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Abstract. Let G be the group of rational points of a quasi-split p-adic special orthogonal, sym-
plectic or unitary group for some odd prime number p. Following Arthur and Mok, there are an
integer N = 1, a p-adic field E and a local functorial transfer from isomorphism classes of irre-
ducible smooth complex representations of G to those of GLy (E). By fixing a prime number £
different from p and an isomorphism between the field of complex numbers and an algebraic clos-
ure of the field of £-adic numbers, we obtain a transfer map between representations with £-adic
coefficients. Now consider a cuspidal irreducible £-adic representation 7 of G: we can define its
reduction mod £, which is a semisimple smooth representation of G of finite length, with coeffi-
cients in a field of characteristic £. Let 7t be a cuspidal irreducible £-adic representation of G whose
reduction mod £ is isomorphic to that of 77. We prove that the transfers of 7 and 7’ have reductions
mod £ which may not be isomorphic, but which have isomorphic supercuspidal supports. When G
is not the split special orthogonal group SO;, we further prove that the reductions mod £ of the
transfers of 7 and 7’ share a unique common generic component.

Keywords: automorphic representation, classical group, congruences mod 1, cuspidal
representation, functorial transfer.

1. Introduction

1.1. Let F be a p-adic field for some odd prime number p and G be the group of rational
points of a quasi-split special orthogonal, unitary or symplectic group defined over F'.
In the case where G is unitary, let E be the quadratic extension of F with respect to
which G is defined; otherwise, let E be equal to F. According to Arthur [2] for special
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orthogonal and symplectic groups, and to Mok [46] for unitary groups, there is a positive
integer N = N(G) and a map from isomorphism classes of irreducible (smooth) complex
representations of G to those of the general linear group GLy (E), called the local transfer
or base change, which we will denote by t.

1.2. Let us fix a prime number { different from p and an isomorphism of fields ¢ be-
tween C and an algebraic closure Q; of the field of £-adic numbers. Replacing form-
ally C by Q, thanks to 1, we get a local transfer between isomorphism classes of irre-
ducible smooth @g-representations, denoted by t;. (We describe the dependency of t; on
the choice of ¢ — or equivalently the behaviour of t with respect to automorphisms of C:
see Section 6.4 for unramified representations, and Section 9.2 for discrete series repres-
entations, of G.)

We can now consider irreducible @g-representations which are integral — that is,
which carry a stable Z-lattice, where Z; denotes the ring of integers of Qy. Given such
a representation sr, one can define its reduction mod £: this is the semisimplification of
the reduction of any of its stable Z-lattices modulo the maximal ideal of Zg. This is
a smooth representation of finite length with coefficients in Fy, the residue field of Zj,
denoted by r¢ (7). One then can ask whether the map t; preserves the fact of being integ-
ral, and how it behaves with respect to congruences mod £.

Similar questions have already been answered for other local correspondences: see
[12, 16, 65] for the local Langlands correspondence for GL,, as well as [17,40] for the
local Jacquet-Langlands correspondence between inner forms of GL,, for n = 1. (See
also Section 1.7 below and Appendix A, where we discuss the case of the cyclic local
base change for GL,.) In this paper, we prove the following theorem.

Theorem 1.1. Let 7y, 7 be integral cuspidal irreducible Qg-representations of G, and

assume that
re(my) < re(m2), (1.1)

that is, ry(my) is contained in ry(1>) as semisimple Fy-representations of G. Then

(1) The local transfer t;(x;) is an integral Qq-representation of GLy (E) for each
i=1,2

(2) The irreducible components of the semisimple Fy-representation
re(te (1)) @ re(te(r2))
all have the same supercuspidal support (see below for a definition).
(3) Assume that G is not isomorphic to the split special orthogonal group
SO, (F) ~ F*.

The semisimple Fy-representations ry(t; (1)) and ry(t;(12)) have a unique generic
irreducible component in common.

As in the case of complex coefficients, an irreducible representation of GLy (E) on
an [Fy-vector space V is said to be generic if V carries a non-zero [Fy-linear form A such
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that A(m(u)v) = 6(u)v for all v € V and all upper triangular unipotent matrices u of
GLy (E), where 0 is the [Fy-character

U Y+ -+ Un_1,0)

and v is a non-trivial F-character of F.

An irreducible Fg-representation of GLy (E) is supercuspidal if it does not occur as
a subquotient of any representation parabolically induced from a proper Levi subgroup.
A supercuspidal support of an irreducible E—representation 7 of GLy (E) is a pair (M, p)
made of a Levi subgroup of GLy (E) and a supercuspidal representation p of M such
that 7 occurs as a subquotient of the normalized parabolic induction of p. It is uniquely
determined up to conjugacy (see [64, §V.4] and [38, Théoréme 8.16]).

Note that, unless G is the split special orthogonal group SO, (F) ~ F*, the centre
of G is compact. When this is the case, any cuspidal irreducible Q,-representation of G
is integral. We will discuss the case of the split SO, (F) in detail in Section 9.3.

Also note that if G is not isomorphic to SO, (F) ~ F*, then (3) implies (2), since
all irreducible components of the reduction mod £ of an integral irreducible Q-represen-
tation of GL y (E) have the same supercuspidal support [65, §1.3].

Before discussing the other assumptions of Theorem 1.1 (in Section 1.6), let us explain
how we prove it. The general strategy goes back to Khare [32] and Vignéras [65] who
study the congruence properties of the local Langlands correspondence for GL, (F) with
n=l

1.3. The first step is to pass from our given local situation to the following global situation
(which is the purpose of Sections 2 to 4).

First, k is a totally real number field, / is either k or a totally imaginary quadratic
extension of k and w is a finite place of k above p, inert in /, such that k,, = F and
Ly = E (see Section 2.4).

Next, G is a connected reductive group defined over k such that

(1) the group G(F) naturally identifies with G,
(2) the group G(k,) is compact for any real place v and quasi-split for any finite place v,
(3) the k-group G is an inner form of a quasi-split special orthogonal, unitary or sym-
plectic group G*.
The existence of such a group G is proved in Section 2 (see Theorem 2.1).
Finally, IT; and I1, are irreducible automorphic representations of G(Ay), where Ay
denotes the ring of adeles of k, such that
(1) I, ®c @1{ is isomorphic to 7y and I3 4, ®c @4 is isomorphic to 5,
(2) the representations I, , and II, , are trivial for any real place v,
(3) for a given finite place u # w of k, the representations IT;, and II,, are both

isomorphic to some cuspidal irreducible unitary representation p of G(k,) which is
compactly induced from a compact mod centre, open subgroup of G(ky),
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(4) there is a finite set S of places of k, containing all real places, such that for all v ¢ S:
(a) the group G is unramified over k,,
(b) the representations I1; , ®c @({ and I, , ®c @4 are unramified with respect
to some hyperspecial maximal compact subgroup of G(ky),

(c) their Satake parameters (in the sense of Section 3.4) are integral and congruent
mod the maximal ideal of Zg,

where all tensor products are taken with respect to t. We construct such I1; and IT, in
Sections 3 and 4.

1.4. The next step — which is the purpose of Section 5 — is to associate to IT; and I, two
cuspidal irreducible automorphic representations I, and I, of GLy (A;) such that, for
any finite place v, the local transfer of I1; , is isomorphic to I:Ii,v for i = 1, 2. For this,
we use the results of Taibi [60] if G* is symplectic or special orthogonal, and Labesse [35]

if G* is unitary. Namely, let IT; be

e the Arthur parameter associated with IT; if G* is symplectic or special orthogo-
nal [60],

e the stable base change of IT; to GLy (A;) if G* is unitary [35].

In both cases, ﬁ,- is algebraic regular and [35, 60] provide ﬁ,- with certain local-global
compatibilities at all finite places. In order to ensure that these local-global compatibilities
are what we want, namely, that the local transfer of II; , is isomorphic to l:[,-,v at all
finite v, and in prevision of the next step, we need I, to be cuspidal.

In order to choose I1;, IT, so that 1:11, ﬁ2 are cuspidal, we use the auxiliary cuspidal
representation p of Section 1.3. More precisely, we prove the following result (see Lem-
ma 9.1).

Proposition 1.2. Given k, w and G as in Section 1.3, the finite place u of k and the re-
presentation p of G(ky) can be chosen so that the local transfer of p is cuspidal.

If G* is unitary, it suffices to choose u so that G is split over k. In the symplectic
and special orthogonal cases, this is the purpose of Appendices B and C. (In particular,
the place u has to divide 2 in the symplectic case.)

1.5. We now have two algebraic regular, cuspidal irreducible automorphic representa-
tions ﬁ1 and ﬁz of GLy (A;) such that, for i = 1, 2 and all finite places v, the transfer
of II; , is isomorphic to ﬁi,v. Besides, it follows from the properties of the transfer
from G(Ag) to GLy (A;) that the conjugate of the contragredient of I, by the gener-
ator ¢ of Gal(// k) is isomorphic to ;.

From the properties of I1; and I, at all places v ¢ S, and from the congruence prop-
erties of the unramified local transfer that we establish in Section 6, it follows that, for all
v ¢S,

(1) the local components ﬁl,v and 1:[2,1, are unramified,

(2) the Satake parameters of 1:[1,,) Rc @g and ﬁz,v Rc @g are integral and congruent
mod the maximal ideal of Z;.



Local transfer for quasi-split classical groups and congruences mod ¢ 5177

We now apply the results of [5], which give us two continuous {-adic Galois repres-
entations
% Gal@/1) - GLy (@), i =1,2,

such that, for any finite place v of / not dividing ¢, the (£-adic) Weil-Deligne repres-
entation associated with T1 i |det|f,l_N)/ 2 by the local Langlands correspondence is iso-
morphic to the Frobenius-semisimplification of the Weil-Deligne representation associ-
ated with X, ,,, the restriction of X; to a decomposition subgroup of Gal(Q/ 1) at v. (Here
| - |, denotes the absolute value of /,, normalized so that the absolute value of any uni-
formizer of [, is the inverse of the cardinality of the residue field of /,,.)

Thanks to our local conditions at all v ¢ S, the representations X ,, X5, are con-
gruent mod £. A density argument then implies that ¥; and X, are congruent mod £.
In particular, X1 4, X2, are congruent mod £.

Associated with %; 4, there is a Frobenius-semisimple Weil-Deligne representation
(pi, Ni). We show in Section 7 that the fact that X 4, and X5, are congruent mod ¢
implies that the smooth semisimple representations p; and p, are integral and congruent
mod £. Since p; corresponds to the cuspidal support of ﬁi,w |det|$ —N/2 ®c Q¢ (thanks
to the local-global compatibility at w given by [5]), it follows from the mod ¢ local Lang-
lands correspondence of Vignéras [65] that

) det|I™M/2 @c Qp,  Tp|det| V2 @c Q

are integral and have the same mod ¢ supercuspidal support (which is the supercus-
pidal support of any irreducible component of the reduction mod £): it follows that the
supercuspidal support of the generic irreducible component of the reduction mod £ of
IP:[,-,w|det|§ul_N)/2 ®c Q¢, denoted by §;, is independent of i € {1, 2}. Since a generic
irreducible Fy-representation is uniquely determined by its supercuspidal support, we
deduce that &1, §, are isomorphic. The main Theorem 1.1 now follows from the fact
that l:[i,w |det|8_N)/2 Qc Qy is isomorphic to t;(7r;). We refer to Sections 8 and 9 for
more details.

1.6. Now let us discuss the assumptions of the main theorem.

First, the construction of IT; does not require 7 to be cuspidal: it would be enough
to assume that 7y ®g, C is a discrete series representation of G (for one, or equivalently
any, choice of the field isomorphism ¢: see Remark 9.3).

However, in order to construct the representation I, satisfying our local conditions
at all places v ¢ S by the method of Khare—Vignéras, we need 7, to be cuspidal — even
more precisely, we need , to be compactly induced from some open, compact mod centre
subgroup of G, which is true of any cuspidal representation of G, thanks to the work of
Stevens [58] since p is odd. Consequently, both the cuspidality of 5 and (1.1) imply
that 7y should be cuspidal as the parabolic restriction functors commute with reduction
mod £.

For the same reason, we want the auxiliary representation p of G(k,) to be com-
pactly induced from an open, compact mod centre subgroup.
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Moreover, as has been explained in Section 1.4, we also need p to have a cuspidal
transfer to GLy (k). This is why the symplectic group requires a special treatment (see
Appendix C), since no cuspidal representation of a p-adic symplectic group has a cuspidal
transfer when p is odd, and the work of Stevens [58] is not available when p = 2.

On the other hand, we show that part (3) of Theorem 1.1 does not hold in general
for non-cuspidal representations: Remark 6.4 gives an example of integral unramified irre-
ducible Qg-representations 71 and 75 of SOs(F) such that ry(7r1) = r¢(72) but re (e (7r1))
and ry(t;(;r2)) have no irreducible component in common.

Finally, our assumption (1.1) is inspired from Vignéras [65, §3.5]. It is tempting to
conjecturate that the conclusion of Theorem 1.1 still holds when (1.1) is replaced by the
weaker condition “r¢(7r1) and r¢(mwp) have a component in common”, but we have no
evidence that such a conjecture should be true.

1.7. In Appendix A, we discuss the case of the local base change from GL,(F) to
GL, (K) for a cyclic extension K of F, denoted by bg/F.

As in Section 1.2, choosing a field isomorphism : C — Qg gives an £-adic local
base change map bk, r ¢. By using the properties of the local Langlands correspondence
for GL,, with respect to conjugacy by an automorphism of C, we prove that bg,r ¢ does
not depend on the choice of ¢ (see Proposition A.1). We also use certain results of Zou [69,
§1.10] to prove an analogue of Theorem 1.1 for bg,r ¢ (see Section A.4), and give an
example of integral cuspidal Q-representations 7y, 72 of GL,(F) such that ry(7;) =
re(m2) but ryg(be(my)) # re(be(m2)) (Section A.5).

Notation

Throughout the paper, let p be a prime number, let Q, be the field of p-adic numbers
and let Q, be an algebraic closure of Q,. By a p-adic field, we mean a finite extension

of Qp in Qp.

2. Globalizing quadratic and Hermitian forms

The purpose of this section is to prove the following result.

Theorem 2.1. Let F be a p-adic field and let G be a quasi-split special orthogonal, unit-

ary or symplectic group over F. There exist a totally real number field k and a connected

reductive group G over k such that

(1) G is an inner form of a quasi-split special orthogonal, unitary or symplectic k-group,

(2) there is a finite place w of k above p such that ky, = F and G(F) is isomorphic to G,

(3) the group G(ky) is compact for any real place v, and quasi-split for any finite place v.
This theorem will be used in Section 4, where we prove the existence of automorphic

representations of G(A) with prescribed conditions on their local components, where A
denotes the ring of adeles of k.
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In Section 9, we will need a stronger version of Theorem 2.1: in order to transfer
automorphic representations of G(A) to a general linear group, we will need to realize G
as a pure inner form in the orthogonal and unitary cases, and a rigid inner form in the
symplectic case. This is why, rather than Theorem 2.1, we will prove the stronger Theor-
ems 2.8 and 2.11 below. For the symplectic case, see Section 2.8.

We emphasize that p may be equal to 2 in this section.

2.1. Quadratic forms. In this subsection, k denotes either a p-adic field for some prime
number p, or a real Archimedean local field, or a totally real number field, and ¢ denotes
a (non-degenerate) quadratic form on a k-vector space of dimension d > 2. There exists
a choice of non-zero scalars A1, ..., g € k> such that ¢ is equivalent to the quadratic
form A, x? + -+ 4+ A ,x2 on k?. The quantity

§=58(q) =A1--Ag mod kK2 € k*/k*2

does not depend on this choice. It is called the discriminant of g. In the sequel, we assume
that the discriminant § is fixed. All quadratic forms are assumed to be non-degenerate.

If k is a p-adic field, then ¢ is, up to equivalence, uniquely determined by its Hasse
invariant

e(@) = [ (. 2)) € (=11},
i<j
where (-, -) is the Hilbert symbol over k (see [54, Chapitre IV, §2.3, Théoreme 7] or [29,
Theorem 9.24]).

If k is isomorphic to the field of real numbers, ¢ is, up to equivalence, entirely determ-
ined by its signature (a, b) witha + b = d and (—1)? = §. Its Hasse invariant is equal to
(=1)2®=D/2 [f § > 0, then b = 2¢ for some ¢ € {0,...,|d/2]} and the Hasse invariant
is (—1)°.

Now suppose that k is a totally real number field and §,, > O for all real places v. The
Hasse principle (see [53, Theorem 6.6.6]) ensures that g is uniquely determined, up to
equivalence, by all its localizations ¢, = g Q) kv, Where v ranges over all places of k.
In other words, it is determined by the Hasse invariants &(g,) for all finite v and the
signatures (d — 2c(qy), 2c(qy)) for all real v.

Conversely, a family

(Evime @), 60 e 11, v fo [ 2]},

corresponds to a (unique) quadratic form of dimension d over k and discriminant § if and
only if one has ¢, = 1 for almost all finite places v and

[[e [[DY=1 2.1)
v finite v real

(see [53, Theorem 6.6.10]). We give more details in Sections 2.2 and 2.3, depending on
the parity of d.
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2.2. The odd orthogonal case. If k is a p-adic field, there are two equivalence classes of
quadratic forms of dimension 2n + 1 and discriminant 6, in bijection with {—1, 1} through
the Hasse invariant. The special orthogonal groups associated with these quadratic forms
are non-isomorphic. The one with Hasse invariant

(=1, =)re+D/2 (1 §)" (2.2)

(thatis, x1Xx2 + -+ + Xop_1X2n + (—1)”8x§n+1) is split. The other one is non-quasi-split.

If k is isomorphic to the field of real numbers, there are n + 1 equivalence classes of
quadratic forms of dimension 2n + 1 and discriminant §. The special orthogonal groups
associated with these quadratic forms are non-isomorphic. Exactly one of them is com-
pact: this is the one with signature (2n 4+ 1,0) if § > 0, and (0,2n + 1) if § < 0.

Proposition 2.2. Let k be a totally real number field of degree r, and let § € k™ /k>2.
Suppose that §, > 0 for all real places v. There is a quadratic form q of dimension 2n + 1
and discriminant § such that SO(q) is compact at all real places and quasi-split at all
finite places if and only if rn(n + 1)/2 is even. When this is the case, q is unique up to
equivalence.

Proof. A quadratic form ¢ over k of dimension 2n + 1 and discriminant § is entirely
determined, up to equivalence, by the Hasse invariants £(g,) € {—1, 1} for all finite
places v and the signatures (2n + 1 — 2¢(qy), 2¢(qy)) for all real places v of k. Non-
equivalent quadratic forms define non-isomorphic special orthogonal groups.

For SO(gq) to be compact at all real places and quasi-split at all finite places, ¢ must
have invariants ¢, = 0 for all real v and &, = (—1, —l)ﬁ("'H)/2 - (—1,8y)% for all finite v,
where (-, ), is the Hilbert symbol with respect to k,. By (2.1), such a ¢ exists if and

only if
[] 1=t TT (-1.80)7 = 1.

v finite v finite

Thanks to the Hilbert reciprocity law [48, Chapter VII], the left-hand side is equal to
[T =Dt [T (=1.80)8 = (-1 tD/2

v real v real

(since 8§, > O for all real v), which gives the expected result. ]

Remark 2.3. Given any k, let ¢ be a quadratic form of dimension 2n + 1 and discrim-
inant 1 over k. Then, for any § € k*, the quadratic form 8¢ has discriminant § and
SO(8g) = SO(g).

2.3. The even orthogonal case. In this subsection, we assume that the dimension of ¢
is 2n. It will be convenient to use the normalized discriminant ¢ = (—1)"§.
Suppose first that k is a p-adic field.

e If n =1, there is only one equivalence class of quadratic forms of dimension 2
and normalized discriminant o = 1. Its Hasse invariant is 1. The special orthogonal
group associated with it is isomorphic to GL; (k).



Local transfer for quasi-split classical groups and congruences mod ¢ 5181

e Suppose that n = 2 or & # 1. There are two equivalence classes of quadratic forms
of dimension 2n and discriminant §, characterized by their Hasse invariant. The spe-
cial orthogonal groups associated with them are non-isomorphic if and only if & = 1.
When this is the case, the one with Hasse invariant (—1, —1)”("_1)/ 2 (that is, the
quadratic form x;x, + - -+ + X2,—1X25) is split, and the other one is non-quasi-split.
Otherwise, let / be the quadratic extension of k generated by a square root of «: if ¢
is a quadratic form of dimension 2n and discriminant § over k, then Ag has same
discriminant and opposite Hasse invariant for any scalar A € k* which is not an [/ k-
norm, and SO(Ag) = SO(gq).

If k is isomorphic to the field of real numbers, there are n 4+ 1 equivalence classes
of quadratic forms of dimension 2n and discriminant 6. Quadratic forms with signatures
(a,b) and (da’, b’) define isomorphic special orthogonal groups if and only if one has
b’ €{a,b}.If § < 0, there is no compact special orthogonal group. If § > 0, there is exact-
ly one compact special orthogonal group: this is the one with b € {0, 2n}.

Proposition 2.4. Let k be a totally real number field of degree r, and let § € k™ k*2.
Suppose that 8, > 0 for all real places v.

(1) There is a quadratic form q of dimension 2n and discriminant § such that SO(q)
is compact at all real places and quasi-split at all finite places if and only if either n
is odd, or§ # (—1)", orrn(n — 1)/2 is even.

