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Box dimension of generalized affine fractal interpolation
functions (II)

Lai Jiang and Huo-Jun Ruan

Abstract. Let f be a generalized affine fractal interpolation function with vertical scaling
functions. In this paper, we estimate dimp ' f, the box dimension of the graph of f, under
the assumption that vertical scaling functions are of bounded variation. The main tool we use
is vertical scaling matrices introduced in our previous work from 2023. We conduct a much
deeper analysis of the properties of these matrices compared to our previous work. We prove
the monotonicity of spectral radii of vertical scaling matrices without additional assumptions.
We also obtain the irreducibility of lower vertical scaling matrices under weaker conditions than
that in our previous work.

1. Introduction

Fractal interpolation functions (FIFs) were introduced by Barnsley [4] in 1986. Basic-
ally, a FIF f is a function which interpolates given data and its graph is the invariant
set of an iterated function system (IFS).

The generalized affine FIFs are an important class of FIFs. There are many works
on these FIFs, including theoretical analysis [2,3,5,9,10,25] and applications [20,24].
In particular, there are some works on the box dimension of the graphs of generalized
affine FIFs [6-8, 13, 16,22]. In [17], the authors introduced vertical scaling matrices.
We also obtained the monotonicity of spectral radii and irreducibility of these matrices
under certain conditions. Then we estimated the box dimension of generalized affine
FIFs by the limits of the spectral radii of these matrices.

In the present paper, we continue the study of vertical scaling matrices and the box
dimension of generalized affine FIFs. Mainly, we prove the monotonicity of spectral
radii of vertical scaling matrices without additional assumptions, and obtain the irre-
ducibility of lower vertical scaling matrices under weaker conditions than that in [17].
By using these results, we estimate the box dimension by the limits of spectral radii of
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vertical scaling matrices under weaker conditions. We also estimate the box dimen-
sion directly by the sum function of vertical scaling functions. We remark that the
class of generalized affine FIFs in the present paper is more general than the setting
in [17], so that our results are applicable to some classical fractal functions, including
the classical Weierstrass functions.

The paper is organized as follows. In Section 2, we recall some basic definitions
and present main results. In Section 3, we study the monotonicity of spectral radii
and irreducibility of vertical scaling matrices. By using these results, in Section 4, we
estimate the box dimension of generalized affine FIFs by the limits of radii of vertical
scaling matrices. In Section 5, we estimate the box dimension of generalized affine
FIFs by the sum function of the vertical scaling functions. In Section 6, we apply our
results to study the box dimension of a generalized Weierstrass-type function, and
make some further remarks.

2. Preliminaries and main results

2.1. The definition of generalized affine FIFs

Let N > 2 be a positive integer. Given a data set {(x, y»)}2_, C R? with xp < x1 <
.-+ < xn, we define a family of functions {W, }_, from [xp, xx] x R to [xg, xn] x R
by

Wn(x,y)z(anx+bn,Sn(x)y+qn(x)), I<n<N,

such that for each n, a, and b, are real numbers, S, and g, are continuous functions
on [xg, xx] with | S, (x)| < 1 for all x € [x¢, xx] and

Wa(x0.50) = (Xn—1,Yn-1). Wu(xNn,YN) = (Xn, Yn).

According to Barnsley’s classical result [4] , there exists a unique continuous function
f on [xg, xy] such that its graph I'f := {(x, f(x)) : x € [x¢, xn]} is the invariant
set of the iterated function system (IFS for short) {W,, : 1 <n < N}, i.e.,

N
rf = {J Wa(@s). @
n=1
Furthermore, the function f always interpolates the data set, i.e., f(x,) = y, for
all 0 < n < N. The function f is called the generalized affine fractal interpolation
function (generalized affine FIF for short) determined by the IFS {W}, }flv=1.
In the present paper, we study dimp I'f, the box dimension of the graph of f,
where the following conditions are satisfied for each n:

(Al)  xp —xp—1 = (xy —x0)/N,
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(A2) S, is of bounded variation on [xg, xn] and |S,(x)| < 1 for all x € [xg, xn],

(A3) g is of bounded variation on [xg, x¥].

2.2. Main results

In the rest of the paper, we write I = [x¢, xn] for simplicity. We define a function y
on I by

N
() = [Sa ().
n=1

We call y the sum function of the family of vertical scaling functions S = {S, }rjzv=1'
Write y* = maxyey y(x) and yx = mingey y(x).
Given a closed interval J = [a,b], foreachk € ZT and 1 < j < N¥, we write

J

J-kz[a—i—

’ = (b—a),a+#(b—a)]. 2.2)

Givenk € Zt,1<n<Nand1 < j < N¥, we set

Eﬁj = max|S,,(x)
’ xelk

, sk o= min|Sn(x)|.
el

n’l
J
Now, for every k € 7T, we define a matrix Mk by setting for ] <n < N, 1 <

¢ < Nk1land1 < < N,

(My)onynk-140,; =

sk if(C—1N < j <IN,
0, otherwise.

Similarly, we define another N* x N* matrix M, by replacing Eﬁ ; with gﬁ ;- We
call M (resp. M) the upper (resp. the lower) vertical scaling matrix with level-k.

In this paper, we prove the monotonicity of spectral radii of vertical scaling
matrices without additional assumptions. We also obtain the irreducibility of lower
vertical scaling matrices under a weaker condition than that in [17].

Theorem 2.1. With previous notations, we have

(1) p(My), the spectral radius of M i, is decreasing with respect to k. As a result,
p* = limg_ o0 p(My) exists.

(2) p(M}) is increasing with respect to k. As a result, px = limy_, o0 p(My)
exists.

(3) If |Su| is positive on I forall 1 <n < N, then px = p*.

@) If y« = 1 and S, has only finitely many zero points on I forall1 <n < N,
then M, is primitive for sufficiently large enough k € 7.
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Let Var( f, 1) be the classical total variation of f on /. By using Theorem 2.1 and
the irreducibility of M ;, we can obtain the estimate of the box dimension of T'f .

Theorem 2.2. Let [ be a generalized affine FIF satisfying conditions (A1)—(A3).
Then we have the following results on the box dimension of T'f".
(1) dimpTf < max{1, 1 + logy p*}.
(2) Assume that y, > 1 and the function S, has only finitely many zero points on
Iforalll <n < N.If Var(f,I) = oo, thendimzI'f > 1 4 logy px.

(3) Under the assumption of the previous item and the additional assumption that
px = p*, if Var(f, I) = oo and ps > 1, then

dimp I'f =1 + logy ps,
otherwise dimpg I'f = 1. Here, ps is the common value of p, and p*.

