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Projected images of the Sierpinski tetrahedron and other
layered fractal imaginary cubes

Hideki Tsuiki

Abstract. The Sierpinski tetrahedron has a remarkable property: It is projected to squares in
three orthogonal directions, and moreover, to sets with positive Lebesgue measures in numerous
directions. This paper proposes a method for characterizing directions along which the Sierpin-
ski tetrahedron and other similar fractal 3D objects are projected to sets with positive measures.
We apply this methodology to layered fractal imaginary cubes and achieve a comprehensive
characterization for them. Layered fractal imaginary cubes are defined as attractors of iterated
function systems with layered structures, and they are projected to squares in three orthogonal
directions. Within this class, the Sierpinski tetrahedron, T-fractal, and H-fractal stand out as
exemplary cases.

1. Introduction

The Sierpinski tetrahedron (i.e., three-dimensional Sierpinski gasket) is a three-
dimensional fractal object defined as the attractor of the iterated function system
dFS) {fa(x) = # | d € Ds} where Dg C R? is the set of four vertices of a
regular tetrahedron. That is, it is the unique non-empty compact set Soo satisfying
Seo = Udeps fi (Soo) that exists due to the theory of self-similar fractals by Hutchin-
son [7]. See Figure 5(a) for the first levels of its approximations.

The Sierpinski tetrahedron exhibits a remarkable property: when projected along
the three orthogonal directions that connect the midpoints of opposite edges, it forms
squares, as illustrated in Figure 1(a). Moreover, as demonstrated in Figure 1(b), pro-
jections along numerous other directions result in sets with positive Lebesgue mea-
sures that tile the plane. This paper aims to characterize the specific directions along
which the Sierpinski tetrahedron, as well as other similar fractal 3D objects, are pro-
jected to sets with positive measures.

As an initial observation, the IFS defining the Sierpinski tetrahedron does not
incorporate rotational transformations, and as a consequence, its projected images are
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(b)

Figure 1. Projected images of the Sierpinski tetrahedron.

also fractals generated by similar IFSs. More precisely, we denote by ¥”(k, D) the
fractal generated by the IFS { fyz(x) = ;gd | d € D} for a set of points D C R”
called the digit set. Then, the Sierpinski tetrahedron is denoted by ¥ 3(2, Ds) and its
image by a projection ¢ is represented as % 2(2, ¢(Ds)). In general, one can see that
a 3D fractal ¥3(k, D) is projected by ¢ to a 2D fractal 2 (k, ¢(D)). Therefore, we
restrict our attention to fractal objects of the form F3(k, D) so that we can apply the

theory of fractals on their projected images.
Among such fractals, we focus on cases where the digit set is defined as

Dk,l={(x,y,z)eZ3|0§x,y,z§k—l,x—l—y—l—zzl—lmodk}

for integers k > 2 and 0 </ < % We call the induced fractal object ¥ 3(k, Dy ;) a
layered fractal imaginary cube of degree k. As we are going to see, it is an imaginary
cube [18, 19], that is, it is projected to squares along three orthogonal directions just
as a cube. We call it layered because the digit set is arranged on parallel planes. D5 g
is the set of vertices of a regular tetrahedron. Therefore, we can choose Ds = D5 g
and the Sierpinski tetrahedron is the only layered fractal imaginary cube of degree 2.
There are two layered fractal imaginary cubes of degree 3: ¥ 3(3, D3 ) that we call
the T-fractal, and ¥ 3(3, D3 1) that we call the H-fractal ([17, 19], see Figure 5(b,
¢)). The convex hull of the T-fractal is the octahedron T in Figure 3(b), which is the
convex hull of %. Similarly, the convex hull of the H-fractal is the dodecahedron H
in Figure 3(c), which is the convex hull of %.

The H-fractal is distinguished by its six-fold symmetry, whereas other layered
fractal imaginary cubes exhibit three-fold symmetries. Our main theorem (Theorem 3)
reflects this difference of symmetries: Except for the H-fractal, a layered fractal imag-
inary cube of degree k is projected to a set with positive measure if and only if the
projection is done along (a, b, ¢) for coprime integers a, b, ¢ such that a + b + ¢
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is coprime to k, and the H-fractal has additional directions that correspond to extra
symmetries.

We study measures of projected images through the theory of self-affine tiles.
Positively measured fractals of the form %2 (k, D) with |D| = k? are special cases
of self-affine tiles, which have been the subject of extensive study since the 1990s
[1-3,5,8,11,14,16,21,22]. For recent developments in self-affine tiles, refer to [13].
Kenyon demonstrated in [8] that for a four-point set D = {O P,Q, R} the fractal
F2(2, D) has positive Lebesgue measure if and only if rOR = pOP + qOQ for
odd integers p, g, r. This result leads to a characterization of positively measured
projections of the Sierpinski tetrahedron, which is consistent with the characteriza-
tion provided by Theorem 3. By extending Kenyon’s proof concepts and utilizing
the notion of projection of differenced radix expansion sets, we present a method for
characterizing directions along which fractal objects are projected to sets with positive
Lebesgue measures. Then, we apply it to layered fractal imaginary cubes.

Kenyon also studied one-dimensional projections of the one-dimensional Sier-
pinski Gasket in [9], characterizing the directions along which it is projected to sets
with positive Lebesgue measures. Our work provides similar characterization for two-
dimensional projections of a series of three-dimensional fractal objects.

In the next section, we introduce the concept of layered fractal imaginary cubes
and explain our results in Section 3. Section 4 provides an overview of the prop-
erties of self-affine tiles relevant to our analysis and propose our method. Using this
methodology, the results in Section 3 are proved in Section 5. In Section 6, we discuss
the case of projections of non-layered imaginary cubes. In Section 6, we also explore
fractal imaginary “squares”, and explain its relation to Kenyon’s work on projections
of the one-dimensional Sierpinski gasket.

2. Layered fractal imaginary cubes

We start by introducing the notion of imaginary cubes, introduced and developed in
[17-19].

Definition 1. An imaginary cube is an object that is projected to squares in three
orthogonal directions, and in each of these projected squares, the four edges are par-
allel to the other two projection directions.

Note that a regular octahedron also has square projections in three orthogonal direc-
tions, but it is not an imaginary cube. An imaginary cube is contained in a cube C
defined by the three square projections. When it is necessary to specify C, we say
that it is an imaginary cube of a cube C.
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(a) Regular tetrahedron (b)) T

Figure 2. Examples of imaginary cubes.
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Figure 3. Objects in Figure 2 located in unit cubes.

A regular tetrahedron is an example of an imaginary cube. There are two more
polyhedral imaginary cubes that are relevant to this paper: triangular antiprismoid
imaginary cube (abbreviated as T) and hexagonal bipyramid imaginary cube (abbre-
viated as H). They are defined in Figure 2, and cubes of which they are imaginary
cubes are illustrated in Figure 3. T and H exhibit remarkable properties: H is a double
imaginary cube in that it is an imaginary cube of two different cubes and thus, it has
six square projections. T is notable in that its three diagonals are orthogonal to each
other. Furthermore, T and H together form a three-dimensional tiling of the space as
explained in [18].

These three imaginary cubes — the regular tetrahedron, H and T — share the com-
mon property of being convex hulls of fractal imaginary cubes. According to Hutchin-
son [7], for contractions f; : R® — R” (i = 1,...,m), an IFS (iterated function
system) I = {f; |i =1,2,...,m} defines a self-similar fractal object ¥ as the fixed
point of the following contraction map on the metric space #” of non-empty compact
subsets of R”,

F(x) =] fx).

i=1
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For any A € #", the sequence (A4;);>o Where A9 = A and A;11 = F(A4;) fori >0
converges to 7 and F(¥7) = ¥7.
In this article, we only consider the case when an IFS takes the form

{fa) =T d e p)

for some integer k > 2 and some set D C R” called the digit set. That is, the compo-
nents are similarity maps that do not perform rotational transformations. In this case,
the map F' can be expressed as

X+D

F(X) =~

where + denotes the Minkowski sum X +Y ={x + y|x € X,y € Y} and %
denotes {7 | x € X }. We denote the induced fractal object as ¥ (k, D) or ¥ (k, D)
if the dimension is not important.

With this restriction, the image of the fractal ¥ 3(k, D) by a projection ¢ is a
two-dimensional fractal 2(k, ¢(D)). To ensure that F2(k, ¢(D)) has a positive
Lebesgue measure, it is necessary that its Hausdorff dimension is equal to 2. On the
other hand, Hausdorff dimension cannot exceed the similarity dimension log; |D| of
the iterated function system. In this paper, we focus on the case where | D| = k2, rep-
resenting fractals with the minimum number of IFS components. We call ¥ 3(k, D)
under the condition |D| = k? a “homothetic fractal imaginary cube” of degree k, or
simply a “fractal imaginary cubes” of degree k, because all the fractal and imaginary
cube objects discussed in this paper conform to this form.

Lemma 1 ([17]). Let D be a three-dimensional digit set of cardinality k?. ¥3(k, D)
is a fractal imaginary cube of degree k if and only if, for some cube C, F(C) for
F(X)= X'IED is an imaginary cube of C.

Proof. If ¥3(k, D) is an imaginary cube, then there is a cube C of which #3(k, D)

x+d d

is an imaginary cube. Since fg(x) = = fixes % for d € D are contained

k-1’
in 3(k, D) € C. Since f4(x) is on the line segment between x and % and C is

convex, F'(C) C C. Since, in addition, X 2 Y implies F(X) 2 F(Y), the sequence
(Ai)iso for Ag = C and A;4+1 = F(A;) forms a decreasing sequence C = A9 D A1 D
A D --- whose intersection is ¥ 3(k, D). Therefore, A; are all imaginary cubes of
C because C and F3(k, D) have the same three square projections. In particular,
A; = F(C) is an imaginary cube of C.

Conversely, for a cube C, suppose that F(C) is an imaginary cube of C. Let
(Ai)i>o be the sequence defined as A9 = C and 4;+; = F(A;) and ¢ be a projection
to a square S along an edge of C. We show by induction that A; (i = 0,1,...) are
all projected to S by ¢. First, we have ¢(Ag) = S. Suppose that ¢(A4;) = S. Since
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Figure 4. The arrangements of cubes by (a) D2 o, (b) D30, and (c) D3, 1, which generate S,
Too, and Heo, respectively. Points in % are marked with red circles.

