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Abstract. Let F be a number field and G an even orthogonal or unitary group over a number field.
Based on the method used by Gan and Ichino (2018), we prove Arthur’s multiplicity formula for
the generic part of the automorphic discrete spectrum of G by using the theta lift. Enhancing this
method, we also obtain a description of the full automorphic discrete spectrum of G of F-rank < 1.
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1. Introduction

Let F be a number field, A the adele ring of F', and G a reductive group over F. A central
question in representation theory is to determine completely the spectral decomposition of
L?(G(F)\G(A)) as a unitary representation of G(A). By some results in number theory
and functional analysis, we have a decomposition

LA(G(F)\G(A)) = L5 (G) ® L(G).

disc cts

Here L3 (G) is called the “discrete spectrum”, because it decomposes discretely, and
L2 (G) is called the “continuous spectrum”. Furthermore, by Langlands [44], the contin-
uous spectrum of G can be described in terms of the discrete spectrum of Levi subgroups
of G using Eisenstein series. Therefore, the question is reduced to studying the discrete
spectrum LgiSC(G). In his monumental book [4], Arthur obtained a description of the
discrete spectrum LﬁiSC(G) for quasi-split special orthogonal and symplectic groups G.

Roughly speaking, the classification can be divided into two steps:

Step I: Decompose Lﬁisc(G) into a direct sum of so-called “near equivalence classes”

(“NEC” for short), and show that each NEC can be represented by an elliptic A-parameter
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(in the sense of weak transfer to a certain general linear group). For an elliptic A-parameter
Y of G, we denote by sz (G) the summand of L2_(G) represented by .

disc

Step 1I: Establish Arthur’s multiplicity formula (“AMF” for short), which gives a further
decomposition of LZW(G) for each .

Following Arthur’s work, many papers have appeared:
e Mok [61] established AMF for quasi-split unitary groups.

o Kaletha—Minguez—Shin—White [39] studied the case of inner forms of unitary groups,
and obtained AMF for the generic part of the automorphic discrete spectrum of these
groups.

o Gee-Taibi [28] proved AMF for GSp,.

e Taibi [73] also studied certain inner forms of classical groups. For such a group G, he
proved AMF for automorphic representations of G with algebraic regular infinitesimal
character at Archimedean places.

e B. Xu [78,79] established AMF for the generic part of the automorphic discrete spec-
trum of quasi-split similitude symplectic and similitude even orthogonal groups.

e Ishimoto [33] established AMF for the generic part of the automorphic discrete spec-
trum of non-quasi-split odd special orthogonal groups.

All these works use the stable trace formula as the main tool.

On the other hand, theta correspondence provides a way to transfer AMF from one
group to another. Let (G, H) be a reductive dual pair over F such that (G, H) is in the
stable range and G is the smaller group. For a unitary representation = of G(A), we
denote by mgjs. () the multiplicity of 7 in A2(G). Likewise, for a unitary representation
o of H(A), we can define mg;s.(0). J.-S. Li [49] proved that

Mdisc (7[) =< mdisc(eabs(n))’

where Oabs(n) is the (placewise) theta lift of . In [22, Section 4], Gan—Ichino observed
that when 7 belongs to a generic NEC, J.-S. Li’s inequality is indeed an equality. Based on
this observation, they established AMF for the generic part of Lﬁise (Mp,,,) by transferring
it from Lﬁisc (SO2,41) with r sufficiently large. Using the same idea, but combined with
some other results, they were also able to describe in [24] the full automorphic discrete
spectrum of Mp,. We should also mention that W.-W. Li [50] established AMF for the
whole Lgisc (Mp,,,) by combining the stable trace formula and the theta correspondence.
In this paper we follow Gan—Ichino’s method and try to deduce some results on AMF
for even orthogonal or unitary groups. Our goal is two-fold. First, we prove AMF for the
generic part of L3 (G) when G is an even orthogonal or unitary group by transferring
it from L3 (H), where H is a large symplectic or quasi-split unitary group. This part
is almost parallel to [22]. Second, we enhance this method using a new observation and
deduce a description of the full automorphic discrete spectrum of even orthogonal or

unitary groups of F-rank < 1. A case worth noting is when G is a unitary group and
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Gy >~ Ujp,z—1 at one real place v. In this case, the description of Lgisc(G) might have
some arithmetic applications to Shimura varieties of type Uy ,—1.

Since some of the results in this article have already been proved elsewhere and we
also rely on part of these results, here we list the results we are using in this work and
compare the results we obtain with others.

e Our work relies on Arthur [4] and Mok [61] for the description of the discrete spectrum
Lgisc (G) for quasi-split symplectic and unitary groups. However, certain key statements
such as the twisted weighted fundamental lemma and the local intertwining relation
(“LIR” for short) are not proved in [4,61]. LIR is now established by the joint work of
Atobe, Gan, Ichino, Kaletha, Minguez and Shin [10].

e Our results for unitary groups are independent of [39]. We obtain the same results
as [39] on AMF for the generic part of the automorphic discrete spectrum of pure
inner forms of unitary groups. However, we also obtain AMF for the full automorphic
discrete spectrum of unitary groups with F-rank < 1, which is not covered by [39].

e Our results partially overlap with the work of Taibi [73], but our proof is independent
of his.

We now give a summary of each section. In the first part of this paper (Sections 2—6),
we follow the structure of Gan—Ichino [22].

e In Section 2, we first recall some basic notions and results for even orthogonal and
unitary groups, and then formulate two of our main theorems. The first (Theorem 2.1)
concerns the existence of weak transfers to certain general linear groups; it is in full
generality and has no restrictive conditions. The second (Theorem 2.6) is AMF for the
generic part of the automorphic discrete spectrum of even orthogonal groups or unitary
groups. For the even orthogonal group case, this result is new; for the unitary group,
we provide an alternative approach to [39].

o In Section 3, after recalling some basic notions on theta correspondence, we review the
endoscopic classification for quasi-split groups, which will serve as the input of our
later proofs. We also highlight several works due to Howe and J.-S. Li. It is their works
that suggested the possibility of transferring AMF.

e In Section 4, we prove Theorem 2.1. The proof is actually the same as that of [22,
Theorem A]: combining the local unramified calculations and some results on partial
L-functions, one can show that the (abstract) theta lift realizes certain functoriality.
Then the desired theorem for our target group G follows from the same result for the
auxiliary quasi-split group H.

e Section 5 is the core of this paper. In this section, we first recall Gan—Ichino’s obser-
vation, and then illustrate how to use their key equality to transfer AMF from the
auxiliary quasi-split group H to G. Although Gan-Ichino’s observation is only for
generic NEC, we shall work in a general setting. Let ¢ be an elliptic A-parameter
for G. Locally, we define certain packets H%v (Gy) of G at each place v of F using
the theta lift between (G, H). Globally, we “glue” these local packets using the canon-
ical sign character €y defined by Arthur (Section 5.3), and define the global packet
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H%(G, €y ). These local and global packets are possible candidates for (conjectural)
A-packets for our target group G, and we call them “theta packets” to distinguish
various notions of packets. By the key equality of Gan—Ichino, when = ¢ is generic,
Lfb(G) will decompose according to the associated global theta packet HZ(G, €4)
(Proposition 5.6).

e Section 6 is the most technical section in this paper. In this section, we study those
theta packets where { = ¢ is generic. In this case, we prove that the local theta packets
Hgv (Gy) are equal to the local L-packets T1 <Ii;v (Gy). The proof of this local comparison
result is also the main difference from [22]. Gan-Ichino proved similar local com-
parison results mainly using the global method. Since they assumed AMF for both
quasi-split and non-quasi-split special odd orthogonal groups, they could use theta lifts
to two Witt towers to obtain the desired information. In our case, we only assume
AMF holds for symplectic groups and quasi-split unitary groups, so essentially we
only have one Witt tower to do theta lifts and cannot simply apply Gan—Ichino’s argu-
ments. We overcome this difficulty by combining local and global arguments. Firstly
we use Prasad’s conjecture and the induction principle to prove a comparison result
for a large class of parameters and representations. With these special cases at hand,
we then appeal to the global method to prove the comparison result for the remaining
cases.

At this point, we will have already completed the proofs of the two theorems stated in
Section 2. The second part of this paper (Section 7) is devoted to generalizing some results
to the non-generic case. This part is short but perhaps more novel than the first part.

e In Section 7 we try to enhance Gan—Ichino’s method by using some other observations.
As suggested above, as long as one has the multiplicity preservation

Mise (7T) = Maisc (0™ (7)),

one can play the same game as in Section 5.3. We venture to conjecture that all repre-
sentations in global theta packets only have square-integrable automorphic realizations
(Conjecture 7.1). A trivial but noteworthy observation is that when G is anisotropic, all
automorphic forms on G are automatically cuspidal. This implies that our conjecture
holds in this case. Using the square-integrability criterion, we also prove the conjec-
ture when G is of F-rank 1. With this conjecture at hand, the desired multiplicity
preservation is then granted. Thus, we get a description of the full automorphic discrete
spectrum of G of F-rank < 1 (Theorem 7.7).

In Appendix A, we define local Langlands correspondence for real full even orthogonal
groups and discuss the so-called Prasad’s conjecture in this case. In Appendix B, we
prove some result on the irreducibility of a certain parabolic induction. In Appendices
C and D, we prove some results on irreducible self-dual or conjugate self-dual Galois
representations. Finally, in Appendix E, we discuss the existence of certain number fields.
These appendices supplement the main results of the paper.

We end up this introduction with a remark on a companion work. A disadvantage of
Gan-Ichino’s method is that, a priori, AMF for G we get might depend on the auxiliary
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group H. One would also like to prove that AMF is actually independent of the choice
of H. By the local-global structure of AMF, the problem can be reduced to studying the
local theta packets H%v (Gy) of G at each place v. It is predicted by Adams’ conjec-
ture [1, Section 4] that the theta packets Hﬁu (Gy) should be exactly the (conjectural)
local A-packets Hﬁv (Gy) of Gy. In [12], we prove that these packets H%v (Gy) are
independent of the choice of H, and compare them with the local A-packets Hiv (Gy)
when G, is quasi-split. In fact, a large part of this has been studied by Mceglin [53]; see
Remark 7.9.

2. Statement of results in the generic case

In this section, we formulate two of our main results. Let F be a local or global field of
charactersitic zero, and E either F itself or a quadratic field extension of F. Let

the identity of F if E=F,
the non-trivial element in Gal(E/F) if[E : F] = 2.

For convenience, we denote by Cr (resp. Cg) the multiplicative group F* (resp. E*) or
F>*\A> (resp. EX\A%), depending on whether F is local or global. When [E : F] = 2,
we denote by wg,F the quadratic character of Cr by class field theory. Let V = V)
be a finite-dimensional vector space over E equipped with a non-degenerate Hermitian
c-sesquilinear form

(. )v:VxV —>E.

We consider the following three cases:

Case O: E = FanddimV = 2n,
Case Up: [E: F]=2anddimV = 2n,
CaseU;: [E:F]=2anddimV =2n+1,

where n > 0 is an integer. Sometimes, when we want to deal with Cases Ug and U; at the
same time, we shall simply write “Case U”. Let G = G (V') be the group of elements g in
GL(V) such that

(gv,gw)y = (v,w)y forv,welV.

If dim V' = 0, we interpret G = G (V) and its pure inner form as the trivial group. Now
assume that dim V' > 0. Let disc V = (—1)" - det(V) be the discriminant of V. In Case O,
we let

yv :Cgp — C* 2.1

be the quadratic character associated to disc V' by class field theory, and €(V') be the
(normalized) Hasse—Witt invariant of V' [68, pp. 80-81]. In Case U, we define the sign
G(V) = a)E/F(disc V)
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Sometimes we also need to consider pure inner forms of G = G(V). It is well known
that all pure inner forms of G arise in the form G’ = G (V") for some space V’. We briefly
describe the classification of ¥/ in both local and global situations. If F is a local field,
then all these spaces V' are classified by some invariants.

When F is non-Archimedean:

e In Case O, the V"’ are orthogonal spaces of the same dimension and discriminant as V.
There are at most two such spaces, distinguished by their (normalized) Hasse—Witt
invariant €(V). We shall denote by V' the one with Hasse-Witt invariant +1 (which
always exists), and by V'~ the one with Hasse—Witt invariant —1 (which exists unless
n = 1 and yy is trivial). Since V7 has the maximal possible Witt index, VT must be
isometric to

VT~ Vige +H"!

for some d, ¢ € F*, where
Vi,ey = FIX]/(X? = d)
is a two-dimensional vector space over F equipped with the quadratic form
a+bX —c-(a?—bd),
and # is the (orthogonal) hyperbolic plane. We fix such a tuple (d, ¢) and the isometry,

and we shall say that V¥ is of trype (d, ¢). Notice that the tuple (d, c) is not unique.

e In Case U, the V'’ are Hermitian spaces of the same dimension as V. There are exactly
two such spaces, distinguished by their sign €(V) = wg,r (disc V). We shall denote by
VT the one of sign 4+1, and by V'~ the one of sign —1.

When F is real:

e In Case O, the space V is determined by its signature (p, ¢). In this case, the spaces V'
are classified by their signatures (p’, ¢’) such that

p'+q =2n and p’' = pmod?2.

We shall denote by VT the one with Hasse—Witt invariant +1 and maximal Witt index.
e In Case U, the V"’ are classified by their signatures (p’, ¢’) satisfying p’ + ¢’ = dim V.
We shall denote by VT the one of sign +1 and with maximal Witt index.
When F is complex:
e There is only one such space V' (up to isometry) with given dimension, and we shall

denote it by V.

With these local classifications at hand, we can now describe the classification of VV/ when
F is a global field.

e In Case O, the V' are orthogonal spaces of the same dimension and discriminant as V.
Let d = disc(V'). The local-global principle for orthogonal spaces [68, p. 225, Theo-
rem 6.10] implies that, whenever we are given a collection {V, },, of local orthogonal
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spaces over Fy, for all places v of F, such that dim V,) = 2n, disc(V})) = dy, €(V)) = 1
for almost all v, and

[Tevn =1,

v

there exists a global orthogonal space V' with these localizations. Moreover, these
spaces V" are classified by such coherent data {V, }.

e In Case U, the V'’ are Hermitian spaces of the same dimension as V. The local-global
principle for Hermitian spaces [68, p. 377, Theorem 6.9] implies that, whenever we are
given a collection {V },, of local Hermitian spaces over E, for all places v of F, such
that dim V, = dim V', €(V)) = 1 for almost all v, and

[Tevh =1,

v

there exists a global Hermitian space V’ with these localizations. Moreover, these
spaces V"’ are classified by such coherent data {V, },,.

Given V and G = G(V), we let V't be the space such that for each place v of F, V, is
(isometric to) the space we have defined in local situations, i.e. (V' 1), ~ (V) 1. In all the
cases above, G* = G(VT) is quasi-split, and we refer to it as the quasi-split pure inner
form of G.

2.1. Near equivalence classes and Arthur parameters

Let F be a number field. We first describe the decomposition of L3

alence classes of representations. We say two irreducible representations 7 = @), 7y
and 7’ = ), m;, of G(A) are nearly equivalent if 7, and n;, are equivalent for almost
all places v of F. The decomposition into near equivalence classes will be expressed in
terms of elliptic A-parameters. Recall that a (global) A-parameter for G is nothing but a
formal finite sum

(G) into near equiv-

V=) ¢iwSqy, 2.2)

where

e ¢; is an irreducible (conjugate) self-dual cuspidal automorphic representation of
GLy; (AE);

e Sy, is the d;-dimensional irreducible representation of SL;(C);
[ Zi I’lidi = dim V;
e if d; is odd, then ¢; is

orthogonal in Case O,

conjugate symplectic  in Case Uy,

conjugate orthogonal in Case Uy;
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e if d; is even, then ¢; is

symplectic in Case O,
conjugate orthogonal in Case Uy,

conjugate symplectic  in Case Uy;

e in Case O, if we denote the central character of ¢; by w;, then
di _
[Tof =2
i

Following Arthur, we make the following definitions:

e if there is only one term in the summation (2.2), i.e. ¥ = ¢ ® Sy, then we say that v/
is simple;

o if (¢i,d;) # (¢j.d;) foralli # j, then y is elliptic;

e if d; = 1 for all i, then v is generic (or tempered).

Note that an (elliptic) A-parameter for G is also an (elliptic) A-parameter for G*, and vice
versa. We denote the set of all elliptic A-parameters of G by We;(G*). One can formally
associate to ¥ a free Z/27Z-module

Sy = ]_[ (Z/27)e;

with a canonical basis {e; };, where each e; corresponds to the summand ¢; = Sg,. We
shall call Sy, the global component group of .

For each place v of F, one can also define local A-parameters and local component
groups for G,. First suppose that we are either in Case O, or in Case U and v is not split
in E. Then there is a unique place of E above v, which we shall still denote by v. Let

v

I the Weil group of E, if v is Archimedean,
E =
the Weil-Deligne group of E; if v is non-Archimedean.

A local A-parameter for G, is a representation

Yo =D mi- iy B S, (2.3)

of Lg, x SL,(C), where

e ¢iy RSy are pairwise inequivalent irreducible (conjugate) self-dual representations of
LEg, x SL,(C) with multiplicities m;;

e as arepresentation of L g, x SL,(C), ¥, is

orthogonal in Case O,
conjugate symplectic  in Case Uy,

conjugate orthogonal in Case Uy;

e in Case O, det(y) = xv.p-
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By [19, Section 8], the component group Sy, has an explicit description of the form

Sy, = [1Z/22)e;

J

with a canonical basis {e; }, where the product ranges over all j such that ¢;,, ® Sy, is
(conjugate) self-dual of the same parity as . Fore = ej, +---+¢;, € Sy, we put

1//5 =¢j v X Sd-/l + PR der.

Next suppose that we are in Case U, and v is split into two places {w, w} in E.
In this case the local A-parameter for G, can be similarly defined as a formal sum as
in (2.3), but now each ¢; , is an irreducible conjugate self-dual representation of some
GL,; (Ey) = GLy, (Ey) x GLy, (Eg). Indeed, if we identify F, >~ E, ~ Eg, then the
conjugate self-duality of each ¢; , will imply that

¢i,v = ¢i,w X ¢z\fw

for some irreducible representation ¢; ., of GLj, (Ey, ). Regarding these ¢; ., as represen-
tations of Lg, by using the local Langlands correspondence for general linear groups
(see [29,30,46,69]), we get a local A-parameter for G, >~ GL(Vy),

I/fw = Zmi '¢i,w dei,
i

in the usual sense. In this case the component group Sy, is trivial. In both cases, if further
d; = 1forall i, i.e. the restriction of v, to SL,(C) is trivial, then we say that ¥, is an L-
parameter for G. Again following Arthur, we shall use ¥(G,) (resp. ®(G,)) to denote
the set of A-parameters (resp. L-parameters) of G, with bounded image on the Weil group,
and also W (G,) (resp. @ (Gy)) for the set of A-parameters (resp. L-parameters) of G,,.

