Interfaces Free Bound. 27 (2025), 575-618 © 2025 European Mathematical Society
DOI 10.4171/1FB/550 Published by EMS Press
This work is licensed under a CC BY 4.0 license

A Dirichlet-to-Neumann map for the Allen—Cahn
equation on manifolds with boundary

Jared Marx-Kuo

Abstract. We study the asymptotic behavior of Dirichlet minimizers to the Allen—Cahn equation
on manifolds with boundary, and we relate the Neumann data to the geometry of the boundary. We
show that Dirichlet minimizers are asymptotically local in orders of ¢ and compute expansions of the
solution to high order. A key tool is showing that the linearized Allen—Cahn operator is invertible at
the heteroclinic solution, on functions with 0 boundary condition. We apply our results to separating
hypersurfaces in closed Riemannian manifolds. This gives a projection theorem about Allen—Cahn
solutions near minimal surfaces, as constructed by Pacard—Ritoré.

1. Introduction

Consider (M", g), a closed, smooth Riemannian manifold with boundary ¥ = oM (see
Figure 3). We assume that Y is at least C2® and will state higher regularity when needed.
For any ¢ > 0, there exists a non-negative minimizer of the Allen—Cahn energy [2]

2
Ee(u) =/ LV L (1.1)
M 2 &

such that u|y = 0, where W(u) = %(1 —u?)? is taken to be the standard double-well
potential. Minimizers of this energy functional satisfy the Allen—Cahn equation on the
interior of M

e2Agu = W'(u) = u(u? —1). (1.2)

On closed Riemannian manifolds, there is a well-known correspondence between zero sets
of solutions to the Allen—Cahn equation and minimal surfaces: Modica and Mortola [12]
showed that the Allen—Cahn energy functional I'-converges to the perimeter. Under cer-
tain geometric constraints, Wang and Wei [17, Thm 1.1] showed that the level sets of a
sequence of stable solutions to (1.2), {u,, }, converge to a minimal surface with good regu-
larity. On the other hand, given a minimal surface Y € M, Pacard and Ritoré [14, Thm 4.1]
showed that one can construct solutions to Allen—Cahn with zero sets converging to Y as
& — 0 (see Figure 1).
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Figure 1. Illustration of level set convergence to a minimal hypersurface

In this paper, we are concerned with solutions to equation (1.2) on manifolds with
boundary. Given Y = dM, how can one see the geometry of Y in a solution, u, y, to (1.2)
that vanishes on Y7 We take u,y : M — R to be the non-negative minimizer of (1.1)
with zero Dirichlet data on Y. We then show an asymptotic expansion of the Neumann
data, vy (4.y ), in powers of ¢, with the coefficients depending on the curvatures of Y.
Finally, we apply our results to the setting of (M", g) closed with Y*~! € M™", a separat-
ing hypersurface so that M = M+ Ly M~.

1.1. Background

For Y as above, consider the non-negative energy minimizer of (1.1), u, y, with Dirich-
let conditions on Y. By standard methods in calculus of variations, this minimizer exists.
By work of Brezis—Oswald [3, Thm 1], there is at most one such solution to (1.2) on M
with this Dirichlet condition, and such a solution minimizes (1.1) among all such func-
tions. We ask, what is d,u, y? We describe normal derivative, as well as an expansion
of u.y itself, asymptotically in e, by mimicking the techniques of Wang—Wei [17] and
also Mantoulidis [9, Section 4].

Our main application is the closed setting of this problem. Let (M", g) be a smooth
Riemannian manifold, and Y”~! € M" a separating, two-sided hypersurface (see Fig-
ure 2) such that M = Mt Uy M~. One can consider non-negative (resp. non-positive)
minimizers of (1.1) on M*, referred to as u;‘fy. For v = v4 a normal pointing inward
to M T, the condition 8UuZY = Bvu;Y means that ufy can be pasted together to form a
smooth solution to equation (1.2) with level set on Y. In particular, we are motivated by
the following theorem of Pacard and Ritoré:

Theorem 1.1 (Pacard—Ritoré [14, Thm 1.1]). Assume that (M, g) is an n-dimensional
closed Riemannian manifold and Y™ ! ¢ M is a two-sided, smooth, nondegenerate min-
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Figure 2. Closed Setting

imal hypersurface. Then there exists g9 > 0 such that Ve € (0, gg) there exists {u.},
solutions to the Allen—Cahn equation, such that u, converges to +1 (resp. —1) on compact
subsets of (M T)° (resp. (M ™)°). Furthermore,

£—> 1
Eous) > A

V2
where A(Y) is the (n — 1)-dimensional area of Y .

Our Theorem 1.13 describes the projection of the solutions constructed by Pacard and
Ritoré [14, Thm 4.1] onto a specific kernel.

While Pacard—Ritoré showed that one can construct solutions with zero sets converg-
ing to a prescribed minimal surface, Wang—Wei consider a stable sequence of solutions
to (1.2) and produce curvature bounds on the level sets [17, Thm 1.1]. Recall that B(u,)
denotes the extended second fundamental form on graphical functions (see [17, eqn 1.4]).

Theorem 1.2 (Wang—Wei [17, Thm 1.1]). Forany 6 € (0,1),0<b; <by <1,and A >0,
there exist two constants C = C(0,by,b,, A) and e« = €(0,b1, b2, A) so that the following
holds: suppose u. is a stable solution of equation (1.2) in B1(0) € R” satisfying

|Vue| #0 and |B(ug) = A in {lug| < 1—bz} N B1(0)

Ifn <10 and & < ey, thenforanyt € [—1 + by, 1 — by], {u, =t} are smooth hypersurfaces
and

[H(ue)lp < C,  |H(ue)|co < Ce(log|logel)?
where H(u.) denotes the mean curvature of {u, = t}.

We are heavily inspired by the techniques used in their paper, though our results have
a different theme.
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1.2. Motivating example

As mentioned in the previous section, one can construct solutions of (1.2) by matching
Dirichlet and Neumann conditions along a hypersurface. We are motivated by the follow-
ing example from [7, Ex. 19]:

Example 1.3. Let M = S C R"*!_ Define regions A; = S™ N {|x,41| <t} and "\ 4,
= D} U D7, where D are the discs forming the complement of the annulus A,. Con-
sider u;'fr the non-negative energy minimizers of the Allen—Cahn energy on Dri. Let ve ¢
denote the nonpositive energy minimizer on A, and define

uf.(p) pe D],
Ure(p) = ug_,r(p) peDz,
Ue,r(p) p € Ay

see Figure 4. The function #i, . € C%(S™) is a solution to equation (1.2) on S"\3A,. We
aim to find 0 < © < 1 such that %, is C! across 04, that is, the Neumann data matches
on X,41 = *t.

Sketch of the proof. One can show that

+
Ci o aua,r ave,t
&,T

0xpt1  Oxpir

|x,,+1=:tr

varies continuously with t and is only dependent on ¢ and t (i.e., these solutions are
one dimensional). Note by symmetry that C;, = —C;;. In particular, for ¢ fixed and t
sufficiently close to 1, u;'fr = 0 while v, ; < 0 on Int(A;). Similarly, for t sufficiently
close to 0, u;f, > 0 and v, ; = 0, that is, for some § > 0,

1—-1]<é = C, >0,

l-7|>1-8§ = CI <o.
e,T

Figure 3. Image of our setup
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Ue(Xns1)

Figure 4. Example of matching Neumann data on the sphere

By continuity of C:r, there exists T such that ijt =0, and sothati;isaC 1 and hence,

by elliptic regularity, a smooth solution to equation (1.2) on S”.

1.3. Results

We recall the classical Dirichlet-to-Neumann map: consider an elliptic operator, L, aris-
ing from an energy functional. Given (M, g) a Riemannian manifold and dM smooth,
consider f : dM — R. Suppose there exists a unique # such that

u:M—->R, Lu=0, Ulppy =,
Then one can formulate a map
D:H'OM) - L*BM), D(f) = d,(@0);

see [11, Section 7] for details. We investigate the following Dirichlet-to-Neumann-type
map, where the Dirichlet data is fixed at 0, but the manifold and its boundary (M, Y
= dM), are variable. This is pictured in Figure 5 where we think of M as a subset of a
larger closed manifold. Suppose we take the unique energy minimizer on M such that

u: M — R,
e2Ag (1) — W'(71) = 0,
Uy >0,

Uly =0.

Let v be the positive normal to Y and define

N(T) =0, ()]y.
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Figure 5. Variable boundary visualization

The function N (Y) is a global term and depends on the geometry of M, as opposed to
just the geometry of Y. We prove the following result, which expands the Neumann data
asymptotically in ¢:

Theorem 1.4. For0 <o < 1, Y = M a C>* hypersurface, and u.y the positive mini-
mizer of E¢ on M with 0 Dirichlet condition on Y, we have that

1 2 _
ey = 8—2 - SHY + O(e! “)

with error in C*(Y).

