
J. Fractal Geom. 12 (2025), 395–415
DOI 10.4171/JFG/166

© 2025 European Mathematical Society
Published by EMS Press

This work is licensed under a CC BY 4.0 license

Non-affine fractal hypersurfaces: construction and dimensions

Alamgir Hossain and Jorge Buescu

Abstract. This article presents the construction of a non-affine hypersurface on an n-simplex in
Rn. Additionally, fractal dimension of the graph of a non-affine multivariate real-valued fractal
function is estimated under certain conditions. Furthermore, the upper bound of the Hausdorff
dimension of the invariant probability measure supported on the graph of such fractal function
is estimated.

1. Introduction

Fractal geometry is the field of study that primarily focuses on understanding and
describing the complex patterns and structures found in natural phenomena and ob-
jects, such as clouds, trees, mountains, coastlines, and even the cells of the human
body [15,22,29]. The world of fractals is home to many iconic and well-known exam-
ples, including the Koch curve, Cantor set, Cantor dust, Sierpiński gasket, and many
more. These fractals have become synonymous with the field of fractal geometry and
continue to inspire research and fascination. One key tool in fractal geometry is the
theory of iterated function systems (IFSs), which offers powerful methods for generat-
ing and modeling fractals, allowing researchers to simulate and analyze these intricate
patterns [3,19,32]. The attractors generated by IFSs are typically fractal sets, charac-
terized by their unique and intricate geometric structures [1, 3, 8, 14, 15]. Building on
this concept, Barnsley [5] introduced in 1986 the idea of fractal interpolation functions
(FIFs), which are specifically generated by IFSs. This innovation enabled the creation
of functions that can accurately model and reproduce the complex patterns found in
fractal geometry [11–13, 18, 24]. Those functions are used to compress images by
exploiting the self-similarity properties of fractals [16], utilized in computer graphics
to generate and simulate natural landscapes, such as mountains, rivers, and clouds,
which have inherent fractal characteristics [3, 6, 33]. Navascués [25] introduced the
concept of non-affine fractal functions, expanding the field of fractal geometry and
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opening up new avenues for research and applications. Non-affine fractal functions
do not exhibit affine self-similarity, meaning their scaling properties are not uniform
in all directions. These functions have been used to model and analyze complex phe-
nomena in various fields, used to approximate trigonometric polynomials, to analyze
and process signals with complex, non-stationary behavior, to generate realistic mod-
els of natural objects and environments [28], or to model the growth and branching
patterns of biological systems, such as blood vessels and trees. Many authors gen-
eralized these concepts by defining various fractal interpolation surfaces (FISs) on
different types of regions, e.g., FISs on rectangular grids [13], FIS on a triangular
region without edge condition [24], recurrent FISs on rectangular grids [21], non-
affine FIS on a rectangle [26], etc. In [23], Massopust pioneered the development
of multivariate, real-valued affine fractal functions defined on a regular n-simplex in
Rn, constructing an affine fractal basis for these functions which enables the repre-
sentation of complex fractal structures. The graphical representation of these fractal
functions is termed as affine fractal hypersurfaces.

Motivated by these results, in this article, we introduce a new class of multivariate,
real-valued non-affine fractal functions defined on an n-simplex in Rn, and we term
the graph of such a function a non-affine fractal hypersurface. In addition, we have
included a graphical representation of this type of function, providing concrete exam-
ples that facilitate a deeper understanding of their characteristics and functionality
(see Figures 2 and 3).

Fractal dimensions are mathematical concepts used to describe the complexity
and scaling properties of fractals. Many authors have studied the fractal dimension of
graphs of different fractal functions in the literature [2,17,20,27,28,30]. In [9], Buescu
et al. explored systems of non-affine iterative functional equations, deriving bounds
for the Hausdorff dimension of the solution’s graph. Additionally, they elegantly
connected these findings to related concepts in the literature, including Girgensohn
functions, fractal interpolation functions, and Weierstrass functions, revealing a rich
web of relationships between these mathematical objects. Verma at al. [34] con-
structed more general non-affine FIFs on the Sierpiński gasket by taking variable
scaling factors. Liang at al. [21] also provided bounds for box dimensions of the graph
of recurrent FISs for equally-spaced data sets. In this article, in a more general setting,
we estimate the bound of fractal dimension of a non-affine fractal hypersurface on a
regular n-simplex. We also study the Hausdorff dimension of the invariant probability
measure supported on the graph.
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2. Preliminaries

For clarity and ease of understanding, this section covers essential definitions and
notations. Additional information may be found in references [3, 19, 23].