We remark that the assumption y, > 1 in Theorems 2.1 and 2.2 can be replaced
by a weaker assumption ZM(S) < N — 2. Please see Section 3 for the definition of
ZM(S).

It is easy to see that

Y« < px < 0" <y
Thus, from Theorem 2.2 (1), EBF]‘ < max{l, 1+ logy y*}. In Section 5, we also
estimate the lower box dimension of I f by Y. under a weaker assumption than that
in Theorem 2.2. Akhtar, Prasad and Navascués [1] used

Smax = maX{|Si(X)| L X € [0, 1],1 <i < N}
and
Smin = min{|S;(x)| : x €[0,1],1 <i < N}

to estimate the box dimension of «-fractal functions, which is a special class of gen-
eralized affine FIFs. Our results provide more efficient bounds than [1].

2.3. Some remarks

In [12], Feng and Simon proved the following deep result: the upper box dimension
of the attractor of any C! (hyperbolic) IFS on R is bounded above by its singularity
dimension. Let f be a generalized affine FIF satisfying conditions (A1)—(A3). In the
case that both S, and ¢, are C! Lipschitz functions on [ foralln =1,..., N, by
using similar method in the proof of [6, Theorem 4], we can construct a metric d

on I x R such that W, n = 1, ..., N are contracting on the complete metric space
(I xR, d). As aresult, I'f is the attractor of the C'! hyperbolic IFS {W,,}V_,, so that

its upper box dimension is bounded above by its singularity dimension.
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In our previous work [17], we obtained the monotonicity of spectral radii of
vertical scaling matrices under the additional condition that these matrices are irre-
ducible. We required that S, is Lipschitz for all n to prove p* = p.. We also required
that S, is positive on I for all n to prove the primitivity of lower vertical scaling
matrices and the estimate of the lower box dimension of I'f. Thus, in the present
paper, we obtain these results under significantly weaker conditions.

We also remark that in [17] and the original version of this paper, we obtained
the estimate of upper box dimension of I'f (Theorem 2.2 (1)) under the additional
condition that upper vertical scaling matrices are irreducible. In the present version
of this paper, we are grateful to the referees for providing the proof of this estimate
without the additional condition. See the proof of Theorem 4.6.

3. Analysis on vertical scaling matrices

3.1. Some well-known theorems and definitions

We recall some notations and definitions used in matrix analysis [14]. Given a matrix
A = (ajj)nxn, We say A is nonnegative (resp. positive), denoted by A > 0 (resp.
A >0),if a;; > 0 (resp. a;; > 0) forall i and j. Let B = (b;;)nxn be another matrix.
We write A > B (resp. A > B)if a;; > b;; (resp. a;; > b;;) foralli and j. Similarly,
givenu = (Uy,...,Upy),v = (v1,...,V,) € R* we write u > v (resp. u > v) if u; > v;
(resp. u; > v;) foralli.

A nonnegative matrix A = (a@j;j)nxn is called irreducible if for any i, j €
{1,...,n}, there exists a finite sequence iy, ...,i; € {l,...,n}suchthatio =i,i; = j
and a;, i, > Oforall 1 <¢ <t. Ais called primitive if there exists k € Z* such
that A*¥ > 0. It is clear that a primitive matrix is irreducible.

Given an n x n matrix A, we define

p(A) = max{|li|: 1<i< n},

where A1, ..., A, are eigenvalues of A. We call p(A) the spectral radius of A.
The following three lemmas are well known. Please see [ 14, Chapter 8] for details.

Lemma 3.1. Let A and B be two nonnegative matrices. If A < B, then p(A) < p(B).

Lemma 3.2. Let A be a nonnegative matrix. Then p(A) is an eigenvalue of A and
there is a nonnegative nonzero vector x such that Ax = p(A)x.

Lemma 3.3 (Perron-Frobenius Theorem). Let A be an irreducible nonnegative mat-
rix. Then

(1) p(A) is positive,
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(2) p(A) is an eigenvalue of A and has a positive eigenvector.

3.2. Monotonicity of spectral radii of vertical scaling matrices

Theorem 3.4. Forallk € 77,
p(My41) < p(My).

As a result, limg oo p(M ) exists, denoted by p*.

In [17], we proved this theorem under an additional assumption. Essentially, we
required that M, are irreducible for all k.

Proof. Similarly as in [17], we introduce another N*¥*1 x N¥+1 matrix Hz as fol-
lows:

3.1

—k . .
— S, (@ —=1)N < j <IN,
(M) (n—1)Nk 40,7 = { "

0, otherwise,

forl <n<N,1<{<NFand1 < j < Nkt Itis easy to see from the definition

that Eﬁ,é > Eﬁ’_']—vl(é—l)-H forevery l <n < N,1<i<Nandl </ < N*. Hence,
k

En’g > E’;’;l whenever (£ — 1)N < j < {N. As a result, Mkﬂ < HZ Thus, from
Lemma 3.1, p(M41) < p(ﬁ,t).

Now we prove that p(ﬁ,t) < p(My). Write A = p(M;:). From Lemma 3.2, A is
an eigenvalue of MZ and there is a nonnegative nonzero vector u = (U1, ..., U yk+1 )T
such thatM;:u = Au. Thenforall 1l <n < N and1 < ¢ < Nk,

Nk+1 I{N

—x —k
AU (1) Nk e = Z (M) (n-1)Nk4,j4) = S e Z Uj- (3.2)
j=1 j={-1)N+1
We define a vector v’ = (uf,..., u/Nk)T by
JN

uj = Z up. 1=j <N

p=(—DN+1

It is clear that u’ is also nonnegative and nonzero. Notice that for 1 <n < N and
1 <¢< Nk,

(N I{N JN (N
Z §£€l,ju} = Z (Eﬁ,j Z MP) = Z ’lu(n—l)Nk-Hs

j={—1)N+1 j=({—1)N+1 p=G—-1)N+1 j=W—1)N+1
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where the last equality follows from (3.2). Thus

Nk LN

AT /o —k r I
Z(Mk)(n—l)Nk—IH,j“j = Z Sp,jUji = ’W(n—l)Nk—H—Z’
Jj=1 j={—-1)N+1

which implies that Mju’ = Au’ and therefore A is an eigenvalue of M. Hence,
—x i,
p(M}) = A = p(M ). _ L _
From the above arguments, p(M11) < p(M}) < p(My). Since p(M ) > 0 for
all k, we know that limg_,oo p(M) exists. [

In the proof of the above theorem, we show that p(ﬁ,t) < p(My). In fact, we can
obtain the following stronger result.

