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Random walks and contracting elements II: Translation
length and quasi-isometric embedding

Inhyeok Choi

Abstract. Continuing from Choi (2022), we study random walks on metric spaces with contracting
elements. We prove that random subgroups of the isometry group of a metric space are quasi-
isometrically embedded into the space. We discuss this problem in two ways, namely in the sense of
random walks and counting problem. We also establish the genericity of contracting elements and
the central limit theorem and its converse for translation length.
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1. Introduction

This is the second in a series of articles concerning random walks on metric spaces with
contracting elements. This series is a reformulation of the previous preprint [8] announced
by the author, aiming for clearer and more concise exposition.

Let X be a geodesic metric space and let 0 € X. We say that a subset A of X is
contracting if the closest point projection of a geodesic y onto A is uniformly bounded
whenever y is far away from A. An isometry g of X is contracting if the orbit {g" 0}, ez
is a contracting quasi-geodesic (see Definition 2.1). Two contracting isometries g and &
of X are independent if their orbits have unbounded Hausdorff distance.

Convention 1.1. Throughout, we assume that:
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* (X,d) is a geodesic metric space,
* G is a countable group of isometries of X and
* G contains two independent contracting isometries.

We also fix a basepoint o € X.

This type of contraction takes place in various non-positively curved spaces includ-
ing (relatively) hyperbolic spaces, CAT(0) spaces, Teichmiiller space, Culler—Vogtmann
Outer space and small cancellation groups. We refer the readers to [1,2,7,23,24] for the
treatment for each case.

We wish to sample a random isometry g in G. For this, we fix i.i.d. random variables
gi’s distributed according to a probability measure i and define Z, := gy --- g,. The
sequence of random variables (Z,),>0 then constitute the random walk generated by p.
We say that the random walk (Z,)n>0 is non-elementary if the support of & generates a
semigroup that contains two independent contracting isometries (see Subsection 2.2).

Given a non-elementary random walk on G, one can ask the asymptotic behavior
of the displacement d(o, go) of a random isometry g. This was indeed pursued in [10],
discussing the strong law of large numbers (SLLN) with an exponential bound, central
limit theorem (CLT) and the law of the iterated logarithm (LIL). In this article, we aim
to investigate yet another quantity, the translation length 7(g) := lim; dx (0, g'0)/i, of a
random isometry g. The translation length of an element g of G often encodes interesting
dynamical phenomena. For example, the translation length of a deck transformation of a
negatively curved manifold is the length of the corresponding closed geodesic. The trans-
lation length of a pseudo-Anosov mapping class (irreducible outer automorphism, resp.)
on Teichmiiller space (Outer space, resp.) equals its stretch factor as a self-map on the
surface (expansion factor as a train-track map on the graph, resp.).

Our first main result is companion to the corresponding result for displacement [10,
Theorem 6.4].

Theorem A. Let (X, G, 0) be as in Convention 1.1 and let (Z,)n>0 be the random walk
generated by a non-elementary measure i on G. Let A(11) be the escape rate of ., that
is, A(p) 1= lim, o0 Eyn[d (0, go)]/n. Then for each 0 < L < A(u), there exists K > 0
such that for each n we have

P(Z, is contracting and t(Z,) > Ln) > 1 — Ke K,

This result has been observed by Sisto for simple random walks on various spaces
in [25]. In the absence of moment conditions, Maher and Tiozzo observed in [21] that
non-elementary random walks on Gromov hyperbolic spaces favor loxodromic elements
in probability. Their methods and Benoist—Quint’s estimates in [6] also lead to the stronger
SLLN for translation length under finite second moment condition, as noted by Dahmani
and Horbez [12]. Dahmani and Horbez also deduced the same SLLN on Teichmiiller
space. Later, Baik, Choi and Kim obtained the same SLLN under finite first moment
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assumption using ergodic theorems and Maher-Tiozzo’s notion of persistent joint [3].
We also note Le Bars’ recent result [4] that non-elementary random walks on a proper
CAT(0) space favor contracting isometries in probability. Theorem A generalizes these
results by obtaining an exponential bound from below without any moment condition.
Finally, Goldsborough and Sisto recently presented a QI-invariant theory for exponential
genericity of positive translation length [14]. Their theory applies to (relatively) hyperbolic
groups, acylindrically hyperbolic 3-manifold groups, right-angled Artin groups and many
more.

Genericity of contracting elements is a recurring theme that has been investigated in
various settings. For example, Yang describes genericity of contracting elements in count-
ing problem for proper actions on a metric space [28]. The novelty of Theorem A is that
it discusses genericity of contracting elements for possibly non-WPD actions on spaces
and for non-elementary random walks without moment condition.

We also provide a quantitative comparison between the displacement and the transla-
tion length of a random isometry.

Theorem B. Let (X, G, 0) be as in Convention 1.1, and (Z,)n>0 be the random walk
generated by a non-elementary measure |1 on G.

(1) If u has finite p-th moment for some p > 0, then

1
lim ———

o w1/2p [d(0, Zno) —t(Z,)] = 0 almost surely.

(2) If u has finite first moment, then there exists K > 0 such that

. 1
lim sup
n—oo 108N

[d(o, Z,0) —t(Z,)] < K almost surely.

There have been many results that capture the sublinear discrepancy between the dis-
placement and translation length for random walks with bounded support or with finite
exponential moment (see [19,21]). Moreover, using Benoist—Quint’s strategy in [5,6] and
its application to other spaces [12, 18], one can achieve sublinear discrepancy for random
walks with finite first moment. We improve these observations by proving that random
walks with finite (1/2)-th moment exhibit sublinear discrepancy between displacement
and translation length.

Combining the CLT for displacement proved in [10] and Theorem B, we deduce the
CLT for translation length.

Theorem C (CLT and its converse). Let (X, G, 0) be as in Convention 1.1, and (Z)n>0
be the random walk generated by a non-elementary measure (L on G. If i has finite second
moment, then \/L;(d (0,Z,0) —nA) and ﬁ(r(zn) — nA) converge to the same Gaussian
distribution in law.

Conversely, if v has infinite second moment, then for any sequence (cy)n>0, neither
ﬁ(a’(o, Z,0) — cy) nor %ﬁ(r(Zn) — ¢p) converges in law.
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CLT for translation length and the converse of CLT for Gromov hyperbolic spaces
and Teichmiiller space have been observed in [9]. Here, we establish the same result for
general spaces with contracting isometries.

Meanwhile, Taylor and Tiozzo proved in [26] that random subgroups of a weakly
hyperbolic group is quasi-isometrically embedded into the ambient Gromov hyperbolic
space, in the sense that such event happens for eventual probability 1. See also [20, 22]
for additional conclusions under geometric assumptions, for example, acylindricity or
WPD. These results are linked to a deeper understanding of convex-cocompact subgroup
of mapping class groups and random extensions of surface groups and free groups.

The following theorem strengthens the conclusion of Taylor-Tiozzo’s theorem and
generalizes it to more general spaces.

Theorem D. Let (X, G, 0) be as in Convention 1.1, and (Z,(,I), cee Z,(,k)),,zo be k inde-
pendent random walks generated by a non-elementary measure [t on G. Then there exists
K > 0 such that

P[(Z,(ll), s Z,(,k)) is q.i. embedded into a quasi-convex subset of X] > 1 — Ke K,

Thanks to concrete control of the decay rate, we can deduce the analogous conclusion
for counting problems.

Theorem E. Let G be a finitely generated group acting on a metric space X with at least
two independent contracting elements. Then for each k > 0, there exists a finite generating
set S of G such that

k {(g1,...,&k) is q.i. embedded into
#{ AU B : . }
(&1 8k) € ( § (n)) a quasi-convex subset of X

(#Bs(n))*

converges to 1 exponentially fast.

Theorem E has been previously observed for a vast number of group actions by Han
and Yang. First, Yang describes the genericity of contracting elements for counting prob-
lem in [28], which corresponds to the case of k = 1 in Theorem E. Yang considered
groups admitting a statistically convex-cocompact (SCC) action on proper spaces, which
include relatively hyperbolic group, groups with non-trivial Floyd boundary, non-splitting
right-angled Artin groups (RAAGs) and right-angled Coxeter groups (RACGs), small can-
cellation groups, mapping class groups acting on Teichmiiller spaces and many more. This
was later generalized to arbitrary k by Han and Yang in [16].

Meanwhile, mapping class groups are not known to possess a contracting element with
respect to the actions on their Cayley graphs. This necessitates a different approach for
the counting problem in the Cayley graph. Theorem E accomplishes this purpose by not
requiring the action of G on X be proper or SCC, while deducing a result for the counting
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problem in the Cayley graph of G. For Gromov hyperbolic spaces and Teichmiiller space,
Theorem E for k = 1 has been observed in [11] as an affirmative answer to a version of
Farb’s conjecture in [13].

1.1. Structure of the paper

In Section 2, we recall the basic notions and facts about contracting isometries, alignment
of paths and Schottky sets that were discussed in [10].

All the theorems of this paper eventually follow from Gouézel’s pivoting tech-
nique [15]. Among them, Theorems A and B and the first half of Theorem C (CLT) use
pivoting technique implicitly via referring to the results of [10]. This part is explained
in Section 3, which only assumes the content of Section 2 and does not require any
knowledge about pivotal times.

The other theorems are deduced using pivoting technique that we explain in Section 4.
In Subsection 4.1, we recall the pivotal time construction for a discrete model. In Sub-
section 4.2, we consider two lemmata to reduce a random walk into the discrete model.
Given this preparation, we relate pivotal times with translation length and genericity of
contracting isometries in Subsection 4.3. In Subsection 4.4, we combine these ingredi-
ents and deduce the converse of CLT. In Subsection 4.5, we generalize the discussion in
Subsection 4.2 to discuss the quasi-isometric embedding of k independent random walks.

It remains to discuss counting problem. Our strategy is to compare the exponential
bound for simple random walks on G and a counting estimate on G. For this, we establish
a quantitative version of Subsection 4.2 in Section 5. We prove Theorem E using this in
Section 6.

2. Preliminaries

In this section, we summarize the language and the setting of [10]. Throughout the

paper, X is a geodesic metric space with basepoint 0 and G is a countable isometry group
of X.

2.1. Contracting isometries and alignment

Definition 2.1 (Contracting sets). For a subset A C X and ¢ > 0, we define the closest
point projection of x € X to A by

wa(x) :={a € A:dx(x,a) =dx(x, A)}.

A is said to be K-contracting if:
(1) ma(z) # @ forall z € X and
(2) forall x, y € X such that dx(x, y) < dx(x, A) we have

diamy (74 (x) U ma(y)) < K.
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A K-contracting K -quasi-geodesic is called a K -contracting axis. An isometry g € G
is said to be K-contracting if its orbit {g"0},ez is a K-contracting axis.

Definition 2.2 (Translation length). For g € G, the (asymptotic) translation length of g
is defined by

1
7(g) := liminf —d (o0, g"0).
n—oco n

Given an isometry g € G, the orbit {g"0}, ez is a quasi-geodesic if and only if g has
strictly positive translation length. However, an isometry with positive translation length
may not be contracting.

A path is a map from either an interval or a set of consecutive integers to X. Given a
path y : [a,b] — X, we define its reversal y : [a,b] — X by the map ¥ (¢) := y(a + b —1).

A subset A C X is said to be K-quasi-convex if any geodesic [x, y] connecting two
points x, y € A is contained in the K-neighborhood of A. Two paths x and 7 on X are said
to be K-fellow traveling if their beginning points and ending points are pairwise K-near
and dyayss(, 1) < K.

Let us now recall some alignment lemmata established in [10].

Definition 2.3 ([10, Definition 3.6]). Fori =1,...,n, let y; be a path on X whose begin-
ning and ending points are x; and y;, respectively. We say that (y, ..., y,) is C-aligned
if

diamy (y; U 7y, (yi+1)) < €, diamy (x;j41 Umy,,, (i) < C
hold fori =1,...,n—1.

Here, we regard points as degenerate paths. For example, for a point x and a path y,
we say that (x, y) is C-aligned if

diamy (beginning point of y U , (x)) < C
holds. The following observation is immediate.

Observation 2.4. Let g be an isometry of X. Let n be a positive integer and let k be an
integerin {1,...,n}. Let K > O and let y1,..., ¥, be paths on X.

(1) If the sequences (y1,...,Yx) and (Yk, ..., ¥n) are each K-aligned, then their
concatenation ()1, ..., Ys) is also K-aligned.

2) If (y1,-..,yn) is K-aligned, then (¥, ..., y1) is also K-aligned.

3) If (y1,...,yn) is K-aligned, then (gy1,...,gy,) is also K-aligned.

Lemma 2.5 ([10, Lemma 3.8]). For each C > 0and K > 1, there exists D = D(K,C) >
K, C that satisfies the following.

Let y and y' be K -contracting axes whose ending points are y and y’, respectively. If
(y,y') and (y, y') are C-aligned, then (y,y’) is D-aligned.
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Lemma 2.6 ([10, Proposition 3.12]). For each D > 0 and K > 1, there exist E =
E(K,D) > K,D and L = L(K, D) > K, D that satisfy the following.

Let x and y be points in X and let y1, ..., v, be K-contracting axes whose domains
are longer than L and such that (x, V1, ..., Yn,y) is D-aligned. Then the geodesic [x, y]
has subsegments 11, . . ., Ny, in order from left to right, that are longer than 100 E and such
that n; and y; are 0.1 E-fellow traveling for each i. In particular, (x,y;, y) are E-aligned
foreachi.

Lemma 2.7 ([27, Proposition 2.9]). For each D, M > 0 and K > 1, there exist E =
E(K,D,M)> D and L = L(K, D) > D that satisfy the following.

Let y1, ..., vn be K-contracting axes whose domains are longer than L. Suppose
that (y1,...,¥yn) is D-aligned and d(y;, vi+1) < M for each i. Then the concatenation
yrU---Uy, of y1,...,yn is an E-contracting axis.

For the proofs of these lemmata, refer to [10, Subsections 3.1 and 3.2].

2.2. Random walks

Let u be a probability measure on G. We denote by ji the reflected version of i, which is
defined by [i(g) := u(g~"). The random walk generated by j is the Markov chain on G
with the transition probability p(g,h) := (g~ 'h).