2.1. Iterated function system

Let .X; k�kX / be a Banach space and d be the metric induced by this norm. Consider

H.X/ D
®
K � X W K ¤ ; and K is compact

¯
endowed with the Hausdorff metric Hd , defined by

Hd .A;B/ D max
®
d.A;B/; d.B;A/

¯
for allA;B 2H.X/;where d.A;B/D supx2A infy2B d.x;y/. The space .H.X/;Hd /
is complete if .X; d/ is complete [3]. Let Wn W X ! X , for n D 1; 2; : : : ; N , be
continuous functions; then WD ¹.X IWn/ W nD 1; 2; : : : ;N º is called an IFS [3,15].
If, for each n D 1; 2; : : : ; N , the Wn are contractive maps, that is, if there exist sn 2
Œ0; 1/ such that

d
�
Wn.x/;Wn.y/

�
� snd.x; y/

for all x; y 2 X , then the corresponding IFS W D ¹.X IWn/ W n D 1; 2; : : : ; N º is
known as a hyperbolic IFS. In these conditions, the set-valued Hutchinson operator
W W H.X/! H.X/, given by

W.B/ D

N[
nD1

Wn.B/ for all B 2 H.X/;

is also a contraction map with contractivity factor s D max¹sn W n D 1; 2; : : : ; N º.
Define W 0.B/ D B and let W k.B/ denote the k-fold composition of W applied to
the set B .

Definition 1 ([4]). A compact subset F of .X; d/ is called an attractor of an IFS
W D ¹.X IWn/ W n D 1; 2; : : : ; N º if

(1) W.F / D F and

(2) there exists an open subset U of X such that F � U and

lim
k!1

W k.B/ D F for all B 2 H.U /;

where convergence is with respect to the Hausdorff metric Hd on H.X/:

Note 1. The largest open set U in Definition 1 is known as the basin of attraction for
the attractor F of the IFS W and is denoted by B.F /.
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Definition 2 (Hausdorff dimension). Let .X; d/ be metric space. Then the Hausdorff
dimension of a set F � X is given by

dimH F D inf
°
s > 0 W 8ı > 0; there is countable cover ¹Uiºi2N of F

such that
X
i2N

jUi j
s < ı

±
;

where jUi j denotes the diameter of Ui .

Definition 3 (Box-counting dimension). Let .X; d/ be a metric space and F be a
compact subset of X . Let Nr.F; d/ be the minimum number of balls of radius r that
cover F . Then the upper and lower box dimensions of F are defined by

dimB.F; d/ D lim sup
r!0

logNr.F; d/
� log r

dimB.F; d/ D lim inf
r!0

logNr.F; d/
� log r

:

If both exist and are equal, the common value is called the box dimension of F and is
denoted by dimB.F; d/ [15].

Definition 4. If � is a Borel probability measure onX , then the Hausdorff dimension
of � is given by

dimH .�/ D inf
®
dimH F W F is a Borel subset such that �.F / > 0

¯
: (2.1)

2.2. Fractal surfaces

Let .X; k�kX / and .Y; k�kY / be two Banach spaces. In this section, a class of special
attractors of IFSs, namely attractors that are the graphs of bounded functions f W� �
X ! Y , where� 2H.X/, is provided (see [23]). Suppose there exists a collection of
injective maps ¹Li W �! �; i D 1; 2; : : : ; N º such that ¹Li .�/ W i D 1; 2; : : : ; N º
is a set-theoretic partition of �, that is

� D

N[
iD1

Li .�/ and
�
Li .�/

�ı
\
�
Lj .�/

�ı
D ;; for all i ¤ j;

where .A/ı denotes the interior of the setA. Let B.�/D¹f W�! Y W f is boundedº
and for all f 2 B.�/, define a norm kf k1;� WD supx2�kf .x/kY . It is straight-
forward to show that

�
B.�/; kf k1;�

�
is a Banach space. For i D 1; 2; : : : ; N , let

Fi W��Y ! Y be a mapping which is contractive with respect to the second variable,
i.e., there exists 0 � c < 1 such that

kFi .x; y1/ � Fi .x; y2/kY � cky1 � y2kY ; 8x 2 � and 8y1; y2 2 Y:
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Define a Read–Bajraktarević (RB)-operator T W B.�/! B.�/ by

T .f / D

NX
iD1

Fi
�
L�1i .x/; f ı L

�1
i .x/

�
� ��i ; (2.2)

where �A denotes the characteristic function ofA, which takes the value one onA and
zero outside A. Then T is well defined and is also a contraction map on the Banach
space B.�/, thus having a unique fixed point f in B.�/. This unique fixed point
is called the multivariate fractal function and its graph is a fractal surface on X � Y ;
sometimes it is called fractal hypersurface on X � Y . The graph of this function f is
an attractor of the IFS ¹.� � Y IWi / W i D 1; 2; : : : ; N º, where the Wi ’s are given by

Wi .x; y/ D
�
Li .x/; Fi .x; y/

�
:

For more details, see Massopust [23].

