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Abstract. We construct inverse spectral theory for finite rank Hankel operators acting on the Hardy
space of the upper half-plane. A particular feature of our theory is that we completely character-
ise the set of spectral data. As an application of this theory, we prove the genericity of turbulent
solutions of the cubic Szegd equation on the real line.
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1. Introduction

1.1. The cubic Szegd equation and Hankel operators

Let H?(C,) be the standard Hardy class in the upper half-plane, with the inner product
(linear in the first factor and anti-linear in the second) denoted by (-, -). We will routinely
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identify functions f € H?(C) with their boundary values on the real line, and with this
identification one has H?(Cy) C L?(R) as a closed subspace, (-, ) being the restriction
of the L? inner product. Let P be the orthogonal projection onto H?(C) in L?(R).

In [24,25] Pocovnicu, by analogy with the unit circle case [6, 7] (which will be dis-
cussed later in Section 1.5), introduced and studied the cubic Szegd equation

0
i8_1: =P, (ulPu), u=u(x.t), x.teR. (1.1)
Here, for every ¢ € R, u(-, ) belongs to a suitable Sobolev class of functions in H2(C ).
Following the strategy of the unit circle case [6, 7], it was proven in [24, 25] that this
equation is completely integrable and possesses a Lax pair. The Lax pair involves the

anti-linear Hankel operator H, on H?(C. ), defined by

H.f =P (uf), feH*Cq); (1.2)

notice that the conjugate of f is always taken on the real line. It is well known that
the boundedness of H,, is equivalent to the inclusion u € BMOA(R). By a version of
Kronecker’s theorem, the rationality of u is equivalent to H,, being finite rank. We refer
to [23] for the background on Hankel operators. Observe that while H,, is anti-linear, the
square H? is linear (and positive semi-definite). We will say that A > 0 is a singular value
of H,, if the corresponding Schmidt subspace

Eg,(A) = Ker(H2 — A*1)

is non-trivial: Eg, (A) # {0}. The Lax pair formulation for (1.1) ensures, in particular,
that all singular values of H, are integrals of motion of the Szegd equation. In order to
solve the Cauchy problem for the Szegd equation, one must develop a suitable version of
direct and inverse spectral theory for the Hankel operator H,,. In [24], this programme
was completely achieved when the symbol is rational and all singular values are simple
(i.e., all Schmidt subspaces Eq, (1) are one-dimensional).

The purpose of this paper is to extend the spectral analysis of [24] to the case of
multiplicities, i.e., to the case when the symbol is rational but the dimensions of the sub-
spaces Eg,(A) may be > 1. This requires a more detailed analysis of the structure of
these subspaces and of the action of H,, on them. Such analysis was performed in [11]
and is recalled later on in this introduction.

As an application of our spectral analysis, we prove the genericity of turbulent solu-
tions of the cubic Szegd equation on the line. In [24,25] it was proved that, for every s > 2,
the initial value problem for (1.1) is globally well posed on the intersection W$2(C)
of H?(C,) with the Sobolev space W*2(R) on the line. Though the trajectories are
bounded in W1/2:2(C ;) because of some conservation laws, they may not be bounded in
WS2(Cy)ifs > % We shall call turbulent a solution of (1.1) with an unbounded traject-
ory in W*2(C.) for some s > % An example of a turbulent solution is provided in [24]
as a rational solution with two poles such that the associated Hankel operator has a sin-
gular value of multiplicity 2. Using our spectral analysis, we are able to find many more
such turbulent rational solutions, leading to the following result.
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Theorem 1.1. There exists a dense Gg subset G of W12(C ) such that any solution u
of the cubic Szegd equation with initial datum in G satisfies

/+°° Beu @z, _
1 12

In the above statement, the regularity exponent 1 in W 1:2 is probably not essential but
it is technically easier to handle.

We close this paragraph by some comments about the phenomenon of turbulent solu-
tions for Hamiltonian equations, which has been actively studied by mathematicians in the
last two decades. Bourgain [1] asked whether there is a solution of the cubic defocusing
nonlinear Schrodinger equation on the two-dimensional torus T2 with initial data

up € WS3(T?), s> 1,

such that
lim sup |[u(?)| sz = o0.
t—>00

There is still no complete answer to this question, despite a first partial result in this dir-
ection by Colliander—Keel-Staffilani—Takaoka—Tao [2]. Using this approach, Hani [17]
proved the existence of turbulent solutions for a totally resonant version of the cubic non-
linear Schrédinger equation on T2, and Hani-Pausader-Tzvetkov—Visciglia [18] estab-
lished the first — and, still at this time, the unique — example of solution of the tur-
bulent nonlinear Schrodinger equation, in the case of the cubic Schrodinger equation
on the cylinder T2 x R. In the direction of the growth of Sobolev norms for the non-
linear Schrodinger equation, let us also mention the works of Guardia [12], Guardia—
Kaloshin [15, 16], Haus—Procesi [19], Guardia—Haus—Procesi [ 14], and more recently the
work of Guardia—Hani—-Haus—Maspero—Procesi [13], which uses the integrable structure
of the defocusing cubic nonlinear Schrédinger equation on the one-dimensional torus.

The phenomenon of growth of Sobolev norms also occurs for two-dimensional incom-
pressible Euler equations: the sharp double exponentially growing vorticity gradient on
the disc was constructed by Kiselev—Sverak [21], and the existence of exponentially grow-
ing vorticity gradient solutions on the torus was shown by Zlato$ [28]. It also has been
recently observed by Schwinte and Thomann [27] for a system of two lowest Landau level
equations.

At this stage, observe that the above results provide examples of turbulent solutions
without establishing their genericity. In fact, as far as we know, the only equation where
genericity of turbulent solutions has been proved before Theorem 1.1 is the cubic Szegd
equation on the circle [5, 8].

1.2. Model spaces and isometric multipliers

Before recalling relevant results from [11], we need to talk about model spaces in H?(C.)
and isometric multipliers on them. Let 6 be an inner function in the upper half-plane
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(ie., 0 € H®(C4) and |0(x)| = 1 for a.e. x € R). We will only be concerned with the
case when 6 is a finite Blaschke product, i.e.,

o) = [[Z=L, xeCy, (1.3)
j=1 X —daj

where e’ is a unimodular complex number and the parameters a; satisfy Ima; > 0.
The model space Ky C H?(C) is defined by
Ko = H*(C4) N (BH?*(C4)*;
here
OH*(C4) ={0f : f € H*(C4)}

and the orthogonal complement is taken in L2(R). It is clear that f € H?(C.) belongs
to Ky if and only if 6 f € H?(C4). When @ is a finite Blaschke product (1.3), the model
space Ky is finite-dimensional and can be explicitly described by

Ko = {%, degp <m— 1}, q(z) =j]:[1(x—a_j ,

where p represents any polynomial of degree < m — 1 (see, e.g., [4, Corollary 5.18]).
In particular, all elements of Ky are rational functions.
Let S(7) be the semigroup on H?(C ) defined by

S@) f)x) =™ f(x), xeCy, 1>0. (1.4)

Further, let Py be the orthogonal projection onto Ky, and let Sg(t) be Beurling—Lax
semigroup on Ky, defined by

So(0) f = Pe(S(0) f). feKg, 7>0 (1.5)

(see Section 2 for a more detailed discussion). This is a strongly continuous contractive
semigroup and therefore, by the theory of [20], it can be written as

Se(t) = '™, >0, (1.6)

where Ag is the infinitesimal generator of Sg(t). For a general inner function 6, the
operator Ag may be unbounded, but under our assumption of rationality of 6 the oper-
ator Ag is easily seen to be bounded and of finite rank. Furthermore, it is dissipative, i.e.,
Im(Ag f, f) = 0 forevery f in K.

Let p be a holomorphic function in C.. It is called an isometric multiplier on Kg if
for every f € Ky, we have pf € H?>(C4) and

Ipfl=1fI VS e Ky

In this case, we can consider the subspace

pPKo ={pf : f € Ky}.
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We note that the choice of the parameters p, 6 in the representation pKy for this subspace
is not unique. In fact, if p (resp. p) is an isometric multiplier on Ky (resp. on Kj), then
(see, e.g., [3, Theorem 10])

pKg = pKjz

if and only if for some |w| < 1 and some unimodular constants ', ¢’ we have

~ G w—0 ~ i 1—wb
0=e — w0 p=e —mp. (1.7)

The transformation 6 — 6, p > pis called a Frostman shift.

1.3. The Schmidt subspaces of Hankel operators
The relevance of these objects to Hankel operators transpires from the following result.

Theorem 1.2 ([11]). Let u € BMOA(R) and let A > 0 be a singular value of Hy. Then
there exist an inner function W and an isometric multiplier p on Ky, such that the Schmidt
subspace Eg, (M) is represented as

En,(A) = pKy.

Moreover; there exists a unimodular constant €' such that the action of Hy, on E H, (A)
is given by
Hy,(ph) = Ae'*pHyh, he Ky. (1.8)

In particular, by normalising p and  suitably (see (1.7)), one can always achieve e'® = 1.

We note that Hy, acts on Ky, in a simple explicit way,
H,ph = WE, h e Kw,

because i € H2(C,.) and so ]P’+(1W7) = yh.

1.4. Direct and inverse spectral problems for Hankel operators with rational symbols

Let u be a rational symbol, analytic in the upper half-plane. We normalise u so that
u(co0) = 0 (subtracting a constant from u does not change the Hankel operator H,,). It fol-
lows that u € H2(C).

First note that we have the commutation relation

S(t)*H, = H,S(x), ©>0. (1.9)

In fact, H,, is a Hankel operator if and only if it satisfies this relation. It follows from (1.9)
that the kernel of H,, is an invariant subspace for S(7) and therefore, by the Beurling—Lax
theorem [22],

either RanH, = H*>(Cy) or RanH, =K,
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for some inner function 6. For rational symbols u, the range of H,, is finite-dimensional,
and so we have the second possibility here with some rational inner function 6. Further,
the range of H,, is closed, so finally we have

Ran H, = Kp
with some finite Blaschke product 6. It will be convenient to normalise 6 so that
O(oc0) = 1.

Let Ay be the corresponding infinitesimal generator as in (1.6).

Let us denote the singular values of H,, by A1 > A > --- > Ax > 0; to each of these
singular values there corresponds a Schmidt subspace Eg, (A,), which may have arbitrary
finite dimension. According to Theorem 1.2, we have

Eu,(An) = pnKy,,., n=1,...,N, (1.10)

where V1, ..., ¥y are finite Blaschke products in C; and each p,, is an isometric multi-
plier on Ky, (in fact, each p, is a rational function, see Section 3.2). We will normalise
each v, so that ¥, (c0) = 1.

The “direct spectral problem” for H,, is given by the following theorem.

Theorem 1.3. Let u be a rational function analytic in the closed upper half-plane and
going to zero at infinity. Then
e Forall n, the vector u € H?(C1) is not orthogonal to Eg,,(An).

e Denoting by u,, the orthogonal projection of u onto Eg,, (An), we have
Hyu, = Ay uy,

Sfor some unimodular constants %",

o The numbers
Wy = (Aguy,uy), n=1,....,N

have strictly positive imaginary parts.

Next, we introduce the spectral data corresponding to a rational symbol u,

(Do A e Hon ). (1.11)

Here A,, /" and w, are defined in the previous theorem and v, are defined in (1.10).
According to the discussion of Section 1.2, the inner functions ¥, are defined only up
to Frostman shifts. So it would be more precise to say that the spectral data contains the
orbits of V¥, under all Frostman shifts, but for notational convenience we will be talking
about representatives ¥, of these orbits. Moreover, it will turn out that our solution to the
inverse problem is independent of the choice of a representative.

Now we can state, somewhat informally, one of our main results; the precise state-
ments are Theorems 5.5 and 6.2 below.
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Theorem 1.4. (i) Uniqueness: A rational symbol u is uniquely determined by the spectral
data (1.11). In fact, u is given by an explicit formula (5.17) below.

(1) Surjectivity: Let N € N, and let
e Ay >---> AN > 0 be any positive real numbers,
o Yq,..., YN be any finite Blaschke products,
o P . . ¢lN pe any unimodular complex numbers,
o wi,...,wy be any complex numbers with positive imaginary parts.
Then there exists a rational symbol u such that H,, corresponds to the spectral data (1.11).
If all singular values A, are simple, we recover the result of Pocovnicu [24]. In this

case, the spectral data do not contain inner functions v,. Let us explain this. If A, is
simple, then v, is a single Blaschke factor

X —ay
—

Yn(x) =

ay € C+.
X —ap

By using a Frostman shift, a, can be changed to any given number in C . In other words,
in this case the orbit of ¥, by the action of Frostman shifts consists of all single Blaschke
factors, and so this orbit does not contain any information apart from the fact that the
dimension of the corresponding Schmidt subspace is one. In Section 5.9, we give a more
detailed comparison with the spectral data of [24].