Consider the step space (GZ, u%), the product space of (G, j1). Each element
(gn)nez € GZ is called a step path, and there is a corresponding (bi-infinite) sample path
(Z1n)nez under the correspondence

g1 &n n >0,
Zn: id nZO,

g5t gty n<o.

We also introduce the notation g, = g:,ll 41 and 7 n = Z_,. Note that we have an isomor-
phism (G%, u%) — (G%>0, i#>0) x (GZ>0, u%>9) by (gn)nez = ((Zn)n>0- (&n)n>0)-
We will frequently use the latter parametrization: For each (w, @) € (GZ=0, i%>0) x
(GZ=0, ;)Z=0) we have

g,,(cT),a)) = gn(w)v Zn((\[)vw) = Zn(a))v
(@, 0) = gu(@), Zn(®,0) = Zy(®).

We define the support of u, denoted by supp u, as the set of elements in G that are
assigned nonzero values of ;.. We denote by u” the product measure of N copies of ,
and by u*V the N -th convolution measure of .

Now suppose that G is acting on the metric space (X, d). A probability measure p
on G is said to be non-elementary if the semigroup generated by the support of u contains
two independent contracting isometries g, i of X.
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2.3. Schottky set

We now introduce the notion of Schottky set. Given a sequence « = (ay,...,a,) € G",
we employ the following notations:

() :=aiaz---ay,
') := (o,alo,alazo, e H(a)o).

The following definition is an adaptation of Goué&zel’s notion of Schottky sets on
hyperbolic groups in [15].

Definition 2.8 (Cf. [15, Definition 3.11] and [10, Definition 3.15]). Let Ky > 0 and define:
* Dy = D(Kyp, Kp) be as in Lemma 2.5,
e Dy = E(Ky, Dg), L = L(Kg, Dg) be as in Lemma 2.6,
e Eg= E(Ky,Dy),L = L(Ky, Dq) be as in Lemma 2.6 and
e L"” = L(Kyp, D7) be as in Lemma 2.7.
We say that a set of sequences S € G" is a fairly long Ko-Schottky set if:
(1) n>max{L,L’,L"},
(2) I'(@) is Ko-contracting axis for all « € S;
(3) d(o,I(x)o) = 10Eq foralla € S;

(4) for each x € X we have
#a e S : (x,T(«)) and (['(a), TI(s)x) are Kp-aligned} > #S — 1;

(5) foreacha € S, (I'(«), IT(x) " (@) is Kp-aligned.

When the Schottky parameter Ky is understood, the constants Dg, D1, Eo always denote
the ones defined above. Further, we sometimes omit the Schottky parameter and just say
that S is a fairly long Schottky set.

Once a fairly long Schottky set S is understood, its element « is called a Schottky
sequence and the translates of I'(«) are called Schottky axes. When a probability mea-
sure 1 on G is given in addition such that S C (supp p)”, we say that S is a fairly long
Schottky set for p.

Some facts regarding Schottky sets are in order.

Lemma 2.9 ([10, Proposition 3.19]). Let i be a non-elementary probability measure
on G. Then for each N > 0 there exists a fairly long Schottky set for u with cardinality N.

Definition 2.10. Let S be a fairly long Schottky set and let K > 0. We say that a sequence
of Schottky axes is K-semi-aligned if it is a subsequence of a K-aligned sequence of
Schottky axes.
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More precisely, for Schottky axes y1, ..., yn, we say that (yi, ..., yn) is K-semi-
aligned if there exist Schottky axes 711, ..., nm such that (11, ..., nm,) is K-aligned and
there exists a subsequence {i(1) < --- <i(n)} € {1,...,m} such that y; = n;q for
l=1,...,n.

Similarly, given two points x, y € X and Schottky axes y;,..., ¥, on X, we say
that (x, ¥1,..., Yn, y) is K-semi-aligned if it is a subsequence of a K-aligned sequence
(x,n1,...,Nm,y) for some Schottky axes 11, ..., 1.

Lemma 2.6 implies the following corollary.

Corollary 2.11. Let S be a fairly long Ko-Schottky set, with constants Dq, D1 as in Def-
inition 2.8. Let x,y € X and y1,...,yN be Schottky axes. Then (x,y1,...,YN,Y) is
D1 -aligned whenever it is Dg-semi-aligned.

3. The first method: Deviation inequalities

Our first approach to the limit laws relies on the pivoting technique implicitly via devia-
tion inequalities. Throughout, we fix (X, G, 0) as in Convention 1.1, fix a non-elementary
probability measure 1 on G and fix a fairly long Schottky set S C (supp )0 for .

Employing the notations defined in Subsection 2.2, let (&, w) € (G%>0, iZ>0) x
(G%>0, u%>0). We briefly recall the random variable v = v(®, @) defined in [10,
Section 5]. For each k > M, we ask whether there exists My < i < k such that:

1) y:=(Zi—my0, Zi—My+10, . . ., Z;0) is a Schottky axis, and

) (Zmo, y, Z,0) is Dg-semi-aligned for all n > k and m > 0.
Note that, by Corollary 2.11, item (2) forces that (Zmo, y, Z,0)is Dq-aligned foralln > k
and m > 0. We define v(®, ) as the minimal index k that possesses such an auxiliary
indexi <k.

Similarly, we defined U = U(@, ) as the minimal index k > M such that there exists
My < i <k for which:

1) y:= (Zo, ZiHo, el Z,Moo) is a Schottky axis, and

2) (Zno, Y, Zm0) is Dg-semi-aligned for all n > k and m > 0.

In [10], we proved the following results.

Lemma 3.1 ([10, Lemma 4.10]). Let (X, G,0) be as in Convention 1.1 and let (. be a non-
elementary probability measure on G. Then there exist k, K > 0 such that the following
estimate holds for all k and all choices of gx+1,&1,--.,8k+1 € G:

]P)[,ZZ>0><H,Z>0 (U(&/)vw) > k | gk+17§17' .. v§k+l) =< Ke—Kk9
and for all k and for all choices of gg+1,81,...,8k+1 € G:

e ~ —xk
]P);IZ>0><MZ>0(U(0)’Q)) > k | 8k+1-81,-- ~agk+l) =< Ke ",
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By integrating for gx 41 and g1, ..., gk+1 over G, we deduce that
P iz-0x 20 (V(@, 0) > k)

= Y Puzeoxuzoo(V(@.0) 2 k| g1 Fr- o k)

&1ses8ki1s
gk+1€G

gk )IEED) - 1(Er1) < Ke ™.

Similarly, we have P ;7. z-, (U(®, ®) > k) < Ke™™k for each k.

Lemma 3.2 ([10, Corollary 4.15]). Let p > 0 and suppose that ju has finite p-th moment.
Then there exists K > 0 such that

E 170 70 [Min{d (0, Z0), d (0, Z50)}*?] < K.

Let F, be the distribution of min{d (o, Z,0), d (o, ZUO)}ZP, that is,
Fp(u) = Ppz.gy, 220 (in{d (0, Zy0), d(0, Z50)*F > u).

By Lemma 3.2, f0°° Fp(u)du is finite whenever u has finite p-th moment.
Using this, we can prove Theorem B.

Proof of Theorem B. Recall that u be a non-elementary probability measure on G. Let
k, K > 0 be the constants for u as in Lemma 3.1.

Recall also our notations introduced in Subsection 2.2: (g;);ez’s are i.i.d. random vari-
ables (RVs) distributed according to u and Z; := g1 --- g; fori > 0. Now for eachn > 0,
we bring the n-step initial subpath (g1, ..., gx) of (g:)i>o that is distributed according to
u", together with another RV (/; )<z distributed according to uZ that is independent of
(gi)iez- We then define

s i=1,....(n/2] . gliy i=1....n—[n/2],
S P T & Wl s an—(n/2).

B T R R I S R (VA1)
U by i>n—|n/2). RS i> |n/2).

Then ((Zi:1)i>0. (gi:t)i>o0) is distributed according to ji%>0 x u”%>° fort =0, 1. Using
them, we similarly define other RVs such as

~

Zi;t =81t 8ists Zi;t = gl;t"‘gi;t,
Up 1= U((gi;t)»ov (gisr)i>0), U; = 5((§i;t)i>07 (gist)i>0)-

Note that vy, U; are RVs that depend on the choice of n. For this reason, we will also
denote vg by v(n) and Uy by U(n).
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We now define
A, = {maX{Uo, 1\50, V1, D]} > l’l/lO}

Since ((gi;0)i>0, (8i;0)i>0) and ((&i;1)i>0. (gi;1)i>0) are both distributed according to
J1Z=0 x =0 Lemma 3.1 implies

P(An) < 2P 1200200 (U@, @) = 1/10) + 2P 12020 (D@, @) = 1/10)

< 4Ke*n/10, G-
Furthermore, Lemma 3.2 implies
P(min{d (0, Zy,; 0),d(0, Z,.; 0)}*? > u) = F,(u)
for each u > 0 and ¢ = 0, 1. We aim to show the following.
Claim 1. 5
[d(o, Zno0) — ©(Zy)] < 2min{d(0, Zyy;00).d(0, Z5,.90)} 3.2)

holds outside A,,.
For the proof of Claim 1, we discuss everything outside 4,. That means, we assume

from now on that
Vg, Vg, U1, U1 < n/10. 3.3)

First, by the definition of vy, there exists an integer  (0) such that:
(1) Mo <i(0) < vo;
(2) Yo 1= (Zi(0)=Myo;0 0> Zi(0)—My+1:0 0 - - - » Zi(0):0 0) is a Schottky axis and
(3) (Zj.00.v0, Zk;00) is Dy-aligned for j > 0 and k > vyp.
Recall our definition that
%i;o =guogo=g81 & =2 (=01,...,[n/2]), (3.4)
Zin=2E8u0&in=28,"" & is1=2Zp" Zni (=0,1,....n—[n/2]).
Item (3) of the condition for i (0) and displays (3.3) and (3.4) together imply the following.
Observation 1. The sequence
(Z,' Zn—j0. 0. Z0) = (2, Zn—jo, (Zito)-My0- - - - » Zi(0)0)+ Z0)
is Dy-aligned for0 < j <n—|n/2]and vy <k < |n/2].
Meanwhile, by the definition of U, there exists an integer j(0) such that:
(1) Mo < j(0) < Do,
(2) (Zj©0):0 0 Zj(0)—1;0 0> - - - » Zj(0)—My:0 ©) is a Schottky axis and
3) (Zj;() 0, (Zj(o);o 0,..., Zj(O)—Mo 0), Zk.00) is Dy-aligned for k > 0 and j > vy.

We now define

Vo = (Zn—j(0)0: Zn—j(©)+10: - - -+ Zn—j(0)+Mo0)-

Item (3) of the above and displays (3.3) and (3.4) together imply the following.
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Observation 2.
(Z ' Zn=j0, Z; Vo, Zk0) = (Z3 ' Zn—j0.(Z Zn— )0+ - - -+ Z ' Zn—j(0)+ M, 0)» ZiO)
is Dy-aligned for Vg < j <n—[n/2]and0 <k < |n/2].

Similarly, we have indices i (1), j(1) such that:

(1) Mp =i(1) =vyand Mo < j(1) < 0y,

(2) (Zi(1)~Mq;10 - - -+ Zi(1);10) and (Z,-(l);lo, e, Zj(l)—MO;IO) are Schottky axes,

3) (Zj;lo, (Zi(1)=Mo;10; - -, Zi(1):10), Zk;10) is Dy-aligned for j > 0 and k > v,
and

@) (Zj;lo, (Z,'(l);lo, ey Z,'(l)_Mo;lo), Zk:10) is Di-aligned for k > O and j > 0.

This time, we define

V1= (Zn/2)4+i(1)-Mo0s - - -+ Z{n/2]+i(1)0)
V1= (Zinj2j-j@)05 - - Zin/2)-j(1)+ M ©)-
Recall the following:

Zin = gu1---gist = &lnj2)41 - &lnjalvi = Ziyay Zin/2)+i

i =0,1.....n—[n/2]),
5 (@i n—|n/2]) 3.5)

~

Zi;l = &1 'Ei;l = gL_nl/zj " 'g&l/zj_i_;_] = Z|__nl/2JZLn/2J—i
@=0,1,...,|n/2]).
Combining items (3) and (4) of the conditions for i(1) and j(1) and displays (3.3)
and (3.4), we obtain the following.

Observation 3. The sequence

(Zinj21-j0- 11 Z1n)2)+k0)
= (Z1n/21-j0. (Z1nj2)+i(1) =My O+ - - - » Z|n)2)+i(1)0)s Z |n/2]+kO)
is Dy-aligned for 0 < j < |n/2] and v; <k <n — |n/2]. Moreover,

(Z\nj2)-jo- V1, Z1nj2)+k0)
= (Zn2)=-j0. (Z(n2)=j)0s - - - » Z\nj2)— j(1)+ M ©)> Z|n/2)+k0)
is Do-aligned for U < j < [n/2| and 0 <k <n — |n/2].
A special case of Observation 1 is that (0, yo, Zy,0) is D;-aligned. By Lemma 2.6 (cf.

Definition 2.8), there exists a subsegment [p.q] of [0, Zy,0] that is 0.1 Ey-fellow traveling
with y¢. We deduce that

d(o, Zi)-m,0) < d(o, p) —0.1Ey
=d(0,q) —d(p,q) —0.1Ep
< d(0, Zv,0) — d(Zi0)-M+19- Zi(0)0) — 0.3Ep
< d(0, Zu,) — 90E,.

(3.6)
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Similarly, from the fact that (Z,_y,0. Yo. Z,0) is D1-aligned, we deduce
d(0, Zy " Zn— o)+ My0) < d(Zp_5,0, Zn0) — 0Eq = d(Z35,0,0) — 90Ey.
Next, display (3.3) implies that
Yo C{Zro:0<k <|n/2| —01}, y1 C{Zro:vo <k <|[n/2]},
v1 ©{Zko: |n/2] <k <n—"Uo}, Yo S{Zxo:[n/2] +vi <k <n}.
Combining this with Observations 1, 2 and 3, we deduce that (yo, Y1, Y1, Y0, ZnYo) is
D -aligned, and consequently,
(07 yOa 5/(17 yla )707 Zn)/O» Zn)\;la Zn)’h Zn7707 ML)
ZE Yo, ZK 1, 25y 28, 2k o)

is also Di-aligned. By Lemma 2.6, there exist points pg. qo, - - . , Pk—1,qk—1 On [0, foo],
from left to right, so that

d(pis Z - Ziy—m,0) < 0.1Eo,  d(qi, Z - Zn—j0)+my0) < 0.1Ej.
This implies that

d(o, Z,’fo)
k-1

> Y d(pi-1, pi)

i=1
N "i <d(z,§—lo, Zflio) —d(Z 0. 27 Zio-mp0) — d(Z4o0. Zi(o)_Moo))
= —d(pi-1. 2, Zi0)-M0) — d(pi, Z}, Zi(0)-M,0)
> (k—1)(d(0, Zno) —2d(0. Zi(0)-m,0) — Eo).
By taking the limit and applying inequality (3.6), we deduce that
(Z,) = d(o, Zno) —2d(0, Zi0)—m,0) —2E¢ > d(0, Z,0) —2d(0, Zy,0).