2.3. Affinely generated fractal surfaces in RnC1

In this section, we deal mainly with the connections between IFS and multivariate
real-valued affine FIF.

Definition 5. Let ¹e0; e1; : : : ; enº be a set of affinely independent points in Rn. A
regular n-simplex on Rn is defined as the point set

� WD

²
x 2 Rn W x D

nX
kD0

tkekI 0 � tk � 1I

nX
kD0

tk D 1

³
:

Over the n-simplex �, consider

C.�/ D ¹f W �! R such that f is continuous on �º:

Then the space .C.�/; d1;�/ forms a complete metric space, where the metric d1;�
is induced by the sup norm, defined as kf k1;� WD supx2�jf .x/j for f 2 C.�/.

Now, let ¹�i W i D 1; 2; : : : ; N º be a collection of non-empty compact subsets of
� with the properties:

.A1/ � D [NiD1�i I

.A2/ �i is similar to �; i D 1; 2; : : : ; N I

.A3/ �i is congruent to �j with .�i /ı \ .�j /ı D ; for all i; j 2 ¹1; 2; : : : ; N º:

Then there exist N contractive similarity maps Li W �! �i given by

Li D ciOi C ti ; (2.3)
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where ci < 1 is the similarity constant or the similarity ratio for�i with respect to�,
Oi is an orthogonal transformation on Rn, and ti is a translation in Rn.

Let V be the set of vertices of � and Vi be the set of vertices of �i . Let

l W
[
Vi ! V

be a labeling map, defined in such a way that the condition

Li
�
l.v/

�
D v

is satisfied for all i D 1; 2; : : : ; N and for all v 2 [Vi . Consider the interpolation set°
.v; zv/ 2 � �R W v 2

[
Vi

±
:

For i D 1; 2; : : : ; N , define the continuous maps Fi W � �R! R

Fi .x; y/ D �i .x/C ˛iy;

where �i W �! R are affine maps and ˛i 2 .�1; 1/. The affine map �i is uniquely
determined by the interpolation conditions

�i
�
l.v/

�
C ˛izl.v/ D zv:

Impose the following join-up conditions:

�i ı L
�1
i .s; t/C ˛if ı L

�1
i .s; t/ D �j ı L

�1
j .s; t/C j̨f ı L

�1
j .s; t/

for all .s; t/ 2 Eij WD �i \�j , i ¤ j and for all continuous functions f W �! R

(see [7, 10, 23, 31]). The set Eij is called a common edge of �i and �j .
Finally, the IFS is generated by the mappingsLi and Fi , having an attractor which

is a graph of the continuous map f W � ! R. The map f is called a multivariate
real-valued affine fractal function and its graph is known as affinely generated fractal
hypersurface or an affine fractal hypersurface [23].

3. Construction of non-affine fractal hypersurface

In this section, we present the construction of a non-affine multivariate fractal function
on an n-simplex.

Let � be an n-simplex in Rn and ¹�i W i D 1; 2; : : : ; N º be the set-theoretic
partition of � satisfying the conditions .A1/, .A2/ and .A3/, and V0 be the vertex set
of �. Let ˛ D .˛1; ˛2; : : : ; ˛N / 2 RN be a vector such that j˛i j < 1, which acts as a
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scaling vector. Let Li W �! �i be the contractive similarity maps given in (2.3). For
k 2 N and i D .i1; i2; : : : ; ik/ 2 ¹1; 2; : : : ; N ºk , let

�i WD Li.�/ D Li1 ı Li2 ı � � � ı Lik .�/

and Vi be the corresponding vertex set of �i. Let us define

Zk WD
[

i2¹1;2;:::;N ºk

Vi

and Z0 D V0.
For a fixed g 2 C.�/, let g.vk/ D zvk for all vk 2 Zk . Then the space

C0.�/ D
®
f 2 C.�/ W f .vk/ D g.vk/ D zvk ; vk 2 Zk

¯
is a closed subset of .C.�/; k�k1;�/, being therefore complete. Consider the interpo-
lation set

Z WD
®
.vk; zvk / 2 � �R W vk 2 Zk

¯
:

Let us define a labeling map lk W Zk ! Zk�1 for k 2 N that satisfies the condition

Li
�
lk.vk/

�
D vk (3.1)

for all i 2 ¹1; 2; : : : ; N ºk , and for all vk 2 Zk . For i 2 ¹1; 2; : : : ; N ºk , consider the
contraction homeomorphism Li W �! �i given by

Li.x/ D Li1 ı Li2 ı � � � ı Lik .x/ (3.2)

and the continuous maps Fi W � �R! R,

Fi.x; y/ D �i.x/C ˛iy; (3.3)

where ˛i D ˛i1 � ˛i2 � � � ˛ik , ij 2 ¹1; : : : ; N º for j D 1; : : : ; k, and �i W �! R are
defined by