(2) Assume that § # (—1)". For any finite place w such that 8, # (—=1)" and any
e € {—1,1}, there is a quadratic form q as in (1) satisfying the extra condition
&g ® ky) =&

Proof. A quadratic form ¢ over k of dimension 2n and discriminant § is entirely determ-
ined, up to equivalence, by the Hasse invariants £(g,) € {—1, 1} for all finite places v and
the signatures (2n — 2¢(qy), 2¢(gy)) for all real places v. A quadratic form f with same
dimension and discriminant as ¢ defines a special orthogonal group isomorphic to SO(gq)
if and only if they have the same Hasse invariants for all finite v such that «;, = 1, and
c(fy) € {n —c(gy), c(gqy)} for all real places v.

For SO(g) to be compact at all real places and quasi-split at all finite places, ¢ must
nn—1)/2

have invariants ¢, € {0, n} for all real places v and &, = (—1, —1)y for all finite
places v such that @, = 1. (Recall that ¢ = (—1)"§.) By (2.1), such a ¢ exists if and
only if

[] e x []1L-03002x =) =1,

v finite v finite

ay#1 ay=1

where s is the number of real places such that ¢, = n. If n is odd, we may adjust s €
{0, ...,r} so that this product is 1. If & # 1, we may adjust the signs &, for the finite v
such that oy, 7 1 so that this product is 1. (Since the number of such v is at least 2, we may
even assume that g, is equal to a given sign ¢ for a given w as in (2).) If  is even and

o = 1, the condition is
[] L0002 =1

v finite
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and Hilbert’s reciprocity law says that the left-hand side is equal to
l—[ (-1 _l)n(n—l)/2 — (_l)rn(n—l)/z
’ v )

v real

which gives the expected result. ]

2.4. Globalizing the base field. The following lemma will be useful in the remainder of
this section.

Lemma 2.5. Let F be a p-adic field.

(1) There exists a totally real number field k of even degree such that ky, = F for some
finite place w of k dividing p.

(2) If p # 2, we may further assume that there exists a finite place u of k such that
ku ~ Qz.

Proof. We follow the proof of [2, Lemma 6.2.1]. Let us write F' = Q,(8) for some root
B € F of a monic irreducible polynomial f of degree r = [F : Q,] with coefficients
in Q,. Given a field E, we identify the space of monic polynomials of degree r with
coefficients in £ with E”.

By Krasner’s lemma (see [50, Chapter 3, §1.5]), there is an open neighbourhood U,
of f in Q}, such that any g € U), has a root ' € Q, such that Q,(8") = F. Let Us be
the open subset of R” made of all monic polynomials with r distinct real roots. Since the
diagonal image of Q" in R” x QJ, is dense, the intersection

Q" N (Uso x Up)

is non-empty. We may replace f by a polynomial in this intersection, which we still
denote by f. The number field k = Q(f) is totally real, and k,, = F for some fini-
te place w of k dividing p. If the degree of k is even, we are done. Otherwise, we choose
a monic irreducible polynomial g of degree 2 over Q which splits over R and Q,,, whose
existence can be proven in the same way as above. Then replace k by k(y), where y is
aroot of g in Q.

Suppose now that p # 2, and let U, be the open subset of Q) made of all monic
polynomials with r distinct roots in Q,. We may replace f by a polynomial in Q" N
(Uso x Up x U,), which we still denote by f. The number field k = Q(f) is totally real,
ky = F for some finite place w of k dividing p, and 2 is totally split in k. If the degree
of k is even, we are done. Otherwise, we choose a monic irreducible polynomial g of
degree 2 over Q which splits over R, @, and Q,, then replace k by k(y), where y is
aroot of g in Q. |

Remark 2.6. With a similar argument, one can prove in addition to part (1) of Lemma 2.5
that, if £ is a quadratic extension of F in Q,, there is a totally imaginary quadratic
extension / of k such that [, = E.

Remark 2.7. Part (2) of Lemma 2.5 will be needed in Section 9, in the symplectic case,
in order to apply the results of Appendix C.
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2.5. Proof of Theorem 2.1 in the special orthogonal case. We prove Theorem 2.1 in the
case where G is special orthogonal, that is, there is a quadratic form Q over F such that G
is isomorphic to SO(Q). We will prove the following stronger result.

Theorem 2.8. Let Q be a quadratic form over F such that SO(Q) is quasi-split. There
exist a totally real number field k and a quadratic form q over k such that

(1) there is a finite place w of k dividing p such that
(a) the field ky, is equal to F,
(b) the quadratic forms q @ F and Q are equivalent,
(2) the group SO(q ® ky) is compact for all real v, and quasi-split for all finite v.

Proof. By Lemma 2.5, there exists a totally real number field k of even degree such
that ky, and F are equal for some finite place w of k dividing p. Fix a y € F* such that
the discriminant of Q is yF*2, and fix a § € k* such that y =18, € F*2 and §, > 0 for
all real v.

By Proposition 2.2 when Q has odd dimension and Proposition 2.4 when Q has even
dimension, there is a quadratic form g of discriminant § satisfying (2). Moreover, the
quadratic forms ¢ ® F and Q have the same discriminant and define quasi-split special
orthogonal groups.

If Q has odd dimension, or if Q has dimension 2n and y = (—1)", they are thus

equivalent.
Otherwise, use Proposition 2.4 (2) with ¢ = ¢(Q) to ensure that ¢ ® F and Q have
the same Hasse invariant: they are thus equivalent. ]

Remark 2.9. In addition to Theorem 2.8, there is always a finite place u # w of k such
that the group SO(¢ ® k) is split: one can choose

(1) any finite place different from w in the odd orthogonal case,

(2) any finite place u # w such that (—1)"8, € k, 2 in the even orthogonal case.

2.6. Hermitian forms. In this subsection, [ is a separable quadratic k-algebra (where k is
as in Section 2.1) and % is a (non-degenerate) / / k-Hermitian form on an /-vector space
of dimension n = 1. There exists a choice of non-zero scalars Ay, ..., A, € k™ such
that /1 is equivalent to the //k-Hermitian form AN/ (x1) 4+ -+ + A, Ny r(x,) on [".
The quantity

§=08(h)=Ar--Ay mod Ny x(I%) € k*/Ny/i(1%)

does not depend on this choice. It is called the discriminant of 4. Fix an a € k* such
that / is isomorphic to the k-algebra k[X]/(X? — «). The image of « in k% / k*? will still
be denoted «.

Up to equivalence, & is uniquely determined by its trace form ¢, that is, the quadratic
form of dimension 2n over k obtained by seeing /" as a k-vector space [53, Theo-
rem 10.1.1].
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If [ is split, that is, if / >~ k x k, then N;/x(I*) = k> and we may choose o = 1.
There is, up to equivalence, a unique //k-Hermitian form of dimension #n. Its discrim-
inant is trivial, and the unitary group associated with it is (non-canonically) isomorphic
to GL,, (k). More precisely, if one fixes an isomorphism / ~ k x k of k-algebras, & iden-
tifies with a non-degenerate bilinear form on k" x k", the group GL, (/) identifies with
GL, (k) x GL, (k) and there is an isomorphism

GL,(k) ~U(h), g+ (g.87), (2.3)

where g* is the contragredient of g € GL, (k) with respect to 4. (Note that changing

the isomorphism / >~ k x k has the effect of exchanging g and g* in (2.3).) Also, the

trace form ¢ of & is maximally isotropic, that is, it is the sum of n hyperbolic planes.

If [ is a quadratic extension of k, a quadratic form of dimension 27 over k is the trace
form of an [/ / k-Hermitian form if and only if ¢ ®j / is maximally isotropic [53, Theo-
rem 10.1.2].

If [/ k is a quadratic extension of p-adic fields, there are two equivalence classes of
!/ k-Hermitian forms of dimension #, in bijection with k> /Nj,(/*) through the dis-
criminant.

e If n is odd, the unitary groups associated with these Hermitian forms are isomorphic.
More precisely, if & # 1 and / is a Hermitian form of odd dimension over k, then 4 is
unequivalent to / for any § € k> such that § ¢ Ny (/>), and the group U(6h) = U(h)
is quasi-split.

e If n is even, the unitary group corresponding to the discriminant (—1)"/2 is quasi-
split, and the other one is non-quasi-split. The trace form ¢ of & has discriminant
(—a)" and Hasse invariant

£(t) = (@, 8) - (—a, =1)""7D/2,

If I/ k is isomorphic to C /R, the Hermitian form / is uniquely determined, up to equi-
valence, by its signature (a, b) with a + b = n. Its discriminant is (—1)®. Its trace form ¢
has discriminant 1 and signature (2a, 2b). The unitary group U(%) is compact if and only
if b € {0, n}.

If [ is a totally imaginary quadratic extension of a totally real number field k (thus
oy < 0 for all real places v of k), then / is uniquely determined, up to equivalence, by
any one of the following data:

(1) the equivalence class of its trace form ¢,

(2) the Hasse invariants &(t,) for all finite v and the integers b(¢,) for all real v,

(3) the equivalence classes of its localizations h, = h ® k, for all v,

(4) the discriminants §(h, ) for all finite v and the integers b (h,,) for all real v.

We have just seen that (3) and (4) are equivalent, and we have seen that (1) and (2) are
equivalent in Section 2.1. Now the fact that (2) and (3) are equivalent follows from the
formulas

£(ty) = (ty, 8(hy))y - (—ay, —1)"@=D/2 for finite v,  b(t,) = 2b(hy) for real v,
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the first one including the case where [, = [ ® ky splits over k (as &, = 1 in this case)
and the fact that, when o, # 1, the map x — (@, Xx), is a bijection from kS /Ny, sk, (1)
to {—1, 1}. Conversely, a family

((Sv)v finite s (bv)v real)v 51} € k;(/NlU/kv (l;), bv € {0, e n}, (2~4)

corresponds to an [ /k-Hermitian form of dimension 7 if and only if there exists a § €
k> /N k(1) such that § = 8, mod Ny, /¢, (1Y) for all v (where we have put §, = (—1)bv
at all real places v), and when it is the case such a Hermitian form is unique. Indeed, this
is certainly a necessary condition and, when it is satisfied, the family

((0)v finites Chy)vreal)s v = (Qp, 6p)y - (—0tp, —1)ﬁ("_1)/2, (2.5)

satisfies &, = 1 for almost all finite places v together with

[T eox J[TED =[] @800 x [ ] (ew, =122 5 [T (=1

v finite v real v real v real v real
— b b
= []1-D% x [P
v real v real

which is equal to 1 (thanks to the fact that o, < 0 and 6, = (—l)bU for all real v). Thus
there is a unique quadratic form of dimension 2n over k and discriminant (—a)” with
local invariants (2.5). One can verify that it is maximally isotropic over / (as it is max-
imally isotropic over [, for all v). It is thus the trace form of an / / k-Hermitian form of
dimension n, as expected.

Proposition 2.10. Let k be a totally real number field of degree r and | be a totally
imaginary quadratic extension of k.

(1) There is a Hermitian form h of dimension n such that U(h) is compact at all real
places.

(2) There is a Hermitian form h of dimension n such that U(h) is compact at all real
places and quasi-split at all finite places if and only if either n is odd, or n and rn/2
are both even.

(3) Assume that n is odd. For any finite place w and any € € kj /Ny, /1, (I7), there is
a Hermitian form h as in (2) satisfying the extra condition

S(h @ ky) = e.

Proof. Assertion (1) is verified by any Hermitian form / of dimension n over k such that
we have b(h,) € {0, n} at all real places v.

Assume now that n = 2m for some m = 1. A Hermitian form / of dimension n and
discriminant § satisfies (2) if and only if b(hy) € {0,n} and §, > O for all real v, and
8y = (—=1)™ for all finite v. Such a § € k™ /Ny (™) exists if and only if §, € Ny, /¢, (/)
for almost all finite v, and

[ Jew.80)0 = 1.
v
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The first condition is satisfied since [, is either split over k, or an unramified extension
of k, for almost all finite v. The second condition follows from

H(avvgv)v = 1_[ (avv_l):;n = H(O‘U’_l)}:’ = (D™
v v finite v real
thanks to the Hilbert reciprocity law and the fact that o, < O for all real v.

Assume now that n is odd. A Hermitian form % of dimension n and discriminant &
satisfies (2) if and only if b(h,) € {0, n} at all real places v, and satisfies (3) if and only if
b(hy) € {0,n} at all real places v and §e™! € Ny, s, (1%). Fix a finite place y # w and
aK € lyx. We claim that such an / exists, with the extra conditions

e b(hy) = 0 for all real places v,
e §€Ny /i, (1Y) for all places v ¢ {w, y} and k™! € Ny, sk, (15)-

Arguing as in the case when 7 is even, it suffices to choose a k & Ny /¢, (I)), which is
possible as soon as y has been chosen such that oy, # 1. ]

2.7. Proof of Theorem 2.1 in the unitary case. We prove Theorem 2.1 in the case where G
is unitary, that is, there are a quadratic extension E of F and an £/ F-Hermitian form H
over F such that G is isomorphic to U(H). We will prove the following more precise
theorem.

Theorem 2.11. Let H be an E/ F-Hermitian form such that U(H) is quasi-split. There
exist a totally real number field k, a totally imaginary quadratic extension | of k and an
|/ k-Hermitian form h such that

(1) there is a finite place w of k above p such that
(a) onehasky = F andl,, = E,
(b) the Hermitian forms h @ F and H are equivalent,
(2) the group U(h ® ky) is compact for all real v, and quasi-split for all finite v.

Proof. By Lemma 2.5 and Remark 2.6, there are a totally real number field k of even
degree and a totally imaginary quadratic extension / of k such that

ky=F and [, =F

for some finite place w of k dividing p.

By Proposition 2.10, there exists an // k-Hermitian form % satisfying (2). Moreover,
the Hermitian forms 2 ® F and H define quasi-split unitary groups.

If H has even dimension, they are thus equivalent. If H has odd dimension, one
uses Proposition 2.10 (3) with ¢ = §(H) to ensure that 4 ® F and H have the same
discriminant: they are thus equivalent. ]

Remark 2.12. In addition to Theorem 2.11, there is always a finite place u # w of k
such that U(h ® k,,) is split: it suffices to choose any finite place u # w such that
ly >~ ky xky.
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2.8. The symplectic case. We now consider the case where G is a symplectic group,
that is, there exists a non-degenerate symplectic form A over F such that G = Sp(A).
By Lemma 2.5, there exists a totally real number field k of even degree such that k,, = F
for some finite place w of k dividing p. (Moreover, when p is odd, we may further assume
that there is a finite place u of k such that k,, >~ Q,.) In this case, Theorem 2.1 is given
by [59, §2.1.1]. See also [60, Proposition 3.1.2], where the inner form G is realized as
arigid inner form of Sp,,, over k.

3. Congruences of automorphic forms of definite groups

In this section, we fix a prime number ¢. Let Qg be an algebraic closure of the field
of £-adic integers, Z; be its ring of integers and [y be its residue field. We fix a field
isomorphism

rC—>Qy (3.1)

and a number field k. We denote by A = Ay x A, the ring of adeles of k.
Given a locally compact, totally disconnected group G, an open subgroup K of G,
a commutative ring R and a smooth R-representation p of K, we denote by

Hr(G,p)

the endomorphism R-algebra of the compact induction of p to G, called the Hecke R-
algebra of G relative to p. When p is the trivial R-character of K, it naturally identifies
with the convolution R-algebra made of K-bi-invariant, compactly supported R-valued
functions on G, and we denote it by Hg (G, K).

Let F be a p-adic field for some p # ¢, G be the group of F-rational points of
a reductive group defined over F' and n be an irreducible (smooth) representation of G
on a Qg-vector space V. It is said to be integral if V carries a G-stable Z-lattice. Given
such a lattice L, the representation of G on the F ¢-vector space L ® F@ (where E is the
residue field of Z;) is smooth and has finite length, and its semisimplification does not
depend on the choice of L [66, Theorem 1]. This semisimplification is denoted by r¢ (),
and called the reduction mod £ of w. One defines similarly the reduction mod £ of an
irreducible Q-representation of a compact, open subgroup of G.

3.1. Let G be a connected reductive group defined over k. We assume that G is definite,
that is, the group G(A) is compact. We embed diagonally G(k) in G(Ar) and set

Y = G(k)\G(Ay).

The quotient Y is compact [49, §5] and hence Y/K is finite for any open subgroup K
of G(Ay).

We denote by A(G) the space of functions G(k)\G(A) — C which are square integ-
rable with respect to a Haar measure on G(A). It is endowed with the natural unitary
C-representation of G(A).
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3.2. Given an open subgroup K of G(Ay), let Alg(G, K) be the free Z-module of finite
rank made of all functions Y — Z which are invariant under right translations by K
[65, §3.3]. We consider the Z-module

Alg(G) = €*(Y.z) = |_J Alg(G.K)
K

(where K ranges over all open subgroups of G(Ar)) of locally constant functions Y — Z,
called trivial-at-infinity algebraic automorphic forms for G (see Section 3.3 below). This
module is endowed with the natural Z-representation of G(Ay). Given any commutative
ring R, we write

Algg(G) = Alg(G) ®z R,  Algg(G,K) = Alg(G,K) ®z R.

The natural R-representation of G(Ay) on Algy(G) is admissible [65, §3.3.2].

If R is the field Qg, the representation of G(Ay) on Algg, (G) is semisimple and
any of its irreducible components has an O g -structure for some finite extension £ of Qy
in Qg [65, §3.3.2].

3.3. Let K be an open subgroup of G(Ar) and R be a commutative ring. The Hecke
R-algebra of G(A ) relative to K is the convolution R-algebra

HR(G.K) = Hr(G(Ay).K)

made of K-bi-invariant, compactly supported functions G(A ) — R. It naturally acts on
the R-module Algy (G, K).
As G is definite, there is, by [21, Proposition 8.5], an explicit isomorphism

Alge (G, K) o A(G) X Che)

of Hc (G, K)-modules (see [21, (8.4) and Proposition 8.3]). In particular, there is a bijec-
tion
O «II (3.2)

between

e the irreducible subrepresentations ® of Algc(G) such that the space O of K-fixed
vectors in ® is non-zero,

e the irreducible automorphic representations I1 = I1y ® 1o of G(A) = G(Af) x
G(A ), that is, the irreducible subrepresentations of A(G) such that I, is trivial
and H? is non-zero.

3.4. Let us fix an irreducible automorphic representation IT of G(A) which is trivial
on G(A). By (3.2), we can see IT as an irreducible subrepresentation of Algq(G), thus
as an irreducible factor of Alg@e (G) via the isomorphism ¢ fixed in (3.1).

We fix two finite places w and u of k not dividing £ and a finite set S of finite places
of k such that
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(1) the set S contains w, u and all finite places above ¢,

(2) for any finite place v ¢ S, the group G is unramified over k,, and the local com-
ponent IT, is unramified with respect to some hyperspecial maximal compact sub-
group K, of G(ky).

Any finite place v ¢ S thus defines a character

Xt Ky, (Glky), Ky) > Q¢ (33)

which we call the Satake parameter of T1,.

Recall that IT is admissible and has an O g -structure for some finite extension £ of Qg
in Q. Let us write IT = Ty ® TT©), where TI(y) is the tensor product of all IT, such
that v divides £ and IT® is the restricted tensor product of all IT, such that v is finite
and does not divide {. By [65, Appendix A.3], both I1() and ® have an © E-structure.
By applying [65, Appendix A.4] to I1¥, we get that each I1,, for v ¢ S finite, has an
O g -structure. Fixing such an O g-structure, the O g-algebra H¢ ,, (G(ky), Ky) acts on it
through the character y,, which thus has values in Og. It follows that the restriction of y,
to Hz, (G(ky), Ky) has values in Zg.

3.5. We now make the following assumptions on the representation IT of Section 3.4:

e the local component IT,, is cuspidal, and is compactly induced from an irreducible
representation of some compact open subgroup Ky, of G(ky,),

e the local component I1, is cuspidal, and is compactly induced from an irreducible

representation 7 of some compact mod centre open subgroup K,, of G(k,).

For any finite place v € S such that v ¢ {u, w}, we fix a compact open subgroup K,
of G(k,) such that IT, has a non-zero K, -invariant vector. Recall that, for any finite place
v ¢ S, we have fixed a hyperspecial maximal compact open subgroup K, of G(ky) in
Section 3.4. We define

K= [] K.

v finite

This is an open subgroup of G(Ar).
Given an irreducible representation x of K,,, we define an irreducible representation
A = A(k) of K by
A=) Ay

v finite

with Ay =k, Ay = 1, and A, is the trivial character of K, for v ¢ {w, u}.

We denote by Algg, (G, A) the subrepresentation of Algg, (G) generated by its A-
isotypic component, that is, the subrepresentation formed by the irreducible factors ®
such that

e the local component ®,, contains «,
e the local component ®,, contains 7,

e the local component ®,, has a non-zero K, -invariant vector for all finite v ¢ {w, u}.
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This amounts to considering the space
V = V(k) = Homg (A, Algg, (G))

seen as a module over the endomorphism Q-algebra U-C@Z (G,A) = 9{@5 (G(Ar), A) of
the compact induction of A from K to G(Ar). We have an j{@z (G, A)-module decom-
position
V = P Hom(A. ©). (3.4)
o)

where © ranges over the irreducible factors of Algg, (G, A), and each Homg (A, ©) is of
finite dimension as ® is admissible. By admissibility again, the number of ® contributing
to the direct sum of (3.4) is finite.

Denote by X the set of finite places of k. For any non-empty subset T of X and any
irreducible factor ® contributing to the right-hand side of (3.4), we write

KTZHKU, AT=®AU, ®T=®®v-

veT veT veT

We thus have K = Kg x Kx\s, A = As ® Ax\s and © is isomorphic to Os ® Ox\s.
Accordingly, we have an isomorphism of QQ,-algebras

Hg,(G. A) = Hg,(G(As). Ks) ® Hg, (G(Ax\s), Ax\s). 3.5)

where Ag and Ax\s have their obvious meaning, and an isomorphism of Hg, (A)-mod-
ules
Homg (A, ®) ~ Homg,(As, Os) ® (Ox\s) X'

via (3.5). The factor (@X\S)KX\S has dimension 1 over Qg, and ﬂ{@e (G(Ax\s), Kx\s)
acts on this line via a character that we denote by ys(®). Let ds(®) be the dimension
of Homg(As, ®Os). Denoting by Vg the restriction of V to j{@e (G(Ax\s), Kx\s), we
therefore have an isomorphism

Vs = P ds(©) - 15(©) 36)
)
of Hg, (G(Ax\s), Kx\s)-modules.