Now given an elliptic A-parameter ¥ = >, ¢; ® Sg, of G, let Y, = Y, ¢; v ® Sy,
be the localization of ¥ at v. Here each ¢; , is an irreducible representation of GL,; (E£y),
and we shall also regard it as an L-parameter via LLC for general linear groups. Then by
definitions, V¥, gives rise to an A-parameter for G,. We associate to ¥, an L-parameter

¢y, by the formula
1/2
Py, (W) = Yy (w, (le |w|_1/2)) . (2.4)

Our first theorem shows that each NEC has a weak transfer to a certain general linear
group.
Theorem 2.1. There exists a decomposition
2 2
L3 (G = @ Ly,
Yela(G*)

where sz (G) is a full near equivalence class of irreducible representations 1 in Lﬁisc (G)
such that the L-parameter of 1, is ¢y, for almost all places v of F.

Note that at this point, L%/,(G) could be zero for some ¥ € W (G*).
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2.2. Local Langlands correspondence

Our next goal is to describe the near equivalence class L12/f (G) when v is generic. For this
purpose, we need to make use of the (Vogan version) local Langlands correspondence
(“LLC” for short), which provides a bijection between irreducible representations of G,
and enhanced L-parameters. Here are some existing results.

When v is Archimedean: LLC was proved in [46] for connected reductive groups. How-
ever, since we need to deal with the disconnected group O,, in Case O, we need to extend
LLC for special even orthogonal groups to full even orthogonal groups. When F is com-
plex, there is only one orthogonal space of dimension 2n, and the corresponding even
orthogonal group is quasi-split. In this case LLC is already provided by Arthur’s results;
see the remark below. When F is real, we provide LLC for full even orthogonal groups
in Appendix A using theta lifts.

When v is non-Archimedean: LLC was proved in [4, 8] when G is a quasi-split even
orthogonal group; in [61] when G is a quasi-split unitary group; and in [39] when G is an
inner form of a unitary group. Also, in our previous papers [13, 14], we established LLC
for pure inner forms of even orthogonal groups and unitary groups over non-Archimedean
fields using theta lifts.

Remark 2.2. In fact, Arthur [4] also established a weak version of LLC for quasi-split
special even orthogonal groups over Archimedean fields. According to [8, Theorem 3.10],
Arthur’s results also implicitly imply LLC for quasi-split full even orthogonal groups,
though he did not highlight it. We can show that our extension of LL.C for real full even
orthogonal groups coincides with Arthur’s when the group is quasi-split, by appealing to
the global method. We sketch the proof at the end of Appendix A.

Now we briefly recall the above results. Assume F is local for a moment. There is a
canonical finite-to-one surjection

£ :| |G — @T(6).
G/
where the disjoint union is taken over all pure inner forms of G. For each L-parameter ¢,

we denote
NG =2 (¢) NIr(G")

and we call it the L-packer of G’ associated to ¢. There is a canonical bijection (depending
on the choice of a Whittaker datum % of G*)

95 | |56 — S5, 2.5)
G/

where the disjoint union is again taken over all pure inner forms of G. Furthermore, the
bijection {,’,Lﬂ is compatible with the Kottwitz isomorphism [40, Theorem 1.2], and this
property characterizes the image of HQLS(G ") under {,’,L,. We shall denote by 7 (¢, ) the
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irreducible representation of some G’ with L-parameter ¢ and corresponding to 7. We
may also regard the L-packet Hé (G’) as a representation of S4 x G’ by letting

Ny G =Py mm,

where the summation on the RHS is over all irreducible representations in IT ;; (G"). Some-
times we will adopt this point of view.

Remark 2.3. Let «y be the character of Sy defined by the formula
Ky (e) = (—1)%mo* (2.6)

fore € 54.

(1) In Case O, for any irreducible representation & = 7 (¢, 1) of G, we have
@ det =m(p,n-kgp).

When F is non-Archimedean, this property is proved for example in [13, Theo-
rem 4.4]. When F is real, see Remark A.2. When F' is complex, this follows from
the compatibility of LLC for full even orthogonal groups with LLC for special even
orthogonal groups [8, Desideratum 3.9(8)].

(2) In Case Uy, if F is non-Archimedean, we can take V~ = a - VT for some a in
F*\Nmg,r(E*). Then G(V'*) and G(V ™) are physically equal as subgroups of
GL(V ). For any irreducible representation = = (¢, n) of G(V), if we consider
it as a representation of G(V ™), then we have

T =n($,nKp).
The readers can consult [14, Theorem 2.5.5] for a more detailed discussion of this
property.

Remark 2.4. In Case U, we simply use LLC for general linear groups at split places.

2.3. Multiplicity formula

We now assume that F' is a number field, and ¢ = ¢ a generic elliptic A-parameter of G,
i.e. ¢ is a multiplicity-free sum
¢ = Z bi
i

of irreducible (conjugate) self-dual cuspidal automorphic representations ¢; of GL,,; (Ag)
with appropriate parity. Fix a global Whittaker datum % of G*. At each place v of F, we
have a localization map

S¢ d S¢v .
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We define a global packet

My(G) = Q) M (Gy)

= {n: ®/nv

v

Ty € Hév (Gy), my unramified with L-parameter ¢, for almost all v}.

We then have a map

F 1 Tg(G) = Sp. T Gy (1), Gy (M) = [ | 95, (r) (x0).

where x € Sy and x, is the localization of x at v.

Remark 2.5. According to the main local theorems of [4, 61], if G, and m, are both
unramified, then g;v (7ry) is the trivial character 1. Hence g+ is well-defined.

Let €4 = 1 be the trivial character of $5. We put

[y(G.ep) = {w € My(G) | g () = €4}
Our second theorem is the following.

Theorem 2.6. Let ¢ be a generic elliptic A-parameter for G. Then we have the decom-

position
L;G6)= P =
JIGH¢ (G,Gd))

In particular, Li(G) is multiplicity-free.

Remark 2.7. (1) Suppose that V = V. Then G = G* is quasi-split. Hence, by the
results of [4, 8] (for Case O), and [61] (for Case U), Theorem 2.6 holds for G. Our results
generalize these works to the case of (not necessarily quasi-split) pure inner forms.

(2) We should mention that in [4], Arthur only formulated and proved his results
for quasi-split special even orthogonal groups SO(V ). His results do not distinguish
between a square-integrable automorphic representation 7 and its twist by the outer
automorphism corresponding to an element of O(V) \ SO(V'). Therefore, in AMF for
SO(V), some multiplicity 2 phenomenon occurs. In [8], Atobe-Gan formulated AMF
for quasi-split even orthogonal groups O(V ™) precisely and explicated that Arthur’s
results in [4] already implied Theorem 2.6 for O(V ).

2.4. A special case

We first deal with a special case of Theorem 2.6, which will be used in later proofs. In this
subsection, suppose that we are in Case Uy, and F is a totally imaginary number field.
In this case, we take a € F*, so that a is in the same Nmg,r (E*)-orbit as disc(V).
Then by [68, Corollary 6.6], we have V™ ~ g - V. This implies that G ~ G* as abstract
groups. Therefore
L3 (G) = L3(G*)
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for any elliptic A-parameter { of G. However, to establish Theorem 2.6 for G, we need
to consider G not only as an abstract group, but also as a pure inner form of G*, i.e. the
Hermitian form V' should also be taken into consideration. When i = ¢ is generic, we
need to distinguish Hév (Gy) and Hév (G;) at some places. To be more precise, let v be
a place of F. There are two cases:

e Ifa, € Nmg,/F, (E)), then V, >~ V., and hence Hév (Gy) = Hév (Gy)) as represen-
tations of §4, X Gy. Note that all complex places satisfy this condition.

e Ifa, ¢ Nmg, /F, (EY), then V;, % V,F. According to Remark 2.3 (2), as representations
of §¢, x Gy, we have
% (Gy) = 5 (GY) ® kg,

Note that by the local-global principle for Hermitian forms, the number of places v
satisfying this condition is even.

Therefore, it is not hard to check that
H¢(G, €¢) = H¢(G*, €¢)
as sets of representations of G(A). We deduce the following.

Proposition 2.8. Suppose we are in Case Uy, and F is a totally imaginary number field.
Then the conclusion of Theorem 2.6 holds.

This proposition will be used in the later proof of Theorem 2.6.

3. Preliminaries

In this section, we recall some preliminaries we will need in the proof of our main theo-
rems.

3.1. Theta lifts

Fix a trace zero element § € E*. Let W = W}, be a vector space over E which is

2r-dimensional in Case O,
(2r + 1)-dimensional in Case Uy, (3.1

(2r + 2)-dimensional in Case Uy,
and equipped with a non-degenerate skew-Hermitian c-sesquilinear form
(Yw:WxW —>E,

such that W is split (in Case Uy we require that the anisotropic kernel of W is the one-
dimensional skew-Hermitian space represented by §). Let H = H (W) be the group of
elements / in GL(W) which preserve the form:

(hv, hw)w = (v,w)w forv,w e W.
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Note that H is quasi-split. The pair (G, H) is then an example of a reductive dual-pair.
We fix a pair of characters (yy, yw) of Cg as follows:

dimV

the quadratic character associated to V' in Case O,
Xv = .
a character of Cg such that yy|c,. = wgyp in Case U,

the trivial character of F* in Case O,
Aw = . .
a character of Cg such that yw|c, = w%‘}“}" in Case U.

Assume F is local for a moment. With respect to a non-trivial additive character ¥
of F and the auxiliary data (yy, yw ), one can define the Weil representation w of G x H.
For any irreducible representation 7 of G, the maximal w-isotypic quotient of w is of the
form
TR O(T)

for some smooth representation ® () of H of finite length. Then by Howe duality [26,
27,76], the maximal semisimple quotient 6(;r) of ®(x) is either zero or irreducible.
Similarly, for any irreducible representation o of H, we can define ® (o) and 6(o).

Suppose next that F is a number field. Fix a non-trivial additive character ¥r of
F\A, and also characters (yy, yw). We define an abstract irreducible representation of
7 of G(A) as a tensor product of irreducible representations r,, of G,, which is at almost
all places unramified. We write 7 = @), 7. At each place v of F, we can form the
local theta lift 8 (w,) with respect to (YF,v, Yvw, Xww). Assume that they are all non-
vanishing. Then () is irreducible for all v and is unramified for almost all v. Hence,
we may define an abstract irreducible representation

6 () = Q) 6(m)

of H(A). We call 02 (1) the abstract theta lift of  to H(A). On the other hand, if 7 is
an irreducible cuspidal automorphic representation of G(A), then we can define its global
theta lift ®(r) as the subspace of 4(H ) spanned by all automorphic forms of the form

6(f.0)(h) = [ 6(f)(g. hp(g) dg
G(F)\G(A)

for f € w and ¢ € 7. Here w is the Weil representation of G(A) x H(A) and 6( f) is the
theta function associated to f. According to [43], if ®(r) is non-zero and contained in
A2(H), then @™ () is irreducible and

O (1) = 6% ().

3.2. Unitary representations of low rank

The notion of rank for unitary representations was first introduced by Howe [31] for sym-
plectic groups and was extended to other classical groups by J.-S. Li [47]. Following [47],
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we say that an irreducible unitary representation of H = H(W(;)) is of low rank if its
rank is less than r. Such representations can be described using theta lifts as follows.

Assume dim V' < r, so that the reductive dual pair (G, H) is in the stable range (see
[48, Definition 5.1]). If F is local, then for any irreducible representation & of G, its theta
lift 8(;r) to H is non-vanishing. Moreover, if 7 is unitary, then by [48], so is (). In [47],
J.-S. Li showed that this theta lift provides a bijection

|_| Irryy G(V') x {Characters of H}

144 I
{Irreducible unitary representations of H of rank dim V'}.

where the disjoint union is taken over all isometry classes of vector spaces V' over E of
the same dimension as V', and equipped with a non-degenerate Hermitian c¢-sesquilinear
form. The map sends a pair (7, y) in the first set to a representation 8(7r) ® y of H. Note
that in Case O, y is always trivial since H is simple.

This result has a global analog. Let F be a number field and 0 = X),, 0, an irreducible
unitary representation of H(A) that occurs as a subrepresentation of 4A(H ). Then, by
[48, Lemma 3.2], the following are equivalent:

e g isofrank dimV;
e 0, is of rank dim V for all v;
e 0, is of rank dim V' for some v.

Suppose that o satisfies the above equivalent conditions. Then [49, Proposition 5.7]
asserts that there exists some G = G (V') with dim V/ = dim V, together with an abstract
representation 7 = ), 7, of G(A), and an automorphic character y of H(A), such that

o~ 0%(n)Q y.

3.3. Some inequalities

Finally, we recall a result of J.-S. Li, which allows us to lift square-integrable automor-
phic representations of G(A) to H(A). For any irreducible representation 7 of G(A), we
define its multiplicities m(;r) and mgis. (7r) by
m(w) = dim Homga)(, 4(G)),
maise () = dim Homg a) (7. A*(G)).

Obviously, mgisc(7r) < m(). Similarly, if ¢ is an irreducible representation of H(A), we
have its multiplicities m (o) and mgisc(0). By [49, Theorem A], we have the following.

Theorem 3.1. Assume that dimV < r. Let w be an irreducible unitary representation of
G(A) and 6% (x) its abstract theta lift to H(A). Then

Maise (1) < Maise(0° (7)) < m(6(w)) < m ().
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3.4. Review of results for quasi-split groups

We review some results in [4,61].

First, let F be a local field. Recall that by our definition, H = H (W) is either a
symplectic group or a quasi-split unitary group. Similarly to Section 2.1, one can also
define the local A-parameter and the component group for H. Following Arthur, we use
W(H) to denote the set of local A-parameters for H with bounded images on the Weil
group. Let ¥ € W(H ) be an A-parameter for H. If we write

W=Zmz'-¢i®54i

with pairwise inequivalent irreducible subrepresentations ¢; ® Sy, of ¥, then by [19,
Section 8], we have

Sy =[[(@Z/22)e; and Sy =Sy /(zy).
J
where the product is taken over all j such that ¢; ® Sy, is (conjugate) self-dual of the
same parity as ¥, and zy = Zj m; - ej. We shall call Sy or % the component group
associated to . To such a , Arthur [4] and Mok [61] assigned a finite multi-set ITy, ()
of irreducible unitary representations of H, together with a canonical map (after fixing a
Whittaker datum % of H)
F: Ty (H) — Sy

They proved that Iy, (H ) and the assignment o — (o) have the following two prop-
erties:

(1) If both H and o are unramified, then $-(0) = 1.

(2) Let ¢y be the L-parameter associated to ¥ as in (2.4). Then the A-packet ITy (H)
contains the L-packet IT éw (H) as a subset. We have a commutative diagram

gL, —
g (H) —= S,

|

() 2255,

where the left vertical arrow is the natural inclusion and the right one is induced by the
surjection Sy — S¢,, . Moreover, if = ¢ is a tempered L-parameter, then Iy (H)
is multiplicity-free and coincides with the L-packet Hq]; (H).

Besides these two properties, the packet Iy, (H) also satisfies the so-called “endoscopic
character identity”, but we will not use this fact in this paper.

Let Wt (H) be the set of local A-parameters, whose elements do not necessarily
have bounded images on the Weil group. Due to the potential failure of the generalized
Ramanujan conjecture for general linear groups, for the purpose of the global classi-
fication, Arthur and Mok also defined the local A-packet ITy (H) and the canonical
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map g for y € Wt (H) by using parabolic inductions. These local A-packets ITy (H)
and maps $»~ also have the two properties listed above. In Section 6.2, we will discuss
this issue in more detail.

Now we turn to the global classification, so F is now a number field. Let ¢ be an
elliptic A-parameter for H and write

Y= ¢i®Sy

asin (2.2). Let
Sy =[[(Z/22)e;i and Sy =Sy /(zy)

1

be the global component groups of ¢, where zy, = Y ", e;. For each place v of F, the local-
ization v, of ¥ at v gives rise to a local A-parameter for H,. We also have a localization
map

Sy = Sy, (or Sy — Sy.).

Fix a global Whittaker datum %" of H. Given an elliptic A-parameter ¥, we define the
global packet Iy (H) associated to ¥ as the restricted tensor product of the local A-
packets ITy, (Hy):

My(H) = Q) Ty, (Hy)

= {0 = ®/0U

v

oy € Iy, (Hy), 0y unramified with L-parameter ¢y, for almost all v}.

We then have a map
o TLy(H) = Sy, 0 > gor(@)e (@) =[] doms 0)(x0),

where x € Sy and x, is the localization of x at v.

Remark 3.2. According to the main local theorems of [4, 61], if H, and o, are both
unramified, then &, (0y) is the trivial character 1. Hence - is well-defined.

Let ey € g; be the canonical sign character defined by Arthur [4, p. 47] and Mok
[61, p. 29]. Put

My (H.ey) = {0 € Iy (H) | §9(0) = €y }.
Then the main global theorems in [4,61] assert the following.
Theorem 3.3. There exists a decomposition
Ly .(H)= @ LiH).
'(//E\I/eu(H)

where pr (H) is a full near equivalence class of irreducible representations o in LﬁiSC(H )
such that the L-parameter of 0, is ¢y, for almost all places v of F.
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Theorem 3.4. Let  be an elliptic A-parameter for H. Then we have the decomposition

LyH)y= @ o

o€lly (H,ey)

Our Theorem 2.1 is an analog of Theorem 3.3 for the group G, and our Theorem 2.6
is an analog of Theorem 3.4 for generic elliptic A-parameters of G.

3.5. Remarks on Whittaker data

In the rest of this paper, we will prove Theorems 2.1 and 2.6 by using the theta lift between
G and H. Since the local and global classifications of both G and H depend on the
choices of Whittaker data, and the theta lift also depends on the choice of an additive
character, we need to specify the data we are using and their relation. Here we are follow-
ing [6, Conjecture 4.4, 4.6] and [21, Sections 4.4, 4.6], as we will use their results in later
proofs (see Theorem 6.11). We now briefly describe the way we choose these data.

When F is a local field, we first fix a non-trivial additive character ¥ ¢ of F. We also
need some auxiliary data in different cases:

e in Case O, we fix an isometry
VTt~ Vid,e) + g1

for some d, ¢ € F*, as described at the beginning of Section 2;
e in Case U, we fix a trace zero element § € E*.
We define a Whittaker datum % = #4,,. of G* = G(V) as follows.