By a similar argument using ¢;’s and Zi7'Z,_ j©+M, s, we also observe that
(Zn) > d(0, Zy0) — 2d(0, Z;,0). Claim 1 is now established.
Given the claim, we obtain
P(d(0, Zno) — ©(Zy) = Cn'/?P)
=P ([d(0, Zn0) — 1(Z,)]?? = C*Pn)
< P(4n) + P(2%? min{d (0, Zuy;0 0), d(0, Zig,.00)}*F > CP)
< Ep(C?Pn/22P) 4 8Ke ™ n/10,

When p has finite p-th moment, F,(u) is integrable and the above probability is
summable. The Borel-Cantelli lemma implies item (1) of Theorem B.
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Now suppose that u has finite first moment and let A be its escape rate. We denote vg
by v(n) to clarify its dependence on n. This time, we define

A, = {v(n) > K'logn}
for some large K’ such that }", Ke™*K'°27 < 00, Recall that Lemma 3.1 tells us that
P(An U A)) <4Ke™ + Pru g, 2.0 (0(@, 0) > K'logn)
S 4K€_Kk + Ke—KK’lOgn.

The Borel-Cantelli lemma implies that almost every sample path (@, w) eventually lies
outside A4, U A, which implies that d(o, Z,0) — ©(Z,) < d(0, Zy)o) for all large
enough n (Claim 1) and limsup v(n)/logn < K’. Moreover, by subadditive ergodic
theorem, we have lim, d (0, Z,0)/n = A for almost every sample path.

It remains to show that lim sup,, 4(0,210)~t(Zn) < 41K’ whenever

logn
d(o, Zy0) —t(Z d(o,Z
lim sup (0. 210) = ©(Zn) <1, limsupm <K/, limM =
n d(o, Zynyo) n  logn n n

To show this, take N large enough such that d(o, Z,0)/n < 2 forn > 2K'log N and
v(n)/logn < 2K’ forn > N.Forn > N, we have
max{d(0,Z;0) :0<i <2K'logN} whenv(n) <2K’'logN,
d(()» Zv(n)o) < , .
2 v(n) < 4K'Alogn otherwise.
It is clear that d (0, Zy)0)/logn < 4AK’ for all large enough n. Consequently, we have

d(o, Zno0) —t(Zy) < d(o, Zno) —t(Zy) . d (0, Zyn)0)

li li <4K'L. =
nnnsup logn - 1mnsu d(o, Zy@n)0) logn -
When p has finite first moment, Theorem B implies that
1
0< lim —|d(o,Zn0)—1t(Z,)|
n—>+oo n
1
< lim ————|d(o,Z,0)—1t(Z .
T n—>+o00 /n loglogn| (0. Z40) (2w 3.7)
) 1
< n—llToo %|d(0, Z,0) —1(Zy)| =0 almost surely.

Combining inequality (3.7) with the SLLN for displacement (cf. [10, Theorem A]), we
conclude the following.

Corollary 3.3 (SLLN for finite first moment). Let (X, G, 0) be as in Convention 1.1, and
let (Zp)n>o0 be the random walk generated by a non-elementary measure (L on G with
finite first moment. Then

lim l1'(Zn) = (3.8)
non

holds almost surely, where A = A(l) is the escape rate of L.
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Also, combining inequality (3.7) with the CLT and LIL for displacement [10,
Theorems 4.17 and 4.20], we deduce the following.

Corollary 3.4 (CLT). Let (X, G, 0) be as in Convention 1.1, and @ be the random walk

generated by a non-elementary measure | on G. If L has finite second moment, then there

exists o (i) > 0 such that ﬁ(r(zn) —nA) and %ﬁ(d(o, Z,0) —nl) converge to the same
Gaussian distribution N(0, o (0)?) in law. We also have

. ©(Zy)—An

lim sup ————

n—oo +/2nloglogn

In fact, Theorem B implies Corollary 3.3 for measures with finite (1/2)-th moment,

and the converse of CLT for measures with finite (1/4)-th moment. For general non-

elementary measures, Theorem B is not sufficient for the SLLN and the converse of CLT.
Toward a different approach, let us recall the following.

= o(u) almost surely.

Theorem F ([10, Theorem 6.4]). Let (X, G, 0) be as in Convention 1.1 and (Z,)n>0 be
the random walk generated by a non-elementary measure L on G. Let A(11) be the escape
rate of . Then for any 0 < L < A(), there exists K > 0 such that for each n we have

P[d(0, Zno) < Ln] < Ke K,

Using this theorem, let us prove Theorem A.

Proof of Theorem A. Let u be a non-elementary probability measure on G and A(u) €
(0, +00] be its escape rate. Given 0 < L < A(u), we fix 0 < & < 1/10 such that
L’ = L/(1 —2¢) is still smaller than A.
In the proof of Theorem B, we defined vy = v(n) and Uy = U(n) for each n. Given
& > 0, we now define
Ay = {max{v(n),U(n)} > en}.

As explained in inequality (3.1), with en in place of n/10, P(A)) decays exponentially
as n increases. In the sequel, we discuss everything outside A/,.

Observations 1, 2 and 3 guarantee four Schottky axes Yo, yo, ¥1, Y1, such that yo con-
tains a point Z;(g)o for some i(0) € {Mo, My + 1,...,v(n)} €{0,1,..., [en]}, Yo
contains a point Z,_ (g0 for some j(0) € {Mo, Mo+ 1,...,0(n)} €{0,1,..., en]},
and such that

(07 Yo, i//lv Y1, ?07 Zn)/O, an\/lla Znylv Zni//O» )
Zy 0. Zy T L 2y v Zy T o, Zo)

is Dj-aligned for each k. By Lemma 2.6, there exist points pg, qo, . .. , Pk—1, Jk—1 ON
[0,Z ,’1‘ 0], from left to right, so that

d(pi.Z} - Zi)-m0) < 0.1Eo,  d(qi. Zl - Zn—j(0)+My0) < 0.1Ej.
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This implies that

k—1
d(o.Zko) =Y " d(pi.qi)

i=0
k—1 . . .

>3 (d(ZL Zi(0)~M0+ Zp Zn—j(0)+M,0) — d(pi, Zi,Zi(o)—MOO))
T = —d(qi s Zy Zn—j(0)+My0)

> kmin{d(Z,0,Z,—;0):0<1i,j <en}— Ey.
By dividing by k and taking the limit, we conclude that
©(Zp) > min{d(Z;0,Z,_j0) : 0 <1i,j <en}
outside AZ . Now, thanks to Theorem F, there exists K > 0 such that
P[d(0, Zmo) < L'm] < Ke ™K
holds for all m. This implies

P(z(Zn) < Ln) < P(A4}) 4+ P[min{d(Z;0, Z,—j0) : 0 <i,j <en} < Ln]
<P+ Y Pld(Zio.Zy jo) < Ln]

0<i,j<en

—(1—28)n/K
< P(A") + (en)? - Ke™" 2¢)n/

(3.9)

for large enough 7, which decays exponentially.
Meanwhile, outside A),, the following sequence of Schottky axes is D;-aligned:

(. ey Zfl_l)/o, Z,’:_l)\;], Z,lf_l)/l, Z,If_l)\;o, Z,]f)/(), Z,I:))], .. )

Since d(y, y’) is uniformly bounded for y, ¥’ € {y0. 0. Y1, V1, ZnYo}, Lemma 2.7 tells us
that the concatenation of sequences (Z¥yo, ZX71, Z¥y1, Z¥o)kez is a contracting axis.
Since this axis and the orbit {Z ,’fo} xez are fellow traveling, Z, is also contracting. Hence,
we have P(Z,, is not contracting) < P(A/)), which decays exponentially. [

The previous proof did not assume that the initial displacement d(o, Z;0) or the
final displacement d(Z,—jo, Z,0) of a random path is shorter than the middle one
d(Z;, Z,—jo); indeed, one cannot expect such a phenomenon for high probability if the
random walk has no moment condition. Instead, the proof explicitly used the fact that the
middle segment will catch up the escape rate regardless of the moment condition, which
is proven using the pivoting technique.

In order to discuss the converse of CLT for general measures, one should perform the
pivoting more explicitly. For this purpose, we will recall the basics of the pivotal time
construction in [10].
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4. The second method: Pivoting technique

4.1. Pivotal times and pivoting

This subsection is a summary of results in [10, Subsection 5.1], which is an adaptation
of Gouézel’s work in [15, Subsection 5.A]; for complete proofs, refer to the explanation
there.

We keep employing Convention 1.1 for the metric space X with basepoint o and the
isometry group G. We fix a fairly long Ko-Schottky set S € GM° with cardinality Ny for
some Ko, My and Ny > 400. Recall that we have associated an isometry and a contracting
axis foreach o € §:

() ;= ayaz---a,, T'(a):=(0,a10,a1az0,...,I1(x)o).

We first fix sequences of isometries (w;){2,, (v;)$2, in G. Then we draw a sequence
of Schottky sequences

S = (alvﬂla )’1781,---,an,,8n, )’nsSn) S S4n5

with respect to the uniform measure on S*” and construct words
Wi := woll(a)) TI(B1)v1 I (y1) T (81)wy -+ - T (o) TT(Bre) vg Ty ) TT (S ) wc -

Following [15], we constructed a set P, = Py (s; (w;)7_,, (v;)7—;) €{1,...,n},called
the set of pivotal times, that satisfies the properties described in Lemmas 4.1, 4.3 and 4.4.
First, pivotal times are (partial) recording of those Schottky axes that are aligned along the
eventual progress.

Lemma 4.1 ([10, Proposition 5.1]). Lets € S*", (w;)"_, € G"™! and (v;)?_, € G". Let

i=1
us enumerate the elements of Py (s; (w;)!_q, (vi)7—,) as{i(1) <--- < i(m)} and define
Yak—3 = Wit—1 - T'(@ir)).
Yak—2 = Wity—1 (i) - T (Biky)-
Yak—1 = Wigo—1 T o) T1(Bik))vi ey - T (Vi)
Yak = Wido—1 11 40) TL(Bi ) vi 4y IL(iky) - T Biiry).
fork =1,...,m. Then (0, 1,2, .., Yam, Wmo0) is Dy-semi-aligned.
Another important feature of the pivotal times is that we are allowed to change our

choices of B;’s, y;’s and v;’s at the pivotal times. To formulate, we define a subset S of
S?2xG.

Definition 4.2 ([10, Lemma 5.5]). We define

§:={(B.7.v) € $? x G :(T(B), I(B)vT1(y)o) and (v""0, T'(y))
are Ky-aligned sequences}.
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Furthermore, we define for each v € G its section:

S@) :={(B.y) € S*:(T(B), TI(H)vTL(y)o) and (v™"0, T ())
are Ky-aligned sequences}.

Motivated by [15, Lemma 4.6], we observed in [10] that #§(v) > (#S5)%2 — 2#S for
each v € G. The role of S is captured by the following.

Lemma 4.3 ([10, Lemma 5.5]). Let s = («1, B1, 1,015+ -» %, Bns Yn,0n) be a choice
drawn from S*" and w = (wi)?_y, v = (vi)7_, be auxiliary sequences in G.

Leti € P,(s;w,V) and let (S; wW,V) be obtained from (s; w,v) by replacing (B;, yi, vi)
with some (B; . 7;,0;) such that (B;.7;.v;) € S.

Then Pi(s;w,v) = Pi(s;w,V) forany 1 <] <n.

Given s,s € S*" and G-valued sequences w, v and Vv, we say that (S; w, V) is pivoted
from (s;w,v) if:
e w; =a;,8 =& foralli € {1,...,n},
o (Bi.7i. i) € S foreachi € P, (s; w,v) and
o (Bi.yi.vi) = (Bi. 7, v;) foreachi € {1,...,n}\ P,(s;W,V).
By Lemma 4.3, being pivoted from each other is an equivalence relation. Using this

fact, we proved in [10] that the set of pivotal times grows linearly to the step number
in probability.

Lemma 4.4 ([10, Corollary 5.8]). Fixw e G"! andv e G". Whens = (a;, Bi, i, 8,
is chosen from S*" with the uniform measure, #P,(s) is greater in distribution than the
sum of n i.i.d. X;, whose distribution is

(No —4)/No ifj=1,
P(X; = j) =4 (No—44~7 /Nt ifj <o, 4.1)
0 otherwise.

Corollary 4.5. In the setting of Lemma 4.4, for each n we have
P(#Pa(s) <n/2) < (3v/4/No)".

Proof. This is a consequence of the Chernoff—-Hoeffding-type inequality [17, Theorem 1].
We provide here a version of proof using Chebyshev’s inequality for convenience.
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Let X;’s be the RVs in the conclusion of Lemma 4.4. By equation (4.1), we have

1= () [ 5T G
D i)

=2\/4/No + \/4/No — \/4]No < 3y/4/No.

Here, the last inequality is due to the fact \/4/Ny < 1. Now using the conclusion of
Lemma 4.4 and the independence of X;’s, we deduce

P (s) =1 X
E[Va/No Y] < E[Va/No= ! ]_[IE VAN < (3VATNo)".
By Chebyshev’s inequality, we also have

E[Vi/No "] = P@Pus) <n/2)- VA/No"”

Combining these two inequalities leads to the desired conclusion. |

4.2. Reduction for random walks

In this subsection, we modify random walks on G into a suitable combinatorial model and
then apply pivoting technique. As a result, we obtain a random path which is an alternation
of fixed subsegments and i.i.d. random subsegments, all aligned on X.

