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Abstract. In his influential paper on quantum modular forms, Zagier developed a conjectural
framework describing the behavior of certain quantum knot invariants under the action of the
modular group on their arguments. More precisely, when Jg o denotes the colored Jones poly-
nomial of a knot K, Zagier’s modularity conjecture describes the asymptotics of the quotient
N G iy, g K,O(ez’rix) as x — oo along rationals with bounded denominators, where y €
SL(2, Z). This problem is most accessible for the figure-eight knot 41, where the colored Jones
polynomial has a simple explicit expression in terms of the g-Pochhammer symbol. Zagier also
conjectured that the function 2 (x) = log(J4, 0(e2™'¥)/ Ja, ,o(ezni/x)) can be extended to a func-
tion on R which is continuous at irrationals. In the present paper, we prove Zagier’s continuity
conjecture for all irrationals for which the sequence of partial quotients in the continued frac-
tion expansion is unbounded. In particular, the continuity conjecture holds almost everywhere
on the real line. We also establish a smooth approximation of /4, uniform over all rationals, in
accordance with the modularity conjecture. As an application, we find the limit distribution (after
a suitable centering and rescaling) of log J4, ,O(EZ”i" ), when x ranges over all reduced rationals
in (0, 1) with denominator at most N, as N — oo, thereby confirming a conjecture of Bettin and
Drappeau.

Keywords: quantum modular forms, quantum knot invariants, colored Jones polynomial, Kashaev
invariant, Sudler products, continued fractions.

1. Introduction

The colored Jones polynomials Jx ,, n > 2, and the Kashaev invariants (K)y, N > 2, are
two quantum knot invariants that have been intensively studied in the mathematical and
theoretical physics literature. The two invariants are related via (K)y = Jg ny (€>* iIINY,
Among their most interesting features are the connection with quantum field theory and
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the link to the hyperbolic geometry of knot complements via the volume conjecture.
For more basic background, see, for example, [12,15,27,31].

The colored Jones polynomial Jg , can be defined as a certain Laurent polynomial
arising from Skein relations of the knot (for n > 2), and by periodicity, it can be extra-
polated backward to give Jk , also for n < 0. We do not give a more detailed general
definition, since in the present paper we will only be concerned with J4, o, which has the
explicit representation

Jao@) =D 11=g)1=g*) (1 —q"), (1.1)
n=0

defined for all complex roots of unity g. Note that the series in this definition is actually
finite at roots of unity. In the formulas above, “4;” is the Alexander—Briggs notation for
the figure-eight knot, which is the only knot with crossing number four, and in many
regards the simplest hyperbolic knot. Using the g-Pochhammer symbol (g; g),, one can
write

o0
Jar0@) = Y _1(@:q)nl*.
n=0

which hints at a connection with enumerative combinatorics and (mock) modular forms

(cf., for example, [4]). We note in passing that for other hyperbolic knots Jg o has a some-

what similar, but more complicated representation in terms of g-Pochhammer symbols.
The volume conjecture concerns the exponential growth rate of the Kashaev invariant,

and asserts that
im 2710t lEONT ook,
N—o0 N
where Vol(K) denotes the hyperbolic volume of the complement of K. Writing Jx (x) =
Jk.0(€2™%) throughout this paper, the volume conjecture can also be written in terms
of Jg since (K)ny = Jx(1/N). The volume conjecture has been generalized to the arith-
meticity conjecture, which predicts the full series expansion of |Jx(1/N)| as N — oo.
Both conjectures have been proved for knots with a small number of crossings, including

the figure-eight knot, for which

5/6
Vol(41) = 4 / log(2sin(7rx)) dx ~ 2.0299, (1.2)
0

but they remain open for general knots K.

In his seminal paper on quantum modular forms [32], Zagier mentions the colored
Jones polynomial as the “most mysterious and in many ways the most interesting” among
the examples listed in the paper (even if it, strictly speaking, does not satisfy his defi-
nition of a quantum modular form). For fixed N, the numbers Jx(a/N), 1 <a < N,
ged(a, N) = 1, are the Galois conjugates of (K)y in Q(e2™/N). Zagier’s modularity
conjecture is a vast generalization of the volume and arithmeticity conjectures, address-
ing the Galois invariant spreading of the Kashaev invariant on the set of complex roots
of unity. The modularity conjecture has also been proved for all hyperbolic knots with
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a small number of crossings, including the figure-eight knot [8], but remains open for
general K. We do not replicate the statement of the modularity conjecture in full gener-
ality here, and refer to [32] instead. Roughly speaking, the modularity conjecture makes
a detailed prediction about the asymptotic expansion of the quotient Jx (y(x))/Jx (x) as
x — oo along rationals x with bounded denominators, where y € SL(2, Z). In the special
case when x runs along the positive integers and y(x) = —1/x, this leads back to the
arithmeticity conjecture.

In the present paper, we will be concerned with the case of K = 41 and y(x) =
—1/x, whence the quantity considered in Zagier’s modularity conjecture (after taking
a logarithm and switching a sign) becomes

J4] (.X')
J41 (l/X) ’

This function & will be the central object of study in the present paper. Note that J4, (x)
is easily seen to be invariant under the map x — x + 1, and that the two maps y(x) =
x + 1 and y(x) = —1/x together generate the full modular group. Note also that 2(x) =
—h(1/x) and h(x) = h(—x), so it is sufficient to understand % on the interval (0, 1).
Zagier’s paper [32] contains several plots of %, including one similar to our Figure 1 below
(the “global” plot), as well as plots showing the behavior of & near rationals with small
denominators and near badly approximable irrationals, similar to our Figures 3 and 4.
He observes that the “global” plot misleadingly suggests that # could be monotonically
decreasing, which is not actually the case; compare the comment after Figure 2 below.
Furthermore, he writes that the experimental evidence is

h(x) = log x € Q\{0}.

“«

. seeming to indicate that the function h(x) is continuous but in general not
differentiable at irrational values of x ”.

Since A (x) is only defined over the rationals, the continuity at irrationals is of course to
be understood with respect to the real topology; in other words, Zagier suggests that /(x)
can be extended to a function on R (rather than Q) that is continuous at irrationals.
In the present paper, we prove that indeed this is the case, with the possible exclusion
of irrationals which are badly approximable in the sense of Diophantine approximation.
Recall that the badly approximable numbers are exactly those which have bounded par-
tial quotients in their continued fraction expansions. (Some background on Diophantine
approximation is given at the beginning of Section 2.)

Theorem 1.1. Assume that o« is an irrational whose sequence of partial quotients in the
continued fraction expansion is unbounded. Then limy_,o h(x) exists and is finite.

It is well known that the set of badly approximable numbers has vanishing Lebesgue
measure. Thus Theorem 1.1 implies that the answer to Zagier’s continuity problem is
positive almost everywhere.

Corollary 1.2. The function h(x) can be extended to an almost everywhere continuous
function on R.
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Fig. 1. The function %(x), evaluated at all rationals in (0, 1) with denominator at most 80 (black
graph with jumps). For comparison, the plot also shows the function Vol(41)/(27x) — (3/2) log x
(gray solid line), which is suggested as a continuous approximation to 4 (x) by formula (1.3).

Our more technical Theorem 5.1, which will be stated in Section 5.1, gives quan-
titative upper bounds for the maximal fluctuation of 4 on intervals defined in terms of
a joint initial segment of the continued fraction expansion. This can be read as establish-
ing a modulus of continuity for 4 at «, which takes into account the size of the partial
quotients in the continued fraction expansion of «.

Theorem 1.1 leaves the continuity of / at badly approximable irrationals open. It will
be seen that our argument crucially relies on the existence of an unbounded subsequence
of partial quotients, so some essential new ideas will be necessary to treat the case of
badly approximable «. Some partial results for quadratic irrational & (when the sequence
of partial quotients is eventually periodic) are contained in our earlier paper [1]. In this
case, Zagier’s continuity problem might be more tractable than in the general case, due to
the additional structure coming from the periodicity of the continued fraction expansion.
The case of general badly approximable « (with no particular structure in the sequence of
partial quotients) seems to be even more challenging.

Zagier’s modularity conjecture in the special case of /(x) implies in particular that

Vol(4;) 3logx log3
2w x 2 4

h(x) = +o(1) (1.3)
asx — 07T along rationals with bounded numerators; this is in accordance with the numer-
ical data (cf. Figure 1), which in fact seems to suggest that the same holds as x — 0™ along
all rationals. Defining

Vol(41) n 3logx
2 x 2
the function ¥ seems to capture very well the local “irregular” aspects of %, such as the

jumps at rationals, and certain self-similarity properties (see Figure 2). It seems that so far
hardly anything was known about the (maximal) size of ¥. For example, while the plots

Y(x) = h(x) — , x€(0,1)NQ,
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Fig. 2. The function ¥ (x) = h(x) — Vol(41)/(2rx) + (3/2) log x, evaluated at all rationals in
(0, 1) with denominator at most 80. Note the apparent self-similar structure of . Note also the
isolated function values at rationals with small denominators such as x = 1/2 or x = 1/3, and that
limy 0 ¥ (x) appears to be —(log 3) /4 ~ —0.275 and limx_,1 ¥ (x) appears to be 0, in accordance
with the arithmeticity and modularity conjectures.

clearly indicate that Zagier’s function /(x) should be bounded on (0, 1) as long as one
stays away from x = 0, we believe that nothing of that sort was known so far. Here we
will prove the following bound.

Theorem 1.3. We have

h( ) _ VO](41)

+ O(1 + |log x|)

for all rationals x € (0, 1), with a universal implied constant.

In particular, £ is locally bounded on (0, 1). We conjecture that Theorem 1.3 can
actually be improved to

V01(41) 3 logx
2w x 2

h(x) = + 0(1), (1.4)

or equivalently that ¥ is bounded on (0, 1), as suggested by Figure 2.

Zagier’s continuity problem is interesting in its own right, but as observed in [8],
it also has implications on the value distribution of log J4, (x) as x ranges over all ratio-
nals with their denominators bounded by a given threshold. More precisely, [8] contains
a detailed prediction for the limit distribution of a suitably centered and rescaled version
of log Jx (x), and in [8, Theorem 4] it was shown that a positive answer to the conjecture
in equation (1.4) above, together with a positive answer to Zagier’s continuity problem,
would imply the validity of this prediction for K = 4. It turns out that our Theorems 1.1
and 1.3, together with a result of Bettin and Drappeau [7] on the distribution of sums of
partial quotients of random rationals, are sufficient to establish unconditionally Bettin and
Drappeau’s conjecture on the value distribution of log J4, .
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Fig. 3. The function ¥ (x), evaluated at all rationals with denominator at most 600 in a small
neighborhood of x = 1/10. Note the isolated function value at x = 1/10, and the very regular
behavior when approaching 1/10 from the left or from the right. Note also that the “global” plot
in Figure 2 might seem to indicate that ¢ consists of a continuous increasing component which is
interceded by a discrete decreasing component, and that the values of i at rationals are always situ-
ated between the corresponding left and right limits, i.e., limy—,~ ¥ (x) > ¥ (r) > lim, _, .+ ¥ (x).
However, as this figure indicates, this is probably not true for some (small?) rationals, where actu-
ally limy—,— ¥ (x) < ¥ (r), i.e., an initial upward jump is followed by a downward jump. It might
still be the case that limy—,~ ¥ (x) > lim_, .+ ¥ (x) at all rationals r € (0, 1); at least we have
not found a counterexample.

Theorem 1.4. Let Fy denote the set of all reduced rationals in (0, 1) with denominator
at most N. There exists a constant D such that for every interval [a,b] C R,

log J4, (x) B % B
(3 V01(41)/]'[2) logN T logIOgN D) € [a,b]}

1
li —#{ cF :(
im Y. X '

N—o0
b
= / g(y)dy,
a
where

o(y) = /Oo =ity =l @i ) sen(@) ogle]) g
27 J oo

is the density function of the standard stable law with stability parameter 1 and skewness
parameter 1.