Case O: In this case, recall that we have fixed an isometry
V> Ve + H7

where J is the (orthogonal) hyperbolic plane. We denote by e, ¢’ the images of 1, X €
F[X] in V(4 ) respectively. For 1 < k <n — 1, we define the k-th hyperbolic plane
H = Fyi + Fv; with

(v, vi)y = (vg.vg)y =0 and  (vg.vg)y =1,
and we set
Xy =Fvi+---+ Fvr and X = Fvl+---+ Fu;.
Let B = T'U be the F-rational Borel subgroup of G* stabilizing the complete flag
X; C-- C Xy,

where T is the F-rational torus stabilizing the lines Fv; for 1 <k <n — 1. We define a
generic character u. of U by

te@) = Y ((uv2, v7)y + - + (Won—1, 5y + (ue,vy_y)v). (32
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Let # = (V+, B, T, ;). Here the notion of Whittaker datum is slightly different from
the usual one: the datum is not only associated to the group G*, but rather the orthogonal
space VT is part of the datum. Moreover, this datum % is indeed independent of the
choice of the additive character y, and only depends on the choice of ¢ € F*. The readers
may consult [8, Section 2.2] for a discussion of this.

Case Uy: In this case, the Witt index of V' is n. We choose a basis {v;, vi* |li=1,...,n}
of VT such that

*

(vi,vi)y = (v, v])y =0 and (v;,v])y =&,
forl <i,j <n.Weset
Xy =Evi+--+ Ev and X; = Evi +---+ Ev

for 1 <i,j <n.Wedenote by B =T U the F-rational Borel subgroup of G* stabilizing
the complete flag
X; C--- C Xy,

where T is the F-rational torus stabilizing the lines Ev; for 1 < k < n. We define a
generic character i of U by

) = Yr (3 Tre r (8- (o2, v})y + -+ (Uvn. vy )y + (uoy. v;)v))).
Let # = (U, ).
Case Uy : In this case, there is a unique Whittaker datum % of G*.
Then we define a Whittaker datum %" = %, _of H = H(W) as follows.

Case O: In this case W is the 2r-dimensional symplectic space. We choose a basis
{wi,w/ [i =1,...,r}of W such that

(wi, wijdw = (W, wilw =0 and (w;, w)w =&,
forl <i,j <r.Weset
Yp = Fwy +---+ Fwg and Y = Fwi +---+ Fw;

for 1 <i,j <r.Wedenote by B = T'U’ the F-rational Borel subgroup of H stabilizing
the complete flag
YiC---CYy,

where T’ is the F-rational torus stabilizing the lines Fw; for 1 < k < r. We define a
generic character i’ of U’ by

W) = Yr ((wwaz, wiw + - + (wwe, wy_)w + cluw;, ww).  (3.3)

Let ' = (U, u).
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Case Uy: In this case W is a split (2r + 1)-dimensional skew-Hermitian space. There is
a unique Whittaker datum %" of H.

Case Uy: In this case W is a split 2r-dimensional skew-Hermitian space. We choose a
basis {w;,w; |i =1,...,r} of W such that

(wi, wjw = (W, wi)w =0 and (w;, w])w =8 ;
forl <i,j <r.Weset
Yy =Fw; +--+ Fwy and Y] = Fw] +---+ Fw;

for 1 <i,j <r.Wedenote by B’ = T'U’ the F-rational Borel subgroup of H stabilizing
the complete flag Y7 C --- C Y;,, where 7" is the F-rational torus stabilizing the lines F w;
for 1 <k < r. We define a generic character u’ of U’ by

W) = vr (3 Treg/r ((wz, wiw + -+ (wwe, wi_)w + (ww), w))w)).
Let ' = (U’ 1).

When F is a number field, after fixing an additive character {r of A/F (and also
some auxiliary data as in the local case), we can define (global) Whittaker data % = %, -
and #' = WILF of G* and H using the same formulas as above. By our definitions, these
Whittaker data satisfy the local-global property, in the sense that

Wv = WWF,U and Wv/ = Wl/;F v

for all places v of F.

4. Weak transfer to the general linear group

From now on we assume that dim V' < r, hence the reductive dual pair (G, H) is in
the stable range. In this section, we prove Theorem 2.1, which shows that each NEC in
L3..(G) has a weak transfer to the general linear group GL(?), where ¥ is the standard
representation of the dual group G of G.

4.1. Attaching Arthur parameters

Let F be a number field. Let C be a near equivalence class in L3, (G). Then C gives rise
to a collection of L-parameters
¢v:Lp, = LG

for almost all v, such that for any irreducible summand 7 of C, the L-parameter of m,
is ¢, for almost all v.

Proposition 4.1. There exists a unique elliptic A-parameter  for G such that ¢y, = ¢y
for almost all v.
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Proof. The strategy of the proof is the same as that of [22, Proposition 3.1]. For the
convenience of the reader, we sketch the proof. Let 7 be any irreducible summand of C,
and consider the theta lift between (G, H ). Since mgjs.(7r) > 1, we deduce from J.-S. Li’s
inequality (Theorem 3.1) that

mdisc(eabs(n)) > L

Therefore, Theorem 3.3 attaches an elliptic A-parameter 6 (/) to 62° ().

Next we show that 6(y) contains yy ® S»,—2,+1 as a direct summand. Consider
the partial L-function L5 (s, 62%(xr) x )(I_,l) associated to 92 () and )(1_,1. Here S is
a sufficiently large finite set of places of F such that for any place v outside S, the L-
parameter of 7y is ¢y, and Gy, Hy, YF v, Xv,v. XW,0, Ty are all unramified. If we write
() =3 ; ¢i ® Sy, asin (2.2), then

d.
- di +1
s - s . —
L (S,@abs(n)xxvl)zljjlj[lL (S+IT_j9¢iXV1)' (41)
It follows from [36, Lemma 4.4, Theorem 5.3] that LS (s, ¢; )(I_,l) is holomorphic for
NR(s) > 1 for all i, and it has a pole at s = 1 if and only if ¢; = yy is an automorphic
character of GL; (A g). On the other hand, by local theta correspondence for unramified

representations [67, Theorem 6.1], for all v ¢ S, the L-parameter of 6(7y) is

r—n

boritotva+ (€D 1-1)ave. 4.2)
j=n—r
Hence o
LS5, 0" () x xy") = LS(s.m x ) [ 56+ ). 4.3)

j=n—r

where L5 (s, m x Xﬁ,l) is the partial L-function associated to 7 and Xa}. By [81, Theo-
rem 9.1], we know that the partial L-function LS (s, 7 x Xﬁ/l) is holomorphic when

n in Case O,
N(s) >3 n+ % in Case Uy,
n+1 inCase U;.

It follows from (4.3) that LS (s, 82 () x )(I_,l) is holomorphic for R(s) > r —n + 1 but
has a simple pole at s = r —n + 1. This and (4.1) imply that 8(y) contains yy ® S;
as a direct summand for some . Let ¢ be the largest integer with this property. Then
LS(s, 0™ () x x3') has a largest pole at s = ‘21, So we have 1 = 2r —2n + 1. Thus
we may write

O() = Vxw xv + xv B Sar—2n+1

for some elliptic A-parameter ¥ € W (G*). This and (4.2) imply that ¢y, = ¢, for
almost all v. The uniqueness of ¥ follows easily from the strong multiplicity one theorem
for general linear groups [35]. [
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Now we denote by sz (G) the near equivalence class C with the associated A-param-
eter . Then we have a decomposition

LG = P LLG).

Yela(G*)

This completes the proof of Theorem 2.1.

5. A key equality: Generic case

Let F' be a number field, and G an even orthogonal or unitary group over F as in the
setting of Section 2. In this section, we study the structure of Li (G) for a generic elliptic
A-parameter ¢.

5.1. Gan-Ichino’s observation

For any irreducible representation 7w of G(A), we define the multiplicity mcysp () by
Meusp () = dim Homg a) (7, fA’cusp (G)).

Obviously,
mcusp(”) < mgise(w) < m(r).

The following observation due to Gan—Ichino is the core of this work.

Proposition 5.1. Let ¢ be a generic elliptic A-parameter for G. Let w be an irreducible
representation of G(A) such that the L-parameter of mwy is ¢y, for almost all v. Then

mcusp(ﬂ) = mdisc(n) = m(n)

Proof. The proof is the same as that of [22, Proposition 4.1]. ]

5.2. Multiplicity preservation

Consider the theta lift between (G, H) with respect to a datum (V' F, xv, yw) as described
in Section 3.1. Let o be an irreducible representation of H(A). We say o is relevant to G
if there is an irreducible unitary representation 7 of G(A) and an automorphic character y
of H(A) such that

o~ 0%(n)® g.

As a consequence of the previous proposition, we deduce the following corollary.

Corollary 5.2. Let ¢ be a generic elliptic A-parameter for G. Suppose that

L3(G) = @ mam.
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Let 0(¢) = ¢)(;V1 Xv + xv ® S2,—an+1 be an elliptic A-parameter for H. Then
Ly (H) = (@ mat(0)) & (Bmoo).
4 o

where the second summation on the RHS is over all o with A-parameter 6(¢) and not
relevant to G.

Proof. Tt follows from Theorem 3.1 and Howe duality that there is an injection

P ma 6" () < L4 (H).
b

It remains to show that for any irreducible summand o of Lg( ¢)(H ) relevant to G,
there is an irreducible summand 7 of L3(G) such that ¢ ~ 6*(xr) and mgisc(7) =
Mise (62 (10)).

So now suppose that o is relevant to G. By definition there is a unique irreducible
unitary representation 7 of G(A) and a unique automorphic character y of H(A) such
that

o~ 0% Q y.

It follows from J.-S. Li’s results [49, Proposition 5.7] that = and y satisfying this condition
are unique. By Theorem 3.3, we know that the L-parameter of o, is

r—n
borworva + (@D 1) ave (5.1)

j=n—r

for almost all v. Then it follows from the local theta lift for unramified representations
that
oy > 0(m,)

for almost all v, where 7, is the unramified representation of G, with L-parameter ¢,.
Therefore, by the uniqueness of & and y, the L-parameter of my, is ¢, and y, is trivial for
almost all v. Since y is automorphic, it must be trivial, so that ¢ ~ 62*(xr). Moreover,
since the L-parameter of my, is ¢, for almost all v, we have

Misc (7T) = Mgisc (eabs (7[))
thanks to Theorem 3.1 and Proposition 5.1. This completes the proof. ]

Remark 5.3. As explicated at the beginning of Section 2, all pure inner forms of G arise
in the form G’ = G (V") for some space V. Suppose that for G’ we have the decomposi-
tion

qus(G/) = @mn/n'.
T[/

Consider the theta lift between (G’, H) for all such G’ simultaneously. For any irreducible
summand o of Lg( ¢)(H ), at almost all places v of F the localization o, is unramified



R. Chen, J. Zou 4792

with L-parameter as in (5.1). Hence by using the same argument as in the proof of Corol-
lary 5.2, one can show that o is of the form 62°(r’) for a unique summand 7’ of Lé(G’),
where G’ is a pure inner form of G. This implies that

L (H) = @ (Do),

where the first summation on the RHS is over all pure inner forms of G.

5.3. Transferring the multiplicity formula

In this subsection we define some notions and “transfer” AMF from H to G. We shall
work in a general setting first, and then specialize to the generic case.
Let y =), ¢ ® Sy, be an elliptic A-parameter for G, and

o) = WXﬁ/IXV + xv B S2r_2nt1

be an elliptic A-parameter for H. Then

Se=[1@1De ad Soy) = ([1(2/20)¢]) x 2/20)a,

where e; corresponds to ¢; ® Sz, C V¥, e; corresponds to ¢,-)(ﬁ,1 xv®Sg C6(¥),and
a corresponds to yy ® Sz,—2,41 C 0(¥). The composition

L 31/, — 39(1/,) — 89(1/,)

is an isomorphism, where the first map sends e; to e;, and the second is the natural projec-
tion. Recall that Arthur [4, p. 47] and Mok [61, p. 29] have defined the so-called canonical
sign characters €y, and eg(y) of Sy and Sg(y). We first give an explicit description of these
characters.

Proposition 5.4. We have

eyle) = HG(%JI% x ¢))
J#i

min{d,',dj}

A similar formula holds for €g(y).

Proof. For Case O, this is proved in [15, Proposition-Definition 8.3.7]. So we will only
consider Case U. To make the proof more streamlined, we shall make use of hypothet-
ical global Langlands groups £ and £ g. However, we should mention that these two
groups are not necessary: one can introduce the substitutes &£ and £,/ g asin [61, p. 19,
(2.4.3)], and our proof still works after some slight modifications.

By the global Langlands conjecture, there is a one-to-one correspondence between
irreducible cuspidal representations of GL (E) and irreducible k-dimensional represen-
tations of &£ g. Therefore each ¢; corresponds to an irreducible representation of £,
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which we shall still denote by ¢;. For each i, let ¥; = ¢; ® S;, be an irreducible rep-
resentation of £ x SL,(C). Then the global A-parameter i can be regarded as the
direct sum of these 1;, and the conjugate self-duality of ¥ allows us to extend it to an
L-homomorphism
U £F xSL,(C) - LG.

Using this L-homomorphism, the global component group Sy, can be identified with the
centralizer of Im(l}) in G. To define the character €4, we need to consider the adjoint
representation of ©G on the Lie algebra g of the Langlands dual group G. Let

Ty 1 Sy x LF x SLy(C) — GL(g)
be the representation given by the formula
Ty (x, g, h) = Ad(x - ¥/(g, 1))
forx € Sy, g € £F and h € SL,(C). If this representation ty, is decomposed as

tv,z@lamuaxva
o

for some irreducible representations Ay, [la, Vo Of Sy, £ F and SL, (C) respectively, then
the character €, is defined by

ey(ei) = [ dethalen),

where ]—[; denotes the product over the indices « such that p, is symplectic and e(%, He)
= —1. By some elementary computations, we know that the representation 7y, can be
decomposed as

£ C

Ty (Z &? Asi(wi)) P (Z £i€j .Indxgigﬁgcg Wi ® 1//]\’))
i i<j

where ¢; is the character of Sy defined by

+1 if j =1,

-1 ifj #i,

and As*! are the Asai representations defined in [19, Section 7]. Also note that

&i ZS¢—>{:E1}, ej|—>{

min {d; ,dj}
& xSLa(C £
Indg SO Wi @y ) = Y Indgl (¢ ® ¢)) B Sy a2kt
k=1
Therefore by the definition we have

‘ in{d;.d;} in{d; ;)
ey(e) = [[e(3.Indg” (¢ ® ¢)))™ 9" =[] e(5. 0 x )" "
I j#i
Here in the last equality we use the inductivity of the epsilon factors. n

Remark 5.5. When ¢ = ¢ is generic, for any indices i and j, both ¢; and ¢; are
(conjugate) self-dual of the same parity. By [4, Theorem 1.5.3] (for Case O) and [61,
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Theorem 2.5.4] (for Case U), we have 6(%, @i x quv) = 1. This implies that
€p = 1. (5.2)

Next we compare the character €, and the pull back of €4y along the map £ using
this description.

Lemma 5.6. We have
61/, = 6*(69(1,,)).
Proof. By Proposition 5.4,
N o_ 1 4. -1 v.o—1 min {d;,d;} 1 4. -1 —1\di
o (e) = ([T e dixvaw' x &) xv' xw) X e(5. i xviw X xv')
J#i

= (T et )™ ) (i)
J#i

= ey(er) - e(X gixm)” (5.3)

If ¢; has the same parity as v, then it also has the same parity as yw . By [4, Theo-
rem 1.5.3] (for Case O) and [61, Theorem 2.5.4] (for Case U), we have e(%, ¢i)(ﬁ,1) = 1.
On the other hand, if ¢; and v have different parities, then d; must be even. Therefore we
always have e(%, i )(;VI)df = 1. The desired conclusion then follows from (5.3). ]

Locally, for each place v of F, we also have the natural map of component groups
o 2 Sy = So) = Seww)-

Again £, is an isomorphism. We regard the local A-packet I1gy,)(Hy) as a representation
of Sg(y,) X Hy by setting

Moy, (Hy) = P dn(0) mo,

where the summation on the RHS is over all irreducible unitary representations of H, in
H9(1//U)(Hv)~ Let

Y (Gy) = @ €;(dn(0)) 0 6(0).

Note that 6(0) could be zero. We shall discard those o being mapped to zero under the
theta lift. We regard Hgv (Gy) as a (multi-) set equipped with a map

g8 .18 (Gy) = Sy, 0(0) = L5 (Fn(0)).

Define a global packet
!/
I3,(6) = &) 11y, (Gy)
v

= {n=®/nv

v

Ty € H%U (Gy), my unramified with L-parameter ¢, for almost all v}.
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We then have a map

9°:15G) > 8y, w40, $Pm) =[] 40 m)(x),

where x € Sy and x, is the localization of x at v. It is easy to check that

0 () = £ (F (6" (7))
We put
M5(G.ey) = {m € NG (G) | #°(n) = ey ).
Next we specialize to the generic case. As a direct consequence of Corollary 5.2 and

Lemma 5.6, we have the following result.

Proposition 5.7. Let v = ¢ be a generic elliptic A-parameter for G. Then there is a

decomposition
L;G = @ =
7€l (G.ep)

Hence, to complete the proof of Theorem 2.6, it remains to describe Hgv (Gy) in terms
of LLC for G,. This will be established in the next section.

6. Local comparison

In this section we let F be a local field of characteristic zero. We will compare the packets
Hg(G) and H{; (G) for almost all tempered L-parameters ¢ of G.

6.1. Main local theorem

We first recall several notions. Let ¢ be a local L-parameter for G. As explained in [19,
Section 8], ¢ can be regarded as a (conjugate) self-dual representation of L g of a certain

parity. If we write ¢ as
¢ = E m;
i

for some positive integers m; and some pairwise distinct irreducible representations ¢;
of L, we say that

e ¢ is of good parity if ¢; is (conjugate) self-dual of the same parity as ¢ for all i;

e ¢ is tempered if ¢; is tempered (i.e. has bounded image on the Weil group Wg) for
alli;

o ¢ is almost tempered if ¢; = ¢.| - |* for some tempered representation ¢, of L and
some §; € R with |s;| < 1/2, for all i.

Note that if ¢ is of good parity, then it is tempered.
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Remark 6.1. In fact, the Ramanujan conjecture predicts that all localizations of global
generic elliptic A-parameters are tempered. However, we still need to deal with a larger
class of L-parameters and not only the tempered ones, since the Ramanujan conjecture
has not been proved in general. Thanks to the work of Jacquet—Shalika [36, Corollary 2.5],
for our purpose, it is sufficient to do the comparison for almost tempered L-parameters.

Let ¢ be an almost tempered L-parameter for G = G(V'). Assume that dim V' < r
and let

0() = dxw xv + 1v 8 Sar—ant1. (6.1)

Then 6(¢) is a local A-parameter for H = H(W(,)). Recall that there is an isomorphism
between component groups

L S¢ —> Sg(¢) g Sg(¢).

In the light of Proposition 5.7 and Remark 6.1, to complete the proof of Theorem 2.6, all
we need is the following two theorems.