3.6. Assume now that 7 is integral. Fix a K,-stable Z-lattice L, of n with semisimple
reduction (by [15, Lemma 6.11]). Since Ky, is compact, « is integral. We also fix a Ky, -
stable Zg-lattice L, of x with semisimple reduction. If v is a finite place different from
u, w, let L, = Z; be the natural lattice of A, = Q. Tensoring these A, altogether,
we obtain a K-stable Z-lattice L of A. Set

Ve = Homg (L, Algz, (G)).

It is a module over J—CZ (G(Ar),La). Set A =Ly ®7, F¢. By [65, Lemme 3.7.3] (which
we can apply since K satisfies [65, (3.5.1)] by [65, Lemme 3.8]), the Zg -module V° is
a Zy-lattice of V and

V° ®7, Fy ~ Homg (A, Algg, (G)).
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Denote the left-hand side by V and continue to see it as a module over :HZ@ (G(Ar),Ly).
Note that V is semisimple and depends only on r;(k), the reduction mod £ of «.

3.7. We now assume that G(k,,) is isomorphic to a special orthogonal, unitary or sym-
plectic group. We do not assume that it is quasi-split, but we assume that it is not iso-
morphic to the split special orthogonal group SOz (ky,) =~ k5. Equivalently, we assume
that it has compact centre [41, §4.2]. Consequently, any cuspidal irreducible Q-represen-
tation of G(k,,) is integral. In the rest of this section, we will prove the following theorem.

Theorem 3.1. Assume that G(ky,) is isomorphic to a special orthogonal, unitary or
symplectic group with compact centre, and that w does not divide 2. Let 1 be an irredu-
cible automorphic representation of G(A) such that

o Il istrivial,

o [T, is cuspidal (and integral),

o I, is integral and compactly induced from a compact mod centre, open subgroup
of G(ku).

Let 7’ be an (integral) irreducible cuspidal Q-representation of G(ky) such that

re(Iy) < r(z’). (3.7

There is an irreducible automorphic representation T1' of G(A) such that

(1) the Archimedean component T1_ is trivial,

(2) the local component 1), is isomorphic to 7',

(3) the local components 11, and I1,, are isomorphic,

(4) for any finite place v ¢ S, the local component 11/, is K -unramified, with Satake

parameter hor fHZ[ (G(ky),Ky) — Zy, and Xv» Xo are congruent mod the maximal
ideal of Zy.

Remark 3.2. Since IT is integral, it automatically follows from [65, Appendices A.3
and A.4] that the representation IT,, is integral. However, for clarity, we added the integ-
rality assumption in the hypotheses of Theorem 3.1.

Proof of Theorem 3.1. We follow the argument of Khare [32] and Vignéras [65]. We start
with following lemma, which we will prove in Section 3.8.

Lemma 3.3. Let p be a prime number different from 2, let F be a p-adic field and G be
a special orthogonal, unitary or symplectic group over F. Suppose that G has compact
centre, that is, G is not isomorphic to the split special orthogonal group SO,(F) ~ F*.
Let 7w and 7' be (integral) cuspidal Qg-representations of G such that

re(m) < r(n').

There are a compact open subgroup J of G and irreducible Qg-representations v and v’
of J such that 7 is isomorphic to the compact induction of T to G and 7' is isomorphic
to the compact induction of T to G’ and ry(t) < re(t)).
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Remark 3.4. It is known [58] that any cuspidal Q,-representation of G is isomorphic to
the compact induction of an (irreducible) representation of some compact open subgroup
of G. The point here is that one can choose the same compact open subgroup for 7 and 7'

Applying Lemma 3.3 to the group G(ky) and the cuspidal Qg-representations IT,,
and 7/, we obtain a compact open subgroup K,, of G(k,) and irreducible representa-
tions 7 and 1’ of K, such that IT, is isomorphic to the compact induction of t to G(ky,)
and 7’ is isomorphic to the compact induction of t’ to G(ky). Since K,, is compact,
7 and 7’ are integral.

Let 1 be an irreducible representation of a compact mod centre, open subgroup K,
of G(k,,) such that the compact induction of 1 to G(k,,) is isomorphic to IT,,. Since IT,,
is integral, the representation 7 is integral. Thus IT satisfies the conditions of Sections 3.5
and 3.6.

As in Section 3.5, we define A = A(tr) and V = V(7). Associated with a choice of
K, -stable Z-lattice of k with semisimple reduction, there are V° and V. Similarly, repla-
cing T by v/, we define A’, V/, V/° and V'. Recall that V and V' are semisimple. The key
point is that the space V is non-zero and contained in V', since we have r¢(t) < ry(¢’) by
Lemma 3.3.

The character ys(IT) of Hz, (G(Ax\s), Kx\s) defined by IT occurs in V3. By reduc-
tion, we get a character ys of Hf, (G(Ax\s). Kx\s) occurring in Vs, and therefore in V.

According to Deligne—Serre’s lemma [19, Lemma 6.11], there is a character yg of
Hz, (G(Ax\s). Kx\s) occurring in V¢ such that its reduction equals .

Therefore, there is an irreducible factor 1" of Algg, (G) contributing to Vg such
that y¢(I1’) and yg coincide on Hg, (G(Ax\s). Kx\s). Such a I1" satisfies the conditions
of the theorem. -

3.8. In remains to prove Lemma 3.3.

Proof of Lemma 3.3. According to [58, Theorem 7.14] (and [41, Appendix A]), there are
a compact open subgroup J of G and an irreducible Q-representation t of J such that 7
is isomorphic to the compact induction of v to G. More precisely, the pair (J, 7) can
be chosen among cuspidal types of G in the sense of [41, Appendix A]. It then has the
following properties:

e There is a normal pro- p-subgroup J ! of J such that J/J ! is isomorphic to the group
of rational points of a reductive group G (whose neutral component is denoted by G°)
defined over the residue field of F.

e The representation T decomposes as k ® &, where « is a representation of J whose
restriction to J! is irreducible and £ is an irreducible representation of J whose
restriction to J ! is trivial.

e More precisely, x is a beta-extension [58, §4.1] of a skew semisimple character 0
[58, §3.1] defined with respect to a skew semisimple stratum [A, B] [58, §2.1] and £ is
the inflation of a representation of J/J ! whose restriction to the rational points of G°
is cuspidal.
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e The centre of the centralizer Gg of E = F[B]in G is compact, and the parahoric sub-
group P°(AEg) of Gg associated with [A, 8] (see [58, §2.1]) is a maximal parahoric
subgroup of Gg.

Lemma 3.5. The character 6 occurs in m’.

Proof. By definition,  is a character of an open pro-p-subgroup H' = H!(A, B) of G.
Since 6 occurs in the restriction of 7 to H', its reduction mod £ occurs in ry(7')|g1.
Let V be an irreducible summand of 7’| 1 such that ry(V) contains ry(0). Since H! is
a pro-p-group, V' is isomorphic to 6. ]

Now let C denote the set of pairs ([A’, 8], 6") made of a skew semisimple stratum
[A’, B] and a skew semisimple character 8’ € C(A’, B) occurring in 7" such that

P°(Ag) € P°(Ap).

and Cpi, denote the subset of € made of all ([A’, B], §’) such that P°(A’;) is minimal
among all parahoric subgroups of G g occurring this way.

Let us prove that Cpy, = C. Let ([A’, 8], 6’) € Cuin. Then [58, §7.2] (in particular,
Lemma 7.4) and [41, Appendix A] imply that 7’ contains a cuspidal type (J', ' ® £),
where J' = J(A’, B) for some skew semisimple stratum [A’, B] and «’ is any beta-ex-
tension of 6’. By definition of a cuspidal type, P°(A’;) is a maximal parahoric subgroup
of Gg. Itis thus equal to P°(A ).

It follows that ([A, B], ) € Cpnin. We thus may choose

(A" B1.6") = ([A. B].0)

(hence J' = J) and k¥’ = k in the paragraph above. Thus 7’ contains a cuspidal type
(J,k ® £’). It follows from [58, Corollary 6.19] that the compact induction of ¢’ =k ® £’
from J to G is isomorphic to 5’

The representation « is integral (since the group J is compact) and its reduction
mod ¢ is irreducible (by [34, Remark 6.3]). Applying the functor Hom 1 (x, —) from
representations of G to representations of J which are trivial on J!, which is compat-
ible to reduction mod ¢, we deduce from [34, Corollary 8.5] that ry(§) < re(§'), thus

re(z) < re(t)). "

4. Globalizing representations

In this section, we fix a p-adic field F and a quasi-split special orthogonal, unitary or
symplectic group G over F. Let k, w and G be as in Theorem 2.1, and j: G(F) >~ G be
an isomorphism of locally compact groups which we use to identify G(F') with G.

Let £ denote a prime number different from p, and fix a field isomorphism ¢ as in (3.1).
Let u be a finite place of k different from w, not dividing £.

In Section 4.2 only, the prime number p will be assumed to be odd.
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4.1. The next proposition is the first step towards Theorem 4.4. (See also Section 1.3.)

Proposition 4.1. Let w be a unitary cuspidal irreducible complex representation of G,
and let p be a unitary cuspidal irreducible complex representation of G(k,,). There is an
irreducible automorphic representation I1 of G(A) such that

(1) the local component I1,, is isomorphic to p,
(2) the local component Iy, is isomorphic to w,

(3) the local component T, is the trivial character of G(ky) for any real place v of k.

Remark 4.2. When the centre of G is compact, any cuspidal irreducible representation 7
of G is unitarizable. The only case when G has a non-compact centre is when it is iso-
morphic to the split special orthogonal group SO, (F) >~ F* (see [41, §4.2]).

Proof of Proposition 4.1. Let Z be the centre of G. We start the proof by the following
lemma.

Lemma 4.3. There is a unitary automorphic character Q:Z(A)/Z(k) — C* such that

(1) the local component Q2 is equal to the central character w, of p,
(2) the local component 2, is equal to the central character w; of m,

(3) the local component Q2 is the trivial character of Z(k,) for any real place v of k.

Proof. Let U denote the subgroup Z(ky,) X Z(ky) X Z(As) of Z(A). The intersection
U N Z(k) is trivial, thus U identifies with a locally compact subgroup of Z(A)/Z(k).
By Pontryagin duality, any unitary character of U extends to Z(A)/Z(k). (Note that w,
and w, are unitary.) [

We now follow the proof of [24, Appendice 1]. Let Q2:Z(A)/Z(k) — C* be a unitary
automorphic character as in Lemma 4.3. Let y be a finite place different from u and w.

Let us choose coefficients f,, and fy, of p and &, respectively, which are non-zero
at 1.

For all real places v of k, let f,, be the constant function equal to 1 on G(ky). As this
group is compact, f, is smooth and compactly supported.

For all finite places v # y such that G is unramified over k, and €2, is unramified,
let f, be the complex function on G(k,) supported on Z(k,)K, such that f,(zg) =
Qy(z) forall z € Z(ky) and all g in a fixed hyperspecial maximal compact subgroup K,
of G(ky).

For any other place x, we choose a smooth complex function f on G(ky), non-zero
at 1, compactly supported modulo Z(k, ) with restriction to this later group equal to Q2.

We let f be the product of all these f,. It is smooth and compactly supported on G(A).
We may and will assume that

o the support of f, is small enough so that
f(gHf(yg) =0 forall g € G(A), y € G(k) such that y ¢ Z(k),

e and f,(g) = fy(g~1) for all places v of k and all g € G(ky).
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We construct, as in [24], the Poincaré series

Pf(@= >  f(yg) forgeG(A).

YE€Z(\G(k)

We are in a particular case of the proof of [24, Appendice 1], so this is well defined,
non-zero, square-integrable and even cuspidal. There is thus an irreducible automorphic
representation IT of G(A), with central character €2, such that, for each place v of k,
one has

/ Folg™ Y Tu(g) dg # 0,
Z(kv)\G(ky)

where dg denotes a Haar measure on Z(k,)\G(ky). In particular, the local components
IT, and IT,, are isomorphic to p and 7, respectively. At any real place v, the representa-
tion IT, contains a vector which is G(k, )-invariant, so IT, is trivial. [ ]

4.2. We now assume that p # 2.

Theorem 4.4. Let 7y, 75 be integral cuspidal irreducible Qq-representations of G such
that ry(mwy) < re(mm2). Let p be a unitary cuspidal irreducible complex representation of
G(ky) which is compactly induced from some compact mod centre, open subgroup of
G(ky). Assume that G is not the split special orthogonal group SO, (F) >~ F*. There are
irreducible automorphic representations I11 and T, of G(A) such that

(1) IT4, and 134 are both isomorphic to p,

(2) II,w ®c @4 is isomorphic to w1 and 111 4 ®c @g is isomorphic to w,,

(3) I, and 115y are trivial for any real place v,

(4) there is a finite set S of places of k, containing all real places, such that for all v ¢ S:

(a) the local components I1; ,, and 11, ,, are unramified with respect to some hyper-
special maximal compact subgroup K,, of G(ky),

(b) the restrictions of the Satake parameters of I11,, ®c @g and I, , ®c @g to
the Hecke Z-algebra :}CZ@ (G(ky), Ky) are congruent mod the maximal ideal m
of Zy.

Remark 4.5. The assumption on G implies that the centre of G is compact, thus any cus-
pidal irreducible QQ¢-representation of G is integral.

Proof of Theorem 4.4. First, let us apply Proposition 4.1 with 7 = m; ®g, C. (Since the
centre of G is compact, the central character of 7 has finite order, thus 7 is unitarizable.)
We obtain an irreducible automorphic representation IT; of G(A) such that

(1) the local component IT; , is isomorphic to p,
(2) the local component I, ,, ®c Qy is isomorphic to 7y,

(3) the local component I1; , is the trivial character of G(k,) for any real place v.
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We then choose for S a set of finite places of k as in Section 3.4, that is, S contains u, w
and all places dividing ¢, and, for any finite place v ¢ S, the local component IT; , is
unramified with respect to some hyperspecial maximal compact subgroup K, of G(k,).
For such v, this defines a Z¢-character X1,0 of U-CZZ (G(ky),Ky).

We now apply Theorem 3.1 with 7/ = m,. The conditions of Section 3.5 are auto-
matically satisfied for IT; ,, thanks to [58]. We get an irreducible automorphic represent-
ation I, of the group G(A), trivial at infinity, such that

(1) the local component I , ®c @e is isomorphic to 5,
(2) the local component IT5 ,, is isomorphic to p,

(3) for all finite places v ¢ S, the local component I1, , ®c @4 is Ky-unramified with
associated Zg-character y2 y: :HZ@ (G(ky),Ky) = Zy, and 3, and x5, are congru-
ent mod m.

This proves Theorem 4.4. u

5. Global transfer

5.1. Quasi-split classical groups. Let k be either a p-adic field for some prime number p,
or a real Archimedean local field, or a totally real number field. We will consider the
following families of quasi-split reductive groups over k:

(1) Forn = 1, the (split) symplectic group Sp,,, defined as Sp(f), where f is the altern-
ating form on k2" x k2" defined by

S X0 V1o Y2n) = X1Y2n — Xop Y1+ + XnVnt1 — Xng1Yn. (5.1)

(2) Forn = 1and « € k*, the (split) special orthogonal group SO,, +; defined as SO(g),

where ¢ is the quadratic form on k2"*+! of discriminant (—1)"« defined by

G(X10. oo Xon41) = X1X2 + *++ + Xop—1X2n + X341 (5.2)

(3) Forn = 1 and o € k*, the special orthogonal group SO, defined as SO(g), where g
is the quadratic form on k2" of discriminant (—1)"« defined by

G(X1, ... X2n) = X1X2 4+ + Xop_3Xop_2 + X3,_; — 0X3,. (5.3)

(4) Forn = 1 and « € k*, the unitary group U% defined as U(h), where h is the [/ k-
Hermitian form on [” of discriminant (—1)*"~1/2 defined by

h(xy, ..., xp) = x§x, —x5x,_; +--+ (—1)"_1x;x1, (5.4)

where [ is the k-algebra k[X]/(X? — ) and c is the non-trivial automorphism of / / k.
If @ € k*2, the k-group U is thus isomorphic to GL,.

In the even orthogonal and unitary cases, the image of o in k*/k*? will still be
denoted by «.
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5.2. The dual group. In this subsection, k is either a p-adic field or a totally real number
field and G™ is one of the quasi-split special orthogonal, unitary or symplectic k-groups
of Section 5.1. We define its dual group

SO2n+1(C) if G* = Sp,,.
Sp2a(C) if G* = SO24+1,
SO.,(C)  if G* = SOY,,
GL.(C)  ifG* = U,

o
Il

In the even orthogonal case, the groups SO,,(C) € 0,,(C) are defined with respect to
the symmetric bilinear form (-, -) on C2" given by

0 ifi+j #2n+1,
(ei.ej) = )
1 otherwise,

where (e1, ..., e2,) is the canonical basis of C2",

5.3. The local Langlands correspondence. In this subsection, k is a p-adic field and G*

is either the general linear k-group GL,, for some n = 1 (whose dual group is GL,(C)) or

one of the quasi-split classical k-groups of Section 5.1. We denote by Wy the Weil group

of @ p over k, and define the semi-direct product LG =G x W, where

e the action of Wy on G is trivial when G* is split (that is, when G* is general lin-
ear, symplectic, odd orthogonal, even orthogonal with o = 1 or unitary with ¢ = 1),

e when G* is even orthogonal and o # 1, and if / denotes the quadratic extension
of k in Q p generated by a square root of «, the action of Wi on G factors through
Gal(l/ k), the generator ¢ of which acts by conjugacy by the element w € O,,(C)
fixing e1,...,€,-1,€n+2, ..., €2, and exchanging e, and e,4+; (thus G Gal(l/ k)
identifies with O,, (C)),

e when G* is unitary and « # 1, and if [ denotes the quadratic extension of k in Q p
generated by a square root of «, the action of Wy on G factors through the group
Gal(// k) whose generator ¢ acts by

g '_>g* — J_tg—l -J_l,
where 'g denotes the transpose of ¢ € GL,(C) and J is the antidiagonal matrix in
GL,(C) definedby J; ; =0ifi + j #n+landJ; p41—; = (-

Let WDy = Wy x SL,(C) denote the Weil-Deligne group of k. A (local) Langlands
parameter for G(k) is a group homomorphism

@: WD — G x Wy,
such that

e its restriction to Wy, is smooth,

e its restriction to SL, (C) is algebraic,
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e the projection of (W) onto G is made of semisimple elements, and
e the projection of p(w, x) onto Wy, is equal to w for all (w, x) € WDy.
When G* is split, this is the same as a morphism WDy — G satisfying the first three

points. In the even orthogonal case with o # 1, this is the same as a morphism WDy —
05, (C) satisfying the first three points and whose determinant is the quadratic character

x = (a,x)

of k*, which can be seen as a character of Wy via the Artin reciprocity map of local
class field theory. We say a local Langlands parameter ¢ is bounded if ¢(Wy) is relatively
compact in G.

Let

e &(G*, k) be the set of @—conjugaey classes of local Langlands parameters for G*
over k,
e TI(G*(k)) be the set of isomorphism classes of irreducible representations of G* (k).
When G* is the general linear group GL,,, the local Langlands correspondence [23,25]
is a bijection from IT(GL, (k)) to ®(GL,, k).
When G* is classical, the local Langlands correspondence ([2, Theorem 2.2.1], [46,
Theorems 2.5.1 and 3.2.1], see also [4, Theorems 3.2, 3.6 and Remarks 3.3, 3.7]) defines

(1) (symplectic, odd orthogonal and unitary cases) a partition

NG k) = [] Te(G*k)) (5.5)

@e®(G*,k)

into non-empty finite sets I, (G*(k)) if G* is symplectic, odd special orthogonal or
unitary,
(2) (even orthogonal case) a partition

T(S08,, (k)) = 11 M, (808, (k)), (5.6)

9E®(S03,,.k)/02,(C)

where each IT, (SO%,, (k)) is non-empty, finite and stable under O$,, (k)-conjugacy.
In each case, we have the following properties:

o II,(G*(k)) contains a tempered representation if and only if ¢ is bounded. When
this is the case, all representations in I1,(G™(k)) are tempered. (See, for instance, [2,
Theorem 1.5.1] for symplectic and special orthogonal groups, and [31, Theorem 1.6.1]
for unitary groups.)

e TII,(G*(k)) contains a discrete series representation if and only if ¢ is bounded and
the quotient of the centralizer of the image of ¢ in G by Z(G)Wk is finite. When
this is the case, all representations in I, (G*(k)) are discrete series representations.
(See, for instance, [68, Theorem 2.2] for symplectic and special orthogonal groups,
and [31, Theorem 1.6.1] for unitary groups.)
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5.4. The local transfer. In this subsection, k is a p-adic field and G* is one of the quasi-
split classical k-groups of Section 5.1. If G* is symplectic or special orthogonal, there is
a morphism Std: G — GLy (C) with

2n if G* = SOy, 41 or G* = SOZ,.

(5.7)
2n+1 if G* =Sp,,.

N = N(G*) = {

given by the natural inclusion. We extend it to a morphism Std: G x Wi — GLy(C) as
follows:

e Std is trivial on Wi when G* is split,

e when G* is even orthogonal and « # 1, Std is trivial on W; and Std(¢) = w € 05, (C),
thus Std factors through

S02,(C) x Wi — SO,,(C) x Gal(l/ k) ~ 02,(C) € GL,,(C)

(see also [4, §3.2]).