Many properties of the functions 4 and ¥ remain mysterious. A conjecture stated
in [32] would imply in particular that the left and right limits limy_,— A(x) and
lim, _, .+ h(x) exist at all rationals r € (0, 1) (or equivalently, that these limits exist for y/).
This would be in accordance with the impression given by Figure 3, but remains unproved.
Supposing that these limits exist, the actual size of the jumps from left to right limit also
remains unclear, as well as the relation of the left and right limits to the actual function
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Fig. 4. The function ¥ (x), evaluated at all rationals with denominator at most 600 in a small neigh-
borhood of x = 1/+/2. When compared to Figure 3 above, one can see the different behavior of i
near rationals with small denominators and near badly approximable irrationals (note that the scal-
ing is the same in both plots, making them directly comparable).

value /(7). As Figures | and 2 indicate, there seem to be larger jumps at rationals with
small denominators, but we are lacking a detailed understanding of this phenomenon.

Before continuing with the proofs and the underlying heuristics, we describe the struc-
ture of the remaining parts of the paper. In Sections 2.1 and 2.2, we will introduce certain
shifted trigonometric products and shifted cotangent sums, which are the key objects
appearing throughout the proofs. The heuristic principles underlying the proof of the
continuity problem can only be explained after introducing these auxiliary objects, and
we will consequently present the heuristic reasoning in Section 2.3 below. In particular,
we will show why it is necessary to have unbounded partial quotients in the continued
fraction expansion of «, as a consequence of a natural approximate “factorization” of Jg4,
arising from the Ostrowski representation of positive integers. This factorization will be
made precise in Section 3. In Section 4, we show that the “tail” in this approximate
factorization is (surprisingly) well behaved, which allows us to prove Theorem 1.1 in
Section 5.1. In Section 5.2, we prove Theorem 1.3, and in Section 6, we prove Theo-
rem 1.4.

2. Trigonometric products and cotangent sums

Throughout this paper, we make heavy use of concepts and results from Diophantine
approximation and the theory of continued fractions. Among the standard textbooks on
these subjects are the books of Bugeaud [10], Cassels [11], Khinchin [22], Rockett and
Sziisz [28] and Schmidt [29]. Below, we state a few basic facts on continued fractions,
which can all be found in each of the textbooks mentioned above.
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Throughout the paper, o denotes a real number. If « is rational, then it can be repre-
sented as a (finite) continued fraction in the form

1

oa =ag+ 2.1)

ap +

a +

1

T T

ar—1+ —
ar
for a suitable number L (called the length of the continued fraction), a suitable inte-
ger ayp, and suitable positive integers ay, ..., ar (which are called the partial quotients
of o). For each rational o there is a unique form of such a representation for which
ay, > 1, and throughout the paper it is understood that always this form of the contin-
ued fraction expansion is used. We will write all continued fractions in the form o =
[ao; a1, as, ..., ar], which is just a shorthand version of (2.1). The numbers py/q¢ =
[ag;ai,...,ag),0 < < L,are called the (continued fraction) convergents to «. If « is irra-
tional, then its continued fraction expansion is infinite, and we write o = [ag; ay,az,...]
with the convention that L = oo and q; = oo. Irrationals whose sequence of partial
quotients is bounded are called badly approximable; as noted before the statement of
Corollary 1.2, the set of badly approximable numbers has vanishing Lebesgue measure
(but full Hausdorff dimension).
We denote the distance from the nearest integer function by || - ||, and the fractional
part function by {-}. Among the fundamental facts from the theory of continued fractions,
which will be frequently used in this paper, are the recursive formulas

qe+1 = ag+19¢ +qe—1 and  lgeof = —agyrllqeall + llge—1e|,

the identities

Gepe—1 — pede—r = (=" and  qgllgeiel + ge—1llgec]| = 1,

and the estimate

1

m < qellgea| = E-
Furthermore, a key basic ingredient in our proofs is the fact that every integer 0 < N < gqr,
has a unique Ostrowski expansion N = ZEL;OI be(N)qe, where 0 < bo(N) < a; and
0 < by(N) < ag4; are integers which satisfy the extra rule that by(N) = 0 whenever
by+1(N) = ay4,. We use the convention by(N) = 0 for £ > L.

Throughout the paper, g denotes the indicator of a relation R, and C > 0 a universal
constant whose value changes from line to line. By convention, empty sums equal 0, and
empty products equal 1.
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2.1. Shifted trigonometric products

Throughout the paper, we write Py for the trigonometric product

N
Py (@) := 1_[ [2sin(zrna)|, N €N.

n=1

This is called Sudler product, and has a long history going back at least to a paper of Erdds
and Szekeres [14]. See [1-3, 16-21,30] for recent papers concerned with the (asymptotic)
behavior of such products. Note that

Py(a) = [(1 — e2m%)(1 — 27i2%) ... (1 — ¢2miNey|

so that in accordance with (1.1), the value of the colored Jones polynomial at a reduced
rational p/g can be written as

a—
p P\?
OGS
q N—o q
We will also need a shifted form of the Sudler product, namely

N
Py(a,x) = 1_[ |2sin(w(noe + x))|, N €N, x eR.

n=1

One of our main tools is the product form [1, 16]

L—1by(N)—-1
b of + (N
Py (@) = 1—[ l_[ qu<a,(—1)£ qellgecll + ee( )>’ 2.2)
=0 b=0 q
where
L—1
el(N)i=q¢ Y (=D "bu(N)lgmell. (2.3)
m={+1

In fact, e¢(N) only plays a role if by(N) > 1, otherwise it does not appear in the product
form (2.2). The following simple facts were observed in [1,2]; for the sake of complete-
ness, we include the short proof.

Lemma 2.1. Forany 0 < { < L such that by(N) > 1, we have

—qellgeall + qellgerrell < ee(N) < gellgerall.
Ifbys1(N) < (1 — 8)ag4, with some § > 0, then

)
eeV) = =(1- 3 )gellgeal.

Ifbpys(N) < (1 —8)ag4s with some § > 0, then

)
eeV) = (1-3)aelgenel.
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Proof. Keeping only the nonnegative terms in definition (2.3) of g¢(N), we obtain the
upper bound

ee(N) = qe(ber2(N)qes20 |l + Dot a(N) | qesace|l +---)
< qe(agssllgeaa| + aersllgerac| +---)
= qe((Ige+1ll = lge+sall) + (Ige+sall = llge+sal) +--+)
= qellge+1,

as claimed. Similarly, keeping only the nonpositive terms and using the fact that by (N) > 1
implies by41(N) < ag4,, we obtain the lower bound

et(N) = qe(=bes1(N)llge+10ll = bey3(N)llgezeel| —--+)
> qe(—(ae+2 — Dl qe+1ell — aetallqer el —---)
= qe(lge+1]l + (g2l = llgea ) + (lgetacll — llges2eell) +---)
= —qeliqea| + qeligesrall.

as claimed. An obvious modification of the argument leads to the last two estimates. m

2.2. A shifted cotangent sum

A close connection between the Sudler product and certain cotangent sums was first
observed by Lubinsky [25], and more recently in [1, 2, 8]. In our proofs, we will use
a cotangent sum estimate of Lubinsky, or more precisely, a generalization of such an esti-
mate to a shifted version of the same sum. For further related results, we refer to [5, 6].

Lemma 2.2. Let 1 <{ < Land0 < N < qy. For any real |x| < ||q¢—1¢|,

+ log max am)

N
Zcot(n(na + x))‘ < QZ - - @@
— [x1/llge-1|l 1=m=<t

n=1

For any real |x| < 1/qy,

ud n 1
Zcot(n (ﬂ + x))' < qe<— + log max am)
1 —qqlx]

oyl qy 1<=m=<t

The implied constants are universal.

Proof. Let F(x) := Z,I:]:l cot(w(na + x)) denote the shifted cotangent sum in the first
formula. Lubinsky [25, Theorem 4.1] proved the estimate

|F(0)] < q¢(1 + log max a)
1<m<{

for the unshifted sum. The derivative of F(x) satisfies

N

[F )l = Z 51n2(7t(na + x))‘ Z ||not + x|*
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Since 1 <n < N < g; by assumption, the best rational approximation property gives
Ine|l = ||ge—1||- Thus by the triangle inequality for || - ||,

X
Iner -+ 1| = el = Jx| = na(1 = —),
el
and so
qe—1 1

D e N 1
(1= Ixl/llge—1el)? = lIne|?

F' '
[F (0] < (1 —Ix1/llge-1ex])?

The last inequality follows from a classical method based on the pigeonhole principle,
see, e.g., [9] for a detailed proof. Therefore,

P
1
[F(x)] < [FO)| + ‘/ F’(y)dy' < qi<— + log max am),
0 1—1|x|/llge-1ll 1<m<t

as claimed. The second formula of the lemma follows from the first formula applied to
a suitable sequence of «’s converging to p¢/qe, say « = [ag; ay, ..., ag, M] as
M — oc. ]

2.3. The heuristic picture

Let r € (0, 1) be a rational with continued fraction expansion r = [0; ay,da, ..., ar].
We are interested in the value of J4,(r) and want to relate it to J4,(1/r), where it
plays a crucial role that the continued fraction expansion of 1/r very similar to the

one of r, namely 1/r = [a1; a2, a3, ...,ar]. By the periodicity of the trigonometric
functions involved, we can discard the integer part of 1/r, and consider ' := {1/r} =
[0;a2,as,...,ar] instead. So we will be concerned with
Ja, (r)
h(r) =log ~———,
J41 (r/)

and try to figure out how the absence of the first partial quotient a; in " affects this
expression. In the end, we will let r — o for some fixed irrational o (which is assumed to
have unbounded partial quotients).

Let py/qe, 0 < £ < L, denote the convergents to r; in particular, » = pr /qr. As noted
in Section 2.1, we have

qr—1

Jo () =Y Pn(r),
N=0

where Py (r) has the factorization

L—1by(N)-1

Py =[] [] Pa (r’ (1)t bgeliger|l + Se(N)) (2.4)
b=0

(=0 b= e
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in terms of the Ostrowski representation of N. By a rough approximation, we have
1
qellger|| =~ —. (2.5)
ar+1

A general identity' says that for any reduced rational p/q,

’2sin(nf)‘Pq_1<£, f) = |2sin(wx)|.
q q 4

This identity suggests that since r &~ py/q¢, we can expect
. X X .
‘2 s1n(7r—) ’Pqi_l (r, —) ~ |2sin(mx)|. (2.6)
q¢ ) qe

Upon identifying |2 sin(wx/q¢)| & |2sin(zw(ger + x/q¢))| as essentially being the g,-th
factor of the shifted Sudler product, we end up with

Py, (r, 1) ~ |2sin(mwx)|
qe

as a rough approximation. Under appropriate circumstances, this is not far from the truth;
cf. [2, Figure 1 and Theorem 5]. When using this heuristics in (2.4), together with (2.5)
and for the moment ignoring the numbers &;(/N ), we obtain

L—1b¢(N)—1

log Py (r)? ~ Z Z 210g‘25in( 7b )’

a
=0 b=0 t+1

Interpreting the inner sum as a Riemann sum, we thus have

bz(N))

L-1
log Py (r)? ~ ayp 1111(
Z i ai+1

£=0
with y
Y(y) = 2/ log |2 sin(mrx)| dx.
0

The function W(y) is maximized at y = 5/6, reflecting the fact that 2 sin(57/6) = 1.
By (1.2), the maximal value is

)

5 Vol(4
q;(_) _ Vol(4)
6 2
which explains how Vol(4) enters into formulas such as (1.3).

The argument above allows us to identify those N for which Py (r) is particularly

large as essentially being those N which have many of their Ostrowski coefficients satisfy

"'We thank Michael Henry (TU Graz) for pointing out to us that this is Kubert’s functional
equation with parameter 1, written in multiplicative form. See [23,26] for a proof and further appli-
cations.
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by = (5/6)ag4q (in particular, for those £ for which a,y is large). Taking a sum over
all N, we obtain

qrL—1

Ja(=Y Py~ Y HGXP<CM+1‘I’( be )) 2.7)
N=0

(bo,b15.-sb.—1) £=0

where the last sum is meant as a sum over all admissible Ostrowski expansions (bg, b1,

.,br—1) of aninteger N < qr.. We will factorize this sum over all (bg, by, ...,br—1) into
a sum over only the first k& Ostrowski coefficients (by, . .., bx—1), multiplied with a sum
over the remaining ones (bg, bx+1,---,br—1), and for reasons which will be explained
later, we have to do so at a position k such that the partial quotient ay . is “large”.
Assuming that the first and second segment of all such potential Ostrowski expansions
are “independent”, the last expression in (2.7) should be roughly

Z Hexp(agﬂ‘ll( be ))x Z Hexp(aHl\D( be )) (2.8)

(bo,byyesbp—1) =0 T (b br—1)¢

Repeating this procedure for log Py (r')? yields a decomposition into Z(b . ) and
> (bg....b,_p) Similar to the one above, but now with the “digit” bo missing in the first
sum since the partial quotient a; is missing in the continued fraction expansion of r’.
This extra digit in J4, (r) can contribute a factor of size roughly a1 max,e(,1) ¥(y) =
a1 Vol(41)/(2m); since a; ~ 1/r for small r, this explains why h(r) & Vol(41)/(2nr)
in first approximation. When finally considering log J4, (r) —log J4, (') as r — o with
some irrational «, the effect of this extra digit a; will “stabilize” as k increases, and the
second part of (2.8) will asymptotically be the same for J4, (r) and J4, (') since it arises
from the part of the continued fraction expansion which is the same for r and r’, thereby
leading to an overall convergent behavior of log J4, (r) —logJ4, (*') as r — «.