Lemma 3.5. Letk > 1 and M;: be defined by (3.1). Then p(MZ) = p(My).

Proof. It suffices to show that p(My) < p(ﬁZ). Without loss of generality, we may
assume that p := p(ﬁk) > (. From Lemma 3.2, p is an eigenvalue of M, and there
is a nonnegative nonzero vector v = (vq,...,V Nk)T such that M v = pv. We define
avector v’ = (vi,..., v;\,kH)T by

v/ =50, 1<n<N,1<{<NF

(n—1D)Nk+¢ =~ “n 'Vl =Rh=M L=

It is clear that v’ is nonnegative. Furthermore, it follows from M xv = pv that for all
l<n<Nandl <j < Nk-1

JN JN
<k
KOGy Nk—1 4 = E SpiVt = E vzn—l)Nk—i-t' (3.3)
t=(-1)N+1 t=(j—1)N+1

Thus v’ is a nonzero vector since otherwise, v is a zero vector which is a contradiction.
Foranyl <n <Nandl1<{< Nk, thereexist 1 <n’ < Nand1 < j' < N*=1such
that £ = (n’ — 1)N*~1 + j’. Thus

(N J'N
% —k —k
(Mkv/)(n—l)Nk—i-Z = Snu Z v]/) =Suu Z vzn’—l)Nk-i-t
p=({—1)N+1 t=(j’-1)N+1
= E’l:’z,uv(n/_l)Nk—l_}_j/ (By (33))

_ .=k _ ’
= HSp eVt = KV _1yNk g

which implies that MZU’ = uv’ and therefore u is an eigenvalue of HZ Hence,
p(Mg) = p < p(My). .
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Using the same method, we can prove that p(M ;) = p(M}) < p(M ), where
the matrix M Z is defined similarly as in (3.1). Thus, we can obtain the following
result.

Theorem 3.6. Forallk € 77,

p(Myq) = p(My).

As a result, limg_, o, p(M ;) exists, denoted by ps.

In the case that p, = p*, we denote the common value by ps. The following result
has been proved in [17, Proposition 3.5] under the assumption that S, is Lipschitz for
all n. Our present proof only uses the fact that S, is continuous for all n.

Theorem 3.7. Assume that |Sy| is positive on I forall1 <n < N. Then p. = p*.

Proof. Forany 1 <n < N, from the fact that S,, is continuous and nonzero on I, we
have

S, == min{|Sy(x)| : x € I} > 0.

n

Fix ¢ > 0. Since S, is uniformly continuous on [ for all n, we know that for suffi-
ciently large k,

Sk <shi+eS,<(I+esk;. 1<n<N 1=<j<Nk

so that M, < Mp<(1+ €)M . Thus, from Lemma 3.1,
p(My) < p(My) < (14 &)p(My)
for sufficiently large k. By letting k tend to infinity, px < p* < (1 + €)p«. From the

arbitrariness of &, we have p, = p*. ]

3.3. The irreducibility of the lower vertical scaling matrices

Recall that

y(x) = xel,

and y* = maxyes ¥(x), Y« = minyes y(x). For any k € Z™T, we define

= max E s Y min S, .
n,j k . =n,j
k
1<j<N < e

Lemma 3.8. We have y* = limg o0 Vi and ysx = limg_00 Vi
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Proof. By definition, it is clear that for all k > 1, we have ¥, > y(x) forall x € |
so that 7, > y*. On the other hand, notice that S, is uniformly continuous on I for
all 1 <n < N. Hence for every ¢ > 0, there exists § > 0 such that for all x",x” € I
with |x” — x| < 8, we have |S,(x") — S, (x")| < &/N. Choose kg € Z* such that
|Ilk°| < §, where |11k°| is the length ofllko. For any k > ko, let j € {1,..., N¥} satisfy
Vi = Yny 5% ;. It follows from |75| = |IF| < |[I{°] < § that for all ¥ € ¥,

N N N
~ ~ & - _
y® =Y 18:®I =Y (maé‘Sn(x)} - N) =S5k —e=7—e
n=1 n=1 XEIJ n=1
This implies that y;, < y* + ¢ for all k > ko. Combining this with y, > y* for all k,
we obtain that y* = limg_, 00 V-
Similarly, we have y. = limg_, o Yy [

For every k € Z*t, from [14, Theorem 8.1.22], Y, = p(My) < p(Mk) < V-
Hence,

Ve < px < pF < ypn (3.4)
Thus, if y is a constant function on 7, then y(x) = ps forall x € I.

If |S,| is positive for each 1 < n < N, then by using the same arguments in the
proof of [17, Lemma 3.2], we can obtain that (M k)k > 0 so that M is primitive.
However, it is much more involved to prove the primitivity of M, under general
setting. In this paper, we show that M, is primitive for sufficiently large k if y, > 1
and S, has finitely many zero points foreach 1 <n < N.

Define the multiplicity of zero points of S={S, : 1 <n < N}atx € I by

ZM(S,x) = card{n : S,(x) =0,1 <n < N},
where card(A) is the cardinality of a set A. Write ZM(S) = maxyey ZM(S, x). We
have the following simple fact.

Lemma 3.9. Ify, > 1, then ZM(S) < N — 2.

Proof. We prove this lemma by contradiction. Assume that there exists X € I such
that ZM(S,X) > N — 1. Then there exists 1 < ng < N, such that S, (X) = 0 for all
n # ngo. Hence,

N
e S¥(E) =Y _[Sa®)] = [Sn(®)] < 1,

n=1

which contradicts the fact that y, > 1. [
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Lemma 3.10. Assume that ZM(S) < N — 2 and the function Sy, has finitely many
zero points for all 1 < n < N. Then there exists ky € Z such that for all k > ki,
every row of My has at least N — 1 positive entries, and every column of M ;. has at
least 2 positive entries.

Proof. Let Z,, be the set of zero points of S, for | <n < N and write Z = Uy11v=1 Zy.
Let E be the set of endpoints of all I}‘ forl <j < N¥andk > 1,ie.,

E = U{X0+jN_k(XN—X0)Z 0=y SNk}
k>1

Since Z is a finite set, there exists a positive integer k; satisfying the following two
conditions:

@)) I;” contains at most one element of Z forall 1 < j < Nk,

(2) foreachx € Z N E, thereexists 1 < j < N k1 guch that x is the endpoint of

k1
Ij .

Then it is easy to see that for all k > k;, every row of M has at least N — 1 positive
entries.

