H takes the form (6.1) such that Assumption 6.1 (i) holds and there
exists Lgo satisfying the requirements in (6.3). Fix an arbitrary L4 > 1 and set 03 as
in (6.9) and L}C/x = L%, (03) as in (6.10). Assume further the following hold true:

(i)  There exist 0 < Yy <7 such thatz < fo, y > 1, and (4.2) holds true.
(i) Set Ay, Ay as in (4.3). The matrix Ay satisfies

LA < T4 k(Ag) = [I + k(A7 AL,

(7.1)
K'(A9) = 03, |Aol + L3 < Vlk(4o) — L3"].
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(iii) There exist 0 < LHO < Lxx satisfying (6.2) and
yle(4o) — L3 < Lo < Lo
< [Flk(40) — LN A RLE I (4) — 1] (7.2)

Then the master equation (1.1) on [0, T| admits a unique classical solution V with bound-
ed 05V, OxxV and 05, V.

Furthermore, the McKean—Viasov FBSDEs (5.10), (5.11), (5.12), (5.13), (5.14) and
(5.17) are also well posed on [0, T| and the representation formula (5.15) remains true
on [0, T

Proof. The uniqueness as well as the well-posedness of the involved FBSDEs and the
representation formula (5.15) follow exactly the same arguments as in [31, Theorem 6.3].
Thus we shall only prove the existence.

Set L LH LY LH LI asin (6.8). Then clearly Assumptions 3.1 and 3.12
hold true. By (7.1) and (7.2), we see that (6.9) holds true and thus we have the a priori
estimate (6.10). Moreover, by (7.1) we have LZ, > g(Al_lAz)LH, and thus the result of
Theorem 4.1 holds true.

We now let CZ“ be the a priori (global) uniform Lipschitz estimate of d, V' with respect
to p under W,, as established by Theorems 4.1 and 5.1. Let § > O be the constant in
Proposmon 5.2, but with LY replaced with LY and L2G replaced with C4‘. Let 0 =
To < --- < T, = T be a partition such that T;+; — T; < %,i =0,...,n—1.

First, since T,, — T,—» < 8, by Proposition 5.2 the master equation (1.1) on [T},—2, T}, ]
with terminal condition G has a unique classical solution V. For each ¢ € [T,,_3, T;],
applying Theorem 6.4 we have |3 V(T,—1,-,-)| < LY . Note that by Proposition 5.2 (iii)
and (iv) V(¢,-, -) has further regularities, this enables us to apply Theorems 4.1 and 5.1
and obtain that d, V (¢, -, -) is uniform Lipschitz continuous in p under W, with Lipschitz
constant C5'. Moreover, by Proposition 5.2 (ii) dx V(T,—1, -, ) is also uniformly Lipschitz
continuous in @ under Wj.

We next consider the master equation (1.1) on [T, _3, T,—1] with terminal condition
V(Ty=1,,+). We emphasize that d, V(7T,—1, -, ) has the above uniform regularity with the
same constants L;’x, CZM , then we may apply Proposition 5.2 with the same § and obtain
a classical solution V on [T;,—3, T,,—1] with the additional regularities specified in Propos-
ition 5.2 (iii) and (iv). Clearly, this extends the classical solution of the master equation to
(T3, Tx]. We emphasize again that, while the bound of d,,, V' (¢, -) may become larger for
t € [Ty—3, Ty—3] because the CIM in (5.16) now depends on ||0x, V(Ty—1, )| Lo instead
of ||0x, V(Ty.-)||Loo, by the global a priori estimates in Theorems 4.1 and 5.1 we see that
dxV(t,-) corresponds to the same LY, and CJ* for all ¢ € [T,,_3, T,,]. This enables us to
consider the master equation (1.1) on [T},—4, T;—2] with terminal condition V(7},—3, -, -),
and then we obtain a classical solution on [T},—4, T),] with the desired uniform estimates
and additional regularities.

Repeat the arguments backwardly in time, we may construct a classical solution V' for
the original master equation (1.1) on [0, 7] with terminal condition G. Moreover, since
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this procedure is repeated only 7 times, by applying (5.16) repeatedly we see that (5.16)
indeed holds true on [0, T]. L]

We conclude the paper by providing an example which satisfies all the assumptions in
Theorem 7.1. We emphasize that there is no smallness assumption imposed here.

Example 7.2. For simplicity, let d = 1. Fix positive constants 0 < ¢ < & and 0 < y<7
with ¥ > 1, and fix (A1, A5, A3) satisfying the requirements in (3.9). Set L4 := 1 and
let M be a large number which will be specified later. Assume

(1) G satisfies Assumption 3.2 with
—aMy < 0xxG(x,u) < —aMy onR x P»(R); (7.3)
(i) H satisfies Assumption 6.1 with Ag := MO3 > Lfo in (6.1), and
y[Ao — L3°] < 0xx Ho(x. 1. p) < 7[Ao — L3°] onR x P,(R) xR, (7.4)
Then, for M large enough, which may depend on ., @, y, ¥, (A1, A2, A3), and LS, Lfo,

one can choose appropriate A such that all the conditions in Theorem 7.1 hold true.

Proof. We first emphasize that (7.3) and (7.4) involve only d,,G and d,, Hy. Note that
the parameters ch, Lf 9, which My will depend on, do not involve these derivatives. So
it is rather easy to construct G and Hj satisfying both Assumptions 3.2 and 6.1, and (7.3),
(7.4) with arbitrarily large M,. Moreover, recall (3.4) and (6.2), by (7.3) and (7.4) it is
clear that

LS =aM,, LHo=y[4g— L), LI =7[4e - L. (7.5)
Then the 63 in (6.9) and L% ,.(63) in (6.10) become, by recalling L4 = 1,

05 =1+ LN + @My + /(1 + aMo)? — 1],

20 Mo(65 — 1)
63— 1— LI 4 /(6 — 1 — LH0y — 21 Homuo(6; - 1)

LJIc/x = L?cx(g-”) =

We now show that the following A satisfies all the requirements

P+ LY J* — 823

A
0 1y

+ 1.

3, which verifies (4.2).

Next, let O(M) denote a generic positive function of ]V; such that % is bounded

both from above and away from 0. Then we see that

52 V 12_
First, by the choice of A¢, it is obvious that Ao > W

03 = O(Mp), LY. = O0(Mp), *ro= O(MP). (7.6)
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By (3.10), we have

(AntiMon){ U(n. n) < [~AoaMo + &> Mg — A3]E[|n|*]
+[IMILS + A2 LS PE D).

Since Ag My = O(M03), it is clear that G is A-anti-monotone when M is large enough.
Moreover, since d = 1, we have k(Ag) = k(Ao) = k'(Ag) = Ag and LA =1 <
LA=1.Recall (4.2) and (4.3). When My is large, it is clear that 1 — 6; is uniformly away
from 0 and then it follows from (7.6) that k(47" 42) = O(ME). Thus, since Ag = M
and y > 1, for M, sufficiently large we have the following inequalities which verify (7.1):

Ao > 14+ k(AT AL 4g =605 and A + LI < y[4y — LE0),

Finally, since ijx = aM,, it is clear that Zfo [Ag — 1] = y[A0 — Lg‘)] for My large
enough. Then (7.4) implies (7.2). [
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