Remark 1.5. We can posit this more formally as a Dirichlet-to-Neumann operator
when M is closed and Y C M is a separating hypersurface. Let M?** (M ) denote the space
of C%* two-sided, closed hypersurfaces with bounded geometry (cf. equation (2.1)). For
Y € M>%(M), let U(Y) denote a normal neighborhood such that each Y’ € U can be
represented as

Y' =Y, = F(Y,n) := expy n(p)v(p))
with n € C>*(Y) and v a normal to Y. Define

F:Y x(=46,6) — M,
F(p.t) = exp,(tv(p)). (1.3)
Fy(p,1) = exp,((t + n(p))v(p))
so that
N:UY)— CH(Y),
Yy b Frorufy o = (Fy )a () F ey )li=o-
Now noting that U(Y) =: V € C?%(Y), we can frame N : V — C%(Y) as a map between
functions on Y. In this sense, the variable initial level set, Y;, is the Dirichlet data, and

the normal derivative is the Neumann data, which forms a Dirichlet-to-Neumann-type map
on Y after pulling back. Our results do not just apply to perturbations of a fixed Y, as all of

(1.4)
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our theorems (with the exception of Theorem 1.13) apply to any separating hypersurface
of the appropriate regularity and bounded geometry. For this, we use the term “Dirichlet-
to-Neumann-type map” to describe N .

As noted in [7, Ex. 8], for Y fixed, a positive minimizer on M * will exist for & suffi-
ciently small.

We begin with a key estimate on L, = Az — W” (H,) with respect to the weighted
holder space, Csk ** (see the definition in (2.8)).

Theorem 1.6. Let Y = IM ™t be a C** surface, and suppose f: M+t — R in CZ*(M )
with f(s,0) = 0. Then there exists an g9 > 0 sufficiently small, independent of f, such
that for all € < g9, we have

1l gzequsy < KILef lcgaan
for K independent of e.

Immediately, we see that the linearized Allen—Cahn operator is invertible as a map
from C2*(M*) N Co(M ) (i.e., with zero boundary conditions) to C*(M*) (see [6,
Thm 6.15]). After establishing this, Theorem 1.4 is then proved in the following manner:

(1) Let ¢ denote the signed distance from Y and s be a Fermi coordinate on Y. We
decompose

Moy (5,1) = E(é) Fd(s.1)

where H(r) is a modification of the heteroclinic solution. We then rewrite the
Allen—Cahn equation in terms of ¢.

(2) We prove a modified Schauder estimate,
Ipl 2o ey < I Ledllce s,

reminiscent of [13, Prop. 3.21].

(3) We integrate the Allen—Cahn equation, showing that
—weln(e) .
3:¢(s5,0)|1=0 = Hy (s)00 +/ (Arp)H, + O(e%).
0

(4) We show that the quantity fo_waln(g)(A,qﬁ)ﬁs is small by proving better cr”
estimates for dy; ¢. This mimics [17, Section 7].

We can improve our analysis of the Neumann data when Hy = 0:

Theorem 1.7. When Y = 0M is minimal, we have that

1
viuly) = —= 4 g 'koelRicy (v, v) + |Ay|*] + O(£%7%)

ev2

with error in C*(Y).
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In the manifold with boundary setting, we see that as Y is more regular, we can capture
more terms in the expansion of v(u, y). This culminates in our main theorem (Theo-
rem 1.8). Recall the (s, t) coordinates for a tubular neighborhood of Y, where ¢ denotes
the signed distance from Y. Let H; denote the mean curvature of the set of points a dis-
tance ¢ from Y. Then

Theorem 1.8. For Y = M a CK+3 hypersurface, the minimizer of (1.1) can be expand-
ed as

ug(s.t) = He(r)

k m; )
26 (D an s (@00 Helimo} 4 g1 )01 0) + 6. (15)

i=1 =0
”d)”cgzv“(M) = 0(8k+1)’

where a; j(s) are polynomials of derivatives of H; up to a certain order and W, ¢(t)
= w;,j(¢/¢) are modifications of functions w; j ¢(t) = w; j(t/€) for w; ; : [0, +00) = R
smooth and exponentially decaying in t (see Definition 2.1).

When k > 1, this yields

Corollary 1.9. For u, a solution to equation (1.2) with Dirichlet data on a C** hyper-
surface Y, we have that

uly (s,1) = He(t) + eHy (5)We (1) + ¢ (s, 1),
”¢”C92""(M) = 0(‘92)'

When Y is minimal (and has no singular set, by assumption at the beginning of Sec-
tion 1), we have the following corollary:

Corollary 1.10. Foru.y a solution to equation (1.2) with Dirichlet data on Y, a minimal
surface, the expansion in (1.5) exists to any order.

Such surfaces appear when the minimal surface exhibits symmetry inside of the ambi-
ent manifold. See, for example, [7, Section 6] and [4, Section 5] among other sources.

Remark 1.11. In general, we see that both the expansion of u, y and its Neumann deriva-
tive are asymptotically local in terms of a series expansion in powers of &, despite being
determined by the global geometry of M.

Remark 1.12. Similar expansions have been done by Wang and Wei [16], Chodosh and
Mantoulidis [5], and Mantoulidis [9], among other authors. These works begin with
u : M — R a smooth solution to (1.2) and then expand u about its zero set. This approach
actually gives the zero set better regularity by a Simons-type equation (see [16, Lem 8.6]),
allowing for more terms in the expansion. By contrast, we start with Y, a prescribed
zero set with limited regularity, and one-sided solutions, uiY : M* — R, for which the
Simons-type equation does not apply.
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Figure 6. Perturbation of Y and the corresponding splitting of M = M,;" Uy, My

Returning to the setting of M closed and ¥ € M a separating hypersurface: take
n € C*%(Y), along with equation (1.3):

Fp:Y > UY)S M, Fy(p,0):=exp,(n(p)v(p)), Yy,={Fy(p)|peY}

where U(Y') is some open neighborhood of Y in M. Decompose M = M,f Uy, M, (see
Figure 6), and consider the (positive) energy minimizers usi,,, on MnjE By Brezis—Oswald
[3, Thm 1], these are the unique solutions to (1.2) on M ”i and we can paste them together
to form:

Ugy: M — R, (1.6)

— ut,(p) peM;,

&n = _ -

—u,,(p) peEM,.

‘We now use the map in equation (1.4)
NEUY) S C2Y) —» CHY), NE() = Fy (3,2 ug,)(p).
n

The Neumann data of u, , match along Y7 if and only if
N*() —N~(n) = 0.

When this is the case, ugy is a smooth solution to (1.2) and we can characterize the
projection of ug,, onto Hy, the kernel of L, := 20? — W (H,).

Theorem 1.13. Let Y € M be a minimal separating hypersurface in a closed, smooth
Riemannian manifold. For ugy : M — R as in (1.6), suppose that ue y is C! across Y,
and || cze = O(e'*#) for some B > « fixed. Then

/ Ay L (dt = 2000y () + O 728
R
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with error holding in C*(Y). If we further have that Y is nondegenerate, then

—weln(e) . ﬁ _
/ ”g,,,(s,t)Hs(t)dt = —n(s) + 0(527 772)
weln(e) 3

with error in C*%(Y).

The above theorem tells us that when we perturb ¥ to Y, to find a solution to (1.2)
with zero set Y;, then we can detect 7 via the projection of our solution onto H,. Also
note that for u, , (s, t) = H(t) + ¢(s.1),

—weln(e) . —weln(e) .
/ Ue.n (s, H()dt = f ¢ (s, OH,(t)dt + O(5),

gln(e) weIn(e)

so Theorem 1.13 is equivalent to computing the projection of ¢ onto H,. Further note
that Theorem 1.13 differs from Corollary 1.9 in that we compute a two-sided integral for
Theorem 1.13.

Following the completion of this paper, the expansions in Theorem 1.8 and the lin-
earized operator bound in Theorem 1.6 have been used in a fundamental way in [10, 15]
in order to construct an Allen—Cahn like energy on hypersurfaces and establish a strong
min-max property for it.

1.4. Paper organization

This paper is organized as follows:

* In Section 2, we define our notation and recall some known geometric equations and
quantities.

* In Section 3, we pose the initial decomposition of qu = H(t/e) + ¢ where H is
a modification of the heteroclinic solution. We prove Theorem 1.6, which is used to
estimate ||¢|| 2.« and ||95, ¢ || -2.«. We then prove Theorem 1.4.

* In Section 4, we prove higher order expansions of the Neumann data, Theorem 1.7,
and our main result, Theorem 1.8. This theorem says that given ¥ a C¥+3¢ surface
with bounded geometry, we can expand u;tY to order X

* In Section 5, we prove Theorem 1.13.

2. Setup

We first describe the manifold with boundary setting. Let (M", g) be a Riemannian mani-
fold with ¥ = dM a C*% surface for some k > 2. Throughout this paper, we will assume
uniform bounds on the geometry of Y, that is, we fix a C > 0 (independent of ¢) such that

| Ay || ck—2a < C. 2.1)
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We define u, y (also denoted as u,) to be the energy minimizer of (1.1) on M with Dirich-
let conditions on Y. Let p € Y abase point, { £; } an orthonormal frame for 7Y at p, and v
anormal on Y with respect to g. We coordinatize a tubular neighborhood of Y via the fol-
lowing maps:

G:B1(0)"' =Y., G(s)=expl (s'E;),
F:B1(0)"' x[0.80) > M. F(s.1) := expgy, (V(G(s)1). (2.2)

for any @ > 5 fixed. Here, exp}; : B1(0) — Y denotes the exponential map into Y, and
expM 1Y x [0,80) — M is the M -exponential map. We will often suppress the F(s, t)
notation and identify F(s,t) with (s, 7) notationally. Using equation (2.2), we will also
denote u = u(s,t) = u(F(s,t)) in an e-neighborhood of Y via the above. In this neigh-
borhood, we can expand the metric and second fundamental form, g;; (s,?) and A4;; (s, t),
in coordinates, smoothly in ¢ from the following equations:

n
gij(s.1) = gij(5.0) = 21 Y Af(5,0)gjk(s.0)

k=1
n
+1% ) AP0, 0;) — Rmg (3;,9;,9,,9;) + O(1°), (2.3)
i,j=1
A(s, 1) = A(s, 0) + r[A2|(S,t) —Rm(-3,.9,. .)|(SJ)] + o), 2.4)
H(s,t) = H(s,0) + 1[=|A]*|(5,r) — Ricg (31, 01)|(s,)] + O(t?). (2.5)