Observe that the isometric multipliers p,, are not part of our spectral data; in fact, they
can be explicitly determined from the spectral data, see Section 5.7.

1.5. The unit circle case

The Szegd equation (1.1) was originally introduced in [6, 7], where it was considered for
functions u defined on the unit circle; ¥ was assumed to be in a suitable Sobolev subspace
of the Hardy space H?(DD), where DD is the unit disc. In this context, P4 becomes the
orthogonal projection in L2(T) onto H?(D), often called the Szegd projection (hence
the name for the equation). In fact, [6, 7] provided the blueprint for the study of the Lax
pair structure of [24,25]. More precisely, in the unit circle case the Szeg6 equation is
completely integrable and possesses a Lax pair, which involves a Hankel operator H,,
in H?(D). Solving the equation reduces to a solution of a direct and inverse spectral
problem for H,,. Despite many similarities, we would like to stress some important dif-
ferences between the unit circle and the real line cases:

e The choice of the spectral data in the unit circle case is very different. It involves
introducing an auxiliary Hankel operator (denoted by K, in [7]) and looking at its
singular values and Schmidt subspaces.

e The property u Y Ep, (A,) of Theorem 1.3 is false in the unit circle case! Roughly
speaking, in the unit circle case for about half of the singular values (the ones termed
K-dominant in [7]) we have u L Ep,, (A,).
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Our proof of the second part of Theorem 1.4 is strongly inspired by [10], where a new
“algebraic” approach to the inverse spectral problem on the unit circle was developed.

1.6. The structure of the paper

In Section 2, we recall various well-known facts from the theory of model spaces, fo-
cussing on Ky with rational 8. In Section 3, we consider the set-up

pKy C Ky,

where p is an isometric multiplier on Ky, and derive identities relating the infinitesimal
generators Ag and Ay . Although model spaces is a well-studied subject, some of our
results here appear to be new.

In Section 4, we introduce Hankel operators and prove Theorem 1.3. The key ingredi-
ent here is the commutation relation (recall that 8(c0) = 1)

1

AgHZ — HZAg = >

i
('7 Huu)(l - 9) . ('7 M)u.
2w
In Section 5, we prove the uniqueness part of Theorem 1.4 by giving an explicit expression
for u(x) in terms of the spectral data. Our starting point is the formula

u(x) = ((43 —x)"lu,1-6), Imx >0,

which follows directly from the fact that 1 — 6 is the “reproducing kernel of Ky at infinity”
(see Lemma 2.5 below). We then consider the action of Ay on the model space Ky =
Ran H,, represented as the orthogonal sum

N
Kp :@pnl(w. (1.12)

n=1

We use the results of Section 3 and the above commutation relation for Ag to show that Ag
has a rather special block-matrix structure in this representation. Using this block-matrix
structure, we express the resolvent (43 — x)~! in terms of our spectral data.

In Sections 6 and 7, we prove the last part of Theorem 1.4. Here we use the “algebraic”
approach of [10]. Namely, we take u given by the explicit expression established at the
previous step of the proof and check directly that the corresponding operator H,, has the
“correct” spectral data. An important step in the proof is checking that the functions p,,
given by certain explicit matrix formulas, are isometric multipliers on Ky, . Here we are
guided by intuition coming from Sarason’s work [26], which gives a general represent-
ation formula for all isometric multipliers on a given model space. Lemma 7.2 provides
a partial extension of this formula to the matrix case.

Section 8 is devoted to describing the evolution of the spectral data (1.11) of a solution
of the cubic Szegd equation (1.1). Finally, in Section 9, we combine the previous results
to prove Theorem 1.1.
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2. Model spaces

Almost all of this section is either well known or folklore; see, e.g., the monograph [4].
Some of the facts that we need are easy to find in the literature but for the case of the Hardy
spaces on the unit disc rather than the upper half-plane. In any case, for completeness we
present all necessary statements with simple proofs.

2.1. Model spaces

In what follows, we denote by H? the standard Hardy class in the upper half-plane C .
Let v¢, ¢ € C4, be the reproducing kernel in H 2,

1 1

U;()C) = ﬁf—x’

so that f(§) = (f, ve¢) for every f € H?. Let 6 be a finite Blaschke product in C4, and
let K¢ be the corresponding model space

Ko = H?> N (6H?)* .

Further, let Py be the orthogonal projection in H? onto Kg; it is straightforward to obtain
(see, e.g., [4, Proposition 5.14]) that Py is given by

Po: f— f—0PL(8f), feH?> (2.1)

Let S(7) and Sg(7) be semigroups (1.4), (1.5), and let A be the infinitesimal generator
of S¢(7) as in (1.6). For ¢ € C4, the following resolvents are well defined and bounded
on Kg:

m9—51=—4/wSAMe“%L

0

o0
(AZ—O‘I:iL Se(1)*e*dA,

see, e.g., [20]. Using the definition of Sy and computing the integrals, we see that these
resolvents can be expressed as

(Ag =)' f = —27iPy(fue), (2.2)

(45 =57 f = 2mie(fp) = LSO

Lemma 2.1. The operator Ay is completely non-self-adjoint, i.e., there is no non-trivial

(2.3)

subspace N C Ky, invariant for Ag, where Ag is self-adjoint.

Proof. From the definition of S(7), it follows that

lim |S(x)" f| =0
T—>00
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for any f € H?. Since §H? is invariant under S(t), the model space Ky is invariant
under S(7)*, and therefore Sg(7)* f = S(v)* f for any f € Ky. Thus, we also have

lim [ Sg(0)* fI| = 0
T—>00

for any f € Kgy. It follows that Sg(7)* is completely non-unitary on Ky, i.e., there is no
non-trivial subspace N C Ky, invariant for Sg(t)* for all T > 0 and such that Sg(7)* is
unitary on N for all T > 0. From here we get the claim. ]

We write 6(00) = lim|x|e 0(x); clearly, we have |0(c0)| = 1. In what follows,
we normalise 6 so that 8(c0) = 1.

Lemma 2.2. Let 6 be a finite Blaschke product and 8(co) = 1. Then 1 — 6 € K.
Proof. For h € H?, we have

(0h,1—0) = (h,60(1 —0)) = (h,0 —1) = 0.
It follows that 1 — 6 is orthogonal to §H 2, and so it belongs to K. |

Lemma 2.3. Let 0 be a finite Blaschke product and 0(o0) = 1. Then for any f € Ky and
forany ¢ € C4, we have

@) = 5=/ (s =D - 0)), @4
(Ho )(6) = =5 =((45 =07 (1 = 0). ).
Proof. We have
F© = ive) = U Pove) = (£ Polog(1 = 0))
because Py(0v;) = 0. By (2.2),

U, Powe(1 = 6) = 5= {f:(Ag =D (1 = 0)),
which yields (2.4). Similarly,
Ho f(©) = (0. v0) = 675, ) = (B4 (675). ) = ~(P+((1 - 6)75). /)
(43 -7 -6). 1),

1
2mi
where we have used (2.3) at the last step. [

Corollary 2.4. Let 0 be a finite Blaschke product and 6(o0) = 1. Then the linear span of
each of the two sets

{(Ao =)' 0 = O}eecy. (A5 -7 =0)}eec,

is dense in Ky.
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2.2. Behaviour at infinity

For a rational function f with the Laurent expansion
ai az
SxX)=ao+—+—5+-, [x| > o0,
x X
at infinity, we will denote

A(f)=ai, Ax(f) =ax.

Lemma 2.5. Let 0 be a finite Blaschke product and 6(oc0) = 1. For any f € Kg, we have

1
M) = =g (1= 60) Aa(f) = 5= (45 1~ 6),

i

and, in particular,

1 1 "
A1) = — 1 =0]%, Ax(0) = =—(A;(1—6),1-0). (2.5)
2mi 2mi
Proof. Since Ag is bounded, we can expand the resolvent in (2.4), which yields
11 1 1 1
=————(fil—=0)———(45f,1-0 o|\—=
S 2mi x<f ) 2mi x2< o/ )+ (x3)
as |x| — oo. This yields the required identities. ]

2.3. Formulas for Ag and Ay

Lemma 2.6. Let 0 be a finite Blaschke product and 0(oc0) = 1. Then the operator Ag
on Ky satisfies the identities

Ao () = 5 () = M (DI = /() + 5 =(L1-0)0).  26)

AL = Xf(0) = M) = 3/ () + 5 (/i1 = 6), o)

ImAg = ——(-.1—0)(1—0). 2.8)
4

Proof. Let Ay be the operator given by the right-hand side of (2.6). We need to check that
for all f € Ky,

1
Hi—(Sg(‘E)—[)f—Ang 50, 70, 2.9)
T
First we observe that for all 7 > 0 and any & € Kjy,
© HiTx _
/ - 0(x)h(x)dx =0, (2.10)
oo ITX
since )
e

€ H?> and 6he H?
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Using this, we compute

oo LiTX

((So(r) = 1) 1. h) xf(x)h(x) dx

1
(S - Dfh) =/_oo —

- f (0 = A (N)BGRE) dx

oo ITX

1
iT

0 piTx _ |

- / A f(R(Y) dx,
oo ITX

and therefore

[e%e) itx

(-t 1) g SR dx.
I1TX

(5 a@ =7~ dosn) = |

—0o0
By the Cauchy—Schwarz inequality,

0o itx

—1
¢ —1

(5 se@ =7~ ofn <11 [ 45 0P,

—0o0

iTx
and the integral in the right-hand side tends to zero as A — 0. by dominated convergence.
This yields (2.9).

Similarly, let A be the operator given by the right-hand side of (2.7); we need to
check that

H%(S(t)* —Df —A;fH 50, -0y,

for all f € Kjy. This is achieved by following the same line of reasoning, with the only
difference that instead of (2.10) we use the identity

00 e—irx -1
/ ——h(x)dx =0, >0, geK,
—oo  ITxX
because both factors in the integral are complex conjugates of elements of H 2.

Finally, (2.8) follows by subtracting (2.7) from (2.6). ]

2.4. The action of Frostman shifts

Let ¢ be a finite Blaschke product. Here we compute the action of Frostman shifts (1.7)
on various quantities relevant to the subsequent analysis of inverse problems. First note
that if we require that 1 (0c0) = 1; (00) = 1, this fixes the unimodular constant ’® in (1.7),
so we obtain _
v=——1  |w <l (2.11)
w
v

Next, observe that the function i t—w is a Herglotz function, i.e., it maps the upper half-

plane into itself. As a rational Herglotz function, it admits the representation

; 1+ ¥(x)
1—vy(x)

:Ax—i—B—I—Z cix, Imx > 0,
J

qj
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where A = 0, B € R, ¢; = 0, o; € R, and the sum is finite; the points ¢; are the solutions
to the equation ¥ (x) = 1. Recalling that

[1—y|*=27iA(¥) (2.12)

and renormalising, we obtain the representation

||1—w||21+W(x) ¢j
e +B+Zaj_x, Imx > 0, (2.13)

with the same conditions on the parameters B, c;j, «;.

Lemma 2.7. Let ¥ be a finite Blaschke product with Y (00) = 1, and let 1/7 beasin(2.11).

Then
2 _ |w? 2
11— WIH—WII ; (2.14)
1—y)?1+ 1—y)?1+ 1 Imw
L 7 A L e R T2 PR SR
4r 11— dr 1—vy 27 |1 —w|

Proof. Computing the asymptotics of 1/~/ at infinity, comparing with the asymptotics of v
and using (2.12), we obtain (2.14). After this, the proof of (2.15) is direct algebra. [

This lemma shows that under the Frostman shift, only the constant B in representa-
tion (2.13) changes. The next lemma gives more precise information about this constant.

Lemma 2.8. Let { be a finite Blaschke product with W (c0) = 1. Then

A —vIP1+y() _ Re(dy(1—-v).1-v) 1
T e T A T 7 € ML
as |x| — oo. As a consequence, the function
_ 2 _ —
AL=VIP 14y | Re(Ay(1=9).1=) o1

dr 1=9(x) 1T =y
is invariant under the Frostman shifts ¥ +— & asin (2.11).
Proof. Using (2.12) and expanding the function at infinity, we get
A—yP ey 1y 24 20 4 0G)
dr 1-y() 2 —a) L@ 4 oL
Bk AW 4 o)
T xAAzl(fpz/f)) +0G5)
A A
(-2
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as |x| = oo. By (2.5), (2.12) and (2.8), the constant term in the above formula trans-
forms as

Aa(y) M) _ Ay —v).1—y) Ly = Rty (=) 1)

Ar(¥) 2 I =i 4ri 11— ’
which yields (2.16). By Lemma 2.7, function (2.17) changes by a constant under the
Frostman shift. By (2.16), this constant is zero. ]

3. Isometric multipliers on model spaces

In this section, we consider the following scenario: 6 is a finite Blaschke product, v is an
inner function in C4 and p is an isometric multiplier on K. We assume that pKy, C Ky
and derive some identities relating the infinitesimal generators Ay and A, . Although the
results of this section are relatively straightforward, the set-up is rather special and hard
to locate in the literature.