�i.x/ D g ı Li.x/ � ˛ib.x/; (3.4)

where the function b W �! R satisfies the condition b.vk/ D g.vk/ for all vk 2 Zk
and b ¤ g. For all i; j 2 ¹1; 2; : : : ;N ºk and for all x 2 Eij D �i \�j, we impose the
following join-up condition

˛i.f � b/ ı L
�1
i .x/ D ˛j.f � b/ ı L

�1
j .x/ (3.5)

for all f 2 C0.�/. Since j˛i j < 1, for all i 2 ¹1; 2; : : : ; N º, therefore, j˛ij < 1 for all
i 2 ¹1; 2; : : : ; N ºk , hence it follows that the map Fi is contractive with respect to the
second variable and for all vk 2 Zk ,

Fi
�
lk.vk/; zlk.vk/

�
D �i

�
lk.vk/

�
C ˛izlk.vk/: (3.6)
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Now,
�i.lk.vk// D g

�
Li
�
lk.vk/

��
� ˛ib

�
lk.vk/

�
D g.vk/ � ˛ig

�
lk.vk/

�
D zvk � ˛izlk.vk/:

(3.7)

From (3.6) and (3.7), we get

Fi
�
lk.vk/; zlk.vk/

�
D zvk :

Recalling the RB-operator T W C0.�/! C0.�/ defined in equation (2.2) such that

T .f / D
X

i2¹1;2;:::;N ºk

g � ��i C

X
i2¹1;2;:::;N ºk

˛i.f � b/ ı L
�1
i � ��i ; (3.8)

we then obtain the following result.

Theorem 3.1. The operator T is well defined and contractive on C0.�/.

Proof. It is easy to see that for i 2 ¹1; 2; : : : ; N ºk , on each partition �i, T .f / is
continuous for all f 2 C0.�/. Also for x 2 Eij D �i \ �j, from (3.5) and (3.8),
T .f / assumes the same values, and is therefore continuous on eachEij. Let vk 2Zk .
Then vk 2 Vi � �i for some i 2 ¹1; 2; : : : ; N ºk . Therefore, from (3.1), we get

.T f /.vk/ D g.vk/C ˛i.f � b/
�
L�1i .vk/

�
D g.vk/C ˛i

�
f
�
lk.vk/

�
� b

�
lk.vk/

��
D zvk :

This shows that T is well defined and .T f /.vk/ D zvk for all vk 2 Zk . Also,
from equation (3.8), for all f1; f2 2 C0.�/ and all x 2 �i, we get

jT .f1/.x/ � T .f2/.x/j D j˛ijjf1.x/ � f2.x/j

� ˛k1kf1 � f2k1;�;

where, ˛1 D max1�i�N ¹j˛i jº < 1. The above inequality is true for all x 2 � D
[i2¹1;2;:::;N ºk�i, hence taking the supremum over all x 2 �, we get

kT .f1/ � T .f2/k1;� � ˛
k
1kf1 � f2k1;�: (3.9)

Since ˛k1 < 1, T is contractive on C0.�/.

The Banach fixed point theorem thus ensures that T has a unique fixed point f ˛

in C0.�/. The function f ˛ is said to be a multivariate real-valued non-affine fractal
function and its graph a non-affine fractal hypersurface. Now, from (3.8), the function
f ˛ satisfies the functional equation

f ˛ D T .f ˛/ D
X

i2¹1;2;:::;N ºk

g � ��i C

X
i2¹1;2;:::;N ºk

˛i.f
˛
� b/ ı L�1i � ��i : (3.10)
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Consider the IFS W D ¹.� � RI Wi/ W i 2 ¹1; 2; : : : ; N ºkº, where the maps Wi W

� �R! �i �R are given by

Wi.x; y/ D
�
Li.x/; Fi.x; y/

�
: (3.11)

It thus follows that this IFS is hyperbolic, hence it has a unique attractor G.

Theorem 3.2. The attractor of the above IFS ¹.� � RIWi/ W i 2 ¹1; 2; : : : ; N ºkº is
the graph of the fractal function f ˛ .

Proof. Let G.f ˛/ WD ¹.x; f ˛.x// W x 2 �º. Then[
i2¹1;2;:::;N ºk

Wi
�
G.f ˛/

�
D

[
i2¹1;2;:::;N ºk

®
Wi
�
x; f ˛.x/

�
W x 2 �

¯
D

[
i2¹1;2;:::;N ºk

®�
Li.x/; Fi

�
x; f ˛.x/

��
W x 2 �

¯
:

Now, from (3.3), (3.4) and (3.10), we get

Fi
�
x; f ˛.x/

�
D g

�
Li.x/

�
� ˛ib.x/C ˛if

˛.x/

D g
�
Li.x/

�
C ˛i.f

˛
� b/.x/ D f ˛

�
Li.x/

�
:

Therefore, [
i2¹1;2;:::;N ºk

Wi
�
G.f ˛/

�
D

[
i2¹1;2;:::;N ºk

®�
Li.x/; f

˛
�
Li.x/

��
W x 2 �

¯
D

[
i2¹1;2;:::;N ºk

®�
x; f ˛.x/

�
W x 2 �i

¯
D ¹

�
x; f ˛.x/

�
W x 2 �º D G.f ˛/:

This shows that G.f ˛/ is the attractor of the IFS, and hence by uniqueness, G D
G.f ˛/. This completes the proof.