@(A4i) = ¢(C), we have ¢( fa (Ai)) = ¢(fa(C)). Hence, both A; 41 = Ugep fa (Ai)
and A1 = Ugep fq(C) are projected by ¢ to the same set, which is S because A; is
an imaginary cube of C. Thus, 4; (i = 0, 1,...) are all projected by ¢ to S. Then,
F3(k, D) is also projected to S because projection ¢ is a continuous map from J>
to J2. n

If F(C) is an imaginary cube, then it is a union of k2 cubes selected from the k>
cubes obtained by cutting C into k x k x k small cubes so that they do not overlap
when viewed from the three face-directions of C. Such a selection exists correspond-
ing to a Latin square of size k, which is a kK x k matrix of {0,1,2,...,k — 1} with
each number appearing exactly once in each row and column.

When k = 2, there are two such arrangements of 4 cubes but they are congru-
ent (Figure 4(a)), and therefore, there is only one fractal imaginary cube of degree 2.
When k = 3, there are two arrangements of 9 cubes modulo congruence as depicted in
Figure 4(b) and (c), and therefore there exist two fractal imaginary cubes of degree 3,
which we investigate later. For k > 4, there exist 36 fractal imaginary cubes of degree 4,
and 3482 fractal imaginary cubes of degree 5, modulo congruence [17]. Since the digit
sets of fractal imaginary cubes of degree k correspond to Latin squares of size k and
it is demonstrated in [20] that the number of Latin squares of size k is lower bounded

by (’; 'lz;k , the number of fractal imaginary cubes increases rapidly with k.

Among them, there is a class of digit sets with a uniform structure. For integers
k>2and0 <! < ’% we define the digit set Dy ; as

Dk,lz{(x,y,z)eZ3|O§x,y,z§k—1,x—{—y—I-ZEl—lmodk}.

For the unit cube C, C+I€ kK. js a union of k? cubes that form an imaginary cube.

Therefore, by Lemma 1, ¥ (k, Dy ;) is a fractal imaginary cube, which we call a
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layered fractal imaginary cube. Though Dy ; can be defined for 0 </ < k, Dy
and Dy x—;—; are congruent and thus, we only consider 0 </ < % The set Dy is

contained in the union of two planes x + y +z =—l and x + y + z =k — 1, whereas
Dy for0 <[ < % is contained in the union of three planes: x + y +z =1 — 1,

x+y+z=k+I!—1and x + y + z = 2k + [ — 1. In this paper, we investigate
the projections of layered fractal imaginary cubes and conclude with a discussion on
projections of fractal imaginary cubes in the final section.

In a fractal imaginary cube ¥ (k, D), the set of fixed points of components of the
IFS is %, which is necessarily contained in ¥ (k, D). On the other hand, for P the
polyhedron obtained as the convex hull of k’%l’ P D ¥ (k, D) because

P> F(P)D F(F((P)) D

forms a decreasing sequence whose intersection is ¥ (k, D), as we proved for a cube
C containing ¥ (k, D) in Lemma 1. Thus, we have the following:

Lemma 2. The convex hull of ¥ (k, D) is the polyhedron obtained as the convex hull
of %.
In Figure 4(a), the points of D5 o are marked with red circles, whose convex hull is

aregular tetrahedron. Since it is the convex hull of the fractal ¥ (2, D3 0), ¥ (2, D2,0)

is the Sierpinski tetrahedron which we denote by Se.

D30
2

respectively, as indicated by red circles in Figure 4(b) and (c). The convex hulls

and

For D3 ¢ and D3 1, the sets of the fixed points of the IFS components are

D31
2 2
of these sets are imaginary cubes T and H, respectively. Therefore, ¥ (3, D3,) and

F (3, D3,1) are fractal imaginary cubes with their convex hulls being T and H, respec-
tively. These fractals are denoted by Too, and Hyo, respectively. Figure 5 illustrates the
first two iterations of approximations of S, Too, Heo Starting from their convex hulls.

We define the shapes of T, and Heo as T-fractal and H-fractal, respectively.

Note that only the H-fractal exhibits six-fold symmetry and is a double imaginary
cube, whereas the other layered fractal imaginary cubes exhibit three-fold symmetry
along the vector (1,1,1). This extra symmetry of the H-fractal leads to different type of
characterization of projections that yields images with positive measure in Theorem 3.

3. Main results

In this section, we state our results about projected images of layered fractal imaginary
cubes. As noted, projected images of layered fractal imaginary cubes also possess
fractal structures. The Appendix contains photographs of 3D printed models of three
representative layered fractal imaginary cubes: Sierpinski tetrahedron, T-fractal, and
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Figure 5. The first two approximations of (a) Seo, (b) Too, and (¢) Heo.

H-fractal, casting shadows under sunlight from typical directions. We have marked
with red frames those photographs that show shadows with positive measures even
when the models were perfect mathematical representations.

Some of the positively measured images of layered fractal imaginary cubes are
depicted in Figure 6. In addition to these images, all layered fractal imaginary cubes
have square projections along the three orthogonal vectors (1, 0, 0), (0, 1, 0) and
(0,0, 1) as imaginary cubes. Furthermore, Hyo, being a double imaginary cube, is
projected to squares also along vectors (—1,2,2), (2,—1,2), and (2,2, —1), obtained
by rotating the above three vectors 180 degrees around the axis (1, 1, 1).

We now present our main theorem, which characterizes the directions along which
layered fractal imaginary cubes are cast into images with positive Lebesgue measures.
We call a vector (a, b, c) € R3 such that a, b, ¢ are coprime integers a coprime vector.

Theorem 3. Letk >2and0 <1 < % F (k, Dy 1) is projected to a set with positive
Lebesgue measure if and only if the projection is done along a coprime vector (a, b, c)
such that

(@) a4+ b+ ciscoprimetok (when (k,l) # (3,1));

(b) a+b+ciscoprimeto3ora=>b= —# # 0 (mod 3) (when (k,l) =
(3.1), i.e, F(k, Dr) = Hoo)
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(¢) Hoo, (1,1,—1) and
(1,1,-5)

(e) TOO’ (17 170)

(8) (4, D4,0). (1,1, 1) (h) (4, D4,1), (1,1, 1) (i) ¥(5.Ds2), (1,1, 1)

Figure 6. Projected images of layered fractal imaginary cubes.

Note thata = b = —# (mod 3) implies a = b = ¢ (mod 3). Note also that
the “only if” part of this theorem says that if (1) projection is done along a coprime
vector (a, b, ¢) that does not meet the conditions (a) and (b) or (2) any pair among
a, b and ¢ forms an irrational ratio, then the projected image is a null set.

According to Theorem 3(a), the fractals S and T, are projected to sets with
positive Lebesgue measures if @ + b + ¢ is not a multiple of 2 and 3, respectively. As
a special case of this theorem, we have:

Corollary 4. The projected image of ¥ (k, Dy 1) along the vector (1,1, 1) has a pos-
itive measure if and only if k is not a multiple of 3.
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Note 1: Since all the layered fractal imaginary cubes exhibit three-fold symmetry
around the axis x = y = z, their projected images along (1,1,1) also inherit this three-
fold symmetry as well. Refer to Figure 6(a), (g), (h), and (i), as well as to the pictures
in the Appendix showing shadows cast along (1, 1, 1). Among them, the projected
image of Hs,, known as the hexaflake fractal, exhibits six-fold symmetry. More gen-
erally, six-fold symmetry appears in images of ¥ (k, D k51 ) for each odd number k.
See Figure 6(i) for an example with k = 5. This fact is implied by the hexagonal
arrangement of the projected image of Dy ; along (1,1, 1).

Note 2: Theorem 3 also says that if the projection is parallel to the plane x + y + z =
0, then the image of ¥ (k, Dy ;) is a null set for every k and /. Refer to the picture
of the projected images of Seo, Hoo, and To, along (1, 1, —2) in the Appendix. One
can easily see that if (k, /) is not (2, 0) nor (3, 1), then such a projected image is
contained in a union of parallel lines. In particular, for the case of projection of T
along (1, 1, —2), the image is a union of line segments arranged according to the
Cantor set.

As stated in Theorem 3(b), the directions along which Hy, is projected to sets with
positive measures are divided into two disjoint sets. The first one is the same as that
of T and the second one is obtained by rotating the first one by 180 degrees around
the axis (1, 1, 1). We first show this fact.

Lemma 5. An integer vector (a, b, c) such that 3 + a + b + ¢ is rotated by a 180-
degree rotation around the axis (1,1, 1) to %(a, B, v) for integers a, B,y satisfying
a=p8= —W% # 0 (mod 3), and vice versa.

Proof. Since the vectors 1(—1,2,2), (2, —1,2) and 1(2,2, —1) are obtained by
rotating the vectors (1,0, 0), (0, 1,0) and (0, 0, 1) respectively, we define

(@,B,y) =a(-1,2,2) +b(2,-1,2) + c(2,2,-1)

fora,b,c € R. We aim to show that a, b, ¢ are integers such that 3 } a + b + ¢ if and
only if &, B, y are integers such thate = f§ = —O"L‘% # 0 (mod 3).

Ifa+b+c=1(mod3),thena + B +y =3(a + b+ c) =3 (mod 9) and thus
W =1 (mod 3). Since @« = 2(a + b + ¢) — 3a, it follows that = —1 (mod 3).
Similarly, B also satisfies 8 = —1 (mod 3). In the case whena + b + ¢ = —1 (mod
3), we have ¢ + 8 + ¥y = —3 (mod 9) and therefore % = —1 (mod 3) and
a=p =1 (mod 3).

Conversely, if « = 8 = —W # 0 (mod 3), thena + b + ¢ = “J”‘% %
0 (mod 3). The number a = é(—a +28+2y) = %(ZW — ) is an integer, and
similarly for » and c. ]
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Figure 7. The digit sets D5, ,, D3 o, D5 |, D} 1, and D5 ,.

We prove Theorem 3 via affine-transformed images. We consider the affine trans-
formation

_ xX+y+z—I1+1
Wk,l(x’y’z)—(xd” A —1).

It translates the digit set Dy ; to D,’CJ = Yk 1(Dk,1), which is

D,’C’l={(x,y,z)€Z3|0§x,y5k—1,(z=—1/\x+y§l—1)\/
z=0Al=x+y=<k+Il-1vV
(Z=1/\k+l§x+y)}.

Figure 7 depicts digit sets D]’C, ; for some k and /. Note that, D,/C’ ; is on the union of
three planes z = —1,z = 0 and z = 1 if / > 0, and on the union of two planes z = 0
and z = 1if [ = 0. We denote by S, T,, H, the fractals ¥ (2, Dé,o)’ F (3, Dg’o),
¥ (3, D3 1), respectively.