Here, g(s,0), A(s,0), and H(s, 0) denote the corresponding geometric quantities on Y.
Moreover, A2 denotes a single trace of A ® A (see [5, A.1-A.2]). We can decompose the
Laplacian on M in a neighborhood of Y via

Ag = Ay — H 0, + 07 (2.6)

where A; = Ay, is the Laplacian on the surface ¥ + tv = {p | dgignea(p, Y) = ¢}
and H, denotes the mean curvature of ¥ + #v. See [17, Section 3] for details. In light
of this notation, H;|;=9 = Ho = Hy and we will use Hy and Hy interchangeably. Sim-
ilarly, A;|;=0 = Ag = Ay and we will use these two interchangeably as well. While
the above expansions hold on ¢ € [0, §p), we will often restrict u to ¢t € [0, —we In(e)) as
lu] — 1] = O(&?) in Cak’“ for t > —weIn(e) [7, Exercise 10 and Remark]. In the closed
setting for which ¥ € M is separating, we decompose M = Mt Ly M~ and use the
above framework for (M T,Y = M ™) and (M ~,Y = 9M ™) respectively.
We also define the rescaled metric

gei=e%g @7
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along with the following geometric Holder spaces:

Ifllgow := If llco + [flo.a.es
_ |/ () — f(p2)
[flanr = sup —Z————=00

m#mem |distg(p1, p2)|* '
|D? f(p1) = DP f(p2)|

[Teae = [lkaem =& sup sup : 7
o o B st |B|l=k p1F#preM dlStgg (pl, pz)“ (28)

k
. j j k k
1S lgre := D e/ 1D? flico + e I1D* £l o,
Jj=0

Clyy =k ({f : M >R flan = 0}.
Note that with respect to the rescaled metric, equation (1.2) becomes
Ag.u = W'(u).
In accordance with this, we can define the following blow-up maps:

Ge: B1(0)"' > Y, Ge(0) :=exp, , (0" E;),

2.9
F,: B, 1(0)" ! x[0,—wIn(e)) > M, Fy(o,1):= expgé),ge(V(G(o))r). @)

We may refer to (o, 7) as “scaled” Fermi coordinates, as opposed to (s, t), the actual Fermi
coordinates. For n € C%*(Y) non-negative and ||7]|co < 89, define the perturbed graph

Yy:={p=F(@s.n(s)) |[seY} (2.10)

where F (s, n(s)) (see equation (2.2)) is the point that is a distance of 7n(s) away from
s € Y. We also define

M, ={p=F(s,t) e M |n(s) <t <8}U{peM|dist(p,Y) > 8o}

As with Y, we define Y;, := dM,. We then define u,, , the minimizer of £, on M, with O
Dirichlet condition on Y.

For the closed setting, we have (M", g) a closed Riemannian manifold, and yr1
C M?", a separating, two-sided hypersurface. In this case, 1 in (2.10) is real valued.
Moreover, Y;, divides M into M: and M”_ . We then define uni,s, the non-negative (resp.

nonpositive minimizers) of E, on Mﬂi with O Dirichlet condition on Y; = BM,,i (see
Figure 6).

2.1. Constants and definitions

We recall the 1-dimensional solution to equation (1.2), the heteroclinic solution, denoted
by

Hi(¢) := tanh (%)
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following the convention of [5]. For any & > 0, we define

0 =1 =) 110+ i)

where y(t) is a smooth function that is 0 for r < 1, goes from 0 — 1 on [1, 2], and is 1 for
t > 2. For reference, we will also use y5(¢z) := y(z/8). Note that

?H — W/(H) = 0(*)
in a Ck%(R*) sense and H is supported on [— In(g), —2w In(¢)]. Now let F, H denote
the first and second derivatives of H(¢). We further denote

H,(t) := H(é) H, := H(g) He(r) = H(g)

to be the rescaled versions of H and its derivatives and analogously for H,, H,, H,. Fur-
thermore, let

Rys = szafﬁg - W'(H,),
which is O(g®) in Csk’a (R) and supported on [—we In(e), —2we In(e)].

Define the constants

® V2 /w;z 1 : 1
0p = Hdt = —, k¢:= tH dt = =[4In(2) — 1], o = H(0) = —.
o= | S ) 1] 0=

Similarly, consider w : [0, 00) — R, the solution to

w’(t) — W' H)w(r) = H(), (2.11)
w(0) = 0, (2.12)
tlggo w(t) =0, (2.13)

which exists and is unique by Section A.5 (see also [1, Lemma B.1 and Remark B.3]). We
note that w(0) < 0. As with H and H,, let

0= [ 4 o0

(i.e., smooth cut off to 0). Also let w¢(¢) := w(¢/¢e) and similar for w,, We, We, We. In gen-
eral, for any exponentially decaying function satisfying an ODE similar to equation (2.11),
we will adopt the same notation of

f=To=1-x(=5=))ro.

—wIn(e)
With this, we define the linearized Allen—Cahn operator about Es:

Le:i=&’Ag —W'(MH,) : C**(MT) - C¥(M™).
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We also define big O and O notation to capture the size of error terms. We write
E = 0(") or |E| cka = O(¢™) to denote

”E”Ck,ot S CSm
&

for some C independent of ¢. Similarly, £ = 5( f1, f2,...) denotes error depending on
the collection of functions

E=0(fi.fo-.) = |Ellgra = C Y Il fill gha
i

for some C independent of ¢ and the { f;}.
Finally, we establish a definition for exponentially decaying functions.

Definition 2.1. A function f : [0,00) — R is exponentially decaying if there exists y > 0,
C > 0, to > 0 such that
Vi >ty, |f(t)] <Ce .

Moreover, f is exponentially decaying in C¥ if such a bound holds for all p < k deriva-
tives of f with constants y,, Cp, t, for each p. The function f is exponentially decaying
in C if such coefficients exist and the bound holds for each p € Z*.

3. Normal derivative for Y

In this section we work in the manifold with boundary setting. The goal is to prove Theo-
rem 1.4.

3.1. Initial decomposition

Decompose
ug(s. 1) = Hp(t) + ¢ (s, 1) 3.1)

with the above holding on a tubular neighborhood of Y in normal coordinates, that is,
Y x [0, 8o). We recall the following initial bound that ||| .k« = o(1) as & — 0:

Lemma 3.1. Let Y be a C¥T1% surface. For ¢(s,t) : MT — R as in (3.1), we have that
SJorall i > 0, there exists an go() such that for all € < gy,

”d’”cskﬂ(MJr) =W

Proof. Let R > 0 to be determined. Note that ¢ : B1(0)"~! x [0,&eR) — R is smooth away
from the boundary and C*+L.e hear the boundary (i.e., about t = 0; see [[6, Lem 6.18]).
On this subdomain, we have

¢ = o(1) € CF¥(Y x [0,¢R]) (3.2)

as ¢ — 0. This follows by
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+  Blowing up our sequence of u, on (M, g,) to get a C*¥T1 solution uo : R* 71 x R —
R to (1.2) withe = 1.

» Considering the odd reflection of U, to get i, : R” — R a smooth solution on the
whole space (the Dirichlet and Neumann data match at ¢t = 0!).

+ Using a classification of solutions to equation (1.2) on R” with u~1(0) = {x, = 0}
[8, Thm 3].
k+1

This gives us C,.; ' convergence on R” = R"™! x R, which when we restrict to 7
€ [0, R] gives uniform convergence in ¢ for any B,(p) € R*™! fixed. Bounding C**
norms by C*¥*1 norms, translating this back to the unscaled setting of ¥ x [0, ¢R], and
noting that Y is closed, we see that (3.2) holds. For # > Re, we recall that for u, a solution
to (1.2) with us_l (0) =Y, we have the following decay estimate from [7, Exercise 10] for
any £ € ZT,a > 0,

t _
Igllcea = lusts.t) = H(- )lcea < e
where C = C({, «) and o > 0 independent of &, £, «. This holds for all z, and on
I, = (¢R, 8y) for R sufficiently large,

Ipllcragesrey < Ce R <
for some ¢ sufficiently small. Since || /|| ko < ||.f || ¢k, the conclusion follows. [

Having given an initial bound on ¢, we write a PDE describing it.

Lemma 3.2. For ¢(s,t) as in (3.1), we have
Le(@) = eHiH, + 0o(9), (3.3)
where Qo(¢p) = 5(¢>2, €®) holds in Cak’afor anyk >0,0 <a < 1.
Proof. In this decomposition, the Allen—Cahn equation for ¢ € [0, §) is
e2Agu = —sH,ﬁs + ﬁs + &2[Arp — Hipy + ¢us].