Lemma 4.6. Let i be a non-elementary probability measure on G and let S € GMo pe
a fairly long Ky-Schottky set for ju. Then for each n there exist an integer m(n), a prob-
ability space 2, a measurable subset B, C Q,, a measurable partition @, of B, and
random variables

Z € G,
{wi,i =0,....,mn)} € G+,
,o..,mm)}) € G™m®,
voom(n)) € S,

—_—

{vi:iz

—_—

{og, Bivin8i i =
such that the following hold:
(1) limy— 400 P(By) = 1 and limy,—s 4 oo m(n)/n > 0.

(2) Oneach equivalence class ¥ € @,,, (wi)l'-"z(g) are constant and (o ,B; ,y; 6 ,vi):"z('ll)

are i.i.d.s distributed according to (uniform measure on S*) x .
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(3) Z is distributed according to u*" on 2, and
Z = woll(e) (B v TT(y1) I8 wy - -+
: H(am(n))n(ﬂm(n))vm(n)H(Vm(n))n(gm(n))wm(n)
holds on A,,.

Proof. Let us denote the uniform measure on S by pg. Since S is a fairly long Schottky
set for u, pus is absolutely continuous with respect to u. Consequently, there exists
0 < p < 1 that admits a decomposition

AMoy+1

n = p(us x ux ) + (1= p)v

for some (non-negative) probability measure v. Let n’ = |n/(4My + 1)].
We consider Bernoulli RVs (p; )72, with average p, (17;)72, with the law [,Lé X [ X ,u§
and (v;)72, with the law v, all independent, and define

(8UMo+Dk+1s - - - » SUMo+ Dk +1)) = { Ve when gy =0, (k=0,...,n" —1).
N when pp = 1.

Let g@amo+1)n'+1 - - - » &n be 1.i.d.s distributed according to p that are also independent
of (pi, vi, r)i):-’/:_ol. Then (g1, ..., gn) is distributed according to u". We denote by 2,
the ambient probability space on which (p;, v;, 1;);, (g;); are all measurable. We set
Z = g1+ gn, whose distribution on 2, is u*”.

Recall that p;’s are i.i.d. Bernoulli RVs with average p. Chernoff-Hoeffding’s inequal-
ity implies that P(Z?:Ol pi = En) decays exponentially for each 0 < ¢ <
Considering this, we define m(n) := | pn/8M;| and

__DpP
AMo+1°

n'—1

B, := {a)eQn : Z'Oi zm(n)}.

i=1
The first item of the conclusion follows.

For w € B, we collect those indices i at which p; = 1. Then we denote the m(n)
smallest ones among them, in the increasing order, by ¥ (1), ..., ¥ (m(n)). In other words,
{i :pi(w)=1}={3(1) <) <--- < P(@m(n)) <---}. We now define @, of B, to be
the partition determined by the values of {p;, v; : i > 0}, and define

Wi-1 '= Mo+ DpG-D+11+1 " E@Mo+D o) (0 = 1.....m(n)),

Wmn) = £@Mo+1)@mmn)+1)+1 " 8n»

o 1= (§@Mo+1) 9()+1s - - - » §@Mo+1) 9(1)+Mp)>

Bi = (8@Mo+1) 9()+Mo+15 - - - » (4Mo+1) 9()+2Mp)

Vi := &@Mp+1)9@)+2Mp+1>»

Vi = (8(4Mo+1) 9()+2Mo+25 - - - » E@Mo+1) (1) +3Mo+1)>

8 = (g(4M0+1)19(i)+3M0+2, cees g(4M0+1)19(i)+4M0+1).
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On each equivalence class ¥ of @,,, w;’s are constants (since these are determined
by the values of {p;, v; : i > 0}) and (o4, Bi, vi, i, 6;) are i.i.d.s with distribution
/Lg X U X /L%. Moreover, on A, we have

m(n)

81+ 8n = l_[ (8@Mo+DI9G—1)+1]+1 " * §(4Mo+1) 9())

i=1
: (g(4M0+1)19(i)+1 "‘g(4M0+1)(0(i)+1))

*8@My+1) (@ m@n)+1)+1 " &n
= wo[T(a) IT(B1)v1 (Y1) (S wy -
: H(am(n))n(ﬂm(n))vm(n)H(ym(n))n(gm(n))wm(n)

This is the third item of the conclusion and the proof is completed. |

Before the next reduction, we need the following definition.

Definition 4.7. Let n > 0 and K > 0. We say that a sequence (w;)/_, in G is
K-pre-aligned if, for the isometries Wy := wg and

Vi := Wikl B+ Dvk+1. Wi = Vil (Ve Dwe+1 (K =0,....n—1),
the sequence
(07 WOF(ﬁl)’ VOF(V1)7 L] Wn—lr(ﬂn)» Vn—lr()’n)v Wno)

is K-semi-aligned for any choices of (8;, yi, v;) € S i=1,...,n).
We say that an isometry ¢ € G is K-pre-aligned if

T ()¢ -T(B))
is K -semi-aligned for any choices of (8, y,v), (8",y’.v') € S.
We now describe the alignment of Schottky axes at the pivotal times.

Lemma 4.8. For each integer n, the following holds for m(n) := 2|0.25n].

Let i be a probability measure on G, and let S € GM be a fairly long Ko-Schottky set
with cardinality No > 400. Fix a sequence (w;)?_, in G, and let (a;, B, yi, 0;,vi)]_, be
iid.s on (S* x G)", distributed according to (uniform measure on S)* x . Then there
exist a measurable subset B), C (S* x G)%>°, a measurable partition @), of B}, and RVs

{w),i =0,....,mn)} € GMWTL,
ii=1,...,m@n)}eGm®,

1

{ﬂl/, )/i/ i=1,...,mn)} € SZm(n),

such that the following hold:
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(1) P(B) > 1—(3-¥/4/No)".
(2) On each ¥' € @, (wl/-):-"z(g) is a fixed Dg-pre-aligned sequence in G and

B}y, v ):"Z('I') are i.i.d.s distributed according to (uniform measure on S2) x [

conditioned on S.

(3) On By, we have the equality
wo LB v TH(yDW] -+ TH(B ) Yy L) W)
= wo () TTI(B1)v1 TT(y1)1(81) w1 - - - T1(etn) TTI(Br) v TT () TT (8 ) wiy .

Proof. Following the discussion in Subsection 4.1, we define
Pp(@) = Pp((i, Bis i 8i)i—1: (Wi)i—g, (Vi)i=y)- 4.2)
We take m(n) = 2-[0.25n] and let B, := {w € Q : #P,(w) > n/2}. By Corollary 4.5,

we have
P(B,) > 1—(3- v4/No)" = 1—(3/v/10)".
We now define
Wi := woll(a) TI(B1)v1 T (y1) IT($) w1 - - - T (o) TL(Br ) vie T (i) T (8 ) wie
(k=0,...,n).
Given w € By, with P, (w) = {i(1) <i(2) <--- <i(m(n)) <---}, we define

wo 1= Wi—1 T1@i1)s  Whiny = TEimm) Witmm) - Wigmnyy - W

wy = TG iy - Wiy - Wik -1 @) (k = 1,...,m(n) = 1).
Furthermore, we record the Schottky axes at the pivotal times: We define ;. := B;),
vl’c ‘= v;(k) and )/]’c ‘= Yi@) fork =1,...,m(n). We then observe the following relation:

Wite+1)-1 1@ e+1) = Wigo—1 (@i k) - THBie))Vichey - TH(Yi o)) Wy -
By induction, we observe that
wo BV TT(yDwy - BV T () wie = Wige -1 T (@ige+1))
(k=0,...,m@n)—1), 4.3)
wo LBV TI(DW] = THBy ) V) TV 0) Wiy = W
on B}, settling item (3) of the conclusion.

We define the measurable partition @), of B; by pivoting at the first m(n) pivotal
times. More explicitly, two elements w, @’ € B), belong to the same equivalence class if
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and only if
o (w) = aj(0), 8i(w)=38(0), wi(w)=w(w) G ef0,...,n}),
Py(w) = Py(0) =:{i(1) <i2) <---},
(Bi (@), (@), vj(@)) € § (i €{i(1),....i(m(m)}),
(Bi (@), y{ (@), vj(@)) = (B (). y{(@"), vi())
@ e{l,....n}\{(D),...,i(m(n))}).
Lemma 4.3 describes the structure of the equivalence class in @),. To elaborate, let us
fix an equivalence class ¥’ € @),. Then ¥ is associated with a set of indices P, (F’) =
{i(1) <--- <i(m(n)) < ---}. Moreover, an element @ € (S* x G)" belongs to ¥’ if
and only if the following hold:
(I) The following isometries/Schottky sequences coincide with the fixed ones asso-
ciated with £
(Wh(@). &} @), B @), ... W) (@), et} 1) (@),
(8;(1)(0)), wl’.(l)(a)), e, wl/.(z)_l (w), al/.(z) (w)),

(8;(,"(")_1)540), wx{(m(n)—/l)(“’)’ R wz{(m(/n»—l (")/)’ % m(ny) (@)
(8 ) (@) W] () (@) - - 8 (@), Wy, (@)

(D) (B} 4oy (@), ¥/ oy (@), V] gy (@) € S for k = 1,....,m(n).
Moreover, for all w € ¥’ we have P, (w) = P,(F’).
Item (I) says that (w,’c);:'i"o) are constant on ¥, Item (II) says that, on each ¥, the RVs

(,3;(, )/]/(, v;()rkninl) are (ﬂi(k), Yik)» v,-(k))’s restricted on the set {(ﬂi(k), Yi(k)» vi(k)) c §}

Hence, (Bik), Vik) v,-(k))z’i"l) conditioned on ¥ are i.i.d.s whose distribution is the

restriction of (uniform measure on S2) x . This establishes item (3) of the conclusion.
Next, Lemma 4.1 tells us that

o, Wiiy—1T' (i), Wiy—1 (e ) T (Bi 1)), Wiy—1 T ) TL(Bi i) vicy T (viny)»
Wiay—1 (e ) TL(Bi 1)) viy (v ) T (Si 1),
Wi T(@i@)), Wi -1 I (@i2) T (Bi2): Wi)—1 (i) IT(Bi)viey L (Vi)
Wi@)—1 (i) T1(Bi2))vi2) (Vi) T (8i(2)).

Winmn T (@ign(n))s Wienem)—-1T1(imnm)) T (Bigney)
Wi en(@my)—1 11 ) TL(Bi m(n))) Vi () T (Vi m(m)))»
Wi en @) =1 T m())) TL(Bi (m (n)) ) Vi (m () L YVi m ) ) T Bimny))s - - - Wao

is Do-semi-aligned on F’. As a result, we observe the following: for each ¥’ € @),

that comes with the isometries (w; (¥’ ))l'."=(g), and for each w € ¥’ that determines

(B} (@), v}(@), v} (@)IY,
©. WgT (B VaT 0D« Wiyt T Bisiony) Visiny—1 T Wiy - Win()0)
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is Do-semi-aligned for Wy := wg and
Vi=WTBiy)vig. Wi =V T owiy (@ =0.....m@m)—1).
By item (II), (8], y/, v}) ranges all over S for each i = 1,...,m(n). This implies that

for each 7/, (w/(F ));"z(g) is Do-pre-aligned. Since B/, is composed of these equivalence

classes, we can conclude item (2) of the conclusion. ]

4.3. Pivoting and self-repulsion

We discuss the heart of this paper, the pivoting for translation length. The ingredient to
begin with is a Do-pre-aligned sequence (w;)?_, in G. This means that for every choice
of (Bi,vi,vi) € S fori = 1,...,n the sequence

(07 WOF(IBI)7 V()F()/l), R Wn—lr(ﬂn)7 Vn—lr(yn), Wno)

is Do-semi-aligned, where W, := wg and

Vi = Well(Br+DVk+1, Wit = Vill(Ve+DWe+1 (K =0,....,n=1). (44

Our aim is to show that W}, is contracting whose axis is fellow traveling with W T"(Bx)
and Vi I'(yy) for intermediate k’s. For this let us define

&k = dr((wi)i—g, (Bi, yi vi)i=y)
= Vet DWn—41)) ™ Wa Wiy
= Wy—k+1 N(Br—r+2)Vn—k+2 TN (Vn—k42)Wp—k 42 - TH(Br)vn I1(yn) Wi
~wolT(B)vi T (y1)wy -+ M(Br—1)vg—1 TN (Ve—1) Wi—1.
Then ¢ depends only on (wy, B, yi,v;)’'sforl <l <k—landn—k+2 <[ <n,
together with wg, w,,—g41. For 1 <k <n/2, we define
S¢ = {(Br.vk) € Si) : Wy Vo I(Yn—ic+1)0, Wi—1 T (Bi)) is Ko-aligned}
= {(Br- v&) € S(ui) = (¢ 0. T (Br)) is Ko-aligned},
* i = ABuk 1. Vn—iet1) € S@Waoiet1) : Wy Wock T (Fneket1)
Wi—1I1(Bx)o) is Kp-aligned}
= {(Bntt1 Ynt+1) € S@nty1) : (CWnr1): Tk T1(Br)0)
is Ky-aligned}.
These sets are devised to capture the match between displacement and translation

length.

Lemmad4.9. Let1 <[ <k <n/2, let (w;)?_, be a Do-pre-aligned sequence in G and let
Bi Vi, vi)i=1,..0n—I+1,.n € S2! be choices such that

Br.v) € S[* and  (Bn—i+1, Yn—i+1) € S;,k_l.t,_l- 4.5)
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Then for any additional choice (B;, Vi, Vi)i=i+1,...k;n—k+1,...n—1 € §2k=D) tpe isometry

.....

Gk+1 = Wyt HBr—i+ 1) Vn—k 1 HVn—k+ 1) Wn—2k+1 - TL(Br)va TI(yn) wy
~woll(B1)v1 II(y1)wr -+ TI(Br) va T (yx ) wi

is a Dy-pre-aligned isometry.

Proof. Pick an arbitrary further choice (8;, yi, vi) € S fori =k + 1,...,n — k. Recall
again the notation in display (4.4) (with Wy := wy). For notational purpose, let

k2i—1 = WimiD(Bi),  k2i =VieaT(yi) (@ =1,....n).
Since (w;)?_, is a Do-pre-aligned sequence, any subsequence of
(0.1, ..., k2n, Wyo0)

is Dy-semi-aligned.