In the unitary case (G* = U%), we need to introduce the k-group GL7, the restriction
of GL, with respect to [/k. Its dual group is GL,(C) x GL,(C), and we define the
semi-direct product

LGLY = (GL,(C) x GL,(C)) x W,

where
e the action of Wy is trivial when [/ k is split,
e otherwise, the action of Wy factors through Gal(// k) and ¢ acts by (g, k) — (&, g).

It will be convenient to set
N = N(UZ) = n. (5.8)

Let Std be the morphism G x Wy — (GLy(C) x GLp (C)) x W defined by g x w —
(8.8%) »w.

Given an irreducible representation = € I1(G*(k)), let ¢ € ®(G*, k) be a Langlands
parameter such that 7 € IT,(G*(k)). (In the even orthogonal case, ¢ is determined up to
03, (C)-conjugacy only.)

If G* is symplectic or special orthogonal, then, composing with Std, we get a local
Langlands parameter ¢ = Std o ¢ € ®(GLy, k), uniquely determined up to GLy (C)-
conjugacy.

If G* is unitary, then, composing with Std, we obtain a Langlands parameter

Std o o: WDy — (GLy (C) x GLy (C)) x Wy.

e If ] is non-split, its restriction to WDy has the form (w, x) = (¢ (w, x), p(w, x)*) x w
for a local Langlands parameter ¢ € ®(GLy, /), uniquely determined up to GLy (C)-
conjugacy.

e If [ is split, it is of the form (w, x) — (¢(w, x), p(w, x)*) x w for a local Langlands
parameter ¢ € ®(GLy, k), uniquely determined up to GL  (C)-conjugacy.
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Definition 5.1. The local transfer of m, denoted by t(sr), is the isomorphism class of ir-
reducible representations associated with ¢ through the local Langlands correspondence.
Itis

(1) aclass of representations of GLy (k) if G* is symplectic or special orthogonal,

(2) aclass of representations of GLy (/) if G* is unitary,

which is uniquely determined by the isomorphism class of .

Remark 5.2. If G* is unitary and / is split over k, and if we fix an isomorphism of
k-algebras [ ~ k x k, which we use to identify U% (k) with GL, (k) and GLy (/) with
GLy (k) x GLy (k), then

tr)=nr®xn" (5.9)

(where 7V is the contragredient of 7). This does not depend on the choice of [ ~ k x k.
Indeed, making the other choice twists the isomorphism U% (k) >~ GL, (k) by g — g*
(see (2.3) and the explanation thereafter) and the isomorphism GLy (/) >~ GLy (k) X
GLy (k) by (g, h) — (h, g), which gives (5.9) again since g — m(g*) is isomorphic
[ A

In Section 6, we will describe explicitly the local transfer for unramified representa-
tions when G* is unramified over k, and will describe its congruence properties.

5.5. Arthur parameters in the symplectic and orthogonal cases. In this subsection, k is
a totally real number field and G* is symplectic or quasi-split special orthogonal. We
write A for the ring of adeles of k and N = N(G*) (see (5.7)).

Definition 5.3. A discrete global Arthur parameter (for G*) is a formal sum
v =T1[d]®-- & I,[d/] (5.10)

for some integer r = 1, where, for each i € {1,...,r}, d; is a positive integer and I1; is

a self-dual cuspidal automorphic irreducible representation of GL; (A) for some N; = 1,

such that

(1) one has N1dy +---+ N,d, = N,

(2) ifr = 2and I1; >~ I1; forsome i # j in{l,...,r}, thend; # d;,

(3) the self-dual representation IT; has the same parity as G if d; is odd, and has the
opposite parity if d; is even, where the parity of I1; is defined to be orthogonal if
L(s, I1;, Symz) has a pole at s = 1, and symplectic if L(s, IT;, A?) has a pole at
s =1,

(4) the character a)?fl .. a)f-l[’r is trivial if G* = Sp,,, or G* = SOy, 41, and is equal to
the quadratic character

Xa- X l_[(av»xv)v e{-11}
v

of AX/ k> if G* = SO3,,, where wry, is the central character of IT;.
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A discrete global Arthur parameter Xq[e1] @ --- @ X;[es] is said to be equivalent
to (5.10) if we have s = r and there is a permutation ¢ € &, such that ¢; = d,(;) and
Y; >~ Il foreachi. Let

¥, (G™)

be the set of equivalence classes of discrete global Arthur parameters for G*.

Associated with a discrete global Arthur parameter ¥ € W,(G*) given by (5.10), there
are a local Arthur parameter v, and a local Arthur packet ITy, (G*(k,)) for each finite
place v of k: see (5.11) and (5.12) below.

Let v be a finite place of k, and consider the local component I1; , for some i. It is
a unitarisable irreducible representation of GLy; (ky). Associated with it through the local
Langlands correspondence for GL y; (k), there is a local Langlands parameter

¢i,v: WDkv — GLN[. (C),

uniquely determined up to GLy; (C)-conjugacy. Since one does not know whether II; ,,
is tempered, the parameter ¢; ,, might not be bounded.
We define a morphism

Yo = (910 W Sq)) @ -+ @ (¢rv WSy,): WDg, xSLa(C) — GLy(C),  (5.11)

where S; = Sym”l_1 denotes the unique irreducible algebraic representation of SL,(C)
of dimension d > 1. Recall that we have defined a morphism Std in Section 5.3.
By [2, Theorem 1.4.2], there is a local Arthur parameter §: WDy, x SL,(C) — G x Wi,
such that v, is GL y (C)-conjugate to Std o £. The parameter £ is uniquely determined up
to (A}-conjugacy, except if G* = sogn and all N1d;, ..., N,d, are even, in which case
there are two G-conjugacy classes of such £.

Associated with ¥, there is a multiset ITy,, (G*(k,)) of irreducible smooth represen-
tations of G*(ky), that is, a map

I(G* (ky)) = Zxo (5.12)

with finite support, where I1(G*(ky)) is the set of isomorphism classes of irreducible
smooth representations of G* (k). If ¥,(Wy,) is relatively compact in GLy (C), this
comes from [2, Theorems 1.5.1, 2.2.1 ans 2.2.4], and (5.12) is supported in the subset
it (G™* (ky)) of unitarisable representations. Thanks to Moeglin ([43], see also [67, The-
orem 8.12]), it does not take any value > 1, that is, ITy, (G*(ky)) can be regarded as
a finite subset of T, (G* (ky)).

When v, (W, ) is not relatively compact, ITy, (G*(ky)) is obtained from the relat-
ively compact case by a parabolic induction process: see [2, §1.5] in the symplectic and
orthogonal cases and [4, §6.5] in the even orthogonal case. For our purpose, it will be
enough to make the following remark.

Remark 5.4. Let v be a finite place of k, and assume that ITy,, (G*(k,)) contains a cus-
pidal representation. Then v, (W, ) is relatively compact in GLy (C).
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When 1, is trivial on the SL,(C)-factor, that is, ¥, is a local Langlands parameter
for G* (ky), the local Arthur packet ITy,, (G*(ky)) coincides with the L-packet associated
with ¥, by the local Langlands correspondence in (5.5) and (5.6). (See [4, top of §6.3].)

5.6. Transfer. In this subsection, k is a totally real number field, G* is one of the quasi-
split special orthogonal, unitary or symplectic k-groups of Section 5.1 and G is an inner
form of G* over k such that G(k,) is compact for any real place v and quasi-split for any
finite place v.

In order to state the following theorem, we need more than the group G. Follow-
ing [60] and [31], we realize G as

e arigid inner twist of G* in the symplectic case (see Section 2.8),
e a pure inner twist of G* in the special orthogonal and unitary cases, that is, we fix

a quadratic form ¢ such that G = SO(q) or a Hermitian form / such that G = U(h).
(See for instance, [33, Sections 29.D and 29.E].)

If G* is special orthogonal, let ¢* be the quadratic form (5.2) or (5.3) such that G* =
SO(g*), and let ¢ = (—1)"("_1)/28(q*) be its normalized discriminant. Let v be a finite
place of k:

e if g ® ky is equivalent to ¢* ® k,, any choice of k,-isomorphism f such that ¢ =
q* o f defines a group isomorphism j: G(k,) ~ G*(k), and changing f changes j
by an inner automorphism, which does not affect isomorphism classes of representa-
tions of these groups;

o if g ® ky is not equivalent to ¢* ® k,,, which can only happen when G* = SOS,, with
o # 1,thereisa A € k;’ such that ¢ ® k, is equivalent to A - (¢* ® k). We thus have
(canonically up to an inner automorphism) G(k,) ~ SO(A - (¢* ® ky)) = G* (ky).
If G* is unitary, let 2™ be the / / k-Hermitian form (5.4) such that G* = U(h*). Let v

be a finite place of k:

e ifh ® k, is equivalent to h* ® k,, any choice of isomorphism f suchthath = h* o f
defines a group isomorphism j: G(k,) ~ G*(k,), and changing f changes ; by an
inner automorphism, which does not affect isomorphism classes of representations of
these groups;

e if 2 ® ky is not equivalent to 2* ® k,, which can only happen when G* = U5, |,
with o # 1, there is a § € k,; such that & ® k, is equivalent to § - (h* ® k). We thus
have (canonically up to an inner automorphism) G(k,) >~ U(S - (h* ® ky)) = G*(ky).
If G* is the symplectic group Sp,,,, then G(k) is the group made of all g € M, (D)

such that g*g = 1, where D is a quaternion k-algebra which is split at each finite place and

definite at each real place, and g* is the matrix whose (i, j)-entry is the conjugate of g;;.

(See Section 2.8 and [59, §2.1.1].) Let v be a finite place of k, and fix an isomorphism of

ky-algebras u: D Qg ky ~ My (ky). Through u, the group G(k,) identifies with Sp( fy)

for some alternating form f, on k2" x k2". Changing u changes this identification by an
inner automorphism. We thus have (canonically up to an inner automorphism) a group
isomorphism G(k,) ~ G*(ky).
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In all cases, we have explained how to canonically identify representations of G(k,)
with those of G*(ky). This thus defines a local transfer for irreducible representations
of G(ky).

Theorem 5.5. Assume that the group G* is symplectic or special orthogonal. Let 7
be an irreducible automorphic representation of G(A) and suppose that there is a finite
place u of k such that both the local component 1, and its local transfer to GLy (ky,) are
cuspidal. There is a unique self-dual cuspidal automorphic representation I1 of GLy (A)
such that

(1) for all finite places v of k, the local transfer of m, to GLy (ky) is I1,,

(2) for all real places v of k, the infinitesimal character of 1, is algebraic regular.

Proof. First note that, associated with any discrete global Arthur parameter ¢ € W,(G*)
and any finite place v of k, there is a local Arthur packet Iy, (G*(ky)). We explained
how to canonically identify representations of G(k,) with those of G*(k,). It thus defines
a local Arthur packet Ty, (G(ky)).

Now, as G is compact at all real places and quasi-split at all finite places, [60, The-
orem 4.0.1 and Remark 4.0.2] apply. We thus get a global Arthur parameter ¥ for G*
such that

(1) my € Iy, (G(ky)) for all finite places v of k,
(2) the infinitesimal character of v, is algebraic regular for all real places v of k.

In the remainder of the proof, we follow an argument which has been suggested to us by
A. Moussaoui, whom we thank for this. First, at v = u, we have

7y € Ty, (G(ky))

and it follows from Remark 5.4 that v, (W, ) is relatively compact in GLy (C). Associa-
ted with ¥, in [42, §4.1], there is its extended cuspidal support (or infinitesimal charac-
ter), denoted by A,,. It is the N -dimensional representation of Wy, defined by

|w|1/2 0

Au(w) = Yy (w,dy, dy), dy = ( 0 |w|_1/2

) € SLy(C), w € Wg,,,

where w + |w] is the character Wy, — R defined by |w| = g~"®)_ where ¢ is the
cardinality of the residue field of k,, and v(w) € Z is the valuation of w, normalized so
that any geometric Frobenius element has valuation 1. If we write explicitly

m
Yo = P oi WSy, B Sy,

i=1

for some m > 1, with a;, b; > 1 and where o; is an irreducible representation of Wy,
then

m b,——la,-—l

hi = PP @ oil - |G/ @=D/2mi ok (5.13)

i=1 j=0 k=0
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On the other hand, by [42, §4.1] again, the extended cuspidal support (or infinitesimal
character) of m, is the representation A of Wy, defined by

Aw) = ¢(w, dy)

for all w € Wy,,, where ¢ = Std o ¢ and ¢ is the Langlands parameter associated with i,
(up to O3, (C)-conjugacy in the even orthogonal case). Given the assumption that we
made on my,, the extended cuspidal support A is irreducible. By [42, Proposition 4.1],
the extended cuspidal supports of v, and m,, coincide. It follows that (5.13) is irreducible,
which implies that m = 1 and a; = by = 1. Thus  satisfiesr = 1 and d; = 1.

We thus have y = I1[1] for a uniquely determined self-dual cuspidal automorphic irre-
ducible representation IT of GLy (A). Given a finite place v of k, the local component 7,
is in the Arthur packet ITy, (G(ky)). Since v, is a Langlands parameter (as d; = 1), this
Arthur packet is an L-packet, thus IT, is the local transfer of 7, to GLy (ky). |

We now consider the case of unitary groups.

Theorem 5.6. Assume that the group G* is unitary. Let 7 be an irreducible automorphic
representation of G(A), and suppose that there is a finite place u of k such that G(ky) is
split and 1, is cuspidal. There exists a unique conjugate-self-dual cuspidal automorphic
representation T1 of GLy (A;) such that

(1) for all finite places v of k, the local transfer of w, to GLy (1) is I1,,

(2) for all real places v of k, the infinitesimal character of 1, is algebraic regular.

Proof. Since G is compact at all real places, the assumptions of [35, Corollaire 5.3]

are satisfied (see the paragraph following Remark 5.2 in [35] regarding property (x)).

By [35, Corollaire 5.3], there is an integer r = 1 and, for each i € {1,...,r}, there

is a conjugate-self-dual discrete automorphic representation I1; of GLy; (A;) for some

N; = 1, such that

e onechas Ny +---+ N, =N,

e if IT is the irreducible automorphic representation of GL (A;) obtained by parabolic
induction from IT; ® -+ ® I1,, then IT, is the local transfer of m,, for all finite places
v which are either unramified or split. (The local base change of [35] is the same as
the local transfer of Section 5.4: see [35, §4.10].)

In particular, for v = u, the group G(k,) is split, thus IT,, is isomorphic to 7, ® 7,/

via the choice of a k,-algebra isomorphism /,, >~ k, x k,, (see Remark 5.2). Since

is cuspidal, IT, is cuspidal as well. It follows that r = 1 and v is cuspidal. By [35,

Théoreme 5.9], we get that

e [TI, is the base change of the trivial character of G(k,), thus its infinitesimal charac-
ter is algebraic regular, for all real places v of k,

e and the local transfer of 7, to GLy (/) is IT, for all finite places v of k.
This finishes the proof of Theorem 5.6. ]
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6. Unramified local transfer

In this section, we examine the congruence properties of the local transfer (as defined
in Section 5.4) for unramified representations of unramified classical groups.

6.1. Let F be a non-Archimedean locally compact field of residue characteristic p, and G
be the group of rational points of an unramified reductive group G defined over F. Let S
be a maximal F-split torus in G, T be the centralizer of S in G and K be a hyperspecial
maximal compact subgroup of G corresponding to a hyperspecial point in the apartment
associated with S in the reduced Bruhat-Tits building of (G, F). Let W be the Weyl
group associated with 7 = T(F) and A be the Z-lattice T/(T N K). We have the Satake
isomorphism [52] of C-algebras

C[K\G/K] = C[A]Y, f > (z > sl/z(z)/ f(tu)du),
U

where U is the group of rational points of the unipotent radical of a Borel subgroup
B = TU of G, du is the Haar measure on U giving measure 1 to U N K and §1/2 is the
square root of the modulus character § of B = B(F') defined with respect to the positive
square root /g € R of g, the cardinality of the residue field of F.

The same formula applies when one replaces C by Q,. We then get a Satake iso-
morphism of Q-algebras Q;[K\G/K] — Q¢[A]" depending on the choice of a square
root ¢1/2 of ¢ in Q. By [28, §§7.10—15], as this square root and its inverse are contained
in Z ¢, this isomorphism induces by restriction an isomorphism

Z([K\G/K] — Z¢,[A]Y (6.1)

of Z¢-algebras.

6.2. Let w be a K-unramified irreducible @g-representation of G, that is, = has a non-
zero K-fixed vector. Recall that its Satake parameter is the character y of Q¢[K\G/K]
through which this algebra acts on the 1-dimensional space 7% of K-invariant vectors
of wr. Through the Satake isomorphism, it defines a character of Q¢[A]Y . Such a character
is of the form

f »—>f f()w()dt (6.2)
T

for some unramified Q¢-character @ of T — which we may consider as a character of A —
uniquely determined up to W-conjugacy. (Here df is the Haar measure giving measure 1
to T N K.) By [52], the W-conjugacy class of w is the cuspidal support of m, that is,
7 occurs as an irreducible component of the representation obtained by parabolically
inducing w to G along B, where parabolic induction is normalized by the same square
root of the Qg-modulus 8 as the one used to define the Satake @g-isomorphism.

Now assume that the restriction of x to Z¢[K\G/K] has values in Z . Thanks to (6.1),
it defines a Zg-character of Z¢[A]Y, still denoted by x. Let us prove that @ has values
in 722‘. For this, let u be the Q-character of Q¢[A] defined by (6.2). Its restriction to
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Z[A])Y is equal to . According to [8, Chapter 5, §1, no. 9, Proposition 22], the ring
Z¢[A] is integral over Z¢[A]" . As y takes values in Zg on Z¢[A]Y , and as Z is integrally
closed, it follows that 1 takes values in Zg on Z¢[A]. By evaluating 1 at the characteristic
function of any A € A, we get w(1) € Zy. So far, we proved the following result.

Proposition 6.1. Let G be the group of rational points of an unramified group defined
over F, let K be a hyperspecial maximal compact subgroup of G and w be a K -unrami-
fied Qq-representation of G with Satake parameter y. Then 1 is integral if and only if x
is integral (that is, it takes integral values on Z¢[K\G/K]).

Proof. Indeed, using the notation above, the cuspidal support of 7 is the W-conjugacy
class of the unramified character w of T, and 7 is integral if and only if w is. (For this
latter fact, see [18, Corollary 1.6].) [

Finally, assume that y; and y, are congruent Zg-characters of Z;[K\G/K]. One
can see them via (6.1) as congruent Z g-characters of Z¢[A]" , still denoted by 1 and y».
Fori = 1,2, let j1; be a character of Z¢[A] extending ;. It takes form (6.2) for a uniquely
determined unramified character w; of 7', which is integral thanks to the previous sub-
section. Reducing mod the maximal ideal of Z, the characters p; and p, define Fy-
characters [i; and ji, of F¢[A] which, by assumption, coincide on F¢[A]" . Applying the
corollary of [8, Chapter 5, §2, no. 2, Theorem 2], it follows that the characters ry(w;)
and ry(w,) are W-conjugate. We thus proved the following assertion.

Proposition 6.2. Let G be the group of rational points of an unramified group defined
over F, let K be a hyperspecial maximal compact subgroup of G, let w1 and m, be
K -unramified irreducible Qq-representations of G whose Satake parameters X1 and x2
define congruent Z¢-characters of Z¢[K\G/K] and let w; and w, be unramified Q-
characters of T such that w; occurs in the parabolic induction of w; to G along B, for
i =1,2. Then ry(wy) and rg(w2) are W-conjugate.

6.3. From now on and until the end of this section, we assume that G is an unramified
special orthogonal, unitary or symplectic group among the groups of Section 5.1. The
associated dual group G has been defined in Section 5.2. Recall that G = G(F).

Let 7 be an integral K-unramified Qg-representation of G. Its cuspidal support is
the W-orbit of an unramified Zg-character @ of T'. Its Satake parameter is a charac-
ter y: Z¢[K\G/K] — Z4. They are related through the Satake isomorphism by for-
mula (6.2).

Restriction from 7 to S = S(F) induces an isomorphism A >~ §/(S N K), thus
betweeAn unramified characters of 7" and unramified characters of S. The later is the dual
group S(Qy).

Let @ be a Frobenius element in the Weil group Wg. By [6, §§6.4 and 6.5], the
surjection of T(@g) onto §(@5) induces a bijection between

e N-conjugacy classes in T(QZ) x ©, and
e W-conjugacy classes in §(@4),
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where N is the inverse image of W in the normalizer of ’i‘(@g) in (}(@ ¢), and the embed-
ding of T(Qy) in G(Qy) induces a bijection between

e N-conjugacy classes in T(@g) x &, and
. G(@g)-conjugacy classes of semisimple elements in é(@g) x D.

The W -orbit of w thus determines the W -conjugacy class of a point s € §(Z ¢), then the
G(Qg)—conjugacy class of a semisimple element t x ® € G(@g) x ®. We are going to
prove that ¢ x ® may be chosen in T(Zg) x P C G(Z[) x @. Let us fix a uniformizer w
of F.