W' (u) = W'(He) + W' (He)$ + Qo(4?)
= 0=¢e*Agu—W'(u)

= —eH,H, + Le(d) + Q0(¢%) + Rue
= —eH, T, + Le(¢) + Oo.
For

0o9) = —5 W (Hog? ~ 9* = 04,

00(¢p) = Qo(9) + Ruwe = O(¢%, 6%, 6%9)
= O(¢>, &?). [
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3.2. Proof of Theorem 1.6
We now demonstrate the invertibility of the linearized operator, L., proving Theorem 1.6.
Proof of Theorem 1.6. Rescale the metric to g, as in (2.7) so that
Ly =&’Ag — W' (H,) = Ay, — W' (H,).
For any U in the interior of (M, g.), that is, dist(U, Y') > § fixed, we have that

Ifllczewy = KlliLelicew) + @llcow)]
by Schauder theory, with K independent of ¢. For points in ¥ x [0, §), we consider scaled
Fermi coordinates 0 = ¢~ 's, t = ¢ !¢ (along with (2.9)). This gives
£ (0. Dllc2eaqyxjo,se-1)) = K(IILe f(0, Dl carxpo.se-1)) + ILf lcowxqo.se-1))-

Note that we have changed Csk ® s k2 by parameterizing by (o, 7) instead of (s, 7).
Moreover, K is independent of ¢ by the expansion of e?A, = A, in the scaled coordi-
nates, (0, 7). Undoing the scaling and using compactness of ¥ and M, our two bounds
give
I/ lczeary = KlILe fllce @y + 1L/ coan]-
It suffices to prove
1 llcoy < KlILe fllce oy

for some K > 0 also independent of ¢. To this end, suppose this is not the case. Then there
exists a sequence of { f;} and {&; } such that

I fillcoany = JlILs fillce(m)-
Normalize each f; by || f; | co so that
JT =L fillce -

Choose p; € M so that | f;(p;)| = 1. By doing a maximum principle comparison with
f =1, we see that dist(Y, p;) < «e; for some x > 0 independent of &; (by using Sec-
tion A.2). Thus, p; = (sj,t;) with t; < k¢;. Define the blowups of f; around s; as

ﬁ : B.-1(0) x [0,8e7 1) — R, E(o, 1) := fij(eo + 55, €7).

In (o, t) coordinates, we have the local estimate || L, f; lca( B, (0)x[0,6e-1) —> 0, since

ILe fillceany > IILe fillca (s, 0)x[0,56-1)-

Having normalized by || f;||co, we have uniform C;.’“ bounds. Moreover, g — grn
uniformly in ¢ after pulling back to (o, T) coordinates. Thus, we have uniform C 2 esti-
mates on f; (o, 7). Use the Arzela—Ascoli theorem to pass to a subsequence that converges
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in C? 10 foo : R” x R™ on compact sets. The subsequence comes with {r;} — t* with
0 < ™ < 00, so that

| fo(0,77)] = 1.

We also have convergence at the boundary, that is,
Vo € R", fool(0,0) =0.

This follows because for C > 7 > 0, all of the f;’s satisfy

| f;(0,7)| < 2K+
by the C%* bounds and ﬁ (0,0) = 0. Thus, we get the same interior bound for f,, which
forces the same Dirichlet data. Since j — co = &; — 0, we get

Ly = Ag, — W/ (H@) =25 Ape + 82— W/(H) =: L
— L foo = 0.

This tells us that fio(0, 7) = 0 by Lemma A.1 for L = Ag» + 32 — W' (H) on the half
space. But we have picked our sequence of points so that f(0, T*) # 0, which is a
contradiction. -

From the lemma, we immediately have
Corollary 3.3. Forall ¢ < &g sufficiently small, the operator
Le: C2 (M) — CE(M)
is invertible.
In the exact same way, we prove the corresponding Csl’a estimate.

Lemma 3.4. Let Y be C>% and suppose f : M — R in cr” (M) satisfies f(s,0) = 0.
There exists g > 0 such that Ve < &,

1f et < KILe fllcoon.

Remark 3.5. Of course, our results apply to ugfy in the closed setting, recreating the
lemmas on each of M¥ in the decomposition of M = M ¥ Ly M~. We compare the
above bounds with the analogous bound in Pacard—Ritoré [14]. In [14, Prop 8.6], ¢ :
Y xR — R and the bound

91l c2eyxry = KlILedllcerxm)

holds when the authors enforce the orthogonality condition of f]R ¢H = 0. In this case, ¢
has been projected away from the kernel of L, which allows the authors to exclude || - || co
terms in the Schauder estimate. In our setting, we use the Dirichlet condition of u(s, 0)
=0 = ¢(s,0) = 0 (instead of an orthogonality condition) to obtain the estimate of
Lemma 3.4.



J. Marx-Kuo 592

Corollary 3.6. For ¢ satisfying the same conditions as in Theorem 1.6, we have
”¢”C€2’°‘(M) = 0(e). 34

Proof. Theorem 1.6 and equation (3.3) let us conclude that for u(s, 1) = H,(t) + ¢ (s, 1),

181l 2 qagy < leHiHellczaan + 1 Go@)llcsn.
100@) ez < 191IEear) + Ke®
= (¢l czey < O© + ulllcean-
181l c2eqay < O

where (t can be made arbitrarily small as ¢ — 0 by Lemma 3.1. [ ]

3.3. Better tangential behavior

In this section, we get improved horizontal estimates when Y is C3%. Let V¥ denote the
gradient on Y, extended as an operator on functions on Y x [0, §g) in (s, ) coordinates
via

VY f(s.1) = 7(5,0)35 ()35, 5.0
where 0y, is identified with F (0y;)|s,; using equation (2.2). Then we have

Lemma3.7. LetY be C>*. For¢(s.t) asinu(s,t) = He(t) + ¢ (s.t) from equation (3.1)
and any § > 0, there exists K = K(8) such that

IVYéll czey o5y = Ke. 3.5)

Remark 3.8. The reader may ask how this estimate is “improved” since ¢ satisfies the
same C2*® bound. The point is that because of the weighting in the ||¢|| 2.« bound, a
priori we have

-1
[l s, ”Csl’”(Yx[O,S)) =¢ ”¢”C€2’°‘(M) = 0(1),
-1
||¢t||csly“(y><[0,5)) =¢€ ||¢”C€2’a(M) = 0(1)
by definition of the C, sk ** norms and (3.4). By contrast, the above Lemma 3.7 gives an O(¢)
bound for ¢, near the boundary, that is, one order in ¢ better. This method does not work

for ¢, since [0;, L¢](¢) is large a priori. However, we do note that for > —we In(¢), the
same proof in Lemma 3.1 gives

||¢||C§’a(t>—a)£ln(£)) = C(k)gw (36)

for & < go(k) and C(k) independent of ¢. This will be used below.
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Proof. Starting with

EHtﬁa([) = Le(¢) + Qo(9) + Rw,a
move into Fermi coordinates and apply ys(#)ds; to each side:
(xs0s; Ht)He = Le(xs¢s;) + To(@) xsds; + [Le, X5951(#) + x5 Rwse
= L¢(xs¢s;) + E,

where

E= T0(¢)X8¢si + [LS»Xéasi](‘ib) + x5Rw.e.
1 —
To(¢) = =5 W" (He)p — 347
and we can bound

le(xsds; (HOHE) ey < Ke.

For the error term, we have

IEllcemry = lxs®s: lceony - 1To@)llcgary + I[Les x5951(P) [ cear)
+ [ x5 Ro e llco )
To(¢) = O() = Ke.
x5 Ro.ellceary = o(e),
= || Ellcemn < Kellds lceany + I[Les x5951(P)lceary + o(e)
< Ke + ||[Le, x5051(®)llcg an)-

Here, we noted that To(¢) = O(¢) and that || ¢, lceary = O(1) apriori. We now compute
the commutator

[Le, xs0s,] = 82[At — H,0; + a? - W//(ﬁs)’ x5 (1)0s,]

(2 A, x5 (1)ds;] + [—€> Hi 01, x5(1) 5] + [6707, x5(1)s;]
- [82WN(E£)’ X8 (1)0s,]

=A+B+C+D.

We bound each summand in the commutator as follows:

Al cean = IlE*Ar. x5 (D)5 )bll ey < 1AL x5OV bl ez
< [Ay. V xs(Odllczan + (A — Ay). V1 xs(Ddllce o)
< &%) xs(ORic(VY ¢, )| ceany + 1A — Ay). Vx5Ol cean
< &2|lxs(ORic(VY ¢, )lcaar) + EI[(Ar — Ay), Vx5 llce (v xio.28)
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= K5||¢||Csl’a(M) + K8||¢||C€2”1(M) + 0(e”) < Kée,
having used (3.6) and for K independent of §. We also compute

I Bllcear = [—e2H: 0, x5(t)ds10 |l ceoan
< %[\l xs9s, (Ho) e ce oy + 1 Hy X5 (s |l co (ar)]

594

< Ke?llgelice ) + K26 idsllceany < K8 el bl cragyy = K§ 16

Furthermore,

ICcean = I1e°87, xs9s18llce oy = I X5bst + Assllcaony < 82Dl g2 ms)

< Ke“,
IDllceany = lllxsds;. €W (He)lgl = 0.

So in conclusion, we have
IEllcem) < Ke,

and so

Le(xsds) = e(x50s, (H) ) — E,

(| Ps; ”ng’“(Yx[O,S)) < lIxs®s: ”ng’“(M) < K|[Le(xs9s) ceny < Ke.

Here, we have used Theorem 1.6 (note that ¢y, (s, 0) = 0). The bound on vY ¢ now fol-

lows.

3.4. Proof of Theorem 1.4

Referencing the decomposition in equation (3.3), we multiply by Hy (recall the definition

in Section 2.1) and integrate from ¢t = 0 tot = —weIn(e):
0(¢?) = —eH,H, + L.(9),

which implies

—weIn(g) ~ . —weIn(g) s —weIn(g) .
[ e = [ T e [ .
0 0 0

—weln(e) .
_ / HyH,
0

—weln(e) . .
L /0 (ee — W (FL,)$]1L.

