Interfaces Free Bound. 27 (2025), 659-701 © 2024 European Mathematical Society
DOI 10.4171/1FB/530 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Well-posedness and stability for the two-phase periodic
quasistationary Stokes flow

Daniel Bohme and Bogdan-Vasile Matioc

Abstract. The two-phase horizontally periodic quasistationary Stokes flow in R2, describing the
motion of two immiscible fluids with equal viscosities that are separated by a sharp interface,
parameterized as the graph of a function f = f(t), is considered in the general case when both
gravity and surface tension effects are included. Using potential theory, the moving boundary prob-
lem is formulated as a fully nonlinear and nonlocal parabolic problem for the function f". Based on
abstract parabolic theory, it is shown that the problem is well-posed in all subcritical spaces H" (S),
with r € (3/2,2). Moreover, the stability properties of the flat equilibria are analyzed in dependence
on the physical properties of the fluids.

1. Introduction

We consider the two-phase horizontally periodic quasistationary Stokes flow driven by
surface tension and gravity effects, which is modeled by the system

pAvE —Vg* =0 in Q* (),
divvE =0 in Q* (1),
v =0 on I'(¢),
[T (v, q)[]ﬁ] = (Ox; — 0k)V on FEI;, (1.1a)
(%, ¢F)(x) = (£e1r,0,+cr)  for x; — oo,
Va=v-v on T'(¢)

for ¢t > 0. We assume that I'(¢) is the graph of a function f(¢) that separates the two fluid
domains
Q@) = {x =(x1.x2) eSxR:xp Z f(t,x1)}, >0.

We denote by S := R /2xZ the unit circle, functions that depend on the real variable £ € S
being 27 -periodic with respect to it. In particular, the unknown ( £, v¥, g¥) is assumed to
be 2w -periodic with respect to the horizontal variable x;. At time ¢ = 0, we impose the
initial condition

f©) = fo. (1.1b)
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Moreover, the constants ¢;,r and ¢, r evolve over time and are identified by f = f(¢)
and the other constants in (1.1a) according to

/ 0
cir = —%<(1+§w> eor = ——{f), >0, (1.1¢)

where
T

1
(h) := | h(s)ds

denotes the integral mean of an integrable function # : S — R and
®:=g(p —p") eR. (1.2)

The equation set (1.1) describes the dynamics of two incompressible and immiscible New-
tonian fluids with equal viscosities, the positive constants ¢ and u representing the surface
tension coefficient at the interface and the viscosity of the fluids, respectively. The con-
stant g > 0 is the Earth’s gravity and p* stands for the density of the fluid occupying
Q. Moreover, 7 is the unit exterior normal to 92~ and % is the curvature of the moving
interface. We further denote by v* = v¥(r) : Q*(r) — R? the velocity field in the fluid
domain Q*(¢) and ¢* = ¢*(¢) : Q*(t) — R is defined by

g x) = pT(x) +gpta. X = (x1.x2) € QF(),
where p* = p*(¢) is the pressure in Q% (¢). The stress tensor Tu(vi, g7%) is given by
Tu(w:,q%) = —¢F L+ p(Vo* + (VoH)T),  (Vod); =00, ij =12, (1.3)

while [v] and [T}, (v, ¢)] denote the jump of the velocity and the stress tensor across the
moving interface, respectively, as defined in (2.3) below. Finally, V;, is the normal velocity
of the interface I'(¢), x - y denotes the Euclidean scalar product of two vectors x, y € R”,
and I, € R™*" is the identity matrix.

First studies of the quasistationary Stokes flow investigated the setting of a single
fluid phase which occupies a sufficiently smooth domain Q(¢) € R?, d > 2. In [20], the
authors have established the well-posedness of the problem for initial data which are close
to a smooth and strictly star-shaped domain, together with the exponential stability of
balls. Subsequently, the exponential stability of balls has been proven in [11, 12] in space
dimension d € {2, 3} by a different power series argument. Moreover, in the two-phase
setting in R2, where one bounded fluid phase is surrounded by the other and the system
is driven by the surface tension at the interface, it was recently shown in [7] that balls are
exponentially stable. Furthermore, in the confined setting, the quasistationary Stokes flow
is the singular limit of the Navier—Stokes problem when the Reynolds number vanishes,
cf. [35,36].