When G is split, we have T = S, thus 7 = s is in T(Z¢) € G(Z¢). Explicitly, if we
identify 7 with (F*)™ for some integer m = 1, then w identifies with the tensor product
of m unramified characters wq, ..., w, of F* andt x ® is @(@g)-COﬂjugate to

o diag(w1 (@), ....om(@), 1,om(@)),....01(@)™") € GLany1(Zy) if G = Spans

o diag(w1(@)....,0om(@), 0m(@)"L,...,01(w)"") € GLayn(Zy) if G = SOz, OF
G =S0),,

with m = n in all cases.
Now assume that G is non-split, thus either G = SO3,, or G = U%, with o # 1.

e In the even orthogonal case, we have S >~ (F*)™ and T >~ S x SO%(F) with m =
n —1 (see [7, §23.4]), thus T(Qg) ~ QmH surjects onto S(Qg) ~ Q7' through

(.t tmg1) = (B t2s oo )
and T(@g) x W g embeds into G(@g) x WF through
~1

(t1,t2, ... ty) ¥ w > diag(ty,....1,.1,

-1
- seeslp )XW,

thus the image of ¢ X @ in G(@({) x O is é(@g)-conjugate to
diag(w1 (@), ....om(@), 1,1, 0n(@)" L, ..., 01(w)" ) x ® € GLy, (Zyg) x ®.
e In the unitary case, we have
S~ F" and T ~ (E™)™,

where E is the quadratic extension of F generated by a square root of « (note that it
is unramified since G is assumed to be unramified), and m = |n/2] is the Witt index
of G (see [7, §23.9]), thus T(Q() ~ Q surjects onto S(Q[) ~ QZ” through

(t1, 12, ... s tam) V> (Lil2ms L2lam—1s -+ - tmtm+1)
and T(@() x W g embeds into G(@({) x W g through

(t15t23"'712m) XNw

diag(t,,....t Le Lo, t2m)><1w ifn =2m + 11is odd,

{dlag(tl,..., Lo bps - Bp) Xw  if n = 2m is even,
H
sty Ll 1o
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thus the image of ¢ X @ in G(@() x D is @(@g)-COﬂjugate to

diag(w1 (@) 2, . ., om(@) 2, om(@) V2, ... o1 (@)"V2) x &
if n = 2m is even,
diag(w (@)%, .... om(@)2. L on(@) V2, .. o1 (@) ") x &

ifn =2m + 11is odd,

which is in GL, (Z¢) x ® in both cases.

We now define an unramified local Langlands parameter ¢: WDr — G(Z ¢) X WE by
o ¢(®)=1txd,and
e ( is trivial on the inertia subgroup /r of W and on SL,(C).

It is uniquely determined by the K-unramified representation , or equivalently by its
Satake parameter y. Composing with Std (or just restricting to WD in the unitary case),
we get an unramified Langlands parameter ¢ € ®(GLy, E), where E = F in the sym-
plectic and orthogonal cases and E is the quadratic extension of F' generated by a square
root of & in the unitary case. This ¢ uniquely determines an unramified Q;-representation
of GLy (E), denoted by t; ().

In the symplectic and special orthogonal cases, t¢ () is the unique unramified irredu-
cible component of

-1 -1 G = _ g0l
W) XX W, X, X X0] if G = SO3,41 or G = SO;,,,

1

- _1 . _
Wy XX, X1 Xw " X xXo] if G = Sp,,,

W, X Xw,_ X 1x1xw x-xo! if G=S0%, witha # 1,
where x denotes the parabolic induction to GLy (F) normalized with respect to ¢ 172,

In the unitary case, the Weil group W is generated by ®2 and Ir (since E/F is
unramified), thus ¢ is uniquely determined by ¢ (®?) = t£* x ®2, with

gt {diag(a)l(w), s om(@), om(@)7L L o (m) 7Y if n = 2m is even,

diag(w1(@), ..., om (@), 1,0n(w)7 L, ... ,01(w)™ ') ifn =2m+ 1isodd,

which gives t; () explicitly. Namely, t¢ () is the unique unramified irreducible compon-
ent of

-1 -1 : . (]
{wlx---xwmxwm X oo X 0] iftG =03,
-1 -1 — 1J@

W X X0, X1 xw, x--xoy ifG=U5,

where the symbol x denotes the parabolic induction to GL,, (E) normalized with respect
to (¢'/2)? = ¢ (as E is quadratic and unramified over F). (See also [37].) We have the
following assertion.

Proposition 6.3. Let G be the group of rational points of an unramified special ortho-
gonal, unitary or symplectic F-group among the groups of Section 5.1. Let K be a hy-
perspecial maximal compact subgroup of G and let 71, 7w be K-unramified irreducible
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Qq-representations of G whose Satake parameters y1, x» define congruent Zy-characters

of Zy|[K\G/K). Then
(1) the representations t¢(r1) and t¢(7w2) of GLy (E) are integral,

(2) their Langlands parameters are integral and congruent.

Remark 6.4. Note that the reductions mod £ of t;(r1) and t¢(72) may not have any
irreducible component in common. However, if 7; denotes the unique unramified irre-
ducible component of ry(t;(r;)) for i = 1,2, then 7; and 1, have the same cuspidal
support.

For instance, assume that G = SOs and £ divides g% — 1. Let m; (resp. mp) be the
unramified representation of G = SO5(F) with respect to some hyperspecial maximal

compact group, with cuspidal support the W-conjugacy class of | - |72 ® | - [1/2 (resp.
|-13/2®|-|'/?), where | - | is the absolute value of F*. By assumption, these cuspidal sup-
ports are congruent (for | - |>/2 and | - |71/2 have the same reduction mod £). Then t(7;)

is the unique unramified irreducible component of

| . |—1/2 x | A |1/2 x | i |—1/2 x | . |1/2’

that is, t (1) = 15 x 1, (where 15 is the trivial character of GL,(F')). Similarly, ty(m5) is
equal to |det| x |det| (where det is the determinant of GL,(F')). Now assume further that
£ # 2 and £ divides g + 1, thus £ does not divide ¢ — 1. Then ry(t¢(71)) and ry(t¢(72))
are both irreducible and twists of each other by the non-trivial character | - |, thus non-

isomorphic.

Remark 6.5. Let ¢ be an isomorphism of fields C — Q, taking the positive square root
of ¢ in R to the square root ¢'/2 € Q; of Section 6.1. According to Arthur [2, §6.1,
p- 304] and Mok [46, §7.1] (see also Labesse [35, pp. 38—-39]), which describe the local
transfer map t of Definition 5.1 for unramified representations of unramified groups, we
have

t(r) ®c Q¢ = te(m ®c Qp)

for any K-unramified complex representation = of G, where tensor products are taken

with respect to ¢. Proposition 6.7 and Remark 6.8 will describe the dependency of t;
1/2

ong/*.

6.4. In this subsection, G is an unramified classical group and K is a hyperspecial max-
imal compact subgroup of G as in Section 6.3.

Unlike Section 6.3 however, we will consider complex representations rather than
Qq-representations. We examine the dependency of the unramified transfer from G to
GLy (E) with respect to the choice of a square root of ¢, and to the action of Aut(C).
This will be useful in Section 9.2.

Let & be a K-unramified irreducible complex representation of G. Associated with 7,
there is the W-conjugacy class of an unramified character w of T, such that 7 is the uni-
que K-unramified irreducible component of the normalized parabolic induction of w to G
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along B. Writing Indg for unnormalized parabolic induction from 7 to G along B and ig
for normalized parabolic induction, we have

i§(w) = Ind§ (5'2w).

Let us write T >~ E*™ x Ty, where

o Tyistrivial if G is splitor G ~ U%, (F) witha # 1,

o Tp=SO05(F)if G ~ SO%,(F) with o # 1,

o To=U}F)ifG=U3, ,  (F)witha # 1.

The character w can thus be written w; ® --- ® w,;, ® 1, where each w; is an unramified
character of E* and 1 is the trivial character of Ty. By [45, Chapter IV, §4, p. 69], the
modulus character of the parabolic subgroup P 2 B with Levi component GL,,(E) x Ty

is equal to
vi—m—e ® 1,

where v, is the unramified character “absolute value of the determinant” of GL,,(E)
and

e d=2nande =—-1if G = Sp,,(F),

o d=2n+1lande =1if G = SOy,+1(F),

e d=2nande=1if G =S0%,(F),

o d=nande=0if G =Uj(F)witha # 1.

By using the transitivity property of parabolic induction, we deduce that

s1/2 — |- |S§1—m—e)/2+(m—1)/2 ® 0| |§3d—m—e)/2—(m—1)/z ®1

(d—e—1)/2—m+1
E

=|.Sg*e*1)/2®...®|. ®1,

where | - | g is the absolute value of E. Replacing ,/q by the opposite square root changes
|- |E to n| - |, where 7 is the unramified character of E* of order 2. It thus changes w;
to w; n@=¢~DS  where f is the residual degree of E over F (which is 1 or 2 depending
whether £ = F or not).

Similarly, replacing ,/q by its opposite square root has the effect of twisting normal-
ized parabolic induction from E*V to GLy (E) (along the Borel subgroup made of upper
triangular matrices) by n=M /.

Consequently, considering the explicit formulas of Section 6.3, replacing /g by
the opposite square root has the effect of twisting t(rr) by the character n(@—¢=N)f,
We have

o d—e—N=2n+1-2n+1)=0if G = Sp,,(F),
e d—e—N=Q2n+1)—1-2n=0if G = SOz, 41(F),
o d—e—N=2n—-1-2n=-1if G =S0%,(F),

and f = 2 if G is unitary. The integer (d — e — N) f is thus even, except if G is even
orthogonal.
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Example 6.6. If G = SO;(F ) >~ F*, the transfer of any unramified character w of F*
is the unique unramified irreducible component of @ x w~!. If G is the compact group
SOf (F) with a # 1, the transfer of the trivial character of G is 1 x 1. In both cases, the
transfer depends on the choice of a square root of g.

Now consider an automorphism y € Aut(C). Given a representation i of a group H
on a complex vector space V', we write 7 for the representation of H on V ®c C,,
where C,, is the field C considered as a C-algebra via y. Consider the map 7 +— t(n”_l )Y
from K-unramified irreducible representations of G to irreducible representations of
GLy (E). It is the unramified local transfer map from G to GLy (E) with respect to
the square root y(,/g). We thus have the following.

Proposition 6.7. Let G and K be as above, and let w be a K-unramified irreducible
representation of G. Let y € Aut(C).
(1) If G is not even orthogonal, then t(x?) = t()”.

(2) If G is even orthogonal, then t(nw?) = t(x)” - &), where &, is the unramified character

PR <ﬂ—g)valp(x)

of F*.
Remark 6.8. We now go back to Qg-representations. We deduce that the map
T te() (6.3)

from (isomorphism classes of) unramified Q-representations of G to those of GLy (E)
is insensitive to the choice of a square root of ¢ in Q, except when G is even orthogonal,
in which case changing this square root to its opposite has the effect of twisting (6.3) by 7.

7. Representations of local Galois and Weil groups

In this section, F is a p-adic field. We write I for the Galois group Gal(@p /F) and W
for the associated Weil group, considered as a subgroup of I". It is endowed with a smooth
character w + |w| with kernel /, the inertia subgroup of W, taking any geometric Frobe-
1 where g is the cardinality of the residue field of F.

All representations of I" and W considered in this section will be finite-dimensional.
Let £ be a prime number different from p.

nius element to ¢~

7.1. For this subsection, the reader may refer to [10, Chapter 7] and [61, §4.2].
If o is a smooth representation of I, then its restriction o |y to W is smooth.
Restriction from I' to W induces an injection from isomorphism classes of irreducible
smooth representations of I" to isomorphism classes of irreducible smooth representations
of W. The image is made of those representations of W whose determinant has finite order
(see [10, Proposition 28.6]).
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If p is a smooth £-adic representation (that is, Q-representation) of W on a vector
space V, and if & € W is a Frobenius element, the following assertions are equivalent
(see [10, Proposition 28.7]):

(1) pis semisimple,
(2) p(®) is a semisimple element in GL(V),
(3) p(w) is a semisimple element in GL(V) for any w € W.
If o is a continuous £-adic representation of T, its restriction to W is a continuous

{£-adic representation of W, which is irreducible if and only if ¢ is irreducible.
Fix a continuous surjective group homomorphism

t: 1 — 7. (7.1)
For the following proposition, see [ 10, Theorem 32.5] and [55, Appendix].

Proposition 7.1. Let o be a finite-dimensional continuous {-adic representation of W on
a Qg-vector space V.

(1) There is a unique nilpotent endomorphism N € End(V) such that there is an open
subgroup U of the inertia subgroup I such that o(x) = e!®N x e U.

(2) We have o (w)No(w)™! = |w|- N forall w € W.

Note that N = 0 if and only if o is smooth.

The subspaces Ker(N i ), i = 0 of V are stable by o. Thus, if ¢ is irreducible, then
N = 0 and o is smooth. More generally, a semisimple representation of I" is smooth, and
its restriction to W is smooth semisimple (see also [61, §4.2.3]).

Fix a Frobenius element ® € W. Associated with ¢, there is a smooth £-adic repres-
entation p of W defined by

p(P%x) = 0(P*x)e N 4eZ, xel.

The pair (p, N) is called the Deligne representation of W associated with o. Up to iso-
morphism, it does not depend on the choices of ¢ and ® (see [10, Theorem 32.6]).

The element p(®) = o(P) decomposes uniquely in GL(V) as su = us, with s semi-
simple and u unipotent. Define a smooth £-adic representation p* of W by

p*(®%x) = s%(x), a€Z, xel.
This defines a Deligne representation (p*, N), called the Frobenius-semisimplification of
(p, N). By Section 7.1, the representation p* is a semisimple smooth representation of W.
7.2. In this subsection, if « is a continuous {-adic representation of W or I, we will
write k% for its semisimplification.

Lemma 7.2. If p is a (finite-dimensional) smooth £-adic representation of W such that p*
is integral, then p is integral.
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Proof. We prove it by induction on the dimension n of p. If p is irreducible, there is
nothing to prove. Otherwise, let T be an irreducible subrepresentation of p, of dimension
k =1, and let A be the quotient of p by t, which is of dimension / = n — k. Since
p% = 7 @ A%, we may apply the inductive hypothesis to A, from which we deduce that A
is integral. We therefore fix a basis of the vector space of p such that

p) = ("4 1)) €OLu@0.  7(w) € GLu(Eo). Aw) € OLEo). w e W,

anda: W — Mk,l(@g) satisfies
a(xy) = t(x)a(y) + a(x)A(y) forallx,y € W.

Since p is smooth, we may consider it as a representation of the discrete group W/ U
for some open subgroup U of W. Since this quotient is a finitely generated group, we may
consider p as a representation of the free group F with r generators fy, ..., f. for some
r = 1. Assume « is not identically zero, and let —v denote the minimum of the £-adic
valuations of all the entries of all the «(f;). Conjugating p by diag(¢" - id,, id;), we may
and will assume that v = 0.

We are going to prove that « takes values in M; (Zy). We prove it by induction on the
length of the words in F. Given x € F, write it yf with f =f; for some i € {1,...,r}
and the length of y is smaller than that of x. Then

a(x) = t(a(f) +a(A(f) € M (Ze)
thanks to the inductive hypothesis. ]

Lemma 7.3. Let 0 be a (finite-dimensional) continuous L-adic representation of T', with
associated Deligne representation (p, N). The restriction of ¢* to W is equal to p**.

Proof. Note that semisimplification and restriction from I" to W commute, that is,
o lw = (olw)™.

If N is zero, then ¢ is smooth and p is the restriction of o to W, thus ¢* is smooth
semisimple, and its restriction to W is smooth semisimple as well. Otherwise, if n =
dim(0), there is a basis of Q7 such that

o(g) = (oz(og) /};g;) € GLn(@g), gel, and N = (8 AC/;),

where

e  is a smooth £-adic representation of I" of dimension k = dim(Ker N),
e [ is a continuous £-adic representation of I' of dimension / = n — k,

e v isacontinuous map from I" to Mk’l(@[),

e M is nilpotent in M;(Q;) and C is a matrix in Mg ; (Qy).
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We have
id e(x) . t(x)? i
TN — (O et(x)M) with e(x) = Z _—'CM’ U xel
i=1
Writing (p;, N1) for the Deligne representation associated with 8, we get Ny = M and

p(w) = (a(ow) jl(sz))) € GL,(Qq), weW,

for some smooth map § from W to My ; @ ¢) which can be explicitly described by
S(w) = (y(w) — a(w)e(w))e "My = d%%, aecZ, xel.
By the inductive hypothesis, we get
o”lw = (alw) ® (B%|w) = (a|lw) & p7" = p™.
This proves the lemma. ]

Corollary 7.4. Let ¢ be a (finite-dimensional) continuous L-adic representation of T,
with associated Deligne representation (p, N). Then p is (smooth) integral and ry(p) =

re(0)|w.

Proof. Since o is integral (for ' is compact), 0%|w is integral. We deduce from Lem-
ma 7.3 that p* is integral, then from Lemma 7.2 that p is integral. Now write

re(p) = re(p™) = re(0¥|w) = re(0™)|w = re(0)|w.

This proves the corollary. u

8. Galois representations associated with automorphic representations

Recall that we have fixed an isomorphism of fields ¢: C — Q. Fix a positive integer N .
Let k be a totally real number field, and / be either k£ or a quadratic totally imagin-
ary extension of k in an algebraic closure Q of Q. For any place v of [, let I, denote the
completion of [ at v.
For any finite place v, fix a decomposition subgroup I, of Gal(Q/ [) at v and write W,
for the associated Weil group. For any finite place v not dividing £, write

e WD(0) for the Deligne representation of W, associated with a continuous £-adic
representation o of I', and WD* (o) for its Frobenius-semisimplification,

e rec, for the local Langlands correspondence [23, Theorem A] between irreducible
smooth complex representations of GLy (/) and N-dimensional Frobenius-semi-
simple complex Deligne representations of Wj,.
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8.1. A cuspidal irreducible automorphic representation IT of GLx (A7) is said to be

e polarized if its contragredient ITY is isomorphic to I1¢, where ¢ is the generator of
Gal(//k) (thus I1¢ = IT when [ = k),

e algebraic regular if the Harish-Chandra module IT, associated with IT has the same
infinitesimal character as some irreducible algebraic representation of the restriction
of scalars from [ to Q of GLy.

Recall the following result of Barnet-Lamb—Geraghty—Harris—Taylor [5, Theorems 1.1
and 1.2].

Theorem 8.1. Let I1 be an algebraic regular, polarized, cuspidal irreducible automor-
phic representation of GLy (A;). There is a continuous semisimple {-adic representation

¥: Gal(Q/1) — GLy(Qy)
such that, for any finite place v of | not dividing £, we have
WD*(|r,) = rec, (IT, ® |det|™)/2) @c Q.

Note that the representation X depends on the choice of «.

8.2. The main result of this section is the following. Let m denote the maximal ideal
of Zy.

Theorem 8.2. Let I11 and 11, be algebraic regular, polarized, cuspidal irreducible auto-
morphic representations of GL, (A;). Suppose that there is a finite set S of places of 1,
containing all infinite places, such that for all v ¢ S,

(1) the local components 11, and 11, , are unramified,

(2) the characteristic polynomials of the conjugacy classes of semisimple elements in
GL, (Qy) associated with 11, @c Qg and I, ®c Qg have coefficients in Z, and
are congruent mod m.

Then, for any finite place v of | not dividing £, the representations I1; , ®c Q¢ and
T2, ®c Qg are integral, their reductions mod w share a common generic irreducible
component, and such a generic component is unique.

Proof. Applying Theorem 8.1 to I1; and I1,, we get continuous £-adic representations
¥ Gal(Q/1) - GLy(Qy), i=1,2,
such that, for any finite place v of [ not dividing £, we have
WD*(Z;,0) = recy(IT; » ® |det] ! ™)) ®@¢ Q.

where X; ,, denotes the restriction of X; to I', and the tensor product over C is taken with
respect to ¢. For all v ¢ S, the {-adic representation I1; , ®c Q, is unramified, generic
and integral, thus

recv(ni,v ® |det|gl_N)/2) Qc Ql x~ (d)i,v»o)s
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where ¢; , is an integral semisimple £-adic representation of W, trivial on /,. It is thus
entirely determined by the semisimple matrix

¢i,v(Py) € GLN (Qy),

where @, is a Frobenius element in W,. By assumption, its characteristic polynomial
has coefficients in Zy, hence, as ¢; , (P,) is semisimple, its eigenvalues are in ZZ‘. That
the nilpotent operator is O implies that %; ,, is smooth, thus

dip = (Zivlw,)™.

Thus %; , is trivial on the inertia subgroup I, that is, %; ,, is unramified.

Givenv ¢ Sandi € {1,2}, let P; ,(T) be the characteristic polynomial of X; ,, ($,) ®
[F¢, that is, the characteristic polynomial of @i v(Dy) ® F¢. By assumption, P; (1) =
P, ,(T) atall v ¢ S. Applying Deligne—Serre lemma [19, Lemma 3.2] to the semisimple
F¢-representations (X ® Fy)* and (X, ® Fy)*, which at v ¢ S give P10 ® F, and
P20 ® [y, respectively, we deduce that (£ ® F¢)* and (X, ® F¢)* are isomorphic.
In particular, we deduce that

(Z1 @ F)¥|r, =~ (Z2 ® F)™|r,,

thus the continuous £-adic representations X 4, and X5 4, of I', are congruent mod £.

Now write WD*(X; ) = (pi, N;) for i = 1, 2. Thanks to Corollary 7.4, we know
that p; and p, are integral and have same reduction mod £. By [65, Theorem 1.6], we
deduce that

= My @ |det|S™2) @c Qp, a2 = (Mo @ |det|{~Y2) @c Qy,

are integral and have the same mod £ supercuspidal support, that is, the supercuspidal sup-
port of any irreducible component v of ry(u;) is independent of i (and of the choice of v).