There are many challenges when trying to implement this approach. First, (2.6) is not
an equality, since r # py/qqe, but rather r = py/qe + n¢ for some (small) 7,. For the
Sudler product, we thus have, after taking logarithms,

qe
log Py, (r) = Zlog‘2 sin(nn(ﬂ + 17@)) ,
qe
n=1

and a similar formula holds for the shifted Sudler products; using the linearization
log |2 sin(mn(pe/qe + ne))| =~ log [2sin(wnpe/qe)| + wn cot(mnpe/qe)ne we are led
to the cotangent sums that were introduced in Section 2.2. Detailed estimates for such
cotangent sums form a key technical ingredient in this paper.

Another critical problem is that the decomposition from line (2.7) to (2.8) is very
delicate. Avoiding the coarse approximation of P,;, by W which led to (2.7), but still
using (2.5), we try to factorize

qr—1L—1by(N)—1

Z l—[ l_[ ( )Zb/a£+1 +8£(N)) 2.9

N=0 (=0 b=0 q



C. Aistleitner, B. Borda 5056

into a sum over all admissible Ostrowski coefficients (b, ..., bg_1) times a sum over
all admissible (bg, ..., br—1). There are two crucial “dependence” effects to consider
here. On the one hand, the “digits” in the Ostrowski expansion are not independent in the
appropriate stochastic sense. This is in marked contrast with other numeration systems
such as the decimal system, where the digits are stochastically independent. In the case
of the Ostrowski numeration system, the situation is made more complicated by the extra
rule that by = 0 whenever by = ay,, consequently the stochastic structure is described
by a Markov chain (see [13] for details). Even though there is no true independence, the
degree of dependence between b, and by decreases when the maximal possible value
of byt (i.e., the number a;,) becomes larger; this comes from the fact that the necessity
of applying the extra rule becomes less likely. Thus the factorization of the sum in (2.9)
at a certain position k into two sums over (by, . .., bx—1) (resp. (bg, ..., br—1)) requires
that ag 4 (i.e., the maximal possible value of by ) is large — this is one place where our
assumption on the existence of large partial quotients is of crucial use.

On the other hand, there is another source of dependence, which comes from the fact
that the numbers &, for £ < k — 1 (in the first part of the desired factorization) depend also
on the values of by, ..., by (in the second part of the factorization); cf. the definition
of g4 in (2.3). This is not the same effect as the one described in the previous paragraph,
which was only concerned with the inherent dependence of the Ostrowski numeration
system — now we have another source of dependence which comes from the specific
definition of our products Py .

The strategy for the solution is the following. The value of J4, (r) is a sum over gy,
different products Py (r)?, but only relatively few of them actually make a contribution
of significant size. As indicated above, a significant contribution comes only from those
numbers N for which the most relevant Ostrowski coefficients, namely b, for which @y
is large, satisfy by ~ (5/6)ay41. In particular, if we know that a4 is large (k being the
index where we try to split the summation in (2.9), as in (2.8)), then we can show that there
is a significant contribution to J4, (r) only from those N for which by (N) ~ (5/6)ak+1.
Knowing the size of by allows us to obtain good estimates for g¢, £ < k — 1, since the
effect of bx41,...,br—1 on these g¢’s can be shown to be small — all of that provided
ay+1 is “large”, so again we need to use the existence of large partial quotients.

Assume that (2.9) can thus be decomposed into

k—1by—1
blagi1 + &
S T oot
(bosb1s-esbg—1) £=0 b=0 q¢
L—1by—1

blagy1 + e
x ) HHqu(r,(—l)e+), (2.10)

(b sesbp—1) L=k b=0 q

which we can write as Ag (r) x By (r). In a similar way, we can decompose J4, (') into
Ak (r") x Br(r"), and we need to study

Ay (r) By (r)

h(r) ~log 2 e By
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Assume that ¥ — o and that accordingly r’ — &’ = {1/a}. Note that Ay is composed
of Sudler products P, for £ < k — 1. In all these products, we can replace r by o up
to a very small error, so that instead of the quotient A (r)/Ax(r’), which depends on k
as well as on r, we now have a quotient which depends only on k and «. It remains to
show that this quotient converges as k — 0o, which essentially means that the influence of
the initial partial quotient a; contributing to A (r) “stabilizes” as the length of the prod-
ucts increases. This will follow from an application of the Cauchy convergence criterion.
Furthermore, it turns out that By (r)/Br(r') — 1 asr — « and r’ — o’ (somewhat sur-
prisingly without the need for any further technical assumptions on the sequence r). This
convergence crucially relies on the fact that the continued fraction expansion of r’ arises
from that of r by a simple shift to the left, which implies that the Ostrowski numeration
systems generated by r and r’ are structurally very similar. Thus we can relate a Sudler
product Py (r) for some N to a corresponding Sudler product Py (r’) for a suitable N’
in such a way that the Ostrowski expansion of N’ (with respect to ) is obtained from
the one of N (with respect to r) by a simple shift to the left. In other words, there is an
(asymptotic) shift-invariance of the Sudler product, when the same shift is applied to the
(continued fraction expansion of the) argument as well as to the (Ostrowski expansion of
the) index. This effect is captured in Proposition 4.1 below.

We will carry out the steps sketched above in the following order. In Section 3.1, we
obtain a precise version of the observation that Py (r)? contributes significantly to J4, ()
only if by ~ (5/6)ax+1 whenever a1 is large (Proposition 3.1). In Section 3.2, we show
that the Sudler product Py (r) can be factorized into two components associated with
(bo,...,bx—1) and (by, ..., by) respectively, provided that ay .y is large and that by ~
(5/6)ak+1 (Lemma 3.3). In other words, this result takes care of the dependence caused
by the presence of the g;’s. In Section 3.3, we factorize J4, as sketched in (2.10), again
assuming that ay; is large, thus eliminating the dependence caused by the Ostrowski
numeration system (Proposition 3.4). In Section 4, we consider the “tail” part of the fac-
torization, i.e., the quotient By (r)/ By (r’) in the terminology from above. In Section 53,
we combine these ingredients and settle the continuity problem.

3. Approximate factorization of J4,

3.1. The local 5/6-principle

In our previous paper [2], we observed that Py («) is maximized when the overwhelming
majority of the Ostrowski digits by (N) are close to the “optimal” value (5/6)ag41, and
found the precise asymptotics of Py («) in terms of the deviation of the Ostrowski digits
from this optimum. The main results of [2], however, apply only under the regularity
condition (1 + logay) < ag+1 on the partial quotients of «; most crucially, this is not
satisfied by almost all « in the sense of Lebesgue measure, and thus such a restriction
would not allow us to arrive at Corollary 1.2. In this paper, we prove a “local” form of
the 5/6-principle which is concerned with the effect of one particular digit taking a value
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away from the optimum; our result holds without any regularity condition on the partial
quotients.

Proposition 3.1 (Local 5/6-principle). Let 0 < k < L be such that ay, > 7, and set
by = [(5/6)ak+1]. Let0 < N <qr.

() Ifbxy1(N) < agyo, then N* = N + (b — br(N))qx satisfies

(b — bk (N))?

ak+1
_C(|b;g—bk<zv)|
Ak+1

log Py+ () —log Py (o) = 0.2326
(1 + log max a)
1<m=<k
1
+ I{bk(N)Sl}I{bk_H(N)>0.99ak+2} logagy» + q_z)
k

with a universal constant C > 0.

(i) Ifbg+1(N) = agy2, then N* = N + b; qx — qr+1 satisfies

log Py () —log Py () > 0.1615a 41

- C(l + log max a, + logag,
1<m<k

+ Hag 12 =1} by 42(8)>0.99a4 4.3) 0k +3)

with a universal constant C > 0.

We use the convention log maxy <<k am = 0if k = 0.

Remark. Note that in (i), N * is obtained from N by replacing the Ostrowski digit b (N)
by by In (ii), the assumption by 41 (N) = ag4 forces bx(N) = 0, and N* is obtained
from N by reducing the Ostrowski digit by 1 (N) = ak4; to ax4+, — 1, and increasing
br(N) = 0 to b;. In both (i) and (ii), we arrive at a valid Ostrowski expansion for N*.

Simply put, Proposition 3.1 states a Gaussian upper bound to Py («)/ Py = (c) in terms
of the deviation of the Ostrowski digit bx(N) from the optimum b;". In (i) (resp. (ii)),
we could have used any numerical value less than

9Vol(4;)
25w

\kﬂ(41)
=0.23260748 . .. (resp. . =0.16153297...>.
T

These values are actually sharp, although they will not play any special role here. The
precise decay of Py (a)/Pyn= () is in fact non-Gaussian [2], but for our purposes an
upper bound will suffice.

Proof of Proposition 3.1. For the sake of readability, set f(x) = |2sin(rx)|. We give
a detailed proof for k > 1, and indicate at the end how to modify the proof for k = 0.

Let
qe—1

= 5 s

n=1
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be the cotangent sum first introduced in [2]. Observe that V;(x) is decreasing on the
interval (—1, 1). Lemma 2.2 and summation by parts yield

1
+ log max am), x e (—1,1). (3.1)
1 —|x| 1<m=<t{

A key result in our previous paper [2, Proposition 12] states that for any 1 < £ < L such
that be(N) > 1,

V)| < gellgeal(

be(N)—1

bqe|lgea|| + €¢(N)
5 g o (e +
b0 qe¢

be(N)—1 be(N)—1

= > log fbqellgeal +ecN) + DY Vilbgellqeal + ec(N))
b=1 b=0

+log(2m (be(N)qellgea|l + e¢(N))) + E¢(N), (3.2)

where E¢(N) < C/(ag+19¢)- A porism of [2, Proposition 12] shows that if in addition
bg(N)/ag+1 is bounded away from 1 and a1 is large enough (e.g., bg(N) < (5/6)ag+1
and ag41 > 7 suffice), then we also have the lower bound E¢(N) > —C(1/ag+1 + 1/q7).