The two-phase quasistationary Stokes flow in a bounded geometry, with one of the
fluid phases surrounding the other one and with possible phase transitions, has been con-
sidered in arbitrary space dimension d > 2 in the monograph [33] on the basis of maximal
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regularity in weighted L”-spaces. We also refer to [8] for a study concerning a feedback
stabilization issue in this setting.

In the absence of gravity effects, the nonperiodic version of the quasistationary Stokes
flow (1.1)—with equal and general viscosities—has been investigated recently in [27,28],
the local well-posedness property being provided in H" (R), with r € (3/2, 2) arbitrarily
close to the critical exponent r = 3/2, cf. [28, Remark 1.2]. Moreover, as shown in [29],
the unconfined one-phase flow is the singular limit of the two-phase problem when the
viscosity of one of the fluids vanishes.

In the absence of surface tension effects, that is when o = 0, the problem (1.1) has been
analyzed in [14, 15]. If the interface between the fluids is parameterized as an arbitrary
curve, the problem can be reformulated as an ODE and local well-posedness is established
by using Picard’s theorem [15]. In [14], the authors showed that the problem is actually
globally well-posed. Global existence results of solutions in the graph case are provided
in [15] for initial data that are small in H3(S) or in certain Wiener algebras in the stable
regime when ® > 0. In fact, the solutions to (1.1) in the case 0 = 0 also solve the transport
Stokes system, see [19,21,22,30,31], which is a model for the settling process of a cluster
of rigid particles in a viscous fluid.

Lastly, we mention the related Peskin problem which models the evolution of an elastic
string (or membrane) immersed in a viscous fluid. In this context, the equations governing
the motion in the fluid match those in equation (1.1) (with g = 0), while the dynamics of
the elastic string are described using Lagrangian coordinates, see the very recent research
in [5,6,13,16-18,23,32].

In this paper, we consider the horizontally periodic quasistationary Stokes flow (1.1)
with both gravity (neglected if g = 0) and surface tension effects incorporated—which
could not be achieved in the nonperiodic case [27,28] and was neither investigated in [14,
15]—in Sobolev spaces H" (S) with r € (3/2,2) arbitrary (again r = 3/2 is the critical
exponent). A striking difference to the nonperiodic case [27,28] is the far field boundary
condition (1.1a)s for (v, q). While in the nonperiodic case (v, ¢) vanishes at infinity, under
the periodicity assumption (v, ¢) converges, at each fixed time ¢, towards a constant vector
explicitly determined by f(¢), cf. (1.1c). In particular, for x, — 400, the velocity is
asymptotically horizontal, but the asymptotic profiles at 0o are opposite to each other.
Moreover, for x, — 00, the pressure may deviate from the hydrostatic pressure by some
constant which is determined by f(z) and which has opposite sign at +o00.

Our strategy to solve (1.1) is to prove that (v, ¢g¥) is determined at each time instant
t > 0by f(t), provided f(t) € H3(S), see Remark 2.1 and Theorem 2.2. In this way,
we may reformulate (1.1) as a fully nonlinear and nonlocal problem for f, see (3.10),
with nonlinearities expressed by (singular) integral operators involving f', which are well-
defined when merely f € H"(S) with r > 3/2. The fully nonlinear character of (3.10) is
due to the fact that the phase space H" (S) can be chosen arbitrarily close to the critical
space, meaning that the curvature has to be interpreted as a distribution. The situation
is different in [11, 12, 20, 33, 35, 36] where the interface is at least of class C2 and due
to quasilinearity of the curvature operator, the Stokes problem (1.1) may be formulated
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as a quasilinear evolution problem. Using results on certain families of singular inte-
gral operators from Appendices A and B—which might be of interest also in the con-
text of other evolution problems (such as the Hele-Shaw, Muskat, or Mullins—Sekerka
problems)—we then prove that the new formulation (3.10) is of parabolic type and pro-
vide its well-posedness by using abstract parabolic theory from [24], cf. Theorem 1.1
below. Additionally, we show a parabolic smoothing property for (3.10), which justifies
the assumption f(t) € H3(S) in Theorem 2.2.
Our first main result is the following theorem.

Theorem 1.1. Let ® € R, u,0 € (0,00), r € (3/2,2), and fo € H (S).

(i)  (Well-posedness) There exists a unique maximal solution ( f,vE,q¥) to (1.1)
such that

f = fC. fo) € C([0, T). H'(S)) N C'([0, T4.), H'I(S))
and
f(t) e H(S),
vE@W) € C2H(QE(1),RH) NCHQEW), R, forallt € (0,Ty),
g*(1) € CHQ* (1) NCQ* (1))
where Ty = T+ (fo) € (0, o0].
(i)  (Parabolic smoothing) We have [(¢, &) — f(t,£)] € C*°((0, T+) x S, R).