3.1. Formula for the projection onto pKy,

Let ¥ be a non-constant inner function in C, and let p be an isometric multiplier on K.
Denote M = pKy, and let Py be the orthogonal projection onto M . First we need a for-
mula for Pyy.

Lemma 3.1. Let f € H? be such that p f € L?>(R). Then
Py f = pP+(Pf) = pYP+(PV ). 3.1)

Proof. Using formula (2.1) for the orthogonal projection Py onto Ky, we see that the
right-hand side of (3.1) can be written as

PPL(Pf) = pYP+(PY f) = pPyP+(Pf).

It is clear that the right-hand side here is in pKy,. It remains to check that its difference
with f is orthogonal to pKy. For & € Ky, we have

(f = pPyP(pf), ph) = (f. ph) = (Py P+ (P f). h) = {f. ph) = (p.f. h) =0,

as required. ]

3.2. Projecting onto M = pKy in Ky
Here we work out formulas for projections of various functions onto M = pKy, in Kj.

Lemma 3.2. Let ¥ and 6 be non-constant inner functions in C4, and let p be an iso-
metric multiplier on Ky,. Assume that pKy, C Kg and that 0 is a finite Blaschke product.
Then both ' and p are rational (in particular,  is also a finite Blaschke product). Fur-
thermore,

p — p(o0) € Ky. (3.2)
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Proof. ltis easy to compute the reproducing kernel of Ky, (cf., e.g., [4, Section 5.5]):

g
Fe(x) i= Pyvg(x) = %%

Since Fy € Ky and pKy C Ky, we see that pF; is rational with (pF¢)(c0) = 0. Mul-
tiplying by (¢ — x), we find that the function

1=y @Y ) p(x)

is rational. Since this is true for any { € C4+ and ¥ is non-constant, we conclude that
both p and v p are rational. Since p is not identically zero, we finally conclude that ¥ is
also rational.

Let us prove (3.2). Take some & € Ky, with A (h) # 0, forexample, h = 1 — (if ¢
is normalised by ¥ (c0) = 1), see (2.5). By (2.7), we have

Ag(ph) — pAyh = xp(x)h(x) — A1(ph) — p(x)(xh(x) — A1(h))
= p(x)A1(h) — A1(ph) = (p(x) — p(c0))Ar(h).
Here the left-hand side is in Ky, and so the right-hand side is also in Kg. ]

Lemma 3.3. Let y and 0 be finite Blaschke products with ¥ (00) = 8(o0) = 1, and let p
be an isometric multiplier on Ky,. Assume that M = pKy, C Kg. Then

Py (1—0) = p(oo)p(1— )
and
1Ps (1= O)]| = |p(e0)[I1 = ¥|I. (33)
Proof. By formula (3.1), we have
Py (1—6) = pP(p(1 - 0)) — py P+ (pY (1 - 6)).
Let us compute the two terms in the right-hand side. We have
p(1—6) = (p— p(00))(1 - 6) + p(co)(1 —6)
= (7 — p(00)) — (P — p(c0)) + p(o0)(1 - 6).

By (3.2), the first term in the right-hand side is anti-analytic and the second term is in H?2,
so we get

P(p(1—=0)) = =0(p — p(c0)) + p(o0)(1 = 0) = p(c0) — Op. (3.4)

Next, we have

Pr(1—=0)=p( =D —0p(¥ —1) + p(1-90).
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Since p(¥ — 1) € pKy C Ky, we have 0 p( — 1) € H2. Thus, using (3.4),
Pr(p¥(1—=0)) = =05 — 1) + Pr(p(1 = 0)) = —0p(¥ — 1) + p(c0) — 0.
Combining this, we obtain
Py (1= 0) = p(p(00) = 0p) = pyr(p(00) — 05 — 0 p(¥ — 1))
= (1=y)p(p(00) = 0p) + 0V |pI*(¥ — 1) = p(c0) p(1 = ¥).
as claimed. Computing the norms and using the isometricity of p, we obtain (3.3). ]
Lemma 3.4. Assume the hypothesis of the previous lemma. Then
Pup(p = p(o0)) = xp(1 =)
with some x € C.

Unlike in the previous lemma, we do not have a direct argument for it, nor an expres-
sion for the constant x. Our proof requires two intermediate steps.

Lemma 3.5. Assume the hypothesis of Lemma 3.3 and let { € C4. Then
Py (A5 =7 (p(1 =) = cp(Ay, =07 (1 =)
with some ¢ € C.

Proof. The statement of the lemma is equivalent to the following one. Let f € pKy,
L p(A% — )71 (1 = y); then

[ LA =07 p( =) (3.5)

Write f = ph, h € Ky ; then condition f L p(A; —&)7Y(1 — ) is equivalent to i L
(A:;, —&)7Y(1 — ). We have

(£.(A5 =07 (p(1 =) = ((Ag = O (ph), p(1 = ¥)),
and, by (2.2),
(Ag — O)"N(ph) = —27iPe(phve) = —2miphve +w, w € OH>.
It follows that
(A =) (ph), p(1 = ¥)) = =2xi (phvg, p(1 — V). (3.6)

We would like to use the isometricity of p in the right-hand side of (3.6). In order to
be able to do so, we must check that hvg isin Ky. Let g € H?: consider

(hve, ¥g) = (h,veyg) = (h, PL(veyg)).
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Further, we have

1 Yy(x)eg) — ¥ (De©)

Pgmw@a)=2m -
_ g -g®) 1 W®-D-@E©-1
—5;w<r——7;— =20 -

=yuw+ Tg(f)(Al*p -7y -1,
i
where @ € H?. Now

(1 B GE9)) = (h ¥ ) — 5 @ (b, (43~ 07 (1= ¥) =

where the first term in the right-hand side vanishes because & € Ky, and the second term
vanishes because of our condition on /. Thus, we have checked that hv; € Ky .
We come back to (3.6),

(phve, p(1 =) = (hve, 1 —¢) = —Q2ni)A1(hve),

where we have used Lemma 2.5 at the last step. Finally, we have h(x) = O(%) and
ve(x) = 0(%) at infinity, and therefore A (hv¢) = 0. We have checked (3.5); the proof
is complete. ]

Lemma 3.6. Assume the hypothesis of Lemma 3.3 and let { € C.. Then
Py (A5 =)~ (p = p(00)) = ¢'p(A}, =) (1 =) 3.7)
with some ¢’ € C.

Proof. We have, from (2.3),

A5 =) (p(1— ) = P -y (x)) — p@)d -y ()

x=¢
(1-vy(x)-10-y(©)
(x)
x—=¢
(p(x) — p(o0)) — (p(§) — p(0))

(=¥ @) F:

= p(Ay =07 A=) + (1 =y (©O) (A5 = O™ (p — p(c0)).

Let us apply P to both sides of this identity. Observing that p(ATp -0 M1 —y) e pKy
and using the previous lemma, we obtain

cp(Ay =) (1 =y) = p(A}, =07 A=) + (1 =¥ () Pu (A5 = O™ (p — p(00)).

Rearranging, we obtain the required identity with ¢/ = 1_1/_/&). ]
Proof of Lemma 3.4. We have the strong convergence
—LA5 =07 > 1 |5 > o0, (3.8)

and the same is true for the resolvent of A:;. Applying this to (3.7), we obtain the required
result. "
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3.3. Relation between Ag and Ay

Theorem 3.7. Let v and 0 be finite Blaschke products normalised so that ¥ (c0) =
0(oc0) = 1. Let p be an isometric multiplier on Ky,; assume that M = pKy C Kg. Then
there exists a constant ¢ € C such that for any hy, hy € Ky, we have

(Ag(ph1), pha) = (Ayhy, ha) + c(h1, 1 =Y ) {1 =, hy). (3.9)
Moreover,
(Ao Py (1 —0), Py (1 —0))  (Ay(1 =), 1—v) 2

= +cl||1 — , 3.10
[Py (1—6)2 oy v GO

and : |
4—||PM(1—9)||2=—||1—1/f||2+1mc||1—1/f||2' (3.11)

T 4

Proof. By complex conjugation, (3.9) is equivalent to
(Ag(ph2), ph1) = (Ayha, ha) + c(ha, L =Y ) (1 =, hy). (3.12)
Let us prove the last identity. By (2.7), we have

Ag(ph2)(x) — p(x) Ay h(x) = xp(x)h2(x) — A1(pha) — p(x)(xh2(x) — A1 (h2))
= —A1(ph2) + p(x)A1(h2) = (p(x) — p(00)) A1 (h3).

Let us apply Py to both sides here and use Lemmas 3.4 and 2.5:

* * X
Py Ag(phz) — pAyhy = xp(1 = Y)A1(h2) = —ﬁp(l =), 1 = ¥).
Denote
_ x
C=——
2mi

taking the inner product with ph; and using the isometricity of p on Ky, we arrive
at (3.12).

In order to prove (3.10), it suffices to take 1y = hy = p(c0)(1 — ¥) in (3.9) and
divide by || Pps(1 — 6)||?, using Lemma 3.3. Taking imaginary part and using (2.8), we
arrive at (3.11). [

4. Direct spectral problem: Proof of Theorem 1.3

Throughout this section, u is a bounded rational symbol with no poles in the closed upper
half-plane, normalised so that u(co) = 0 and H,, is the Hankel operator (1.2). Further-
more, 6 is the finite Blaschke product such that

Ran H, = Ky

and normalised by 6(oc0) = 1.



Inverse problem for Hankel operators 4609

4.1. Commutation relations for H, and Ag

Lemma 4.1. Let u, 6 be as above. Then H, (1 — 0) = u. Furthermore,

AZH, = H, A, 4.1)
i i
AgHZ — HZAg = 7 (s Huat) (1= 0) = o— (. (4.2)
Proof. Let v be the reproducing kernel of H2, then
1 u(x) —u(@)
H = — 7 4.3
uvé'(x) i x—¢ 4.3)

Comparing (4.3) with (2.3), we find that
Hyve = L(A* -0t
wHT g e '
By (3.8), it follows that
|(2i&) Hyve +ull - 0, [§] — oo,
and so u € Ran H,, = Ky. Using this, we obtain
H,(1-0) =P (u—ub) =Pru=u.

Next, the kernel of H,, is OH? and therefore H,(I — Pg) = 0. It follows that for any

/€ Ko,
HyS(t)f = Hy,PeS(7) f = HySy(7) f.

Thus, restricting the commutation relation (1.9) onto Ky, we obtain
So(r)*Hy = Hy, Sp(1)

or equivalently
e—itAZ Hu — HueirAO.

Differentiating this with respect to 7 at t = 0 and taking into account the anti-linearity
of H,, we arrive at (4.1).
The proof of (4.2) is a twice repeated application of (4.1) and (2.8). We have

21

1
= 5 Hau)(1 = 6) + Hydg Hy.

Further, using the anti-linearity of H,,,

AgH] = (Ag — Af + ADHS = -—( H2(1 - 0))(1 - 0) + A3H]

i
H,A¢H, = H,(Ag — A; + A;)Hu = —Z(l —0,H,YH,(1—-0)+ HuA;Hu
i
= —E(-,u)u + HMZAQ

Combining these identities, we obtain (4.2). [
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4.2. The action of Hy on the cyclic subspace generated by 1 — 0

As in the introduction, we denote by A; > --- > Ay > 0 the singular values of H,, and by
Ep, (A;) the corresponding Schmidt subspaces. We set for brevity E; := Eg, (4;) and
denote by P; the orthogonal projection onto E;. Observe that i, commutes with H?2 and
therefore it commutes with P;. We also set g = 1 — 6 and

gj = Pjg, Uj = Pju.
By the previous lemma, we have H, g = u and therefore H,g; = u;.

Lemma 4.2. For any j, none of the elements g, u, H,u are orthogonal to E;. Further-
more, we have
Hyuj = kje”"f uj, Hygj = Aje_”"f gj 4.4)

for some unimodular constants e'%’ .

Proof. Since H, E; = E; (see Theorem 1.2), the three conditions g 1. E;, u L E; and
H,u L Ej; are equivalent to each other.

Suppose, to get a contradiction, that for some j we have Pjg = 0, i.e., the three
orthogonality conditions above hold. For f € E;, applying the commutation relation (4.2),
we get

AgHy f = HiAgf.
which can be rewritten as

H7Agf = Mg f.