Instead of Theorem 3, we consider the following theorem, which is proved in
Section 5.

Theorem 6. Letk >2and0 <1 < % ¥ (k, Dy ) is projected to a set with positive
Lebesgue measure if and only if the projection is done along a coprime vector (a, b, c)
such that

(a) a=b=0(mod k) (when (k,1) # (3, 1)),
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(b) a=b=0(@mod3)ora=>b=—c (mod 3) (when (k,l) = (3,1), that is
F (k. Dy ;) = Hg)

We show the equivalence of Theorem 6 and Theorem 3.

Proof (Equivalence of Theorem 6 and Theorem 3). Because D, , is an affine image
of Dy ; by Yk 1, F (k, Dy 1) is projected along (a, b, ¢) to a set with positive measure if
and only if ¥ (k, Dllc,l) is projected along ¥ ;(a,b,c) — ¥« ,1(0,0,0) = (a,b, "Jrkﬂ)
to a set with positive measure.

Case (a) (k,1) # (3,1). We show the following two things. («): If (a, b,c) is a
coprime vector such that k and a + b + ¢ are coprime, then for some number j,
(p.q,r) = j(a,b, “Jrkﬂ) is a coprime vector such that p = ¢ = 0 (mod k). (8): If
(p.q,r) is a coprime vector such that p = ¢ = 0 (mod k), then for some m, (a,b,c) =
m(p,q,kr — p — q) is a coprime vector such that k and a + b + ¢ are coprime.
Statement (o) holds for j = k and () holds for m = & because r % 0 (mod k).

Case (b) (k,1) = (3,1). Inaddition to (a), one can easily see that (a, b, ¢) is a coprime
vector such thata =b = —“+b+c # 0 (mod 3) ifand only if (p,q,7) = (a, b, %)
is a coprime vector such that p =g = —r (mod 3). [

Theorem 3 characterized projections by fixing the arrangement of the fractal and
specifying the direction of the projection. One can also express the characterization
as a property of the projected image as follows.

Corollary 7. Let d = k+1’ x =1d, and y = 1 — d. On the projected image X of
F (k, Dy 1), consider the four points O, P, Q, and R that are the images of (x y d),

(x+d,y,0), (x,y+d,0), and (x +d,y + d, 1), which are elements of =t and
thus belong to ¥ (k, Dy ;). The set X has a positive measure if and only zfrOR =
de + qu for coprime integers p, q,r such that

(@) p=gq=r=#0(modk) (when (k,l) # (3,1)),

b) p=qgq=r#0(modk)orp=qg=-r=#0(modk) (when (k,1) = (3,1),
i.e., ¥ (k,Dr1) = Hoo)

Proof. Because affine transformations preserve the property rOR = de + qOﬁQ, we
show it for X a projected image of ¥ (k, Dl/c,l) and O, P, Q, R the images of (x, y,0),
(x+d,y,0), (x,y +d,0), (x +d,y + d,1).If the projection is parallel to the xy-
plane, then X is a null set and rOR = de + quQ does not hold for r # 0. Therefore,
the statement holds for this case.

If not, we can assume that the projection is along (a, b, ¢) for ¢ > 0 to the xy-
plane and r > 0. Then, the pomts 0, P, Q R are (x,y), (x +d,y), (x,y +d),
(x+d—- y+d bd) and rOR = pOP+qOQmeansl——= andl———q.

r
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One can see that when a, b, ¢ and p, ¢, r are coprime integers, a = b = 0 (mod k) if
andonly if p=¢ =r %0 (mod k) because p =c —a,q =c —b,r =c.One can also
seethat whenk =3,a =b=—c (mod k) ifandonlyif p=g=—-r #0(mod k). =

The following result by Kenyon that appeared as [8, Theorem 14] can be derived
as a corollary since an arbitrary non-colinear four-point set D C R? can be affinely
transformed to

D’ = {(0,0). (1,0), (0, 1), (x, y)} 3.1

for some x, y € R, that is a projected image of the digit set D/z,o along the vector
(1—=x,1—=y,1).
Corollary 8. Let D = {O,P,Q,R} C R? be a non-colinear four-point set. Then

F2(2, D) has a positive Lebesgue measure if and only if rOR = de + qO_'Q for
odd integers p,q, and r.

4. Differenced radix expansion sets

As stated in the introduction, fractals of the form %2 (k, D) with positive Lebesgue
measure are special cases of self-affine tiles. A self-affine tile is defined as a compact
set T in R” with positive Lebesgue measure, satisfying A(T) = Ugep (T + d) for
an expansive matrix A and a digit set D C R” with cardinality |det(A)|, and such a
tile is usually denoted by T'(A, D). Therefore, ¥ 2(k, D) for | D| = k? with positive

measure is T (A, D) for
k 0
A= .

Characterization of pairs (A, D) that generate self-affine tiles was studied by
Bandt [1], Kenyon [8], Lagarias and Wang [11], and others. In our study, we use
the following characterization in [11]. Here, we state it only for self-affine tiles that
have the form ¥ (k, D).

Theorem 9 ([11, Theorem 1.1]). Let k > 2, D C R” be a set of cardinality k" and
0 € D. The following four conditions are equivalent.

(1)  F"™(k, D) has positive Lebesgue measure.

2) F"™(k, D) has non-empty interior.

(3) F"(k, D) is the closure of its interior, and its boundary has Lebesgue measure
zero.
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(4) Foreacht > 1, all the (k, D)-expansions of length t designate distinct points in
&"(k,D,t), and 8" (k, D) is a uniformly discrete set, i.e., there exists § > 0 such
that for any distinct elements x,x' in §"(k, D), |x — x| > 4.

Here, (k, D)-expansion, §"(k, D,t) C R", and &"(k, D) C R” are defined as
follows. A sequence (d;)o<i<; for d; € D is a (k, D)-expansion of x € R" if x is
expressed as x = ZE;}) kid;. &"(k,D,t) C R" is the set of points that have (k, D)-
expansions of length ¢. It is inductively defined as

&"(k,D,1) =D,
§"(k,D,t) = k&"(k,D,t — 1)+ D (t > 1),

and we have §"(k, D, 1) C &"(k, D,2) C ---. Finally, the expansion set &" (k, D) C
R" is defined as

€"(k.D) =) &"(k.D.1).
t=1

In &"(k, D), we omit n if the dimension is not important. Since 0 € D, &(k, D)
satisfies

&(k,D)=k&(k,D)+ D. 4.1)
A digit set all of whose vectors have integer components is called an integral digit set.

Corollary 10 ([11, Corollary 1.1]). Let D C Z" be an integral digit set of cardinality
k™ and 0 € D. If D forms a complete residue system of 2" | kZ", then ¥ (k, D) has
a positive Lebesgue measure.

Proof. We use Theorem 9 (4) — (1). Suppose that D forms a complete residue sys-
tem of Z"/kZ". &"(k, D) is a uniformly discrete set because D is an integral digit
set. If two (k, D)-expansions (d;);<; and (e;);<; designate the same point, that is
SUZUkid; = Y2l ke, then k(XiZ) k='(d; — e;)) + (do — e) = 0 and there-
fore, dy — eg € kZ" which implies dy = e¢. We can inductively show that d; = e;
forO0<i <t. n

An integral digit set satisfying the condition of Corollary 10 is called a standard
digit set [10]. It is known that every standard digit set D gives rise to a set ¥ (k, D)
that tiles R” with a lattice tiling [12]. With this corollary, one can derive the “if” part
of Theorem 6. That is,

Lemma 11. Leta, b, c be coprime integers. F3(k, Dy, ;) is projected along the vector
(a, b, c) to a set with positive Lebesgue measure if:

(@ a=b=0(mod k) (when (k,l) # (3,1));
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(b) a=b=0(mod3)ora=>b=—c (mod3) (when (k,l) = (3,1)).

Proof. We consider the following two-dimensional digit set D}, l“’b’c C 72 that is the
projection of ¢D; , along (a, b, ¢).

D,’c,la’b’c ={(cx+a,cy+b)| x,y€Z, 0<x,y<k—-1,x+y=<I-1}
U{lex,cy) | x,y€Z, 0<x,y<k—-1,l<x+y<k+I1-1}
U{(cx—a,cy—b)| x,yeZ,0§x,y§k—1,k+l§x+y}.

Ifa = b =0 (mod k), then D ;" is congruent to
D" ={(cx,cy)| x,y €Z, 0<x,y <k —1}

modulo kZ?. Because a, b, ¢ are coprime and @ = b = 0 (mod k), ¢ is coprime to k.
Therefore, D" is a complete residue system of Z?2/kZ?>.
If (k,1) = (3, 1), then

D" = {(a.b)} U ({0, 1,22\ {(0,0). (2¢.2)}) U {(2c —a.2¢ — b)}.

It is congruent to {0, 1,2}2 modulo 3Z?2 in both cases a = b = —c = 1 (mod 3) and
a=b=—-c=-1(mod 3). [

For an integral digit set D C Z", a differenced digit set A(D) is the digit set
A(D)=D+(-D)={x—y |x,y € D}

and differenced radix expansion set is the set &" (k, A(D)). Note that 0 € A(D) even
if 0 ¢ D. Differenced radix expansion sets are important tools for investigating tiling
properties of self-affine tiles [8, 11].

To establish the “only if” part of Theorem 6, we need to prove the following two
assertions:

1 If coprime vector (a, b, c) fails to meet the conditions specified in the theorem,
then the projected image of ¥ (k, D} ;) is a null set.

2 If any pair among a, b and ¢ forms an irrational ratio, then the projected image
of ¥ (k, Dy ;) is a null set.

To achieve them, we use Theorem 9 (1) — (4), which provides two pathways for
establishing that a fractal is a null set: by identifying distinct (k, D)-expansions for a
single point, used to prove assertion 1; and by showing that & (k, ¢ (D)) lacks uniform
discreteness, used to prove assertion 2.
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For assertion 1, the existence of distinct (k, D)-expansions of length ¢ for a single
point means the presence of different sequences (d;)o<i<; and (e;)o<i<; from D,
satisfying the equation

t—1 t—1
Zkidi = Zkiei,
i=0 i=0

or equivalently,
t—1

> ki(di —e;) =0.
i=0

This indicates that 0 has a (k, A(D))-expansion different from the trivial expansion
(0)o<i<¢- Therefore, one can infer that ¥ (k, D) is a null set by analyzing the differ-
enced radix expansions of the zero vector.