(iii) (Global existence) The solution is global, that is T+ ( fo) = o0, if foreach T > 0,
we have

sup | £ < oo.
[0,7]1N[0,T+(f0))

Our second main objective is to study the stability properties of the solutions with a
flat interface, which are all equilibria to (1.1). Indeed, if ( f, vE, qi) is a solution to (1.1),
then, for each constant ¢ € R, the tuple (f + c, oE, c]i) defined by
- ~ c®
vi(t,x):vi(t,x—(o,c)), qi(t,x):qi(t,x—(O,c)):FT, x27éf(ts-xl)+c9
is again a solution to (1.1) (with initial data foy + ¢ and the same maximal existence time).
Moreover, the integral mean ( f') is preserved by the flow since, by (1.1a), and (1.1a)5_g,

dif) 4 = 51 do = vt (1) dx =
m (1) = /F(t)v(t) V(t)do = /Qi(t) divv=(t)dx =0, te[0,T4). (1.4)

Since it is straightforward to verify that ( f, v,q) = 0 is a stationary solution to (1.1), it
follows that (c,0, Fc®/2) is a stationary solution to (1.1) for each ¢ € R. This observation
together with our second main result in Theorem 1.2 shows, on the one hand, that if

o+ 0 >0, (1.5)

solutions corresponding to initial data f, € H"(S) which are close to a constant exist
globally and f(z) converges exponentially fast towards the integral mean of fy. On the
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other hand, if (1.5) holds with reverse inequality, that is 0 + ® < 0, then the constant
solutions are (nonlinearly) unstable.

Theorem 1.2 (Exponential stability/instability).

(i)  Assume (1.5) and let ¥y denote the positive constant

o+ 0 Vo ®
By 1= m 1jo,00)(0 — ©) + o 1(0,00)(® — ). (1.6)

Then, given ¥ €10, ¥y), there exist constants § >0 and M >0 such that for any
fo €H"(S) satisfying

I follar <& and (fo) =0,

we have T (fo) = oo and

d _
1Ol + [0, < Me W ol forans =0
(i) Ifo + ® <0, then the zero solution is unstable.

Qutline. In Section 2 and Appendix C, we solve the fixed time problem (1.1a);—(1.1a)s
with a general right-hand side in (1.1a)4. Then, in Section 3.1, we introduce two classes
of (singular) integral operators, studied in Appendices A and B, which enable us to refor-
mulate in Section 3.2 the flow (1.1) as a nonlinear and nonlocal evolution problem for f.
In Sections 3.3 and 3.4, it is shown that the problem is of parabolic type, the main results
being established in Section 3.5.

2. The fixed time problem

In this section, we address the solvability of the boundary value problem (1.1a);—(1.1a)s
at a fixed time instant # > 0, under the assumption that f = f(¢) is sufficiently regular and
with a general right-hand side in (1.1a),. More precisely, we fix f € H3(S) and consider
the boundary value problem

,l,LAvjE — ti =0 in QF,
divv®T =0 in Qi,
[v] =0 onT, 2.1

[T (v, @)V = (w'G)o 27! onT,

(vi,qi)(x) — (£c¢1,0,£c3) for xp — £o0,

where G := (G1, G,) € H(S)? satisfies (G1) = 0 and the constants c1, c» € R are arbi-
trary. The domains Q% and their common boundary T are defined by

QF = {x = (x1,x2) €SxR:x3 2 f(x))}, T:={( f(E) eSxR:£eS).
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Note that B := Ef := (ids, f) is a diffeomorphism that maps the x;-axis onto I". Further,
v and t are the componentwise pull-back under E of the unit normal ¥ on I" exterior to
Q7 and of the tangent 7, that is,

vi=v(f) =0 (=), t=r(f) = (L) wi=o(f) =0+ AV

(2.2)
For any functions z* defined on Q%, respectively, and having limits at some (£, f(£)) € T,
we will write

z] (€, = lim zH(x) — lim z~ (x). 2.3
EESE) = lim - lim () 23)

Remark 2.1. We note that, in the particular case, when
G:=G(f):=0ff [)—o@ ' —Lo [, (2.4)

we have G € H!(S)? and
(W 'G)o B! = (@xz - m?)ﬂ.
Consequently, the right-hand sides of (2.1)4 and of (1.1a)4 coincide in this case.