(i) Assume that bg41(N) < ag42, and let N* = N + (b; — br(N))qy. In particular,
br(N*) = by and by(N*) = by(N) for all £ # k. By definition (2.3) of &,

ee(N*) —ee(N) = (=D qeb — bk (W) llgrerll, 0<t<k.  (3.3)
and g¢(N*) = ¢¢(N) for k < € < L. The product form (2.2) thus gives

bi—1  br(N)-1

log Py+(ct) —log Py (o) = ( > - Z )10g P, (a’(_l)k barllgrel + Sk(N))
b=0

dk
k-1
+ ) (8e(ee(N*)) — ge(ee(N))), (3.4)
=0
where
be(N)—1
bqellqeall + x
L BTy
ge(x) = ; log Py, (. (1) e )
be(N)—1 q¢
b +
— Z Zlogf(na—{—( l)e qellgeal| X)
qe
be(N) 1 q¢
= Z Zlogf((n—i—bq@a%—( 1)‘Z )
b=0 n=1
be(N)qe

Z logf(noe + (—l)e;—[).

n=1
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We claim that the second line in (3.4) is negligible. Since by (N)q¢ < q¢+1, Lemma 2.2
yields that for any real |x| < q¢||qect]|,

(— 1)4 be(N)qe N
lgp(x)| = ‘ Z cot(n (na + (- ))'
qde+1
< +log max ap).
q (1 — |x1/(qellgecll) 1<m<+1 m>

Note that by Lemma 2.1, [e¢(N*)| < g¢llgee|| and [e¢(N)| < q¢l|qea||. Observing that g,
is decreasing, we have

ee(N*)
ge(ee(N*) — ge(ee(N)) = f g, dx > —|g)(ee(N*)] - [ee(N*) — £(V)]

e¢(N)

regardless of whether g;(N™*) or g¢(N) is greater. From the previous two formulas and
from (3.3), we thus deduce

ge(ee(N™)) — ge(e¢(N))

b*—br(N 1
—C| 2 bk (N)| e+ ( +1log max am). (3.5)
e ak T e ey T it

First, let 0 < £ < k — 3. Lemma 2.1 implies that here

N*
Il el aesaed g

qeligecll — lgeel llgecll llgecll qe+s’

and we obtain
k-3 k-3

by —be(N)| 1
D (@e(ee(N*)) — ge(ee(N)) = —C—E———= - — " gp45(1 +log max_an)
=0 ak+1 a = <+

by —bx(N

—Cw(l+log max dp).
Ak+1 1<m<k-—2

Next, consider the £ = k — 2 term. Since b,’; < (5/6)ak+1, Lemma 2.1 gives the better
upper bound ex_>(N*) < (17/18)qx—2|gx—1¢||. Therefore,

k2 (N {Ilqk-lall 17l g 1a||} lgr—rell dr—1
— ——————— > min 1= >
gk—2 [l gr—2|| gk—2ct]| 18[lgk—a ) — 18|lgk—|| qk
and (3.5) leads to

)

« |bg — br(N)]
gk—2(ek—2(N™)) — gk—2(ek—2(N)) > —C ————(1 +log max ap).

Ak+1 1<m<k-1

Finally, consider the £ = k — 1 term. Lemma 2.1 now gives the better lower bound
ex—1(N*) = —(17/18)qx—1lgr—1||. The assumption ag 41 > 7 ensures that

17
qr—1llgrall < Eqk 1l gr—1c].
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Therefore,

*
e (N9 1
Gk—1llqr—r| ~ 18

and (3.5) yields

|bg — br(N)]
Zk—1(ek—1(N™)) — gr—1(ex—1(N)) = C—(1+10g max dpm).
Af+ 1<m<k
We have thus proved that
= b — bi(N)]
D (ge(ee(N¥)) — ge(ee(N))) = C—(l—Hog max ),
Ak + 1<m<k

=0

and it remains to estimate the first line in (3.4).
Applying (3.2) to both N and N* gives

br—=1  br(N)—1

bgrllgrell + ex(N)
log Py, | o, (—l)k
(- X )t )

qk
bi-1  br(N)-1
-(x- ) ) oe £(balaal + ()
b=1
BE-1 be(V)-1

( 2 -2 )Vk(bqknqkan + e (V)
b=0

ka”‘]ka” + ek (N)
bk (N)qk llqreell + ex(N)
provided that bg (N) > 1; an obviously modified formula holds when by (N) = 0. Accord-

ing to the porism mentioned after (3.2), the assumption a1 > 7 ensures that Ex (N *) >
—C(1/ag4+1 + 1/43), thus

+ log + Ex(N*) — Ex(N),

. 1
Ex(N*) — Ex(N) > —c(ak+1 + q—2).
k

It is also easy to see that
biarllare] +exc(N) c by — bk(N)|.
b (N)gicllqrerll + ex(N) — k41

Formula (3.1) and the facts that Vi (x) is decreasing and that by g |lgra| + ex(N) is
bounded away from 1 show that

bi—1  pr(N)-1
( - Z )kaqknqkan e = —[bf — (V)] - Ve (Bl aelgxell + ex (V)]
b=0

c 1ok — b))

(1 + log max ay)
Af+1 1<m<k
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regardless of whether b (N) or b} is greater. The sum of log f(bg llgra| + ex(N)) is
finally compared to the corresponding Riemann integral. Note that bgy ||gr o || + ex (N) =
b/ak+1 + O(1/ag+1), and in particular by gk [|gket|| + ex(N) = 5/6 + O(1/ag1).
Assume first that |b — br(N)| < ag1/100. Then for all b between b; and b (N),
the points bqy ||gre|| + €x(N) are bounded away from 0O and 1. Since log f(5/6) =0,
each term also satisfies [log f(bgk llgra | + ex)| < |by — br(N)|/ag+1. We thus obtain

br(N)—1

by—1
(Z Z )10gf(b(1k||‘Ika||+8k(N))
b=1

bic/ai+1 by — bk(N)|
= dp41 / log f(x)dx + 0(—)
br(N)/ak+1 k41

The concavity of log f(x) implies that

9IVol(4;)

5/6 1 5/6
/ log f(x)dx = W/o log f(x)dx = 7o

inf ——
yel0,11 (5/6 — y)? J,
Y#5/6
The first line in (3.4) thus satisfies
br—1  bi(N)—1

barllqrell + ex(N)
log Py, a,(—l)k
(- X )t )

qk

Z9wm%)(@—bﬁND2_C0%—¢ANN

1
" 1)
o T (1 +log max am) + —

Ai4q 1<m<k qi

and the claim follows.
Next, assume that |b; — bg(N)| > ag+1/100. By Lemma 2.1,

1

barllgrell + ex(N) < (ag+1 — Darllgrall + qrllgeiall <1 — ———,
k41 +2

ballqrell + ex(N) = qrllqrrel] > ——.
Ak+19k+2
Hence each term satisfies |log f(bgg ||qra| + e (N))| < log(ag+1ak+2), and by com-

paring the sum to the corresponding integral, we obtain

b (N)—1

k -1
( Do - Z )log Fbqillgrell + ex(N))
b=1

bilak+1
=%H/ log £(x) dx + O(log(aj+1a%+2))
bi(N)/ak+1

- 9Vol(4;) . (b,’; — b (N))?
- 257 k41

— Clog(ak+1ax+2)-
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If by (N) > 2, then the term b = 1 does not appear in the previous formula, and we have
the better lower bound

1
baillgre| + ex (N) = 2qx ||lgree| + e (N) > .
+

If bp+1(N) < 0.99ag 4, then Lemma 2.1 gives the better lower bound

1
barllgrall + ex(N) > 0.001¢gy ||groc]| > :
Ak+1

Therefore, in these two cases the error term logay 4+, can be removed. The first line in (3.4)
thus satisfies

bp—1  br(N)-1

barllgrall + ex(N)
— log Py, a, (=)
(Z- % Jwera )

b0 dk
- 9Vol(4;) . (by — br(N))?
- 257 Ak+1

— C(l + logag4

1
+ Lip ()< 13 (b1 (N)>0.99a4 45} 108 Ak 42 + log 121”2})5(]{ am + %>

After an arbitrarily small reduction in the value of 9Vol(41)/(257), the error term log ay 41
can be removed, and the claim follows. This finishes the proof of (i) when k > 1.
(ii) Assume that bg41(N) = agy2 (hence b (N) =0),andlet N* = N + b g — qi+1-
In particular, by (N*) = b}, bry1(N*) = ag4o — 1 and by(N™*) = by(N) for all £ #
k,k + 1. By definition (2.3) of g¢,
ee(N*) = ee(N) = (D qebf lgell + lginial). 0<€<k—1,
ek(N*) — e (N) = qrllgr-+1a]l,

and gg(N*) = g¢(N) for k + 1 < £ < L. The product form (2.2) thus gives
log Py (o) — log Py ()

= —log Py, (oe, (-1
bi-1

+ Z log Py, (oe, (-1
b=0
k—1

+ ) (8e(ee(N*)) — ge(ee(N))), (3.6)

£=0

yet (ak+2 = Dr+1llge1a| + <9k+1(N)>
qk+1

) bak llgre || + ek(N*))
qk

where gy (x) is as before. The same arguments as in the proof of (i) yield

k—1

D (ge(ee(N*)) — ge(ee(N))) = —C(1 + log max )
£=0 =m=<
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and
bi—1
bgklqre|l + ex(N™)
X tog (o (-t A L)
Vol (4 !
> 4( l)ak+1 _ C(l + IOg(ak+1ak+2) + 10g max d; + _Z)a
. 1<m=<k

i
and it remains to estimate the first line in (3.6).

A special case of a general estimate in our previous paper [2, Proposition 11 (ii)] states
that the point x = (ag42 — 1)gk+119k+1¢]l + €x+1(N) satisfies

log P, o, (—1 kb1 X o lo af + a U,
£ P (o 0 ) < o (1 (Il + ) 7 H0 )
c
+ Viet1(x) +
k+2qk+l

with the convention that f(x)/f(x/qx+1) = qk+1 in the case x = 0. Here

) S (x)
S(x/qr+1)

Assume first that x > 0. Then (3.1) and the fact that Vi ; is decreasing give

X X
tog( £ (llge+rll + ) = tog(f (lgrsrell + ——)axs1) = C.
Qk+1 qk+1

Vieg1(x) < Vi1 (0) < C(1 + log max dp).
<m=<k+1

Next, assume that x < 0. Then ag4, = 1. The general identity from the theory of contin-
ued fractions

1 1
—— = [ag+2;ak+3, ... ] + [0;ak+1,a8,... ] > 1 + ——
Gre+1l1gr+1|l ax+3 + 1

and Lemma 2.1 show that
ag+3 + 1
ek+1(N) > —qr+1llqp 12| > ———.
ak+3 +2

Formula (3.1) now gives
1
Vir1(x) < C(— +log max am> < C(ag+3 +log max ap).
1+ x 1<m<k+1 1<m<k+1
On the other hand, if bg 12 (N) < 0.99ay 3, then Lemma 2.1 yields the better lower bound
ek+1(N) > —0.999¢k +1 gk +1||, and (3.1) similarly leads to

Vi+1(x) < C(1 + log <mil]>€<+lam)~

The first line in (3.6) thus satisfies

—1 N
~log Py, (a, (= 1)t (ak+2 )Clk+1gzi:r10!|| + ek+1( ))

= C(l + I{ak+2 I}I{bk+2(N)>0 99ay 4+3}0k+3 + IOg <$3])é+1 am)-
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After an arbitrarily small reduction in the value of Vol(4;)/(47), the error term log ay 41
can be removed, and the claim follows. This finishes the proof of (ii) when k > 1.

We now indicate how to modify the proof for k = 0. In (i) (resp. (ii)), formula (3.4)
(resp. (3.0)) still holds with

k—1

> (gelee(N*)) = ge(ee(N)) =0

£=0

being an empty sum. Since now gx = qo = 1, we have Py, (o, x) = f(a + x). Instead
of applying (3.2) to N and N*, we can simply use

bi—1  bip(N)-1

bgkllgre|l + ek (N)
log Py, oz,(—l)k
(- % Jeeru )

dk

by—1  br(N)—1

(Z ) 108 £+ -+ 20(V))
b=0

and compare the right-hand side to the corresponding Riemann integral as in the case
k > 1 above. This finishes the proof of (i) and (ii) when k = 0. ]

Corollary 3.2. Let 0 < k < K < L be such that
1 + log max; <<k @m -
Vaks1log(l + axy1) —
with a suitably small universal constant A > 0, and set by := | (5/6)ag+1|. Then
> Py@?®=a3] Y. Pv@? (3.8)

0<N<gkg 0=N<qx

|bg (N)=bj|=10\/aj 11 logak 11

(3.7)

and also

> Py(@)? < a; > Py (@)% (3.9)
0<N<qK 0<N<q1<
bo(N)=b1 (N)==bg_1 (N)=0 bo(N)=by (N)==b _1 (N)=0

|br (N)—bj 1210 /ag 41 logag 11

Proof. Let
S = Z Py(a)?,

0<N<qg
and consider the sets
Hy(b) :={0< N < qg : bgy(N) = b},
ng/(b,c) = {O <N <gg: b((N) = b, b(/(N) = C}.

Let B > 0 be a suitably small universal constant. We consider 3 cases depending on the
sizes of ax4, and ag 4 3.
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Case 1. Assume that ag i, > Bagy1. Forany 0.99a; 4, <b < ajp4,,themap N — N +
(ka b)qx+1 1s an injection from Hy () to Hk+1(bk+1) here as before bk+1 :
| (5/6)aj 42 ]. Choosing A small enough in terms of B, condition (3.7) ensures that a4,
dominates logmax <m<k+1dm. Since 0.2326 - 0.992 > 0.2279, Proposition 3.1 (i) applied
with k + 1 thus shows that

> Py(@)P< > exp(—0.2279ay 1) Py ()2 < exp(—0.2279a42)S.
NeHy(b) NeHp11(5 )

Summing over 0.99ay 1, < b < ay4; leads to

> Py (a)? < ag42exp(—0.2279a42)S < ap1 LS.