Notice that ZM (S, x) < N — 2 for all x € Z. Hence, by definition of k1, for all
k>kjand1 < j < Nk,

card{n : Sp(x) #Oforall x € Ijk} > 2.

Thus, every column of M ; has at least 2 positive entries. |

Lemma 3.11. Under the assumptions of Lemma 3.10, for all k > k1, every row of
(M k)k has at least (N — 1)¥ positive entries and every column of mk)k has at least
2k positive entries. Here, k1 is the constant in Lemma 3.10.

Proof. Fixk > ky.Forallm > 1 and 1 <i < N*, we define
row, (i) = {Jj : ((Mk)'")ij > 0}.
Notice that

Nk

(M), = D (M (M)™),

t=1

forallm > 1land 1 <i,j < N*. Thus, forallm > 1land 1 <i < N¥,
oWy, 4+1(i) = {j : there exists ¢ € row; (i) such that j € row,, (t)}.
It follows from the definition of M thatforalll <i < N,1 <{ < Nk-1,

rowi (i — DN+ 0) c {€ - 1N +1,(¢ = )N +2,... . {N}. (3.5)
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We claim that foreach 1 <m <k — 1,
row, (i — DN ™ +0) C { -~ DN™ +1,( = 1)N™ +2,... . (N™}

forall1 <i < N™and1<{< Nk,

It follows from (3.5) that the claim holds for m = 1. Assume that the claim holds
forsome 1 <m <k —2.Now given 1 <i < Nt and 1 < £ < Nk=0n+1D e write
i’ = (i —1)Nk=+D 1 ¢ If j € row,41(i’), then there exists ¢ € row; (i”) such that
J € row,, (). Notice that there exist unique integer pair (i1, i) with 1 <i; < N and
1 <i, < N™suchthati = (i; — 1)N™ 4+ i,. Thus

i’ = (iy — DN*1 4 (i — HNF=On D Ly,

Hence, from (3.5), (i — DN¥ ™ + (L —1)N + 1 <1 < (i — )N¥™ + {N. Com-
bining this with the inductive assumption, we have ({ — )N™T1 +1 < j <{N™T1
so that the claim holds for m + 1. This completes the proof of the claim.

It directly follows from the claim that forall 1 <m <k —1land1 <i <N kit
11 # tp € row; (i), then row,, (t1) N row,, () = @, which implies that

card(rowm+1(i))= Z card(rowm(t)). (3.6)

terowq (i)

From Lemma 3.10, card(row; (i)) > N — 1 for all 1 < i < N*. Combining this
with (3.6), we can use inductive arguments to obtain that card(row,,(i)) > (N — 1)™
forall 1 <m <kand 1 <i < N¥. Thus every row of (Mk)k has at least (N — 1)¥
positive entries.

Similarly, forallm > land1 < j < N k , we define

col(j) = {i : ((Mk)m)ij > 0}.
Thenforallm > land1 < j < Nk,
colyp41(j) = {i : there exists ¢ € coly(j) such thati € colm(t)}.
By using similar arguments as above, we can obtain that foreach 1 <m <k — 1,
ol ((j — DN™ +€) C {j,j + N-™, ... j +(N™ - Nk}

foralll <j < N*=m and 1 < £ < N™. Hence, for all indices 1 <m <k — 1 and
1<j< Nk if 1y = t; € coly(j), then coly, (¢1) N coly, (12) = @. As aresult, we have
card(coly,(j)) > 2" foralll <m <kand 1< j <N k which implies that every
column of (M k)k has at least 2% positive entries. ]

The following result is part of the statement in [14, Problem 5, Section 8.5]. We
use it to prove that M ;. is primitive for sufficiently large k under certain conditions.
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Lemma 3.12 ([14]). Let A = (aij)nxn be an irreducible nonnegative matrix. Assume
that at least one of its main diagonal entry a;;(1 < i < n) is positive. Then A is
primitive.

Theorem 3.13. Assume that ZM(S) < N — 2 and the function S, has finitely many
zero points for each 1 <n < N. Then there exists ko € 7" such that M ;. is primitive
Sforall k > ky.

Proof. Foreveryl <n <Nandl1 <j < Nk, we call gﬁl a basic entry of the matrix
M, . If all basic entries are positive, then using the same arguments in the proof of
[17, Lemma 3.2], we can obtain that (Mk)k > 0.

In the case that N = 2, we have ZM(S) = 0 so that ZM(S,x) =Oforall x € I.
Thus S, (x) # 0 forn = 1,2 and all x € I. It follows that all basic entries are positive
so that (Mk)k > 0. Hence M is primitive for all k € Z*.

Now, we assume that N > 3. Let m,, be the number of zero points of S, on I.
Write m = Z'lezl my. Then for any k > 1, there are at most 2/m-many basic entries
equal to zero. Notice that for every k > 1 and 1 <i, j < N¥, the (i, j) entry of (M, k)k
is

k
((Mk)k)ij = Z H(Mk)tg,tg+la 3.7
I<ty....tp <Nk £=1
f=itgy1=J

and both every row and every column of M; have N basic entries. Hence, a zero
basic entry (M );,j of M; can make at most

N¥ U xcard{l <€ <k : (tg,te41) = (i, j)} = kN*!

many entries of (M k)k to be zero. Thus, there are at most 2mkN k_l—many Zero
entries in (Mk)k.

Let k; be the constant in Lemma 3.11 and ko = max{4,m, k1 }. We claim that the
matrix (M k)k is irreducible for all k > kq.

We prove the claim by contradiction. Assume that (M k)k is reducible. Then
there are nonempty and disjoint subsets 4, B of {I,..., N¥} satisfying 4 U B =
{1,...,N*}, and foralli € A and j € B, the (i, j) entry of (M) is zero. From
Lemma 3.11 and N — 1 > 2, there are at least 2% -many elements in both A and B.
Hence

card(A) - card(B) = card(A) - (Nk — card(A)) > 2k(NK — 2Ky

so that (M ;)¥ has at least 2K (N* — 2K) many zero entries. From N > 3 and k > ko,
we have 2% > k2 > mk and N*¥ — 2k > 2N*=1 5o that 2K(Nk — 2K) > 2mkNK—T,
which is a contradiction. This completes the proof of the claim.
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Now, we show that for all k > ko, at least one of the main diagonal entry of (M k)k
is positive, so that (M ;)X is primitive by Lemma 3.12. As a result, M, is primitive
for all k£ > k.