Note that the left-hand side of (3.8) can be bounded:

(3.7)

(3.8)

—weIn(e) — . —weln(e) .
H / 0(¢2)H€dtH < Ke¥@ / H.dt < K& + 0(s”) < K&,
0 0

coy)
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since w > 5. For the right-hand side of (3.8), we note that
|H; — Ho| < t]|Hi[coyxposy < Kt.

which follows by the mean value theorem and (2.4). Moreover, recall from Section 2.1
that

&€

—weln(e) —5
/ H. = eoyg + Ce®.
0

We further note from (3.5) that

—weln(e) ) . —weln(e) ) .
2(A,¢)H = H / 2(Aop)H
|/ @i, =] (Bog)FL,

Cy
—weIn(g) .
H [ 2 - s
0

= 0@ 4+ 0(e™) = 0(37%).

Cy

Here, we again used that A; — Ag = tL where L is a second-order linear differential
operator with bounded coefficients. In both cases, we use equation (3.7) to get the final
bounds. Similarly, from equation (3.4), we have

—weln(e) .
” / 82Ht¢tH£
0

_ 3—a
cory o).

—weln(e) .
[
0

—welIn(e) . o .
| @t W)
0
—weln(e) 5
/ eH,H,
0
1 _

with all estimates holding in C*(Y"). Combining and noting that cpo~" = %, we have

We also compute

e(1+ 0(?)),

—&20¢:(5,0) + O(e),

g2 Hoop + O(&?)

2

e29:(s5,0) = —e* 2 Ho + 0(e™™)

for any k > 3. We summarize this as
2
$:(5,0) = =3 Ho + O(e'™),

so that

-1 1 2 1—a

du(p) = du =& H(O) + ¢:(p,0) = —= — 7 Hy(p) + O(¢ %)

ev2 3
holds in C%(Y). This proves Theorem 1.4. |
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4. Higher order expansions

4.1. Proof of Theorem 1.7
In this section, we give a next order expansion of the normal derivative when Hy = 0.

Proof of Theorem 1.7. When Y is minimal (and hence smooth, since we assumed all our
hypersurfaces are at least C%%), (3.3) becomes

Le(@) = eH, T, + 00(¢?).

If Hy = Hy = 0, then

t
Hl:/ Hrdr.
0

We expand this as
. 1\— topero -
Li@) = oo (L0 +o( [ [ Audvar)iio + 0owd) @
with the goal of showing

He( /0 t fo ", (s)dwdr)ﬁe(t)

The C° bound holds clearly, as

’8(/0[ /Or ﬁwdwdr)ﬁa(t)‘ < 8(/0[ /Or Ss:)[; Iﬁw(s)|dwdr)ﬁ€

we[0,—we In(g))

= o(?).

C (M)

< Kstzﬁg < Ké3 sup

t€[0,—weIn(g))

(2)2ﬁ8(t)‘ < Ké&3.

For the [-],, bound, we have
f(s,t):= s(/ot for ﬁw(s)dwdr)ﬁg(t),

[ES]a,YX[O,—Za)sIn(s)

t pr
[fla,¥ x[0,—20¢In(s)) = 8(”/0 /0 Hw(s)dwdr‘

CO(Y x[0,—2we In(¢))

t r
Hu($)dwdr
* [/l; /0 w(S) war .Y x[0,—2we In(g)

||Es ||C0(Yx[0,—2wsln(s))) ’

having noted that ﬁs =0 fort > —2weln(g). On Y x [0, —2we In(g)), these norms are
bounded by

H /Ot /O ﬁw(s)dwdr‘

< Kt? = 0(£% In(e)?),
CO(Y x[0,—2wen(e)) (8 n(e) )
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topro
[ /(; /0 Hy, (s)dwdr]a,YX[O’_zmln(E) < Kt*7® = 0(s* " In(e)*™®),
I lcoqr xto.-2memen = O,
[ﬁs]a,Yx[O,—Zwsln(s) =0(™"),

so that
[flae < O In(e)*™®) = 0(&?).

Further noting that
1Qo@)lceny < Kll¢llcan) + Ke® < Ke?,
we then have to leading order
Le(p) = O(e?)
in C¥(M). From Theorem 1.6,

”¢”C82’“(M) < K&,

If we differentiate (4.1) with respect to s; again, we get by the same bounding techniques

Le(ds¢) = ¢ /0 s, (H,)dr ), + Qo(¢ gy, 62 D¢, D) + 0(e).

Using our bound on [|¢|| ~2.« and Theorem 1.6 composed with ys as in Lemma 3.7, we
get

| Ps; ”CEZ’“(YX[O,S)) = 0(82)
so that

sup IA:@(s. D)llcery < 1A llcayxiosy = O ).
t€[0,—wen(e))

Now we multiply (4.1) by ﬁg and integrate:

—weIn(e) . —weln(e)
/ Lo(@)HL(t)dt = / ([Ac(@) — Hee + o]
0 0

— W (F,) ) H, () d1t
= —20¢,(s.0) + O(e+™),

—weIn(e) . \—2 X
82/ Ho(s)(—)Hs(t) = ko> Hy,
0 &

‘s /0 oo ( /0 t /0 ", (s)dwdr)ﬁa(t)zdt)

IA

—weIn(g) .
Ca/ t2H, (t)%dt
0

= 0(e%),

—weln(e) .
[0 0o()Ldr = O(c),
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where these error terms hold in C*(Y'). Now note that
Ho = [Ric(v,v) + |4y |*]
so that
$1(5.0) = 0 "koe[Ric(v, v) + |4y [] + O(*7%). .

4.2. Full characterization of Neumann data

One can compare Theorems 1.4 and 1.7 and note that more terms can be gleaned. In fact,
if Y is a C*¥3® gurface, we can find an expansion for u.(s, t) (and hence, d;u;|;=¢) up
to order k (k — 1, respectively). Let

ai,j(s) = ai,; ({9 8] Hrli=0}j+181<i) (5)
denote a polynomial in derivatives of H;(s) at ¢ = 0. Define

0 i =0,
i €22 o(i) := max(0,2[i/2] —2) = . :
largest even integer less thani i > 0.

We now prove our main result, Theorem 1.8.

Proof of Theorem 1.8. Actually, we prove the following by induction: for any k < k, we
have

k m;
— . _ t
ul (s, 1) = He(r) + Ze’ . (Z a; j ()W j (g)) + ¢,
i=1 j=0
Le(9) = Ri+1(s,1) + Fi(9),
lai,jllceqry = O(1).
lwi,j [l cre(o,00p = O(1)
where {w; ;(t)} are all exponentially decaying (again see Definition 2.1). Moreover, we
require that Ri; can be expanded in powers of ¢ to arbitrary order less than w (which
we can choose w > k + 2) as follows:

VE>0, Hbrt1,i; ()} Uk} st
Nit1

— t
Riy1(s,t) = ghtl Z bk+1,0,7 (8) fk+1,0,5 (g)

Jj=0
Niv1,i

l
. — t
£ DTN b () ferna (5) + OEHE),

i=1 j=0
I fe+1,i,5 llce(o,00) = O(1),
where the expansion of Ry 41 holdsin CF (M) for £ + k +2 < k + 1 assuming k —k — 1

> 0. In this sense, we see that there is a partial expansion of the remainder up to any order.
Here, we require that
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* Dryi0,;(5) = bk+1,0,j({8f’8§3H,|,:0) depends on at most o(k + 1) tangential
derivatives of {07 H,|;—¢(s)}.

o Fori >1,bxs1,,;(5) =brs1,i,j ({ag’af Hy|;=0) is a polynomial in at most o (k + 2)
tangential derivatives of 37 H,|,—o(s).

* Each fiy1, ;(t) is exponentially decaying in C*° and fk+1,,-, j is the modification
with a smooth cutoff. This allows us to solve
wk+1,i,j . [0, OO) — R
Wpy1,i,; () = W H@O) Wit 1,0, (8) = frerr,ij ()
Wg41,i,;(0) =0

lim w i) =0
P k+1,z,]()

4.2)

by Section A.5.

We also require that Fy (¢) is an error term that has at most cubic dependency on ¢ in the
following form:

Fe@) = e[ 3 cus s (1)) + [ dest s (1)} - 4
i=1

i=1
hk,i (Dl ce(o,000) = O(1),
| Pre.i (Dl ce (0,000 = O(1).
Moreover,
* {hx;} and {px;} are expontentially decaying in C*°.
e {ck.i}, {dk;} depend on at most o (k) tangential derivatives of 37 H,|;=o(s).

Note that L.(¢) = Rx+1 + Fy and Theorem 1.6 automatically gives the conclusion of
11l 2 ary = OG*HY).

From hereon in the proof, we assume that @ > k + 2. Base Case k = 0. This is the content
of Corollary 3.6:

uf (s.1) = He(t) + ¢ (s.1),
- 1 .
Le(@) = (HiH = Roe) = [ ;W (Y +9°| = Ri(s.0) + Fo(9)
from (3.3). At this level of expansion, {a;;; = 0}, {w;;,; = 0}. We see that R; (s, t)
=¢H,H, — R, ¢ satisfies our inductive assumptions simply by expanding
2 £+1

. t .
H, = Hy+tH+—H+ - At H, |, _o + O T2
t o+ + 2 + -4 Y p tlr=0 + O( )

. . Lo i+1_
= ebiHl = el 3 (Gt e[ () 0]
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+ 0(814-2),
Roe = H, — W/(H,) = 0(c®) = 0(e),
since w > k + 2. Here, we noted that (g)iﬁg is bounded in Cek’e for all ¢, «, and i.