Since p; is generic (as II; 4, is a local component of a cuspidal automorphic repre-
sentation of GL, (A;)), the Fy-representation ry(4;) contains a generic irreducible com-
ponent §;. It occurs in ry(u;) with multiplicity 1, and any generic irreducible repres-
entation occurring in rg(u;) is isomorphic to ;. Since §; only depends on the mod ¢
supercuspidal support of p; [63, §§II1.1.11 and II1.5.10], we deduce that §; and §, are
isomorphic. ]

Remark 8.3. We expect Theorem 8.2 to hold without assuming that IT;, IT, are polar-
ized.

9. Proof of the main theorem

9.1. We prove our main Theorem 1.1.
Let p be a prime number different from 2, let F be a p-adic field and G be a quasi-split
special orthogonal, unitary or symplectic group over F'. We thus have

e cither G = SO(Q) for some non-degenerate quadratic form Q over F,
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e or G = U(H) for some non-degenerate £/ F-Hermitian form H,
e or G = Sp(A) for some non-degenerate symplectic form A over F.

As usual, we write £ = F in the symplectic and orthogonal cases.

In this subsection and the next one, we assume that the group G is not the split
special orthogonal group SO, (F) >~ F*. The case of split SO, (F) will be treated in
Section 9.3.

Let 71, 77, be integral cuspidal irreducible Qg-representations of G such that

re(m) < re(m2).

First, let k, w, G be as in Theorem 2.1. More precisely, we have

e cither G = SO(q) for a quadratic form g as in Theorem 2.8 if G is special orthogonal,
e or G = U(h) for an / / k-Hermitian form /4 as in Theorem 2.11 if G is unitary,

e or Gisasin Section 2.8 if G is symplectic (see also Section 5.6).

In particular, we have ky, = F and [, = E, and the group G(F) naturally identifies
with G. As usual, we write / = k in the symplectic and orthogonal cases.

Let G* be the quasi-split inner form of G over k, and write N = N(G*). We thus
have

e ceither G* = SO(g*), where ¢* is a quadratic form over k as in (5.2) or (5.3),
e or G* = U(h*), where h* is an [ / k-Hermitian form as in (5.4),
e or G* = Sp(f*), where f* is a symplectic form over k as in (5.1).

Let t be the local transfer from G*(F) to GLy (E) given by Definition 5.1. We ex-
plained how to canonically identify representations of G(F) with those of G*(F) in
Section 5.6. (In the symplectic case, we identified G(F') with Sp( fy,) for some symplectic

form f,, over ky, = F'.) This gives us a local transfer from G(F) = G to GLy (E), still
denoted by t.

Lemma 9.1. There is a finite place u of k different from w, not dividing £, such that
there is a unitary cuspidal irreducible complex representation p of G(ky) with the follow-
ing properties:

(1) p is compactly induced from some compact mod centre, open subgroup of G(ky),

(2) the local transfer of p to GLy (1,,) is cuspidal.

Proof. 1If G is special orthogonal, it suffices to choose u # w such that G(k,) is split
(Remark 2.9), and then apply Proposition B.1.

If G is unitary, it suffices to choose u # w such that G(k,,) is split (Remark 2.12).

If G is symplectic, it suffices to choose a place u such that k,, is isomorphic to Q,
(see Lemma 2.5) and then apply Theorem C.1. ]

Now fix an isomorphism of fields :: C — Qq. As in Section 1.2, let t; denote the £-
adic local transfer from G to GL y (E) obtained from t thanks to ¢, that is, t;(V ®c Q) =
(V) ®c Q¢ for any complex representation V' of G, where tensor products are taken
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with respect to ¢. Let u and p be as in Lemma 9.1. By Theorem 4.4, there are irredu-
cible automorphic representations IT1; and I, of G(A) such that

(1) ITy 4 and Il , are both isomorphic to p,

(2) 1,y ®c Qq is isomorphic to 7y, and I1; 4 ®c Qq is isomorphic to 5,

(3) IT;,, and II, 4 are trivial for any real place v,

(4) there is a finite set S of places of k, containing all real places, such that for all v ¢ S,

(a) the group G is unramified over k,, and the local components IT; , and I1,,
are unramified with respect to some hyperspecial maximal compact subgroup K,
of G(ky),

(b) the restrictions of the Satake parameters of I1; , ®c Qq and I, ®c Qg to
the Hecke Z-algebra G-Cze (G(ky), Ky) are congruent mod the maximal ideal m

of Zy.

Applying Theorems 5.5 and 5.6 to I, Hz, we get algebraic regular, polarized, cuspidal
irreducible automorphic representations Hl H2 of GLy () such that, for i = 1,2 and
all finite places v of k, the local transfer of I1; , to GLy (l,) is H, v- Wrmng t, for the
local transfer over k,, we thus have H, v = t(I1; ), or equivalently H, » ®c Q; =
ty(I1;», ®c Q¢), where t, ¢ is obtained from t, thanks to .

In particular, for all v ¢ S, it follows from Proposition 6.3 that ﬁl » and 1:[2 p are
unramified and that the characteristic polynomlals of the conjugacy classes of semisimple
elements in GL, (Q/) associated with H1 » ®c Qy and H2 » ®c Qg have coefficients
in Z; and are congruent mod .

Now apply Theorem 8.2 at w: the representations ﬁljw Rc @e and ﬁz,w ®c Qg are
integral, their reductions mod £ share a common generic irreducible component, and such
a generic component is unique. The result now follows from the fact that IT; ,, ®c @ a5
fori =1,2.

9.2. We now describe how the map t; depends on the choice of t. Equivalently, since any
two isomorphisms ¢, ¢’ between C and Qy give rise to a field automorphism ¢~ o/ of C,
we will describe the behavior of t under the action of Aut(C). More precisely, we prove
the following result.

Proposition 9.2. Let 7w be a cuspidal complex representation of G. Let y € Aut(C).

(1) If G is not even orthogonal, then t(x?) = t()”.

(2) If G is even orthogonal, then t(n?) = t(r)? - &, where &, is the unramified character

= (M)W(’” ©.1)

Vi
of F*, where q is the cardinality of the residue field of F.

Let 7 be a cuspidal complex representation of G. As in Lemma 9.1, let u be a finite
place of k different from w, not dividing £, and p be a unitary cuspidal irreducible complex
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representation of G(k,) with cuspidal transfer. By Proposition 4.1, we have an irredu-
cible automorphic representation IT of G(A) such that

(1) the local component IT,, is isomorphic to p,
(2) the local component IT,, is isomorphic to 7,
(3) the local component IT, is the trivial character of G(k, ) for any real place v of k.

Associated with IT by Theorems 5.5 and 5.6, there is an algebraic regular, polarized,
cuspidal irreducible automorphic representation IT of GLy (A;) such that IT, = t,(I1,)
for all finite places v of k, where t, is as in Section 9.1. Now let y € Aut(C). Then ITY
satisfies

(1) the local component IT% is isomorphic to p?,
(2) the local component I1%, is isomorphic to 77,
(3) the local component I1J is the trivial character of G(k,) for any real place v of k.

Associated with it by Theorems 5.5 and 5.6, there is an algebraic regular, polarized,
cuspidal irreducible automorphic representation T’ of GLy (A;) such that 1:[; =t,(I1})
for all finite v.

Let S be a finite set of places of k, containing all real places, such that for all v ¢ S
the group G is unramified over k, and the local component IT,, is unramified with respect
to some hyperspecial maximal compact subgroup of G(ky).

Assume first that G is not an even special orthogonal group. For v ¢ S, Proposition 6.7
gives us t, (I1}) = t,(I1,)?, thus [T’ and 17 coincide at almost all finite places. By strong
multiplicity 1, we deduce that I’ = I17. It follows that

tw(na) = tw(nw)ys

that is, t(z?) = t(7)?.

Assume now that G is even special orthogonal (thus [ = k). For all finite places v of k,
let t be the map 7 > t, (71)|det|11,/2, where | - |, is the absolute value of k, and | - 11/2
is its square root with respect to q; , where ¢, is the cardinality of the residue field
of k. An argument similar to that of the non-even orthogonal case gives us I’ |det]'/2 =
([1|det|'/2)?, where | - | is the absolute value of AX. Looking at the local component
at w, we deduce that t(n") = t(w)? - &), where ¢, is defined as in (9.1). We have proved

Proposition 9.2.

Remark 9.3. The same argument shows that Proposition 9.2 holds for all discrete series
representations 7 of G (it suffices to replace Proposition 4.1 by [57, Theorem 5.13]).
Let us explain how this implies that the set of isomorphism classes of discrete series
representations of G is stable under Aut(C). Let ¢ be the local Langlands parameter of
a discrete series representation i (up to O,, (C)-conjugacy in the even orthogonal case)
and let ¢ = Std o ¢ be the Langlands parameter of t(;r). On the one hand, the fact that
is a discrete series representation implies that the quotient of the centralizer of the im-
age of ¢ in G by Z((A})Wk is finite (see the end of Section 5.3). On the other hand, the
Langlands parameter of t(z?) is ¢’ = ¢? - ny (where 7 is the unramified character of F*
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of order 2 and y is either the character ¢, defined by (9.1) if G is even orthogonal, or the
trivial character otherwise), which has the same finiteness property. Thus the L-packet
of 77 is discrete. Thus 7 is a discrete series representation.

Remark 9.4. Let us examine how the local transfer map behaves under automorphisms of
the base field F, for discrete series representations. Let & be a discrete series represent-
ation of G, and let ¢ be the Langlands parameter of its transfer t(z). By Moeglin [44],
an irreducible Langlands parameter o X S,, where o is an irreducible representation of
dimension k = 1 of WF and a is a positive integer, occurs in ¢ if and only if

(1) the cuspidal representation p of GLg (E) associated with o by the Langlands corres-
pondence is c-self-dual,

(2) if s is the unique non-negative real number such that the normalized parabolically
induced representation pv® x m is reducible, then 25 — 1 is a positive integer and
2s — 1 — a is a non-negative even integer.

Now let x € Aut(F), which extends to an automorphism of E still denoted by x». Then

1

e the cuspidal representation p* is »~ ' cx-self-dual,

e the irreducible representation of W g associated with it by the Langlands correspon-
dence is 0* (see [26, Propriété 1]),

e the normalized parabolically induced representation p*v® x 7% is reducible,
e the representation o X' S, occurs in ¢ if and only if 6% X S, occurs in ¢*.

It follows that the Langlands parameter of t(z*) is ¢*. Applying [26, Propriété 1] again,
¢” is the Langlands parameter of t(;r)*. Thus t(x*) is equal to t(x)*.

9.3. In this subsection, we discuss the case of the split special orthogonal group
SO, (F) ~ F*.
Let x be a Qg-character of this group. Its transfer to GL,(F) is

1

e cither the normalized parabolically induced representation y X y~" when the charac-

ter y2 is different from the absolute value | - | and its inverse | - |71,
e or the unique character occurring as a component of y x y~! when y% € {|-|.|-|7'}.
Properties (1) and (2) of Theorem 1.1 thus hold, since

e an irreducible Qg-representation of GL,(F) is integral if and only if its cuspidal sup-
port is integral (see [63, Chapter II, §4.14] and [15, Proposition 6.7] ),

e if y isintegral, the supercuspidal support of any irreducible component of ry(y x y 1)
is the GL, (F)-conjugacy class of the cuspidal pair (F* x F*, y ® x~1).

However, if £ is any non-trivial character of F* with values in 1 + m (where m is
the maximal ideal of Z) such that £2 ¢ {1, |- |2}, the characters | - |'/2 and &]| - |1/2
are congruent, but the transfer of the first one is the trivial character of GL,(F'), which
is not generic. Property (3) thus does not hold. Also, the transfer of the second one is
£]-[V/2 x 71 - |71/2, whose reduction mod £ contains the trivial character with multipli-
city 1 (if £ # 2) or 2 (if £ = 2) by [62, Théoréme 3].
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Assume further that ¢ has order 2 mod ¢, that is, £ divides g> — 1 but not ¢ — 1,
and let 7 be the unique unramified Q-character of order 2 of F*. Then the transfer of
1| - |~1/2 (which is congruent to | - |}/2) is 1 o det, whose reduction mod £ is a character of
order 2. We thus have two congruent characters of F* whose transfers to GL,(F) have
reductions mod £ with no component in common.

Appendix A. Cyclic base change

Let F be a p-adic field, and let K be a cyclic finite extension of F of degree d. Fix
an integer n = 1 and write G = GL,(F) and H = GL,,(K). By [3], there exists a map
from isomorphism classes of irreducible (smooth) complex representations of G to those
of H called the local base change, denoted by b = bk /.

Now let us fix a prime number ¢ different from p and an isomorphism of fields ¢
between C and Q. Replacing C by Qg thanks to ¢, one obtains a local base change
bk for irreducible smooth Q ¢-representations.

In this appendix, we investigate the dependency of bk, ¢ on the choice of ¢, or equi-
valently the behaviour of bg,r with respect to automorphisms of C.

A.l. Let ar denote the local Langlands correspondence from the set of isomorphism
classes of irreducible complex representations of G to the set ®(G) of GL,, (C)-conjugacy
classes of local Langlands parameters for G [23,25].

Replacing C by Q; thanks to ¢, one obtains a local Langlands correspondence a F L
for irreducible Q-representations. The dependency of a F,¢ on ¢, or equivalently the beha-
viour of ar with respect to automorphisms of C, has been studied in [14,26]: the map
7+ ag (|det|17/2) is insensitive to automorphisms of C. It follows that

ap(r?) =ap(n)’ -ngp (A1)

for all y € Aut(C) and all irreducible complex representations 7 of G, where

V(ﬂ))vF<w>
Vi

for all w € WF, where uf is the valuation map taking any Frobenius element to 1.

NF.y(w) = ( (A2)

A.2. Let resg,r be the map from ®(G) to ®(H) defined by restricting local Langlands
parameters from WDy to WDg. The local base change by, r is characterized by the
identity

ag obg/r =resg/r oar.

Now let us prove that b = bk is insensitive to the action of Aut(C).

Proposition A.1. Forall y € Aut(C) and all irreducible complex representations w of G,
we have bg r (V) = bg/r(7)”.
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Proof. Let  be an irreducible complex representation of G. We have

ax (bg/F (7)) =resg/p(ap(1’)) =resg/p(ar (1)’ -ng)
= ag(bg/r (7)) - (MFylwe)' ™"
= ag(bx/r (7)) - MK,y - NFylwe) "

We are thus reduced to compare nr,, |w, With ng . Using the explicit formula (A.2),
we get

’

V(ﬂ))vFle _ (J/(W))”K
Ja ARV

where ¢’ is the cardinality of the residue field of K. Since ¢’ = ¢/k/F and UF|we =
Jk/F VK, we deduce that nr , |wx = nk,y, thus bx/p (7)) = bgr ()" |

NFylwg = (

A.3. The map bk, ¢ preserves the fact of being integral: this follows from the fact that
an irreducible Q-representation 7 of G is integral if and only if the restriction of a F ()
to W is integral [65, §1.4] and that the restriction to Wk of an integral Q ¢-representation
of Wp is integral.

A.4. We now review the congruence properties of bg,r ¢, after Zou’s PhD thesis [69,
§1.10].
Associated with an irreducible representation 7 of GL, (K), with coefficients in Qg
or IFy, there is a partition
AMr)=(ky 2 ko =)

of n defined inductively as follows. Let k; denote the largest integer k € {1,...,n} such
that the k-th derivative ) is non-zero. If k; = n, then A(r) = (n). Otherwise, (kp = ---)
is the partition of n — k associated with the representation 7 *1) of GL,—k, (K).

According to [64, Proposition V.9.2], if 7 is an integral irreducible Q-representation
of GL,(K), then its reduction mod ¢ has a unique irreducible component 7 such that
A(r) = A(t). This component is denoted by j, (7).

Theorem A.2 ([69, Theorem 1.10.17]). Let w1 and m, be integral irreducible @4-repre-
sentations of GLy (F). If jy(7r1) = jo(7r2), then jy(bk F ¢(7w1)) = jo(bk/F ¢ (72)).

In particular, if 7y, 7, are cuspidal, which implies that A(71) = A(mw2) = (n), their
base changes bg,r (1) and bk, ¢(;r2) are generic. This theorem thus says that, if
re(mw1) = re(m2), then re(bg,/F ¢(1)) and r¢(bg, F ¢(m2)) have a unique generic irredu-
cible component in common. This can be seen as an analogue of Theorem 1.1 for the
cyclic base change from G to H.

A.5. In this subsection, we give an example of congruent integral cuspidal Q,-represen-
tations 71, 72 of G such that b, ¢(71) and bx/F ¢(2) are not congruent.

First, assume that 77 is an integral cuspidal irreducible Qg-representation of G. Let m
denote the cardinality of the set of isomorphism classes of my, where y runs over the
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characters of F* trivial on Ng,r(K>), and set e = d/m. Then there exists a cuspidal
irreducible representation p of GL, /. (K) such that

b/ (1) = px p* x - x p*
where « is a generator of Gal(K/F) and x denotes normalized parabolic induction with
respect to a choice of square root of ¢, the cardinality of the residue field of F (see [3,
Chapter 1, §6.4]).

Now assume that n = 2 and that K is a ramified quadratic extension of F, and let
wg/F be the character of F* with kernel Ng,r(K™). Let r; be an integral cuspidal
Qq-representation of G = GL,(F) of level 0. By [13], it is compactly induced from
a representation A; of F*GL,(Of) whose restriction to GL,(OF) is the inflation of
a cuspidal irreducible representation o of the group GL,(k), where k is the residue field
of F. Associated with op, there is a character [20]

Sll lx —)Z?

such that é‘f # &1, where [ is a quadratic extension of k and ¢ is the cardinality of k.

The representation 1wk, F is isomorphic to 7y if and only if A jwg, F is isomorphic
to A;. As these representations all have the same central character, this is equivalent to
017 =~ o1, where 7 is the unique character of order 2 of k™ (note that the restriction of
wk/F to O is the inflation of 7), which is equivalent to & (1 o N /&) = £7, that is, éf_l
has order 2. Assume that this is the case. Thus e; = 2 and we may write bg/r (711) =
py x pf for some (tamely ramified, integral) character p; of K*.

Assume further that £ is a prime divisor of g2 — 1 not dividing ¢ — 1, that is, £ is
an odd prime divisor of ¢ + 1. Let u be a character of ™ of order £ and set & = &1 .
Since &7 # &, there is a cuspidal Q¢-representation o, of GL; (k) associated with &.
Since &, and &; are congruent, o, and o7 are congruent (see, for instance, [39, §2.6]). Let
us inflate and extend o5 to a representation A, of F*GL, (O ) which is congruentto A1,
then compactly induce A, to a representation 5 of GL,(F'). This is an integral cuspidal
representation of level O which is congruent to 7.

Since u? # p, we have e, = 1, thus bg,r (1) is a cuspidal representation p, of
GL,(K). Tts reduction mod £ is an irreducible cuspidal [F;-representation of GL;(K).
It is the unique generic component of rg(p; x p¢).

Appendix B. Cuspidal representations of split p-adic orthogonal groups with
irreducible Galois parameter

B.1. Let F be a p-adic field with p # 2, and let G be a split special orthogonal group
over F, that is, G = SO(Q), where Q is a maximally isotropic quadratic form over F.
Let n be the dimension of Q. In this section, we assume that n # 2. Let m = |n/2] be
the Witt index of Q. With the notation of Section 5.1, we have G = SOy, 11 (F) if n is
odd, G = SOém (F) if n is even. We will prove the following result.
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Proposition B.1. There exists a cuspidal representation of level 0 of G whose transfer to
GLy (F) is cuspidal.

B.2. In this subsection, we refer to [36, §2] (see p. 1090 in particular). Let V be the
n-dimensional F-vector space on which Q is defined. Write

V =y @ Viso7

where V' is anisotropic (thus dim(V®") < 1) and V'*° is a sum of m hyperbolic planes.

Let g denote the cardinality of the residue field of F. The anisotropic group G*" =
SO(V®) has a unique (up to conjugacy) maximal parahoric subgroup. Its finite reductive
quotient §" has neutral component the finite special orthogonal group

SO4(q)

with a = dim(V?").

For any choice of integers mi,m, = 0 such that m; + m, = m, there is a maximal
parahoric subgroup J = J,,, m, Whose finite reductive quotient § = Gy, m, has neutral
component

SOa+m1,m1 (CI) X Somz,mz (Q)’

where SOy, (q) is the special orthogonal group over I, associated with a quadratic space
of dimension u + v and Witt index v. Choose m, = 0, so that § has neutral component
SOm,m(q) if n = 2m, and SO, 41, (q) if n = 2m + 1. In other words, G° is split.

B.3. Let 0 be a self-dual cuspidal irreducible representation of GL,,(¢) and s € IF;2,.
be a parameter corresponding to o. In particular, s has degree 2r over F, and s~1 = 57",
Its characteristic polynomial P (X) is thus irreducible, of degree 2r, and self-dual (that is,
reciprocal).

The parameter s can be seen in the dual group §°* C GL,,(¢). It then defines a Lusz-
tig series £(G°, s).

Lemma B.2. The Lusztig series E(G°, s) contains a cuspidal representation.

Proof. If m is odd, see [36, §7.2, p. 1098]. Assume now that m is even. We follow
[36, §7.3]. Consider the group with connected centre § = GSO,f of which G° is a sub-
group. The scalars 1 and —1 are not eigenvalues of s. The centralizer of s is thus connected
and the two Lusztig series associated with s are the same. A cuspidal representation of G°
associated with s is an irreducible component of the restriction to §° of a cuspidal repres-
entation of § associated with a semisimple element 5 € G lifting s. To prove the lemma,
it thus suffices to prove that the Lusztig series 5(?, 5) contains a cuspidal representa-
tion.