Forany j €{1,2,...,N¥},let {ji}f“:1 be the unique finite sequence in {1,..., N}
such that

J=CG1i= DN 4 (o = DN*2 4 oo 4 (kmr = DN + ik

We define 0(j) = (j — (j1 — DN*1 —1)N + j;. Then o(j) € {1,2,..., N¥}.
Thus, we can define 67 (j) = o(6?71(j)) for p > 2. It is easy to see that 6% (j) =
and (M) o(;) is a basic entry of M forall j € {1,..., Nk},

Write 6°(j) = j. From (3.7), (M)¥);; = [Th—1 (M)gr-1().0 () Notice that
(Mk)o-pfl(j),o-p(j) are basic entries forall 1 < j < N¥and1 < p < k. Thus, a zero
basic entry (M ); ¢ of M, can make at most

card{l < j < N*: 31 < p <k, such that (Op_l(j),ap(j)) =(@,0)}) <k

many main diagonal entries of (M k)k to be zero, where we use the fact that o is a
bijection from {1, ..., N*} to itself. Recall that there are at most 2m-many zero basic
entries. Thus, there are at most 2mk-many zero main diagonal entries in (Mk)k .
Notice that kg > max{4,m} and N > 3. Hence, for k > ko, we have Nk >3k >
2k? > 2mk so that (M, )¥ contains at least one positive main diagonal entry. n

From Lemma 3.9 and Theorems 3.4, 3.6, 3.7 and 3.13, we know that Theorem 2.1
holds.

4. Proof of Theorem 2.2

In the rest of the paper, we always assume that f is a generalized affine FIF satisfying
conditions (A1)-(A3).

4.1. Box dimension estimate of the graph of continuous functions

Given a bounded subset E of R?, we use dimg E and dimg E to denote the upper
box dimension and the lower box dimension of E, respectively. If dimp E = dim gE,
then we use dimpg E to denote the common value and call it the box dimension of E.
It is well known that dimg £ > 1 when E is the graph of a continuous function on a
closed interval of R. Please see [11] for details.

Let g be a continuous function on J. For any U C J, we use O(g, U) to denote
the oscillation of g on U, that is,

0(g.U)= sup |g(x')—g(x")|.

x/,x"el’
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Write
N k

Ok(g. J) =) 0(g.Jf),
j=1
where J¥ is defined by (2.2).
The following lemma presents a method to estimate the upper and lower box
dimensions of the graph of a function by its oscillation. Similar results can be found
in[11,19,22].

Lemma 4.1 ([17]). Let g be a continuous function on a closed interval J. Then

log(O, J)+1

dimy T = 1 4 lim 2EOKE D+ D)
k—o00 klog N

7 log(O(g, /) + 1)

dimgTg <1+ i
Mt = +kl>n;o klog N

’

We remark that J = [0, 1] in the original version of the above lemma in [17].
However, it is straightforward to see that the lemma still holds in the present version.

It is now clear that {O (g, J)}3=, is increasing with respect to k. Therefore,
limg o0 Ok (g, J) always exists. Write Var(g, J) the classical total variation of g on
J. We have the following simple fact.

Lemma 4.2. Let g be a continuous function on a closed interval J = [a, b]. Then
limg, 00 Ok (g. J) = Var(g, J).

Proof. Clearly, Ok (g, J) < Var(g, J) for all k € Z*. Thus limy_,o O(g. J) <
Var(g, J). Now we prove another inequality.

Arbitrarily pick a partiton T = {a =ty <t; <---<t, = b} of J.Fixk € Z*
large enough such that Nk < min{t; —t;_; : 1 <i <n}. For every 0 <i <n,
there exists o; € {I,..., N k } such that ¢; € Jo’fi. Furthermore, it is easy to see that
l=ay<o; < <o, = Nk.Noticethatforany 1<i<n,

|g(t) — g(tim1)| < Z O(g,JIf).

p=0i_
Thus
n n o
Ylew) —gtin| <> Y 0.7
i=1 i=1p=a;—
n—1 n—1

= Ok(g. )+ 0(g. Jgi) = lim Ox(g. )+ 0(g. Jg.).

i=1 i=1
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Since g is continuous on /, we can choose k large enough such that Z::ll O(g, Jolfl,)
as small as possible. Hence

n
> le(t) —g(ti-))] < lim Ok(g. ).
=1 k—o0

By the arbitrariness of the partition 7', Var(g, J) < limg_.o Or(g,J). ]

4.2. Estimate of oscillations

By the definition of W,,, it is easy to see that W,,(x, y) = (L,(x), F,(x, y)), where
Ln(x) = (x —=x0)/N + Xp—1,  Fu(x,y) = Su(x)y + gn(x).

From (2.1), W, (x, f(x)) = (Ln(x), f(Ly(x))). Thus, we have the following useful

equality:

F(Ln(x)) = Su(x) f(x) + gn(x), x € [x0.xn]. n=1,2,...,N. 4.1)

Write My = maxyey | f(x)|. We can obtain the following lemma by using similar
arguments in the proof of [17, Lemma 4.2].

Lemma4.3. Foranyl <n < N and D C I,
O(f. La(D)) < sup|S,(x)|O(f. D) + My O(Sy. D) + O(gn. D), and
xeD
O(f, Ln(D)) = ;2£|Sn(x)|0(f7 D) — Mz O(Su, D) — O(qn, D).

Proof. From (4.1),
O(fiLa(D) = sup_[S,()f() = Sux") f() + () = ()|

< sup [S,(X)(f(x)) = f(x"))]

x’,x""eD

+ sup | SN (Sn(x)) = Su(x"))] (4.2)

x',x"’eD

+ sup |gn(x)) = gn(x")]

x’,x""eD

< sug|Sn(x)|0(f, D) + Mz O(Sy, D) + O(gn, D).
xXe€

On the other hand, we choose x’, x” € D such that O(f, D) = | f(x') — f(x")].
Then

O(f. Ln(D)) Z|f(La(x) = f(La(x"))]
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>[Sn () (f () = F()]| =[SV (Sn(x) = Su(x")]
- |‘1n(x/) _‘In(xu)’
> 12{) |S,,(x)|0(f, D) — MfO(Sn, D) — O(gn, D).

Thus the lemma holds.