Theorem 6.2. The local A-packet Ilgy)(H) is multiplicity-free. Hence we can regard
Mgy (H) as a subset of Irr(H ).

Theorem 6.3. There is a commutative diagram

g / f—
Moy (H) —2— So(y)

"l P*V (6.2)

L

Lnt@ey -2 5,

where the disjoint union is taken over all pure inner forms of G, and the arrow 0 is a
bijection given by the theta lift. More precisely, for o € Ilgg)(H), we have:

(1) There exists a unique pure inner form G' of G such that the theta lift & = 0(0) of 0
to G’ is non-vanishing.
(2) m lies in the L-packet Hq% (G), and

F3 () = U (G (0)).
Hence Hg(G) = H(I;(G) as sets and g,L,/ = g°.

Remark 6.4. (1) Theorem 6.2 is largely due to Mceglin [55] when F is non-Archimed-
ean, to Meeglin—Renard [56] when F = C and to Arancibia—-Mceglin—Renard [3] and
Meeglin—Renard [57-59] when F = R and ¢ is of good parity. Here we will give a proof
of Theorem 6.2 by using theta lifts.

(2) When we are in Case U, we also need to deal with split places where E >~ F x F.
In this case, G(V') and H (W) are isomorphic to general linear groups, and G(V') has no
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pure inner form other than itself. We also know that the local L-packet Hé; (G) and the
local A-packet I1g(4)(H ) are singletons. Therefore, in this case we need to prove that

0(7g) = 09(9),

where 7y and og(g) are the irreducible representations of G and H associated to ¢
and 0(¢) respectively. This assertion is an analog of Theorem 6.3 for general linear
groups. When F is non-Archimedean, it has been proved by Minguez [52]. When F is
Archimedean, it has been proved by Adams—Barbasch [2] for F = C and by Adams [1]
for F = R.

We are going to prove these theorems in the next few subsections.

6.2. Some local packets

In this subsection, we review some information about certain local L-packets and A-
packets. Let ¢ be an almost tempered L-parameter. We may write it as

¢ =@+ o+ (¢, (6.3)

where
e ¢ is an L-parameter of good parity for G = G(V0+), where VO+ is a c-Hermitian
space in the Witt tower containing V' T
e ¢ isasum
e R R o R e

for some k;-dimensional irreducible tempered representation ¢; of Lg and non-
negative real numbers s; < 1/2, such that for each i € {1, ..., r}, either ¢; is not
(conjugate) self-dual of the same parity as ¢, or s; is positive.

Without loss of generality, we can rearrange the index set {1, ..., 7} so that
1/2>s1>--->s,>0.

We put k = ki + -+ 4 k,. There is a natural isomorphism Sg, >~ S4. By the inductive
property of LLC for G, we know that HqLS(G) = O unless the F-rank of G is greater
than or equal to k, in which case there exists an F-parabolic subgroup P of G with Levi
component GLg (E) x Gy, where Go = G(Vp) and V} is a c-Hermitian space in the Witt
tower containing V. Let t be the irreducible representation of GL (E) associated to ¢.
Then by [13, Theorem 4.4 (10)], [14, Theorem 2.5.1 (8)] we know that for any n € :9;,
7w = 7(¢, n) is the unique irreducible quotient of

Indg (t ® 1),

where mo = (o, ), and we regard 7 as a character of S, through the natural isomor-
phism. In fact, we have more than this:
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Lemma 6.5. The induced representation IndIG,(t ® 7o) is irreducible for all wy €
[14,(Go). Hence
% (G) = {Ind§ (t ® 7o) | mo € Mgy (Go)}.

Proof. When ¢ is tempered, the assertion simply follows from the local intertwining
relation for G. So it remains to show the assertion when ¢ is almost tempered but non-
tempered. Let j € {1,...,r} be the largest integer such that s; > 0. By induction in stages,
we may rewrite Indg (t ® 7p) as a standard module. More precisely, we have

nd$ (¢ ® 7p) = Ind$, (v' = ),

where

e P’ s a parabolic subgroup of G with Levi component GLy/(E) x G(Vj), where V is
a c-Hermitian space in the Witt tower containing V, and k" = ky + --- + k;;

e 7’ is the irreducible representation of GLy (E) associated to the L-parameter
Bil -1+t gy
e 14 is some irreducible tempered representation of G (V) with L-parameter
bo = (Pj+1+ -+ &) + g0+ (P41 + -+ &))",

Hence it would be sufficient to show the irreducibility of Ind$, (¢' ® 7y). If F is Archim-
edean, then this follows from a result of Speh—Vogan [71, Theorem 1.1]; see also [75,
Section 8]. If F' is non-Archimedean, this has been proved in [8, Proposition 6.7] for
Case O and [21, Proposition 9.1, Appendix B] for Case U. ]

Next we consider certain local A-packets for H. Let
Wo = W(r—k) and HO = H(Wo)

Put
0(¢o) = doxw xv + xv B Sar—an+1.

Then 0(¢o) is a local A-packet of good parity for Hy. According to the decomposition
(6.3) of ¢, we have a similar decomposition

0(¢) = oxw xv + 0(do) + ((0x' xv)°)",

as well as the natural isomorphism Sg(4,) = Sg(¢). Let Q be the standard parabolic sub-
group of H with Levi component GLy (E) x Hy. Then by the definition and the inductive
property of local A-packets (see [4, p. 45, (1.5.1)] and [61, p. 28]), we have

g4y (H) = {Irreducible constituents of Indg (rX;VI Xv B0o) | 00 € gy (Ho)}.

The following irreducibility result for these induced representations will be used in later
proofs.
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Lemma 6.6. The induced representation Ind’Q{ (t )(ﬁ,l Xv R ay) is irreducible for all irre-
ducible unitary representations o¢ in the A-packet Ilgg,)(Ho). Hence as a (multi-) set,

My (H) = {Indf) (txy' xv ® 00) | 00 € TMg(gy) (Ho)}-

Proof. This assertion has been proved in a more general context by Meeglin in [55, Sec-
tion 3.2], and [54, Section 5.1] when F is non-Archimedean; and by Mceglin—Renard in
[56, Section 6] when F = C. To show the case when F = R, one can appeal to the same
argument as in [23, Proposition 3.4]; for a sketch of proof, see Appendix B. ]

6.3. Reduction to the case of good parity
We argue by induction on dim V.

Lemma 6.7. Theorems 6.2 and 6.3 hold for dimV = 0, i.e. in Case O or Case Uy, and
n=20.

Proof. Whendim V' = 0, we have 0(¢) = yy ® Sz,41 (note that if we are in Case O, we
have yy = 1 by convention), and I1g(y)(H) = {01}, where

{ the trivial representation in Case O,
o1 =

x odet in Case U.

Here in Case U, y is the character of E! corresponding to yy by LLC for the torus. It is
easy to see that o7 is also the theta lift of the trivial representation of G. This completes
the proof. ]

From now on, we assume that dim V' > 0. We first reduce the proof of Theorems 6.2
and 6.3 to the case of good parity. Given an almost tempered L-parameter ¢ of G, we can
write

¢ =0 +do+ (¥)"
where ¢y is the “good parity part” (see (6.3)).
Lemma 6.8. Assume that Theorems 6.2 and 6.3 hold for ¢o. Then they also hold for ¢.

Proof. Leto € Ilg(g)(H). By Lemma 6.6 we know that

o = Indg (txy xv ® 00)

for some og € gy, (Ho). Moreover, if we identify Sg() with Sg(4,) via the natural
isomorphism, then $(0) = g (09). By our hypothesis, there is exactly one pure inner
form G, of G such that

o the theta lift of o¢ to G|, denoted by 7, is non-vanishing;

o 43 (m0) = £* (g (00)).

Then it follows from the induction principle for local theta correspondence [41], [2, Corol-
lary 3.21], [63, Theorem 4.5.5], [65, Section 5.2] that there exists a non-zero equivariant
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map
w — Indg:(r R 77p) X Indg (t)(;VI)(V X 09),

where G’ is a pure inner form of G, and P’ is the standard parabolic subgroup of G’ with
Levi component GLi (E) x Gy,. Since Indg: (t ® mp) is irreducible by Lemma 6.5, this
implies that the theta lift of o to G’ is

= Indg: (t ® 7).

Moreover, by LLC for G’, if we identify S4 with 84, via the natural isomorphism, then
;(“f,/ () = gz; (70). Hence the theta lift between (G’, H) gives us the desired commu-
tative diagram (6.2). Moreover, it follows from the combination of our hypothesis and
Lemmas 6.5 and 6.6 that the left vertical arrow 0 is a bijection. In particular, ITgg)(H)
is multiplicity-free. This completes the proof. ]

6.4. A subdiagram

By the results in the previous subsection, it remains to prove Theorems 6.2 and 6.3 for
L-parameters of good parity. Let ¢p be an L-parameter of good parity for G. Let 6(¢)
be the A-parameter of H defined in (6.1), and ¢g(g) the L-parameter associated to 6(¢).
Since ¢ is of good parity, it is also tempered. Hence the L-packet TIZ  (H) is a subset

bo(s)
of the local A-packet ITg4)(H ), and there is a commutative diagram

9L, —=
L w
H¢9(¢) (H) S¢9(¢)

| |

4., —
Mog)(H) —— So(p)
By abuse of notation, we shall still denote by £ the composition of natural maps

0 — N
3¢ — S6(9) > S -

Remark 6.9. In our later proofs, we shall also use the fact that the A-packet ITgg)(H)
contains the L-packet IT ‘%9((1)) (H) when ¢ is almost tempered but may not be tempered.
We are not very sure whether this has been verified in [4, 61] or not, but this fact can be
easily shown based on the tempered case, by using Lemma 6.6.

In this subsection, as the first step toward the good parity case, we prove the following
proposition, which will establish a “subdiagram” of Theorem 6.3.

Proposition 6.10. There is a commutative diagram

$L , =
L w
H¢'9<¢>) (H) S0

| J

4%

L5 (G) —2— 5,
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where the disjoint union runs over all pure inner forms of G, and the arrow 0 is an

injection given by the theta lift. More precisely, for o € Héew) (H), we have:

(1) There exists a unique pure inner form G' of G such that the theta lift 1 = 0(0) of o
to G' is non-vanishing.

(2) = lies in the L-packet Hé (G"), and

35 () = £*(§5:(0)).

An ingredient of the proof of this proposition is the so-called Prasad conjecture. It
describes the (almost) equal rank theta lift in terms of LLC. We shall briefly recall it.

Let Wy = W(y) be as defined in (3.1), and Hy = H(W(y)). We shall use G" and H to
denote pure inner forms of G and Hy. Consider the theta lift between (G', Hy), which is in
the almost equal rank, with respect to the datum (Y ¢, yy, xw). To distinguish notations,
we use U to denote the theta lift between (G', H}). As we will need to use LLC for
the group H), it is necessary for us to specify which Whittaker datum of Hy we are
using. Following the description in Section 3.5, we can pick up a Whittaker datum of Hy
(depending on the choice of the additive character ¥ r ), which we shall also denote by #”
by abuse of notation. Let

9(p) = dxw xv + xv
be a tempered L-parameter for Hy. Then Prasad’s conjecture is the following statement.

Theorem 6.11. (1) For any pure inner form Hy of Ho, and any oq € Hl%(d))(H(’)), there
exists a unique pure inner form G' of G such that the theta lift m of o¢ to G’ is
non-zero. Moreover, 7 is in the L-packet H(IE(G’ ), and

9% (v) = 9%, (00)s,- (6.4)

Here we regard Sy as a subgroup of Sy (g) via the natural embedding Sy ~— Sy (¢). In
particular, if we are in Case U, then the map

90 || T (Hy) > | | T15(G")
H) G

given by the theta lift ¥ is surjective.

(2) Suppose we are in Case O. Suppose further that xw ¢ ¢. Then for any pure inner
form G’ of G, and any € Hé(G/), both

the theta lift 9 (r) of 7 to Hy and
the theta lift ¥'(r ® det) of m ® det to H

are non-zero.

(3) Suppose we are in Case U, and F is non-Archimedean. Suppose further that xw ¢ ¢.
Let Wy be the unique skew-Hermitian space over E of the same dimension and the
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opposite sign as Wy, and H) = H(W})). Then for any pure inner form G’ of G, and
any w € Hé (G"), both

the theta lift ¥ () of 7 to Hy and
the theta lift V' () of 7 to Hy

are non-zero.

Proof. This theorem was proved by many people in various cases. When F is non-
Archimedean, it is proved by Atobe—Gan [8, Theorem 4.5] in Case O, and by Gan—Ichino
[21, Theorem 4.4] in Case U; when F is real, it is essentially proved by Paul [64, The-
orem 3.4] [65, Theorems 15, 18]; when F is complex, it is proved by Adams—Barbasch
[2, Theorems 2.8, 2.9]. |

Remark 6.12. (1) In Case U, the proof of Gan—Ichino [21, Theorem 4.4] uses AMF as
input. But one can apply Atobe’s method [0, Section 7.1] to this case to avoid using any
global method. Indeed, except for (6.4), all other statements in Theorem 6.11 follow from
[20, Theorem C.5]. As for (6.4), one can consider the diagram

H G’

o ® IndQ"(rc)(%, Roy) N nd$ (tyy =)
1®R(ﬁ/’r(:x(‘;v|ga-(\)/)l lR(E,‘L’XVgﬂ)
H(/) c.C \V] T é,

o ®Ind, (t€xy ®oy) —— Indp (tyyv ®7)

constructed in [21, Section 8.2], where t is an irreducible discrete series representation of
some general linear group; G, I-I(’) are some larger unitary groups; P, Q are maximal
parabolic subgroups of G/, 176; T is a certain explicit map constructed in [21, Sec-
tion 8.1]; and finally R(W, tyy ® ), R(W’, 1€, ® 0y) are normalized intertwining
operators. This diagram commutes up to an explicitly computable constant. Let ¢ run
over all discrete series of general linear groups. By the local intertwining relation one can
recover g,L, (7) from the normalized intertwining operators R(W, Txy ® ), whereas the
latter can be computed via the diagram above. The readers may also consult our previous
paper [ 14, Corollary 6.3.2] for a similar argument (but in a slightly different setting).

(2) Here is a caveat: Paul’s results [64, Theorem 3.4] and [65, Theorems 15, 18]
are written in terms of the Harish-Chandra parameters rather than the L-parameters.
Therefore we need a “dictionary” between the two languages, so that we can reformu-
late Paul’s results in the form we need. For Case U, such a dictionary has been provided
by [7, Appendix A] and [80, Section 3.2]. For Case O, the situation is more complicated.
LLC for real even orthogonal groups has not been established in the literature so far, due
to their disconnectedness. In Appendix A we will first prove a weaker version of Theo-
rem 6.11 (see Theorem A.1) using Paul’s results, and then define LLC for real full even
orthogonal groups by using theta lifts. By our construction, Theorem A.l is upgraded to
Theorem 6.11 automatically.
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(3) Indeed, this theorem also holds for all generic L-parameters. In particular, it holds
for all almost tempered L-parameters.

Now we have three component groups Sy, Sy (¢), and Sg,,, - The natural embeddings
between them give us a commutative diagram

V4
¢ S0

~_

59(¢)

Notice that
boy = (1" + -+ [y +@) + (|- ["+ -+ "

Hence the natural map Sy () —> S¢,(,, 1s indeed an isomorphism. The component group
Ss(p) Will serve as a springboard and make our proofs much easier.

Proof of Proposition 6.10. Let o be an irreducible representation in the L-packet

Hq%ew) (H), corresponding to the character 15 € Sg,,,,- Let

Nog = 770|319(¢)»

and o0p € Hg( ® (Hyp) the irreducible tempered representation corresponding to 74,. Then
by LLC for H, there is a parabolic subgroup of H, say Q, with Levi component

L~ GLl(E) X e X GL](E) X Ho,
so that o is the unique irreducible quotient of the standard module
Indg()(vldeﬂ’_" ®---® yy|det|! ® o).

According to Prasad’s conjecture (Theorem 6.11), there exists a unique pure inner form G’
of G such that the theta lift = of o to G’ is non-zero. Moreover, 7 is in the L-packet
H;; (G”), corresponding to the character

Ne = 7)00|S¢-

We claim that the theta lift of & to the group H is just 0. The assertion of Proposition
6.10 follows from this claim.

Now we prove the claim. Indeed, when F is non-Archimedean, the claim follows
from [26, Proposition 3.2] directly. When F is Archimedean, by the persistence principle
(see [42, Proposition 4.1]) we know that there is a non-zero map

O(m) — IndZ, (yy|det|"177/2 g 6y),

where ©(r) is the big theta lift of = to H, and Q’ is the standard parabolic subgroup
of H with Levi component GL,_, (E) x Hy. Since the dual pair (G’, H) is in the stable
range, it follows from [51, Theorem A] that ® () = (i) is irreducible. Therefore the
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map above is injective. Applying both the MVW functor and the contragredient functor
to the above map, we deduce that () is a quotient of Indg/ (v |det|C—+D/2 g o),
which is also the unique quotient of the standard module

Indg()(vlde'd'_" ®---® yy|det|! ® o).

This completes the proof of our claim. ]

6.5. Globalization

To complete the proof of Theorem 6.3, we need to appeal to some global methods. Let ¢
be an L-parameter of good parity for G = G(V'). Write

p=7 ¢ (6.5)

for some (not necessarily distinct) ; -dimensional irreducible (conjugate) self-dual repre-
sentations of L . We shall globalize ¢ to a generic elliptic A-parameter ¢, by globalizing
each ¢; separately.

We first consider the case when ¢; is a (conjugate) self-dual character.

Lemma 6.13. Let (F E) be a palr of numberﬁelds and u be a place of F such that
(Fu, E,) ~ (F, E). In particular, E = F in Case O and E/F is a quadratic extension
in Case U. Let T be a finite set of places of F that contains u. In Case U, we also require
that E is not split at any place v € T. Fix k = %1. For each place v € T, let y, be a

character of GL1(Ey) which is

quadratic in Case O,
conjugate self-dual of parity k  in Case U.

Then there exists an automorphic character y of GL{(A ), which is also (conjugate)
self-dual of the same parity as each x, such that y, = xy forallv € T.

Proof. For Case O, this is a special case of the Grunwald—Wang theorem (cf. [5, Chap-
ter X, Theorem 5]). For Case U, it is proved in [32, Lemma 8.8]. [

Next, we consider the case where dim¢; = m > 2.