0<N<gg
bk+ 1 (N)>O.99[lk+2

For any b, ¢ with [b — b;| > 10y/ag41logagyy and 0 < ¢ < 0.99ay 5, the map N
N + (by — b)qy is an injection from Hy x41(b, ) to Hy g11(bf, ¢). Condition (3.7)
ensures that the main term

(by = b)?

Ak+1

0.2326 > 23.26log g1

dominates the error term in Proposition 3.1 (i), thus

> Py(a)? < > ap 232 Py (o).

NeHy x11(b,c) NEHk’k_H(b;:,C)

Summing over b, ¢ leads to

Z PN(O[)Z < ak22 26S
0<N<gg

|bk(1\7)—b;:\2104 fak41logag 4

br+1(N)=<0.99ak 12
and (3.8) follows.

Case 2. Assume that ag4, < Bayy; and ag4+3 > Bag1. Choosing A small enough in
terms of B ensures that a3 dominates log max; <, <k+2 dm. Proposition 3.1 (i) applied
with k + 2 now leads to

Z P (00)? < ag43exp(—0.2279ax 43)S < agy 1005
0<N<qg
bi42(N)>0.99a; 13
Since the error term log ag 4, is negligible, using Proposition 3.1 (i) and (ii) we similarly
deduce
Z Py (a)? <ak+126S
0=<N<qg

|k (N)=b7 =10 \/ax 41 Togax+1

br42(N)<0.99ay 13

and (3.8) follows.
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Case 3. Assume that ag 4, < Bagy1 and ax43 < Bag41. Choosing B small enough, the
error terms log ax 4, and ax3 are now negligible. Items (i) and (ii) of Proposition 3.1
directly give
> Py(@)® < ai37?°s,
0=N<qg
bk (N)—bj; 210 /agx 41 logax 41

as claimed in (3.8).

A straightforward modification of the proof leads to (3.9). |

3.2. Factoring the Sudler product

Lemma 3.3. Let | <k < L be such that ayy, > 150, and set b} := |(5/6)aj+1]. Let
0 < N < qr, and set

k-1 L-1
Ny = Zbg(N)qg and N, := sz(N)CH-
(=0 t=k

If |bx (N) — bi| < ak+1/10, then

bk (N) — bl +1

Ak+1

Py (x) = Py, (a, (—l)k%) Py, (@) exp(O( (1+log lrsnnalvsik am))>

with a universal implied constant.

Remark. Note that N contains the initial segment of the Ostrowski digits of N, and N,
contains the final segment. Roughly speaking, the lemma says that we can decompose Py
into two products Py, and Py, such than Py, only depends on the Ostrowski represen-
tation of N up to digit k — 1, and Py, depends only on the Ostrowski representation from
the k-th digit onwards; the error in this decomposition is small provided that a4, is large
and by is close to b; . From Corollary 3.2, we know that whenever ay 11 is large, then only
those N with by ~ b; make a significant contribution towards the value of J4, . Together
Corollary 3.2 and Lemma 3.3 will allow us to obtain the desired factorization of J4, in
the next section.

Proof of Lemma 3.3. We write f(x) := |2sin(x)|. Using

Noa = (—1)f b (N)gic llgkell + ex(N) (mod 1),

qk

we deduce

Ny
Py(@) = Py,y(@) [ | f(na + Naa)

n=1

b (N)qrllgre| + Sk(N))‘

Ny
_ Nk
= Py, () | | f(noe~|—( 1) o

n=1
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It will thus be enough to estimate

Py (@) _ lN_[ (e + (=DF (e (N)qellgrell + ex(N))/qi)
P, (@, (=1)(5/6)/qi) Py (@) — 4 fna + (=5 (5/6) /1)
Ny
=[]+ R+ Qul. (3.10)
n=1

where, by trigonometric identities,

R COS(”(_l)k b (N)gr llgerll —5/6 + 8k(N)) .
. qk '
— k b (V) g llgre|| —5/6 + &, (N) 4 5/6
On = Sln(ﬂ(—l) " )cot(n(na + (=1 q—k))
Clearly,

(5/6)ars1—1 5 8/3
0> bigrlqrall — > > K~ > 207
ax+1 +2 6 Af+1

hence the assumptions ag1 > 150, [bg(N) — by| < ax+1/10 and Lemma 2.1 lead to

bk (N)qillgrell —5/6 + ex (V)]

dk
Ibk(N) —bilarllgrell + 1bgqx larall — 5/6] + lex (N)]
dk

|bx (N) = b +11/3

- Ak+19k
28

< .
— 225¢;

By the general inequality 1 — cos(7t) < (72/2)t?, we thus have

(|bk(N) b;|+11/3)2<7[2< 28 )2 0.08

|R| — = < — -
2 ak+19k 2 \225qy qx
Observe also that forall 1 <n < Ny,
5/6 n 5/6 +n o
H”“ n (_quLH _ Hﬁ =Dt / N gl H

= (- 22 = 52,
=6 ar 25

Therefore, by the general inequality |cot(m?)| < 1/(x||t]]),

bi(N)—=bF| +11/3 25 28 25
|04l §n| RN) = b #1173 < : <0.78.
A +19k dr|lnpr/qill = 225qk  4linpr/qk|
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In particular, |R + Q,| < 0.86, and so each factor 1 + R + Q, in (3.10) is bounded
away from zero. Using the fact that e—21? <141 <¢ for|t| < 0.86, we obtain

N Ny Ny Ny
exp(Z(R +0n)— ) 2R+ Qn>2) <[INn+R+0ul= exp(Z(R + Qn)).
n=1 n=1 n=1 n=1

Here

|bi(N) — bl +1 bk (N) — bl +1

Ni|R| € and N R> €
Ak +1 Ak+1
are negligible, and so is
e (N) — b + 1 % 1 b (N) = b + 1

Ny
>0}«
n=1

Finally, the fact g ||qx—1«| = 1 — 1/ag4+1 > 149/150 > 5/6 and Lemma 2.2 yield

Ny
D O
n=1

2

A1 = ailinpe/qel? A1

bi(N) — bl +1

‘ é cot(rr (na + (—l)ksq/—;))'

<
Ak+149k
br(N)—bF| +1
< 16, (V) = O] (1 4+log max ay),
Afe+1 l<m=k
and the claim follows. [

3.3. Factoring J4,

We now prove the key result of this section. In the special case of « € Q and K = L,
the following proposition states an approximate factorization of J4, (o) with a negligible
multiplicative error provided that a, dominates ay, . .., ax. Observe that the first factor
in this factorization depends only on ay, ..., ak; this will play a crucial role in the proof
of Theorem 1.1.

Proposition 3.4. Let 1 <k < K < L be such that

Viog(l + ag+1)

=Y = T (141 <A
Ek T 1+ Ogénﬁéka'”) <

with a suitably small universal constant A > 0. Then

> PN(a>2=( > PN(f]’—]’:x—l)kﬁ)z)

0<N<gg 0<N <qi qk

x ( ) PN(a)2)<1 T 0
0<N<gg
bo(N)=b|(N)=-=bjx_1(N)=0

with a universal implied constant.
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Proof. Corollary 3.2 gives
Y Py@)? =1+ 0;2%) 3 Py (@)

0<N<gg 0<N<gk

|bx (N)=bF <10, /akt1logak+1

Let us now apply Lemma 3.3 to each term of the sum on the right-hand side. Letting Ny,
N> be as in Lemma 3.3, observe that the map N + (Np, N») is a bijection from

{0 <N < gk : |b(N) = bg| < 10y/ag+1logagir}

to the product set

[0,gx) X {0 <N <qk :bo(N) =---=bx_1(N) =0, |b(N)— b | <10y/ajy1log a1}

This leads to the factorization

> PN(O‘)ZZ( >

5/6\2
PN(%(—l)kL) )
0<N<qx 0<N <qy 9k

x ( )3 Py (a)2)<1 + 0.
0<N<gg
bo(N)=b{(N)=-=bg_1(N)=0

|bg (N)—bj1<10/ag 41 logagy1

Corollary 3.2 shows that the condition |bg(N) — bj| < 10y/ag41logag4 can be re-
moved from the second sum, and it remains to replace @ by pr /g in the first sum on the
right-hand side.

The so-called transfer principle for shifted Sudler products [2, Proposition 11 (i)]
shows that forany 0 < N < g,

Py (o, (1)K (5/6) /qx)
PN(Pk/C]k (—=1)*(5/6)/qx)

_Z ( nIIQkOlII) Ot(nn(—l)k5:+5/6

) + 0.

Lemma 2.2 and summation by parts yield

N k
. n o n(—1 +5/6
E sm(n M) cot(nM)' L qrllgra||(1 +log max an) <K &.
dk dk l<m=k

n=1

Hence forall0 < N < g,
5/6 5/6
P (o 1F2L0) = by (2 0 1+ ogeu.
dk dk dk

and the claim follows. [
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4. A tail estimate

Throughout this section, let 0 < & < 1 be a real number, and let &’ := {1/a}. We write

their continued fraction expansions as in Section 2: o« = [0;ay, a2, ...,ar] and &’ =
[0;a5,as,...,ar] in the rational case, whereas « = [0;a1,ds,...]and &’ = [0;a3,as,...]
in the irrational case. Let py/q¢ = [0;a1. a2, ..., a¢] and p;/q, = [0;az,as,...,as] be

the convergents to & and o, respectively. In particular,

qp=p¢ and pjy =q¢—aipe. (4.1)
To any 0 < N < ¢y, whose Ostrowski expansion N = ZZLZ_OI b¢(N)q with respect to o
satisfies b1 (V) < a, let us associate 0 < N’ < ¢; defined as

L—-1
N’ =" by(N)q.
=1

Observe that this is a valid Ostrowski expansion of N’ with respect to &’. We will apply
the mapping N +> N’ three times, namely once in the proof of Theorem 5.1 and twice in
the proof of Theorem 1.3, and we will always ensure that it is only applied to numbers N
for which indeed b1 (N) < a; (the domain and codomain of the mapping will be chosen
in such a way that the mapping is bijective).
The product form (2.2) then gives
Py@ _ T, baollgoal + o(N)
Pyr(a) [T P (a’ 9o )

—1by(N)—
LIbe=t b (o, (1) (bgellqee]l + ee(N))/q0)

<111 Py, (o, (=D (bgyllqpe’l| + &, (N))/qp)

{=1 b=0

4.2)

where &/, (N) := ¢ Z,];l;lul (=1)**m=1p,,(N)|lq,,¢’||. The main result of this section is
a tail estimate for the previous formula.

Proposition 4.1. Let 1 < { < L, and assume the following two conditions:

() a4 = ()1 or be(N) < 0.99ag,

(i) ags2 < (q) )10 0r by (N) < 0.99ay 2.

Then

Pt (o (D) bgellqeal] + ee(N))/qe)

bl:[o Py (. (=11 (bqyllqpe’ | + €, (N))/qp)

= exp(O ( (az +('q'2'):;4a€)3/4 108(‘1(]12 +1) ))

with a universal implied constant.
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We give the proof of Proposition 4.1 after two preliminary lemmas. As before, we
write f(x) := |2sin(wx)|.

Lemma 4.2. For any x,x’ € R, we have the explicit formulas

X £E) S (0= = 2)/q0)
e (o D) = f (lace + )f(Z/qe)l_[ CEB

and similarly

Py (o 0 ) = (e + ) Hf((”_y"‘zl)/q‘),

4y f@ ) [ f((n—=2"/qp)
where
ndqe—1 1 ’ nqé—l AN
v = ({51 = D )aclacall and vy = ({FEL) = 2 )ablael
qe qy 4.3)
¢ im il it o WL

Proof. By peeling off the last factor,
X
Py (0 (1))
q¢ 2

= /(a1 ) qff[l St 1)

—f(llqea||+ )Hf< Pe+( D ({ }—%)Ilqzall+(—1)lx+qeq!q2”/2).