356

Using the argument similar to the proof of the first part of the above lemma, we

have the following result.
Lemmad4.4. Foranyl <n < N, D C [l andt € D,
|O(f: Ln(D)) = [Sn(0)|O(f. D)| < 2M7 O(Sy, D) + O(gn, D).
Proof. For any x’, x" € D, we have
S (") f(x") = Su(x") f(x") = Sn () (f(x") = f(x"))| < 2Mf O(Sy, D).
Thus

sup |8 (x) f(x') = Su(x") f(x")] = [Su(1)|O(f. D) = 2M; O(S,, D)

x’,x""eD
and

sup |8 (x) f(x') = Su(x") f(x")] < |Su()|O(f. D) +2My O(S,, D).

x’,x""eD
Combining this with (4.2), we know that the lemma holds.
Givenk, p € Z1 and g € C(I), we define
T K
V(g.k.p) = (0p(8.11). Op(g. 13). ... Oplg. I3x)) € RV,

and call it an oscillation vector of g with respect to (k, p). It is obvious that

Ok+p(g.1) = ||V(g.k. p)|

1°

where ||v||; := 2;1:1 |v;| forany v = (vy,...,vg)T € R4,
Define a vector & € RY “ by

E) n1yNk—1 40 = MyVar(Sp, IF™1) + Var(gn, IF ), (4.3)

wherel <n < Nand1 </{ < Nk1

Lemma 4.5. Foranyk € Z" and any p € Z™,

—&+ M V(fk.p) <V(fik.p+1) <& + MiV(f.k, p). (4.4)
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Proof. From Lemma 4.3, foranyl <n < N,ke€Z*,1<j < Nk andany D C Ik,
O(f. Ln(D)) <55 ;O(f. D) + O(gn, D) + My O(Sy, D).

Notice that (L,,(Ijk))f:a = Ln((Ijk)fﬁ,) for 1 <m < NP. Thus,

NP
Op(f.Lu(If)) = Y~ O(f (LalI]));)
m=1

NP
S 0(£UIHE)) + O(gn. (I)E) + My O(Sa. (1)2))

m=1

<58 Op(f IF) + Op(gn. IF) + My Op(Su. IF).

IA

As a result,

LN

Y Op(fiLa(I}))
j=(-1)N+1
I{N

J={U-1)N+1

k-1 _ | EN k
Hence, from /7" = Uj=(e_1)N+1 I, we have

Ops1(f, Lu(If7h)
N

= ) Op(fiLalI)))
j={—=1)N+1
IN

< Z Eﬁ,jop(fv I]k)—i_ 0p+1(‘1n’lék_l)+MfOP+I(S”’Ilg€_1)'
J=(—1)N+1

By the definitions of £, and M, we can rewrite this inequality as
k
0p+1(f; I(n—l)Nk*I—i-Z) = (sk)(n—l)Nk*I-i-l + (Mk V(f» k, p))(n—l)Nk—l—{-E
so that V(f.k, p + 1) < & + M V(f. k, p). Similarly, we can prove that another

inequality in (4.4) holds. |

4.3. Estimate the box dimension of I'f by p, and p*

Theorem 4.6. We have

dimpTf < max{1, 1+ logy p*}. 4.5)
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Proof. Notice that for every nonnegative d x d matrix A = (a;;) and every nonnegat-
ive vector x = (x1,...,x4)7 such that x; = x; forevery i, j, we have Ax < || A[ 00X,
where ||A]|cc = maxj<j<d Z;izl a;j; is the maximum row sum matrix norm of A.
Since || - |leo is @ matrix norm, we have ||A7| s < (||4]lc0)? for all ¢ € Z and
limq_>oo(||A‘1||oo)1/q = p(A). See [14, Example 5.6.5. and Corollary 5.6.14] for
details.

Fix k € Z*. Let & be the vector in R¥" defined by (4.3). For every p,q € Z™,
we have from Lemma 4.5 that

V(fik.(q+1)p) <&+ McV(fik.(g+1p—1)

p—1
<Y (Mp'& + (M)?V(f.k.qp).
=0

Now, let wg, , be a vector in RV with (Wk,p)i = (Wg,p); foralli, j such that wg , >
P (M) e and w , > V(f.k, p). Then

q

V(fk g+ 1Dp) <wip+ M)PV(fik.gp) <D (M) wyp.
£=0

so that
a q L .
V(fik (g +Dp) = Y (M0 gwip = D (107 ] ) wip-
£=0 £=0

Notice that forall 0 < £ < ¢,
(10707 ].0)" = max{([(3T)? [ o). 1} = max{([ A7) [ o) 1}.
Hence
Ok1qp(f, 1) = |V(£ik. p9)||, < a((|(M1)P ] )" + 1) llwkp 1
Thus, from Lemma 4.1,

dim 7— log(0 1)+ 1
dimgl'f <1+ lim 02(Ok+4p(f. 1) +1) <
g0 (k+g¢gp)logN

1 My)?
1+max{0, og [[(My) IIOO}.

plog N

Since p can be arbitrarily chosen and (||(M)?|so)/? — p(My) as p — oo, we
get

— log p(M,
dimpTf < 1 +max{0,w}.

log N
By the arbitrariness of k, we know from Theorem 3.4 that (4.5) holds. ]
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Theorem 4.7. Assume that Var(f, 1) = oo, ZM(S) < N — 2 and the function S, has
finitely many zero points on I forall1 <n < N. Then

dimgTf > 1 4 logy p«. (4.6)

Proof. Notice that dimpI'f > 1 always holds. Thus, without loss of the generality, we
may assume that p, > 1. From py = limg_, o p(M ), there exists a positive integer
k2, such that p(M ;) > 1forall k > k. Let ko be the constant in Theorem 3.13. From
Theorem 3.13, M, is primitive so that it is irreducible for all k > ky.

Fix k > max{ko, k2}. Given 1 < 7 < p(M}), from Lemma 3.3, we can find a
positive eigenvector wy of M, with eigenvalue p(M ;) such that

wg > & /(p(My) — 7).

. . C . . 12
Since M is primitive, there exists {3 € 7 such that (M k) K> 0. Let o be the

minimal entry of the matrix (M k)ek . Then o > 0. From Theorem 4.5,
V(fkp+1) =2 M V([ K, p) =&k 4.7)

for all p € Z™. Repeatedly using this inequality, we can obtain that for all p € Z™T,

Li—1

V(fik,p+ ) = (M)*V(fik, p)— Y (M) (4.8)

q=0
Notice that the maximal entry of V( £, k, p) is at least N || V(f. k, p)||1. Thus,
(M) V(fik, p) = (@ oo % )
where oz,/(’p = ar N%||V(f. k, p)|1. Notice that

Jim [V(fk p)]y = lim Osp(f1) = Var(f. 1) = oo.