Thus, Ag f € Ej, and so we obtain that E; is an invariant subspace for Ag. Further,
by (2.8), we get Ay f = Ag f forany f € E;. This contradicts the complete non-self-ad-
jointness of Ag (see Lemma 2.1).

Let us prove that H,u; and u; are collinear. Let f € E; Nu ]4; then

(ApHy fouj) — (HyAg fouj) = Aj{Ag fruj) — A7 (Ag fru;) = 0.
By the commutation relation (4.2), this yields f L Hyu, hence f L Hyu;. Thus, we get
E;n u]J-' CE;n (Huuj)l.

Both of these subspaces are non-trivial and have codimension one in E;. We conclude
that these two subspaces must coincide, which means that u; and H,u; are collinear.
Since
2 2 2 2
IHwuj |17 = (Hyujug) = A5 lu )17

from the previous step we get the first one of relations (4.4) with some unimodular con-
stant e’%/ . Substituting u; = H,g;, we obtain the second relation in (4.4). m
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4.3. Proof of Theorem 1.3

The first two statements of the theorem are already proved in Lemmas 4.1 and 4.2.
It remains to prove the third one. Using (4.1), we obtain

wj = (AgHyg;. H,g;) = (gj. HyAgHyg;) = (gj. ASH. g))
=17 (Aggj.gj). (4.5)

Further, using (2.8),

2

A
Imw; = A2Im(4gg;.g;) = ~1(g;. 8

A2 g |4
_ Ml
4

s (4.6)

4.4. The matrix structure of Ag

In preparation for our discussion of the inverse problem in the next section, here we dis-
cuss the matrix structure of Ay with respect to the orthogonal decomposition (1.12).
It turns out that the off-diagonal entries of the matrix of Ag are rank one. We compute
these entries here. Recall that P; be the orthogonal projection in Ky onto E;.

Lemma 4.3. Forall j # k, we have

P A2 LA elei—er)

1 jMk
PrAgP; = — -2

27 A7 =23

(. 8/)8k- 4.7)

Proof. Let fj € E; and f; € Ey; then, taking the bilinear form of the second commutation
relation in Lemma 4.1, we obtain

G = 3D Ao fi. fi) = 5=y Hatg e i) = 5ok i
Recall that
uj = H,gj = Aje"%ig;, Hyu; =HZ2gj = )L_lz-gj.
Substituting this into the above formula and dividing by )sz- - Ai, we obtain

i )LJZ- — Ajkkei(¢j_¢k)
Py 2 2
2w )Lj — AL

(Ag 17, fie) = (fi- &gk fi),

as required. ]

We note here that the diagonal entries P; Ag P; have more complicated structure, to
be discussed in the next section.
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5. Inverse spectral problem: The spectral data and uniqueness

5.1. Preliminaries and notation

The aim of this section is to prove the uniqueness part of Theorem 1.4 and to give an
explicit formula for the symbol u (and other objects) in terms of the spectral data (1.11).
In order to motivate these formulas, we make some preliminary remarks and calculations.
We follow the notation of the previous subsection; in particular, u, 8, A;, E;, el wj,
gj, uj are as above. We also denote for brevity

vi = llgil-
Then formula (4.6) becomes
A2p4
Imw; = —L; (5.1)
/ 4z’ :
in particular, v; is determined by the spectral data (1.11).
First observe that by (2.4), we have
1
w(x) = —((4; —x)"'w,g), Imx>0, (5.2)
2ri
for any w € Ky. Applying this to u and recalling that by Lemma 4.2,
N N
u=Q uk =) ke % g
k=1 k=1
we find
1 N
_ —ig * -1
u(x) = o— > Ae (A5 — ) gk )
k=1
| N
=5 D e (M =0 ). 53)
kj=1
Thus, u(x) will be determined if we compute all matrix entries
(A5 =) gk &5)- (5.4)

This leads us to the consideration of the matrix structure of Ay in the orthogonal decom-
position (1.12). We have computed the off-diagonal entries of A in this decomposition
in the previous section. Here we start by discussing the diagonal entries.

In this section, we will use some matrix notation which we explain here. Below (-, -)
is the inner product in C N We denote by 1;,..., 1y the standard basis in C N and
I1=(,....,1)T e CN.If (a1, ..., ay) are complex numbers, we will denote by D(c)
the diagonal N x N matrix with «y, . .., @ on the diagonal.
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5.2. Diagonal elements of Ay

Here we consider the operator Py Ay Py acting in Ey. Recall that by Theorem 3.7, we have

(Ao(pjh), pjw) = (Ay; h,w) +¢j(h, 1 =Y )(1 —¢j,w), hw e Ky,
with some constants c;. Further, by Lemma 3.3, we have
8k = Pl,oo Pik(1 — Vi),
where pr oo = pr(00).
Lemma 5.1. For Imx > 0, we have

vZ 1 — Y (x)
I =¥l 55 + (1 — yr(x)

Ri(x) := ((Px Ay Pr — xI) ' gr. gk) =

Proof. Let us compute the vector
f = (PeAgPr—xD) g
by solving the equation
PrAgf —xf =gk, f € Ex.
Using (5.6) and writing f = pih, our equation becomes

PrAg(prh) — xprh = Proo Pk (1 — V).

Let us take an inner product of this with an arbitrary element pyw € Ex, w € Ky, :

(Ag(prh)., pew) — x(h, w) = Pk,oo(l — Vi, w).

Using (5.5), we obtain
((Ay, —xD)h,w) + e (h, 1 =Y ){l =Yg, w) = Proo(l — Vi, w).
Since w € Ky, is arbitrary, this implies
(Ay, =) +C(h, 1 = Yi) (1 = V) = Proo(l — Yi)-
Let us apply (A:;,k — x)~! and take the inner product with 1 — yr:
(1= W) + T (h 1=y ) (A7, — )71 =), T — )
= Ploo (A}, — )71 (1= Y). 1 = Yie).

By (2.4), we have

1
1= Y (x) = ﬁ((AZZk —0) 7 (=) 1= Yi).

i

(5.5)

(5.6)

(5.7)
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and therefore our equation becomes

1
(h 1= y) (5 + (1 = Vi) = Pl = V().
Finally,

— Y (x)
=t Ck(l — Y (x))

Ri(x) = (ph. gk) = Proo(h. 1 = Vi) = | prool”—

Computing the norm in (5.6), we obtain

k = &kl = | Pr,oolll Pk (1 = Vi) | = | Pi,ool IIT — Y|l

Putting this together, we arrive at the required formula. ]

5.3. Matrix elements of the resolvent of A

Here we compute the matrix entries (5.4). First let us introduce notation for the (normal-
ised) matrix elements of Ay with respect to the vectors g;,

1
Ay = ——(Apg;. gk).
kj \)]21)13( Ogj gk)

The off-diagonal entries have already appeared in the right-hand side of (4.7):

i AJZ_ — Ajkkei(¢j_¢k)

= — i £ k. 5.8

The diagonal entries are given by (4.5), viz.

wj _

Ajj = (5.9)

2.4 s
Ajvj 47 Im w;

Next, for any x in the open upper half-plane we define an N x N matrix Q(x) as fol-
lows:

Oj(x) = (A*)k,-, k # j, (5.10)

Okk(x) = Re ( ) (5.11)

where Ry (x) is defined in the previous lemma. The following lemma is nothing but some
linear algebra.

Lemma 5.2. For any n, m, we have
(A5 =) " gm. gn) = (Q(x) " Lpm. 1) (5.12)

Proof. Fix m and denote f = (A4 — x)"!gm,. Our aim is to compute (£, g,); the ele-
ment f satisfies the equation
(A5 —=X)f = &m. (5.13)



Inverse problem for Hankel operators 4615

Let us write f = Z]]-VZI f; with f; € E;. For every j, we have
Apfj =D (A (i 8j)8k + P AP f;.
k#j
Thus, our equation (5.13) becomes a system
(PeA Pe = x) fic + ) (A )i (- 8)8Kk = Semgi. k=1.....N
i#k
Inverting Py Ay P — x, we get
St D (A (S8 Y (PeAj P —x) ' g = Skm (P A P —x) g, k=1.....N.
i#k
Let us take the inner product with gz and use the notation Ry (x):

(fir 8k) + D (A")kj ([ &) Ree(x) = SkmRi(x),  k =1,...,N.
J#k

Denote £ = (£1,....En)" € CN, & = (fx. gx): then we obtain

Er + Z(A*)kji:j =68m, k=1,...,N.
Ry (x) i

By the definition of Q(x), this rewrites as

Q(x)§ = 1.
Thus, £ = Q(x)"'1,, and

(A5 =) gm.gn) = (fogn) = & = (£, 1) = (Q(x) 'Ly, L),

as required. ]

5.4. Expression for Q(x) in terms of the spectral data

We have defined the diagonal entries of Q(x) in terms of Ry (x), and expression (5.7)
for Ry (x) involves the constants cg. It is not obvious that Q(x) can be expressed entirely
in terms of the spectral data (1.11). Let us show that this can be done.

First we need some notation. For every j and Im x > 0, we define
(Al 14 ) Refdy, (1 ¥ 1=¥3)

bj(x) = ) i

2w Ty =

(5.14)

Clearly, b; is determined by the spectral data; we recall that v]? = —V‘”;jmw’ By (2.13)
and Lemma 2.8, this is a rational Herglotz function with the representation

bix) =y 2 (5.15)

X Qj — X
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with some ¢ = 0 and aj; € R. Again by Lemma 2.8, this function is Frostman-invariant
(i.e., invariant with respect to the action of Frostman shifts on ;).
Let Q(x) be as defined by (5.10), (5.11). Recall that D(«) := diag{ay,...,an}.

Lemma 5.3. The matrix Q(x) can be expressed in terms of the spectral data by
0(x) = A*—xD(?) ! = D(b(x)), Imx > 0. (5.16)

Proof. For the off-diagonal entries, (5.16) evidently agrees with (5.10). The issue is only
to check that the diagonal entries agree. First we compute, using (4.5), (5.6) and (5.5):

Rewr  Re(dy, (1 —vi). 1 —vx)

ATvi 11— vell?

_ Re(4ogk. gr)  Re(dy, (1 —vp), 1 — i)

el I — vl

_ Re{Ag(p (1 = Y1), pic(1 = ¥)) — Re(Ay, (1 = ¥), 1 = ¥)
e (1 = Y |12 11— e l?

_ Re{Ag(p (1 = ¥i)), prc(1 = ¥x)) — Re(Ay, (1= ¥), 1 — ¥)

I = vl 1T = vl
Re |1 — e * 2
TR [T — ¥ll” Re ck.

Writing the diagonal entry of the right-hand side of (5.16) and using the last formula,
we get

- X . X
Ak — — — br(x) = Re g — i Im Agp — — — bi(x)
vz Vk

_Rewe i 11—yl 14 vac(x)
AZvi Am o Ami vz 1 — Y (x)
~ Re(Ay, (1 —yy), 1 — i)
VeIl =y 12
1— 2 j 1 |1- 21
_ | 12/fk|| Recp — &+ 1= vicll® 1+ yie(x)

4r  Awi V7 1 —vYr(x)

Vi

On the other hand, let us compute ﬁ and use (3.11),

L =yll? 1 1 _
RIE RN
Ry (x) Vi 27i 1 — Y (x)

1— Ye|? 1 v? i 1 1

BT PN B S IR

vy Ami |1 =y |?2  dm  2mi 1 — Y (x)

) 1— 2 11

_ i Zlﬂk” (Reck+—, +‘/’k(x)).
4r Vi 4mi 1 — Y (x)

Putting this together, we obtain the required identity. ]
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Remark 5.4. Note that in the simple spectrum case, by performing a Frostman shift in
each subspace p; Ky,;, we can choose

X—1
x+i

Vi(x) =

for all j. Then a calculation shows that |1 — v;||> = 47 and the formula for Q(x)
becomes
0(x) = A* —xD(W*) L.

5.5. Uniqueness and formula for u

Now we can put it all together and give a formula for u in terms of the spectral data. The
theorem below is more precise form of Theorem 1.4 (i).

Theorem 5.5. Let u be a bounded rational function without poles in the closed upper
half-plane, normalised so that u(co) = 0. Then u is uniquely determined by the spectral
data (1.11) according to the following formula:

u(x) = ﬁ(Q(x)_lD(A)D(e_i“’)]l, 1), Imx >0. (5.17)

Here
0(x) = A* —xD(*) ™! = D(b(x)),
where the matrix 4 is defined by

F A2 A el(ei—er)
1 Jj 'k .
A = =2 , k,
Mo 22— 7
wj wj

2.4 )
)Ljvj 4 Im w

Ajj =

and b; are the functions defined by (5.14).