The mapping n — nqy—; is a bijection on the set of nonzero residues modulo ¢, which
sends npy to (—1)“*1n as a consequence of py_1q¢ — peqe—1 = (—1)*. Using this bijec-
tion to reorder the product in the previous formula, by the symmetry of f, we obtain

Pag (0 -1 ) = (el + ) q]‘[ (=),

-1 qe

The simple identity [2, Proposition 9]

g-1 f@ .
Mr(C=) =L Twm "% genier
n=1 q q ift/q € Z,

further shows that

1) qﬁ F((n = yn—2)/q0)
f(z/q0) fn=2)/q0)

as claimed. The proof for o is entirely analogous. ]

Bag (o 0 ) = 1 (lacel + )
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Lemmad4.3. Let 1 <{ <m < L. Ifeitherm > 2, orm = 1 and ay > 1, then

lgellgme|l — qgllgme Il < -
e+1qm+1

Proof. The case m = 1, ap > 1 can be checked “by hand”. Assume that m > 2, and let
r = [@m+1; Am+2, - - - |- Using (4.1) and the identities |gno| = 1/(rgm + gm—1) and
lg,e'll = 1/(rq,, + q,,_,) from the theory of continued fractions, we deduce

delametl = Llale | = rqeqm(Pm/qm — Pe/qe) + qedm—1(Pm—1/qm—-1 — Pe/qe)
m = .
e (rgm + qm—1)(rqp + dp_y)

Note that a1 <7 < am+1 + 1. If m = £, then

1 1
<
(rqe +qe-0)(rqy +q,_) ~ qe+19p4,

lgellgmell = qpllgmell| =

as claimed. If m = £ + 1, then

r 1
<
(rqes1 +q0)(rqp +4p) ~ qe+19;4,

lgellgmell — gy llame! |l =

as claimed. If m > £ + 2, then somewhat roughly we have |pm/qm — pe/qe] < 2 X
|l — pe/qel and | pm—1/qm—1 — pe/qel < 2l — pe/qe|, which gives

m < =
eHm (rgm + qm-D) TGy + Q1) Ty + Gy
2
< —)F
qe+19m 41
as claimed. |

Proof of Proposition 4.1. Forany 0 < b < by(N) — 1, let
x 1= bqgllqeell +e¢(N) and x':= bqyllgpe’|| + €f(N),

and let y,, y,,, z, z/ be as in (4.3); for the sake of readability, the dependence of x, x’,
z, z/ on b is suppressed. The explicit formulas in Lemma 4.2 give

P p (o (D) gl qeal| + ee(N))/qe)

,E, Py (. (=D (bqyllgpe’ | + &, (N))/qp)

be(N)—1

M Ll + /a0 () G ao)
gl + 214D 7 E 4

T I S =y = 2)/a0/F (0 = 2)/g0)
oo T10C) F(n = vy —2)/a)) ) f((n = 21)/d))

X

(4.4)
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We may assume that either £ > 2, or £ = 1 and a, > 1; indeed, otherwise the assumption
b1(N) < a, ensures that the left-hand side of (4.4) is 1, and we are done. Observe first
that by Lemma 4.3, we have

lx —x'| < blgellgea]l — qgllage’lll + lee(N) — e (N)]

L-1
< blaclgeall = apllgpe’ I+ D~ bn(N)lgellgmell — ggllgye’l|
m={+1
L—-1
2b 2 b+1
S———+ ) amn — < — (4.5)
ql+1Q[+1 m=L+1 441941 q5+1qe+1

Similarly, |z — 2’| < (b + 1)/(q¢+19;,.,)- Lemma 2.1 gives

(b —=Daellgeel + qellgerr12ll < x < gellge—1|| — (ae+1 — b)qellqe|l,

and similar inequalities hold for x’.
We will use the following elementary estimate several times. Given a fixed parameter
0 < § < 1/2, one readily checks that

el ~40e /O < 1 4 <ol forallt > —1 48, (4.6)

and consequently
exp(U I: 4 — (4log é)(U I: V)z) < % < exp(U I: V) for all % >46. 4.7

Let us now estimate the first line in (4.4). Standard trigonometric identities and esti-
mates yield

f(”‘]i“” + ;7) = f(qz_g + ||q1;a||> = 2’sin<n;7) + COS(H%)]{ ||q§ot||
+0(llgeal?f (=) + laeal®),

z
qe

and so

X\ _f(@)
f el + ) 770

= 1 ot )7 @) 4+ O laeel 1) + el

f) lgca
= Ix + qellgeal| = + O (lgel® + 57 ) £) + lgeal*e).
|z| q

el
2

We now turn the additive error into a multiplicative one. If » > 1, then by checking that
1< |x +qellgelll/1z| <2, f(z) > 1/ag4+ and

X\ S
£ el + ) 770m

fENT
(I +aellgeal 752) > —,
|z] ag+1



5075

A conjecture of Zagier and the value distribution of quantum modular forms

estimate (4.7) with § ~ 1/agy gives
_f(z) exp(O( ! ))
agﬂql?

X\ /()
£ (el + ) 5o = bt dellase 17
If b =0, then f(2)/|z| > 1, f(z) < 1/ag4+; and
f) N
(b +aullgeall <) > 1.

R

hence (4.7) with § & 1 gives
xy\ f(2)
F(laeel + ) 527
1 )
ag, 197 (qellgec ]| +ee(N))

—x +Qz||qwl|||%exp(0(

Here q¢|lqe| + €¢(N) > 1/(agy1a¢+2)- On the other hand, if by (N) < 0.99a44,,
then Lemma 2.1 yields the better lower bound gy ||g¢e|| + €¢(N) > 1/ag+,. Combining

all these cases and using assumption (ii), we thus have

x\ f(2)
S llgeel +
( >f(2/61z)
1 1+1 a
fz )exp(()( B0 g (bz+1(N)>0-929ae+2} €+2))
|z] ql ar+19y
Sz lb 1 Ip=0
= |x + qellqeal| 727 exp((0 (2 4 fos0
|z] ag+19; 4o 49¢
An identical proof gives
x'\ f(@)
7 (ke + ) S
fz /ql)
f() lp=1y Lip=0y
= X"+ qgllgpe! || exp( O = ,
¢ 2| ( (ae+1(612)2 (q2+1)°'99q2))
therefore
be(N)—1
Zl—[ SUlgeall +x/q0)(f(2)/ f(z/q¢))
Fllaye'l + x'/qp)(f ()] f(z'/qy))
be(N)—1
1 lx + gellgell|(f(2)/1z])
=exp(O(———= . 4.8)
(o(Gpr)) | e TEED
Lemma 4.3 and inequality (4.5) show that here
b+1
x + qellgel = ¥+ qjlggel | + 0(——).
ag, 4ed;
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If b > 1,thenb/agy1 < x + qellqee|| < b/agyq and the same holds for o', hence (4.7)

with § ~ 1 gives
Ix + qellgeall]l 1
o =explO| ——) ).
|x +614||an Il ag+149¢4,

If b = 0, then (4.7) with § ~ I{p,, | (N)<0.99a,4,}1/@e+1 + 1/(ae+14¢+2) and assump-
tion (ii) yield

Ix + qellgeall] 0 1
W+ gl T~ TP\NINGZ, qeapeligeal + ec(V)
ey, 1+19¢40\9¢119¢ &y
L+ logagsy + LIip,y  (N)>0.99a042) log(ae+1ae+z)))
ag 147 @)*(qellgeal + e¢(N))?
_ exp(()(l + Libyy 1 (N)>0.99a, 45} 0+2

a£+161€qé
+ logaﬁ-‘rl + I{bg+1(N)>0.99ag+2}a%+2 log(ae-‘rlaé-i-Z)))
a%Hqg(qé)z
1
= exp(O(—(qé)l_”)).
The previous two formulas show that
be(N)—1
T el _ o 1) ws)
poo X T aplgpell (gp)"*°

Note that z, z’ € (—1/2, 1), and the function f(z)/|¢] is Lipschitz on (—1/2, 1). It is
easy to see that f(z)/|z| > (ag+1 — b)/ag+1, and (4.5) also shows that
z z’ b+1
f@@)  f(@) N 0( )

|z| |z'| ag, ,qeq,

Estimate (4.7) with § ~ 1/ag4 thus gives

JONEL _ (b1 b+ 1P Flogacs) )
£ /2] (@e+1 —b)agr1q9eq;  (agyr —b)2aj, q7(q)?/ /)
and using assumption (i), we get
be(N)—1
[(l—i f@/z exp<0(1 + I{bz(N)>0.99az+1}10gaé+l)) _ exp(o(log%))
S ACOVIE qud; (4

The previous formula, (4.8) and (4.9) show that the first line in (4.4) satisfies

be(N)—1

fllgeel + x/g0)(f(2)/ f(z/40) !
= o\l———=—))-
ﬂ, Fllae T+ 5 g (F @ F & Ta) e (<q;)1-99))
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Next, we estimate the second line of (4.4). We give a detailed proof of the case when
g, > 3, and then indicate at the end how to modify the proof for ¢, < 3.
Note that |y, | < q¢llqee|| /2, and —1/2 < z < 1. By standard trigonometric identities,

f((;(&)j’z_)/zq)z/)q[) = )cos(nZ—Z) - sin(nZ—Z) COt(ﬂnq_eZ)‘. (4.10)

For any integer |n| > 2, here

— 1
cos(ny—n) > cos(z) and ‘sin(ny—") cot(nn Z)‘ < [7n] < —.
qe 6 qe qe In—z| =2

Letl <y < qé /2 be a parameter to be chosen. Applying (4.6) with § ~ 1 leads to

J((n = yn—2)/q0)
\//l<ll_§[qe/2 S((n—2)/q0)

= exp<— Z sin(nZ—Z) cot(nnq_zz) + O(CZ%J:W))'

Ye<n<qe/2

Since g¢—1/q¢ = [0;a¢,ag—1, ... ,a1], a classical estimate [24, p. 126] states that the
discrepancy of the sequence {nq¢—1/q¢}, 1 <n < N is < (N/q; +az +---+ag)/N.
Koksma’s inequality [24, p. 143] thus yields

n 1 N
’Zsm - z)llqmll)' < (g +atota)lael. 1=N <
L

S

’

and summation by parts leads to

. n +lo a+---+a
‘ Z mn(ny—”) cot(n—)' < qz||qga||( g4c + 2 e)
Voenmqe2 qe qe qq Ve

log(a; + 1 a +---+a
& g(ay )+ 2 ¢
ar+14y ag+1¥e

Estimating the factors —gy/2 < n < —; is entirely analogous, therefore we have

qe—1
7 = yn — 2)/q0) log(ar +1) | az+--+ac
= 0]
I =57 exp (O ars1q, a1V )

£ = o = 2)/q0)
I 5w 1D

0<|n|<yr

An identical proof gives

f((n—yn—Z)/qz) ar + -+ ay
H F(n—2)/q)) = exo(0( a1V )

S((n—y,—2)/q)
[ fln=2/q)

We emphasize that we use the same cutoff ¥, for both o and o’.

4.12)

0<|n|<yy
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Consider now the ratio of the factors 2 < |n| < ¥ in the previous two formulas. For-
mula (4.10) and its analog for &’ are still bounded away from zero. Therefore, (4.7) with
8 = 1 gives

S =yn=2)/q0) /[ f((n = 2)/q0) _ cos(xyn/qe) = sin(wyn/qe) cotlm(n —2)/qr)
fn—yn=2N/ap)/f((n—2)/qp)  cos(ryy/qy) —sin(my,/qp) cot(m(n — 2')/qy)

= exp(O(‘sin(nZ—Z) C0t<nnq_e Z)

. i n—z 1
—sm(n—/) cot(n ; )‘ + = ; 2))
q q ag,1(qy)

L 14

Standard trigonometric estimates and (4.5) show that here

— / J—
)sin(ny—") cot(nn Z)—sin(ny—t’> cot(nn ,Z )‘
qe qe q q

L 4

i
_‘ Vn _ yn
n—z n-—=z

1 n?
( 3 N2 + / 3)
az+1(‘15) ag+1(qy)
|yn — y{,l + b+1 1 n?