Lemma 6.14. Let (F, E) be a palr of numberﬁelds and u be a place of F such that
(Fy, Ey) ~ (F, E). In particular, E = F in Case O and E/F is a quadratic extension
in Case U. Let T be a finite set of places of F containing u. In Case U, we also require
that E is not split at any place v € T. Let m > 2 be a positive integer and fix k = +1.
For each place v € T, let ¢y be an irreducible m-dimensional

othogonal representation of L o in Case O,
conjugate self-dual representation of L . - of parity k  in Case U.
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Then there exists an irreducible cuspidal automorphic representation ¢ of GLp (A ),
which is also (conjugate) self-dual of the same parity as each ¢y, such that ¢, = ¢y
forall v € T. Here, we regard ¢y, as an irreducible representation of GL,(E,) by LLC
for GL,,.

Proof. A similar statement is proved in [33, Lemma 6.7] for Case O and [39,
Lemma 4.3.1] for Case U. Since our setting is slightly different from theirs, we pro-
vide a proof. We first consider the case when m is even in Case O and ¥ = (—1)""! in
Case U. Let V' be the unique m-dimensional c-Hermitian space satisfying the following
properties:

e in Case O, for all v € §, the quadratic character associated to VU+ is the same as det ¢,;
e for all places v of F, the Hasse—Witt invariant (resp. sign) of Vv+ is +1,i.e. e(Vv+) =1

The existence of such a space is guaranteed by the local-global principle for orthogonal
and Hermitian spaces. Let G = G(I'/Jr)0 be the identity component of the isometry group
of Vt, ie. G = SO(V*) in Case O, and G = U(V ') in Case U. Since the space V't
is maximally split, the group G is quasi-split. For each v € T, we pick an irreducible
square-integrable representation m, € H(];U (GU). We also pick up a finite place w of F
outside 7" such that

VT is unramified (see [8, Section 2.3]) in Case O,
E is split at w in Case U.

In the setting of [70, Theorem 5.13], we take S = T U {w} and choose two finite places
v1, V2 of F not contained in S. Then by [70, Theorem 5.13], there exists an irreducible
cuspidal automorphic representation 7z of G such that

e forallv e T, my = my;
e in Case O, 77y, is tempered unramified;
e in Case U, my, is a supercuspidal representation of Gw ~ GL,, (Fw).

Based on the results of Arthur [4] and Mok [61], the cuspidal representation 7z has an
elliptic A-parameter ¢. The conditions we put on the place w guarantee that ¢ is generic.
Moreover, we know that
(i)U = ¢y

for all v € S, since the localization 7, = 7, lies in both HL (G ) and HL (G ), and
different local L-packets are disjoint from each other. From the 1rredu01b111ty of ¢, we
can further conclude that ¢ is simple. Therefore, ¢ is an irreducible cuspidal automorphic
representation of GL,, (A ;) that satisfies all our requirements.

Next we consider the case when m is odd in Case O and x = (—1)™ in Case U. In
Case U, we choose a conjugate symplectic character y, at each v € T. Then we can
globalize ¢, by globalizing both ¢, y, (which is of parity k = (—1)"™"! now) and y,
(using Lemma 6.13). Similarly in Case O, we can twist ¢, by a quadratic character and
assume det¢,, = 1 for all v € T'. Then a similar argument to the previous case works by
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replacing vt by W+, where W is the unique (m — 1)-dimensional symplectic space.
This completes the proof of this lemma. ]

As an application of the previous two lemmas, we are now able to globalize an L-
parameter ¢ of good parity.

Corollary 6.15. Let ¢ be an L-parameter of good parity for G = G(V'). Then there exists

a tuple of data (F,E,V, d'), Ui, Uz, W), where

o F is a number field, and E is either F itself or a quadratic extension of F, according
to our cases; if we are in Case U and F is non-Archimedean, we may choose F to be
totally imaginary;

o V isavector space over E, equipped with a non-degenerate Hermitian c-sesquilinear
form;

e ¢ is a generic elliptic A-parameter for G = G(V);

® Uy, U, w are places ofF, and w is finite;

such that the following conditions hold:

(1) (Fu1 ’ Eul ’ Vul v‘ﬁl{]) =~ (Fuzs Euzv I‘/uzyéuz) x~ (Fa E’ V7 ¢);

(2) in Case U, Ew / Fw is a quadratic field extension;

3) (ﬁw is a discrete L-parameter for Gy, = G(Vy); furthermore, we may choose q'Sw 50

that it does not contain a given character y, of L o
(4) the localization maps § P S buy and § P S du, G8TCC and they are surjections;

(5) at the place w, the localization map S P S by, IS an isomorphism.

Proof. Firstly we choose a pair (E JF ) of number fields, together with three places
ui, Uy, w of F, satisfying the conditions below:

o (Euys Fuy) = (Euy, Fuy) ~ (E, F);
e in Case O, F,, is a finite extension of Q, with a sufficiently big residue field;

e in Case U, F, is a finite extension of Qp for some p # 2 with a sufficiently big
residue field, and Ew is a ramified quadratic field extension of Fw; if further F is
non-Archimedean, then F is totally imaginary.

The existence of such a pair of number fields will be proved in Appendix E. We write
¢ =Y ; ¢ as in (6.5). By the results in Appendices C and D, there are sufficiently
many irreducible (conjugate) self-dual representations of Wy . Hence we can pick up
irreducible (conjugate) self-dual representations ¢, ; of L —of the same dimension and
parity as ¢; for each i, such that ¢, ; % ¢y, ,i» Whenever i # i’. Moreover, we can further
require that all ¢, ; are different from a given character y,, of L, .

Letu =u; and T = {uq,u,, w}. By Lemmas 6.13 and 6.14, we can globalize each ¢;
to an irreducible cuspidal representation ¢; of GL, ; (A ), which is (conjugate) self-dual
of appropriate parity, such that

L4 ((ﬁi)ul = (d’i)uz = ¢i;
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L4 (‘lsi)w = ¢w,i~
Let

$=> éi

It follows from the local-global principle for orthogonal and Hermitian spaces that there
exists a V over E, equipped with a non-degenerate Hermitian c-sesquilinear form, such
that

o Vuy =V, = V;
e ¢ is a generic elliptic A-parameter for G = G(V).

Then the tuple of data (F , E , V, qS, U1, Uy, w) satisfies all our requirements. [

6.6. Multiplicity-freeness

Let ¢ be an L-parameter of good parity for G and 6(¢) be the local A-parameter for H as
in (6.1). Recall that Theorem 6.2 asserts that the local A-packet ITg4)(H ) is multiplicity-
free, and it has been proved by Mceglin and many others. In this subsection, we shall give
an independent and self-contained proof by using global methods and theta lifts.

Let (F, E, V, ¢ Uy, Uz, w) be as in Corollary 6.15. In Case U, we fix a trace zero
element § € E*. Let W be a c-skew-Hermitian space over E asin (3.1) which is

2r-dimensional in Case O,
(2r + 1)-dimensional in Case Uy,
(2r + 2)-dimensional in Case Uy,

andlet H = H(W). We also let W, be a c-skew-Hermitian space over E in the Witt tower
containing W, which is

dim V -dimensional in Case O,
(dim V + 1)-dimensional in Case U when F' is non-Archimedean,

(dim V' — 1)-dimensional in Case U when F is real.

Let Wy = WO,u1~ We put Hy = H(Wo) and Hy = H(Wy). We will use the symbols
G, H(’), and H{ to denote pure inner forms of G, Hy, and Hy respectively.

Let /5 be a non-trivial additive character of A/ F', such that ¥ Fu is in the F*2-orbit
of Yr for u € {uy,uz}. We shall use the additive character ¥ to fix Whittaker data
W and #' of G and H (and also Ho), as described in Section 3.5. We also globalize
characters (yy, yw) of EX to a pair of characters of E X\AE as follows:

{ the quadratic character associated to V in Case 0O,
Xy =

) _ . dimV :
a character such that XV|A§ = wgp I Case U,
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and
the trivial character of F* \A;, in Case O,

Xw = a character such that XW|A; = a)z'}“;‘/ in Case U.

We will consider the theta lift between (G’ JH ), which is in the stable range case, with
respect to (¥ Xy )(W). According to Corollary 6.15, we may globalize ¢ suitably so that
d)w does not contain the character X w> and we will henceforth assume this. Moreover,
we will also consider the theta lift between (G’ , H{,), which is in the almost equal rank
case, with respect to some auxiliary data (¥, X/V , X/W ). In Case O, there is no flexibility
of choosing such data. However in Case U, we shall choose ()(’I./ , X/W ) suitably in later
proofs depending on our needs. Indeed, the flexibility of choosing ( )(’V , )(’W ) is a key point
in our proof for Case U. To distinguish notations, we use 8 to denote the theta lift between
(G’, H), and use ¥ to denote the theta lift between (G’ , Hé). We first show the following:

Lemma 6.16. Let G' be a pure inner form of G, and 7 be an irreducible representation
of G'(A) such that

(1) the L-parameter of 7ty is ¢ for almost all v;
(2) 7wy is in the L-packet ng (G).

Then mgisc(7r) < 1. Moreover, if mgisc(77) = 1, then 1, € Hé(G;])

Proof. If mgis.(7r) = 0, then our conclusions hold. So we may assume mgis.(77) > 1 in
the rest of the proof. Since ¢ is generic, by Proposition 5.1 we know that

mcusp(ﬁ) = Mgise(7) = m(7),

and any realization 'V of 7 in A(G’) lies in eAcusp(('}’ ). We will prove this lemma by con-
sidering (automorphic) theta lifts between (G’, H}) for pure inner forms H; of Ho, with
respect to the datum (Y, )(’V, )('W). We do it case by case, and the choice of (X/I7’ X’W)
will be specified later in each case.

Case O: In this case, there is no other pure inner form of Ho, nor the flexibility of choos-
ing the auxiliary datum. By local theta correspondence for unramified representations, we
know that 9 (7,) # 0 for almost all places v of F. Hence

T’ = {v place of F | ¥ (it,) = 0}

is a finite set. Let

T if |T’| is even,
B {T’U {w} if |T’| is odd
and
TQdetr =7 ® ®detv.
veT
Then

mcusp(f[ ® detr) = mcusp(f[) > 1
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Indeed, any realization 'V of 7 in Acusp(G./ ) gives a realization

V ® detr = {f®®detv

veT

fe'V}

of 7 ® dety in Acusp(G' ), and vice versa. It follows from the conservation relation [72]
that 9 (77, ® det,) # 0 for all places v € T’. Moreover, since 1 ¢ ¢y, it follows from
Theorem 6.11 (2) that both ¥ (77y,) and ¢ (71, ® dety,) are non-zero. Hence

O ((7r ® detr)y) # 0 for all places v of F.

For any realization V of 7 ® detr in ACUSP(G/ ), consider the automorphic theta lift
B2(V) of 'V to Ho. Again, since 1 ¢ ¢y, we know that & (7, ) and & (7, ® dety, ) are the
first occurrences of my, and 7y, ® dety,. Hence globally, 2" (V) is either zero or the first
occurrence of 'V in the Witt tower containing Wp. This implies that 92*(V) is cuspidal.
We would like to show that #*"'(‘V) is indeed non-zero. To show this, we investigate the
L-function L(s, 7 ® detr).

By a result of Jacquet—Shalika [34], the (full) L-function L (s, ¢) is holomorphic and
non-zero at s = 1. Since ¢, is almost tempered for every place v of F, we know that the
local L-factors L(s, ¢, ) are holomorphic when % (s) > 1/2. Hence the partial L-functions

L3(s, 7 @detr) = L5 (s, $)

are also holomorphic and non-zero at s = 1. Here S is a sufficiently large finite set of
places of F ,and LS (s, 7 ® detr) is the partial L-function of 77 ® detr relative to the
standard representation of G’. On the other hand, since the local L-factors L(s, ty)
and L(s, 7, ® det,) can never have a zero, the complete L-function L(s, 7 ® detr) is
also non-zero at s = 1. Finally, we claim that this L-function must be holomorphic at
s = 1. Suppose on the contrary that it has a pole at s = 1. Then [81, Theorem 10.1]
asserts that V has non-zero automorphic theta lift to some symplectlc group H (W ),
where W_ is a symplectic space of dimension strictly less than W. This contradicts the
fact that ¥ (7)) and ¥ (7, ® dety,) are the first occurrences of 7y, and 7, ® det,,. Hence
L(s, 7 ® detr) is holomorphic and non-zero at s = 1. It then follows from the Rallis
inner product formula [25, Theorem 1.3], [81, Theorem 10.3] that the automorphic theta
lift $2"*('V) is non-vanishing.

Let 69 = 9* (7 ® detr) be the abstract theta lift to Hé. Then by multiplicity preser-
vation [18, Proposition 2.6], we have

mdisc(dO) z mcusp(dO) = "ncusp(fr ® detT)'

Also, it follows from local theta correspondence for unramified representations that 6y is

an irreducible summand of L; ( ¢)(Ho), where

@) = Oy) " Ay + 1y
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Since ¥ (¢) is generic, AMF for Hy (Theorem 3.4) implies that
Mgisc(Go) = 1.

Thus, combining these (in)equalities, we get mgisc(77) = 1. Moreover, by Theorem 3.4,

we also have 69, € Hg @ (H| u;)- 1t then follows from Theorem 6.11 and Remark
ujp ’

2.3(1) that 7r,,, € TI5(G),).

Case Uy, and F is non-Archimedean: Recall that in Corollary 6.15, F is chosen to be a
totally imaginary number field in this case. We let

Xy 23 = Qs Xoi)-

For each place v of F, by the conservation relation [72], there is a skew-Hermitian space
W; ,, of the same dimension as Wy, such that

9 (y) # 0.

Here (7y) is the theta lift of s, to Hg, with respect to (YFv, X/V . ). Since

X
X/W » 04 qsw, it follows from Theorem 6.11 that we will have two choices ov}/’tzfle skew-
Hermitian space Wo/,w at the place w. The flexibility at w allows us to pick these local
skew-Hermitian spaces coherently so that they form a global skew-Hermitian space WO'
over E. Let H) = H(W)).

The rest of the proof in this case is similar to Case O. Let 5 = 12 (57) be the abstract
theta lift to I-'I(’,. Then one can show that

mdisc(dO) > mcusp(dO) > mcusp(f[)v

and Gy is an irreducible summand of L§ ( 4.))(1-'10), where

N r =1/ /
o) = dxy) ™ Xy + X5
Applying Proposition 2.8, we get
Mgisc(G0) = 1.
Combining these (in)equalities, we get mg;sc(77) = 1. Moreover, by Proposition 2.8,
Gou, € H§(¢) (I:Ié u,)- 1t then follows from Theorem 6.11 that 7y, € Hé; (6;1 ).
ug ’

Case Uy, and F is non-Archimedean: In this case, F is a totally imaginary number field.
Then the lemma follows from Proposition 2.8 directly.

Case U, and F is real: In this case, we argue by induction on dim V. Recall that ¢ is an
L-parameter of good parity for G, so it must be of the form

¢ =mix1+-+mer,
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where y; is a conjugate self-dual character of Lc = C*, and m; is some positive integer.
Recall that in the proof of Corollary 6.15, to globalize the L-parameter ¢, we globalized
each irreducible constituent of ¢ separately, and then added them together. Hence ¢ isa
sum of one-dimensional automorphic characters in this case. We pick up a character y
such that y C ¢, and set

Oy X)) = Uy -

Since ¢ is generic and )(’W C ¢, we know that the function

LS (5.t x () ™) = L (.9 (1) ™)

is holomorphic when MR (s) > 1 and has a pole at s = 1, where S is a sufficiently large
finite set of places of F, and LS(s, 7 x ()(’W)fl) is the partial L-function associated
to 7 and ( X/W )~ L. Hence the complete L-function L(s, 77 x ( X/W )~1) is also holomorphic
when N (s) > 1 and has a pole at s = 1, because the local L-factors L(s, 77, X ( X/W v)_l)

are holomorphic and non-zero when NR(s) > 1/2. It then follows from the Rallis inner
product formula [43, Theorem 7.2.5], [81, Theorem 10.1] that there exists a pure inner
form I:Ié =H (WO’) of Hy such that for any realization V of 7 in eAacusp(G’ ), we have

PU(Y) £ 0,

where 9*"'('V) is the automorphic theta lift of V to I-'I(;. Moreover, 3*('V) is the first
occurrence of V in the Witt tower containing WO’ . This implies that ¢*"('V) is cuspidal.

Let 69 = 9% (1) be the abstract theta lift to Hé. Then by multiplicity preservation
[18, Proposition 2.6], we have

mdisc(dO) > mcusp(dO) > mcusp(f[)'
Also, it follows from local theta correspondence for unramified representations that 6y is
an irreducible summand of Lg ( (1.))(1-'10), where
N — () rN—1 7
o) = (¢ Xw)(Xw) Xy
Since H(; is a unitary group of (dim V' — 1)-variables, by the induction hypothesis, the
lemma holds for H). Hence

Mgise(G0) = 1.
Combining these (in)equalities, we get mgis.(77) = 1. Moreover, by the induction hypothe-
sis, Oo,u, € HII;(@ (H; u, )- 1t then follows from Theorem 6.11 that 77,, € 1'[{,5(G,’41 ). m
uq ’

For any irreducible unitary representation o of H and any character n of Sg(4), we
define the multiplicity m(o, 1) by

m(o,n) = dim HommxH(n ® o, o) (H)).
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Proposition 6.17. (1) Let o be an irreducible unitary representation o of H. Then, for
any character 1 of Sg(4), we have

m(o,n) <1,

with equality for at most one 1. Hence Ilg()(H) is multiplicity-free.
(2) The theta lift between (G', H) for all pure inner forms G’ of G defines an injection
0 : H9(¢)(H) — I_l Hé(G’),
G/
where the disjoint union is taken over all pure inner forms of G.

Proof. Assume that m(o, ) > 0 for some 7. Let <;5, Xy Xvirs G and H be as given at the
beginning of this subsection, and

0(¢) = 4'5)(%,1)(1’/ + Xy ® 82,2041

be an elliptic A-parameter for H . Since ¢ is generic, it follows from Lemma 5.6 and (5.2)
that €9(4) is trivial. We define an abstract irreducible representation ¢ = ), ¢, of H(A)
as follows:

° dul = ('yuz =0,
e ataplace v ¢ {u1,u,}, 0y is the irreducible representation in the L-packet 1'[;;9(@ (Hy)
v
associated to the trivial character of Sg, . .
0(d)v
By Theorem 3.4, we have an embedding

(P monoememnn)e( @ o)< L2, H).

— ve{ug,uz}

n€So(p)

In particular,
Mgisc(G) > Z m(o,n)* > 0.

—

n€So(p)

Moreover, it follows from Remark 5.3 that there exists a pure inner form G’ of G, and an
irreducible summand 5 of Li(G"), such that & = 6%(77), and

Mise(77) = Myisc(0)-
It follows from our construction and Proposition 6.10 that 1y, € Hg (G{U). Hence
mdisc(ﬁ) =< 1
by Lemma 6.16. Combining these (in)equalities, we obtain
1= > m(o.n)

n€80()

Hence the first statement holds.