Thus, Ry (s, ?) satisfies our inductive assumptions. Note that computing 3. H, does not
require extra regularity of Y - simply expand (2.4) in ¢. In particular,

Ny = Np; =0,

brao) = (g Hilemo). fiao(o) = (£) L)

Moreover, each b; 11 depends on 0 < ¢ (1), 0(2) tangential derivatives of {3 H;|;—o}.
And finally, each fj;,0(¢) is exponentially decaying. Similarly, it is clear that Fy(¢) sat-
isfies our inductive assumptions as it only has quadratic and cubic terms with bounded
coefficients in Cgk ** that are also exponentially decaying:

t 1 — _
do,1(s) =1, Po,l(g) = EWW(He) = 3H,.

Induction. Now assume that we have an expansion up to order k — 1 for k < k:

k-1 m
uf ) =T + &Y a0 (5) + 4.

i=1 j=0
Le(¢) = Ri(s,1) + Fr—1(9).

We expand (for any £ > 1)

Ni
Re(5:0) = &3 breo ) o (£)
J
Nk,

=0
. [Z o 2 - (S)ﬁc,i,j (é) + 0(8£+1+k)] 4.3)
j j

i=1 =0

where we know {bx o ;} depend on at most o(k — 1 + 1) = o (k) = max(0, 2[k/2] —
2) < k — 1 derivatives of 37 H,|;—o(s). We can compute two more tangential derivatives
of by o.; when Y is C*¥+3% With this, we use (4.3) and write

N
Bs.1) =Y bro,j (Do, (é) +9
j=0

such that each wy ¢, ; solves

W0, (t) — W' (He)wk,0,; (1) = fr0,j (1)
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and has bounded C¥(R™) norm and is exponentially decaying. This follows again by
Section A.5. Multiplying these functions by cutoffs, we get

k.0, (t) — W (He) 0,7 (1) = fr0,; )l camy < Cro,j° < Cro ;62

for some constants Cy o, ; independent of ¢. With this expansion, we have

Nk
~ _ t
Le@) = Le@ + 42 3" Albo. ) To.s ()
j=0
Ny ;
_ 8k+1 Z H; (s)bk,O,j (S)wk,(),j (g)
j=0
i t t
+ ) " bio, (5)[Wr.o, (g) — W (H,) w0,/ (E)]
j=0
Because {bx,;} depend on o(k) < k — 1 derivatives of 07 H;|;=o(s), we know that
Abgo,; is at least in C*(Y), since k < k and Y is Ck+3a, Using (4.2), we see that
the last line cancels with the first term in (4.3) at the cost of an O(g¥*2) error. We also
expand
_ t _ t
81 (b0, B0, (=) = Bolbro,)6)Bro, ()

+ 8(@)@]{,0,]‘) : (é)wk,O,j (é)’

Hi b D i (5) = Ho)bo s 5)i0,; ()

& &

H(s) — Ho(s)\ (1 - t
(PO i (1)
where we can write
m li .
(Aibioj) = = (@ Ali=0)(bro j)(s) + O™,
i=0

@A) =0 : CIT2(Y) — C! = (@7g7 (5.1)]1=0)ds,05; — (@7'D*(5.1)]1=0)s -

These expansions in ¢ do not require higher regularity of H,(s), as can be seen from
the expansion of the metric, g(s, ¢), and the second fundamental form, A(s, t), in equa-
tions (2.3) and (2.4). This allows us to make sense of @. Similarly,

Hi b Vi (£) = 36 L@ Hluco [ (£) s (5)] + 0
i=0 '

for any m. Moreover, we have

Nk—1 mp—q

Fr_1(¢) = S[Z Ch—1,i (k-1 (é)]‘ﬁ + [Z di—1i (ﬁﬁk—l,i(é)}ﬁz ¢’
i=1

i=1
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Nk—1

[ch L@l (£)] (+ Zbko,<s)fko,( )+9)

Mmp—1

(3 o] z b0 oo (1) +9)
G N§k0](5)fk0]() +5)

with {cx_1;}, {dk—1:} depending on at most o(k — 1) derivatives of 9% H;|;=o(s). If
we expand and relabel, noting that the product of exponentially decaying functions are
themselves exponentially decaying, we get

Fr—1(¢) = &1 [% Cri($)hy; (é)] + E[HZk Chi () <£>]$
i=1 i=1
+ [% dii (5) Pr,i (é)]iﬁz -4

i=1
for some ny, my, ny. Here
. {hz,i ,hi.i, pr.i} are all exponentially decaying and O(1) in C* norm.
o {Ck.i}s {ck.i}> {dr.;} depend on at most o (k) derivatives of 97 Hy|;=o(s).
We define

Ny

Riy1(s.1) := [Rk(s, 1) =Y bro, () fros (é)]

j=0
4 gkt1 [”Zk Ck,i(s)glt,i (é)]
i=1

Ny
_ k2 Z Ay (br.0,j)(8)Wk 0,5 (£>

j=0
Ny
+ &N " H (5)bi o, () 0,7 (2)
j=0
Nklj
= Risa.0) = & Y b )i (5) + ch,(s)h (3)
j=0

+ %: Ho(8)br0,; (8) W0, (é)]

J=0
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it I (1) e )

j=0

Ni
_ k2 Z At (br,0,7)($) Wk 0,5 (é)
j=0
¢ . Nii _ t
+ DY i () fra (§> HOETTD,
“ j=0

=2

Moreover, note that {bgy;; ;} depends on at most o(k + 1) derivatives for i > 1,
while Cy ; (s) and by o ;(s) depend on at most o (k) derivatives. Also recalling that £ is
any value such that £ + 1 + k < k + 1, we can rewrite the above as

Ni+1

— t
Riy1(s,t) = ghtl Z bic+1,0,5 (8) fie+1,0,5 (g)
j=0
¢ Nesri _ t
LN gtk Drot: (s ‘ (_) + O(sttkt2),
; ; k+1,z,_1( )fk+1,t,./ s ( )

adjusting the expansion depending on the value of k —k —1.1f k = k, then no such expan-
sion is needed, as we have reached the maximal value of k in the induction. Furthermore,
we define

F@) = S s ies()]F + [3 a0y (1) 52 - 7°
i=1 i=1
so that
Le(@) = Ris1(s.1) + Fi (@)

with the correct decomposition and regularity of coefficients. Now with the decomposition
of Ry 41, we use Theorem 1.6 and get

11l 2 ary = OG*HY).
This finishes the induction. [
As a result, we have the following corollaries for k = 1:

Corollary 4.1. For u, a solution to equation (1.2) with Dirichlet data on Y = M a C**
hypersurface, we have that

ug(s, 1) = He () + eHy (s)we (1) + ¢ (s, 1),
||¢||cs2’°‘(M) = 0(82)~

Similarly, for k = 2, we have
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Corollary 4.2. For u, a solution to equation (1.2) with Dirichlet data on Y = dM a C>*
hypersurface, we have that

wE (5.6) = Ho0) e Hy (5)we(t) -+ Ho)re(t)+ Hpe(0)+ 5 HE 0)ee(0)] +9,

”¢”C52’°‘(M) = 0(83)~

5. Proof of Theorem 1.13

In this section, we work in the closed setting. Consider ¥ a minimal hypersurface, and
perturbations n : ¥ — R, with Y;, defined as in Section 1.3. Recall the definition of u, ,
from (1.6):

N ut,(p) peM*,
en — _ _
—ug,,(p) peM.

We aim to prove Theorem 1.13. As a corollary, we can describe the horizontal variation of
the solutions constructed in Pacard—Ritoré ([14, Thm 4.1] and [13, Thm 1.1]). We recall
their notation

t
u(t) := tanh(m),
u(y,t) = ue(t —¢(y)) +v(y. 0.
In our notation, v(y,t) <> ¢(s,t) and {(y) <> n(s). With this, we have

Corollary 5.1. Suppose C is the perturbation constructed in [13, Thm 3.33] and v the
solution to (1.2) with v=1(0) = Y¢ and Y nondegenerate, minimal, and separating. Then

/ v(s, HL(0)dt = */Tig(s) + 0(s'2P)
R

with error in C>*(Y). In particular,

/ Ayv(s,t)ﬁa(z) = gJY@) + 0" 2P).
R

Remark 5.2. Note that
Jy = Ay + (|Ay|* + Ricg (v, v))

and we show that )
/ (|Ay |2 + Ricg (v, v))vH, = o(s'T2F)
R

in C*(Y). Thus, we could replace Ay v with Jy v on the left-hand side of 5.1.
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(M, (p*(g)) Y (p (M, g) Y” = ‘D(Y)
s o
q)—l
Y

Figure 7. ® map describing our setup

Remark 5.3. The corollary tells us that the Pacard—Ritoré solutions have horizontal vari-
ation as large as the perturbation, {(s), off of the initial ¥ minimal.