< + .
n| a2+1”2‘]£% a2+1(q2)2 a4+1(q2)3

Observe that the function ({nt} — 1/2)/|n| consists of linear segments of slope +1 with
jumps at the points j/n, j € Z. Recalling (4.1), we have

qe-1 qz_l) _ 1
q¢ q; qeq;

whereas the distance from g;_1 /¢ to any jump j/n is

Qe—l_j’> 1

q¢  nl = |nlge

Hence there is no jump between q;—1/q; and q,_, /q,, and using also Lemma 4.3, we
obtain

[yn —ynl _ |91 9i- 1
< ‘ — Eacligeall + 5—lgcllgeall — gillgpe’lll €« ———-
n| qe 7 2|n| agv19ed,
After discarding negligible error terms, the previous estimates yield
I S((n—yn —2)/q0)/f((n — 2)/q¢)
Y !/ - /!
by, T =y =24 (0 =2)/q))
1 n?
= IT ew(of + )
Zslllw a4+1(q2)2 a4+1(q2)3
Ve v;
— exp (0( n )) (4.13)
a£+1(612)2 a£+1(612)3
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Finally, let n = £1. Under the assumptions
qellgeel/2 1 qllgell/2 ) 1

)

n—z| — c ln—z'| ~ c (4.14)

n—z| > —, |n—Z/|Eg

d
with some ¢ > 2 and d > 1, it is not difficult to see that

U S —ya—2)/a0)
A RS

and the same holds for o’. Following the steps in the previous paragraph, we also deduce

f((n—yn—2)/q0)  S((n =y, —2)/q))

S((n—2)/qe) S((n—2")/qy)

= )cos(nZ—Z)—sin(n;—:) cot(n nq_;)‘ — ‘cos(n%)—sin(n%) cot(nn;;/)"
d d?

<

+ .
ag+1(qp)?  aj,,(q))?
Estimate (4.7) with § ~ 1/c thus gives
S((n—=yn—2)/q0)/f((n—2)/q¢)
fln =y, =2/q)/f((n—z2")/qy)
—exp( ( cd N cd? c?d?logc c2d4logC)
az+1(q2)2 a%+1(q2)2 a%+1(qé)4 a2+1(q2)4 '
Consider the factorn = —1.If » > 1, then z > 0; in particular, (4.14) is satisfied with
¢ =2andd = 1.If b = 0, then the general fact
1 1
<1-
age1+1/(age2 + 1) a4z + 2
and its analog for o’ show that (4.14) is satisfied with ¢ = ag4, + 2 and d = 2. On the

other hand, if by41(N) < 0.99a;,,, then by Lemma 2.1 we have the better lower bound
e¢(N) = —0.999¢,||g¢c|, and consequently

(4.15)

qellgec|| <

_ qellgeall
7 = =
2

in particular, (4.14) holds with ¢ < 1 and d = 2. By combining all these cases, for-
mula (4.15) gives

f(=1=y-1—2)/q0)/f((=1 = 2)/q¢)

FU=1=yL =2 /g /(=1 =2")/qy)

I > 1 + I . a
— CXP(O( {b_l/} . I b0 {b[+](N)>0 /99;14.4_2} 42
a£+1(614) a4+1(q£)

]{lerl (N)>0.99ag+2}a%+2 lOg ag+2 ))
ag,(qp*

+ &¢(N) = —0.499¢, |lgec |;

+ Iip=0)
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Simplifying the error using assumption (ii) shows

be(N)—1

(=1 =1 = D)/ f (=1 = 2)/g0) _ p(0(rms)): @10

= ex —_—

ﬂ) A=y = 2)/ap/f(—T=2)/qp) g
Consider the factor n = 1. By Lemma 2.1, we have

1
1=zl = 1= ((b+ 3 )aelqeal +ecV))
1 1
= qeillgeal + (aes —b = 3 )aclaeal > —.
ag+1

and

gellqeel/2 _ 1/2 1
M=z 7 qe-1/qe+ a1 —b—1/2 7 2qe-1/qe + 1
Repeating the same estimates for o', we see that (4.14) is satisfied with ¢ < a; and

d < ag41.On the other hand, if bg(N) < 0.99a,,1, then (4.14) is satisfied with ¢ < 1
and d < 1. By combining these cases, (4.15) gives

S =y1—2)/q0)/f((1 —2)/q¢) 1 Liby(N)>0.99a, 41}
F(( =y, =2 /ap/ (A =2)/q)) exp (az+1(61;§)2 T )

Simplifying the error using assumption (i) shows

be(N)—1

[ L0=n=2/a/r( =2/ I
= o(——————)). )
=y = A=) a)) exp (qé_l(qji)o-”)) .17

By (4.11)—(4.13), (4.16) and (4.17), the second line of (4.4) satisfies

be(N)—1 qe—1

9L £ (01— yu — 2)/q0) £ (1 — 2)/q0)
bmo T1EC) F(n = vy —2)/a) ) f((n = 2)/d})

loga; +1)  ar+---+ay Ve U 1
=exp( O + + .
p(0( g, Ve @2 " (q))? qg_l(qu))

The optimal choice is
Yo m (a2 + oo+ a0 (g,

which is easily seen to satisfy the required bounds 1 < ¥, < g, /2. Discarding negligible
error terms, we finally obtain

be(N)—1

9 f (= yn —2)/q0) /(0 = 2)/qq)
oo TT25, f((n =y} —2)/a))] f((n = 2)/g})

= exp(o(log(aqlé+ 1) (az +(.q.2.):;4a()3/4 ))
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This finishes the estimation of the second line of (4.4), and the proof of the proposition in
the case when qé > 3,

We now indicate how to modify the estimate of the second line of (4.4) if g, < 3. First
of all, note that if g, = 2, then

_ (14 1 _
= (17 - 3 )aclaeel =0,

since we necessarily have g¢—; = 1. Similarly, ¢, = 2 implies y; = 0. In particular,
]_[q‘ ! S =y, —2"/q))/f((n—2z")/q;) = 1, as the product is either empty, or con-
sists of the single factor n = 1. We may thus assume that g, > 3, otherwise the second
line of (4.4) equals 1, and we are done.

Following the steps above with ¥, = 1, as an analog of (4.11) we deduce

qe—1
F(=yn—2)/a0) log(ay + S = yu — 2)/40)
) v =exp(0(= o >) [l a5/

ne{£1}

Clearly,

) =) o)

Under the assumptions
qellgeall/2
In —z|
with some ¢ >2and d > 1, we have f((n —z)/q¢) > 1/(dqe) and f((n — yn —2)/q¢)/
f((n—2z)/qe¢) > 1/c, thus (4.7) gives
fn—yn—2)/q0) _ d  d?logc
a0~ G )

Choosing ¢, d optimally for n = —1 as above, we deduce

S(=1=y1—-2)/q0)
J((=1=2)/q0)

1
<1l1-—- d —z| > —
B and |n z|_d

2
ae+ i1

1 1 Iibyy 1 (N)>0.99a, 4230042
=exp(0<l{bzl} +1{b=0}( 4 bt >2 ag42 ))>’
ag+1 ag+1 a[+1
hence by assumption (ii),
by(N)—1
T 1 =900 _ o oqy
AT/

Choosing ¢, d optimally for n = 1 as above, we deduce

S =y1—2)/q0)
S =2)/q0)

1
= eXp(O(— + 1{be(N)>0.99ag+1}(1 + IOg az>)>»
ag+1
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hence by assumption (i),

be(N)—1

£ =31 —2)/q0)
bl_[, A =2)/q0)

=exp(O(1 + logay)).

Here either £ = 1, or ay < ¢, < 3. Combining the previous estimates, the second line
of (4.4) thus satisfies

PN I (0 = v — 2)/q0) /£ (1 — 2)/q0)
oo TIES, f((n = vy — 2)/a)) f((n = 2)/d))

This finishes the estimation of the second line of (4.4) and the proof of the proposition
when ¢, < 3. [

= exp(O(1 + logay)).

5. Zagier’s function h(x)

5.1. Continuity

Leto = [0;ay,as,...] be irrational with convergents p;/q, = [0;a1,as,...,ag], and let
V1og(l 4+ a
& = M(l + log max apy).
N 1=msk
Let

Is1 :={[0;¢c1,¢2,...] i cm =apm foralll <m <k + 1}

denote the set of real numbers in [0, 1] whose first k + 1 partial quotients are the same
as those of «. Recall that I is an interval with rational endpoints pg41/qx+1 and
(pr+1 + Pr)/(@r+1 + qk), so for every k the irrational « is an interior point of ;4.

Theorem 5.1. Let k > A~ loglog(a; + 2) be such that & < A with a suitably small

universal constant A > 0. Then

(az +---+ap)®*  log(a; + 1)
(qr/ar)>'* qr /a1

sup  h(r)— inf  h(r) < & +
relp41NQ relp1NQ

with a universal implied constant.

Note that here the last two terms in the upper bound converge to O:

((a2+"‘+ak)3/4 log(a1+1)) —0
(qx/ar)3/* gk /a1 '
If supg> ax = oo, then § — 0 along a suitable subsequence, consequently /& can be

extended to Q U {«} so that it is continuous at «. This establishes Zagier’s continuity
conjecture at all non-badly approximable irrationals, and proves Theorem [.1. If « is

lim

k—o00



A conjecture of Zagier and the value distribution of quantum modular forms 5083

badly approximable, then letting a := lim sup;_, ., ax denote the largest integer which
appears in its continued fraction expansion infinitely many times, Theorem 5.1 gives

1 3/2
limsup A(x) — hm 1nfh(x) < %,
X—>o «/E

a weaker form of the conjecture which falls short of implying continuity at ¢.

Proof of Theorem 5.1. Let @' := {1/a} = [0;a3,a3,...]. Let r = [0;¢1,¢2,...,cL] €
Ix+1 N Q be arbitrary with convergents py/qy = [0; c1, ¢a, ..., c¢], and define r’ :=
{1/r} =[0:cz2,c3,...,cL] with convergents py /g, = [0:c2,c3,...,c¢]. By the assumption

r € Iy, we have py/qy = py¢/qq and py/q, = p,/q, forall £ <k + 1.
Let us apply Proposition 3.4 to r and to r’:

> e =( X ()

0<N<7; 0=<N<q Uk

< ( > Py (12) (1 + O(&),
0<N<qr,
bo(N)=b1(N)=- —bk 1(N)=0

and

Y oner=( X (Bt Y

0<N <7, 0<N<g, Ik

< ( 3 Py () (1 + O(&0).
0<N<g}
b (N)=b5(N)=-=b}_,(N)=0

Note that here N = Zf_(} by (N)q, denotes the Ostrowski expansion of an integer 0 <
N < qr, with respect to r, whereas N = Zz 11 b, (N)g, denotes the Ostrowski expansion
of an integer 0 < N < g; with respect to r’. Hence

ZOSN<(7L PN (r)z

h(r) = ZO§N<17'L PN(V/)Z

0<N< qr Py (r)?
bo(N)=b|(N)=-=bj_1(N)=0

Z 05N<‘1L PN(r/)Z
b (N)=b5(N)=-=b| _(N)=0

= My (x) + log + O(&), 5.1

where
Y o<n<gp PN (Pk/qk. (=1)*(5/6)/qx)?

0g — .
Sozn-q, PN P/ d DF1(5/6)/ ;)2
The crucial observation is that M} () does not depend on r, but only on the first k partial

quotients which are the same throughout ;. It remains to estimate the second term
in (5.1) uniformly in r.

Mk(()é) =
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Let H denote the set of all integers 0 < N < gz, such that bo(N) = b1(N) =--- =
br—1(N)=0,and by(N) <0.99¢y4; forevery k <{£ < L — 1 suchthatcypq; > (672)1/100.
Similarly, let H' denote the set of all integers 0 < N < g} such that b{(N) = b5(N) =

- =b,_(N)=0,and by(N) < 0.99¢c¢4, forevery k < ¢ < L — 1 such that ¢4, >
@) 17100 Note that 0.2326 - (5/6 — 0.99)2 > 0.005, and that by choosing A small enough,
1 4 log maxj<m<¢ Cm 1s negligible compared to (572)1/ 100~ Applying Proposition 3.1 to
allk <{ <L —1suchthatcyqq > @2)1/100 thus shows that

> v =(1+0( Y eae™wrt)) 3 Py (r)?

0<N<qy, k<t<L-1 NeH
bo(N)=b; (N)=- co1>(gp) /190
=bi—1(N)=0 ¢

_ 1/100
= (1 + O(q}e ™04 ) 3™ Py (r),
NeH

and similarly

> Py () = (1 + Ogre 0™y 37 Py ().