The following examples illustrate the construction of non-affine fractal hypersur-
faces for values of k D 1 and 2, respectively.

Example 3.3. For simplicity, we consider a 2-simplex� in R2 and the classical func-
tion g W �! R given by (see Figure 1)

g.x; y/ D 5C x3 C y2 C sin 2�x sin 2�y:

For k D 1, the vertex set is ¹.0; 0/; .1
2
; 0/; .1; 0/; .1

2
; 1
2
/; .0; 1/; .0; 1

2
/º. We consider

the scale factors ˛1 D ˛2 D 4
5

and ˛3 D ˛4 D 3
4

and the base function b W �! R

given by b.x; y/ D 5C x3 C y2. Then Figure 2 represents the corresponding non-
affine fractal hypersurface.
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Figure 1. Graphical representation of the classical function g.

Example 3.4. We consider a 2-simplex � in R2 and the classical function g and the
base function b given in Example 3.3. For k D 2, the vertex set is ¹.0;0/; .1

4
; 0/; .1

2
; 0/,

.3
4
; 0/; .1; 0/; .3

4
; 1
4
/; .1

2
; 1
2
/; .1

4
; 3
4
/; .0; 1/; .0; 3

4
/; .0; 1

2
/; .0; 1

4
/; .1

4
; 1
4
/; .1

2
; 1
4
/; .1

4
; 1
2
/º.

For i; j 2 ¹1;2;3;4º, consider the scale factors ˛ij D ˛i � j̨ . Then Figure 3 represents
the corresponding non-affine fractal hypersurface.

The following result can be found in [19].

Proposition 1. Let .p1; p2; : : : ; pN / be a given probability vector and ¹X IWi W i D
1;2; : : : ;N º be a hyperbolic IFS. Then there exists a unique Borel probability measure
� supported on its attractor such that

� D

NX
iD1

pi� ıW
�1
i :

Let .p1; p2; : : : ; pN / be a given probability vector and for i 2 ¹1; 2; : : : ; N ºk , let
pi D pi1 � pi2 � � �pik , ij 2 ¹1; : : : ;N º for j D 1; : : : ; k. Let � and �˛ be the invariant
probability measures with probability vector .pi/i2¹1;2;:::;N ºk , generated by the IFSs
¹.�ILi/ W i 2 ¹1; 2; : : : ; N ºkº and ¹.� �RIWi/ W i 2 ¹1; 2; : : : ; N ºkº given in (3.2)
and (3.11), respectively. Then the support of � is � and the support of �˛ is G.f ˛/,
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Figure 2. Graphical representation of the non-affine fractal hypersurface for k D 1.

respectively. We end this section by providing a relation between � and �˛ in the
following theorem.

Theorem 3.5. Let S W �! G.f ˛/ be the homeomorphism given by

S.x/ D
�
x; f ˛.x/

�
;

for x 2 �. Then
�.E/ D �˛

�
S.E/

�
for all Borel subsets E of �.

Proof. Let B.G.f ˛// and B.�/ be the spaces of Borel probability measures sup-
ported on G.f ˛/ and �, respectively. Define the operator

ˆ W B
�
G.f ˛/

�
! B.�/

� �! ˆ�
(3.12)

such that ˆ�.E/ D �.S.E// for all Borel subsets E of �. Now, from Proposition 1,
we get

�˛ D
X

i2¹1;2;:::;N ºk

pi�˛ ıW
�1

i :



A. Hossain and J. Buescu 406

Figure 3. Graphical representation of the non-affine fractal hypersurface for k D 2.

Therefore, for a Borel subset E of �

ˆ�˛.E/ D �˛
�
S.E/

�
D

X
i2¹1;2;:::;N ºk

pi�˛ ıW
�1

i
�
S.E/

�
: (3.13)

Now, for x 2 E,

Wi
�
L�1i .x/; f ˛

�
L�1i .x/

��
D
�
Li
�
L�1i .x/

�
; Fi
�
L�1i .x/

�
; f ˛.L�1i .x//

�
; using (3.11)

D
�
x; T f ˛.x/

�
D
�
x; f ˛.x/

�
; using (3.10)

D S.x/:

This shows that W �1i .S.x// D .L�1i .x/;f ˛.L�1i .x/// D S.L�1i .x//, x 2 E. There-
fore, W �1i .S.E// D S.L�1i .E//. Hence from (3.13), we get

ˆ�˛.E/ D
X

i2¹1;2;:::;N ºk

pi�˛ ı S
�
L�1i .E/

�
D

X
i2¹1;2;:::;N ºk

piˆ�˛ ı L
�1
i .E/; using (3.12):
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But � is the unique probability measure supported on � such that

�.E/ D
X

i2¹1;2;:::;N ºk

pi� ı L
�1
i .E/:

Therefore, �.E/ D ˆ�˛.E/ D �˛.S.E//. This completes the proof.