Meanwhile, W, 1V, _;T1(y,—;+1)o is the ending point of W, 1V, T (yp—i4+1) =
Wn_ll(z(n_l)+2, while W;_{I1(B;)o is the ending point of W;_;'(8;)0 = y2;—1. Since
we are assuming condition (4.5), Lemma 2.5 tells us that (Wn_ll(z(n_l)+2, Kpj—1) i
Dy-aligned.

Overall, we observe that

—1 —1
W, kam—i)s - s Wy Ka=D)425K20—15 - - - K2k 1)

is Do-semi-aligned. This implies that

(W, k2 n—kys K2k—1)
= (W, " Vaek=1) - Tn=k)s W, Var1) - TYn—i) P41 - T (Brt1))

is Dy-semi-aligned. Recall also that (Bry1, Yk+1> Vk+1) and (Bu—k, Vn—k> Un—k) Were
chosen in X arbitrarily. Hence, we conclude that ¢, is Do-semi-aligned. ]

Lemma 4.10. Let 1 <k < n/2, let (w;)!_, be a Do-pre-aligned sequence in G and let
(Bi» i, vi){—, € S" be choices such that ¢ is a Do-pre-aligned isometry. Then W, is a
contracting isometry, and moreover, (k;)iegz is Do-semi-aligned for the Schottky axes

(K2(n—k+1)t+1v Ko(n—k+1)t+25 - s K2(n—k+1)(t+1)—1> Kz(n—k+1)(z+1))
= (W Wi TB) WiWiei T(vk)s o o s Wi Wk T (Bu—k+1)s W Vi T (Vn—k+1))
(t eZ).

Proof. Since ¢y is Do-pre-aligned, we have that

W,y Wk MYn—te41)0. Wi T (Br))s (W Vi T (Vn—iet 1) Wie—1 T1(Bi)0)



1. Choi 1398

is Do-semi-aligned, as well as (Ko (—k+1)r—1, K2(n—k+1)¢) for t € Z.
Moreover, since (w;)7_, is also Dg-pre-aligned, we have that

We=1T(Br)» Vieei D)o oo o s Wak D (Bt 1) s Vaek T (V1))

is Do-semi-aligned. This implies that (k2(m—k+1)r+1- - - - » K2(n—k+1)(¢+1)) 18 Do-aligned
for each t € 7Z. Combining these facts, we conclude that (k;);ez is Do-semi-aligned.
Since Schottky axes are Ky-contracting and sufficiently long (as described in Defini-
tion 2.8), we can apply Lemma 2.7 to conclude that the concatenation of {K2(;—k+1)1}1ez
is a contracting axis. Since the orbit {w!0};ez is fellow traveling with this concatenation,
w is contracting as desired. ]

We now estimate the probability for the event described in Lemma 4.9.

Lemma 4.11. Fix (w;)?_, € G"tlandlet1 <k <n/2. Picking (B;. Yi,vi)i_, from sn,
the condition

Bi.vi) €S; and  (Bu—i41.Vn—i41) € Sy, forsomel <l <k  (4.6)

depends only on {(B;, y;,v1) : 1l =1,...,k,n—k +1,...,n}.

Moreover, fixing any choice of {v; : 1l =1,..., k,n—k + 1,...,n}, the condi-
tion holds for probability at least 1 — (6#S)* with respect to the uniform measure on
S(1) x -+ x S (i) X Spger1(Wnier1) X - x S(vn).

Proof. Recall that ¢, . .., ¢ depend only on (B;,y;,v;)'sfori =1,....k—1,n—k +
2,...,n. Moreover, condition (4.6) involves ¢y, ..., ¢g and (B;,y;) fori =1,...,k,n —
k 4+ 1,...,n. Combining these leads to the first assertion.

Before proving the second assertion, we observe the following claim.

Claim 2. The following holds true:
(1) Foreach 1 </ < n/2 and for each choice of
(B1¥1e - Bimt Vie1. Buoi42: Vn—i42: - Bu. ) € SH74,
V1, V1, V1, .., Un) € GZI,
the following holds with respect to the uniform measure on S (vy):
P((Br.y1) € S(r) : (¢ 0. T(By)) is Ko-aligned) > 1 —3/#S.
(2) Foreach 1 <! < n/2 and for each choice of

(131» ylvu"ﬂlv Vlaﬂn—l+27 Vn—l—i-z,--o,,Bn» )’n) € S4l_27

(V1o VL Vpetg1s ey ) € GH

the following holds with respect to the uniform measure on S (Vp—i+1):

Bn-i41-Yn-141) € S(Wn_141) : ~
<(F<yn_l+1), T (yn—1+1)$1TI(B1)0) is Ko-angned) z 1-3/4S.
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Proof of Claim 2. Recall that ¢; is determined by (B;, y;,v;)’sfort =1,...,] —1,n —
[ 4+ 2,...,n. With this in mind, the property of the Schottky set S (cf. Definition 2.8)
implies that the condition in item (1) is violated by at most one choice of §; € S for any
other choice of f; and for any choice of y;, the condition holds. Hence, at most #S choices
in $2 2 §(v;) violate the condition. Meanwhile, since #S(v;) > (#S)% — 2#S holds for
any v;, we conclude that

~ #S 3#S
P((B1,v1) € S(vy) : (¢; to, T is not Ko-aligned) < < )
((B1.7) € S+ 9 0. D) s mot Ko-aligned) = o™ < s
We similarly deduce item (2), and Claim 2 is now established. ]
We now prove the second assertion. For this, we first fix {v; : I = 1,...,k,n —k +

1,...,n} and define

— n By €SS or (Bu—it1, Yn—1+41) ¢ Sn*,l+1
A= {(,3173/1)1=1 ) foreachl1 <[ <k }

Then Ay C A4 holds for each k. Further, the first assertion implies that the member-
ship of (B;,y;)7_, in 4, depends only on (B;,y;) fori =1,....k.n—k +1,...,n.
Finally, for each choice of (B;, vi)i=1,...k—1,n—k+2.,...,» that makes (B;, y;)7_, belong to
Ag—1, Claim 2 implies that

P(Ax | B1oVis-- s Bi=1s V=1, Bn—k+2s Vn—k+2+- - -+ Bu, ¥n) < 6/#S.

Summing up these conditional probabilities, we deduce that P (Ar) < (6/#S) - P (Ar—1).
This leads to the conclusion of the lemma. ]

4.4. Converse of CLT

In this subsection, we prove the converse of CLT. We first assemble Lemmas 4.6, 4.8, 4.9,
and 4.11.

Corollary 4.12. Let u be a non-elementary probability measure on G and let S be a
fairly long Ko-Schottky set for u with cardinality at least 400. Then for each n there
exist m(n) € {25 : s > 0}, a probability space Q, with a measurable subset A, C Qp, a
measurable partition &, of A, and RVs
Z, €G,
{wi :i =0,...,mn)} € GMMTL
{vizi=1,....,m(n)} e Gm"®,
(Bivvi 11 =1,....m(n)} € ™™,

such that the following hold:
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(1) limy— 400 P(An) = 1 and limy, s 4 oo m(n)/n > 0.

(2) On Ay, (w,)m( M s a Dg-pre-aligned sequence in G and w
aligned isometry.

m(n)wo is a Do-pre-

(3) On each equivalence class & € P, (w,-)l'.n=(g) are constant and (B;, yi, v,-):.n=('})

are i.id.s distributed according to the measure (uniform measure on S2) x 1
conditioned on S.

4) Z, is distributed according to u*" on Q, and

Zn = woll(B)v1 I (yD)w1 - (B Vi) L (Vim(n)) W)

holds on A,,.

Proof. Given n > 0, Lemma 4.6 provides an integer N; = m(n), a probability space
(2,,, P) with a subset B = B,,, a measurable partition @, {J*g}g of B, random vari-
ables Z, € G, (w;); 10 e GMH1, (v”)Nl1 € GM1 and (o, Bi, i, i ); 11 € S*M1 such that
the following hold:

(1) lim, P(B) = 1 and lim— 40 Ny /1 > 0.
(2) On each equivalence class §, € R, (w;); are constant and (c;, B;, yi, i, vi); are
i.i.d.s distributed according to (uniform measure on S*) x L.

(3) Z, is distributed according to ©*” on 2, and
Zy = woll(a) (B v (1) IS )wy -+ - ey, ) (BN, v, Ty TGN, )W,

holds on B =  J; F%.

Next, we take N,(n) := 2|0.25N1 | as in Lemma 4.8, with input N; in place of n.
Since N; grows linearly, lim, N»/n > 0 also holds. We now endow each ¥ € @, with
the conditional measure P |z, of IP.

We note that (w;, vi, &, Bi, vi, 8;); satisfy the assumption of Lemma 4.8 on each
F¢ € Q,. For each ¢ € @,, Lemma 4.8 then provides a measurable subset Bé C Fg,a

N>

measurable partition @} = {f erg of B, and RVs (w] )1 20> (v}, Bl v]);Z, on Fg such
that the following hold:

(1) P (B| %) = 1 - (3¢/4/No)™" = 1 (3/v10)"".

(2) On B¢ we have

Zy = woll(a) (B v (y) TS )wy -+ Man, ) TI(Ba,) v, Ty TGN, )W,

wo (B T(yDwy -+ T(By, vy, Ty, W, -

(3) On each 37’ € (Q’ the sequence (wf)NZO is constant and is Dg-pre-aligned,

and the trlples (B}, yiv; )1—1 are i.i.d.s distributed according to the restriction of
(uniform measure on $2) X j to S.
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We then take B” := | |; B; and @;, := | |; Q. Note that

P(B) =Y P(B}|Fe) - P(Fe) = (1 - (3/v10)"") - P(B),
:

and the right-hand side converges to 1 as n tends to infinity; hence, lim, P(B’) = 1.

We now set m(n) = 222 N2I=1 Note that m(n) is a power of 2 and N» — m(n) is
even. Moreover, we have m(n) > N, /4 and N, —m(n) > Ny /2.

We now consider a refinement @), of @), by first fixing the values of the RVs

()i =12,...,0.5(Ny —m(n)), Ny — 0.5(Ny —m(n)) + 1,..., Ny — 1, N}

4

We also consider a refinement &, of @,/ by further fixing the values of the RVs
{ﬂl/, )/l-/ i =1,2,...,0.5(N; —m(n)), Ny —0.5(N, —m(n)) +1,..., N, — 1, N>}
We consider the following property:

P ="y € §l* and  (Bly,_141:YN,—141) € §1t5—1+1
for some 1 <1 < 0.5(N, —m(n))”.

The first part of Lemma 4.11 implies that, for each & € #,, either P holds on the
entire & or P does not hold on the entire &. The second part of Lemma 4.11 tells us
that P(P | F7) > 1 — (6/No)® N2 > 1 _ (6/Ny)N/* for each F" € QL. If we
take

Ay = U{8 € P : P holdson &},

then we get

P(4,) = Y P(P|F")-P(F") = (1—(6/No)"*/*) - P(By),
Fre@;

which converges to 1 as n tends to infinity. Item (1) of the conclusion is now proven. By
abuse of notation, from now on, we let &, be the restriction of #, on A4,.
Now, on A, we define RVs

wg = wolI(B vy T (yp)w) -+ TL(Bp) vy (v )wy,

1= Wi, TTB et D VN, k1 TV Ny )Wy T
(B, vy, Ty, W,

W B VY = e Bl V)it -

_ _ Ny —m(n)
WP = T (k= ),

4

wm(n)
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Our goal is to prove that (w”)m(n) and (B!, y/!, l’-’)l'-"z('ll) (in place of (w;)™® and
Bi, Vi, v,)l_1 ) satisfy the desired conclusion. First, we have

ng(/S’l’)v H(V )w H(,Bm(n))vm(n)H(V,Z,(n))w;;,(n)
= won(ﬂl)vrn()’l)wl "'H(.BNZ)UEVZH(VJ/VZ)U);VZ

holds on A, by definition, and the right-hand side equals Z, on B,. This establishes
item (4) of the conclusion.

By definition of #,, (w are constant and (8}, y/’, are i.i.d.s distributed
according to (uniform measure on $2) x p on each &, € &. Item (3) of the conclusion
follows.

Meanwhile, pick an arbitrary ® € Ay, which determines (w])™2, and (w/ ):"('S) Since
” m(n)
)i=

//)m(n) ,,)m(n)

o belongs to B;, (w 2, is a Dg-pre-aligned sequence. This in turn implies that (w;
is also Dy-pre- ahgned, Moreover, Lemma 4.9 implies that

W) ™" WG = (fr1 for (w))2 and (B} v/, 8§)72,)

is a Dy-pre-aligned isometry. Item (2) of the conclusion is now established and the proof
is complete. ]

We now investigate the displacement and the translation length of Z, in Corol-
lary 4.12.

Lemma 4.13. Let S be a fairly long Ko-Schottky set for (1 with cardinality at least 400,
and fix a Do-pre-aligned sequence (w;)7_, in G. Given (B;., yi,vi) € Sforz =1,.
define Wy := wg and

Vi = Wil B+ Vk+1, Wig1 := Vil (e Dwi1 (kK =0,...,n—-1),
(xX2k—1, X21) 1= (W10, Vi1 I1(yk ) o) (k=1,...,n),
X0 .= 0, Xon+4+1 = WnO.

Let i be a probability measure on G with infinite second moment, and let (B;, y; Ui )
be i.i.d.s distributed according to (uniform measure on S?) x w conditioned on S. Then
the following hold:

(1) {d(x27—1,x27) : I = 1,...,n} are ii.d.s with infinite second moment, whose
distribution depends on S and [ but is independent of w;’s

(2) {d(x27,%x2141) : 1 =0,...,n} are constant RVs.
(3) Foreach0 <i < j <k <2n+ 1, (x;, Xx)x; is bounded by Ey.

4) Foreach0<i<j<k=<i'<j <k'<2n+1, (xi, Xk )x; and (xir,xk/)xj, are
independent.

Proof. Note that [x5;_1, Xo7]’s are translates of [0, IT(8;)v; I1(y;)o]’s, which are i.i.d.s.
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We denote by ps the uniform measure on S. Recall that #S (v) = (#S5)% — 2#S holds
for each v € G. As a consequence, for each g € G we have

#5)2 — 248 _
0995 () = LT i) < G X U(B ) € S0 = ) = (o)
Also, we have R
(15 x 1)(S) = % < 0.995.