Proof. Combining (5.3) with (5.12) gives

= . 1 .
u(x) = Ekglxke—'“@(x)—‘ﬂk, 1;) = E(Q(x)_‘D(A)D(e"w)JL 1),

as required. ]

5.6. Formula for g;

For our proof of surjectivity in the following sections, we will need a formula for g;,
which appeared in the proof of the above theorem. It will be convenient to have it in the
vector form.
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Lemma 5.6. The vector
g(x) = (g1(x).....gn(x) "

can be expressed in terms of the spectral data by

1 _
g(x) = - —(0() )7L (5.18)
i
Proof. As in the proof of Theorem 5.5, taking w = g in (5.2) and using (5.12), we obtain
1 _ 1 _
ge(x) = —((45 =) 'gr.8) = =—(Q(x) ' 1x. 1)
2mi 2mi

= W)L 1),
Tl

Writing this in the vector form, we obtain (5.18). [

5.7. Formula for pj

For our proof of surjectivity in the following sections, it will be convenient to have a for-
mula for the isometric multiplier p; in the representation E; = p; Ky . First let us fix
the unimodular multiplicative constant in the definition of p;. By (1.8), this can be done
so that

Hy(pjh) = Ajpj¥ih. heKy,. (5.19)

This does not fix p; uniquely but up to a factor of =1 (observe that (1.8) is invariant under
the change p +— —p).
Take h = 1 — v in (5.19),

Hy(pj(1 =) = —A;pj (1 — ;).

On the other hand, (4.4) gives the equation H,g; = A; e i gj and (5.6) gives a relation
between g; and p; (1 — ;). Putting this together, after a little algebra we obtain

o0 = _Pioo (5.20)
Pj,00

Next, by (5.6) again we find

P 1 =

Taking into account (5.20), this becomes

pj

pj = viemierz 181 2NVl 8 (5.21)
|Pjool 1= vi o 1=

where the sign & remains undetermined.
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5.8. Formula for 6(x)

Below, we give a formula for 6(x), Imx > 0, in terms of the spectral data. We do not need
this formula in the rest of the paper, and so we give it without proof. Along with Q(x),
consider the matrix

0% (x) = A—xD(W?»)™ ' = D(b(x)), Imx > 0;

the difference with Q(x) is that here we take + instead of #4*. The matrix Q*(x) is
no longer necessarily invertible in C4. The inner function 8 can be recovered from the
spectral data by the formula

et 0% (x)
" detQ(x)’

The idea of the proof is to start from formula

N
I—QZZgj =
ji=1

express p; according to (5.21) and rearrange the result using some matrix algebra similar
to the one of Section 7.1 below.

Imx > 0.

f(x)

N
Pl (1 =5),
j=1

5.9. Comparison with [24]

For the reader’s convenience, we compare the spectral data of Pocovnicu’s paper [24]
(where the case of singular values of multiplicity one was considered) with the one of this
paper. In [24], notation y; is used for Re w; and ¢; is used for ¢;. Notation A; and v;
in [24] have the same meaning as here. The spectral data in [24] is

Q230 {4 A | (20 {Rew; } )

these are the generalised action-angle variables for the Szegd equation. Taking into ac-
count (5.1), we see that this spectral data is in a one-to-one correspondence with our
spectral data (1.11).

6. Inverse spectral problem: The surjectivity of the spectral map

6.1. The set-up

Suppose we are given N € N, and the spectral data (1.11), where

e 0< Ay <Ay <--- < Ay arereal numbers;

{y; }§V=1 are finite Blaschke products with the normalisation condition ¥;(00) = 1;

{e'¥i }szl are unimodular complex numbers;

{w; }}V=1 are complex numbers with positive imaginary parts.
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We define the numbers v; > 0 so that (4.6) holds, i.e.,
dr Imw; = Ajz-vf.

With these parameters, let us define the N x N matrices 4, Q(x) as in Section 5.5.
Since

0(x) = A* —xD(*)~" = D(b(x))
and, by Lemma 2.8,
1
b(x) = 0(;) [x] = oo,
we find that

1
x|

()" = LD + 0( ) x| = oo. 6.1)
X

Theorem 6.1. For every x € C, the matrix Q(x) is invertible. Furthermore,

sup [|Q(x)~!]| < co.

XGC+

Observe that as a consequence, the radial limits
lim x+ie)™!
e—>0+ Q( )

exist for a.e. x € R. We now define u(x) by formula (5.17). It is evident that u is a rational
function; by (6.1), we have u(x) — 0 as |x| — oo. Furthermore, by Theorem 6.1, u(x) has
no poles in the closed upper half-plane. The main result of this section is the following.

Theorem 6.2. The Hankel operator Hy, corresponds to the spectral data (1.11) according
to Theorem 5.5.

The main step of the proof is as follows. Let us define the functions g;(x) by (5.18).
By definition, these are rational functions going to zero at infinity and by Theorem 6.1
they do not have poles in the closed upper half-plane. Thus, g; € H? for all ;.

Theorem 6.3. The eigenvalue equations
Hygj = Aje™ig;, j=1,..N,
or in the vector form,
P (ug) = D(A)D(e¥)g, (6.2)
hold true.

In this section, we prove Theorems 6.1 and 6.3. In the following section, we prove
Theorem 6.2.
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6.2. Algebraic properties of the matrix A

For convenience of notation and also to make the connection with Hankel operators more
transparent, let us define the anti-linear operator # in C" by

Hf=DOWDE™) . [=(f.....[0)" (6.3)
Lemma 6.4. The matrix A satisfies

1
ImA = — (-, 1)1, (6.4)
4

A = HA. (6.5)

Proof. First let us check (6.4). For j # k, we have

1 - 1 i 1 o . .
E(’A’kj - ’A’jk) = Zﬂm(kf —/\jkke""-/e 1Pk —ki + kj)kke ”pke”p-’)
j k
_ 1
C4Arn’

which agrees with the right-hand side of (6.4). For j = k, we have

1
ImAjj = E,

which again agrees with (6.4). The second identity (6.5) can be written as
Ajrhje T = Ay dge K

in terms of the matrix entries. For j # k, the matrix +4 satisfies this relation by an inspec-
tion of the definition of v ; for j = k this relation is trivially true. [

Lemma 6.5. The eigenvalues of 4 lie in the open upper half-plane.

Proof. Since by (6.4) we have Im # = 0, the question reduces to proving that 4 has no
real eigenvalues. Assume, to get a contradiction, that Ker(s4 — A1) # {0} for some A € R.
Since Im 4 = 0, from here we easily check that

Ker(sA — A1) = Ker(A* — AT).
Now let f € Ker(s4 — AI); by (6.5), we have
AHf =AH ],

i.e., (A* —AI)H f =0, and therefore (A — AI)F f = 0. Thus, we see that Ker(A — A1)
is an invariant subspace of J. It follows that it is also an invariant subspace of the lin-
ear Hermitian operator #2 = D(A)2. It is also clear from (6.4) that Ker(A — A1) is
orthogonal to the vector 1. But this vector is clearly cyclic for D(1)2. This contradiction
completes the proof. ]
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6.3. Proof of Theorem 6.1

Leto C {1,..., N}; we shall denote by P, the orthogonal projection from C* onto the
|o|-dimensional subspace

{xeCV :x;=0fors ¢ o}
We shall denote by C the closed upper half-plane Im z > 0.

Lemma 6.6. Let A be an N x N matrix such that for any subset L C {1,..., N}, and
forall By € C4, L € L, the |L| x |L| matrix

D(B) + PLa"%Pik
is invertible. Then
sup  [[(D(@) + A)7" < oo.

O] e XN E(C+

Proof. Assume, to get a contradiction, that there exist sequences o™ e (C;)V and
X e CV such that | X ™| = 1 for all n and

[(D@™) + AXD| -0, n— .
After extracting a subsequence, we can achieve
X® X, x| =1

Furthermore, again extracting subsequences, we can split the index set {1, ..., N} into
disjoint subsets J U L as follows:

J={je{l....N}:|a\”| = 0o, n — oo};
L={te{l,....N}:a” - a e Cy).
Now for every j € J, we have
a X" 4 (AX™); 0,
as n — o0, and therefore
aP X" — —(AX);.

It follows that X;”) — 0asn — oo,and so X; = 0.
Next, for every £ € L, we have

a X"+ (AX M), -0,
which yields

Xy + (AX) =0.
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Denoting 8¢y = ay, £ € L, this can be written as
D(B)PLX + PLAX = 0.
But by the previous step, X = P;*Pr X, and so we obtain
D(B)PLX + PLAP/PLX =0.

By the assumption of the invertibility, we conclude Pr X = 0, and so X = 0 — con-
tradiction! un

Proof of Theorem 6.1. 1t suffices to prove the corresponding statement for Q (x)* in place
of Q(x). Further, since

Q(x)* = A—=XD(?) ™! = D(b(x))*,

and Im(xvj_2 + b;(x)) > 0forall x € C, it suffices to prove that for any ¢q,...,{y € C4
the matrix 4 + D() is invertible and

sup (A + D) < oo.
;1,...,§N€C+

Let us show that this follows from the previous lemma. For {; € C, write {; = o; + if;
with o; € R, B; > 0. First, notice that Lemma 6.5 remains valid if we replace /4 by
A + D(a). Next, since

Im(A + D(¢)) = Im A + D(B) = 0,

it is clear that all eigenvalues of 4 + D(¢) lie in C. If (A 4+ D(¢)) f = Af for some
A € R, then taking the imaginary part of the quadratic form, we obtain Im(A £, f) = 0,
and so A is an eigenvalue of # + D(«), which is impossible. Thus, all eigenvalues of
A+ D(¢) liein Cy.

Finally, considering any square submatrix of +, we observe that it has the same struc-
ture as # itself, and so the above argument applies to this submatrix. It follows that the
hypothesis of Lemma 6.6 is satisfied, and we arrive at the required result. ]

6.4. Orthogonality of g;

Our aim here is to prove that g; form an orthogonal set in H 2, normalised by

lgill = vj.
In view of (5.18), this is a consequence of the following.
Lemma 6.7. Forany X,Y € CV, we have
1 o0

el (Q()'X, 1)(Q(x)"1Y, 1) dx = (D(v})X.Y). (6.6)
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Proof. As a first step, let us prove the identity
1
ImQ(x)™! = 4—Q*(x)—1((-, 1)1)Q(x)"! forae.x € R. (6.7)
"4

Recall that
Q(x) = A* —xD(?)™" = D(b(x)).

and Imb; (x) = 0 for a.e. x € R. It follows that
1
ImQ(x) =ImA* = —ImA = —4—( 1)1 forae.x € R.
"4

From here we get the required identity (6.7).
Next, observe that by (6.7), the integrand in the left-hand side of (6.6) rewrites as

(00 X IO TV T = —{Im 00 X.7)

/4

(0™ X, ¥) ~ [0 TV X))
Tl

for a.e. x € R. Therefore, the left-hand side in (6.6) rewrites as
1 R 1 L —
— lim / (0(x)™'X,Y)dx — — lim / (0(x)~1Y, X) dx.
2mwi R—~oo J_R 2mwi R—~oo J_R

Deforming the integration contour from [—R, R] to the upper semi-circle of radius R
centered at the origin and using (6.1), we obtain

(D(V?)X.Y),

N =

R
1 lim/ (0(x)™'X,Y)dx =
oo J_R

27wi R—~

and, by complex conjugation,

L lim /R (0(x)71Y, X)dx = —l(D(vz)X Y)
27mi R—oo J_p ’ 2 o

Putting this together, we obtain (6.6). ]

6.5. The action of Hy, on g;j

Our aim here is to prove Theorem 6.3. We recall that by our definitions,

N
u(x) = Y A;¢7% g;(x) = (D(A)D()g(x). 1). 6.8)

j=1

Lemma 6.8. Let f € L2(R) be such that xf € L*(R). Then

1 (o]
Py (ef) = ¥P4 (/) + 3 /_ F(x) dx.
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Proof. We have

foy = [T L9

278 J oo X —Z
and therefore

1 ® xf(x) 1 ® zf(x)

P (xf)@) = 2P (f)(2) = — dx — — dx
Tl J oo X—2Z 270 Joo X — 2
1 o
5 [ 1
271 J oo
as required. ]
Lemma 6.9. We have the identity
2y—1 = = 1 —i u(x)
(A—=xDW?) )P (ug) — P uD((B)g) = >—=DA)D(e"") 1 - —1. (69
2mi 2mi
Proof. By the definition of g (cf. (5.18)), we have
1
0T ()g(x) = 5 —1. (6.10)
i

Let us take the complex conjugate of this equation, multiply by u(x) and apply P :

_ 1
PL(uQ*g) = —%ul.