Arthur’s multiplicity formula for even orthogonal and unitary groups 4813

For the second statement, notice that if o € ITg(4)(/H ), Lemma 6.16 also asserts that
0(0) = 7y, € TI5(G)).

Hence it follows from the conservation relation [72] that the theta lift between (G’, H)
for all pure inner forms G’ of G gives a well-defined map

0 : Moy (H) — | |T5(G).
G/

where the disjoint union is taken over all pure inner forms of G. By Howe duality, this
map is an injection. This completes the proof. ]

6.7. The last jigsaw piece

We retain the notations of the last subsection. Having proved Proposition 6.17, we know
that Hg (G) C Hé (G) as sets. To finish the proof of Theorem 6.3, we only need to show
the following.

Proposition 6.18. For any pure inner form G’ of G, and any irreducible representation
in the L-packet Hé(G’), the theta lift o of w to H lies in the A-packet I1gs)(H). More-
over,

F5 (1) = (g (0)).
With the help of Proposition 6.10, we can first prove Proposition 6.18 for a large class
of w € Hé(G’ ).

Lemma 6.19. Let G’ be a pure inner form of G, and 7w be an irreducible representation
in the L-packet H{g (G"). If the theta lift oy of 7 to Hy is non-zero (with respect to the
datum (YF, xv, xw)), then the conclusion of Proposition 6.18 holds for r. In particular,
if we are in one of the following cases:

e Case O;
e Case U, and F is non-Archimedean,

and xyw ¢ @, then the conclusion of Proposition 6.18 holds for any 7w € Hq]; (G).

Proof. The first assertion can be proved exactly as Proposition 6.10. To prove that Propo-
sition 6.18 holds in the cases listed above, one just needs to note that ¢ () # 0 for any
T E HdL,(G/) in these special cases (see Theorem 6.11). |

Based on this lemma, we now fill in the last jigsaw piece.
Proof of Proposition 6.18. We will argue case by case. To simplify notations, we let
e =gy () and 15 = Jyr(0).

Case O: By Lemma 6.19, we only need to consider the case when the theta lift of 7 to Hy
is zero. It then follows from the conservation relation [72] that the theta lift of 7 ® det
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to Hy is non-zero. In particular, Proposition 6.18 holds for & ® det. Next we appeal to
the global method to compare the theta lifts 6(;r) and (7 ® det) of 7 and 7 ® detto H.
As in the proof of Proposition 6.17, we define an abstract irreducible representation
&' =®, ) of H(A):
e wesetd, =4, =0(7 Q det);
e ataplace v ¢ {u1,u5}, 6, is the irreducible representation in the L-packet Héw_)) (Hy)
associated to the trivial character of Sy, . .

By Theorem 3.4, Lemma 5.6 and (5.2), 6’ is a summand of Lz(d}) (H). Remark 5.3 then
implies that there exists a pure inner form G’ of G, and an irreducible summand 7’ of
L; (G), such that 6" = 62®("). According to the construction, we must have

G, =G, =G and 7| =7, =n®det.

Now we define another abstract irreducible representation 7 of G'(A) by setting 7 =
7’ ® dety with T = {uy, w}. More precisely,

o atv € {uy, w}, 7, = 7, @ dety;

e ataplace v & {uy, w}, 7, = 7.

Then 7 is also an irreducible summand of L; (G’) such that
Ty, = T.

Let & = 62%(57). We deduce from Corollary 5.2 that ¢ is a summand of LZ @ (H). Hence
by AMF (Theorem 3.3), we have

o= dul S H9(¢)(H).

This proves the first assertion of Proposition 6.18 for Case O.
Next we prove the second assertion. By Theorem 3.4, Lemma 5.6 and (5.2), we have

Gy (6)) = 1, (6.6)
where

(G (@) x) = [ [ €5 (@ny (60))(x0)

for x € g The character £ ($4; (6v)) can be computed explicitly as follows:
e Ataplace v ¢ {uy,uz, w}, £3(Fy(6v)) is the trivial character of S5,
e At the place u,, Proposition 6.18 holds for 7 ® det by hypothesis. Thus

oy Gy, (6u2)) = 35, (m ® det) = 0z - kg

Here we have made use of Remark 2.3 in the last equality.
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e At the place w, since 1 ¢ (;.Sw, it follows from Lemma 6.19 that Proposition 6.18, and
hence Theorem 6.3, holds for q.Sw. Thus

by (G (6w)) = 5‘%, (7, ® dety) = ke,

Here again we have made use of Remark 2.3 in the last equality.

Hence

[T n60)(x) = 1o (uy) + 1 (Xuy) - () - 1, () (6.7)

for all x € g On the other hand, it is easy to check that

Ko (Xuy) <k (Xw) =1 (6.8)
for all x € g Combining (6.6)—(6.8), we get

N (Yuy) = Ly, (o) (Xuy)

forall x € g Finally, since the localization maps Sd) — Sd'aul and S¢ — Sq-)u2 agree and
are surjective, we deduce that n, = £;; (10)-
This completes the proof in Case O.

Case Ug, and F is non-Archimedean: 1In this case, F is a totally imaginary field, Wy
is a (2n + 1)-dimensional skew-Hermitian space over E,and Hy = U(Wp). For a pure
inner form G’ of G and an irreducible tempered representation 7 in the L-packet IT (];; (G,
Lemma 6.19 asserts that if the theta lift of = to Hy (with respect to (Y7, xv, xw)) is non-
zero, then Proposition 6.18 holds for . Next we appeal to the global method to reduce
the general situation to this known situation.

We pick a pair of characters (y’ Xy )(W) such that X 7_‘ ¢, for v € {uy, w). Firstly
we use the almost equal rank theta hft to globalize the representatlon 7. As in the proof
of Lemma 6.16, let

) = b))~ Xy + Xy

We define an irreducible automorphic subrepresentation 69 = ® 0o,y Of L? (FIO) as

()
follows:

e at a place v ¢ {uy, w}, do,p is the irreducible representation in the L-packet

HII; o~ (I-'Io,v) associated to the trivial character of Sz?(é)v;

e at the place uy, 6o, = U(x) is the theta lift of 7 to HO,ul , wWhich is non-zero by
Theorem 6.11;

e at the place w, 0o, is the tempered representation in the L-packet nkt (I-'Io,w)

(Pw
corresponding to the character g y,, determined by the formula

1_[ No,v = 1,
v

where 19, = 3;, (60,v), and we regard [ [, 0, as a character of the global component
group 8,4, through the localization maps.
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By Theorem 3.4 and (5.2), d¢ is a summand of L2 5(6) (HO) Using the same argument as
in Lemma 6.16, we can show that there exists a pure inner form G’ of G such that the
abstract theta lift 7 = 9°°(&) of ¢ to G’ is non-zero, and

Misc (7)) > mcusp(ﬁ) = mcusp(dO)'

Hence 7 is a summand in L;(G'/), and 7, € Hg (G}) for all places v of F. By the
conservation relation [72], we know that

(Gul»”ul) ~ (G, 7).
Also, Theorem 6.11 implies that

[[n0r) =1 (6.9)

forall x € § b where 7, = gLL,,,U (7ty). This product is well-defined, since 1, = 1 for all
places v ¢ {uy, w}.

Next we consider the stable range theta lift of 7 to extract some other information. Let
o= 9*““(7'1) We deduce from J.-S. Li’s inequality (Theorem 3.1) that ¢ is a summand of

9(¢)(H) Hence

o= dul S H9(¢)(H).
Also, it follows from Theorem 3.4, Lemma 5.6 and (5.2) that
(G (6)) =1, (6.10)
where
(G () x) = [ [ €3Gy (60))(x0)
v
for x € g For all places v ¢ {u;, w}, we have

£ (G (60) = .

Indeed, if ¢, is of good parity, then this equality follows from Theorem 6.11 and Lemma
6.19; on the other hand, if ¢, is not of good parity, then the equality follows from our
induction hypothesis. At the place w of F, since yy, ,, ¢ ¢, it follows from Lemma

6.19 that Theorem 6.3 holds for ¢,,. Hence
Coy (g, (Ow)) = M. (6.11)
Combining (6.9)—(6.11), we have

N (Xuy) = ZZI (M6) (Xu, )

Since the localization map S5 — S is surjective, the desired conclusion for 7 holds.
1
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Case Uy, and F is non-Archimedean: The method used in the previous case can also be
applied to this case similarly. In fact, this case is even easier, since Theorem 2.8 allows us
to globalize 7 € H(Ig (G’) directly. We omit the details.

Case U, and F is real: The method used in the previous two cases cannot be applied here
since the almost equal rank theta lift of = € Hé; (G’) to the split Witt tower may vanish.
Therefore, we cannot globalize it by using AMF. In this case, we reason by induction
on dim V. Then we can use AMF for some smaller unitary groups to help us make the
globalization step.

When dim V' = 0, this follows from Lemma 6.7. Suppose that for all non-negative
integers m < dim V', Proposition 6.18, and hence Theorem 6.3, holds for all real unitary
groups of m variables. Now we show that the desired conclusion also holds for all real
unitary groups of dim V' variables.

Recall that ¢ is an L-parameter of good parity for G, so it must be of the form

¢ =miyi+-+mer,

where y; is a conjugate self-dual character of L¢c = C*, and m; is some positive integer.
For the same reason as in the proof of Lemma 6.16, we may assume that ¢ is a sum of
automorphic characters. We pick up a pair of characters ( X/I'/ , )(’W) such that )(’W C ¢. Let

HP) = (b — X))~ Xy

For any 7 € HqL, (G"), we first use the almost equal rank theta lift to globalize it. By
Theorem 6.11, there exists a pure inner form Hy = H (W) of Hop such that the theta
lift 09 := ¥ (x) of m to H| (with respect to (YF,y. )(’I./’U, X/W,v)) is non-zero. Let WO’
be the unique (dim V' — 1)-dimensional c-skew-Hermitian space such that it is split at
all places of F except {u;, w}, and the localization of WO/ at up is isometric to Wj.
Let Hj = H(W). Now we define an abstract irreducible representation & = ®), 54 ,
of Hj(A):

e at a place v ¢ {u;, w}, 56,1; is the irreducible representation in the L-packet

L ‘ ’ N . e ) .
IT 5é) (H,,,) associated to the trivial character of Sﬁ(aﬁ)v ;

e at the place ul,d(’,ul = 09;

e at the place w, c'r(’,’w is the irreducible representation in the L-packet Hg ) (I:I(’),w)

corresponding to the character n{,,w € % determined by the formula
[Tron =1
v

where 15, = g;,(éé,v), and we regard [], np, as a character of the global
component group Sﬁ(q'&) through the localization maps. The existence of n{,’w is guar-
anteed by the local-global principle for skew-Hermitian spaces and LLC for unitary
groups.
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Since H{, is a unitary group of dim V' — 1 variables, by our induction hypothesis, The-
orem 6.3 holds for all localizations of H, hence Theorem 2.6 holds for Hj. It then
follows that 63 is a summand of L; ((,';)(H(l))' For each place v of F, by the conser-
vation relation [72], there is a Hermitian space V, of the same dimension as V such
that

9(6¢,,) # 0.

where #(dy ,) is the theta lift of 63, to G, = G(V;) (again with respect to the datum
(VFw, )("./,v, X/W,v))' Since ¢, is discrete, 9 (¢),, does not contain the character X/I'/,w'
Thus we will have two choices of the skew-Hermitian space V,, at the place w. The flex-
ibility at w allows us to pick these local Hermitian spaces coherently so that they form a
global Hermitian space V' over E. We let G’ = G(V'). Let 7 = 9 (6;) be the abstract
theta lift to G’. It follows from the same argument as in Lemma 6.16 that

Mise (77) > mcusp(f[) > mcusp(é—(/))'

Hence 7 is a summand in Lg(G"), and 1y € Hé (GI’)) for all places v of F. Then by the
conservation relation [72], we know that

(G, 7tuy) ~ (G, ).

up’

Also, Theorem 6.11 implies that

an(xv) =1 (6.12)

for all x € 319(4-,). Here 1, = 5(,% (1ry), and we regard Sﬂ(@ as a subgroup of ng via the
natural embedding S ;) — 8. Since 1, = 1 for all places v ¢ {u, w}, this product is
well-defined.
Next we consider the stable range theta lift of 77 to extract some other information. Let
& = 0™5(;r). We deduce from J.-S. Li’s inequality (Theorem 3.1) that & is a summand of
Lz(q's) (H). Hence
g = é—ul S H9(¢)(H).

Similar to the previous cases, combining (6.12) and AMF for H,we get

Nr(Xu,) = f;l (M0) (Xu,)

forallx € § - Since the localization map S5 g S 3B, is surjective, we have proved
that n and €;;, (1)¢) are equal on the image of the natural embedding Sﬂ(db)ul < §4. Cer-
tainly this embedding $, @y 34 is not necessarily surjective. But there is nothing to

worry about, since we may vary the character )(’W. When the character X/W runs over all

irreducible components of <]5, the image of § BB, will exhaust all elements in Sg. Hence
the desired conclusion holds for real unitary groups. ]

Thus, we have finished proving Theorem 2.6.
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7. Encore: beyond the generic case

Let F be a number field, and G an even orthogonal or unitary group over F as in the
setting of Section 2.1. Let { be an elliptic A-parameter for G, and

() = 1/f)(;Vl)(V + xv B S2r_2n41

an elliptic A-parameter for H. In Section 5.3, we have transferred AMF from Lg(w)(H )
to sz (G) when ¥ = ¢ is generic. Recall that the key step is to show Proposition 5.1,
which implies that J.-S. Li’s inequality (Theorem 3.1) is an equality in the generic case.
In this section, we want to go one step further beyond the generic case. We would like to
propose the following naive conjecture.

Conjecture 7.1. Let G be an even orthogonal or unitary group, and

y=> g5, .1

an elliptic A-parameter for G, where ¢; is a cuspidal representation of GL,, (Ag). Let
7 be an irreducible representation of G(A) such that the L-parameter of my is ¢y, for
almost all v. Then

mdisc(n) = m(n)

We have proved this conjecture in Proposition 5.1 when ¥ = ¢ is generic. Actually,
it is easy to generalize this conjecture to a slightly more general case.

Assumption 7.2. Let ry be the Witt index of V. Suppose that in the expression (7.1), for
any i such that d; > 1, we have n; > ry.

Under this weird assumption, we can prove Conjecture 7.1 by using an argument
similar to that of Proposition 5.1.

Proposition 7.3. Suppose that G = G(V') and ¥ satisfy Assumption 7.2. Let w be an
irreducible representation of G(A) such that the L-parameter of m, is ¢y, for almost
all v. Then

mcusp(ﬂ) = mdisc(n) = m(n)

Remark 7.4. A case worth noting is when ry = 0, i.e. G = G(V) is anisotropic. In
this case, Assumption 7.2 is automatically satisfied. Indeed, when G is anisotropic, we
have Acusp(G) = odisc(G) = A(G). Therefore, Proposition 7.3 holds with no extra work
needed.

Proof of Proposition 7.3. In the spirit of [22, Proposition 4.1], it suffices to show that
for any realization 'V C A(G) of m, we have V C sAcusp(G). Suppose on the contrary
that V ¢ sAcusp(G) for some such V. By considering the constant term maps, it follows

from [45] that
G(A)

T C IndP(A) o
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for some proper parabolic subgroup P of G with Levi component M, and some irre-
ducible cuspidal automorphic representation p of M(A). Suppose that

M ~ HGij xGo
J

for some Gy = G(Vp), where V) is a space in the Witt tower containing V. Then p is of

the form
p = (& T j) X To
J
for some irreducible cuspidal automorphic representations 7; and 7o of GLg; and Go,

respectively. By Theorem 2.1, mo has a weak transfer 79 to GL,,(A). Then & has a weak
transfer to GL,, (A) of the form

(B@eE") B0 (7.2)
J

On the other hand, since the L-parameter of rr, is ¢, for almost all v, it follows that
7 has a weak transfer to GL, (A) of the form

B @il (G2 m gy [TATD2), (13)

By the strong multiplicity one theorem [35], the two expressions (7.2) and (7.3) must
agree. Hence 7; in the first expression must have the form ¢;,| - |/ for some i; and
sj € 37Z.Note that k; < ry. It then follows from Assumption 7.2 that

kj <n;
for any i such that d; > 1. Hence we must have d;; = 1,s; = 0. This also implies that

¢ij X Sd

is not contained in ¥ for any d > 1. However, 7; = ¢;; occurs with multiplicity at least 2
in (7.2), whereas it occurs with multiplicity 1 in (7.3). This is a contradiction. Hence
V C Acusp(G) as required. [

When the pair (G, ¥) does not satisfy Assumption 7.2, the realizations V C A(G) of
7 may not lie in scusp (G ). To prove Conjecture 7.1, we need some extra inputs. Thanks
to the square-integrability criterion [60, I.4.11 Lemma ], when G = G(V) is of F-rank 1,
we are able to complete the proof.

Proposition 7.5. Conjecture 7.1 holds if G = G(V) is of F-rank 1, i.e. ry = 1.

Proof. Here we only handle Case O; the proof in Case U is similar.
Let V C A(G) be an automorphic realization of 7. We need to show that 'V is con-
tained in 42(G). We may assume that V is not contained in scup(G), otherwise it is
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already contained in 42(G). Since G is of F-rank 1, the proper standard parabolic sub-
group P = M N of G is unique, with Levi component

M >~ GL; xGy,

where Gy is an anisotropic group. Let y| - | ® mo be a cuspidal support of 7 along P,
where y is a unitary automorphic character of GL;, and my is a cuspidal automorphic
representation of Gy. Then it follows from [45] that

|S

7 <> Ind$ (x| - |* ® 7).