Hence, if we denote by u’ the common distribution of v;’s, then

0.99u(g) < p'(g) < 1.01(g)

holds for each g € G. Since pu is assumed to have infinite second moment, u’ also has
infinite second moment. Now note that

|d(x21-1, %21) = d(0,v10)| = [d(T1(B1) "0, v T (y1)0) — d(0, v;0)|
< 2max{d(o,I1(s)o) : s € S}.

This implies that d (x,;—1, X»;) also has infinite second moment.
Next, recall that (w;)?_, is a fixed Dy-pre-aligned sequence. Hence, d (X2, X2741) =
d(o,w;) is constant. Moreover, the sequence

(07 WOF(ﬂl)’ VOF(yl)v EEEE) Wn—lr(ﬂn)» Vn—lr(yn—l)v Wno) (47)

is Dg-semi-aligned for any choices of (8;, y;i, v;i)’s. Also, note that (xo;_1, Xp;) are the
beginning and ending points of the i-th Schottky axes in display (4.7). By Lemma 2.6,
there exist points yi, ..., ¥2, 0on [xg, X2,+1], from left to right, so that d(x;, y;) < 0.1E
fori = 1,...,n. It follows that

(xis Xk)x; = (Viu Yi)y; +0.15E0 < Eo (i = j <k).

Finally, for any k € {0,1,...,2n + 1}, the RVs {d(x;, x¢) : i <k} depend only on
the choices of {(B;, y;,v;) : I < k/2}, while {d(x;,x;) : i > k} depend on the choices
of {(Bs, y1,vr) : I > k/2}. It follows that the two collections of RVs are independent, and
this settles item (4) of the claim. [

Lemma 4.14. Let S be a fairly long Ko-Schottky set for ( with cardinality at least 400,
and fix a Dy-pre-aligned sequence (w;)?_, in G such that w;, Ywg is a Do-pre-aligned

isometry. Given (B;, yi, v;) € §f0ri =1,...,n, define xo := w;,, ‘o, Wy := wo and
Vie = Wil B+ Dvk+1, Wir1 = kDD w1 (k=0,....n—1),
(x2k—l’x2k) = (Wk—lo’ Vk—lH(Vk)O) (k = 1» .. 7n)'

Let 1 be a probability measure on G with infinite second moment, and let (B;, y;, v;)7—,
be i.i.d.s distributed according to (uniform measure on S?) x u conditioned on S. Then,
in addition to all the conclusions of Lemma 4.13, the following also holds:
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(5) The translation length t(W,) and d(xo, X2,) differ by at most Ey.

Proof. The single change is that xo is now w;, 'o instead of 0. Since w;, 'wy is assumed
to be Dy-pre-aligned, we have that

(W, ' THn) ' T (), wo T (B1)) = (W, Vet T(y), Wol'(B1))

is Dy-semi-aligned for any choice of (81, y1, V1), (Bn, Yn, Un) € S. Moreover, since
(w;)?_, is assumed to be Dy-pre-aligned, we still have that

(07 WOF(ﬁl)v VOF(VI)’ cre Wn—lr(/gn)» Vn—IF(Vn), Wﬂo)

is Do-semi-aligned for any choices of (8;, yi, vi) € S. Combining these, we observe that

(x0, WoT'(B1), VoI (y1), ..., Waut T'(Bn), Va1 T (vn), Wi0)

is always Dg-semi-aligned. Items (1)—(4) of the conclusion follows.
It remains to prove the additional conclusion. For this, define

(k1,62 ... kan=1,Y2n) = (WoT(B1). Vol (y1). - .. Waei T (Bn), VaeiT (vn))  (4.8)

and Koz = Wn’ -k foreacht € Zand k = 1,...,2n. Since (ko, k1) and (k1,...,Kk2p)
are always Dg-semi-aligned, we conclude that (..., k_1, ko, K1, k2, ...) is Dg-semi-
aligned for any ¢ > 0. At this point, note that W,!xo = W}!~1V,_1I1(yy)o is the ending
point of k5, for each ¢. By applying Lemma 2.6 to the D(-semi-aligned sequence

t
(ko > X0,K1,K2, ..., kant—1, W, X0 € Kanz),

we deduce that there exist points yj,..., y;—1 on [xg, Wn’ Xo], in order from closest to
farthest from xg, such that d (Wnk X0, V&) < 0.1FE for each k. This implies that

t—2
d(xo, Wy x0) = d(x0, y1) + Y_ d(yk: yi+1) + d(ye—1, Wiy xo)
k=1
t—2
> d(xo. Waxo) + Y _ d(W,Fxo, W+ x0) + d(W,! ™" x0. Wyix0) — tEg
k=1

> t(d(x0, X2n) — Eo).
After dividing by ¢ and sending ¢ to infinity, we obtain 7(W,) > d(xo, x2n) — Eo.
Meanwhile, the triangle inequality implies that
¢
d(xo, W, xo) < Z d(W, ™" xo0, W x0) < 1d(x0, X2n)
k=1

and hence 7(W,,) < d(x¢, x2,). The conclusion is now established. |
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We are now ready to prove the following.

Proposition 4.15. Let (X, G, 0) be as in Convention 1.1 and let (Z,)n>0 be the ran-
dom walk on G generated by a non-elementary measure | with infinite second moment.
Then for any sequence (cy)n of real numbers, neither of %ﬁ(d(o, Z,0) — cp) and

JLE(I(Z") — ¢p) converges in law.

Proof. We follow the proof given in [9, Section 6.1]. Let S be a fairly long K(-Schottky
set for u with cardinality at least 400. Since we are concerned with the distribution of Z,,
we may replace Z, with the one in Corollary 4.12 that is defined on a probability space
Q,, constructed together with the integer m(n), the subset 4, C 2, partition &, of A,
and the RVs (w;, v;, Bi, ¥i)i-

The idea is to construct the product space 2, X 2, with the product measure IP’,,,
where 2, carries an i.i.d. copy 7, of Z,, as well as the corresponding notions An, Pu
and (w;, v;, ﬁ,, yi)i If jﬁd(o, Z,0) — ¢, converges in law for some sequence (¢y)n>0,
the difference with its i.i.d. copy

%[d(o, Z,0) — d(0, Z,0)]

also converges in law. We will deduce a contradiction to this convergence.
On A4, C Q,, we define I;’s and V;’s as in the setting of Lemma 4.13: Wy := wy and

Vi = Well(Br+D)Vk+1, Wit = Vill(yk+Dwe+1 (K =0,...,m(n) —1).

We also define
(%21, %2k) 1= (Wi—10, Vie—1 I1(yx)0)
fork =1,...,m(n) and let xo := 0, X2mmn)+1 := Winm)0 = Zyo.

Let & € #, be an arbitrary equivalence class. By item (2) of the conclusion of
Corollary 4.12, conditioned on &, (w;); are fixed and (B;, y;, v;); are i.i.d.s distributed
according to (uniform measure on S?) x u conditioned on S. Moreover, by item (3) of
the conclusion of Corollary 4.12,

(0, WoT'(B1), Vol (1), - - - s Win(m)y—1 T (Bim))» Vin()—1T (Ym(n))s Win(n)0)
is Dy-semi-aligned on &. We then apply Lemma 4.13 to the equality

m(n)+1 m(n)

d(o,Zyo0) = Z d(x2i—2,X2i—1) + Z d(x2i—1,X2;)

i=1 i=1

I I,
logy m(n) m(n)/2!

-2 Z Z (xa1 (2k—2)> le-zk)xzz@k_l) —2 (o, x2-m(n)+1)sz<n) :
I=0 k=1

14

I3
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Let J; := Z’(l (%21 (2k—2)> Xal. k)le(zk , be the (! = 1)-th summand of /3. Condi-
tioned on &, J; is the sum of m(n)/2! independent RVs bounded by Eg. By Chebyshev’s
inequality, we have

P, (|J; — E[/|€]] = 27'/* - 100Eoy/m(n) | €)

1

Var(J; | €

= 1008 Ty €)
2l/2 m(n) '

< .
= 10000E2m(n) 2!

By summing this probability, we have
P, (|13 — E[I3 | €]| > 800E, - y/m(n) | A,) < 1/2000. (4.9)

Note also /; is constant on each & € $, and I, is bounded by Ey on A
Let us now bring an arbitrary equlvalence class & from the pamtlon - Similarly, we
get

25+1

d(0,Z,0) = ) d(izi—z, i 1)+Zd(xzz 12 X2i)

i=1 i=1

I I
s 25—
— 22 Z(x21(2k —2)» .x2l 2k)x21(2k 1 2. (XO»XZ 23+1)x22s .
1=0k=1
Is
I3

We have the following (x):

(1) Since the situation is symmetric, for large enough n we have
Pu (LJME &) € Pux Py i +ElI5 | €] > [y + Ell5 | €]))
~Pu(Ay x Ay) = 0.5(1 = Pp(An) — Pu(4y)) > 0.4,
(2) By inequality (4.9), we have
P, (max(|I3 — E[I3 | €], |15 —E[i3 | €]]) > 800E, - v/m(n) | & x &) < 1/1000

for each & € £, and Eed P, for all n.

(3) Since I, — I is a sum of m(n) i.i.d.s of symmetric distribution with infinite second
moment, for any K’ > 0 we have

P, (I — I, > K'\/m(n) | & x 8) >1/5

for each € € P and € € P for sufficiently large n.
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4) 14 and f4 are bounded by Eg on A, x A,,.

Let C :=lim, m(n)/n > 0. The four items in (*) imply that for each K’ > 10000E), for
large enough n, we have

d(0, Z,0) — d(0, Zno) = K'\/m(n) — 1600Eq/m(n) —2Ey > 0.25K'~/Cn

with probability at least 0.4 - (1/5 — 1/1000) > 0.05. Hence, we have
1 y / /

(7(61(0, Z,0) — d(0. Zyo)) > 0.25K «/c) >0.05 (VK> 10000E,).
n

This contradicts to the convergence of \/Lz[d (0, Zn0) — d(0, Z»0)] in law.

liminfP,,
n

We now derive a contradiction to the convergence in law of —= [‘L’(Z ) —2(Zy)].
We again prepare the outputs of Corollary 4.12, namely m(n), Q,,, A,,, s (w,):”(g),
(Bi, vi, v,):" '1’ and their independent copies. Given these ingredients, we then define

w;, V)m(") and (x;)2"™ as before, and let xo := w!

i=1 m(n)©
This time, Lemma 4.14 tells us that
©(Zn) = d(x0,x20) + [t(Zy) — d(x0, X21)]
m(n)+1 m(n)
= > d(xia. X))+ Y d(xai1.x2)
i=1 i=1
11 12

logy m(n) m(n)/2!

-2 Z Z (X2! (2k—2) le-zk)xzz(zk,l) + (2(Zn) — d(x0, X2m(m))) -
I=0 k=1

n

I3

Here, Iy, I, I3 and 14 satisfy the exact same properties as before. Hence, we observe
the same consequences as in (x). This leads to the same contradiction to the conver-
gence in law of \/L;[T(Zn) — t©(Z,)]. Hence, for any choice of the sequence (c;)n>o0,

ﬁ(r(Zn) — ¢p) cannot converge in law. |

4.5. Pivoting and repulsion among independent random walks

In this subsection, we consider two random walks (Z ,(,1)),, and (Z ,(12)),, generated by non-
elementary measures 1) and £ on G. Let S and §@ be fairly long Ko-Schottky
sets for M and u®. We define the subset SO following Definition 4.2, with S® in
place of S.

We first fix Dy-semi-aligned sequences (w( ))”_0 in G for ¢t = 0, 1. Given the choices
of (ﬁi(t), yi(’), l.(')) eSO fori = 1,...,n, wedefine Wi(’)’s, Vi(t)’s as before: W(t) (()’)
and

V(l) W(Z)H(ﬁ(t) )U(t) W(Z)

. ) ) )
k+1/%k+1° k+1 "= Vk I(y Jw

k+1/"k+1"
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This time, we want not only that W,,(t) and (W,,(t) )~! head in different directions for
t = 1,2, but also that the directions made by W,,(l), W,,(z), (W,,(l))_l, (Wn(z) )~! are all
distinct. For this purpose, we define the following:

(1) (front-front repulsion) For each 1 < k < n/2, we let
¢(1 2)front (Wk(z)l)_ W(l)
= w2 MEZ ) )T w TE) - w
S 2 =15 ) € SV (@ f“"“) 0.T(B")) is Ko-aligned),
§@ D _ (gD @y ¢ 5@ D) (sLDT gD, 1 (5D i Ko aligned),.
(2) (back-back repulsion) Foreach 1 < k < n/2, we let

¢(1 ,2),back | _(V(z) H(y(z) N~ W(z) (W(l)) V(l) H(y(l)kH)

k+1
= wr(;z—)k+1n(/3(2)k+2) w® - (w7 M) "'(wr(,l_)k+1)_1,
57151,2),back — { 0 (ﬂ;gl)k-i-l’ ]/(l)k )(61 S(bl)ﬁv(l—)k+l) . }
’ ac . . )
(T, —gs1)s H(V,, k+1) (¢x )~1o) is Ko-aligned
S(z 1), back { o (/3(,;)k+1 ):1(22)’)6?)”12 € S(ii)(v(Z)kﬂ) }
(F(V k+1) H()/ k+1)¢ (H( k+l)) 1 0) 18 KO ahgned

(3) (front-back repulsion) For each s,¢ € {1,2} and 1 <k <n/2, we let
¢(S ,1), mlxed (V(t) H(y(t) 1))—1 W(t) . Wk(s_)l
= wr(ztlk+1n(/3(t)k+2) r(tt) ’ w(()S)H(IB?))‘ )

Wy 1>
Se0~ { B v € SO : }
k . ((d)(s 1), mlxed) 1 F(ﬁ](:))) is Ko—aligned s
S(s " ' { @) (IBO) ,Et);%thl)) e f(t) (U((t)) ) | }
(F(Vn k+1) H(Vn k+1)¢ S mixe H(:Bks) 0) is Ko-aligned

We now establish an analog of Lemma 4.9.

Lemma 4.16. Let 1 <k <n. Let (wi(o)) _o and (w( )) be Dy-pre-aligned sequences
inG. Let (ﬂl(t), )/l(t), i(t)),-zl ,,,,, ka—k+1,..n € (S(’))Zk fort = 1,2 be choices such that

.....