0<N<7} NeH’
b} (N)=b)y(N)=-=bj _,(N)=0

The map N = ZeL;ol be(N)qe — N' := Zfz_ll b¢(N)qy, as introduced in Section 4,
is a bijection from H to H' (note that for N € H we have b;(N) = 0, so the mapping
N — N’ is indeed well defined). By the product form (4.2) and Proposition 4.1, for any
N € H we have

L—1bg(N)—1
Py (r) l—f (1—[ Py, (r, (=D (b@e || ger || + Ee(N))/q¢)
NS L N S M NS AT A AR
. (c2+-+c®*  log(er +1)
= exp(O — +
g ( ( (q2)3/4 qé ))
3/4 1
:exp<0((a2+ /‘;‘/fk) og(a1,+ )))
(qk) 4y
Consequently,
0<N<q, Py(r)?
bo(N)=b) (W)= (N)=0 — (1 + O(qLe—0005@) /1)) Y nen Py (r)?
> 0<N <7, Py (r')? k ZNGH’ Py(r')?

bj (N)=b5(N)=-=b} _(N)=0

_ exp(O((az +(-q-]/€-)j/:lk)3/4 log(ZZvL 1) ))

and (5.1) simplifies to

(a4 -+ +ap)¥* | log(a; + 1)>

hr) = M) + 08 + (g3)*"* U
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Here q;. >> qi /a1, and My (er) does not depend on r, leading to the upper bound for the
oscillation of 2(r) on I+ N Q in the claim. L]

5.2. Asymptotics

Proof of Theorem 1.3. Let r be a rational in (0, 1), and let r = [0;ay, a2, ...,ar] be its
continued fraction expansion, with convergents py/q; = [0; a1, as, ..., ag]. Let v’ :=
{1/r} =1[0;az,as,...,ar], with convergents p,/q, = [0;az,as, ..., a]. The Ostrowski
expansion of 0 < N < g with respect to r will be written as N = Zf;ol b¢(N)qy, while
that of 0 < N < g withrespecttor’as N = ZZL:_II by (N)qy. The claim of the theorem

can be equivalently stated as

ay + O(log(a; + 1)).

Let D > 0 be a suitably large universal constant. Let R denote the set of all inte-
gers 0 < N < gr suchthat I14,54,+p}b1(N) <0.99a3 and (g, =1}l {a35a,+ D32 (N) <
0.99a3. Applying Corollary 3.2 with k = 1 and k = 2 yields the rough estimate

Y Py(r)P < )] PN ()
0=<N<qr., NeR

Letting R" denote the set of all integers 0 < N < g} such that I{4,~4,+p}b] (N) <0.99a,
and (g, =13/ {a3>a,+D}b5(N) < 0.99a3, we similarly deduce

> PN < Y] Ph(r)
0<N<q) NeRr'

therefore

ZO§N<qL PN(r)2 _ log ZNGR PN(r)2
205N<q’L Py (r')? Y ner Pn(r')?

Set by := |(5/6)a1] and f(x) = |2sin(rrx)|, as usual, and let

h(r) = log + 0(1). (5.2)

Hy(c) :={0< N <qr, :by(N) =c}.
We distinguish between the cases a; > D anda; < D.
Case 1. Assume that a; > D. Corollary 3.2 shows that
3 Pr(r)? < > Py (r)*.
NeR NeR
Ibo(N)—b8‘|<104/a1 logay

Hence in the numerator of (5.2) it is enough to keep those N for which |bo(N) — bg| <

104/a; loga;, leading to

Z Y NeHonr PN (r)?

2
e Y ner PN ()
le—bg|<10/aylogay

h(r) = log + 0(1). (5.3)
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The map N = Zf;(} b¢(N)gg+— N':= Zfz_ll b¢(N)q, introduced in Section 4 is a bijec-
tion from Hy(c) N R to R’, for those ¢ which are in the range of the summation in (5.3).
To see this, note that choosing D sufficiently large and using the fact that a; > D by
assumption, the condition |¢ — b§| < 104/a; loga; ensures that ¢ > 0, and consequently
bo(N) > 0 whence by (N) < ay; thus the mapping N — N’ is indeed well defined. By the
product form (4.2) and Proposition 4.1, for any N € Ho(c) N R we have

Pv(n) bgoligor|l + eo(N)
= P s
Pn (') HO (7 40 )

L1 (. )3/4
< [Tem(o(*0m— + 22))
— (1:[1 f((b F D+ sO(N))) exp(O(logay)).
b=0

Here (b 4+ 1)r 4 g9(N) is bounded away from 1. By the definition of R, either a, <K a;
or b1 (N) < 0.99a,, therefore Lemma 2.1 gives

1
b+ Dr+e(N)=>r+e(N)> o
1

Comparing the sum to the corresponding Riemann integral, we thus get
c—1 clay
Zlogf((b—}- Dr 4+ &o(N)) =a1f log f(x)dx 4+ O(logay).
b=0 0

Here ¢/a; = 5/6 + O(y/(logay)/ay), hence the Taylor expansion

y 5/6
/ log f(x)dx = f log f(x)dx + O((y — 5/6)%)
0 0
and definition (1.2) of Vol(4;) show that

V01(41)
4

c—1
> log f((b+ Dr + &(N)) =

b=0

ay + O(logay).

Forany N € Hy(c) N R, we thus have
Py (r) <V01(41)
=ex

a1+ Oflogay)).

Pni(r') 4
consequently
Py (r)2 Vol(4
ZNGHO(C)QR — = ( ( l)al + O(logal)).
Yner PN () 27
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Summing over all ¢ € N such that |c — b§| < 104/a; loga, estimate (5.3) simplifies to

ay + O(logay),

as claimed.

Case 2. Assume that a; < D. We first claim that

§ Pyn(r)? <« § Py (r)?. (5.4)
NEeR NEeR
b](N)<a2

To any N € R such that by (N) = as, let us associate N* := N — g;. Note that N* is
obtained from N by reducing the Ostrowski digit by (N) = ap by 1,1i.e., b1 (N*) =a — 1
and by (N*) = by(N) for all £ # 1. We necessarily have bo(N) = bo(N*) = 0, and by
definition (2.3), e,(N*) = &¢(N) for all £ > 1. The product form (2.2) thus gives

log Py+(r) —log Py (r) = —log Py, (V, (a2 — Dgalgar|| + e ))_

qz
Following the steps in the proof of Proposition 3.1 (ii), here
) (a2 = g2 |lq2r|| + &2(N)
—log Py, (r, )
qz
> —C(1 + L, =13 /{6, (N)>0.99a33a3 + logay)

> —C,

hence Py (r) < Py=(r). Asthe map N +— N * is an injection from {N € R:b1(N) = a,}
to {N € R :b1(N) < ay}, estimate (5.4) follows.
In particular, (5.2) gives

a;—1

> NeHo@)nR. by (N)<ay PN (T)?
h(r) = log 9 1 2 + 0(1). (5.5)
62:;) Y Ner PN (r)?

The map
L-1

L-1

N = " b(N)ge > N':= )" by(N)q,
{=0 t=1

introduced in Section 4 is a bijection from {N € Hy(c) N R : b1(N) < as} to R’ (where

the condition b1 (N) < a, ensures that the mapping N — N’ is indeed well defined). The

product form (4.2) and Proposition 4.1 now yield

Py(r) _
Py (r')

c—1
( [T/ +nr+ so<N)>) exp(0(1)).
b=0

By the definition of R, either a, < 1 or b1(N) < 0.99a,, therefore Lemma 2.1 gives

b+ Dr+e(N)=r+e(N)> 1.
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The same points are also bounded away from 1:
b+ 1Dr+e(N)<(a1—Dr+lar| <1-r,

therefore 1 <« I—[Z;lo f((b+ Dr +eo(N)) < 1.Inparticular, | < Py (r)/Pn/(r') < 1,
and we obtain

Y NeHo©NR, by (N)<ay PN ()7
> ner Pn(r')?

Estimate (5.5) thus simplifies to 2(r) = O(1), as claimed. ]

I K < 1

6. Value distribution of J4,

In this section, we give the proof of Theorem 1.4. We follow the strategy in [8, Theo-
rem 4]. However, since we will have to work with weaker assumptions than those which
are presupposed there, several modifications of the argument are necessary.

Proof of Theorem 1.4. Let Tx = {1/x} (x # 0), TO = 0 denote the Gauss map on the
interval [0, 1). Let r € (0, 1) be a rational number with continued fraction expansion
r =[0;ay,...,ar]. By definition,

h(x) =logJs, (x) —loglJs, (Tx) and logls, (0) =0,

hence

L L
10gJ41(") = Zh(Te_lr) = Z (M + h(Te—lr) _ V01(41) )
(=1 Vi

— — 2 T¢ 1y 2a T 1y
L
Vol (4 Vol (4 Vol (4 Vol (4
L (), ey Y Vol ) el
= 2 2T 1r 2 2
where we used that 1/ T 'r = [ag;agyq,...,ar] = ag + T*r. Setting
Vol(4 Vol(4
U () = h(x) — (41) L+ ( l)x,
2w x 2

this yields

L L
Vol(4 Vol(4
logJs, (r) = 2;1) E ag+ E YT — Zil)r.
=1 =1

The last term is bounded. By [7, Theorem 9.4 (4)], the limit distribution of

b4 ZeLzl ag  2loglog N —2yo + 2log(6/7)
6log N b4
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(with respect to the normalized counting measure on Fy, as N — o0) is the standard
stable distribution with stability parameter 1 and skewness parameter 1; here yy denotes
Euler’s constant.

By Corollary 1.2, the function 2 (x) can be extended to a function which is almost
everywhere continuous. Let ¢ > 0 be given, and choose n = n(g) > 0 “small”. By Theo-
rem 1.3, the function ¥ *(x) is bounded on [7, 1], and thus by the Lebesgue integrability
condition it is Riemann integrable on [, 1]. Consequently, there are step functions f~
and f such that

) =y*(x) < fr(x), n=<x=<I1,

and such that

1
/ (fTx) = f7(x)dx < (6.1)
n

N ™

By Theorem 1.3, we also have

[¥* ()] < cllog x|

for some sufficiently large constant ¢. A simple approximation argument then shows that
we can find functions g~ and g™ such that

o g (x) <yY*(x) <gt(x)forx e (0,1),

e g (x)=clogxand g™ (x) = c|log x| for x € (0, n],

e g (x)and g*(x) are Lipschitz-continuous on [, 1],

° fol (g7 (x) — g7 (x))dx < &, provided that n = n(e) was chosen sufficiently small.
The way to obtain g~ and g is to start with ¢ log x (resp. c|log x|) on the interval (0, 1]
and with £~ (resp. f) on the interval [, 1], and then combine these parts into a function
that is Lipschitz-continuous on [7, 1] by “gluing together” these functions at the disconti-
nuities. This does not cause a problem, as there are only finitely many such discontinuities.
The last property can be satisfied because of (6.1), together with the fact that |, 0" [log x| dx

can be made arbitrarily small by choosing 7 as small as necessary.
For an application of [7, Corollary 3.2], it is necessary to check that

o0
1 |g* (x) —g=()I*
YL g
as1 17\ xell/(n+1).1/n] xyell/ntn).1/n] X =y

) < o0 (6.2)

holds true for each of the two functions g~ and g* defined above, for some suitable
constants «g > 2 and Ag, kg > 0. This is indeed easily seen to be the case, since by
construction the functions g~ and g™ are Lipschitz-continuous on [n, 1], and since they
are +c log x near zero; we can choose for example the parameters g = 3, A9 = 1/2,
ko = 11in (6.2). An application of [7, Corollary 3.2] thus shows that for

_ 12 g
- =

= — dx
72 Jo 1+x
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the limit distribution of
S g (T5'r) — p” log N
J1og N

is normal with mean zero and some variance o2 > 0; consequently with a stronger scaling
factor the limit distribution of

ZZL=1 g (Té_l”)
log N

is a Dirac measure at ;= A similar result holds for g™ and % in place of g~ and u™.
Since

1
/0 (g () — g () dx <.

we have u* — = < 2. Upon letting € — 0, this implies that the limit distribution of

log J4, (r) _ 2loglog N N 2y0 — 2log(6/m) N 4 [lw*(x)d
(3Vol(4,)/72) log N - - Vol(d) Jo T+x o

=:D

is the standard stable distribution with stability parameter 1 and skewness parameter 1,
as claimed. ]
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