The proof is essentially the same as for Theorem 1.7, but we have to confront the
low regularity of Y, given that n € C%*(Y). We do this by pulling back ”Zn to Y x
[0, —we In(g)) and then showing

1
v+(u;t,]) = —— + koe[Ric(v,v) + |Ay|?]

ev/2
+ [UOJY(U) +/0

—we In(g) . ~
AY(us,n)Hs] + 0(712,82)
5.1. Setup

For Y as in (2.10), we consider the decomposition of M = M,,+ Uy, M, and u;’f,] the
minimizers on M ,]“—L With Fermi coordinates about Y, define

®: Y x (weln(e)?, —weln(e)?) — Y x (weln(e)?, —weIn(e)?),

—41
205.0) = F(s.0 + n0e ()
(5.0) = F (5.0 4000 (s
for F asin (2.2) and where {(¢) is the standard bump function, which is 1 on (-1, 1) and
goes to zero outside of [—2, 2] (see Figure 7). Note that we choose a factor of In(g)? so
that @ restricted to ¥ x (weIn(e), —we In(¢)) is a diffeomorphism onto its image.
In fact, on this subdomain

lt] < —weln(e) = D(s,t) = (s, + n(s)).
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We pull back u;fn by this function and compute the Allen—Cahn equation under this pull-
back. We define (dropping the + notation)

uy 1Y x [0, —weln(e)) - R,
= D" (ug ) (s, 1)
so that
(D*(W,(”s,n)) = W’(MZ)»
ug(s,00=0

and
CD*(Agu::n) = Ao+ (o)t

using diffeomorphism invariance of the Laplacian. Instead of computing ®*(g) in coor-
dinates, we push forward A, to (M, ®*(g)), as a differential operator, by ®~!, that is,

Agr(g) = (P7Hu(Ag).
We first expand Ag on (M, g), recalling (2.6):
Ag == At - Htat + 8?,

where A, denotes the Laplacian on Yy, := Y + fov, that is, the set at signed distance 7
from Y. We now compute Ag+(g) = (1)« (Ag) by pushing forward each summand:

(CD*I)*(Htat) = Hiyy0;,
(@714 (37) = 37,
(@ He(Ay) = Apyy + Ey
= (P Du(A): = Aglisn + Ey

where in the last line, Az |;4, denotes the ambient Laplacian on M but with metric coef-
ficients evaluated at the point (s, + 7(s)). We also define

Ey = g7 (s,t + n(s))[-ni (8)9:9s; — 1 (5)9:ds; — i ($)0; + i (s)7; (5)07]
= —Apyn (M — 2V T (), + |VIT7)202,

From hereon, we only consider u restricted to ¥ x [0, —we In(g)), and we rewrite the
pulled back Allen—Cahn equation as

&[Ny — Higndr + 07 + Ey](ul) = W' ul).
Now we decompose (using that ¥ is minimal and inspired by 4.2)

ul = He(t) + > Ho(5)Te(£) + ¢" (s, 1) G.D
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where
(1) — W"(H())t(r) = tH(r)

on R*. From hereon, we label ¢7 =: ¢, and our pulled back Allen—Cahn equation be-
comes

Leitq(®) = e[Aryy(n) + HonH, + |V 97 H,
Hiin(s) — Ho(s)(t + ) /1 + n\2=
3 t+n 0
+8( (t + n)? )( e )Ha
- 84At+7}(HO)?8+83Ht+77H0?5+83At+77(U)HO?8+283Vt+n(n)(HO)?a

C e 1 . . .
— 2|V HoT, + EW”’(HS)S“Hg?SZ + e HST?
+ R(¢) + O(e) (5.2)
where

Loy = &%(Ar — Hy0; + 07 — W (H,(2))),
R($) 1= 2 En(¢) — Fo(9), (5.3)
Fo(9) = W" (Ho)e? HoTo + 36 H32Z + %W”’(ﬁa)]qbz o' G4

where Fo(¢) is the error term from expanding W'(u). Here, all of the O(¢®) terms come
from replacing H, — H, and the like. We abbreviate the right-hand side of equation (5.2)
as G(¢), and we will often use L., and L, interchangeably when it is clear from context.

5.2. Estimates on ¢

Again using Theorem 1.6 and equation (3.6), we have
I¢llc2eqay < KILellczan

2\ o
= (5) ILeliczu=s) + ILetlczas2)]
< K| Ledllcz<s) + O(e*)

< K| Lettn®licee<sy + 1€2 (A vy — APl cee<s)
+ |&*(Hy 4y — Hy) el coe<s) + O(®),

having used (3.6) to bound ||Ls¢|ce(r>5/2)- With ||7]|c2a(yy < Kel ™8, this implies
||¢||C€2’°‘(M) = K”La,t+7]¢||cg(t<8) + ‘91+ﬁ ||¢||C£2’°‘(M) + O(Sw)
= bl 2o < KllelArry + HolDHellcee<s)

+ 1 VP He |l co=5)] + O(e?)
< 0(h). (5.5)
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5.3. Proof of Theorem 1.13

Now as in Section 3.4, we again decompose L, ;1 ,, multiply by H,, integrate, and extract
the normal derivative:

—weln(e)

—weln(e) . N
/ Ler4n(@)He = —e%061(5.0) + ¢* / Ay (@)H, + 0(e*+F™),
0 0

where the above holds in C¥(Y), having used (5.5). Similarly,
—weln(e) . .
/ G(¢)H, = e? Honoo + e Ao(n)oo + O(e>7F)
0

with error terms holding in C*(Y'). The details are sketched in Section A.4. Because
Inllc2eyy < Ke'*B  we see that in terms of order of ¢,

—weIn(e) . ) .
$:(5.0) = /2 fo Ay @)L )dt — A0 + Hol() +0(c+)
—_—
O(el+B-a) O(elt+h)

where the above asymptotics hold in C*(Y'). We frame this as

We now note that d; is comparable to (1), (v,) (see Section A.3), that is, the normal
vector for Y and that of Y;, (translated to ¥') are comparable since 7 is small:

8:5.0 = V2 [ Ay @)L + 30y )] leecr) = 0 *#),

vy = (1+ A)d; + B ()5, li=n(s)-
lA®)llcaw) < Clnlg ey
IB" ()l ceqry < Clinllcracr
= (@) = (1 + A())3; + B' ()3 | =o.
1A®) lcxry < CllnllEragy:
1B (s)llcacry < Clnllcracy)-
As such,
(@™ () (@) = G2 (5. 0) [ caqy) = O+ 7)
(recall that ¢y, (s, 0) = 0) and so

(@) () (@) = e (s5,0) + O(3T3F~)

—weln(e) . )
_ V2 / Ay @)FL(0ds = STy () + OEH2P),
0
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To prove Theorem 1.13, we note that if u, 5 is C ! across Y, = u;}] (0), then the Neumann
data match. If we take

Ugy Y X (we In(¢)?, —we In(e)?) — R,
uy = ®*(upy) : Y x (weln(e), —weln(e)) — R,
] = He(t) + &> Ho(9)Te(t) + $(s.1).

Te(1) t >0,

—t,(—t) t <0,

T (2) := {

. JeTGe) =0,
bl )= {q&‘(s,t) t<0

where ¢ are the same functions as in (5.1) with the + referring to M + (le.,t>0or
¢t < 0). With the above, vy (ue) = (D,)31(v,)(ug) is well defined, and the Neumann
data matches, that is,

0= Vn(ua,n)|t=n(s)+ - Vn(ue,n)|t=n(s)—
if and only if the following holds:

0 = (D)3 (W) D=0+ — (D)3 (W) @] s=0-
—weIn(e)

= Iy )+ Ay @) He(0)d1+0(!+2F)

weln(e)

—weln(e) . 2ﬁ ~
- / Ay @H:()di = = =00y (1) + O(e' ),
weIn(e)

where the error holds in C%(Y). Now note that
H /—wsln(s) Homgdt H _ 0(83+B—<x)
weln(e) cey)
so that we can write the above as

—weln(e) .
([ BLdn) = 2000y () + O

eln(g)

with error in C*(Y'). We now substitute [ u s,an for [ ¢H, at the cost of negligible error,
since

’/(;—waln(s) Hg(t)He(t)d[‘ — 0(s?),

eln(e)

H/w—wsln(s) 82H0(S)T5(I)Hs([)H — 0(83)

eln(e) cx(Y)
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and the same order of bound holds if we replace H, — ﬁg, T — T. Furthermore, if Y is
nondegenerate, we invert both sides by Jy,

—weln(e) .
/ Ugy(s, ) Hg(t)dt = 200n(s) + 0(81+2ﬁ),
weIn(e)

where the error holds in C2%(Y'). This concludes the proof of the theorem. |

A. Miscellaneous lemmas and computations

Al. Lemmaon L* = Agn + 32 — W” (H) for R” x Rt

Lemma A.1. For ¢ € CY(R" x RT), suppose ¢(s,0) = 0 and L*(¢) = 0onR" x RT.
Then ¢ = 0.

Proof. The proof is a slight extension of the well-known classification of ker(L) on
R” x R. See [13, Lemma 3.7] for reference. Because of the Dirichlet condition at t = 0,
consider the odd reflection

¢(s.1) t>0,

6.0 = {—¢(s,—l) t <0.

Then ¢ (s, 1) is a C! solution to L*. By the maximum principle, é converges to 0 expo-
nentially and uniformly as ¢ — #oco. Thus, it is in L? and via an energy argument (again
[13, Lemma 3.7]), we see that

$(s,1) = cH(),
but ¢(s,0) = 0,s0¢c = 0. |

A.2. Boundedness of T in Theorem 1.6

Recall that we have a sequence { fj} : M — R and p; such that | /; (p;)| = || fillcoaary = 1
and || L¢ fillceary < j ' We show that dist(Y, p;) < ke; for some « independent of &;.
In terms of scaled Fermi coordinates, (o, 7), we have

L. = Ag, — W' (H()).
Consider ¢ = 1 for which
L) = —W"(H) = 1 — 3.

We see that this L(1) < —1 for all T > arctanh(\/g) =: c¢o. Moreover, 1 > |¢;| by the
normalization. We now apply the maximum principle to L and (1 £ ¢) on the open set
U = {p | dist(p,Y) > coe}. This tells us that for T > c¢ (i.e., > co¢), | £ ¢; achieves
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its minimum on the boundary of {r > ¢¢}. Immediately, this tells us that we can choose
p;j = (g;.t;) for some 0 < t; < coe. Similarly, we can show that 7; = s’ltj > 19 > 0.
Recentering ¢ at (g;,0) and using (o, T) coordinates, we have

10:¢j (0. D) = i c22pry) = KUILBjllceany + Idllcoany) = K(o(1) +1) < 2K,

so that because ¢; (0, 0) = 0 for all o, we have

1
. Ty >1 2 — .
i (0j. 1)l = 1/ Uz e

where K is the Schauder constant and independent of j and ¢. This tells us that

1
O<R§Tj500,

so there exists a convergent subsequence of {t; } that converges to 0 < v < oo.