By the definition of Q(x) and by using Lemma 6.8, we rewrite the left-hand side as
PL(uQ*g) = AP, (ug) — P4 (xuD(v*)"'g) — P(D(b)ug)
1 o0
= (A= xDOA P D - 5 D0 [ uwelda
2 —00
— P (D(b)ug).

Observe that by (6.10), we have QT (x)g(x) € H®, and also by the definition of g(x),
we have xg(x) € H; thus, all the expressions above are well defined.
By (6.8) and the orthogonality of g;, we get

/OO u(x)g(x)dx = D(W?)D(A)D(e*¥)1.

—0o0

Putting this together, we obtain the required identity. ]

Lemma 6.10. We have the identity

u(x

0" (DD )g(x) = 5 DD )1 - 501 6.11)

i 2mwi

forae x € R.
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Proof. Since Im A = ﬁ(-, 1)1 and D(b) is real on R, we have

Q*(x)D(2) D(e™")g(x)

(A — A* + A" —xD0?) ' = D(b))D(X) D(e*)g(x)
= j—;(D()L)D(e_i"’)g(x), 1)1 + Q(x)D(A)D(e~"?)g(x)
fora.e. x € R. By (6.8),

u(x)

 27i

z(D(A)D(e—"‘/’)g(x), 1)1 = 1.
4

Further, by the commutation relation (6.5), we see that Q(x) satisfies
D(R)D(E)0(x)" = Q(x)D(A)D(e ™).

Using this formula, we obtain

0(x)D(A)D(e™"*)g(x) = D)D) QT (x)g(x) = %D(A)D(e—"ﬂ)n,

i
where we have used (6.10) at the last step. Putting this together, we obtain the required
identity. ]

The next lemma involves multiplication by b;(x) on the real axis. Here we need to
proceed with caution because b; (x) has poles on the real axis, see (5.15). We claim that

D (x))Q(x)"' € H®(C4) and D(b(x))u(x) € H®(C.). (6.12)

Indeed, from Q(x) = A* — xD(v?)~! — D(b(x)) it is clear that Q(x) has singularities
at the same points as D(b(x)), and so these singularities cancel out. As an alternative
argument, one can write

I = (A" =xD0) ™ HO) ™ =DOBMX)Q(x)~, xeCy;

by Theorem 6.1, one finds that the product D (b(x))Q(x)~! is bounded outside a neigh-
bourhood of infinity. On the other hand, this product is bounded in the neighbourhood of
infinity because both factors are bounded there. This gives the first inclusion in (6.12); the
second one follows by recalling that definition (5.17) of u(x) involves Q(x)™!.

Lemma 6.11. We have the identity
Py (Q*(x)'PL(uD(b)g) = P (Q*(x)"' D(b)P, (ug)).
Note that by (6.12), both sides here are well defined.

Proof. Let us take the inner product of the left-hand side of the required identity with an
arbitrary element f € H?:

(P+Q*(x)"'P+(uD(b)2). f) = (P+(uD(h)g), Q(x)~'f)
= (uD(b)g, Q(x)™'f) = (ug, D(b)Q(x)~'1).
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Since D(b)Q(x)~! € H®, we have
(ug. D(b)Q(x)™'f) = (P4 (ug). D(b)Q(x)~'f)
= (Q* () D(D)P+ (). f) = (P+(Q*(x)™ D(b)P4+ (ug)). f).
This proves the required identity. -
Proof of Theorem 6.3. Let us apply O*(x)™! to both sides of (6.11) and then use (6.9):

DA)D(e)g(x) = Q*(x)™" (_ D()D(e=*)1 — Z(X) 1)

= Q" (x) (A —xD(W*) P (ug) — Q" (x) "' PLD(b)R).
Next, let us apply P4 to both sides and use Lemma 6.11:
D) D(e")g(x) = P+ 0*(x)" (A = xD(W?}) T )PL(uE) — PL 0™ (x) "' P+ (uD(b)E)

=P, 0* (1) (A — xDO))PL(u) — P4 0*(x) "' D(B)P4 (uB)
= PL0*(0) ' Q)P+ (uB) = P1(ug) = H

This is exactly the required eigenvalue equation in the vector form (6.2). ]

7. Proof of Theorem 6.2

In this section, we complete the proof of the surjectivity of the spectral map. An important
step consists in establishing that the rational function p; is indeed an isometric multiplier
on the model space Ky, . An ingredient of this proof is a representation of the functions p;
in terms of a completely non-unitary contraction on C, which is inspired by Sarason’s
work [26].

7.1. Rational function pj is an isometric multiplier on Ky,

Let us define p; as in (5.21), selecting for definiteness the sign “4-":

—zgoj/2 ”] % ” gj

pj=i :
’ vio L=y

In the vector form, denoting
P= (pl""’pN)Tv

recalling formula (5.18) for g and setting y; = ﬁ; [T — |, we obtain

p= %D(f"wﬂ)b(y)mv)—lz)(l — )T

We need to rearrange this expression as follows.
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Lemma 7.1. We have
p = D(e %I — BD(y))™' B, (7.1)

where B € CV and B is a completely non-unitary contraction in CN (with respect to the
usual Euclidean norm), satisfying

BB* + (.88 =1. (7.2)
Proof. First we rewrite formula (5.16) for Q(x) as

0() = A7 =iDOHDPOA D ().

where

o (Re{dy, (1= ). 1)
Al.—A—dlag{ ij”l—%”z }

Then we have

D(y)DW)'DI—¥) " (Qx)")!
= D(y)DW)'D(1 =)~ (A —iD(*) D) ' DA+ y)D(1 —y)~H)~!
= (A1 D(y)"'D)D(1 — ) —iD(y)D(v) "' D(1 + )"
= (D(W)D(y) " AID(y) ' DW)D( —¥) —iD(1 + ¥)) "' D(y) "' D(v).

Denote for brevity
Az = DW)D(y) "' A1 D(y) " D(v),

then
(A2D(1 — ) —iD(1 + ¥) ' D(y) "' D(v)
= (s —i — (A2 +0)D(¥) ' D(y) ' D(v)
= (I — BD(¥)) (A2 — i)' D(y) "' D(v),
where

= (Ay — 1) (A2 +1).
This yields (7.1) with
1 —
B = ﬁ(o‘%z —i)7'D(y)"' D)1

Next, let us prove (7.2). We will see that this is a consequence of the rank one relation (6.4)
for 4. Since

ImA =ImA; = —(-, 1)1,
4

we have |
Im A, = o (-.D()"'DW)1)D(y)"' D)1,
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and therefore
BB* = (A — i)~ (A2 + 1) (A = )(A" + )7
= (Ao =) Aoy + 1 +2ImAZ) (A" +i)7!
=1 - (A=) 4ImA) (A2 +i) =1 — (- B)B.
Finally, let us check that B is a completely non-unitary contraction in C¥ . The fact that B
is a contraction is clear from (2.11). To check that B is completely non-unitary, let us first

consider the matrix +, and check that it is completely non-self-adjoint. Indeed, sup-
pose A, has a real eigenvalue A with an eigenvector f; then

(A1 = AD()* D)D) D) f =0,

But this is impossible for f* # 0, because A; — AD(y)?D(v?)~! is completely non-self-
adjoint (see Lemma 6.5). Since +; is completely non-self-adjoint, so is #;; it follows
that B is completely non-unitary. ]

The isometricity of p; is a consequence of the following lemma.

Lemma 7.2. Let B be a completely non-unitary contraction in CV, and let
BB* + (. B)B =1

with some vector B € CN. Let Y1, ..., ¥n be inner functions in C, and let the vector p
be defined by

p(z) = (I —BD((2))7'B, zeCy.

Then each pj is an isometric multiplier on Ky, .

Proof. Step 1: Let(y, ...,y be complex numbers in the closed unit disc, |{;| < 1. As B
is a completely non-unitary contraction, so is BD({), and therefore, by a compactness
argument, the norms

I(Z = BDE) ™|

are bounded uniformly for |{;| < 1, j = 1,..., N. It follows that the inverse
(I =BDy ()", xeCy,
is analytic and bounded in C.

Step 2: Let x € R; denote for brevity A = BD (¥ (x)). Observe that we have BB* = AA*.
Furthermore,

(= A)7'B); P =10 —ADBBU —AHT;
=[(I — A)7' I = AA*)(I — A7),

and

(I—-A "I —AAYT - A ' =T+ T —A) A+ A*T — AL
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It follows that
pj C)? = 1+ [(I = BD((x)) "' Bljj ¥ (x) + [B*(I = D((x)*B*) ™' ¥ (x).
Let us multiply this by |k (x)|?, where h € Ky ;. We obtain, for x € R,

1p; ()P |h(x)]* = [h(x)|* + [(I — BD(¥(x))) " Bl;; (¥ (x)h(x)h(x)
+[BT(I = D(¥(x))BT)~1]; (¥ (x)h(x))h(x).

Observe that the second term in the right-hand side is the boundary value of a function
in H!(C), while the third term is the complex conjugate of such boundary value. It fol-
lows that the integrals over R of both these terms vanish, and so integrating yields the
required isometricity of p;. |

7.2. The action of Hy on pj Ky,
In Theorem 6.3 above, we have checked the eigenvalue equation

Hugj = Aje "% g;. (7.3)
Here our aim is to compute the action of H, on the whole subspace p; Ky, .

Lemma 7.3. Forevery j =1,..., N and for every h € Ky,;, we have
Hy(pjh) = A, pjjh. (74)

Proof. Recall that p; is defined by the formula

=4 e—i@,—/zﬁi,
b i vi I =1

and we have already checked that p; is an isometric multiplier on Ky . The desired
equation (7.4) can be written on the real line as

Py (upjh) = Xjpjvjh.
i.e., we need to check that
F = up_jl;—/\jpjl/fjl; € HZ(C_).

Let us check this inclusion. Observe that by construction, F' is a rational function without
poles on R and F(x) = O(X%) as |x| — oo. Thus, we only need to check that F has no
poles in the open lower half-plane.
First note that by the same logic the eigenvalue equation (7.3) can be transformed into
the condition
G :=ug; — Aje g e H*(C.).

Observe that G is a rational function without poles in the closed lower half-plane.
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Next, recalling the definition of p; and using that |y/;| = 1 on the real line, we find

_—z«/_y] ”"//2( ug]i—l—k —ig; &I 7T gﬂ/f] )——l\/_y] ipj/2_—7 Gh
Vj 1—vy; 1=y Vj —%

From this representation, we see that F' has no poles in the open lower half-plane. The
proof is complete. u

7.3. Identification of 6

Lemma 7.4. Let 0 be the finite Blaschke product such that Ran H,, = K¢ and 0(c0) = 1.
Let g be defined by

N
g=> g
j=1
where g is given by (5.18); then g = 1 — 6.

Proof. By Theorem 6.3, we have

N N
Hy,g = Z Hygj = lee_ing =u.

Jj=1 J=1

On the other hand, we know from Lemma 4.1 that Hy,(1 — 8) = u. It follows that g —
(1—46) € Ker Hy,.

Further, by the definition of g and by Theorem 6.3, we see that g € Ran H,,. Also,
1 — 0 € Ky = Ran Hy,. It follows that g — (1 — #) € Ran H,;; we conclude that g —
1-6)=0. L]

7.4. Identification of the range of Hy,

Lemma 7.5. The range of Hy is given by

N
Ran H, = @pkK,/,k.
k=1

Proof. By Lemma 7.3, the subspaces py Ky, are mutually orthogonal and

N
@PkKwk C Ran H,,.
k=1

It suffices to check that for some dense set D in Ran H,,, we have

N

D c P puKy,.
k=1
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We use Corollary 2.4 and Lemma 7.4; let us prove that for any { € C,

N
(A5 —0)"'g € P peKy,
k=1

By the definition of g, it suffices to check that

N
(A5 —07"g; € P peKyy
k=1

forallj =1,..., N and all ¢ € C.. From formula (2.3) for the resolvent of 4 and from
formula (5.18) for g;, we find

gi(x)—gi ()
x—¢ N

Q) = 2D 'L (QT(x)~'1).

(45 =07 lgi(x) = ﬁ(Q(X)_l(Q(C) —0(x)Q(©)~'1;.1)

1
= 2!
Recalling that

1
g() = 7—(Q ()1

and on the other hand

L4y Q) 1+ v)y
@ T-v(
W0 Y6y
1T—y @)1 —y&)/

0(x) = 0(¢) = =Dy D)™ D(

= ~iD() D)™ D(

we obtain, for some constants ¢k (¢),

§0) =80 g Wr() — Y @)
R DU sy ey T on

k=1

Since g () = Pk.oo Pk (X)(1 — ¥ (x)), we are left with a linear combination of terms of
the form

P VI oy, =67 1= ),

which belong to py Ky, . This completes the proof. ]

7.5. Identification of wj

Lemma 7.6. Forany X,Y € C¥, we have

/oo (O(x)'D(b(x)X,1)(Q(x)~1Y, 1) dx = 0. (7.5)

—0o0



Inverse problem for Hankel operators 4633

Proof. Following the proof of Lemma 6.7, we obtain

(00 D)X, 1O TV, 1)
= L (o) D)X, )~ 0TV, DB)X)).