Kenyon’s proof of Corollary 8, as presented in [8], employed this framework.
Though it was formulated within the two-dimensional setting, Kenyon’s reasoning can
be interpreted as considering the digit set (3.1) as a projection of a three-dimensional
digit set and deriving properties of two-dimensional differenced radix expansion sets
through the analysis of their three-dimensional counterparts. In the following, we for-
malize this idea as a methodology for analyzing projected images of fractals of the
form F3(k, D).

Let 0, and 03 denote the two and three dimensional zero vectors, respectively. For
a three-dimensional digit set D C R3 and a projection ¢, we have

A(p(D)) = ¢(A(D)).

In addition,
&2(k.¢(D)) = ¢(€3(k. D))

holds. Therefore, we have
&2 (k. A(p(D))) = ¢(&° (k. A(D))).

Thus, any (k, A(¢(D)))-expansion of 0, is obtained as a projection of a (k, A(D))-
expansion of an element in ¢~ (0,). It means that one can show that ¥ 2(k, ¢(D)) is
a null set by showing that ¢ =1 (0,) N &3(k, A(D)) contains an element other than 05,
or 03 itself has an (k, A(D))-expansion other than the trivial expansion (03)o<;j<;. If
¢ is a projection along (a, b, ¢), then ¢~1(0,) = {(ja, jb, jc) | j € R}. Therefore,
we have the following theorem. Note that §2(k, ¢(D)) is always a uniformly discrete
set for an integral digit set D € Z?> and a projection ¢ along an integral vector.

Theorem 12. Let D C 73 be an integral digit set of cardinality k?, a, b, ¢ be coprime
integers and ¢ be a projection along (a, b, c). ¥3(k, D) is projected to a null set by
¢ if and only if (ja, jb, jc) € &3(k, A(D)) for some j # 0 or 03 has a (k, A(D))-
expansion other than those of the form (03)o<i<;-
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This theorem allows us to study the directions along which % 3(k, D) is projected
to null sets by analyzing the shape of the three-dimensional differenced radix expan-
sion set &3 (k, A(D)). Also for assertion 2, the analysis of &3 (k, A(D)) proves useful.

Lemma 13. 7 3(k, D) is projected to a null set by a projection ¢ if. for all § > 0,
there exists y € &3(k, A(D)) such that 0 < |g(y)| < 8.

Proof. We show that &2 (k, (D)) is not uniformly discrete and apply Theorem 9. For
&2(k, (D)) not to be uniformly discrete means

V8 >0 3x,x’ € &2(k, (D)) such that [x — x| <§ A x # x’
& V8§ >0 3x € &%(k, A(p(D))) such that 0 < |x| < §
& VE>0 3x € (p(83(k, A(D))) such that 0 < |x| < &
& V8§ >0 3y € & (k, A(D)) such that 0 < |p(y)| < § n

Though Theorem 12 and Lemma 13 are applicable to any integral digit set D, the
structure of &3(k, A(D)) appears to be complicated in general, making it challenging
to derive useful results directly from them. This is why we focus our analysis on
layered fractal imaginary cubes % 3(k, Dy ;) and introduce affine-transformed fractal
objects F3(k, D; ;). In the next section, we analyze the structure of &3(k, A(Dy )
to derive the “only if” parts of Theorem 6.

5. Proofs of the main theorem

We prove the “only if” part of Theorem 6. We first consider the case of Soo =
¥ (2, Dy ), for which we have a simplified proof. Subsequently, we present a proof
applicable to F (k, D; ;) in general.

5.1. Sierpinski tetrahedron case

We analyze the projected images of S/ by examining the structure of & (2, A(D’z’o)).
For a subset A C Z3 and an integer z, we use the notation A, to represent the slice
{(x,) ] (x,y,z) € A}. We simplify notation by introducing A as a shorthand for
A(D} ) and € as a shorthand for €(2, A(Dj ,)). The differenced digit set A is
decomposed into slices as follows:

Ar={(x.y) |x.y<lax+y=1}
Ao = {(x,y) | Ix].[y].|x + y| < 1},
Ay ={(x.y)|x.y=—-1Ax+y=<-1}.
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z=-1 z=0 z=1

: oo | oo
0 0 0 —

-1 0 1 -1 0 1 -1 0 1

Figure 8. The differenced digit set A(DJ ).

z=0 z 4
00000000000 000 00000
8 (o] [ 00 | o¢ [
[ 0000000 000 00000
61000°0
000 00000 000 00000
4 ° | o
9 000 00000 [ J
000000000 [
0100
[ J 0000000 ill
20 2 16 8 20 2 4 6 220 2 1 6 8

Figure 9. Points in £(2, A(D/z,o)) for =2 < x,y < 9,0 <z < 4 are represented by blue and
orange filled circles. Among them, points in 2&(2, A(Dé,o)) have black borders and transla-
tions of A(Dé’o) by (0,0, 0), (2,6,0) and (6, 2,2) are colored orange.

These sets are depicted in Figure 8. By equation (4.1), the slices of the differenced
radix expansion set & satisfies the followings:

Exn =28, + Ao, 5.1
Ent1 =28p41 + A1 U 26, + Ay (5.2)

Some parts of & are calculated and depicted in Figure 9. Note that it is not an inductive
definition because &y depends on &y, and &; depends on &y and &;. Note also that
equation (5.2) has the form of the union of two sets, which makes the analysis of the
structure of & complicated. Contrary to this, we will see in Lemma 14 below that &
has a rather simple form. To show this, we define the set C C Z3 as follows:

B =277,
Co =77,
Come = Z*\2"B (m > 0, c is odd).

Lemma 14. & = C.

Proof. & C C is demonstrated by proving that for all ¢, (2, A,t) € C holds by
induction on ¢, that is straightforward and we omit it. C € & is demonstrated by
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proving
VxeZ}xeC=xek

through well-founded induction on |x|, where |(x, v, z)| = |x| + |y| + |z|. It holds
for the case |x| = 0 because 03 € C and 03 € §. For x = (x, y, z) € C satisfying
|x] > 0, we define x” € C such that x € 2x’ + A as follows.

Case z = 0 (Refer to column z = 0 of Figure 9). If (x,y) € Ap, we set x’ = 03. If
(x,y) &€ Ao, the family of sets {2(x’, y’) + Ag | (x, y") € Z?} covers Z?. Therefore,
we can choose x” = (x’, y",0) € Z? x {0} C C such that (x, y) € 2(x’, ") + Ao.

Case z = 1 (Refer to column z = 1 of Figure 9). The family {2(x', y') + A |
(x’,y") € Z?} covers Z?* \ B = C; without overlaps. Therefore, we set x’ to be the
unique vector (x’, y’, 0) such that we have (x, y) € 2(x’, y’) + A;.

Case z = —1. Similar.

Case z is even and z # 0 (Refer to column z =2 of Figure 9). 1If y and z are even, then
we set x’ = (x/2,y/2,z/2) € C. Otherwise, the family {2(x’, y') + Ag | (x',y') €
72} double covers Z? \ B. On the other hand, the family {2(x’, y’) + A¢ | (x, ') €
B} is disjoint. Therefore,

{2(x.y") + Ao | (x'.y") € Z*\ B}
covers Z2 \ B. Thus, we can choose x’ = (x’, y’,z/2) € C such that
(x,y) €2(x',y") + Ay.

Case z is odd and |z| # 1 (Refer to column z = 3 of Figure 9). In this case, (x, y) &€ B.
The family

R+ A (K y)eZ? U2 y) + Ay | (X y) € 27}
is a double cover for Z2 \ B. On the other hand, the family
2. y)+ AL (¢ y) e BU{2(x',y) + A1 | (¢, )') € B}
is disjoint. Therefore, the family
{2y + AL | (5. y) € Z2\ By U{2(x'.y") + Ay | (x'.y) € Z*\ B}

covers Z2 \ B. Since C;y 2 Z? \ B for z/ = £51 and z/ = Z}1, we can choose
x =y, %) € C such that (x,y) € 2(x’,y) + Ay orx' = (x/, y/, Zerl) eC
such that (x, y) € 2(x', ) + A_;.

One can see that in all the cases, |x’| < |x|. Therefore, x’ € & by induction hypoth-

esis. Thus, x € 2x' + A C 28 + A = 6. m
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Note: As this proof illustrates, formulating a (2, A)-expansion for a given vector
(x, y,z) € C would become complex. This complexity necessitates a case analysis
based on congruence modulo 4 for both x and y coordinates when z is odd.

Now, we prove the “only if” part of Theorem 6 for the case k = 2,1 = 0.

Lemma 15. If (a, b, ¢) is a coprime vector such that either a or b is an odd number,
then S, is projected along (a, b, c) to a null set.

Proof. By Lemma 14, we know that (a, b, c) € &. Thus, the statement follows from
Theorem 12 with j = 1. |

Lemma 16. If any pair among a, b and c forms an irrational ratio, then S is pro-
Jected along the vector (a, b, c) to a null set.

Proof. In the case where ¢ = 0, let ¢ be the projection along (a, b, ¢). Since ¢
maps the three points (0, 0, 0), (1,0,0), and (0, 1,0) € Dé,o onto the same line,
&(2, QD(D/z,o)) is not uniformly discrete. The statement follows from Theorem 9.
_ b . N
Suppose that ¢ # 0. Let u = % and v = . We consider the projection ¢ along
(a,b, ¢) to the xy-plane, whose image is ¥ (2, Dg"") for

D" =1{(0,0),(1,0), (0,1), (1 —u, 1 —v)}.

Let | x| and {x} be the integer and fractional parts of x € R, respectively. For arbi-

trary j, [o(Ljul. [jv]. DI = le(u—{ju}, ju—{jv}. )l = |({ju}.{jv})| because
¢(u,v,1) = 0. We show the following claim and apply Lemma 13.

Claim. For all § > 0, there exists j € 27 such that

(Liul. Ljv].j) € € AO < |({ju}, {jv})l <8

We first consider the case when u is irrational and v = g is rational. The set
{{j'u} | j' € qZ} is a dense subset of [0, 1]. Therefore, there exists some j’ such
that 0 < {j'u} — % < g and {j'v} = 0. Since 0 < 2{j'u} — 1 < §, we obtain that
0<2(j'u—|j'ul)—1<$§.Thus, for j =2j',0 < ju—2[j'u] —1 < 4. It means
that | ju] = 2|j'u] + 1 and 0 < {ju} < §, and therefore (| ju],|jv],j) € C and
0 < |({{ju},{jv})| < 8. If u and v are both irrational, we have a similar argument
starting with a dense subset {({j'u}, {j’v}) | j’ € Z} of [0, 1]*> and choosing j’ such

that 0 < {j'u} — 1 <%and0<{j’v}—% <8

3 "

5.2. The general case

We proceed with the proof of the “only if”” part of Theorem 6 for all cases 2 < k
and 0 < [ < X, including the specific instances of Ty = (3, D5 p) and Hy, =
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¥ (3, D} ;). In this subsection, we fix k and / and denote A(D; ;) and & (k, A(D; ;))
as A and &, respectively. Note that, though we simplify our notation by omitting
parameters k and /, these sets, along with others introduced subsequently such as B,
B’, G(m), G'(m) and A(m), depend on the chosen values of k and /. Slices of A have
the following forms. Here, A_, and A, are empty sets when / = 0.