Hence, we can choose p large enough such that

Lr—1

(M)*V(fk, pe) = wi + Y (M) %k
q=0

Let px = p« + £i. Then from (4.8),

1
V(f k., pr) = wi > mfk-

From (4.7),

V(fk.pe + 1) = p(M)wi =& = p(M ) wi — (p(M ) — T)we = Twy.
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Notice that forall g € Z™,

p(M)t?wy — & = p(M ) (7 — Dwy + p(M ) wi — &
> (1?7 — Dwy + twg = 9 wy.

Thus, by induction, V(f, k, px + q) > t9wy, forall ¢ € Z*. Hence
Okt pi+a (S 1) = [V(fik, pr + @) | = e |lwllr,

which implies that

o log (Og(f. 1) + 1) i log (Ok+pp+q(f 1) + 1) _ logr

g—00 qlog N g—00 glog N “logN’

It follows from the arbitrariness of t that log p(M )/ log N is less than the left hand
side of this inequality. Combining this with Lemma 4.1, we have

log p(M )

di I'f>1
dimpl'f > 1+ log N

Since this result holds for all & > max{kg, k»}, we know from Theorem 3.6 that (4.6)
holds. .

Remark 4.8. From the proof of the above theorem, it is clear that under the assump-
tions of the theorem, Var( f, Ijk) =ooforanyk € ZT and 1 < j < Nk,

Theorem 4.9. Under the assumption of Theorem 4.7 and the additional assumption
that px = p*, if Var(f, I) = oo and ps > 1, then

dimp I'f =1 + logy ps. (4.9)
otherwise dimp I'f = 1.

Proof. In the case that Var( f, I') < co, we know from Lemma 4.1 that dimgT'f < 1.In
the case that ps < 1, we know from Theorem 4.6 that dimg ' < 1. Since dimz ' > 1
always holds, dimg I'f = 1if Var(f, 1) < oo or ps < 1.

In the case that Var( f, [) = oo and ps > 1, we know from Theorems 4.6 and 4.7
that (4.9) holds. [ ]

From Lemma 3.9 and Theorems 4.6, 4.7 and 4.9, we know that Theorem 2.2 holds.
Furthermore, from Theorems 3.7 and 4.9, we have the following result.

Corollary 4.10. Assume that the function |Sy| is positive on I for each 1 <n < N.
Then in the case that Var(f, ) = oo and ps > 1, (4.9) holds, otherwise dimg I'f = 1.
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5. Estimate the box dimension of FIFs by y* and y.

In this section, we estimate the box dimension of I' f by the sum function of vertical
scaling functions. From Theorem 4.6 and (3.4), we have

dimpTf < max{1,1 + logy y*}. (5.1

By Lemma 4.4, we can obtain the following result.

Lemma 5.1. Forallk € 7T,

N
Ok1(f. 1) = yu- O (f. 1) = Y (Var(gn, ) + 2My Var(S,, I)).

n=1

Proof. Given D C I, we know from Lemma 4.4 that for any r € D,

N N
Y O(f.La(D)) = y(t) - O(£. D) = Y (O(gn, D) +2M; O(Sy, D))
n=1 Ar]z—l
> yu- O(f. D) = ) (Ogn, D) + 2M5 O(Sy, D)).
n=1

Forany k € Z* and 1 < j < N¥ by letting D = I jk in the above inequality, we have

N N
Y O(fiLa(IF)) = yu- O£ 1) = " (O(gn. If) + 2Mp O(Sy. If)).
n=1 n=1
Hence
N Nk
Ok1(£.1) =) Y O(f La(I}))
n=1j=1
N
> ¥u Ok(f. 1) =Y (Ok(gn. 1) + 2My Ok (Sy. 1))
n=1
N
>y Ox(f; 1) = ) (Var(gn, I) + 2MpVar(S,, 1)),
n=1
so that the lemma holds. ]

From this lemma, we can obtain the lower box dimension estimate by y..

Theorem 5.2. If y« > 1 and Var(f, 1) = oo, then dimzI'f > 1 + logy V.
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Proof. Write n = Z,ivzl(Var(qn, I) + 2M¢Var(S,, I)). Itis clear that n < oo since
S, and g, are of bounded variation on / for each n. From Lemma 5.1, we have

IZV*(Ok(f,I 1 ) Vk > 1. (5.2)

Op1(fi 1) — —1
Vi — Y« — 1

Since Var(f, I) = oo, from Lemma 4.2, there exists an integer ko € Z* such that
Oro(f. 1) > n/(ys« — 1). From (5.2),

U
yx — 1

Ok 1) =~ = ()40 O

_1_

), Vk > ko.

Thus from Lemma 4.1, dimg ' > 1 + logy y«. Hence, the theorem holds. |

We remark that similarly as the proofs of Lemma 5.1 and Theorem 5.2, we can
obtain (5.1) by directly using Lemma 4.4. We leave the details to readers.

Remark 5.3. From the proof of Theorem 5.2, it is easy to see that under the condition
v« > 1, the following two properties are equivalent:

(1) Var(f,I) = o0
(2) there exists ko € ZT such that

N
Oko (1) > (v« — D)"Y " (Var(gn. I) + 2My Var(S,. 1)).

n=1

Remark 5.4. Under the condition that the function S, is nonnegative for each n, from
4.1),

N N N
S (L) = 3 (5200 £) + aa) = () F) + D ().
n=1 n=1

n=1

Thus, by using arguments similar to the proof of [17, Theorem 4.10], we have

N
Ocir(f:1) = yeOu(f. 1) = MyVarty 1) = Var( g1

n=1

Hence, if vy« > 1 and the function S, is nonnegative on / for each 1 <n < N, then
Var( f, I) = oo if and only if there exists ko € Z™ satisfying

N
Oko (£, 1) > (yu — D71 (MfVar()/, I+ Var( Z Gn, 1))

n=1

From (5.1) and Theorem 5.2, we can obtain the following result.
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Theorem 5.5. Assume that y(x) = yq for all x € I. Then in the case that yy > 1 and
Var(f, 1) = oo,
dimp I'f =1+ logy yo, 5.3)

otherwise dimg I'f = 1.

Proof. Notice that dimpI'f > 1 always holds since f is a continuous function on
I. In the case that yy < 1, it follows from equation (5.1) that dimp T f < 1. In the
case that Var(f, I) < oo, we have limg o, Ok (f, ) < oo. Thus, from Lemma 4.1,
dimp'f < 1. Hence if yo < 1 or Var(f, I) < oo, then dimg I'f = 1.