A.3. Normal for Y,

In this section, we show that for 7 a perturbation with ||| c2«| < Ke!'*#, we have
vy, = a'(s)d; +a'(s)dy;,

la’ — 1| craqyy < Ce?T28,

la' | c2eqyy < Ce'TE.

Lemma A.2. Foranyn € C>%(Y) and Inllc2ew) < Ke'*B, there exists C > 0 so that
the normal derivative to Yy expands as

vy = a'(s)d, + ai(s)asi,
la* () = ey < CllZaa):
la' ()llcrery < Clnllcra)-
Proof. In coordinates, we compute the tangent basis for Yy, as
Vi = as,- + niat|(s,t=n)~
Let g(1)i; := g(vi,v;) and g(n)" be the corresponding inverse. Then
gij = &ijlsa=m + nin; = 8ij + ndi; + 0(Dn)?),
so that for
wy := 3 — Mry @) = 9 — g7 g3, vi)v;
= 3 — (8 — 14ij + O((DM*)mi @By, + 1;01)
= (1+ O(mminj. (D)3, — (n:d;j + O D, (D1)*))d;.
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we compute
lwy > = 1+ 0((Dn)?) = wy|™" =1+ 0((D?)

and so

Wy

vy = =a'(s)d, + B'(s)dy,,
llwa |

la" — 1| craqy < C“n”%‘Z,u(y),

B lcrery < Clinllic2ecy)- "
We now note that for the diffeomorphism
®: Y x (weln(e), —weln(e)) — Y x (—weIn(e)?, we In(e)?),
O(s, 1) = (5,2 + 1)
= (®@7u(vy) = (1 + AP )x(0r) + B (s)(D7 1)« (3s,)
= (14 A())3; + B'(5)(3s, + 1:3:)
= (1 4 A(s))3; + B'(5)ds;.,
1A ey < Clnlgoagy < Clnllgaa)

using that [|n]|c2e(yy = O(e'TA).

A.4. Integrating the n equation for the normal derivative

In this section, we keep track of all the terms in equation (5.2) when integrating against H,
to extract ¢, (s, 0).

Lemma A.3. The function ¢; (s, 0) decomposes as

—weIn(e) .
$7(5.0) = /2 /0 Ay @HL0ds ~ Iy (1) + 0

where the error bound holds in C*(Y).

Proof. Recall from (5.2) that we have

Lesyn(9) = e[Aryn(n) + HonlH, + [V "y |*H,
Hiy(s) = Ho(s)(t + )\ (1 + )2
3 t+n
+8( (t + n)? )( £ )Ha
- 54At+n(H0)?a+53Ht+7/H0%5+53At+7/(n)HO%s+253vt+n(77)(H0)?s

- 1 i . .
— 2|V 12 HoT, + EW”/(He)s“HOZ?f + e®HJT) + R(¢) + O(s*)
=: G(¢). (A.1)
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Starting with the left-hand side, we first recall
Ls,t+n(¢) = gz(At+n(¢’n) - Ht+n¢;7 + ¢?t) - W//(ﬁs)¢n~

We multiply by H, and integrate from t = 0 — ¢t = —we In(e). From hereon, all integrals
will be from [0, —we In(e)). We get

—weIn(e) . . .
/ Lerin@)H, = —6207(s,0) + &2 / Ariy @M, — & / Hy o p T,
0

= ~09(5.0) + & [ Ay @ + 0+,
Here we used equation (5.5), that is,
||¢”C€2’°‘(M)) = 0(82+ﬂ)

and || fﬁsHHnHCa(y) = O(e'*#), since Y is minimal and ||| c2« = O(e'*#). On the
right-hand side of (A.1), we have

—weIn(g) . . . e e
/ G(¢"adi = / [Ain () + HomE2ds + / VP, HLdr
0

e /(Hz+n(S)(l—flg)(j)(t + 77))(t Jg n

_ gt / Aoy (Ho) T H,dt + &3 / Hysn HotH,dt

)Zﬁﬁdz

46 / Av () Ho®o L, + 267 / VI () (Fro )£,
AL 1 LI
_ 82/ |Vt 92 HyT H, + 584/ W (H,) HZT2H,
+ 86/H3?3ﬁ8 + / R(®)H, + 0.
‘We write this as
—weIn(e) .
/ G@")HLdi = Ay + A
0

+ B
+C1+ Cy
4+ C3+ Cy

+ D1+ D>
+ D3+ E + 021,

with the aim of extracting the leading terms and an appropriate error bounded in C*(Y).
We have

Ay = e(Bo() + Hon) [Tt + & [[8esy — Bal0EEds
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= 0062y () + & [ [Besn = Bol)ELZdr

= 00&”Jy (1) + O |nllc2eqyy. €% Inllce)Inllc2eqr))
= 002 Jy () + O(e*HP),

which comes from expanding A; 4, — Ag in powers of (¢ 4 n). Similarly,
ta = [IVTPELEL + [1vr P - 9P ELdr = 0,
which comes from expanding g%/ (s, t 4 n) in powers of (¢ + 1) and

|VITI2 = g (st + mnin; = g7 (s,0)nin; + [g (s.t +n) — g (5. 0)]nim;.

For B, we see that

t —
IB1lco 583/K(—| L+ "")Hfd; < 0(Y).
&

To see the [] bound, we write
—weIn(e) t+n . N
B, =& / ( / [H,(s) — Ho(s)]dr)Hsdt
0 0
—weIn(g) t+n pro 5
- 83/ (/ f o (s)dwdr ) H dr
0 0 0
= [Bilcey) = O(e™).
For {C;}, we compute in a straightforward manner, using that ¥ € C** and satisfies (2.1),
€1 =&t [ Aviy(HoiHdr = OG),
C, = &3 / Ht+17 Ho%gﬁsdt = 0(84),
Ca =& [ Aiy( HotiHLdi = 0P),
Co =26 [ VG (o)Lt = 0P),
which is seen from making a change of variables ¢t — ¢ /¢ to gain another factor of &, and
then noting that the integrals converge and are bounded in C*(Y'). For the {D; } terms, we

similarly have

Dy = —82/ |V’+”n|2H0%gﬁ8dt = 0(e°?h),

1 N
D> = 584 / W" (He) HiT2Hedt = O(&°),
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D3 = 86[H()3?§ﬁ8 = 0(&").
Finally, recall (5.3) to decompose the E term
£ = [ R = [ @E,@H. - [ RO
and we have

Ey = —=Asyn(m)0; — 2V ()0, + |Vt+n77|23%,
& [ Ay g, = 06270),
~26 [ V0T, = 0+,
2 [ 194, T, = 05 ),
— g2 / Ey(@)H, = O(*26~2)
with bounds holding in C*(Y'). Similarly, using the definition of Fy in (5.4),
Fol) 1= W (FL)e* Hotop + [36* BT + 3 W () |02 + 9°,
[ W E HorgH, = 0G5,
34 / H2T2¢%H, = 0(2+26-9),
% / W (H)H, = 0"+,
/¢3ﬁ5 _ 0(87+3ﬂ—a)
— [ fa@. = 0.
With this, we have shown that
[ Gt = 2ansy )+ 0 )
with error in C*(Y). This finishes the proof. ]

A.5. Existence of solutions to F — W”(H)F = ¢
Given ¢ : [0, 00) — R smooth and asymptotically exponentially decaying, consider
OFF(6) = W' (HO)F (1) = ¢(0).

F(0) =0, (A.2)
tli)n;o F()=0.
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We reprove the following lemma seen in [9] and proven in [1, Lemma B.1, Remark B.3]:
Lemma A.4. Given ¢ € C*°([0, 00)) such that
>0, K>0,y>0 st Vt>ty, |p@)<Ke
then there exists a smooth solution to system (A.2) with exponential decay.
Proof. Consider the a priori solution of the form
F(r) = v(0)H(r)
where v(7) is to be constructed with v(0) = 0. We plug this into (A.2), multiply by H, and

integrate twice to get a general solution of

v(t) = bo + [ot H(s)_z[ao + /OS (p(r)H(r)dr]ds.

Using the condition of v(0) = 0, we have by = 0. Moreover, we can set

do = — /0 o(HH().

We now show that v(¢) is bounded so that lim;_,o F(¢#) = 0. First, we know that for ¢
large,
H(t)~2 ~ V2

and from this, we can enforce

t

[0(1)] = lao +[0 e(r)H(r)| < Ke—B+v2)

for some B > —+/2 and K > 0 by using the exponential decay of ¢(s) in L. Thus, ¥ is
exponentially decaying, so that v(¢) is bounded and, hence,

lim F(z) = lim v(t)H() = 0.
=0 =00

Moreover, since v(7) is bounded and H(7) is exponentially decaying, F(¢) is also expo-
nentially decaying by differentiating the equation for F. |
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