The two groups § and §° act naturally on the same space, thus 5 and s have the
same characteristic polynomial P(X). It follows from [36, §7.2, p. 1098] that 8(5, 5)
contains a cuspidal representation. ]
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B.4. Let 7 be a cuspidal representation in the Lusztig series £(S°, s). Let A be an irre-
ducible representation of J whose restriction to J° (the preimage of §° in J) is a direct
sum of conjugates (under J) of the inflation of 7. Let 7 be the representation obtained by
compactly inducing A to G. It is a cuspidal irreducible representation of level 0 of G.

As G is split, it follows from Moeglin [44] that the Langlands parameter ¢ associated
with 7 is described by the reducibility set Red(sr) and the Jordan set Jord(r) (see, for
instance, the introduction of [36] for a definition).

In our situation, it follows from [36, §8] that the sets Red(sr) and Jord(rr) are equal
and both reduced to a single element (p, 1), where p is a self-dual cuspidal representa-
tion of GLy (F) (with N =n — 1 if n is odd and N = n if n is even), which proves
Proposition B. 1.

Remark B.3. More precisely, p has level 0, and is obtained by compactly inducing a rep-
resentation of F*GLy (Of) which is trivial on 1 4+ My (pF) and whose restriction to
GLy (OF) is the inflation of o.

Appendix C. Cuspidal representations of Sp,, (Q2) with irreducible Galois
parameter (by Guy Henniart)

C.1. Let p be a prime number and F a finite extension of Q. Let F be an algebraic clos-
ure of F and Wx the Weil group of F/F. Let n be a positive integer and 7 a cuspidal
(complex) representation of Sp,, (F). Let o be the Galois parameter attached to = by
Arthur [2], which one sees as an orthogonal representation of Wg x SL,(C), of dimen-
sion 2n + 1. The following result is used in the main text, in Section 9.

Theorem C.1. Assume that F = Q,, and take for v the (unique) simple supercuspidal re-
presentation of Sp,,,(F). Then o is an irreducible representation of WF.

Here simple is in the sense of Gross and Reeder [22]. The point of the result is that 7
is compactly induced from a compact open subgroup of Sp,, (F), as we describe below.
Indeed, when p = 2, there is at least one irreducible orthogonal representation o of W g
of dimension 2n + 1 [11], only one if F = Q,, and by [2] it is the parameter of a cuspidal
representation 7 of Sp,,, (F), but it is not clear a priori that 7 is compactly induced.

Our method is inspired by the work of Oi [47]. When p is odd, Oi determines the
parameter o of a simple cuspidal representation 7 of Sp,, (F). In his case, o is always
reducible, but a number of techniques and results remains valid when p = 2, and, with
extra information given by Adrian and Kaplan [1] when F = Q5, that is enough for us. It
is quite likely that one can describe o explicitly whenever 7 is simple cuspidal, not only
when p is odd or F = Q. Indeed, many of our arguments work more generally, and until
Appendix C.6 we make no special assumption on F, except that in Appendix C.3 we start
assuming that! p = 2.

10j and the author [27] can now extend Theorem C.1 to any 2-adic field F.



A. Minguez, V. Sécherre 5226

C.2. We now proceed. We use customary notation, O for the ring of integers of F,
pr for the maximal ideal of Op. We fix a uniformizer w of F, and write k for the
residue field O /pF and ¢ for its cardinality. We also fix a non-trivial character ¥ of k.
If H is an algebraic group over F, we usually put H = H(F).

We use the usual explicit model of G = Sp,,,, see [47, §2.4], so elements of G =
Sp,, (F) are symplectic 2n x 2n matrices. By cuspidal representation of G we mean an
irreducible smooth complex cuspidal representation. We are interested in simple cuspidal
representations of G, in the sense of Gross and Reeder [22]. Let us describe them.

The choice in [22] of a root basis and an affine root basis determines an Iwahori
subgroup I of G, with its first two congruence subgroups / ™ and I *. The Iwahori sub-
group / is the subgroup of Sp,,, (O ) made out of the matrices which are upper triangular
modulo pr, I is made out of the matrices which are further upper unipotent modulo pz,
and I T is made out of the matrices (x; ;) in I T with x; ;41 € pF fori =1,...,2n—1,
and x2,,1 € p%. The quotient /™ /I ™+ is isomorphic to a product of n + 1 copies of k,
via the surjective homomorphism

(xi,j) = (x12mod pF, ..., Xy 41 mod PF, X2,,1/@ mod pF)

from I+ to k" t1,

A character of I is simple if it is trivial on ™1, and is the inflation of a character
of k"1 which is non-trivial on each factor k. The normalizer in G of a simple character 0
of ITis ZIt, where Z is the centre of G, and ZI is also the intertwining of # in G,
so that any extension of 6 to ZI* gives by compact induction to G a cuspidal represent-
ation of G: see [47, §2.4, Proposition 2.6]. Note that when p is 2, the centre Z of G is
actually contained in / T, The cuspidal representations of G thus obtained are the simple
cuspidal representations of [22].

The normalizer of I ™ in G is ZI,and I actson I+ /I+% via I /I*;identifying I /1T
with k™" via

(xi,7) = (x1,1 mod pr, ..., X, modpr),

the conjugation action of (y1,..., x») € kX on IT/I*™ (identified with k1) sends
the family (u1,...,un11) € k"7 to

—1 —1 -1 2 -2
WUy X1X2 U X2 X3 s e Uy X1 K s YU X Upp1 X1 )

In particular, when p = 2, a given simple character § of I " can always be conjugated
in I to the character

O(a): (uy, ..., upy1) > YUy + -+ up + aup41)

for some a in k>, uniquely determined by 6. More precisely, if 6 sends (11, ..., u,+1) to
V(ajuy + -+ + apiy + dpp1Uny1) for some a;’s in k*, then a is equal to (ay -+ a,—1)? -
@y - dp+1. Thus” when p = 2, there are only ¢ — 1 isomorphism classes of simple cuspidal

2The referee remarks that one needs to know the “intertwining implies conjugacy” result that
says that if two simple characters 6 and 6’ of I T intertwine in G, then they are actually conjugate.
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representations of G, whereas, by a similar analysis [47, §2.4], there are 4(¢ — 1) such
classes when p is odd. Note that when ¢ = 2, all that is obvious since k has only one
non-trivial character.

C.3. The group Sp,, is split, and its dual group is SO5,41(C). To a cuspidal represent-
ation 7w of G, Arthur attaches the conjugacy class of a discrete parameter, that is, (the
conjugacy class of) a continuous homomorphism from Wg x SL,(C) into SO5,41(C)
which, as a representation of dimension 2n + 1, is a direct sum of inequivalent irredu-
cible orthogonal representations oy, . . ., 0, with the product det oy - - - det o, trivial. What
our theorem says is that when F = QQ, and = is simple cuspidal, then r = 1 and o7 is
trivial on SL;(C), i.e., is in fact a representation of W . Note that [11] shows that when
p is odd, there is no irreducible orthogonal representation of Wr of odd dimension > 1,
contrary to the case p = 2, where [11] gives a complete classification.

From now on we assume p = 2. For a in k™, let us denote by 7 (a) the isomorph-
ism class of the representation of G compactly induced from the character 0(a) of 7.
We let ¢(a) be the parameter of w(a), r(a) the number of irreducible components of
¢(a), and I1(a) the L-packet of 7 (a), that is, the set of isomorphism classes of tempered
(in fact, discrete series) representations of G with parameter ¢ (a); it is known that IT(a)
has 2@~ elements, so one of our goals is to show that r(a) = 1. Let G,q be the adjoint
group of G, and let ¢ be the quotient map from G to G,q.

Lemma C.2. The class 7w(a) is stable under the action of Gg.

Proof. We follow the proof of [47, Proposition 5.2]. As there, one gets a description of
the quotient G,q/t(G). It is isomorphic to Hom(F™, u,), itself isomorphic, by Kummer
theory, to F*/ F*2. More concretely, if T is the diagonal torus of G made out of elements

() = (... bbb

(with n times b and n times b~"), then for any b in F with b2 in F* the image of ¢(b)
in G,(F) is actually in G4, and the set of such (b)’s covers G.q/t(G).

If b2 is a unitin F, then ¢(b) actually normalizes I and its congruence subgroups, and
sends 6(a) to the character given by

a
W1, .. Upg1) = Iﬁ(m + ot Upoy + bPup + b_zun+1),

conjugate in I to O(a). If b2 is the uniformizer =, t(h) conjugates I to another Iwahori
subgroup, but if s is the matrix in G with four blocks of size n, first line (0, /,,) and second
line (—1,, 0), then st(b) normalizes I and its congruence subgroups, and sends 6(a) to
the character given by

(U1, upt1) > YUy + o+ Up—1 + AUy + Unt1)

The arguments are the same as for proving that the construction of simple cuspidals does give
irreducible representations. The reader can consult [51] for the more general cases of epipelagic
representations.
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(recall that p = 2, s0 —1 = 1 in k), which is conjugate to 6(a). Since the stabilizer in G4
of m(a) is a subgroup containing all of ¢(G), it follows that it is all of Gq. ]

An important point is the genericity of simple cuspidal representations. We fix the
same Whittaker datum as Oi [47, §6.3 (2)] to define genericity. By [30, Proposition 5.1],
the Gq-orbit of (a) contains a single generic representation, so by the previous lemma
the representation 7 (a) is generic. Reasoning as in [47, Corollaries 4.9 and 5.7], we get
the following.

Proposition C.3. The parameter ¢(a) is trivial on SL,(C), every element of T1(a) is
cuspidal, and among them only 7 (a) is a simple cuspidal representation.

It only remains to prove that r(a) = 1.

C.4. Still following [47], we prove the following assertion.

Proposition C.4. The L-packet I1(a) does not contain any level O cuspidal representa-
tion.

Proof. By [56, Corollary 9.10], all elements of I1(a) have the same formal degree. If dg
is a Haar measure on G/ Z, then the formal degree of 7(a) is dg/vol(I*/Z,dg) (by [47,
Lemma 5.10]), whereas the formal degree of a level 0 cuspidal representation of G is
strictly smaller, by the following reasoning inspired by loc. cit., Proposition 5.11. A level 0
cuspidal representation ' of G is compactly induced from an irreducible representation p
of a maximal parahoric subgroup P of G, trivial on the pro-p radical P of P, and
coming via inflation from a cuspidal representation of the finite (connected here) reductive
group P = P/P 7. The formal degree of 7’ is

dim(p)
vol(P/Z,dg) &

One can assume that P contains / and /™ contains P*. Since p = 2, the group P*
contains Z, so what we have to prove is that dim(p) < card(P/IT). But IT /P is the
unipotent radical U of the Borel subgroup B = I/P* of P, and obviously dim(p)? is at
most card(P), so it is enough to check card(P) < card(P /U)? or card(U)? < card(P),
which is a consequence of the existence of the big cell BwU in the Bruhat decomposition
for P. [

Remark C.5. It is highly plausible that for a cuspidal representation 7’ of G which is
not of level 0 and is not a simple cuspidal either, the formal degree of 7’ is bigger than
the formal degree of 7 (). But nothing explicit is known about such 7’

C.5. Now we compute the character £(a) of (a) at an affine generic element g of 1T,
where g generic means that, modulo I ™%, g gives an (n + 1)-tuple (uq, ..., Unt1)
in k"*1 with all coordinates non-zero. As in [47, Lemma 2.5], we see that an element y
conjugating g into I belongs to 7, so that by the usual formula for the character of
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compactly induced representations (see, e.g., loc. cit. Theorem 3.2), the character £(a)
of 7 (a) at g is the sum

D W s ety X X U 2 QX7
(X15eemsXn)ELXN

which is a kind of Kloosterman sum, the sum

Yo Vaum A+ uam e Ut Tt + UnTly + QU Tat1)

with 9,41 given by (1 "'nn71)2nnnn+1 = 1. Noting that ¢ takes only the values 1
and —1, we conclude the following.

Proposition C.6. The value of £(a) at a generic element g of 17 is an odd integer
depending only on g modulo 1.

C.6. Still following [47, §5.3], we now show the following.

Proposition C.7. We have r(a) = 1 or 2, and, seen as a representation of W g of dimen-
sion 2n + 1, ¢(a) is either irreducible or the direct sum of a character  with w? = 1
and an irreducible (orthogonal) representation with determinant .

Proof. Put s = 2"@~1 and enumerate the elements of 7(a) as 7; = n(a), ..., ws, and
let £; be the character of ;. Let g be a generic element of /. Choose (i) = 1 or —1 for
i =1,...,s. Exactly as in the proof of Claim in loc. cit., p. 54, we get that e(1)&; + --- +
e(s)&s does not vanish at g. Using that the characteristic polynomial of g is irreducible of
degree 2n (loc. cit., Lemma 7.5, still valid when p = 2), the proofs of Theorem 5.1 and
Corollary 5.13 in loc. cit. give the result. |

C.7. To get the remaining assertion that 7 (a) is in fact 1, we use new information given by
Adrian and Kaplan [1]. Unfortunately, that information is only available presently when
F = Q5, hence the restriction in our main result, but we expect that the computation
in loc. cit. can be carried over to the general case. When F' = Q,, there is only @ = 1,
so we put 7 = (1). In [1, Theorem 3.13], the authors compute the Rankin—Selberg y-
factor y (7 x 7, ¥') (a rational function in 2 for a complex parameter s) for any tame
character 7 of Q3 with 12 =1 and a character ¥’ of Q5 trivial on 2Z, but not on Z,.
They find

y(r x T, ¥") = 7(2)2"/%7. (C.1)

On the other hand, if ¢ is the parameter of , seen as a representation of W g of dimension
2n + 1, and A is the character of W corresponding to 7 via class field theory, then

v xt.y') =y A1y, (C2)

where the right-hand side is the Deligne-Langlands factor.’

3That is to say, Arthur’s correspondence is compatible with Rankin—Selberg y-factors. It can be
proved by a local-global argument. Detail will appear in joint work with Oi [27].
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That gives new information on ¢ which, we recall, is by Proposition C.7 either irre-
ducible or the direct sum of a character @ with ? = 1 and an irreducible representation,
say o, with

wdeta = 1.

But the factor y(7r X 7, ¥') has no zero nor pole, so is equal to the factor

s(mxt,¥) =¢eld @A, ¥

which has the form
u - 2A(#®1)—dim(¢®A))(1/2—5)

for some non-zero complex number u: the exact value of the exponent comes from the
fact that v’ is trivial on 2Z, but not on Z,. This implies that

Art(¢p ® A) = 2n + 2,

and taking A trivial yields Art(¢) = 2n + 2.

Assume we are in the case where ¢ = w @ «. Taking A = w gives apole to y (¢ Qw, V)
which contradicts (C.1) if @ is tame (that is, since F' = QQ,, unramified). Thus w is wildly
ramified, so its Artin exponent is at least 2, and the Artin exponent of « is at most 2n. That
implies that « is tamely ramified, and in fact Art(«) = 2n, Art(w) = 2. But then det « is
also tamely ramified, which contradicts w deta = 1. That contradiction shows that ¢ is
irreducible, as desired.

C.8. One can describe ¢ explicitly. By the main result of [11], an orthogonal irreducible
representation of Wq, is induced from an order 2 wildly ramified character 8 of Wk,
where K is a totally ramified extension of Q, degree 2n + 1. Such an extension is unique
up to isomorphism, generated by a uniformizer z with z2"T! = 2. Let 8 be the char-
acter of K™ corresponding to § via class field theory. Since Art(¢) = 2n + 2, we have
Art(ﬂ) = 2, and moreover det(¢) = 1 is the restriction of ﬂ to Q7 times the determinant
of the representation of Wq, induced from the trivial character of Wg. That determinant
is an unramified quadratic character of Wg, computed in [9] as the unramified char-
acter taking value at Frobenius elements the Jacobi symbol of 2 modulo 2n + 1. That
imposes E (z), and with Art(g) = 2 and 5 (1 + z) = —1 it determines E , hence 8.

Acknowledgements. We thank R. Abdellatif, H. Atobe, R. Beuzart-Plessis, P.-H. Chaudouard,
W. T. Gan, H. Grobner, G. Henniart, T. Lanard, E. Lapid, J. Mahnkopf, N. Matringe, A. Mous-

saoui, D. Prasad, S. W. Shin, S. Stevens, O. Taibi and H. Yu for stimulating discussions about this
work. We thank Guy Henniart for having accepted to write Appendix C.

Funding. This work was partially supported by the Erwin Schrodinger Institute in Vienna, when
we benefited from a 2020 Research in Teams grant. We thank the institute for hospitality, and
for excellent working conditions. A. Minguez thanks the JSPS and the university of Kyoto for
hospitality and excellent working conditions when the last part of this work was done. His research
was partially funded by the Principal Investigator project PAT4832423 of the Austrian Science
Fund (FWF). V. Sécherre also thanks the Institut Universitaire de France for support and excellent
working conditions when this work was done.



Local transfer for quasi-split classical groups and congruences mod ¢ 5231

References

(1]

(2]

(3]

(4]

(3]

(6]

(7]
(8]
(9]
(10]
(1]
[12]

[13]

[14]

[15]
[16]

(17]

(18]
(19]

[20]

Adrian, M., Kaplan, E.: The Langlands parameter of a simple supercuspidal representation:
symplectic groups. Ramanujan J. 50, 589-619 (2019) Zbl 1458.11165 MR 4031300

Arthur, J.: The endoscopic classification of representations: Orthogonal and symplectic
groups. Amer. Math. Soc. Collog. Publ. 61, American Mathematical Society, Providence, RI
(2013) Zbl 1310.22014 MR 3135650

Arthur, J., Clozel, L.: Simple algebras, base change, and the advanced theory of the trace
formula. Ann. of Math. Stud. 120, Princeton University Press, Princeton, NJ (1989)
Zbl 0682.10022 MR 1007299

Atobe, H., Gan, W. T.: On the local Langlands correspondence and Arthur conjecture for even
orthogonal groups. Represent. Theory 21, 354—415 (2017) Zbl 1419.11088 MR 3708200

Barnet-Lamb, T., Geraghty, D., Harris, M., Taylor, R.: A family of Calabi—Yau varieties and
potential automorphy II. Publ. Res. Inst. Math. Sci. 47, 29-98 (2011) Zbl 1264.11044
MR 2827723

Borel, A.: Automorphic L-functions. In: Automorphic forms, representations and L-functions
(Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos.
Pure Math. 33, American Mathematical Society, Providence, RI, 27-61 (1979)

Zbl 0412.10017 MR 546608

Borel, A.: Linear algebraic groups. 2nd ed., Grad. Texts in Math. 126, Springer, New York
(1991) Zbl 0726.20030 MR 1102012

Bourbaki, N.: Eléments de mathématique. Algébre commutative. Chapitres 5 2 7. Masson,
Paris (1985) Zbl 0547.13002 MR 782297

Bushnell, C. J., Frohlich, A.: Gauss sums and p-adic division algebras. Lecture Notes in Math.
987, Springer, Berlin (1983) Zbl 0507.12008 MR 701540

Bushnell, C. J., Henniart, G.: The local Langlands conjecture for GL(2). Grundlehren Math.
Wiss. 335, Springer, Berlin (2006) Zbl 1100.11041 MR 2234120

Bushnell, C. J., Henniart, G.: Self-dual representations of some dyadic groups. Math. Ann.
351, 67-80 (2011) Zbl 1222.22010 MR 2824846

Bushnell, C. J., Henniart, G.: Modular local Langlands correspondence for GL,. Int. Math.
Res. Not. IMRN 2014, 4124-4145 (2014) Zbl 1302.22011 MR 3244922

Bushnell, C. J., Kutzko, P. C.: The admissible dual of GL(/N) via compact open subgroups.
Ann. of Math. Stud. 129, Princeton University Press, Princeton, NJ (1993) Zbl 0787.22016
MR 1204652

Clozel, L.: Motifs et formes automorphes: applications du principe de fonctorialité. In: Auto-
morphic forms, Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), Perspect.
Math. 10, Academic Press, Boston, MA, 77-159 (1990) Zbl 0705.11029 MR 1044819

Dat, J.-F.: v-tempered representations of p-adic groups, I: /-adic case. Duke Math. J. 126,
397-469 (2005) Zbl 1063.22017 MR 2120114

Dat, J.-F.: Théorie de Lubin—Tate non abélienne {-entiere. Duke Math. J. 161, 951-1010
(2012) Zbl 1260.11070 MR 2913099

Dat, J.-F.: Un cas simple de correspondance de Jacquet-Langlands modulo ¢ (with an
appendix by M.-F. Vignéras). Proc. Lond. Math. Soc. (3) 104, 690-727 (2012)
Zbl 1241.22020 MR 2908780

Dat, J.-F., Helm, D., Kurinczuk, R., Moss, G.: Finiteness for Hecke algebras of p-adic groups.
J. Amer. Math. Soc. 37, 929-949 (2024) Zbl 1544.22019 MR 4736530

Deligne, P., Serre, J.-P.: Formes modulaires de poids 1. Ann. Sci. Ecole Norm. Sup. (4) 7,
507-530 (1974) Zbl 0321.10026 MR 379379