Ay ={(x.y)€Z’| |x|.|y| <k—1,k+1<x+y} (whenl>0)

Ay ={(x.y)eZ’| I —k+2<x.y<k—-1.1<x+4y<2k—-1-2}
Ao={(x,y)€Z®| |x|,Iy| <k -1, |x+y|<k—1}
A—1={(X,y)ez3| l—-k<x,y<k-1-2, —2k+l+2§x—|—y§—1}
Ap={(x.y)eZ®| |x|.]y|<k—1,x+y=<—k—1} (whenl>0)

These sets are depicted in Figure 10 for the cases (k,/) = (3,0), (3, 1), (4,1) and
(5, 2). In these and subsequent figures, the elementary vectors (1, 0) and (%, ‘/Tg)
are used to demonstrate their three-fold symmetries after the corresponding linear
transformation. We sometimes use the hexagonal norm on R? defined as

H(x,y) =max(|x|,|y x—l—y|). 5.3)

)

For every k and [, Ay is the set of points in the disk of radius k — 1 with this norm,
that is a regular hexagon with these elementary vectors. Refer to z = 0 column of
Figure 10.

If (k,1) is not (3, 1) nor (4, 1), the following relation holds by equation (4.1).

8kn+i =k§, + A; (i :—2,—1,0,1,2)

When (k,l) = (4,1), A, and A_, are not empty and kn + 2 = k(n + 1) — 2 holds.
Therefore, in this case,
Eangnr =486, + Ay U4E, 11+ Ay

Overlaps also occur when (k,/) = (3, 1), and we have
E3n—1 =38, + A1 U3E—1 + Ay, (5.4)
8311 = 3811 + A0 ,
83n+1 = 38n + AU 3gn-l-l +A,.
The structures of & for k > 2 are quite complicated and one could not easily

characterize them as we did for the case (k,!) = (2, 0). However, for the following
proof, we only use the slices Egmn_1) for m,n > 0, that have rather simple and
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—3-2-101 2 3
A(D5,) :
z=-2

--------
—4-3-2-10 12 3 4 —4-3-2-10 12 3 4 —4-3-2-10 12 3 4 —4-3-2-10 12 3 4 —4-3-2-10 12 3 4

Figure 10. The differenced digit sets A(D} (), A(Dj ), A(D} ;) and A(D5 ,). In this and

the following pictures, the elementary vectors (1, 0) and (%, ‘/75) are used to demonstrate their
three-fold symmetries.

uniform structure as we see in Lemma 19. &, for z = 0,1,k — 1, k, (k — 1)k are
depicted in Figure 11 for the cases (k,[) is (3,0), (3, 1), and (5, 2).

In Lemma 19, we express Exm n—1) using the sets B, B’, and A(m) (m =0,1,...)
defined below. The sets B and B’ are defined as follows:

B k7?2 ((k,1) # (3, 1))
| kzZ?2UkZ? 4+ (1,1) ((k.]) = (3.1))

B _{ kz? ((k,D) # (3. 1)
| kZ2UkZ? 4+ (-1,-1) ((k,])=(3.1))

As we are going to see, B is the complement of &; and B’ is the complement of §_;.
Thus, for a visual representation of B, refer to the z = 1 column in Figure 11. We
have
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E(3.A(D} ) :

z = z=1

G| oo oo oo oo oo /ee

—-6-30 3 6 9

(. A(D} ) :
=0 z=06

0000 O “O" 00 ....
O «

T

cooe

(XXX

€(5. A(D5,))
z=0

Figure 11. Slices at 0, 1, k — 1, k, k(k — 1) of €(3, A(D3 ), €(3, A(Dj ), and
&(5, A(Dg’z)). In the first two lines of figures, points in 3& have black borders and x + A
for some x € 3§ are colored orange.

Lemma 17. (1) kZ?>+ A, =Z?\ B'.
(2 kZ?>+ A_; =72\ B.

Proof. (1) When (k,l) # (3, 1), the set Ay is congruent to {0, 1,....k — 1}2\ {(0,0)}
modulo kZ?2. When (k,[) = (3,1), Ay isequal to {0, 1,2}%\ {(0,0), (2,2)}. The proof
of (2) is similar. ]

The sets A(m)(m = 0,1,...) are defined as follows:

G(m)={(x’J’)EZZ|X,y§0/\x+y2_km+1}

(k+Dk™

x+y<_w}

G’(m):{(x,y)eZzlx,yz— 5
G(m) (except for the followings)

Alm) = { G(m)U G'(m) (kisoddand ! = %51

A(m) represents the void around the origin in Egm n 1) for any n > 0. In the third and
fifth columns of Figure 11, A(0) and A(1) appear as void spaces around the origin, for
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the cases of (k, /) being (3, 0), (3, 1), and (5, 2). Please note that the central “island”
within these voids, observable in the case of (k,!) = (3, 1), should be disregarded.

Key properties of A(m) are given in Lemma 18. For that purpose, we introduce
some notations:

V ={(0,0). (—k.0), (0, —k)}

E = {(=1,1),(0,1),(1,0), (1,—1), (0, 1), (=1,0)}
N(X)= (X +E)\ X

E is on the unit circle with respect to the hexagonal norm (5.3), and N (X) denotes
the set of points in the outer boundary layer of X, i.e., each located one unit away
from the nearest point in X with respect to the hexagonal norm.

Lemma18. (1) {(0,0)} = Ag \ (kE + Ay).
(2) A(0) = (A1 \(kE+A_p)UV.
(3) A(m + 1) = (kA(m) + Ag) \ (kN (A(m)) + Ao).

Proof. (1) Easily checked.
(2) We prove A(0)=(A_; U V)\(KE + A_;). The six copies, {kx + A_; |x € E},
of A_; collectively create a void space around (0, 0). We show that it coincides with
A(0). Considering that A_; possesses a hexagonal or triangular outline, the void typ-
ically manifests as a “star-like” or a triangular configuration. For [ < % — 1, the edges
of k(—1,1) + A_; and k(0, 1) + A_; merge, forming a continuous edge. This pattern
of connection repeats symmetrically for the pairs (k(1,0) + A_1, k(1,—-1) + A_1)
and (k(0, —1) + A_q, k(—1,0) + A_;), yielding a triangular void represented by
G(0). Refer to z = 2 slice of (3, A(Dj 4)) in Figure 11 for an example. The other
case [ > ’% — lisexactly the case k isoddand [ = % because ’% > [. Under these cir-
cumstances, each of the aforementioned edge pairs exhibits a single-point separation,
culminating in a “star-like” formation identified as G(0) U G’(0). Refer to z = 2 and
4 slices of €(3, A(Dj ;) and & (5, A(Dj ,)), respectively, in Figure 11 for examples.
(3) We examine the structure of the void space around (0, 0) formed by the set
{kx + Ag | x € N(A(m))}, where each copy of Ay is placed k units away from one
another and from the outer edge of the set k A(m) with respect to the hexagonal norm.
It is important to note that Ay is larger than A_;, resulting in no gaps between edges
of adjacent elements as observed in (2). Consequently, this arrangement preserves the
overall shape of kA(m), effectively creating what we identify as A(m + 1). Refer
to the z = 6 slices of &(3, A(Dj})) and &(3, A(Dj;)), and the z = 20 slice of
€(5, A(Ds ,)) in Figure 11 for examples. ]

With these preparations, we show the necessary properties of some of the slices
of &.
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Lemma 19. (1) & = Z>2.
(2) Exn = Z*\ k"B’ forn > 0.
(3) Exmgn—_1) 2 7> \k™B\ (km+"B/ + A(m)) form >0, n > 0.
Proof. (1) Adopting the same approach as the proof for the z = 0 case presented in

Lemma 14.
(2) Induction on n.

Case n = 0 (Refer to z = 1 column of Figure 11.) We show that & = Z? \ B’.
When (k,1) # (3. 1), & = k&g + Ay = kZ? + Ay, which is equal to Z? \ B’ by
Lemma 17(1). When (k,]) = (3,1),6; =380+ A1 U386+ A_rand 36, + A, C
3Z?% + (=2,—-2) € 372 + A,. Therefore, also for this case, &; is equal to Z? \ B’.

Case n > 0 (Refer to z = k column of Figure 11.). We assume that gn—1 = Z2 \
k"~ B’ and show that &x» = Z2 \ k" B’. We have

Exn = kEn—1 + Ao = k(Z>\ k" 'B") 4+ Ao
= (kZ*\ k"B') + Ay .

Since kZ? 4+ A¢ = Z? and no points of k E belong to k" B’, it follows that this is equal
to Z2 \ (k" B’ + K) where K is the subset of A that does not intersect with x + Ag
forevery x € kE. Thatis, K = Ao \ (kE + Ao), which is {(0,0)} by Lemma 18(1).
Thus, Exn = Z2> \ k" B'.

(3) Induction on m.

Case m = 0 (Refer to z = k — 1 column of Figure 11.). We prove the inclusion
En_1 2 Z*\ B\ (k" B’ + A(0))

for n > 0. In both cases (k,l) = (3,1) and (k,[) # (3, 1), we have that Egn_; D
k&yn—1 + A_;. Therefore,

Exn_1 D kEn—1 + Ay = k(Z*\ k" 'B) + A_,
= (kZ*\k"B') + A_;.
We have kZ? + A_; = Z2 \ B by Lemma 17(2). In addition, no points of k E belong
to k" B’. Therefore, it is equal to (Z2 \ B) \ (k"B’ + K)for K = A_; \ (kE + A_y)

asin (2). By Lemma 18(2), K becomes A(0) by adding the three points (0, 0), (—k,0),
(0, —k), which are already contained in B. Thus,

En_1 27>\ B\ (k"B + A(0)).
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Case m > 0. By induction hypothesis

Skm(k”—l) = kgkm—l(k"—l) + Ay
DE(Z>\K" B\ (KB + A(m — 1)) + Ao
=kZ>*\ k"B \ (k™" B’ + kA(m — 1)) + Ay .