(ﬂl(cl)’ ykl)) c S(l 2),front S(l D~ A S(l 2),—>

(/3]((2)1 ykZ)) c S(2 1),front N S(Z 1),—~ N S(2 2),—>

) O Gk [ T [ T«
Bukt1 Ynokt1) € Sk NSy NSy ;

2 2 1,2) back ~ F(2,1), 5(2,2),
(lgr(z)k+1 V()k+1)€SIE e ﬂS,E )(_mSIE e

’

(4.10)

nk € (§O20=0) forp — 1 2 W,V
and W,,(z) are contracting isometries that generate a free group of order 2. Moreover, the

Then for any further choices (ﬂi(l), yit , vi(l))i=k+1

.....
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orbit map is a quasi-isometric embedding of (W,,(l) , W,,(z)) into a quasi-convex subset
of X.

Proof. Recall the following notation: Given a path I" = (x¢, X1 ..., X;), we defined its
reversal by
I':= (xm, Xm—1,...,%0).

](:)) and let ©® be its reversal for s = 1,2.

For convenience, let us define k@ := Wk(t_)1 re
Also, let n® := (W)~ Vn_kl"(y,(f_)kH) and let 7 be its reversal.
By Lemma 2.5, the assumption of the lemma implies that the following sequences of

Schottky axes are Ky-aligned:

Ky, k@), (N (May, ka)y)s
M@y k@) (M), k@), (1@). k@)

(

Moreover, since (wit))i=0’s are Do-pre-aligned, we have that

(0. k). W1y W,P0) (¢ € {1.2})

is Do-semi-aligned.

We now prove that the orbit map from (W,,(l), ,,(2)) to X is bi-Lipschitz and the orbit
set is quasi-convex. It is clear that the map is max(d (o, Wn(l)o), d(o, Wn(z)o))-Lipschitz.
We define

K1 := min{diam(k(1) U W,V 11y), diam(kcz) U WP 12))} = Eo,

K> =4 Z (diam(n ), 0) + diam(k(y0) + diam(k ) U Wn(’)n(,)) + Ep).
te{1,2}

Since k(1) and k(z) are both fairly long Schottky axes, we have diam(x(y)), diam(x(z)) >
10Ey and consequently K is positive.
The conclusion is established once we show that
d(o,ay---amo) = mKj,

4.11)
[0,a1---amo] € Nk,({0,a10,a1az0,...,a1---a,o})

for each m and each choice of aq,...,a, € {Wn(l), Wn(z), (Wn(l))_l, (Wn(z))_l} such that
a; # ai__ﬁl for each i. Let us show this for the choice ajazaz = Wn(l)(Wn(z))_IW,,(l)
as an example; the same argument applies to all other cases. Combining the alignment
mentioned above, we deduce that

(0, K(1), Wn(l)ﬁ(l), Wn(l)ﬁ(z), Wn(l)(Wn(z))_IE(z), Wn(l)(Wn(z))_lK(l),)
WD ) Wy Wi (02 7 Do
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is Dy-semi-aligned. By Lemma 2.6, there exist disjoint subsegments [x1, y1], ..., [X¢, V6]
of [o, Wn(l)(Wn(z))*1 Wn(l)o], in order from closest to farthest from o, that 0.1 Ey-fellow
travel with k), .. ., W,,(l)(Wn(z))_1 W,,(l)r](l), respectively. In particular, we deduce that
d(x1.y2) = diam(xkay U W) — Eo.
d(x3, y4) = diam(W V72 U WD W) km) — Eo
= diam(/c(z) U Wn(z)i’}(z)) — Ey,
d(xs, y¢) = diam(W, "V (W, ey U WD WD) W, Vi) — Eo
= diam(k 1) U W, V(1)) — Eo.
Since d(o, Wn(l)(Wn(z))_IWn(l)a) is greater than d(x1, y2) + d(x3, y4) + d(x5, y¢), we
can conclude the first inequality in display (4.11). Moreover, note that
d(xz, Wn(l)o) < diam(7nyo U 0) + Eo,
d(xq, WO WP)710) < diam(k(1yo U 0) + Eop.

Now for each point y on [o, x3], we have

d(y, W,V0) < d(0,x5) + d(x2, W, Vo)
< (diam(o U k(1)) + diam(k(j) U Wn(l)n(l)) + Eo)
+ (diam(n(yo U 0) + Ep) < K,.

Similarly, for any point y on [x,, x4], we have

d(y, WP (W) o)
< d(x2.x4) + d (x4, WO W) 10)
< diam(o U (1)) + diam(o U n(z)) + diam(k ) U Wn(z)n(z)) + 2Ey
+ diam(n)0 U o) + Eg < K>.

For a similar reason, [x4, W,,(l)(Wn(z))_1 Wn(l)o] is contained in the K,-neighborhood of
Wn(l)(Wn(z))_1 Wn(l) o. This settles the second line of display (4.11). [ ]

We now establish an analog of Lemma 4.11.

Lemma 4.17. Let 1 <k <n/2, let (wi(t));’=1 e G"1 and let (,Bl.(t), yi(t), vl.(t))l'.’=1 e SV
fort = 1,2. Then condition (4.10) depends only on {(ﬂl(t), yl(t), v(t)) l=1,....,k,n—
k+1,....n,t =1,2}

Moreover, fixing any choice of{vl(t) l=1,....k,n—k+1,...,n,t =1,2}, the
condition holds for probability at least 1 — (10#S M)k — (10#S @)k with respect to the
uniform measures on 5(’)(1)1) fort =1,2andforl =1,....,k,n—k+1,...,n, all
independent.
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Proof. Note that the statement
(,8]((1)’ Vkl)) c S(l 2),front n S(l ,1),—> n §(1,2),—> (4.12)

is really a condition for ,Bk that involves ¢(1 +2),front ¢(1 Dmixed 5 nd ¢,(cl’2)’mixed, which

dependonlyonﬂl(t) and ylt) forl=1,....,.k—1,n—k+2,...,nand fort =1, 2.

Fixing a choice of (,3,((1), ykl)) satisfying condition (4.12), the statement

(13](3), S )) c S(z 1) front S(z 1), §]£2,2),—> 4.13)
is now a condition for ,Bk that is determined only by ,B(t) and yl(t) forl =1,...,k—

I,n—k+2,...,nandfort = 1,2, and ,3,(61). Fixing a (ﬁ](cz), ykz)) further, the condition
(ﬁ,(,l)k+1 V(l)k+1) c S]El,Z),back n S"]El,l),(— n §]§2,1),<— (414)

thendependsonﬂ(t) andyl(t) forl=1,....k—1,n—k+2,...,nandfort = 1,2, and

the choice of ,3(1) ,3(2) Fixing a (,Bfll)kﬂ, yrgl)k+l) finally, the condition

2) (2) o (1,2),back J(2,1),« 3(2,2),«
B )e SN S, NS, (4.15)

n— k+l’ n—k+1

depends on ,BI(t) and yl(t) forl=1,....k—1,n—k+2,...,n,t = 1,2 and ,3(1) ,3(2)
yn(l_)k +1- Combining these four statements leads to the first assertion.
The second assertion is proven analogously to the proof of Lemma 4.11; we sketch

the necessary ingredients here. Fixing an arbitrary choice of
BOyO O i =1, k=11 =1,2),

note that condition (4.12) is asking the alignment of ,BI(CI) with three other fixed isometries.
The property of the Schottky set §(1) (cf. Definition 2.8) tells us that such alignments are
realized by all but at most three choices of ,Bl(cl) e SM. This implies that at most 3#S ™)

choices in (SM)2 > § (1)(1),((1)) violate the condition. This implies that

P((ﬂ,(cl), )/,El)) € 5(1)(1),((1)) violates condition (4.12) |
BY y O D i =1 k—1.1=12)

(e
3#sW 5#5W
< < .
T #SM)2 245 T (#5)2
For a similar reason, we can prove that the probabilities of violating conditions (4.13),
(4.14) and (4.15) are at most 5/#S@, 5/#5( and 5/#S@, respectively. Combining
these, we can deduce

P (condition (4.10) violated at step k | condition (4.10) violated till k — 1)
10 10
S —+ —=.
—#SM  #5@
By induction, we can conclude the second assertion. [
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Recall that we have implemented pivotal times for random walks in Corollary 4.12.
Following this idea, and also by combining Lemmas 4.11 and 4.16, we deduce the
following corollary.

Corollary 4.18. Let (X, G, 0) be as in Convention 1.1 and (Z,(Ll))n>0, (Z,(f)),po be two
independent random walks generated by a non-elementary measure . on G. Then there
exists K > 0 such that the following holds outside a set of probability Ke "X,

The n-th step isometries Z,(,l), Z,(,z) arising from two random walks generate a free
group of order 2. Moreover, the orbit map is a quasi-isometric embedding of (Z,(,l) , Z,(,2))

into a quasi-convex subset of X .

It is not difficult to consider k independent random walks; the arguments are identical.
Hence, we conclude Theorem D.

5. Effective estimates for translation length

In this section, we establish an effective version of Corollary 4.12 that will be used for the
counting problem.

We will employ Schottky sets to construct the generating set S”. For this we introduce
a notation. Given a set of sequences S € G”", we define

qD(S4) = {H(S])H(Sz)H(S3)H(S4) . 81,582,83,84 € S}
Applying the map ® to S* does not erase any information because of the following.

Lemma 5.1. Let S be a fairly long Schottky set. Then the map @ is a bijection between
S* and ©(S*).

Proof. This is a consequence of Lemma 5.2. ]

One technicality is that ®(S*) cannot be a symmetric subset of G for any Schottky
set S. (This is due to our choice of property (4) of Schottky sets.) To get around this tech-
nicality, we introduce another notation. Given a sequence @ = (a1, ...,d,) € G", let us
denote the sequence (a,!,...,a;!) by o !. Foraset S € G", we define

S = {a! :aeS}z{(a,Tl,...,al_l):(al,...,a,,) e S}

Lemma 5.2. Letk € Z~¢ and let S be a fairly long Schottky set. Leta; € S and &; € {£1}
fori =1,... k. Suppose that there does not exist i such that ; = aj+1 and g;&;+1 = —1
simultaneously holds. Then:

(1) the sequence of Schottky axes
(D@, I (), ... TS - T )T ()

is Do-aligned, and
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(2) O(as')--- H(oz]ik) is a non-trivial isometry.
Proof. Leta € S and ¢ € {£1}. Then
diam(7rr(ee) (IT(e®)0) U 0) = diam(I1(a®)o U o) > 10Ey > Ko
holds, which means that

ag{feS:(Il(a)o,'(B))is Kg-aligned},
a ¢ {feS: (LB TP o) is Ko-aligned).

By property (4) of Schottky sets (cf. Definition 2.8), we deduce that (I"'(8), I1(8) [1(«)0)
and (IT(«®)o, I'(B)) are Kop-aligned sequences for each 8 € S \ {«}. The latter statement
means that (I'(8™1), II(B~1H)I1(a®)o) is Ko-aligned. ()

Now for each i, we have the following cases:

(D) o # ajt1. In this case, (F(e’), H(afi)H(afiﬁ‘)o) is Ko-aligned due to (%).
Moreover, (TT(e;")o, T(a;" )T (;}}")) is O-aligned. This is because TT(c;")o
projects onto TT(er;" )T (f 1) 3 M(e")o at itself.

Now by Lemma 2.5, (I'(e;"), (" )T (erf 1)) is Do-aligned.

(II) oj = oj41: Then &; = ¢;41, and the sequence
(@), T )T (@)

is Dy-aligned, thanks to property (5) of Schottky sets.

Combining these stepwise Dg-alignment, we conclude item (1).

For convenience, we denote TT(e;') -+ IT(e;*) by w. By Lemma 2.6, we know that
[0, wo] contains disjoint subsegments that 0.1 Eq-fellow travel with suitable translates of
(e, ..., F(ai"), respectively. Recall that these Schottky axes have diameter at least
10E,. Hence, we have

k
d(o, wo) > [Zd(a, H(a,ik)o)] —0.2(k — 1)Eg > 5Eok.

i=1

In particular, w is non-trivial and item (2) follows. [

Lemma 5.3. Let S € G” be a set of sequences in G and let Ko > 0. Then the following
hold:

(1) d>(§4) consists of the inverses of elements of ®(S*).
(2) S is a fairly long Ky-Schottky set if and only lf§ is.
(3) If S is a fairly long Schottky set, then CD(S’“) and ®(S*) are disjoint.

Proof. (1) This follows from the definition of S and S*.
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(2) Let S be a fairly long Ky-Schottky set. Note the following equivalence for each
aecG"andx € X:

I'(«) is Ko-contracting < I'(a¢~!) is Ko-contracting,
d(o, TI(a)o) > 10Ey < d(o, TI(a"1)o) > 10E,,
(x,T(@)), (T'(a), (x)x) are Ko-aligned < (x, T'(a™ ), (T(e™Y), M )x)
are Ky-aligned,
(T(a), ()T () is Ko-aligned < (F'(e™!), (e HI(a™Y)) is Ko-aligned.

This implies that changing an element & € S with o~ does not affect the Schottky-
ness of S. By converting all the elements into their inverses, we conclude that S is also
Ky-Schottky.

(3)Ifs = (a1, 22, 003,04) € S* and s’ = (&1, Ga, &3, 04) € S* have the same d-values,
then we have

id = ®(s) - (s")! = W(ay) -~ M(ag) - T(@; ") - TI(@ Y. (5.1

Here, o;’s and &i_ s are all elements of S. With this, equation (5.1) contradicts
Lemma 5.2. u

We are now ready to state and proved modified versions of Lemma 4.6 and Corol-
lary 4.12.

Lemma 5.4. Foreach 0 < q < p < 1, there exists a constant ¢ = ¢(p, q) > 0 such that
the following holds.
Let S € GMo be a fairly long Ko-Schottky set and let pu be a probability measure on G
such that
@ > p - (uniform measure on ®(S*) U <I>(§(4))).

Then for each n there exist a probability space Q2,, a measurable subset B, C Q, a
measurable partition @, of B, and RVs

{wi:i =0,...,m(n)} € GNW*L
S e{S.8), (m(n) = |en))
{o, Bi. i 8i i =1,....mn)} € §4m™

such that the following hold:
(1) P(By) = 1—(1—gq)" holds for each n.