4. Dimension results

In this section, we explore the ˇ-oscillation space (see [34]) and derive bounds for
the fractal dimension of the graph of a non-affine multivariate fractal function. Addi-
tionally, we provide an upper bound for the Hausdorff dimension of the invariant
probability measure supported on the graph.

ForN � 2 and iD .i1; i2; : : : ; ik/ 2 ¹1; 2; : : : ;N ºk , recall the definition of the sets
�i WDLi.�/DLi1 ıLi2 ı � � � ıLik .�/. The maximal range of a function g W�i!R

over the set �i is defined by

Rg Œ�i� D sup
x1;x22�i

jg.x1/ � g.x2/j

and the total oscillation of order k is defined by

R.k; g/ D
X

i2¹1;2;:::;N ºk

Rg Œ�i�:

For 0 � ˇ � 2, define the function space

Rˇ .�/ WD

²
g W �! R W g is continuous and sup

k2N

R.k; g/

N k.2�ˇ/
<1

³
:

Rˇ .�/ is called the ˇ-oscillation space. Here, we obtain the following results.

Proposition 2. For all g 2 Rˇ .�/, the following holds:

(1) If 0 � ˇ � 1, then

2 � dimH G.g/ � dimB G.g/ � 3 � ˇ:

(2) If 1 < ˇ � 2, then

dimH G.g/ D dimB G.g/ D 2:

Proof. Let g 2 Rˇ .�/. Then by definition of ˇ-oscillation space, there exists a real
M > 0 such that

sup
k2N

R.k; g/

N k.2�ˇ/
�M: (4.1)
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For a fixed k 2N, let ı D 1

Nk
. Then by the continuity of g, the number of mesh-prism

of side lengths ı in the column above the set �i that intersects G.g/ is at least RgŒ�i�
ı

and at most 2C RgŒ�i�
ı

. Summing over all such set �i, we get

N k
X

i2¹1;2;:::;N ºk

Rg Œ�i� � Nı
�
G.g/

�
� 2N k

CN k
X

i2¹1;2;:::;N ºk

Rg Œ�i�: (4.2)

Now since N � 2, using (4.1) and (4.2), we get

Nı
�
G.g/

�
� N 2k

CN kMN k.2�ˇ/

D N k.3�ˇ/.M CN k.ˇ�1//:

Therefore,

dimB G.g/ D lim
k!1

logNı.G.g//
logN k

� 3 � ˇ C lim
k!1

log.M CN k.ˇ�1//

logN k
:

Case 1. If 0 � ˇ � 1, then N k.ˇ�1/ ! 0, which implies that

lim
k!1

log.M CN k.ˇ�1//

logN k
D 0:

Also, since dimH �D 2 andG.g/ is the graph of the continuous function g W�!R,
it follows that dimH G.g/ � 2. Therefore,

2 � dimH G.g/ � dimB G.g/ � 3 � ˇ:

Case 2. If 1 < ˇ � 2, then 1

Nk.ˇ�1/
! 0, which implies that

lim
k!1

log.M CN k.ˇ�1//

logN k
D lim
k!1

logN k.ˇ�1/
�

M

Nk.ˇ�1/
C 1

�
logN k

D ˇ � 1:

This shows that

2 � dimH G.g/ � dimB G.g/ � 3 � ˇ C ˇ � 1 D 2:

Therefore,

dimH G.g/ D dimB G.g/ D 2:

This completes the proof.

In Section 3, we considered the original function g and the base function b in
C0.�/. From this point onwards, we consider the original function g and the base
function b in Rˇ .�/, and take f ˛ to be the corresponding non-affine fractal function.
In the following theorem, we estimate the fractal dimension of G.f ˛/ and provide
bounds for the Hausdorff dimension of the measure �˛ .
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Theorem 4.1. Suppose, for a fixed k 2 N, that max
®
˛k1;

˛k1
Nk.1�ˇ/

¯
< 1. Then the

non-affine fractal function f ˛ lies in the ˇ-oscillation space Rˇ .�/. Furthermore,
the following holds:

(1) If 0 � ˇ � 1, then

2 � dimH G.f ˛/ � dimB G.f ˛/ � 3 � ˇ; and dimH �˛ � 3 � ˇ:

(2) If 1 < ˇ � 2, then

dimH G.f ˛/ D dimB G.f ˛/ D 2; and dimH �˛ � 2:

To prove Theorem 4.1, we first establish the following results. For g 2 Rˇ .�/,
define a norm

kgkRˇ.�/ WD kgk1;� C sup
k2N

R.k; g/

N k.2�ˇ/
: (4.3)

It is easily shown that this defines a norm. Indeed,

(1) kgkRˇ.�/ D 0, if and only if kgk1;� D 0, if and only if g D 0.