Since kZ? + Ag = Z?2,itisequal to Z2 \ (k™ B + K) \ (k™" B’ + K') where K is
{(0,0)} as in (2), and K’ is the subset of kA(m — 1) + Ay that do not intersect with
x + Ag for x € kZ? \ kA(m — 1). Note that kN (A(m — 1)) coincides with the set
of points x € kZ? \ kA(m — 1) such that x + Ay intersects with kA(m — 1) + A,
because Ay is the disk of radius k — 1 with hexagonal norm. Therefore, K’ is the
subset of kA(m — 1) + Ay that do not intersect with x + A for x € kN (A(m — 1)),
that is,

K' = (kA(m — 1) + Ag) \ (kN (A(m — 1)) + Ay)
which is A(m) by Lemma 18(3). Thus,
Exmpn—1y 2 Z>\ k™ B\ (K" B’ + A(m)). "

Note: In Lemma 19(3), the specific shape of &3m(32_1) was not detailed as it was
not necessary for our discussion. The equality in this lemma holds when (k, ) #
(3,1). When (k, 1) = (3, 1), a precise specification of E3m(3n_1) can be given: within
&3m(3n_y), each A(m)-shaped void contains a hexagonal “island”. This island takes
the form of the intersection of G (m) and G’(m), which is then reduced by removing
points along its boundary. This fact is proved inductively: First,

83!1_1 = 383n—1 + A_l U 383;1—1_1 + Az

by (5.4). This formula allows for the inductive specification of &3»_; based on the
knowledge of &3.—1. With this as the base case, E3m3n_y1) is specified by induction
on m according to the formula

837n(3n_1) = 383m71(3n_1) + A().

Now, we prove the “only if” part of Theorem 6. In the proof of Lemma 15, we
showed that (a,b,c) € §3(2, A(Dlz,o)) and then applied Theorem 12 for j = 1. How-
ever, in the proof of Lemma 20 below, (a, b, ¢) & &3(k, A(D,/(J)) in general and
therefore, the same argument does not apply. Instead, we prove that

(ja. jb. jc) € €3 (k. A(Dy )

for some j > 0.
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Lemma 20. Letk >2and0 <! < ’% Suppose that a, b, ¢ are coprime integers such
that

(@) —=(a =b =0 (mod k)) (when (k,1) # (3,1));
(b) =(a = b =0 (mod 3)) A—(a = b = —c (mod 3)) (when (k,1) = (3,1)).
Then, ¥ (k, D]’CJ) is projected along (a, b, ¢) to a null set.

Proof. First, we construct numbers s, m, n and a sequence fg, {1, . .. such that
20
tpsc = k™ (k=" —1)

for every p > 0 as follows. Consider an s’ for which s’c has the form k™ ¢’, where ¢’
is an integer that is coprime to k. We choose the smallest such s/, that is not a multiple
of k nor shares any common factors with ¢’. By applying Euler’s theorem, k#") = 1
(mod ¢’) for ¢ the Euler’s totient function. It follows that, for n = ¢(c’) and some
s >0, s"¢’ = k™ — 1. Consequently, for s = s's”, we have sc = k™ (k" — 1). Let
fo=landz, = (k2" 7'" 4 1)+ (k2" + 1)(k" + 1) for p > 0. They satisfy

tise = k™(K" + 1D)(k" — 1) = k™ (K" — 1).

Similarly, we can show by induction that t,s¢ = k™ (k2" — 1) forall p > 0.
Next, we show the following claim:

Claim 1. (tpsa,t,sb) € k" B.

Case m > 0. Suppose for contradiction that (¢,sa,t,sb) € k™ B. Since t, and s” are
coprime to k, both s’a and s’b are multiples of k™. Since s'c is also a multiple of k™
and s’ is not a multiple of k™, it follows that a, b, ¢ share a common factor, which
contradicts the assumption that a, b, ¢ are coprime.

Case m = 0. In this case, s’ = 1. Therefore, the condition (a, b) ¢ kZ? implies
(tpsa, tysb) € kZ2. This proves the case (k, ) # (3,1). When (k,l) = (3, 1), we
also need to show (¢,54a, t,sb) & 3Z2 + (1, 1). In this case, either a or b is not con-
gruent to —c modulo 3. Therefore, ,sa or #,sb is not congruent to —¢,sc¢ modulo 3.
Since tps¢ = 3" — 1 = —1 (mod 3), it follows that t,sa or #,5b is not congruent to 1
modulo 3.

Now, we fix p such that 2”n > m + 1. We show the following claim:

Claim 2. (ja, jb, jc) € & holds for at least one of ] = t,s or j = tp415.

Let h = k2”7t and C = (k2"" + 1)A(m). For the sake of contradiction, sup-
pose that both (t,sa, t,sb,tpsc) & & and (tp415a, tp+15b, tp115¢) & & hold. Since
tysc = k’”(kzp — 1), using Lemma 19(3) and Claim 1, we can show that for p’ > 0,



H. Tsuiki 330
the condition (#,/sa, t,'sb, tyysc) & € implies (f,/5a, t,sb) € Jem+2""n g1 + A(m).
Therefore, we have the following:
(tpsa,tysh) € k™2 B + A(m)
(tp415a.tp415b) € k™27 B 1 A(m)

P P

From the first formula, we have
(tp+15a, tp15b) € (K" + 1) (K™ T2"" B’ 4+ A(m)).
‘We show that the two sets
(k2" + 1) (k™2 B’ + A(m)) and k""" B 1 A(m)

do not intersect outside of k™ B, which is a contradiction since (¢p+15a,tp4+15b) &
k™ B by Claim 1.

Case (a) (k,1) # (3,1). We have
(kzpn + 1)(km+2PnB/ + A(m)) z(kzl’n + 1)(km+2Pn+IZZ + A(m))
=(k*"" + DhZ? + C (5.5)
and
k2B A(m) = K2 ""RZ2 + A(m). (.6)

Modulo hZ?, the sets (5.5) and (5.6) are congruent to A(m) and C, respectively.
For ¢ = (k2”" + 1)k™, C is contained in the triangle with vertices at {(0,0), (—kg.0),
(0,—kq)} when k is even or [ # ’%1 and C is contained in the union of this triangle
and another one with vertices at

R

when k is odd and [ = ’%1 Refer to Figure 12(a) which depicts the points in C and
some copies of A(m) modulo hZ? for the case (k,l) = (5,2) with the parameters
m = 0,n = 1, p = 0. Clearly, the second triangle does not intersect with copies of
A(m) modulo hZ?. Since kq = h + k™11, the first triangle intersects with copies of
A(m) modulo hZ? at the three vertices. With the hexagonal norm, k2”” + 1, which is
the distance between any two adjacent points of C, is greater than k™!, the distance
between pairs of points among the vertices {(0,0), (0, —k™*1), (=k™*1,0)} of A(m),
because 2”n > m + 1. Therefore, these three vertices are the only points shared by
C and copies of A(m) modulo h#Z?. However, these three points belong to k™ B.
Therefore, the two sets defined in (5.5) and (5.6) do not intersect outside of k™ B.
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2 (~h-2km, )

(-h-km+10) KA (0,0) (0,0)

(~h-2k",-h-2k™) (km, -h-2km)

(07_h_km+1)
@k=51=2,m=p=0,n=1. Mb)k=3,I=1,m=p=0,n=1.S0,h=9
Thus & = 25 and C = 6A(0) on the slice and C = 4A4(0) on the slice t,15¢ = 8.
Ipr15c = 24.

Figure 12. Configurations of copies of A(m) and C. Points in C are shown as blue points, and
copies of A(0) modulo hZ are located within dark “starlike” regions. In (b), only the second
copy of C is depicted.

Case (b) (k,l) = (3,1). Instead of (5.5) and (5.6), we have the following:

(kzpn + 1)(km+2pnB/ + A(m))
= (k¥ + D((k™ 2722 1 A(m)) U (k™2 (k22 + (—1,-1)) + A(m)))

= ((k*"" + DhZ? + C) U ((K*"" + DhZ? + (k> + DK™ 271 (—1,-1) + C)
(5.7)

and

k20T L A(m)
= (K*""hZ? + A(m)) U (k™27 (k22 + (—1,=1)) + A(m)).  (5.8)

The set (5.8) is congruent to A(m) modulo £Z?, and the set (5.7) is congruent to
Cu (-4, —%) + C modulo hZ?, because k" +2"" = % for the case k = 3. C does
not intersect with copies of A(m) modulo hZ? outside of k™ B, as we studied in
(a). (—h, —%) + C consists of two triangles that are translations of those we studied
for the case (a) by (-2, —%). Refer to Figure 12(b) which depicts [ —’g’) +C
and some copies of A(m) modulo hZ? for the case (k,/) = (3, 1) with the parame-
ters m = 0,n = 1, p = 0. Clearly, the first triangle does not intersect with copies
of A(m). For the second one, the three vertices are translations by (—%, —%) of
{(=2q.9).(q.—29). (=2q,—2q)) for g = k™+t2"n 4 |m = %’ + k™, which are

{(=h = 2k™ k™), (k™ —h — 2k™), (=h — 2k™, —h — 2k™)}.
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These three points are congruent to (—2k™, k™), (K™, —2k™) and (—2k™, —2k™),
respectively, modulo 472, and they also belong to A(m) modulo hZ?2. These three
vertices are the only points shared by (—%, —%) + C and copies of A(m) modulo
hZ? as we studied for the case (a). However, they belong to k”* B. Therefore, the two
sets defined in (5.7) and (5.8) do not intersect outside of k™ B. This finishes the proof
of Claim 2.

By Claim 2, (ja, jb, jc) € & for some j > 0. Therefore, by Theorem 12, the set
F (k, D]/C,l) is projected along (a, b, c¢) to a null set. [

Finally, we prove the irrational part of Theorem 6.

Lemma 21. If any pair among a, b and ¢ forms an irrational ratio, then ¥ (k, D;_,)
is projected along the vector (a, b, ¢) to a null set.

Proof. 1If ¢ = 0, let ¢ be the projection along (a, b, ¢). Since the digits on the plane
z = 0, whose cardinality is at least k¥ + 1, are mapped by ¢ onto the same line,

&€ (k. (D)) is not uniformly discrete. The statement follows from Theorem 9.