Green, J. A.: The characters of the finite general linear groups. Trans. Amer. Math. Soc. 80,
402-447 (1955) Zbl 0068.25605 MR 72878


https://doi.org/10.1007/s11139-018-0060-5
https://doi.org/10.1007/s11139-018-0060-5
https://zbmath.org/?q=an:1458.11165
https://mathscinet.ams.org/mathscinet-getitem?mr=4031300
https://doi.org/10.1090/coll/061
https://doi.org/10.1090/coll/061
https://zbmath.org/?q=an:1310.22014
https://mathscinet.ams.org/mathscinet-getitem?mr=3135650
https://doi.org/10.1515/9781400882403
https://doi.org/10.1515/9781400882403
https://zbmath.org/?q=an:0682.10022
https://mathscinet.ams.org/mathscinet-getitem?mr=1007299
https://doi.org/10.1090/ert/504
https://doi.org/10.1090/ert/504
https://zbmath.org/?q=an:1419.11088
https://mathscinet.ams.org/mathscinet-getitem?mr=3708200
https://doi.org/10.2977/PRIMS/31
https://doi.org/10.2977/PRIMS/31
https://zbmath.org/?q=an:1264.11044
https://mathscinet.ams.org/mathscinet-getitem?mr=2827723
https://zbmath.org/?q=an:0412.10017
https://mathscinet.ams.org/mathscinet-getitem?mr=546608
https://doi.org/10.1007/978-1-4612-0941-6
https://zbmath.org/?q=an:0726.20030
https://mathscinet.ams.org/mathscinet-getitem?mr=1102012
https://zbmath.org/?q=an:0547.13002
https://mathscinet.ams.org/mathscinet-getitem?mr=782297
https://doi.org/10.1007/BFb0066413
https://zbmath.org/?q=an:0507.12008
https://mathscinet.ams.org/mathscinet-getitem?mr=701540
https://doi.org/10.1007/3-540-31511-X
https://zbmath.org/?q=an:1100.11041
https://mathscinet.ams.org/mathscinet-getitem?mr=2234120
https://doi.org/10.1007/s00208-010-0592-5
https://zbmath.org/?q=an:1222.22010
https://mathscinet.ams.org/mathscinet-getitem?mr=2824846
https://doi.org/10.1093/imrn/rnt063
https://zbmath.org/?q=an:1302.22011
https://mathscinet.ams.org/mathscinet-getitem?mr=3244922
https://doi.org/10.1515/9781400882496
https://zbmath.org/?q=an:0787.22016
https://mathscinet.ams.org/mathscinet-getitem?mr=1204652
https://zbmath.org/?q=an:0705.11029
https://mathscinet.ams.org/mathscinet-getitem?mr=1044819
https://doi.org/10.1215/S0012-7094-04-12631-4
https://zbmath.org/?q=an:1063.22017
https://mathscinet.ams.org/mathscinet-getitem?mr=2120114
https://doi.org/10.1215/00127094-1548425
https://zbmath.org/?q=an:1260.11070
https://mathscinet.ams.org/mathscinet-getitem?mr=2913099
https://doi.org/10.1112/plms/pdr043
https://doi.org/10.1112/plms/pdr043
https://zbmath.org/?q=an:1241.22020
https://mathscinet.ams.org/mathscinet-getitem?mr=2908780
https://doi.org/10.1090/jams/1034
https://zbmath.org/?q=an:1544.22019
https://mathscinet.ams.org/mathscinet-getitem?mr=4736530
https://doi.org/10.24033/asens.1277
https://zbmath.org/?q=an:0321.10026
https://mathscinet.ams.org/mathscinet-getitem?mr=379379
https://doi.org/10.2307/1992997
https://zbmath.org/?q=an:0068.25605
https://mathscinet.ams.org/mathscinet-getitem?mr=72878

A. Minguez, V. Sécherre 5232

(21]
(22]

(23]

[24]
[25]
[26]
(27]

(28]

[29]
(30]
(31]
(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

[40]
[41]

[42]

Gross, B. H.: Algebraic modular forms. Israel J. Math. 113, 61-93 (1999) Zbl 0965.11020
MR 1729443

Gross, B. H., Reeder, M.: Arithmetic invariants of discrete Langlands parameters. Duke
Math. J. 154, 431-508 (2010) Zbl 1207.11111 MR 2730575

Harris, M., Taylor, R.: The geometry and cohomology of some simple Shimura varieties (with
an appendix by Vladimir G. Berkovich). Ann. of Math. Stud. 151, Princeton University Press,
Princeton, NJ (2001) Zbl 1036.11027 MR 1876802

Henniart, G.: La conjecture de Langlands locale pour GL(3). Mém. Soc. Math. France (N.S.)
186 pp. (1984) Zbl 0577.12011 MR 743063

Henniart, G.: Une preuve simple des conjectures de Langlands pour GL(7) sur un corps p-
adique. Invent. Math. 139, 439455 (2000) Zbl 1048.11092 MR 1738446

Henniart, G.: Sur la conjecture de Langlands locale pour GL;,. J. Théor. Nombres Bordeaux
13, 167-187 (2001) Zbl 1048.11093 MR 1838079

Henniart, G., Oi, M.: Simple supercuspidal L-packets of symplectic groups over dyadic fields.
Represent. Theory 29, 108-135 (2025) Zbl 08010287 MR 4875340

Henniart, G., Vignéras, M.-F.: A Satake isomorphism for representations modulo p of reduct-
ive groups over local fields. J. Reine Angew. Math. 701, 33—75 (2015) Zbl 1327.22019
MR 3331726

Jacobson, N.: Basic algebra II. 2nd ed., W. H. Freeman and Company, New York (1989)
7Zbl 0694.16001 MR 1009787

Kaletha, T.: Simple wild L-packets. J. Inst. Math. Jussieu 12, 43-75 (2013) Zbl 1274.22011
MR 3001735

Kaletha, T., Minguez, A., Shin, S. W., White, P.-J.: Endoscopic classification of representa-
tions: Inner forms of unitary groups. arXiv:1409.3731 (2014)

Khare, C.: On the local Langlands correspondence mod /. J. Number Theory 88, 357-365
(2001) Zbl 0974.11021 MR 1832012

Knus, M.-A., Merkurjev, A., Rost, M., Tignol, J.-P.: The book of involutions. Amer. Math.
Soc. Collog. Publ. 44, American Mathematical Society, Providence, RI (1998)

Zbl 0955.16001 MR 1632779

Kurinczuk, R., Stevens, S.: Cuspidal £-modular representations of p-adic classical groups.
J. Reine Angew. Math. 764, 23-69 (2020) Zbl 1486.11080 MR 4116632

Labesse, J.-P.: Changement de base CM et séries discretes. In: On the stabilization of the trace

formula, Stab. Trace Formula Shimura Var. Arith. Appl. 1, International Press, Somerville,
MA, 429-470 (2011) Zbl 1255.11027 MR 2856380

Lust, J., Stevens, S.: On depth zero L-packets for classical groups. Proc. Lond. Math. Soc. (3)
121, 1083-1120 (2020) Zbl 1475.22026 MR 4118530

Minguez, A.: Unramified representations of unitary groups. In: On the stabilization of the trace
formula, Stab. Trace Formula Shimura Var. Arith. Appl. 1, International Press, Somerville,
MA, 389410 (2011) Zbl 1255.11027 MR 2856377

Minguez, A., Sécherre, V.: Représentations lisses modulo ¢ de GL,, (D). Duke Math. J. 163,
795-887 (2014) Zbl 1293.22005 MR 3178433

Minguez, A., Sécherre, V.: Classification des représentations modulaires de GL, (¢) en cara-
ctéristique non naturelle. In: Trends in number theory, Contemp. Math. 649, American
Mathematical Society, Providence, RI, 163-183 (2015) Zbl 1346.20064 MR 3415272
Minguez, A., Sécherre, V.: Correspondance de Jacquet—Langlands locale et congruences mod-
ulo £. Invent. Math. 208, 553-631 (2017) Zbl 1412.22035 MR 3639599

Miyauchi, M., Stevens, S.: Semisimple types for p-adic classical groups. Math. Ann. 358,
257-288 (2014) Zbl 1294.22015 MR 3157998

Meeglin, C.: Comparaison des parametres de Langlands et des exposants a I’intérieur d’un
paquet d’ Arthur. J. Lie Theory 19, 797-840 (2009) Zbl 1189.22010 MR 2599005


https://doi.org/10.1007/BF02780173
https://zbmath.org/?q=an:0965.11020
https://mathscinet.ams.org/mathscinet-getitem?mr=1729443
https://doi.org/10.1215/00127094-2010-043
https://zbmath.org/?q=an:1207.11111
https://mathscinet.ams.org/mathscinet-getitem?mr=2730575
https://doi.org/10.1515/9781400837205
https://doi.org/10.1515/9781400837205
https://zbmath.org/?q=an:1036.11027
https://mathscinet.ams.org/mathscinet-getitem?mr=1876802
https://zbmath.org/?q=an:0577.12011
https://mathscinet.ams.org/mathscinet-getitem?mr=743063
https://doi.org/10.1007/s002220050012
https://doi.org/10.1007/s002220050012
https://zbmath.org/?q=an:1048.11092
https://mathscinet.ams.org/mathscinet-getitem?mr=1738446
https://doi.org/10.5802/jtnb.313
https://zbmath.org/?q=an:1048.11093
https://mathscinet.ams.org/mathscinet-getitem?mr=1838079
https://doi.org/10.1090/ert/688
https://zbmath.org/?q=an:08010287
https://mathscinet.ams.org/mathscinet-getitem?mr=4875340
https://doi.org/10.1515/crelle-2013-0021
https://doi.org/10.1515/crelle-2013-0021
https://zbmath.org/?q=an:1327.22019
https://mathscinet.ams.org/mathscinet-getitem?mr=3331726
https://zbmath.org/?q=an:0694.16001
https://mathscinet.ams.org/mathscinet-getitem?mr=1009787
https://doi.org/10.1017/S1474748012000631
https://zbmath.org/?q=an:1274.22011
https://mathscinet.ams.org/mathscinet-getitem?mr=3001735
https://arxiv.org/abs/1409.3731
https://doi.org/10.1006/jnth.2000.2574
https://zbmath.org/?q=an:0974.11021
https://mathscinet.ams.org/mathscinet-getitem?mr=1832012
https://doi.org/10.1090/coll/044
https://zbmath.org/?q=an:0955.16001
https://mathscinet.ams.org/mathscinet-getitem?mr=1632779
https://doi.org/10.1515/crelle-2019-0009
https://zbmath.org/?q=an:1486.11080
https://mathscinet.ams.org/mathscinet-getitem?mr=4116632
https://zbmath.org/?q=an:1255.11027
https://mathscinet.ams.org/mathscinet-getitem?mr=2856380
https://doi.org/10.1112/plms.12340
https://zbmath.org/?q=an:1475.22026
https://mathscinet.ams.org/mathscinet-getitem?mr=4118530
https://zbmath.org/?q=an:1255.11027
https://mathscinet.ams.org/mathscinet-getitem?mr=2856377
https://doi.org/10.1215/00127094-2430025
https://zbmath.org/?q=an:1293.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=3178433
https://doi.org/10.1090/conm/649/13025
https://doi.org/10.1090/conm/649/13025
https://zbmath.org/?q=an:1346.20064
https://mathscinet.ams.org/mathscinet-getitem?mr=3415272
https://doi.org/10.1007/s00222-016-0696-y
https://doi.org/10.1007/s00222-016-0696-y
https://zbmath.org/?q=an:1412.22035
https://mathscinet.ams.org/mathscinet-getitem?mr=3639599
https://doi.org/10.1007/s00208-013-0953-y
https://zbmath.org/?q=an:1294.22015
https://mathscinet.ams.org/mathscinet-getitem?mr=3157998
https://zbmath.org/?q=an:1189.22010
https://mathscinet.ams.org/mathscinet-getitem?mr=2599005

Local transfer for quasi-split classical groups and congruences mod ¢ 5233

[43]

(44]

[45]
[46]
(47]
(48]
[49]
[50]
[51]
[52]
(53]
[54]
[55]
[56]
[57]
(58]
[59]

[60]

[61]

[62]

[63]

[64]

Meeglin, C.: Multiplicité 1 dans les paquets d’Arthur aux places p-adiques. In: On certain
L-functions, Clay Math. Proc. 13, American Mathematical Society, Providence, RI, 333-374
(2011) Zbl 1225.22015 MR 2767522

Mceeglin, C.: Paquets stables des séries discrétes accessibles par endoscopie tordue; leur para-
metre de Langlands. In: Automorphic forms and related geometry: assessing the legacy of 1.
I. Piatetski-Shapiro, Contemp. Math. 614, American Mathematical Society, Providence, RI,
295-336 (2014) Zbl 1298.22019 MR 3220932

Meeglin, C., Vignéras, M.-F., Waldspurger, J.-L.: Correspondances de Howe sur un corps p-
adique. Lecture Notes in Math. 1291, Springer, Berlin (1987) Zbl 0642.22002 MR 1041060

Mok, C. P.: Endoscopic classification of representations of quasi-split unitary groups. Mem.
Amer. Math. Soc. 235, vi+248 pp. (2015) Zbl 1316.22018 MR 3338302

Oi, M.: Simple supercuspidal L-packets of quasi-split classical groups. Mem. Amer. Math.
Soc. 297, v+161 pp. (2024) Zbl 07913518 MR 4756397

O’Meara, O. T.: Hilbert’s reciprocity law. In: Introduction to quadratic forms, Grundlehren
Math. Wiss. 117, Springer, Berlin, 190-207 (1973) Zbl 0259.10018 MR 347768

Platonov, V., Rapinchuk, A.: Algebraic groups and number theory. Pure Appl. Math. 139,
Academic Press, Boston, MA (1994) Zbl 0841.20046 MR 1278263

Robert, A. M.: A course in p-adic analysis. Grad. Texts in Math. 198, Springer, New York
(2000) Zbl 0947.11035 MR 1760253

Romano, B.: On input and Langlands parameters for epipelagic representations. Represent.
Theory 28, 90-111 (2024) Zbl 1540.22043 MR 4704423

Satake, I.: Theory of spherical functions on reductive algebraic groups over p-adic fields. Inst.
Hautes Etudes Sci. Publ. Math. 18, 5-9 (1963) Zbl 0122.28501 MR 195863

Scharlau, W.: Quadratic and Hermitian forms. Grundlehren Math. Wiss. 270, Springer, Berlin
(1985) Zbl 0584.10010 MR 770063

Serre, J.-P.: Cours d’arithmétique. 2nd ed., Le Mathématicien, Presses Universitaires de
France, Paris (1977) Zbl 0376.12001 MR 498338

Serre, J.-P., Tate, J.: Good reduction of abelian varieties. Ann. of Math. (2) 88, 492-517 (1968)
7Zbl 0172.46101 MR 236190

Shahidi, F.: A proof of Langlands’ conjecture on Plancherel measures; Complementary series
for p-adic groups. Ann. of Math. (2) 132, 273-330 (1990) Zbl 0780.22005 MR 1070599

Shin, S. W.: Automorphic Plancherel density theorem. Israel J. Math. 192, 83-120 (2012)
Zbl 1300.22006 MR 3004076

Stevens, S.: The supercuspidal representations of p-adic classical groups. Invent. Math. 172,
289-352 (2008) Zbl 1140.22016 MR 2390287

Taibi, O.: Eigenvarieties for classical groups and complex conjugations in Galois representa-
tions. Math. Res. Lett. 23, 1167-1220 (2016) Zbl 1402.11084 MR 3554506

Taibi, O.: Arthur’s multiplicity formula for certain inner forms of special orthogonal and sym-
plectic groups. J. Eur. Math. Soc. JEMS) 21, 839-871 (2019) Zbl 1430.11074
MR 3908767

Tate, J.: Number theoretic background. In: Automorphic forms, representations and L-
functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc.
Sympos. Pure Math. 33, American Mathematical Society, Providence, RI, 3-26 (1979)

Zbl 0422.12007 MR 546607

Vignéras, M.-F.: Représentations modulaires de GL(2, F) en caractéristique /, F corps p-
adique, p # [. Compos. Math. 72, 33-66 (1989) Zbl 0706.22014 MR 1026328

Vignéras, M.-F.: Représentations /-modulaires d’un groupe réductif p-adique avec / # p.
Progr. Math. 137, Birkhduser, Boston, MA (1996) Zbl 0859.22001 MR 1395151

Vignéras, M.-F.: Induced R-representations of p-adic reductive groups. Selecta Math. (N.S.)
4, 549-623 (1998) Zbl 0943.22017 MR 1668044


https://zbmath.org/?q=an:1225.22015
https://mathscinet.ams.org/mathscinet-getitem?mr=2767522
https://doi.org/10.1090/conm/614/12254
https://doi.org/10.1090/conm/614/12254
https://zbmath.org/?q=an:1298.22019
https://mathscinet.ams.org/mathscinet-getitem?mr=3220932
https://doi.org/10.1007/BFb0082712
https://doi.org/10.1007/BFb0082712
https://zbmath.org/?q=an:0642.22002
https://mathscinet.ams.org/mathscinet-getitem?mr=1041060
https://doi.org/10.1090/memo/1108
https://zbmath.org/?q=an:1316.22018
https://mathscinet.ams.org/mathscinet-getitem?mr=3338302
https://doi.org/10.1090/memo/1483
https://zbmath.org/?q=an:07913518
https://mathscinet.ams.org/mathscinet-getitem?mr=4756397
https://doi.org/10.1007/978-3-662-41922-9_7
https://zbmath.org/?q=an:0259.10018
https://mathscinet.ams.org/mathscinet-getitem?mr=347768
https://zbmath.org/?q=an:0841.20046
https://mathscinet.ams.org/mathscinet-getitem?mr=1278263
https://doi.org/10.1007/978-1-4757-3254-2
https://zbmath.org/?q=an:0947.11035
https://mathscinet.ams.org/mathscinet-getitem?mr=1760253
https://doi.org/10.1090/ert/668
https://zbmath.org/?q=an:1540.22043
https://mathscinet.ams.org/mathscinet-getitem?mr=4704423
https://doi.org/10.1007/BF02684781
https://zbmath.org/?q=an:0122.28501
https://mathscinet.ams.org/mathscinet-getitem?mr=195863
https://doi.org/10.1007/978-3-642-69971-9
https://zbmath.org/?q=an:0584.10010
https://mathscinet.ams.org/mathscinet-getitem?mr=770063
https://zbmath.org/?q=an:0376.12001
https://mathscinet.ams.org/mathscinet-getitem?mr=498338
https://doi.org/10.2307/1970722
https://zbmath.org/?q=an:0172.46101
https://mathscinet.ams.org/mathscinet-getitem?mr=236190
https://doi.org/10.2307/1971524
https://doi.org/10.2307/1971524
https://zbmath.org/?q=an:0780.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=1070599
https://doi.org/10.1007/s11856-012-0018-z
https://zbmath.org/?q=an:1300.22006
https://mathscinet.ams.org/mathscinet-getitem?mr=3004076
https://doi.org/10.1007/s00222-007-0099-1
https://zbmath.org/?q=an:1140.22016
https://mathscinet.ams.org/mathscinet-getitem?mr=2390287
https://doi.org/10.4310/MRL.2016.v23.n4.a10
https://doi.org/10.4310/MRL.2016.v23.n4.a10
https://zbmath.org/?q=an:1402.11084
https://mathscinet.ams.org/mathscinet-getitem?mr=3554506
https://doi.org/10.4171/JEMS/852
https://doi.org/10.4171/JEMS/852
https://zbmath.org/?q=an:1430.11074
https://mathscinet.ams.org/mathscinet-getitem?mr=3908767
https://zbmath.org/?q=an:0422.12007
https://mathscinet.ams.org/mathscinet-getitem?mr=546607
https://zbmath.org/?q=an:0706.22014
https://mathscinet.ams.org/mathscinet-getitem?mr=1026328
https://zbmath.org/?q=an:0859.22001
https://mathscinet.ams.org/mathscinet-getitem?mr=1395151
https://doi.org/10.1007/s000290050040
https://zbmath.org/?q=an:0943.22017
https://mathscinet.ams.org/mathscinet-getitem?mr=1668044

A. Minguez, V. Sécherre 5234

[65]

[66]

[67]
[68]

[69]

Vignéras, M.-F.: Correspondance de Langlands semi-simple pour GL(n, F) modulo £ # p.
Invent. Math. 144, 177-223 (2001) Zbl 1031.11068 MR 1821157

Vignéras, M.-F.: On highest Whittaker models and integral structures. In: Contributions to
automorphic forms, geometry, and number theory, Johns Hopkins University Press, Baltimore,
MD, 773-801 (2004) Zbl 1084.11023 MR 2058628

Xu, B.: On Meeglin’s parametrization of Arthur packets for p-adic quasisplit Sp(N) and
SO(N). Canad. J. Math. 69, 890-960 (2017) Zbl 1373.22027 MR 3679701

Xu, B.: On the cuspidal support of discrete series for p-adic quasisplit Sp(N) and SO(N).
Manuscripta Math. 154, 441-502 (2017) Zbl 1376.22016 MR 3713922

Zou, J.: Représentations supercuspidales de GL(n) sur un corps local non archimédien :

distinction par un sous-groupe unitaire ou orthogonal, changement de base et induction auto-
morphe. Ph.D. thesis, Université Paris-Saclay (2021)


https://doi.org/10.1007/s002220100134
https://zbmath.org/?q=an:1031.11068
https://mathscinet.ams.org/mathscinet-getitem?mr=1821157
https://zbmath.org/?q=an:1084.11023
https://mathscinet.ams.org/mathscinet-getitem?mr=2058628
https://doi.org/10.4153/CJM-2016-029-3
https://doi.org/10.4153/CJM-2016-029-3
https://zbmath.org/?q=an:1373.22027
https://mathscinet.ams.org/mathscinet-getitem?mr=3679701
https://doi.org/10.1007/s00229-017-0923-x
https://zbmath.org/?q=an:1376.22016
https://mathscinet.ams.org/mathscinet-getitem?mr=3713922

	1. Introduction
	Notation

	2. Globalizing quadratic and Hermitian forms
	3. Congruences of automorphic forms of definite groups
	4. Globalizing representations
	5. Global transfer
	6. Unramified local transfer
	7. Representations of local Galois and Weil groups
	8. Galois representations associated with automorphic representations
	9. Proof of the main theorem
	A. Cyclic base change
	B. Cuspidal representations of split p-adic orthogonal groups with irreducible Galois parameter
	C. Cuspidal representations of Sp_{2n}(\mathbb Q_2) with irreducible Galois parameter
	References