Consider the weak transfer of 7 to GL;,(A). On the one hand, this weak transfer is
represented by the elliptic A-parameter i; on the other hand, it also has an expression
given by the above embedding. Similar to the proof of Proposition 7.3, by comparing
these two expressions, we find that there exists some i such that

di —1

Xx=¢i, di>3 and s==

Moreover, the cuspidal automorphic representation g is in the NEC represented by the
elliptic A-parameter
Vo=V —xXBSg + YR Sg—2. (7.4)

If we can show that s = —(d; — 1)/2, then the square-integrability criterion [60, 1.4.11
Lemma] will imply that 'V C A2(G), which will complete the proof. So next we shall
prove this by contradiction.
Suppose on the contrary that s = (d; — 1)/2. Then at every unramified place v, we
have
my > Indg! (o - |40 m g ). (75)

Since yo| - |4=D/2 is not self-dual, it follows from [37, Lemma 3.1.3] that 7, is the
unique subrepresentation of Indgz’j (o] - |@i—D/2 g 70,v)- Applying both the MVW func-
tor (see [9, Section 2.7]) and contragredient functors, we know that m,, is also the unique
quotient of IndIG);’ (xo| - |7@i=D/2 g mo,v)- Let K, be a special maximal compact sub-
group of G, which has good position relative to P,. Fix a representative w, € K, of the
unique non-trivial element in Wy, = Ng,(M,)/M,. Let

M(s, xp ® 0,0, Wy) Indg;’ (ol - If ®mo,0) — Indgs Ol | = n(’)‘j;j

be the unnormalized intertwining operator given by (the meromorphic continuation of)
the integral

M5, 2o 8 700, W0) f(g) = [N Fw;'ng)dn

for f € Indgl'j (xv! - |° ®7o,y), where JT(l)lj v is the representation of G, on the same space
of mo,, with the action given by

o (m) = 70,0 (W, 'mwy).
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Let fys and f; _ be the unramified vectors in the spaces Indgv” (xv!| - |I° ® 7o,y) and
Indg;’ (] |7 = n(’)‘: v) respectively with the normalization

fv,s(le) = fu/,—s(lGu) =1
Then by the Gindikin—Karpelevich formula [16, p. 141, Theorem 6.7], we have

L(S, T[O,U X XU)
L(1+s,mo,0 X Yv)

M(s, yv ® 7o, wv)fv,s = 'fv/,—s'

If we write

Yo =) 1 B S,
J
for some unramified characters p; (not necessarily unitary), then

d;—1
L(s, mo,p X Xv) :1—[ L(s — “5—. wj xv)
L(1 + 5,700 X Yv) | L(s—}—dj;_l,ﬂj)(v)

(7.6)

Since v,y is the localization of the global elliptic A-parameter Yo, each y; can be decom-
posed as

wi =il I’
for some unitary character ,u} and real number |s;| < 1/2. By (7.4), we have y, ® Sg,_» C
Yo,». This implies that the factor (7.6) has a zero at s = —(d; — 1)/2. Hence
M(s, xv IXI7T0swv)fv,s|s=—(d,'—l)/2 =0. (1.7)
Moreover, since m,, is the unique quotient of

nd3? (o] - |74 D2 @ g,),

we know that IndIG;;’ (o] - |7@=D/2 5 74 ,) is generated by the unramified vector Jo.s-
By (7.7) and the G,-equivariance of M(s, yy R 7o, Wy), we deduce that M(s, yy R
79, Wy) is holomorphic and zero at s = —(d; — 1)/2, which is impossible (see [77, The-
orem VI.1.1 & Remark]). This finishes the proof. ]

Then, by the same proof as for Corollary 5.2, we deduce the following

Corollary 7.6. Suppose that either

(1) (G, ) satisfies Assumption 7.2, or

(2) G is of F-rank 1, and V is any elliptic A-parameter for G.
Suppose that

L}(G) = @ man.

L3, (H) = (EB m,,ea'”(n)) @ (EB mga),

where the second summation on the RHS is over all o with A-parameter 0({¥') and not
relevant to G.

Then
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Recall that in Section 5.3, we have defined local packets sz (Gy) for each place v

of F', as well as the global packet H?p(G, €y). Combining all of these with Lemma 5.6,
we deduce the following result.

Theorem 7.7. Suppose that either
(1) (G, ) satisfies Assumption 7.2, or
(2) G isof F-rank 1, and \ is any elliptic A-parameter for G.

Then there is a decomposition

LG = @ =

mellf (G.ey)

Remark 7.8. In particular, when G = G (V) is of F-rank < 1, we obtain a description of
the whole L2.(G). A case worth noting is when G is a unitary group and Gy, =~ Uy 5
at one real place v. In this case, the description of Lﬁisc(G) might have some arithmetic

applications to Shimura varieties of type Uj ,_1.

These results also motivate us to study these local packets H%v (Gy) at each local
place v of F. In particular, we want to show that

o these local packets H?/,v (Gy) do not depend on the choice of the auxiliary group H, =
HWy);
e if G, is quasi-split, then
13, (Gy) = T, (Gy)

as representations of Sy x G, where Hiv (Gy) is the local A-packet defined by Arthur
[4] and Mok [61].

In [12], we prove these when v is a non-Archimedean place of F'.

Remark 7.9. (1) In Case O, a large part of these local comparison results have been
proved by Mceglin already in a much more general context. In [55], she has constructed
a packet H%} (Gy) explicitly for each ¥, when v is non-Archimedean. Moreover, she
showed that Hf}fv (Gy) is multiplicity-free, and

) (Gy) = 115 (Gy)

as sets if Gy, is quasi-split. Using her explicit construction, she studied the Adams conjec-
ture in [53]. It follows from her results that

1 (Gy) = ¥ (G,)

as sets. Hence, compared to her results, the new thing in [12] is that we also compare the
“labelings”, i.e. the map ¢?.

(2) In Case U, when v is real and the A-parameter v, is Adams—Johnson, these local
comparison results have already been proved in [17]. We expect that the method in [17]
can also be applied to Case O.
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Appendix A. Prasad’s conjecture: real even orthogonal-symplectic case

In this appendix, we shall use theta lifts to establish LLC for real full even orthogonal
groups, based on Paul’s results [65, Theorem 15].
We fix some notation. For o € %Z, we denote by y», the character

z> (z/2)*

of Lc, and by D, the two-dimensional representation of Lr induced from the charac-
ter y, of Lc. Note that D,,, is irreducible unless @« = 0. We also retain the notations
of Section 6.4. So now V is a 2n-dimensional orthogonal space over R with isometry
group G(V'), and W, is a 2n-dimensional symplectic space over R with isometry group
H(Wp). Pure inner forms of G(V') will be typically denoted by G(V’) for some orthog-
onal space V' (see the beginning of Section 2 for the classification of these V'). We also
denote the special even orthogonal group associated to V' by G°(V'), which is an index 2
subgroup in G(V). By classical Clifford theory, there is a canonical bijection

LI (G (V) ~der — Tt(GO (V) /~e

given by restriction, where the LHS of the bijection is the set of equivalence classes of
irreducible representations of G (V') up to the determinant twist, and the RHS is the set of
equivalence classes of irreducible representations of G°(V) up to the action of the outer
automorphism corresponding to an element of G(V) \ G°(V). Given 7 € Irr(G(V)), we
shall use ], to denote the equivalence class in Irr(G(V'))/~qge containing 7.

Since G°(V') and H (W) are connected reductive groups over R, by the work of Lang-
lands [46] we have LLC for these two groups, as recalled in Section 2.2. However, instead
of original L-parameters for G°(V'), we prefer to use the so-called weak L-parameters
which we now describe. Modulo the action of the outer automorphism, we obtain a finite-
to-one surjective map

2% | i(GO (V) /~e = @F(GOV)) /e, (A1)
V/

from the original LLC for G°(V'), where the disjoint union on the LHS runs over all 27-
dimensional orthogonal spaces V' of the same discriminant as V', and the RHS is the set
of equivalence classes of L-parameters of G%(V) up to L G(V) = 0,,(C) conjugation.
By composing with the standard representation

O2n (C) - GL2n ((C),
the set ®+(G°(V))/~, can be identified with
T (G(V)) :={¢ : Lr = GL2,(C) | ¢ is semisimple, orthogonal and det(¢) = yy}.

This is the set of weak L-parameters we will make use of.
Consider the theta lift between (G(V'), H(W,)), with respect to a non-trivial additive
character yr and splitting characters (yy, yw) as in Section 3.1. Our first goal here is
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to establish a weaker version of Theorem 6.11, which partially describes this theta lift in
terms of (weak) L-parameters for G°(V') and H(W,).

Theorem A.1. Let ¢ be a tempered weak L-parameter for G(V), and w an irreducible
tempered representation of G(V') such that

£°([7)ae) = ¢-

Suppose that the theta lift ¥ (v) of & to H(Wy) is non-zero. Then ¥ (1) is tempered and
lies in the L-packet associated to

@) = dxw v + xv-
Moreover, if yw ¢ ¢, then both

the theta lift ¥ (7)) of w to H(Wp) and
the theta lift O (r ® det) of m ® det to H(Wj)

are non-zero.

Proof. We first assume that ¢ is a discrete weak L-parameter, i.e. ¢ is multiplicity-free.
We can write it as
¢ = D‘1)2011 +oeet 1)20171

for some non-negative integers «; > --- > «, > 0. Following Paul [65, Section 3.2], if
the Harish-Chandra parameter of 7 is of the form

A= (al,az,...;bl,bz,...),

where a; and b; are non-negative integers, a; > a > --- and by > b, > ---, then the
infinitesimal character of 7 is precisely the orbit of A under the Weyl group action. Since
LLC preserves the infinitesimal character, we have

{al...,an} ={a1,a2,...,b1,b2,...}.

By [65, Theorem 15], ¥ (;r) is the limit of a discrete series, and the Harish-Chandra param-
eter of ¥ () is of the form

Note that by definition any L-parameter of H (W) has trivial determinant. Then again
by considering the infinitesimal character, one can see immediately that the L-parameter
of = must be ¥ (¢) as predicted.

Next we assume that ¢ is tempered but not discrete. It follows from LLC for G°(V)
that any irreducible representation of G°(V) in t([7]4e) is tempered but not a discrete
series, and hence so is . It is well known that 7= can be embedded into a parabolic
induction of a discrete series representation. Then by the induction principle of local theta
correspondence [65, Section 5.2] and the result in the discrete series case, we know that
the L-parameter of ¥ () is 9 (¢).
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Finally, we prove the last statement of the theorem. Let Wy be the (2n — 2)-dimen-
sional symplectic space over R, and H (W) be the corresponding symplectic group. If
() = 0, then by the conservation relation [72] the theta lift of 7 ® det to H(Wyo) is
non-zero. By using the same argument as above, we can show that yyw C ¢. Likewise
(7 ® det) = 0 also yields yw C ¢. This completes the proof. L]

With this theorem at hand, next we extend LLC for real special even orthogonal groups
to full even orthogonal groups using the same idea as in [13, Section 5]. As mentioned
before, LLC depends on the choices of a Whittaker datum % of the quasi-split pure
inner form of G(V'). Since the construction will also involve LLC for H(W;), we need to
choose a Whittaker datum %" of H(W,) as well. We shall make these choices according
to the additive character Yr (and some other auxiliary data) as explicated in Section 3.5.

Let us deal with tempered representations first. Recall that by weak LLC for G(V)
we have a finite-to-one surjective map £° as in (A.1). We define a map

L ¢ || Itemp(G(V')) — @(G(V))
V/

by setting £ () = L£°(t([7]ger)) for 7 € Ittemp(G(V')). It then follows from the proper-
ties of £° that & is a finite-to-one surjective map. For each L-parameter ¢ € ®(G(V)),
to give a parametrization of the fibers

M (G(V)) = £7(p) NTre(G(V")),
we appeal to the theta lift. Let 7 € I14(G(V')). Consider the theta lift ¢(;r) of 7 to
H(Wp). There are two possibilities:
e Case 1: ¥(m) is non-zero. Then by Theorem A.1, 9 () € Iy ) (H(Wp)), and Sy can

be regarded as a subgroup of Sy (4). In this case we set

Nr = No()| Sy

—

where 19 (x) € Sg(¢) is the character associated to ¢ (7r) by LLC for symplectic groups.

e Case 2: () is zero. Then by the conservation relation [72], the theta lift 9 (7w ® det)
of m ® det to H(Wj) is non-zero. Since [7]4 = [7 ® det]y,. it is easy to see from the
definition that £(7r) = £ (7 ® det). In the previous case we have already attached a
character 7, gdet € E; to w ® det. In this case we set

Nz = Nr@det * K¢,
where kg € 3; is the character defined in (2.6).

Combining these two cases we obtain a map

95 e (G — 4
V/
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by setting f;lyL/(ﬂ) = Ny for m € II4(G(V')). Similar to [13, Proposition 5.10], it fol-
lows from Howe duality and the conservation relation [72] that the map 55, is indeed a
bijection.

Remark A.2. The following two properties of the map g(,Ly are worth noting.

(1) For any w € TI4(G(V')), we have

9L (r ® det) = 9L, (n) - kp.

Indeed, if ¥ (7r) = 0 or ¥ (;r ® det) = 0, this equality is a direct consequence of the con-
struction. The proof of our main local result, Theorem 6.3 (more precisely, the proof of
Proposition 6.18) will only involve this special case. When both ¢ (7r) and 9 (7 ® det) are
non-zero, we can appeal to the strength of Theorem 2.6 as follows. Similar to Section 6.6,
when the L-parameter ¢ is of good parity, one can suitably globalize 7= to a cuspidal
automorphic representation 7 with generic A-parameter ¢ such that

e at a place v, the localizations of = and ¢ are 7 and ¢;
e at an auxiliary finite place w, the localization map § P S $,, 18 an isomorphism.

Let 7’ be the cuspidal automorphic representation obtained from 7 by replacing 7, and
7w by 7, ® det and 77y, ® det. Then applying Theorem 2.6 to 7 and 7/, one gets

Ny * Ny = Ny ®det * Ny, ®det-

Since the desired equality holds for 77y, (see Remark 2.3 (1)), it also holds for &= = 7. For
general ¢ the desired conclusion follows from the compatibility of LLC with parabolic
inductions.

(2) A priori, the map g,; depends on the choice of the additive character y¥r. How-
ever, as suggested by the notation it only depends on the choice of the Whittaker datum %"
of the quasi-split pure inner form of G(V') but not on Y. This is a consequence of the
scaling property of the Weil representation. Similar to [42, II. Corollary 6.2, IV. Proposi-
tion 1.9], an easy computation shows that for any = € Irr(G(V')), we have

Dy o (1) 2= Dy (77)%
Here a € R*, Yyr 4 := Yr(a - —) and &, is an element in GL(W}) such that
<8a(v)?8(1(vl))Wo =a- <U, v’)WO

for any v, v’ € Wp. The subscripts “y, ,” and “y;,” indicate the additive characters used
in the definition of theta lifts. Let %, be the Whittaker datum of H (W) determined by
YR,q as in Section 3.5. Then it follows from [38, Theorem 4.3] that

35 Dy (1) = 95, Py , (1)),

and in particular these two characters have the same restriction to Sg.
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After furnishing tempered representations with the maps £ and g; we can extend
these maps to all irreducible representations in a standard manner similar to [11].
Although full even orthogonal groups are disconnected, the Langlands classification is
still valid by [65, Section 3.2]. To be more precise, for any irreducible non-tempered rep-
resentation 7 € Irr(G(V)), there is a standard module

indg (1] - [ @+ w7, - | @ 70)
of G(V'), where
e P is a parabolic subgroup of G(V'), with Levi component
L ~ GLg, (R) x--- x GL4,, (R) x G(V)),

where V) is some orthogonal space in the Witt tower containing V;

e 7; is an irreducible (limit of) discrete series of GLg4, (R), and s; is a positive real num-
ber;

o {1;|-|%}; is ordered so that
s> >85>0;

e 7 is an irreducible tempered representation of G(Vp),

such that 7 is the unique irreducible quotient of this standard module. Let ¢., be the
L-parameter of 7;, and ¢9 = £(779). We set

L(m) = (P | I+ +do [ [+ o+ @ |- [+ + e, | [7)Y.

Then as explicated in [19, Section 8], there is a natural isomorphism Sg =~ S4,. Let no =
g,@ (779). Under this identification of component groups, we define

4% () = no.

Since these P, t;, s; and g are uniquely determined by m, the L-parameter &£ () and the
character g; () € 84 are well-defined. We conclude the above discussion as follows.

Theorem A.3. There is a finite-to-one surjective map

| |G ) - oG,
V/

where the disjoint union runs over all 2n-dimensional orthogonal spaces V' of the same
discriminant as V. For each L-parameter ¢ € ®1(G(V)), we denote

My(G(V") = £ () N Ir(G(V)),

and we call it the L-packet of G' associated to ¢. There is a bijection (depending on the
choice of the Whittaker datum %)

45 L Ts(G(V) — S5.
V/
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From our construction, one can see immediately that the following holds.

Corollary A.4. Under LLC provided by Theorem A.3 for real full even orthogonal
groups, Theorem 6.11 holds for dual pairs (G(V"), H(Wp)).

Finally, recall that Arthur has already established tempered LLC for quasi-split real
full even orthogonal groups, namely a finite-to-one surjective map

4 iiemp(G(VH)) —> @(G(V'T)),
together with a bijection (depending on the choice of the Whittaker datum %)
F5  Mp(GV ) — Sy

on each fiber [T, (G(V1)) of ¢ € ®(G(V'1)). We can justify our construction of LLC
for real full even orthogonal groups by comparing it with Arthur’s. Since Arthur’s LLC is
compatible with LLC for G®(V'T), for any 7 € Irtiemp(G(V 1)) we have

24(n) = 2°(([7]ae)) = £(7).

For any ¢ € ®(G(V')) and = € M4(G(V™)), to compare 4, () and §Z, (), again
we appeal to the global method. When the L-parameter ¢ is of good parity, using the
same argument as in Section 6.6, we can suitably globalize 7 to a cuspidal automorphic
representation 7 of a globally quasi-split even orthogonal group G(V T), with generic A-
parameter ¢ such that at a place v, the localizations of 7z and ¢ are w and ¢. Then compar-
ing Arthur’s original multiplicity formula and our version (Theorem 2.6) for L; (G(VH)),
we deduce that

g9 () = 95 (n).

For general ¢ the desired equality follows from the compatibility of LLC with parabolic
inductions.

Appendix B. An irreducibility result for some induced representations

In this appendix, we sketch a proof of Lemma 6.6 for F = R. We have £ = R in Case O
and E = C in Case U. We will prove it in a more general context.

Recall that an irreducible representation of Lg is said to be almost tempered and
positive if it is of the form ¢| - |*, where ¢ is a representation of L g with bounded image,
and 0 < s < 1/2 is areal number. Let v be a local A-parameter for H. We assume

V=@ + Yo+ (¢9)Y,

where

® g is a local A-parameter for Hy = H(W,), which is of good parity; here W, is a
c-skew-Hermitian space in the Witt tower containing W;
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e ¢ is a k-dimensional representation of Lg whose irreducible summands are either
almost tempered and positive, or tempered but not (conjugate) self-dual with the same
parity as .

Let 7 be the irreducible representation of GLg (E) associated to ¢, and Q the standard

parabolic subgroup of H with Levi component L. >~ GL;(E) x Hy. We shall prove the

following theorem.

Theorem B.1. For any irreducible unitary representation o in the A-packet I1y,(Hyp),
the induced representation Indg (T ® 0y) is irreducible.

In [23], Gan-Ichino proved a similar statement for odd orthogonal groups. Mimicking
their proof, we briefly describe the strategy to prove the theorem; the readers may consult
[23, Section 3I] for full details. An ingredient of the proof is the normalized intertwining
operators. Recall that for a real reductive group G, a parabolic subgroup P of G, and
an irreducible representation m of the Levi component of P, the induced representation
IndIG, () is called a standard module for G if & satisfies certain positivity conditions. For
such an induced representation, one can define a (normalized) intertwining operator

Rpp(m): Ind§ (7) — Indg(n),

where P is the parabolic subgroup of G opposite to P, such that the image of R PP () is
the unique irreducible quotient of Indg (7r). In the proof of Theorem B.1, we shall realize
the representation Indg (T ® 0p) as the image of a standard module for H.