Now we assume that Yo > 1 and Var( f, /) = oco. From (5.1) and Theorem 5.2,

dimpl'f <1+ logy yo < dimgT'f.
so that dimp I'f = 1 + logy Yo. Thus (5.3) holds. |

From Remark 5.4 and Theorem 5.5, we have the following result.

Corollary 5.6. Assume that the function S, is nonnegative for each n, and both y
and Z,],V:l qn are constant functions on I. Then in the case that y(0) > 1 and f is
not a constant function, dimp I' f = 1 + logy y(0), otherwise dimp I'f = 1.

6. An example and further remarks

6.1. An example: generalized Weierstrass-type functions

Weierstrass functions are classical fractal functions. There are many works on fractal
dimensions of their graphs, including the box and Hausdorff dimension. Please see
[15,18,21] and the references therein. For example, Ren and Shen [21] studied the
following Weierstrass-type functions

o0
gl y() =D A ¢(N*x), xeR,
k=0

where N > 2 is aninteger, /N <A < 1and ¢ : R — R is a Z-periodic real analytic
function. They proved that either such a function is real analytic, or the Hausdorff
dimension of its graph is equal to 2 4 logy A.

It is well known that f = gf’N |[0’1]
{1,2,...,N}and x € [0, 1], we have

P o) A et = o(FHE) 2700
k=0

is a generalized affine FIF. In fact, for n €



L. Jiang and H.-J. Ruan 364

Thus, T'f = JN_, W, (Tf), where forn = 1,2,.... N,

X +n-—

1 x+n-—1
==t

N )) (x.) €[0.1] x R.

Walx.y) = (

Let ¢(x) = cos(2mx). Then gf  1s the classical Weierstrass function. Shen [23]
proved that the Hausdorff dimension of its graph is equal to 2 + logy A. Let

gn(x) = cos(ZJT(x +n— 1)/N), 1<n<N\.

It is easy to check that Z,I,v:l qn(x) = 0 for all x € [0, 1]. Thus, from Corollary 5.6,
we obtain the well-known result dimp I'f = 2 + logy A, where f = gf’ N ‘[0,1] and
¢(x) = cos(2mx).

By Theorem 2.2, we can study the box dimension of generalized Weierstrass-type
functions by replacing vertical scaling factor A with vertical scaling functions.

0.5 4

0.0

—0.54

~1.04

—1.54

—2.04

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. The FIF in Example 6.1

Example 6.1. Let / =[0,1], N =3,and x, =n/3,n =0,1,2,3. Let vertical scaling
functions S, 1 <n < 3 on [0, 1] are defined by

sin(27 x)

sin(27 x)
4 '

5100 = $2(0) = 5 + :

1

S = =

3(x) >
Then each function S, is positive on [ so that p, = p*.

Let ¢(x) = cos(2mwx) and define maps W,,, 1 <n < 3 by

x+n-—
3

x+n—1

1
a0y + (5

Wi (x, y) = ( )) (x,y) € [0,1] X R.
Let yo = y3 = 2and y; = y, = 1/2. Then it is easy to check that

Wa(x0, ¥0) = (Xn—1,Yn—1), Wa(x3,¥3) = (Xn, Yn)
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for n = 1,2, 3. Thus {W,}2_, determines a generalized affine FIF f. Please see
Figure 1 for the graph of f.

Notice that y(x) = th:l |Sp(x)| = 3/2 + sin(2wx)/4 for x € [0, 1]. Hence,
v« =5/4,y* =7T/4and ' = 7/2 is a Lipschitz constant of y(x).

Let ¢, (x) = ¢((x +n —1)/3),x € [0,1],n = 1,2,3. Then 3> _, g (x) = O for
all x € [0, 1] so that Var(zz=1 qn.1) = 0.

Now we calculate My = max{|f(x)| : x € I'}. Notice that for any x € I, there
exists niny--- € {1,2,3}° such that x € ﬂzozl Ly, 0oLy,0---0Ly, (I). Thus, from
(4.1), we have

S = qny (L) () + Sny (L () f (L) ()

oo

k—1
= gn (L} () +) (H Sn(Ly, ©---0 Ly! (x>))‘1nk(L;,3 0---0 L1 (x)).

k=2 ‘t=1
Hence, from ¢* := max{|¢,(x)| : x € [0,1],n = 1,2,3} = 1 and

3
S* := max{S,(x) :x € [0,1],n =1,2,3} = 4’

we have My < g* Y 52 ,(S*)F = ¢*/(1 — S*) = 4. Thus,

MM\ I+ Var(Xh_, qn. 1) _ @/ x4x1+0 _

87.
e —1 =7 541 d

By calculation, Og( f, I) > 8. Thus, from Remark 5.4, Var(f, I) = oo.
By definition of vertical scaling matrices, we have

31443 1 1 1_43 1

. 4 2 8 2 2 2 8 4

=3 3+ 3| Mi=|3 3o g

1 1,43 3 1 1_43 1

2 2 8 4 4 2 8 2

The matrix M, is approximately equal to

0.5 0661 0717 0 0 0 0 0 0
0 0 0 0586 0.414 0283 0 0 0
0 0 0 0 0 0 025 0.254 0339
0.5 0.661 0717 0 0 0 0 0 0
0 0 0 0.586 0414 0283 0 0 0
0 0 0 0 0 0 025 0.254 0.339
0.339 0254 025 0 0 0 0 0 0
0 0 0 0283 0414 0.58 0 0 0
0 0 0 0 0 0 0717 0.661 0.5
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In general, by calculation, we can obtain the spectral radii of p(M) and p(M ),
k=1,2,4,5,17,8 as in Tabel 1. Thus, from Theorem 2.2,

dimg T'f =1+ logy ps ~ 1 + log1.516/ log3 ~ 1.379.

k 1 2 4 5 7 8
p(My) | 1.95688 | 1.68984 | 1.53627 | 1.52277 | 1.51675 | 1.51625
p(M;) | 1.05567 | 1.33590 | 1.49577 | 1.50926 | 1.51525 | 1.51575

Table 1. p(M ;) and p(M ;) in Example 6.1

6.2. Further remarks

From the proof of Theorem 3.4, we essentially prove that p* = limy _, o, p(M ) exists
without any restrictions on vertical scaling functions. This also holds for the existence
of px = limg_, o0 p(M}). Hence, from Theorem 2.2, we have the following conjecture.

Conjecture 6.1. Let f be a generalized affine FIF satisfying conditions (A1)-(A3).
Then p« = p*. Furthermore, in the case that Var(f, /) = oo and ps > 1,dimp I'f =
1 + logy ps, otherwise dimg I'f = 1.
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