— _ b _ . L
Ifc #0,letu =7, v=7andu = (u,v). We consider the projection ¢ to the

c b
xy-plane and aim to prove

Vr > 03y € & such that 0 < |p(y)| < %

in order to apply Lemma 13. In Lemma 16, the point y was chosen from even slices
of £(2, Alz,o)‘ On the other hand, we need to choose y from the k™ (k" — 1)-th slices
of &(k, A}CJ) for m > 0,n > 0 as we understand the structure of & only on these
slices. Moreover, since these slices contain large voids, it is crucial to avoid them
when selecting y. Consequently, our proof methodology here differs from that used
in Lemma 16.

For x = (x, y) € R?, we define |x] as (|x], |v]) and {x} as ({x}, {y}). For
a given r > 0, we partition the unit square [0, 1)? into k2" disjoint regions and set
fls.0) = [ 55 x [&. 554) for 0 < 5,1 < k”. By the pigeonhole principle, at
least one of these regions, say f(s,?), contains an infinite number of points from
{{k'u} |i >0}.Let0 < gy < g1 < ---be the enumeration of {i | {k'u} € f(s.1)}.
We then define the numbers %, m, and n; for i = 0, 1, ... as follows: let 7 = gy,

m=gi,andn; = gj1o —m.
Letx; = |_km+niuJ — LkmuJ, (xi,yi) = x;,and yi = (xi,yi,km(kni _ 1)) For
each i, y; satisfies |p(y;)| < klr with respect to the maximum norm because
lo(yi)| = [(xi, yi) — k™ (k" — 1)u]
= |x; — k" u + k" u|

1
= [—{k" "y + (k)] <
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Therefore, we complete the proof by showing that y; € & for some i. By
Lemma 19, it means x; € Z?\ k™ B \ (k"™*" B’ + A(m)). We demonstrate the fol-
lowing claim

Claim. For some i, both x; € k™ B and x; ¢ k™" B’ + A(m) hold.
Suppose, for the sake of contradiction, that x; € k™ B or x; € k™1" B’ + A(m) for

every i.If x; = |k "iu| — |k™u| € k™" B’ + A(m) then

1192
K — My € KB 4 A(m) + [— ] .

Therefore,
ki LA + [ 2]
c B/ k k
“E 1" T o
c K B + ! [k —1,1]? (5.9)
~kmi —1 kmi —1 T )

If this holds for arbitrary large n;, then we have u € B’. However, it contradicts the
fact that at least one component of u is irrational. Therefore, x; € k"% B’ 4+ A(m)
only for a finite number of i. Let / be their maximum. Thus, x; € k™ B fori > I.

Let (4;);>0 and (v;);>0 be the k-ary expansions of the fractional parts of  and v,
respectively, and let 0,7 € {0, 1,...,k — 1}" be the k-ary expressions of s and ¢,
respectively. We say that an infinite sequence (u;);>0 contains a sequence o at posi-
tion n if, for r the length of o, (4;)n<j<n+r is equal to 0. According to the definition
of the indices h,m,n; (i =0,1,...), (uj);>0 and (vj);>o contain ¢ and t, respec-
tively,at h,mandm +n; (i =0,1,...).

Since x; = [k " u| — |k™u| € k™B C k™Z? fori > I, the last m digits of
the integral parts of k-ary expansions of k™u and k™" y coincide for i > I. Let
a be this sequence of length m. Then, (4;);>0 contains « at the indices 0 and »n;
(i > I). Since (uj)j=o contains o at m and n; +m (i > I), (u;)j>o0 contains the
sequence oo at 0 and n; for i > I, On the other hand, the sequence oo contains
o twice at indices & and m. Therefore, (4;);>¢ contains o at n; 4+ h and n; + m.
The same is true for (vj);>0 and 7, and (vj);>0 contains = at n; + & and n; + m.
Since both n; + h and n;_1 + m are the last index before n; + m at which ¢ and
T are contained in (4;)o<; and (vj)o<; simultaneously, n; + h = n;_; + m holds.
Thus, we have n; —n;_1 = m — h and the subsequence (), _,<j<n, is equal to the
sequence dg<j<m—p forall i > I.Thus, u is rational, and similarly v is also rational.
This contradicts the fact that u or v is irrational. This completes the proof of the
Claim. |
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130 2 s* W,
p=ta||2 013 ™
31 20 WS
023 1 ks
(@) A digit set D expressed (b) The projected image of ¥ (4, D)
as a  Latin square. Here, along (1,1, 1). It is positively mea-
Lat(L) = {(x, y, L(x, ) | x, y € sured by Corollary 10.
Z,0<x,y =<3}

Figure 13. A projected image of a non-layered fractal imaginary cube ¥ (4, D).

6. Concluding remarks

We have characterized the directions along which layered fractal imaginary cubes,
including the Sierpinski tetrahedron, T-fractal, and H-fractal, are projected to sets
with positive measures. As explained in Theorem 3, such directions are uniformly
described, with the exception of the H-fractal case. The H-fractal possesses a unique
property that it exhibits six-fold symmetry, which effectively “doubles” its projected
images with positive measures.

A natural question would be whether our result can be generalized to fractal imag-
inary cubes, that is, imaginary cubes of the form % 3(k, D) with |D| = k2, in general.
About fractal imaginary cubes, the following proposition holds immediately.

Proposition 22. A fractal imaginary cube of degree k is projected to a set with pos-
itive measure along the vector (ak, bk, 1) and its permutations for any integers a
and b.

Proof. Since the set {(x, y) | (x,y,z) € D} forms the grid {0, ...,k — 1}? as stated
in Lemma 1, the projected image of D along the vector (ak, bk, 1) to the xy-plane,
which is {(x —akz,y — bkz) | (x,y,z) € D}, is a complete residue system of
7 kZ?. Therefore, the statement holds by Corollary 10. n

Some non-layered fractal imaginary cubes of degree 4 yield projected images with
positive measures along the vector (1,1,1), as illustrated in Figure 13. However, not all
of them exhibit this property, indicating that further research into this area is needed.

Another intriguing question would be about fractal imaginary “squares”. We
define an imaginary square as a two-dimensional object that is projected to line
segments of the same length in orthogonal two directions. A (homothetic) fractal
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(a) The fractal imaginary (b) The one-dimensional Sier- (¢) The differenced radix
square ¥2(3, Do). pinski gasket ¥2(3, D). expansion set £2(3, A(D{)).

Figure 14. The one-dimensional Sierpinski gasket and its associated mathematical structures.

imaginary square of degree k is then defined as an imaginary square that has the
form F2(k, D) for D a two-dimensional digit set of cardinality k. A fractal imag-
inary square of degree k exists corresponding to a permutation of {0, 1,...,k — 1}
following an argument similar to Lemma 1. A line segment is the only fractal imagi-
nary square of degree 2. Besides the line segment, the unique fractal imaginary square
of degree 3 is ¥2(3, Do) for the following digit set Do (Figure 14(a)).

Do = {(0,0),(1,2), (2, 1)}

A layered fractal imaginary square is defined as a fractal imaginary square gener-
ated by the set

Dl(jl):{(va’)EZZ|0§X,Y<k,x+yEl—1modk}

fork >2and0 <! < % Accordingly, Dﬁ = Do, and both Dg()) and Dg?a generate
line segments.

The author suggests that characterizing the directions along which layered fractal
imaginary squares are projected to sets with positive measures may be more challeng-
ing than in the three-dimensional case for the following reasons. Firstly, the result
similar to Theorem 3 does not hold for the two-dimensional case. It is straightfor-
ward to demonstrate that projected images of ¥ 2(k, D,(jl)) along (a, b) for coprime
integers a, b such that a 4+ b is coprime to k have positive measures. This reason-
ing is analogous to that presented in Lemma 11, resulting in fractals generated by
standard digit sets. However, the converse is not true. For instance, consider the two-
dimensional digit set Df% ={(0,1),(1,0),(2,3),(3,2)}. The projection along (3, —5)
onto the x-axis produces the set {0.6, 1, 3.8, 4.2}, which becomes {0, 1, 8, 9} after an
affine transformation. This set is an example of a product-form digit set, which is
known to generate fractals with positive measures (refer to Example 3.1 of [10]).
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Since 3 4 (—5) = —2 is a multiple of 2, this example illustrates that direct translation
of Theorem 3 to the two-dimensional case is not feasible.

Secondly, the structure of differenced radix expansion sets for layered fractal
imaginary squares significantly diverges from that observed in the three-dimensional
case, posing challenges to developing a proof akin to Lemma 20. The fractal pro-
duced by Dy is an affine image of the one-dimensional Sierpinski gasket ([9]), that is
F2(3, D) for

D = {(0,0),(1,0), (0, 1)}

as depicted in Figure 14(b). Kenyon studied the measure-theoretial properties of the
projected images of this fractal and established the following:

Theorem 23 ([9]). F2(3, Dy)) is projected to a set with positive Lebesgue measure if
and only if the projection is done along a vector (a, b) for coprime integers a, b such
that a — b is a multiple of 3.

Through an affine transformation, this theorem can be restated for #2(3, Do) as
follows.

Corollary 24. F2(3, Do) is projected to a set with positive Lebesgue measure if and
only if the projection is done along a vector (a, b) for coprime integers a, b such that
a + b is not a multiple of 3.

The proof of the equivalence of these two statements is similar to that of the
equivalence of Theorem 3 and Theorem 6. Kenyon proved Theorem 23 measure-
theoretically through the notion of absolutely continuous invariant measures. Let us
try to formulate a proof of Theorem 23 similar to that of Lemma 20. The differenced
digit set of Dy, is

A(Dg) = {(=1,1),(=1,0),(0,—1),(0,0). (0, 1), (1,0), (1, —1)}.

Note that the fractal generated by A(Dy,) is the (affine-transformed) hexaflake fractal,
which appeared also as the projected image of Hy, along (1, 1, 1). The differenced
radix expansion set (3, A(D()) is depicted in Figure 14. For a proof similar to
Lemma 20, we need to show the following:

Claim. For every pair of coprime integers (a,b) € Z? such that a — b is not
a multiple of 3, there exists j # 0 such that (ja, jb) € (3, A(Dy)).

Nevertheless, direct proof of this claim appears to be challenging. Specifically, a strat-
egy analogous to that used in Lemma 20 may not be feasible, because of the numerous
“holes” that are present in §2(3, A(D{))3m3n—1). We would like to list the above
claim as a corollary to Theorem 23, because Theorem 12 can be generalized to pro-
jections of n-dimensional digit sets, and Theorem 12 claims an equivalence.
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Kenyon also explored measures and Hausdorff dimensions of projections of the
one-dimensional Sierpinski gasket. Moreover, Hochman demonstrated in [6] that the
Hausdorff dimensions of irrational projections of the one-dimensional Sierpinski gas-
ket are zero. As outlined in [4] and [15], the study of Hausdorff dimensions of
projected images of fractals is considered an intriguing area of research. The inves-
tigation of Hausdorff dimensions of the projected images of fractal imaginary cubes

remains an open field of inquiry.