(2) Now, for c 2R and g 2Rˇ .�/, Rcg Œ�i�D jcjRg Œ�i�, therefore, R.k; cg/D

jcjR.k; g/. Hence kcgkRˇ.�/ D jcjkgkRˇ.�/.

(3) For f; g 2 Rˇ .�/, RfCg Œ�i� � Rf Œ�i�CRg Œ�i�. Therefore,

R.k; f C g/ � R.k; f /CR.k; g/:

Hence from (4.3), we get

kf C gkRˇ.�/ � kf k1;� C kgk1;� C sup
k2N

R.k; f /

N k.2�ˇ/
C sup
k2N

R.k; g/

N k.2�ˇ/
:

Therefore, kf C gkRˇ.�/ � kf kRˇ.�/ C kgkRˇ.�/.

Lemma 4.2. The space .Rˇ .�/; k�kRˇ.�// is a Banach space.

Proof. Let .fn/n2N be a Cauchy sequence in .Rˇ .�/; k�kRˇ.�//. Then .fn/n2N is a
Cauchy sequence in .C.�/;k�k1;�/, and hence converges to a continuous function f .
Our first claim is R.k;fn/!R.k;f / as n!1. Since fn! f uniformly, it follows
that

jfn.x1/ � fn.x2/j ! jf .x1/ � f .x2/j for all x1; x2 2 �i; i 2 ¹1; 2; : : : ; N ºk :

This shows that

sup
x1;x22�i

jfn.x1/ � fn.x2/j ! sup
x1;x22�i

jf .x1/ � f .x2/j:
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Therefore, Rfn Œ�i�! Rf Œ�i�. Hence R.k; fn/! R.k; f /. Therefore,

kfnkRˇ.�/ D kfnk1;� C sup
k2N

R.k; fn/

N k.2�ˇ/
! kf k1;� C sup

k2N

R.k; f /

N k.2�ˇ/
D kf kRˇ.�/:

This completes the proof.

Proof of Theorem 4.1. Let

R
ˇ

f ˛
.�/ WD

®
f 2 Rˇ .�/ W f jZk D f

˛
jZk

¯
;

where Zk D [i2¹1;2;:::;N ºkVi. It is easy to show that Rˇ
f ˛
.�/ is a closed subset of

Rˇ .�/, and so it is complete with respect to the metric induced by the norm k�kRˇ.�/.

Define the RB-operator T W R
ˇ

f ˛
.�/! R

ˇ

f ˛
.�/, in an analogous way to (3.8), by

T .f / D
X

i2¹1;2;:::;N ºk

g � ��i C

X
i2¹1;2;:::;N ºk

˛i.f � b/ ı L
�1
i � ��i ; (4.4)

where for k 2N,�D[i2¹1;2;:::;N ºk�i, ˛i D ˛i1˛i2 � � �˛ik and b 2 Rˇ
f ˛
.�/ such that

b ¤ g. Since on each partition �i for i 2 ¹1; 2; : : : ; N ºk , T .f / is continuous for all
f 2 C0.�/. Also, for x 2 Eij D �i \ �j, from (3.5) and (4.4), T .f / assumes the
same values, and is therefore continuous on each Eij. Let vk 2 Zk , then vk 2 �i for
some i 2 ¹1; 2; : : : ; N ºk . Using (3.1) in (4.4), we get

T .f /.vk/ D g.vk/C ˛i .f � b/
�
lk.vk/

�
D zvk C ˛i .zlk.vk/ � zlk.vk// D f

˛.vk/:

Therefore, T .f /jZk D f
˛jZk .

This shows that T is well defined. To check contractivity of T , let f1; f2 2
R
ˇ

f ˛
.�/. Then

kT f1 � T f2kRˇ.�/

D kT f1 � T f2k1;� C sup
m2N

R.m; T f1 � T f2/

Nm.2�ˇ/

D kT f1 � T f2k1;� C sup
m2N

P
i2¹1;2;:::;N ºm RT f1�T f2 Œ�i�

Nm.2�ˇ/
:

(4.5)

First, we estimate the quantity X
i2¹1;2;:::;N ºm

RT f1�T f2 Œ�i�:
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For any m > k, the word i 2 ¹1; 2; : : : ; N ºm may be expressed as i D .j1; j2/, where

j1 D .j1; j2; : : : ; jk/ 2 ¹1; 2; : : : ; N º
k

and
j2 D .jkC1; jkC2; : : : ; jm/ 2 ¹1; 2; : : : ; N º

m�k :