2mi

Since b; are real-valued on R, we have

(Q()71Y. D(b(x))X) = (D(b(x))Q(x)"'Y. X)

for a.e. x € R. Therefore, the left-hand side of (7.5) rewrites as

i : -1 1. R -
lim /_R(Q(x) D(B))X.Y)dx — >— lim /_R (D(b(x))O(x)"1Y, X) dx.

27wl R—oo

Deforming the integration contour as in the proof of Lemma 6.7 and using that b(x) =
O()I—C) at infinity, we find that both limits are equal to zero. |

Lemma 7.7. For the operator Ay corresponding to H,, we have
(Agg). gk) = viviAy;
and, in particular,
wj
(Ao0gj.8j) = =
J
Proof. We shall prove the equivalent identity
(A58). 8k) = VIVE(A*)ij.
By (2.7), we have
Apgj(x) = xgj(x) — A1(g)).
Recall that |
-1
i = — 1;,1).
gj (x) by (Q(x)7"1;,1)

i
By the asymptotic formula (6.1), we find

1 1
Al(g]) = —%VJZ = —%<D(V2)]l], ]l),

and therefore

1
E((XQ(X)_1 + D)1, 1)
1
T(Q(X)_l(xl +0(x)D(*))1;,1)
Tl

(00 DO + Q0N DAL 1)
Tl
1

(00T AT DAL, 1)

Apgji(x) =

(Q) ™' D(B((x) D)1, 1).

1
2mi
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It follows that

oo

(5570800 = 13 |10 AT DAL, IO T 1) d
1 o0

e (Q() ™' D(B((x) D)1, 1)(Q(x)~ Lk, 1) dx.
—o0

Here the first term in the right-hand side equals
(DA DML, Ig) = v} (A )

by Lemma 6.7 and the second one equals zero by Lemma 7.6. ]

7.6. Proof of Theorem 6.2

The theorem follows by putting together Theorem 6.3 and the lemmas of this section.
Indeed, by Theorem 6.3 and by Lemma 7.5, the set of singular values of H,, is exactly
{Xx}V_,. Again by Theorem 6.3 and by Lemma 7.3, the inner function ¥; and the unim-
odular constant ¢’%/ corresponds to the eigenvalue A j. Finally, by Lemma 7.7, the para-
meters w; correspond to Ag and g;.

8. The Szego dynamics

8.1. Formulas for the Szegd dynamics

In this section, we express the Szeg6 dynamics for rational solutions in terms of the spec-
tral data. The main result here is

Theorem 8.1. Let u be a solution of the cubic Szegd equation

. d
lau =Py (|ul*u) (8.1)

with u|;=¢ rational. Then the solution is rational for all t > 0, and the spectral data of u
satisfy the following law:

dl-— dl//-—O' (8.2)
dt™ —dt™ 7 ’
d

=22, 8.3)
d |

Before coming to the proof of Theorem 8.1, observe the following. Since we know
from [24] that the initial value problem for the cubic Szeg6 equation is well posed in
every Sobolev space W$2(C ) for every s > %, the uniqueness implies that it is enough to
prove that the rational function corresponding to the spectral data defined by the evolution
laws (8.2), (8.3), (8.4) is indeed a solution of the cubic Szegd equation.
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We consider the spectral data evolving according to the evolution laws (8.2), (8.3)
and (8.4). For each ¢t > 0, we define the matrices 4 and Q(x) as in Section 5, suppress-
ing the dependence on 7 in our notation. We define the anti-linear operator # in CV as
in (6.3). According to Section 5, the functions u and u; can be recovered from the spectral
data by the formulas

1
U () = (0 () H1,, 1),

u(x) = (O(x)"tx1,1). (8.5)

2mi

Our aim is to differentiate (8.5) with respect to ¢ and check that u satisfies (8.1).

8.2. The time derivative of Q

We first observe that equation (8.4) means, in particular, that Im w; are fixed by the
dynamics. By (5.1), it follows that v; are also fixed.
The time derivative of # 1 is straightforward to compute
d d —i - 992 - 293
—H1=DA)—D(Ee )1l =—iH*H1L=—-iH"1. (8.6)
dt dt
Let us compute the time derivative of the matrix 4. For j # k, the only time-dependent
quantities of Ay; are ¢; and ¢, and so we get
d i —)ijk(ika. — iki)ei‘pf e ik 1

— Ay = — = —AjAge'¥i eIk,
™ T o 2222 2 RETE

For the diagonal entries +4;, we have, by our definitions,

4.4
d 1 d IAJUJ—L,\Z

—Ajj = 0 = o = i
dt )Ljvj dt 21 /\jvj 2 -

Putting this together, we find

d 1
— A= —/(, H1)FH1.
dt 27r( )

Since b; is independent of ¢, we obtain
dQ() 1(](]1)](]1 I >0
— X)) == s mx s
dt 2

and finally, taking inverses,

d
S0 = =5 (") T 0 A, 8.7)
T

for Im x > 0 and, by taking limits, everywhere on the real axis apart from finitely many
points.
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8.3. Formulas for Hyu and H2u
One easily verifies the identity
wHu + H2u = Py (juu).

Using this, one can rewrite the Szegd equation in the following equivalent form:

d 2
lau =uHyu + Hju. (8.8)

Now, in preparation for what comes next, let us express Hy,u and HZ2u in terms of the
spectral data. We have

Hyu = ZA e = —Z)L e ()T ;1) = ;i<Q(x)—136211,]1),

_ 1 _
Hiju =) Aju; = le ()" H1;.1) = 2—(0(x) " H*1.1).
J

8.4. Concluding the proof of Theorem 8.1
First we need an identity relating Q and #¢. From the matrix identity (6.5), we get
O(x)H = HO*(x), Imx > 0.
Passing to the inverses,
H(Q* ()™ = Q). (8.9)

for Im x > 0 and, by taking limits, also everywhere on the real axis apart from finitely
many points (the poles of b;).
Using (8.6) and (8.7), we find (suppressing the dependence on x)

d i d

lEu = 2ni dt<Q 1)
d d
= 5el(gro "))+ (e (Goen) 1)

1 \2 #y—1 -1 1 —1 953
(5) (L@ H(OT HL 1) + 5— (07 H71.1)
2mi 2mi
1
= u(x)=—(Q ' 1, H1) + Hu.
2mi
Using (8.9), we transform the inner product in the right-hand side as
(0711, H1) = (#(0*) 'L, H1) = (#?1,(0")7'1) = (™' H?1,1).

Putting this together, we obtain the Szeg6 equation in form (8.8).
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9. The genericity of turbulent solutions: Proof of Theorem 1.1

In this last section, we prove Theorem 1.1. The key argument is to establish that, if u is
a rational solution of the cubic Szegd equation (1.1) such that one of the singular values
of the Hankel operator H,, is multiple while the other singular values are simple, then
the L2 norm of d,u tends to infinity as ¢ tends to infinity. This can be achieved thanks to
the representation of rational solutions obtained in previous sections.

9.1. Upper bound for general rational solutions
We start with a general a priori bound for rational solutions.

Proposition 9.1. If u is a rational solution of the cubic Szegd equation, then

Oxu(-t
s 12 Dl

t—>+o00 4

< 400

Before proceeding with the proof, we need a simple lemma. For every spectral data

e o) i= (A A L e L o ),

denote by A(A, ¥, ¢, w) the matrix defined in Section 5.3. We also denote by IP; the
projector matrix onto the j -th direction in C¥.

Lemma 9.2. Fix (A, ¥, w), there exists C > 0 such that for every j = 1,..., N, we have

VEe RN,  sup |Pj(AR. V.9, 0)* + DE) < :
peTN 1+ 1§

A similar result holds for AL, ¥, ¢, w) in place of AX, ¥, @, w)*.
Proof. Let X € CN of norm 1, and let
Z = (A, ¥, 0,0)" + D) X.

We want to prove that the components of Z satisfy

C
1Zjl < ———-
1+ &

We already know, from Lemma 6.6 and from the proof of Theorem 6.1, that || Z] is
bounded. Furthermore, one can easily check from the proof of Lemma 6.6 that this estim-
ate is uniform in ¢ € T . Then we come back to the equations in Z, which read

§Z; + (A Y. 0,0)" Z); = X;

and this immediately leads to the required estimate. The proof for +4 is similar. ]
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Proof of Proposition 9.1. By Theorems 5.5 and 8.1, the rational solution of the cubic
Szeg6 equation reads

ue) = 5= (R0 0) 7 X, 1)

with, for every £ = (§1,...,&n) € EN,
Ri() == A, ¥, 0(1), 0(0)* + D(E),  X(t1) := D) D(e"*)1,

and
/\2

Ej(x, 1) := —bj(x)— 9.1)

]
Notice that the time dependence of £;(x, ¢) is due to the time dependence of Re wj (¢)
coming from (8.4), and that

1
0x&j(x,1) = —b} (x)——
V4
J
is independent of ¢. Also recall that b; is a rational Herglotz function, representable

as in (5.15). Consequently, denoting by IP; the projector matrix onto the j-th direction
in CV, we have

N .
Dt ) = 30 EOD R e )P R E G )X, 1) (02)

i 2w
Write A(?) := A(A, ¥, (), w(0)) for brevity and observe that
(Re(E(x, )" Py R (E(x, 1) X(1), 1)
= (P; (A@)" + D(E(x, )7 X (1), P; (A) + D(E(x,1))7'1)
so that Lemma 9.2 and identity (9.2) lead to

0
10,u(x,1)| < Z 1|+?((); ?)'2 x R,
J

where < denotes inequality up to a multiplicative constant. Let us fix j; observe that
b;(x) + 5 is strictly increasing between the poles of b;. We decompose the integral

e ne_
(T+§(x, 12
into a finite sum of integrals over the open intervals between the adjacent poles of b;

(plus two semi-infinite intervals). Then on each interval the map x +— £; (x, t) is strictly
decreasing. We write in each of these integrals

|3x$j(l,x)|dx = déj.
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We have )

X

B 01 5 () + 55) + 1
: )2

J
indeed, this follows by observing that both sides are rational functions with poles of
second order located at the same points and by inspecting the behaviour at infinity. Next,
we have, as t — 400,

|08 (1, x)| =

1 X AJZ 2

|5 (b + )+1—(s,(rx) i) +1

v; vj 2w
SE(x)?+ 12

Plugging this estimate into each of our integrals and summing over j, we get the required

bound [|au(-, 1)[7, < 2. n

9.2. Lower bound in the case of one multiple eigenvalue

Proposition 9.3. Let u be a rational solution of the cubic Szegd equation on the line such
that Hy has singular values A1, ..., Ay, with A1 being multiple and ) ; being simple for
every j > 2. Then
dxu(t
SN CRTGII
t—+o00 t

> 0.

Proof. We decompose dxu(x,?) as in the proof of Proposition 9.1, starting from (9.2).
Since A; is simple for j = 2, it is easy to check (see, e.g., Remark 5.4) that §; (x, ) is
linear in x, and therefore that d,§; (x, ¢) is uniformly bounded. Consequently, using again
Lemma 9.2, the quantity

3 [ 10085 G PR . 0) B ReEGr )7 X (0. 1 dx
j=2

is bounded as t — oo. It remains to study the integral

/RIaxél(x,l)lzl(Rz(E(X»t))_IIP’le(E(XJ))_lX(l),]l)lzdx,

which we minorize by the integral /(¢) of the same function on an interval J; constructed
as follows. Since A; is a multiple eigenvalue, 1 — ¥; has at least one zero on the real
line. Denote by x. such a zero. Since ¥/ is a Blaschke product, we know that i ¥ (x.) is
a non-zero real number. Consider the interval
[l M
J t = [xc + — + 2 , Xe + — + ]

where p # 0 and x; < x, are real numbers which we are going to choose. For x € J;,
we can expand

N =1+ o (X 4 )+ Juieo s 106
= 1+ + (W on+ 5 W(xc)u) +007?)