A. Projections of 3D-printed models of fractal imaginary cubes

Sierpinski Tetrahedron

(0,0,1) : (1,1,1) (1,1,0)

T-Fractal

(1,2,0)

(1,1,0)

H-Fractal

(1,1,-1)

(1,1,0)
(2,2,1) (1,1,4)

(1,1,-1)
(1,1,-5)

(1,1,-2)

1,1,-2)
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Captions specify projection directions under the identification of the objects with
SOO7

Too, and Heo. Red frames indicate that the shadows have positive measure even

when the models were perfect mathematical representations.

Acknowledgments. The author would like to thank Takayuki Tokuhisa for illumi-
nating discussions.

Funding. This work was supported by JSPS KAKENHI Grant Number 15K00015,
23K28036, and 18H03203.

References

(1]

(2]

(31

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

C. Bandt, Self-similar sets. V. Integer matrices and fractal tilings of R”. Proc. Am. Math.
Soc. 112 (1991), no. 2, 549-562 Zbl 0743.58027 MR 1036982

C. Bandt and S. Graf, Self-similar sets. VII. A characterization of self-similar fractals with
positive Hausdorff measure. Proc. Amer. Math. Soc. 114 (1992), no. 4, 995-1001

7Zbl 0823.28003 MR 1100644

G. Deng, C. Liu, and S.-M. Ngai, Self-affine tiles generated by a finite number of matrices.
Discrete Comput. Geom. 70 (2023), no. 3, 620-644 Zbl 1538.28024 MR 4650018

K. Falconer, J. Fraser, and X. Jin, Sixty years of fractal projections. In: Fractal geometry
and stochastics V. Progr. Probab. 70, pp. 3-25. Birkhéuser/Springer, Cham, 2015

Zbl 1338.28007 MR 3558147

X. Fu, X. He, and K.-S. Lau, Spectrality of self-similar tiles. Constr. Approx. 42 (2015),
no. 3, 519-541 Zbl 1329.42032 MR 3416166

M. Hochman, On self-similar sets with overlaps and inverse theorems for entropy. Ann.
Math. (2) 180 (2014), no. 2, 773-822 Zbl 1337.28015 MR 3224722

J. E. Hutchinson, Fractals and self similarity. Indiana Univ. Math. J. 30 (1981), no. 5,
713-747 Zbl 0598.28011 MR 0625600

R. Kenyon, Self-replicating tilings. In: Symbolic dynamics and its applications (New
Haven, CT, 1991), pp. 239-263. Amer. Math. Soc., Providence, RI, 1992

Zbl 0770.52013 MR 1185093

R. Kenyon, Projecting the one-dimensional Sierpinski gasket. Israel J. Math. 97 (1997),
221-238 Zbl 0871.28006 MR 1441250

J. C. Lagarias and Y. Wang, Integral self-affine tiles in R”. I: Standard and nonstandard
digit sets. J. London Math. Soc. (2) 54 (1996), no. 1, 161-179 Zbl 0893.52014

MR 1395075

J. C. Lagarias and Y. Wang, Self-affine tiles in R”. Adv. Marh. 121 (1996), no. 1, 21-49
Zbl 0893.52013 MR 1399601

J. C. Lagarias and Y. Wang, Integral self-affine tiles in R”. II: Lattice tilings. J. Fourier
Anal. Appl. 3 (1997), no. 1, 83-102 Zbl 0893.52015 MR 1428817


https://doi.org/10.2307/2048752
https://zbmath.org/?q=an:0743.58027
https://mathscinet.ams.org/mathscinet-getitem?mr=1036982
https://doi.org/10.2307/2159618
https://doi.org/10.2307/2159618
https://zbmath.org/?q=an:0823.28003
https://mathscinet.ams.org/mathscinet-getitem?mr=1100644
https://doi.org/10.1007/s00454-023-00529-6
https://zbmath.org/?q=an:1538.28024
https://mathscinet.ams.org/mathscinet-getitem?mr=4650018
https://doi.org/10.1007/978-3-319-18660-3_1
https://zbmath.org/?q=an:1338.28007
https://mathscinet.ams.org/mathscinet-getitem?mr=3558147
https://doi.org/10.1007/s00365-015-9306-2
https://zbmath.org/?q=an:1329.42032
https://mathscinet.ams.org/mathscinet-getitem?mr=3416166
https://doi.org/10.4007/annals.2014.180.2.7
https://zbmath.org/?q=an:1337.28015
https://mathscinet.ams.org/mathscinet-getitem?mr=3224722
https://doi.org/10.1512/iumj.1981.30.30055
https://zbmath.org/?q=an:0598.28011
https://mathscinet.ams.org/mathscinet-getitem?mr=0625600
https://doi.org/10.1090/conm/135/1185093
https://zbmath.org/?q=an:0770.52013
https://mathscinet.ams.org/mathscinet-getitem?mr=1185093
https://doi.org/10.1007/BF02774038
https://zbmath.org/?q=an:0871.28006
https://mathscinet.ams.org/mathscinet-getitem?mr=1441250
https://doi.org/10.1112/jlms/54.1.161
https://doi.org/10.1112/jlms/54.1.161
https://zbmath.org/?q=an:0893.52014
https://mathscinet.ams.org/mathscinet-getitem?mr=1395075
https://doi.org/10.1006/aima.1996.0045
https://zbmath.org/?q=an:0893.52013
https://mathscinet.ams.org/mathscinet-getitem?mr=1399601
https://doi.org/10.1007/s00041-001-4051-2
https://zbmath.org/?q=an:0893.52015
https://mathscinet.ams.org/mathscinet-getitem?mr=1428817

[13]

[14]

[15]

[16]

(171

(18]

[19]

[20]

(21]

(22]

Projected images of fractal imaginary cube 339

C.-K. Lai and K.-S. Lau, Some recent developments of self-affine tiles. In: Recent devel-
opments in fractals and related fields, pp. 207-232. Birkhduser/Springer, Cham, 2017
Zbl 1427.52015 MR 3775466

C.-K. Lai, K.-S. Lau, and H. Rao, Classification of tile digit sets as product-forms. Trans.
Amer. Math. Soc. 369 (2017), no. 1, 623—-644 Zbl 1395.05034 MR 3557788

P. Shmerkin, Projections of self-similar and related fractals: a survey of recent develop-
ments. In: Fractal geometry and stochastics V, pp. 53-74. Birkhéduser/Springer, Cham,
2015 Zbl 1338.28004 MR 3558150

J. Su, S. Wu, and M.-L. Chen, Spectrality of self-similar measures with product-form
digits. Forum Math. 34 (2022), no. 5, 1355-1364 Zbl 1510.28011 MR 4472888

H. Tsuiki, Does it look square? — hexagonal bipyramids, triangular antiprismoids, and
their fractals. In: Proceedings of conference bridges donostia, pp. 277-286. Tarquin pub-
lications, 2007

H. Tsuiki, Imaginary cubes and their puzzles. Algorithms (Basel) 5 (2012), no. 2, 273-288
Zbl 1461.05020 MR 2947217

H. Tsuiki and Y. Tsukamoto, Imaginary hypercubes. In: Discrete and computational
geometry and graphs, Lecture Notes in Comput. Sci. 8845, pp. 173-184. Springer, Cham,
2014 Zbl 1456.51016 MR 3335562

J. H. van Lint and R. M. Wilson, A course in combinatorics. Second ed. Cambridge Uni-
versity Press, Cambridge, 2001 Zbl 0980.05001 MR 1871828

A. Vince, Replicating tessellations. SIAM J. Discrete Math. 6 (1993), no. 3, 501-521

7Zbl 0826.52019 MR 1229702

A. Vince, Rep-tiling Euclidean space. Aequationes Math. 50 (1995), no. 1-2, 191-213
Zbl 0832.52005 MR 1336867

Received 14 May 2024; revised 3 August 2024.

Hideki Tsuiki
Graduate School of Human and Environmental Studies, Kyoto University,
Yoshida-Nihonmatsu, Sakyo-ku, Kyoto 1606-850, Japan; tsuiki @i.h.kyoto-u.ac.jp


https://doi.org/10.1007/978-3-319-57805-7_10
https://zbmath.org/?q=an:1427.52015
https://mathscinet.ams.org/mathscinet-getitem?mr=3775466
https://doi.org/10.1090/tran/6703
https://zbmath.org/?q=an:1395.05034
https://mathscinet.ams.org/mathscinet-getitem?mr=3557788
https://doi.org/10.1007/978-3-319-18660-3_4
https://doi.org/10.1007/978-3-319-18660-3_4
https://zbmath.org/?q=an:1338.28004
https://mathscinet.ams.org/mathscinet-getitem?mr=3558150
https://doi.org/10.1515/forum-2022-0069
https://doi.org/10.1515/forum-2022-0069
https://zbmath.org/?q=an:1510.28011
https://mathscinet.ams.org/mathscinet-getitem?mr=4472888
https://doi.org/10.3390/a5020273
https://zbmath.org/?q=an:1461.05020
https://mathscinet.ams.org/mathscinet-getitem?mr=2947217
https://doi.org/10.1007/978-3-319-13287-7_15
https://zbmath.org/?q=an:1456.51016
https://mathscinet.ams.org/mathscinet-getitem?mr=3335562
https://doi.org/10.1017/CBO9780511987045
https://zbmath.org/?q=an:0980.05001
https://mathscinet.ams.org/mathscinet-getitem?mr=1871828
https://doi.org/10.1137/0406040
https://zbmath.org/?q=an:0826.52019
https://mathscinet.ams.org/mathscinet-getitem?mr=1229702
https://doi.org/10.1007/BF01831118
https://zbmath.org/?q=an:0832.52005
https://mathscinet.ams.org/mathscinet-getitem?mr=1336867
mailto:tsuiki@i.h.kyoto-u.ac.jp

	1. Introduction
	2. Layered fractal imaginary cubes
	3. Main results
	4. Differenced radix expansion sets
	5. Proofs of the main theorem
	5.1. Sierpinski tetrahedron case
	5.2. The general case

	6. Concluding remarks
	A. Projections of 3D-printed models of fractal imaginary cubes
	References