Now, using the expression of i D .j1; j2/, we may writeX
i2¹1;2;:::;N ºmRT f1�T f2 Œ�i�

D

X
i2¹1;2;:::;N ºm

sup
x1;x22�iDLi.�/

j.T f1 � T f2/.x1/ � .T f1 � T f2/.x2/j

D

X
i2¹1;2;:::;N ºm

sup
x1;x22�

j.T f1 � T f2/ ı Li.x1/ � .T f1 � T f2/ ı Li.x2/j

D

X
j22¹1;2;:::;N ºm�k

X
j12¹1;2;:::;N ºk

sup
x1;x22�

®
j.T f1 � T f2/ ı Lj1 ı Lj2.x1/

� .T f1 � T f2/ ı Lj1 ı Lj2.x2/j
¯
:

Now, for the partition � D [j12¹1;2;:::;N ºk
�j1 , using (4.4) in the last expression, we

getX
i2¹1;2;:::;N ºmRT f1�T f2 Œ�i�

D

X
j22¹1;2;:::;N ºm�k

X
j12¹1;2;:::;N ºk

j˛j1 j sup
x1;x22�

®
j.f1 � f2/ ı L

�1
j1
ı Lj1 ı Lj2.x1/

� .f1 �f2/ ı L
�1
j1
ı Lj1 ı Lj2.x2/j

¯
� ˛k1

X
j22¹1;2;:::;N ºm�k

X
j12¹1;2;:::;N ºk

sup
x1;x22�

j.f1 � f2/ ı Lj2.x1/

� .f1 � f2/ ı Lj2.x2/j

D N k˛k1

X
j22¹1;2;:::;N ºm�k

sup
x1;x22�

j.f1 � f2/ ı Lj2.x1/ � .f1 � f2/ ı Lj2.x2/j

D .N˛1/
k

X
j22¹1;2;:::;N ºm�k

sup
x1;x22Lj2 .�/D�j2

j.f1 � f2/.x1/ � .f1 � f2/.x2/j

D .N˛1/
kR.m � k; f1 � f2/:
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Hence for the partition �D[j12¹1;2;:::;N ºk
�j1 , using the above expression and (3.9)

in (4.5), we get

kT f1 � T f2kRˇ.�/

� ˛k1kf1 � f2k1;� C .N˛1/
k sup
m2N

R.m � k; f1 � f2/

Nm.2�ˇ/

D ˛k1kf1 � f2k1;� C
.N˛1/

k

N k.2�ˇ/
sup
m2N

R.m � k; f1 � f2/

N .m�k/.2�ˇ/

� max
°
˛k1;

˛k1

N k.1�ˇ/

±�
kf1 � f2k1;� C sup

m2N;m>k

R.m; f1 � f2/

Nm.2�ˇ/

�
D c kf1 � f2kRˇ.�/;

where we have that c D max
®
˛k1;

˛k1
Nk.1�ˇ/

¯
< 1. This shows that T is a contraction

map on .Rˇ
f ˛
.�/; k�kRˇ.�//. Hence, by the Banach fixed point theorem, T has a

fixed point f � 2 R
ˇ

f ˛
.�/. Also T .f �/jZk D f

˛jZk , and it satisfies the functional
equation (3.10). Hence by uniqueness, we conclude that f ˛ D f � 2 Rˇ .�/. Now,
using Proposition 2, we get

2 � dimH G.f ˛/ � dimB G.f ˛/ � 3 � ˇ; if 0 � ˇ � 1

and

dimH G.f ˛/ D dimB G.f ˛/ D 2; if 1 < ˇ � 2:

Also, since �˛ is the probability measure with support G.f ˛/ generated by the IFS
¹.� �RIWi/ W i 2 ¹1; 2; : : : ; N ºkº, it follows that �˛.G.f ˛// > 0. Hence by (2.1),
we get

dimH �˛ � dimH G.f ˛/:

Therefore,

(1) if 0 � ˇ � 1, then dimH �˛ � 3 � ˇ, and

(2) if 1 < ˇ � 2, then dimH �˛ � 2.

This completes the proof.

Conclusion

In this article, we presented the construction of a non-affine hypersurface on an n-
simplex in Rn. We also estimated the fractal dimension of the graph of this non-affine
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multivariate real-valued fractal function under certain conditions. Moreover, we esti-
mated the upper bound of the Hausdorff dimension of the invariant probability mea-
sure supported on the graph of this fractal function. This investigation was conducted
under the assumption of constant scale factors, within the context of Euclidean space.
Future research directions may include considering variable scale factors and gener-
alizing the results to Lp spaces, thereby broadening the scope of applicability.
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