P. Gérard, A. Pushnitski 4640

with %1 < % < x5. It follows that

L+ yi() _ 2+ yi(x0) + 0672
i)~ a0’ — Wi + L Gand 5 + 0G)
2 L+ 2y (xo) + 0(72)
Y (xe)p 1+ (” + gzl((;“)) +0(t72)
N Boreoy % HYile) 2
- vfi(xcm(l # (w0 == 5ys )i - o)
2 2% 7(xc) _
= 1 1 0 1
“vieon' 1 s Y wiagr) O

so that, in view of expression (5.14) of by, we obtain

AZ
£1(x,1) T bl(X)—v—
1

A =yalP 1+ ya(x) | Re(Ay, (1=y1), (1 =)

T2 4x v? 1 —y1(x) Vil =y 2
(M I =ynl? i1 =y 2 1 (xc)
N (271 o 2w vy 1//1 (xc))t 4 v12 (_] * w2y (xe) - (W{(xc))2>
Re(Ay, (1 —¢1), (1 —¥1)) -
0]
-y 00
or equivalently
f060) = Gt MO0+ 007, x=xe+ D+ 5 xepaal
¢ .:/\_% 1=yl
YT oon T on pviy(xe)’
i =yl 2x (xc)
mx) = 47 vf < bt Mz"//{(xc) * ("//{(xc))z)
~ Re(Ay, (1 —y1), (1 —yn))
VEIT =y |2 .

We define u such that ¢; = 0. Consequently, for x in the interval J;,
1
E1(x, 1) = m(x) + 0(;)
Let us write Z(x,1) := R,(£(x,1))"' X(¢), Z(x,1) = R} (£(x,1))711, so that
(Re(E(x.0) " PLRA(E(x.0)) 1 X (1), 1) = Zy(x.0) Zy (x.1).
In order to estimate Z1, 7 1 for x € J;, we write, by the definition of Z and Z s

8271+ [A0)* 2] = Me 0O £ 7, + [AOZ] = 1.
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Observe that (9.1) implies that, for x € J; and for j > 2, &;(x,¢) ~ c;t for some ¢; > 0.
Therefore, from Lemma 9.2, we infer

~ 1 )
1Z;x 0l +1Z; 0l < 0(5). =2
and consequently,
. 1 ~ 1
Zi(x,1) = 21 ()e 7010 4 0(?)’ Zy(x,1) =Z100) + 0(?)’

where A |
1 ~
1) = ———mm—, Z1(x) i = ———.
m(x) + -2 m(x) + A‘é};?

2.7
ATV

Here the parameters x; < »; are chosen so that the denominators of z; (x) and Z; (%) do
not cancel for x € [x7, %,]. Consequently, for x € J;,

(R (E . 0) ™ By R €, 1) X )P = 216071 00 + 07,

where x := 1?(x — xc — &) € [x1, %2]. On the other hand,

=P ) TR
O Dl = e Ty R ™ 22 )12

for x € J;. Making the change of variable

x = t2<x—xc — %)

in the integral, we conclude that

1(1) =/J |0xE1(x, P (R (E(x, )T PL R (E(x, 1) X (1), 1) | dx

=l
42 o) P

which completes the proof. |

%
2 / 1200%00) 2 dox,
X

1

Remark. We note the following:

e Proposition 9.3 includes the case studied in [24], which corresponds to N = 1 and
was revisited in [9, Appendix B] by solving explicitly the corresponding ODE system.
Here our approach is more flexible so that we can deal with more general data, providing
enough turbulent solutions to establish genericity in the next subsection.

e In[24], itis proved that, if u is a rational solution and if H,, has only simple singular
values, then all the Sobolev norms of u stay bounded. Proposition 9.3 shows that the
situation may be dramatically different if there exists a multiple singular value for H,,.
In fact, we expect that the existence of such a multiple singular value always implies that
the norms of the solution in W*:2 with large s are unbounded.
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9.3. Lower bound for generic data in W12(C )

Denote by ®(¢) the flow map of the cubic Szegs equation on W 1-2(C_). The main step
in the proof of Theorem 1.1 is the following approximation result.

Lemma 9.4. For every ug € W42(Cy.), there exists a family (u§) in W2(Cy) such
that, as € — 0,
ub —ug in Wh(Cy)

and, for every ¢,

[T
1

12

Proof. Step 1: Reduction to rational uo. Recall that W 1-2(C ) is a Hilbert space with the
inner product

(u,v) + (0xu, dxv).

Let ug € W12(C). We first claim that u¢ can be approximated in W2(C) by a se-
quence of rational functions. Indeed, the Fourier transform of a rational function in
W12(Cy) is a linear combination of

gkem@t £ 0,

where k is a nonnegative integer and « is a complex number of positive real part. By the
Plancherel theorem, if u € W12(C.) is orthogonal to all rational functions, then

/wa+f%m9#aﬁds=o
0

for every complex number @ with Re o > 0. Consequently, by making k¥ = 0 and « tend
to the imaginary axis, we infer that u = 0. Therefore, it is enough to prove the lemma
if u¢ is a rational function in W12(C ), which means

A(x)
B(x)

up(x) =
where B is a polynomial of degree N > 1 with zeros in the open lower half-plane only,
and A is a polynomial of degree at most N — 1, with no common factors with B.

Step 2: Reduction to ug with simple eigenvalues. For a given N, the set of rational
functions u( as above is a complex manifold of dimension 2N, on which the condition
that Huz0 has N simple positive eigenvalues defines a dense open subset, characterised by

det((HZ" ™o, uo))o<nmen—1 # 0

(see [24] for more detail). So we are reduced to proving the statement for u( belonging to
this dense open subset.
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Step 3: Defining uf. Denote by (A,, ¥, e wp)1<n<n the spectral data of ug. Let
ON+1 =0, on4+1 =1 and Ay 41 = € > 0; we also set

e = (25)

(although any Blaschke product of degree = 2 will do). We define u{, to be the rational
function with spectral data (A, V¥, €9, @) 1<n<n +1. Our aim is to check that uy — U
in W12(C4) as ¢ — 0 by applying the inverse spectral formula (5.17) of Theorem 5.5.
But first we need to go through some preliminaries.

Denote by #4° the (N + 1) x (N + 1) matrix associated to ug, and by 4 the N x N
matrix associated to uq. In view of formulas (5.8) and (5.9), we have

AS _ WON+1 _ ON41 _ i
N+LN+1 )L%V_i_lv;‘\,ﬂ drImoyy, 4’
and .
i
§v+1,k - + O(e), i,N+1 = 0(e),
as ¢ — 0 for any k < N. It follows that
A 0
AT = Ao + X5, «Ao=<,- ) |X°] = 0Ce)
5=(nIN) 5=
ase — 0,where 1y = (1,...,1) € CV . Denote ¢ € (Ci’, In+1€Cy andE: (¢, N+1) €

(Cf‘“. By Theorem 6.1, the inverse of A* — D({) exists and

sup (A = D)7 < 0.

We express the inverse of Ag — D(E) as

(A= D)™ S (= — Enar) T H(A* — D(t))—lnN) ©3)
0 —ﬁ — Nt o

(A5 — D)~ = (

From here we find that this inverse is uniformly bounded,

sup  [[(A5 — D)7l < oo
Ee(Cﬁ‘H

From the resolvent identity
(A9)* = D)7 — (AF — D)™ = —((A%)* — D)) X°(AF — D))

and the estimate || X?|| = O(g), we find that the inverse of (A®)* — D(E) is similarly
uniformly bounded, and moreover

_sup [|(45 = DO = (A" = D) = 0() 94)
tecy *!
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as ¢ — 0. Now let Q(x) be the N x N matrix associated with 1, and

Qe(x) = (A*)* —xD(?) ™" = D(b(x)),
Qe 0(x) = Ay —xD(W?) ™" = D(b(x)).
Since the eigenvalues A1, ..., Ay are simple, we have bx(x) =0fork =1,..., N (see
Remark 5.4), and from the explicit form of ¥ 41 one obtains

b ) 1 1 e 1
xX) =— - =— —
N+1 V12v+1x Ao x

We denote by Py 1 the projection in C¥ 1 onto the subspace spanned by the last vector
(0,...,0,1) of the canonical basis, and let PI%-H = I — Py be the projection onto
the orthogonal subspace in C¥*+1. Denoting by D(1), D(e'?) the diagonal operators
in CN*+1 we have

1 .
ug(x) = g(Qs(X)_lD(/\)D(e_"")]l, Den+1,

i

uo(x) = Q(x)'Px, D)D), 1)cn.

i

Step 4: Proof that u§, — uo in L*(R). We will check two facts:
u§(x) = uo(x) uniformly in x € R; 9.5)

ug(xX)] + [uo(x)| < x| =2, (9.6)

x|’
where the constant C is independent of ¢.
Let us check (9.5). Since Ay 4+1 = &, we have

u(x) = —(Q:(x) '"Py, DA)D(e )1, 1) on+1

2mi

+ —(Qe(x) 'Py411. L)ent1, (9.7)

e
2mi
where the second term in the right-hand side is O(¢) uniformly in x € R. Using (9.4),
we replace Q¢(x)~! by Q¢ o(x)~! in the first term in the right-hand side, accruing a uni-
form O(e) error. By the matrix structure in (9.3), we find

1 - i
%(Qs,o(x) 'Py . DA)D(e™)1, 1) en+1

1 .
= E(Q(X)_IIPZJ\;_’_ID(/X)D(e—zw)]L ]l)(CN = uo(x).

This proves (9.5).
Let us check (9.6). For uo(x), the estimate is obvious. For ug(x), we use decomposi-
tion (9.7) again. By the resolvent identity and the matrix structure in (9.3),

_ _ _ C
10:() ' Py 11l < CllQeo(x) ' Pry |l < ClOX) 7Y < =t



Inverse problem for Hankel operators 4645

which gives the required estimate for the first term in the right-hand side of (9.7). For the
second term, for the same reasons,

el Qe(¥) ™ Pyl < Cell Qe0(x) ' Pr 41
i € 1\\"1 C
<Cel(---——=(x-2)) |= 5 9.8
¢ in Jin * x)) | x| ©8
for |x| = 2. This concludes the proof of (9.6); we have checked that u§ — ug in L2(R).
Step 5: Proof that 0xu§ — dxug in L*(R). We have
9x0s(x) = =D} = D(H'(x)),

and so

0x0:(x) " = Qe() T DO T Q(x) ! + Q () P41 Qe(x) 7,

r 2
because b} (x) = --- = by (x) = 0and by, (x) = 4” x2 Thus,
Ixug(x) = (Q )" DO Qe(x)T D) D(eT)1, 1)
l

1 1 —i
x)'P x)"'D(A)D(Ee?)1,1
2mJ_ng() N+10:(x) ' D) D(e )L, 1).
In the same way as on the previous step of the proof, one proves that the first term in the
right-hand side here converges in L2(R) to d,uo(x). It remains to check that the second
term converges to zero in L?(R).
Along with (9.8), and for the same reasons, we have the estimate

Py 00l < €| (~ 4 - S=(x- BN

Using this, we find

%l(Qe(x)_l]PN+l Q:(x)"' D) D(e7*)L, 1)|

< x_sz [Qe(x) ' PN410:(x) ' DA)D(e™9)|
S x_82 (_41_71 N \/Z_ﬂ(x - _) ‘||PN+1Q () 'DA)D(e?)|

A

e i e 1\\1

al -7 t-2) |

X (|PN+1Qe() " Py | + &llPy+1Qe(x) ™ Prta).
Further, by (9.3) we have

Py+1Qe0(x) Py, =0
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and so, by the resolvent identity,
IPN+10e() ' Phyill = P41 Qe0(x) T (X)*Qe(x) ' Py |
] £

141000 ()M IIX*) < o] (—5= = \/T_n(x - —))“ |

A

Putting this together, we find

&2

€ -1 1 i i € 1\\2
£ 0.(x)"'P X)"' D) D)1, 1 5—‘(——— (x——)) ‘
A0 Py 1 0@ T DADEIL ) S (- - = (-
Now it is a matter of elementary calculation to check that the function in the right-hand
side converges to zero in L2(RR). For example, it is easy to see that this function is bounded
by C min{l, i—i}, which yields the required convergence. We have checked that 0,uy —
0,up in L2(R), and so ug — ugp in WL2(Cy).

Step 6: Concluding the proof. From Proposition 9.3, we know that

ERIGTEN.

lim inf 0

t—>+o00

for every ¢ > 0, and the lemma is proved. ]
Let us complete the proof of Theorem 1.1. For every positive integer n, we consider

19, P(t)us
Q, = {uo e Wh2(Cy): 5|tn,/ ”(t%dl > ﬂ}
1

By the well-posedness of the cubic Szegé equation on W 1-2(C) (see [24]), the map
ug € WH(C) = @(Jug € C([0, T], WH(C4))

is continuous for every T > 0, and therefore €2, is an open subset of W1-2(C). Fur-
thermore, by Lemma 9.4, Q,, is dense in W1’2(C+). Hence, Baire’s theorem implies that
G .= ﬂnzl Q, is a dense Gg subset of W12(C). This completes the proof of The-
orem 1.1.
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