(2) On each equivalence class ¥ € @y, the isometries (wi)'-"(n) and the Schottky

i=0
m(n)

set § are constant, and (o;, Bi, i, 8;);—, are i.id.s distributed according to the

uniform measure on S*.
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(3) The RV

wo Il () IT(B) IL(y) TI(81)wy - l_[(Ofm(n))H(ﬂm(n))n()’m(n))1_[(5m(n))wm(n)

is distributed according to u*" on 2.

Proof. Let i1 be the uniform measure on (S ) and U2 be the uniform measure on
O(S®). Recall that ®(S*) and ®(S*) are disjoint by Lemma 5.3 (3). Hence, we have a
decomposition

1 1
W= p(§m + 5#2) + (1= p)v.
Consider:

* Bernoulli random variables (p;);>o with average p,

* Bernoulli random variables (0;);>¢ with average 1/2,

* G-valued random variables (1;);>o with the law 4,

*  G-valued random variables (7;);>o with the law 1, and

* G-valued random variables (v;);>o with the law v,

all independent. We then define

Vi when pr =0,
&k = § Nk when py =1 and o =0,
fx when pp = land oy = 1.

Then g ’s are i.i.d. distributed according to p. Setting m(n) suitably, we define

Cp = {w > k(1 —0p) = m(n)}, Co = {w 2 ook = m(n)}.
k=1 k=1

Note that C,, and én are determined by the values of {px, 0% }x. Moreover, the values of
{Pk, Ok } k>0 determine the indices i € {1,...,n} such that p; = 1 and 0; = 0, and for
each w € C, we can gather the m(n) smallest such positive indices and label them by
(1) <--- <P (m(n)). Foreachw € Cp, we analogously define 5(1) <iee< E(m(n)) to
be the m(n) smallest indices i such that p; = 1 and 0; = 1.

Now on C,, we declare § := S and let C‘Zfll) be the measurable partition determined
by the values of {pg, 0, Vi }x>0 as well as {ng : k > 9 (m(n))}. We then define

Wi—1 = goGi-D+1°"&oi)—1 (@ =1,....,m(n)),
Wmn) -= 89mm)+1"""8n>
(o, Bivi. 8i) := @7 (gs()) (i =1,...,mn)).
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Then on each equivalence class in (flf,l) , w;’s are fixed and (o, Bi, ¥i, 8;) are uniformly
distributed on $*"™_ Moreover, on B, we have

g1+ &n = woll(a) (A1) (y1)I1(1)wy - -+
: H(am(n))n(/gm(n))n(ym(n))H(gm(n))wm(n)~ (5.2)

Similarly, on Cn \ Cy, we first declare § := S and let @,(,2) be the measurable partition
determined by the values of {pk, 0%, Vi }x>0 as well as {7 : k > ¥ (m(n))}. We then define

Wi-1 = 8Fi-1)+1 """ 833)—1 (@ =1...,mMn)),

Wm(n) *= EFmmn)+1°" 8ns
(o, Bi, vin i) = CIJ_I(gI;(i)) i=1,...,mn)).

Then on each equivalence class in @,(,2), w;’s are fixed and (o, Bi, yi, §;) become
i.i.d. distributed according to the uniform measure on S*. Moreover, equation (5.2) still
holds on é,,. These constructions realize items (1) and (2) of the conclusion on the set
B, =C,U 5,,.

Finally, we define w;’s and {«;, B;, i, 6;} arbitrarily on (C, U én)c so that equa-
tion (5.2) still holds. Since g; - - - g, is distributed according to u”, we conclude item (3)
of the conclusion.

It remains to precisely choose & and m(n). Note that > _, px < 2m(n) holds outside
C, U (7,,. Chernoff-Hoeffding’s inequality as in [17, Theorem 1] tells us that

P (kz::l ok < 2sn) < (f(e) o (%)28 ‘ (11__;2;)1728)"'

Since limg—o f(¢) = 1 — p is smaller than 1 — ¢, we can pick small & so that
P (ZZZI ok < 28}1) < (1 — ¢)" holds. By setting m(n) = |en |, we arrive at the desired
conclusion. |

Recall that we obtained Corollary 4.12 by combining Lemmas 4.6, 4.8, 4.9 and 4.11.
By replacing Lemma 4.6 with Lemma 5.4, we obtain the following.

Corollary 5.5. For each 0 < g < p < 1, there exist a constant ¢ = ¢(p,q) > 0 and
M = M(p, q) > 0 such that the following hold.

Let S € GMo pe a fairly long Ko-Schottky set with cardinality No > M. Let ju be a
probability measure on G such that

i > p - (uniform measure on ®(S*) U d(S@)).
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Then for each n there exist an integer m(n), a probability space 2, with a measurable
subset A, C Q,, a measurable partition P, of A, and RVs

Z,€q,
s e{s, S
{w; :i =0,...,m@n)} € GMMWFL

Bivyi i =1,....mn)} € §2m™

such that the following hold:
(1) P(A,) > 1—=3-(1 —¢q)" and m(n) > en for eventual n.
2) On Ay, (w,-):"z(g) is a Do-pre-aligned sequence in G and w;l%n)wo is a Do-pre-
aligned isometry.
(3) On each & € P,, (w; '.n_(n) and § are constant and (B;, Vi '.n_(n) are i.i.d.s
i=0 Vi)i=1
distributed according to the uniform measure on § (id).

4) Z, is distributed according to u*" on Q, and

Zn = woll(B)v1II(y1)w1 -+ (B Vi) T (Vim(n)) Wimn)

holds on A,,.

Proof. First, given the inputs p and g, Lemma 5.4 provides the constant ¢; = ¢(p, q),
and we set ¢ = 0.01g;. Now for each n with Ny := |e;n], Lemma 5.4 also provides a
probability space €2, with a subset B = B,, a measurable partition @, of B,, a ran-
dom fairly long Ko-Schottky set § € {S, S } of cardinality Ny, random variables Z, € G,
(w,-)f\go e GM*1and (o, Bi, yi, Si)lN:ll € $*M such that the following hold:

(1) Pp(B) = 1—(1—¢)".
(2) On each ¥ € @,, the sequence (w,-)fvzl0 and the Schottky set § are constant and
(o, Bi, vi. 8;); are i.i.d.s distributed according to the uniform measure on $*.

(3) Z, is distributed according to ©*” on 2, and
Zyp = woll(a) (1) T(y) TG 1) w1 - - - TI(oen ) TT(Bn, ) I (yn ) TIEN, ) wa,

holds on B.

Now, as we did in the proof of Corollary 4.12, we apply Lemma 4.8; this time, it is with
the input probability Diracyy in place of u, with the input Schottky set S in place of S,
and with the input integer N; in place of n. As a result, we obtain N = 2|0.25Nq .
Just as in the proof of Corollary 4.12, we obtain a measurable set B’ with measurable
partition @ and RVs (w;, B;, y{); such that the following hold:

(1) B’ has probability at least (1 — (3 ;‘/4/N0)N1) ‘P(B)=(1—(3 ,4/4/N0)N1) (11—
1=g)").
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(2) On B’, we have
Zn = wo (BT (yp)w) -~ TH(By, ) (v y, ) Wiy, -

(3) On each ¥’ € @, (wlf)fvzzo is a fixed Dg-pre-aligned sequence in G for § and
B;.v} )11_\/:21 are i.i.d.s distributed according to the uniform measure on § (id).

Finally, by setting m(n) := 2U22¥21=1 > N, /4 and by considering the refinement

of @' as in the proof of Corollary 4.12, we can realize items (2)—(4) of the conclusion on

a subset A, of B such that
P(4,) = (1= (6/No)™*/*) - P(B).

Moreover, note that m(n) > N, /4 > N1 /5 > en for large enough n, which establishes the
latter half of item (1) of the conclusion.
At this point, by requiring

34_4 4/e; 6 8/e1
No > M := max P — N — +1,
0 (=) () )

P(4,) > 1—(1—q)" — 3Y4/No)M = (6/No)V?/* > 1 3. (1 —¢)"

we conclude

for large enough n. This settles item (1) of the conclusion. ]

We now combine Corollary 5.5 with Lemma 4.10. Note that on A4, (w,-):"z(g) is always
a Dy-pre-aligned sequence and ¢ := w;l%n)wo is a Do-pre-aligned isometry. Lemma 4.10
then implies the following on A,:

Zn = wOH(ﬁl)H(yl)wl T H(/Sm(n))n(ym(n))wm(n)

is a contracting isometry, and moreover, there exist Schottky axes k1, ..., ko) such that

(~ < Z,,_IKI, ceey Zn_lK2m(n),K1, - Kom@n), Znkt, ..., ZnK2m(n), .. )

is Dy-semi-aligned, and such that (o, x1, K2m(n)s Z,0) is also Dgy-semi-aligned. Then
Lemma 2.6 implies that for each j, [0, Z; 0] contains 2m(n) - j disjoint subsegments,
each 0.1 Ey-fellow traveling with some Z,i/ci (I=0,...,j—1,i=1,...,2m(n)). This
implies that

2m(n) j—1

(0. W,) o) = Y Y (diam(Zpki) —0.2Eo) > 5Eom(n).
i=1 [=0

As a consequence, we obtain the following corollary.
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Corollary 5.6. For each 0 < q < p < 1, there exist a constant ¢ = ¢(p,q) > 0 and
M = M(p,q) > 0 such that the following holds.

Let S € GMo be a fairly long Ko-Schottky set with cardinality No > M. Let u be a
probability measure on G such that

@ > p - (uniform measure on ®(S*) U CI>(§(4))),
and let (Z,)n>0 be the random walk generated by ji. Then
P(Z,is a contracting element with T(Z,) > 5Egen) > 1 —3(1 —g)"

holds for large enough n.

6. Counting problem

We now present a quantitative version of the main theorem in [11].

Theorem 6.1 (Translation length grows linearly). Let (X, G) be as in Convention 1.1.
Then for each A > 1, there exists Ao > 0 satisfying the following. Let G be a finitely gen-
erated non-elementary subgroup of Isom(X) and S’ C G be a finite symmetric generating
set.

Then there exist a subset S” of G containing S’ such that #5” < (1 + M)#S’ + Ao and
a constant K > 0 such that for each large n we have

#{g € Bgs»(n) : g is not contracting or tx (g) < Kn} Ko1K
#Bgr(n) '

Proof. First note that we can replace any finite symmetric generating set S’ with S” U {id}
and then find S”, at the cost of increasing Ao by 1. For this reason, we from now on assume
that S’ contains id.
The assumption A > 1 1mp11es that 5 + T4z > 1/2, so we can take parameters ¢ and p
suchthat1/2 < g < p < 1+A Take ¢ = e(p,q) and M = M(p, q) as in Corollary 5.6.
Note that the function f(x) := x"? is strictly increasing on the positive reals and
limy_ 400 f(x) = 1. Meanwhile, note the equivalence
_r
Al = p)

Since we took p < lJr)L,there exists some Ag > M * such that f(«/ko) vp/A(1 = p).
Furthermore, since 1/2p is also smaller than 1, we can further require that f ((‘//\0 — 1) >

J1/2p.

Using Lemma 2.9, we take a fairly long Schottky set S in G with cardinality

No = max(“/%J, t//\_o)

pl+A) <A & p<i(l-p & < 1.
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Let K be the Schottky parameter of S and Dy, D1, E¢ be the associated constants.
Note that

1
2Ny < 2max (E/\#S’,Ao) < A#S’ + Xo.

Meanwhile, using the monotonicity of f(x) = {37, we deduce
N(;l 4 4 4 P
— 0  — (F(N)* > A D S— 6.1
T = U = (V) = 6.1
No — 1)*
W=D — (o= = (F({a - 1) 2 120, 6.2)
0
Note that inequality (6.1) implies
Ng p p
2Ny =2(No + 1)* - —2— > A#S’- > #S'.
T (T

With these estimates, we set S” = S’ U ®(S4) U ®(S*), which is still a symmetric
set. Moreover, we have

#S" < #S' +2(#5)* = #S' +2N7 < (1 + V#S* + Ao
and

#@(SH U B(SY)  2Ng Ny
#S” #ST TONG +#S T 1+ L2

This implies that the uniform measure & on S” satisfies the assumption of Corollary 5.6.
At this moment, let

A, = {g € G : g iscontracting and 7(g) > 5Epen}.

Then Corollary 5.6 tells us that, for large enough n, the n-th step Z,, of the p-random
walk is in #,, except for probability at most 3(1 — ¢)”.

Meanwhile, each element g € Bg~(id, n) arises as an n-th step Z, of the y-random
walk, with probability at least (#S”)™". Hence, we have

. P(Zy ¢ An)
#(BS//(ld,l’l) \ An) < W < 3(#S//)n(1 _q)n
Meanwhile, let ay, ..., a4, of S be such that o; 7% ;41 fori = 1,...,4n — 1, and let
£1,...,&n € {1,—1}. Lemma 5.2 (2) guarantees that the isometries

4n
1_[ H(C[fh/[q) = H(ai"l) oo H(ail) . H(a;z N H(agz coe H(ai';l_?, e H(ai';l

i=1
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are distinct for different choices of such ((ai);‘il, (sj);?:l)’s. All these isometries are

contained in Bg~(id, n). The number of such elements is at least

4 4\ n
#S — ¥ 2" =2"(Np — D¥" = (%.(#S”y (NO_ ]) )

#S/l NO
1 n
> (p Ere (#S")) . ("." inequality (6.2))
p
Hence, for large enough n we have
#(Bs(id,n) \ Ay) _ 3(1—g)"#S"H)"
#Bgr(id, n) = (1/2)r#S")"

This decays exponentially since 1 — g < 1/2 as desired. ]

=3-2(1-qg)".

Using a similar argument that involves pivoting for quasi-isometric embedding of k
independent random walks (Lemmas 4.16 and 4.17), we can deduce the following version
of Theorem E.

Theorem 6.2. For each k € Z~o and A > 1, there exists Ay > 0 satisfying the following.
Let G be a finitely generated non-elementary subgroup of Isom(X) and S" C G be a finite
symmetric generating set.

Then there exists a set S” 2 S’ of G with #S’ < (1 + A)#S’ + Ag such that for all
k-tuples (g1, ..., gx) of elements in Bs»(n) except an exponentially decaying proportion,
(g1,...,8k) is quasi-isometrically embedded into a quasi-convex subset of X .
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