Firstly, we decompose the representation t. It follows from our assumptions that we
may write ¢ as a sum of subrepresentations

¢ =g+ +or

satisfying the following conditions:
— Suppose we are in Case O.

e Each ¢; is of the form ¢; | - |, where ¢; is either sgn’ for some §; € Z/27Z, or D,
for some «; € %Z \ {0} and v; is a complex number.

e If v; = 0 for some i, then ¢; = Dy, for some a; € Z + %
— Suppose we are in Case U.

e Each ¢; is of the form yoq, | -

e If v; = 0 forsome i, then®; € Z + (dim W)/2.

|Vi for some «; € %Z and v; € C.
In both cases, the summation can be ordered so that

1/2>R(wy) = --- = R(vy) > 0.

Let k; = dim ¢;, 7; be the irreducible representation of GL, (£) corresponding to ¢; by
LLC for general linear groups, and 7, = 71 B --- ® 7,. It is easy to see that there is a
parabolic subgroup Q, of GLi (E) with Levi component

Ly >~ GLg, (E) x --- x GLg, (E)
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such that

 ~ IndS &) (Tp)-

Qo
Let O be the parabolic subgroup of H with Levi component L; ~ L, x Hy such that
01 C Q,and Q1 N L = Q, x Hy. Then by induction in stages, we have

Indg (t®op) ~ Ind'g1 (ty ®09p).

Next we deal with the irreducible representation o¢. By Langlands’ classification,
0y is the unique irreducible quotient of a standard module (for Hy)

Hy ’ ’
IndeO (1] ®--- R 1, R 0go),

where

e Qy, is a parabolic subgroup of Hy with Levi component
Ly, ~GLg,(E) x -+ xGLg,, (E) x Hoo;

here Hyg = H(Wyo) for some space Wy in the Witt tower containing Wy;

e 7/ is an irreducible essentially (limit of) discrete series of GLg4; (E), which is of the

form

‘L’l./ = ‘[i//| . |Si

for some irreducible (limit of) discrete series 7;” of GLg, (E) and s; > 0; since oy lies
in the local A-packet Iy, (Hop), we can further conclude that s; € %Z;

e {1/}; is ordered so that
S12 = 5m >0
® 0o is a tempered representation of Hyg.

Moreover, if we let 0g,y, = 7] K-+ B T,, R 099, and
R; (o) : Ind0 (00 ) — Ind0 (00 4) (B.1)
Oyl Quyq \C0:¥0) - 0y \90:¥0 Duo 0,%0 :

is the (normalized) intertwining operator, then og is just the image of this operator

RQ¢0|Q1&O (00,1¢)-
Now we come to the key step. Applying the functor Indg ,(ty ® - ) to the intertwining
map (B.1), we get

Indf] (1., = R5.0104, (0000)) *
H H H H
Indj, (7y ® IndQ?//O (00,y)) = Indg (7p ® IndQOwO (00,90))-

Let O, be the parabolic subgroup of H with Levi component L, >~ L, X Ly, such that
0> C Qiand Q> N Ly = Ly X Qy,. Similarly, let Q) be the parabolic subgroup of H
with the same Levi component as Q» such that Q) C Qj and Q5 N Ly = Ly X Q.
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Then, by induction in stages and properties of (normalized) intertwining operators, we
can rewrite this intertwining map as

Ro110,(Tp B 00,y,) IndIQ{2 (Tp ®O0,y) — Indg,2 (tp ®00,y,)-

Since the functor Indg , (ty ® ) is exact, to show that Indg , (ty ® 09) is irreducible, it
is sufficient to show that the image of R0, (Ty B 00,y,) is irreducible. Let Q3 be the
parabolic subgroup of H with the same Levi component L3 as Q5 and Q) such that

_*,+
Eﬁ(a)w,v,o) [S C(Q3 R

where gy, is the central character of 7, ® 09 y,, and EB:F is as defined in [23, Sec-
tion 3H]. Then by the properties of (normalized) intertwining operators, we have a com-
mutative diagram

Roti0,

Indg2 (tp ® 00, y)

RQz\Qzl lRQ3|Q’2

Rosi0
IndQ3 (tp ®00,y) —= Indg3 (tp ®00,y)

Indg,2 (tp B 00,y)

Similar to [23, Lemma 3.10], we have the following lemma.

Lemma B.2. The (normalized) intertwining operators

RQ3|Q2 (‘E(p X (7(),1/,0) and RQS\Q/Z (‘L'¢ X 00,1#0)
are isomorphisms.

Proof. As in [23, proof of Lemma 3.10], the intertwining operator Rg,|0, (T ® 00,y)
can be decomposed as the composition of a sequence of intertwining operators

Ro410, = RR R~y ©+* © RRy|R, © RRy|Ry>

where Rg = 03, Ry, ..., R; = Q3 are parabolic subgroups of H. For each Rg, |r,_,
on the RHS, there exist 1 <i <r and 1 < j < m such that Rg,|g,_, is essentially (a
parabolic induction of) the intertwining operator

GLk +d; (E) k +d; (E) /

Id (ti IZ‘L’)—)ICI— (T ® 7)),

where P;; is a parabolic subgroup of GLg, 44, (E) with Levi component M, ; =~
GLyg; (E) x GLg, (E). It follows from [71, Theorem 6.19] and the conditions on t;, r]’

Li;+d; (E) .
that In d (i ® /) is irreducible. Then one can conclude that each Ry, g, _,
an 1somorphlsm hence so is their composition Rg,|0,(Ty ® 00,y,). Similarly, one can
prove that RQ3|Q/2 (tp ® 09, y,) is also an isomorphism. |

Therefore, up to isomorphism, the image of Rg: g, (ty ® 00,y,) is the same as the

image of Ry, |0, (tp ® 00,y,). Notice that Indg3 (ty ® 09,y,) is already very close to a
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standard module for H. In general, by “collapsing the same exponents”, we can find a
parabolic subgroup Q4 of H with Levi component L4 such that Q3 C Q4, L3 C Ly, and

+

N(we,) € a*Q’4 ,

where wy,, is the central character of the irreducible representation
— Ly
oy =Indgl;  (Tp R 00,y,).

It follows that Indg ,(oy) is a standard module for H, and up to isomorphism, the image
of Rg, |0, (Tp ®00,y,) is the same as the image of

Rg,10,(0y) : Indg (oy) — Ind] (oy).

hence is irreducible. This completes the proof.

Appendix C. On irreducible self-dual Galois representations

In this appendix, we consider irreducible self-dual representations of the Weil group of a
local field. The results in this appendix supplement our proof of Corollary 6.15 in Case O.

Let F be a non-Archimedean local field with characteristic zero. Let Wr be the Weil
group of F. We use Irr*4 (F) (resp. IS4 (F), Irr%4 (F)) to denote the irreducible self-
dual (resp. symplectic, orthogonal) representations of Wr of dimension d.

Lemma C.1. Suppose that F is a finite extension of Qp. Let w be a uniformizer of F,
and k be the residue field of F. Then

F* >~ 72 5 k™ X ppoo (F) x Z2,

where ppoo (F) is the group of roots of unity of p-power order in F, and d is the degree
of F over Qp.
Proof. See [62, Chapter 2.5]. ]

Lemma C.2. Let E be a finite unramified extension of ', and s = Frobr € Wr. Then E
is a cyclic extension over F, and

W /WE =~ (s),
where s is the image of s in Gal(E / F). Moreover, the diagram

WEﬂ)WE

| Jrs

EX —— EX
commutes, where r g is the reciprocity law homomorphism of class field theory.

Proof. See [74, p. 4]. ]
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Theorem C.3. For any positive integer n, there exist infinitely many symplectic (resp.
orthogonal) irreducible representations of Wg of dimension 2n.

Proof. Let Ey be the unique unramified extension of F' of degree n, and E be the unique
unramified quadratic extension of Eg. Then E/F is also unramified. We have

E*/Nmp 5, (EX) = (Z/2Z) x (K3 /k}§,) % (e (E)/ ppoe (Eo)) x (Z3" x T),

where T is some finite torsion group. Fix a primitive element x in k7, and a primitive
(g™ + 1)-th root of unity ¢. Let

X¢ i kg/kg, —C*, Xm¢
Then for any character y of Zg” xT,
sgnRX; IRy (resp. 1N X 1K y)
gives a character y of E*, which satisfies
* Xlgyg = ®E/E, (resp. 1);
. )?Ei # yforany 1 <i < 2n.

Therefore Indgg X is symplectic (resp. orthogonal) and irreducible of dimension 27. This
construction gives an injection

Zg”/fv — IrrS2"(F) (resp. Irr%2"(F)).

Here we regard a character of Zg” as a character of Zg” x T which is trivial on the
torsion group T, and define y; ~ y» if there is some 1 <i < 2n such that )ﬁl = X2.

Since Zg” /~ is an infinite set, we are done. [

Now we consider irreducible self-dual representations of Wr with arbitrary dimen-
sion.

Proposition C.4. Suppose F is a finite extension of Q, and p # 2. Then there is no
irreducible self-dual representation of Wr with odd dimension greater than 1.

Proof. See [66, Proposition 4]. [

We now assume that F is a finite extension of (Q, with residue field k. Let d be the
degree of F over Q,, and d,, be the degree of kr over F,.

Theorem C.5. Let N be an arbitrary positive integer. Suppose
29 > N,

Then
[Irr* ! (F)| > N.

Proof. Just notice that

F*/(F*)* = (Z/2Z) x (pao (F)/ (0o (F))?) x (Z/22)%. u
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Theorem C.6. Fix a positive integer n. Let N be an arbitrary positive integer. Suppose

29 _ |

n

> N.

Then
|Irr* "™ (F)| > N.

Proof. Let E be the unique unramified extension of F of degree n. Then
EX ~al x ki x UL
and
Up/U2 ~ kg, where UL =1+7'0f,

and O is the ring of integers of E. Fix x € kg such that {x,5(x),52(x), ...} is a basis
of kg over kr. Then

kg =k-x+k-5(x)+-+k-5""(x),
and the Pontryagin dual of kg can be identified with the set of n-tuples of characters of

kF by .
H1s-oosxn) > (A5 (x) > xi(A) . A €k).

Under this identification, 5 acts on the Pontryagin dual of kg by

St X)) = s X1+ Xn—1)-

We have injective maps .
krp\{1} - kg — E*,

where the first map is given by y — (x,1,..., 1), and the second map is induced by the
natural projection

E* > Ui - UL/U ~kg.
We denote the image of y in EX by ¥. By our construction,
e ¥ is quadratic;
. )"(Ei # yforany 1 <i <n.
Therefore Indxg ¥ is self-dual and irreducible of dimension n. This construction gives an
injection

(kp \{1})/~ — Trr™" (F).

Here we define y; ~ y» if there is some 1 <i < n such that )ﬁl = J». Notice that there

are at most n elements in each equivalence class. Hence the LHS of this injection has at

least
24u — 1

n

elements. By our assumption, we are done. ]
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Appendix D. On irreducible conjugate self-dual Galois representations

In this appendix, we consider irreducible conjugate self-dual representations of the Weil
group of a local field. The results in this appendix supplement our proof of Corollary 6.15
in Case U.

Let F be a non-Archimedean local field with characteristic zero, and E be a quadratic
field extension of F'. Let Wr and WEg be the Weil groups of F and E respectively. We fix
an s € Wg\WEg. We use Irr‘;’d (E) (resp. Irrg’d (E)) to denote the irreducible conjugate
symplectic (resp. conjugate orthogonal) representation of Wg of dimension d.

Lemma D.1. Suppose that
(1) F is afinite extension of Qp and p # 2;
(2) E/F is ramified.

Then for any positive integer n, E, .= E QF I, is a ramified quadratic field extension
of I, where F,, is the unique degree n unramified extension of F.

Proof. By our assumptions, we can choose a uniformizer 7 of E such that 72 is a uni-
formizer of F. Then

E ~ F[x]/(x* = n?%).
Notice that for each positive integer 7, 72 is also uniformizer of F;,, hence the polynomial
x2 — 72 is also irreducible in F,. It then follows that E, := E ® F, is a ramified

quadratic field extension of Fj,. ]

In the rest of this appendix, we assume that the local fields F' and E satisfy the condi-
tions in this lemma. We also retain the notations in the proof of the lemma. Let I';, be the
Galois group of Fy,/F, and k, the residue field of both F,, and E,. We denote by d,, the
degree of k1 over IF,,. In the spirit of Theorem C.6, we prove the following.

Theorem D.2. Fix a positive integer n. Let N be an arbitrary positive integer. Suppose

dy _ 1
P > N.
n
Then, for lj € {S, O}, we have
|Irri;"| > N.

Proof. By the structure theorem of local fields, we have
Ef ~n%xklxUg . Nmg,p,(E) ~n*% x (k)* x U,

where U ,}n and U 1}",, are as in the proof of Theorem C.6. These two isomorphisms are
indeed I';,-equivariant. They induce another I',-equivariant isomorphism

E} /Nmg, 5, (ES) = (Z/22) x (K /(K;)?) x (UR, /UL).
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Notice that UL C U2 as I',-modules. Hence we obtain a I',,-equivariant surjection
Fy Ey, q ]
1 1 1 2
UEn/UFn_)UEn/UEn:kEn'

By the same trick as in the proof of Theorem C.6, for any non-trivial character y of kg
we can produce a character ¥ of E, as follows: firstly we fix some x € kg, such that
{y(x) |y € I'n} is abasis of kg, over kg, which allows us to identify the Pontryagin dual
of kg, with the set of n-tuples of characters of kg by

(XV)J/GFn = (A : ]/(X) = XV(A)v S kE)a

then, under this identification, y can be regarded as a character of kg, via

x— (r,1,...,1),
which we shall still denote by y; finally, we pull back the character
Ixsgn®y (resp. 1R1AR y)
of (Z/2Z) x (k) /(k))?*) x kg, along the natural projections
Ef — E/Nmg, /5, (EX) — (Z/2L) x (k) (k})?) % K, .
We denote the image of y in E} by ¥. By our construction,

e ¥ is conjugate symplectic (resp. conjugate orthogonal) with respect to Fj,;

o ¥V #£ yforany 1 # y e Ty,
Therefore Indvvgg ¥ is conjugate symplectic (resp. conjugate orthogonal) and irreducible
of dimension #z. This construction gives an injection

(kg \ {1})/~ — Iry™(E)  (resp. (kg \ {1})/~ — Ir%"(E)).

Here we define y; ~ y» if there is some 1 # y € I';, such that )?’1' = ¥». Notice that there
are at most n elements in each equivalence class. Hence the LHS of this injection has at
least
P -1
n

elements. By our assumption, we are done. ]

Appendix E. Existence of certain number fields

In this appendix, we prove the existence of certain number fields. The results in this
appendix are used in the proof of Corollary 6.15. We start with a well known general
result.
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Theorem E.1. Let F be a number field, and vy, .. ., v, be inequivalent places of F. Let
F; = F,,, and K; a finite extension of F; of degree d;. Set

d=max{d; |1 <i<r}.
Then there exists a degree d extension K of F, and places v} of K above v;, such that
Kv[{ ~ K; as extensions of F; foralli =1,...,r.

Proof. This is a simple application of Krasner’s lemma and the weak approximation the-
orem. Since we do not know a convenient reference, for completeness we briefly sketch
the proof.

Since we are considering characteristic zero fields, any finite extension is simple. For
eachi =1,...,r,leta; € K; be such that K; = F;(«;), and gl{ the minimal polynomial
of a; over F;. Then

Fi[x]/(gi) ~ Ki.
Let B ... 7:31{,d—d,» € F; be distinct and such that g/(B; ;) # Oforall 1 < j <d —d;.
We put
Jilx) =(x— ,31/1) s (x — ﬂl{,d—dj) : gzl'(x)-

By the weak approximation theorem, we can take a monic polynomial f € F[x] of
degree d such that for all 1 <i < r, the coefficients of f are arbitrarily close to the
coefficients of f; (with respect to the valuation v;). Then by Krasner’s lemma and some
classical analysis, we can take f so close thatforall 1 <i <r,

e [ can be decomposed as
fx) =& =B (x = Bia—a;) - 8i(x)
for some B 1,...,Bia—aq; € Fi and g; € Fi[x];
o there is an isomorphism
Fi[x]/(gi) = Fi[x]/(g}) as F;-algebras.

Note that there exists ig € {1, ..., r} such that d;, = d. It follows that glfo is an irreducible
polynomial of degree d in F;[x]. Consequently, f is also irreducible in F[x]. Therefore

K = F[x]/(f)
is a field, and one can easily check that K satisfies all our requirements. ]

Now let F be alocal field, and let E be either F itself or a quadratic extension of F'.
Using the theorem above we can prove the existence of a pair of number fields claimed in
the proof of Corollary 6.15.

Corollary E.2. Given a positive integer d and a prime number p, there exists a pair
(E.F) of number fields, together with three places ui,u», w of F, such that

(1) (Eyy, Fuy) ~ (Ey,, Fy,) ~ (E, F);
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() Fyisa finite extension of Qp, and the degree of the residue field ky, of Fy, over Fp
is greater than d ;

(3) if E is a quadratic extension of F, then Eyisa ramified quadratic field extension
of Fu; if further F is non-Archimedean, then Fis totally imaginary.

Proof. We shall construct the desired number fields from Q. Let

{ £ if F is a finite extension of Qg,
v =

oo if F is Archimedean.

Let Fy be a finite extension of Q, together with three places u/, u}, w, such that FO,u’l
and FO,u’z are subfields of F, and w’ is above p. Such an Fy clearly exists: we can take

Fj to be a quadratic or biquadratic extension of Q, depending on whether v equals p or
not, such that v is totally split. Let F, be a finite extension of Fy ,, such that

lkw : Fp] > d.

where ky, is the residue field of Fy,. By the theorem above, there exists a number field F s
together with three places 1, u2, w above uy, uj, w’, such that

Ful ~ Fu2 ~ F and Fw ~ Fy.

If further F is non-Archimedean, we can take F to be totally imaginary. Indeed, if Fis
not totally imaginary, let R be the set of all real places of F'. Applying the theorem above,
we obtain a quadratic extension F’ of F such that u1, u,, w splitin F’, and

F,~C
for all u € R. Then F’ is a totally imaginary field which satisfies our requirements, and

we may replace F by F’. Finally, if E is a quadratic extension of F, once again it follows
from the theorem above that there exists a number field E such that

Ey, ~E,, ~E,
and E,, is a ramified extension of Fi,. ]
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