Before stating our result on the solvability of (2.1), we introduce some further notation.
To start, we define for 0 # x = (x1,x2) € S xR

1 2+ TP 1
Gr(x):==——In ( [le] [x2] 5 ) =——1In (sin2 (ﬂ) + sinh? (x_z))’
4r 1+ t[xl])(l — T[xz]) 4 2 2
2.5)

which is the fundamental solution to the x;-periodic Laplace equation, that is, G, solves
the equation —AG, = o in D’(S x R). We use the shorthand notation

flx,] i= tan (%) x1 € R\ (w +2nZ), Tix,] :=tanh (JCz_z) x, € R, (2.6)

The x;-periodic Stokeslet (U, P), with U := (U!, U?) and P := (P!, P2?), is defined
by

ul(x) = _%(Gﬂ(x) + X232Gn(x)7—X231Gn(x))» f?l(x) = 01Gr(x),

2.7
1
:u2(x) = _E(_xzalGn(x)a Gr(x)— XZaZGn(x))s ‘(Pz(x) = 02Gx(x)
for x = (x1,x2) € (S x R) \ {0}, and we may reexpress (2.7) as follows:
(l+t[2x1])T[X2] t[xl](l—T[iz])
1 2+ T? TR 4T 2 T2
U()C) _ 8_ In < [x1] [x2] I —x, [x11 " " x2] [x1] " 7 x2l ,

g

2 2
(1 + t[xl])(l — T[x2]) l[xl](l—T[izl) (1+t[2x1])T[X2]
2 2 2 2
1t iy 1 )

ey (= TR
2 2
4 gt T,

[x2]

_L(l +t[2x1])T[x2]
2 2 :
47 t[xl] + T,

[x2]

P (x) = P2(x) =

)

2.8)
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Using (2.7), it is straightforward to prove that (UX, P%), k = 1,2, are fundamental solu-
tions to the Stokes equations in the sense that

AUF — VPF = §oey,
in D'(S x R), (2.9)
divu* =0

where e; := (1,0) and e, := (0, 1). In particular, they solve the Stokes equations (2.9)
pointwise in (S x R) \ {0}. For the derivation of the x-periodic Stokeslet (U, ), we
refer to the recent paper [15] (see also [3] for an alternative derivation).

In Theorem 2.2 below and further on we sum over indices appearing twice in a product.

Theorem 2.2. Given f € H3(S) and G € H'(S)? with (G,) = 0, the boundary value
problem (2.1) has a solution (vt, q%) such that

vE e C2(QE, R NCYQE,R?) and ¢*F € CH(QT) NCQF) (2.10)
if and only if the constants c1, c3 in (2.1)5 are given by

(fG1)

cp=——"—— and ¢, =—

21

(G2)
2 2.11)

If c1, ¢y are defined by (2.11), then the solution (v, q¥) is unique and is given by the
Sformula

G2)In4
vE =g + (0, %) and q* = qF, 2.12)

where, given x € QF,

vE () =+ [ UEG = (5. () Gi () ds.
m

-7

: (2.13)
GE Q) = / P*(x — (5. £())Gr(s) ds.

-7
Proof. We devise the proof into several parts.

Uniqueness. For the uniqueness statement, we need to show that if (vt, q%) satisfies
(2.10) and solves the boundary value problem

/,LAV:t — Vgt =0 in QF,
divvE =0 in QF,
V] =0 onT, (2.14)
[Tu(v,q)v =0 on T,
vE, g5 (x) > (£c1,0, +cp)  for x — +o0
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for some (cy,¢z) € R2, then actually (vi, qi) = (0,0) in QF and ¢; = ¢, = 0. We first
note, in view of (2.14),, that

agvzi — 3‘{V:1t

T.(v*.q5) 0 = - T + 1 (a;vf " 8?\/%)
and, since [d7v] = 0 as a consequence of (2.10) and (2.14)3, we arrive together with (2.14)4
at

plogv] = [a]v = [Tyu(v. q)]v = 0. (2.15)
Set (v,q) := 1g+ (v, q") + 1g-(v7,q7) € L®(S x R, R? x R). We then compute, in
light of (2.10), (2.14);~(2.14)3, and (2.15), that

UAv—Vq =0,

) in D'(S x R).
divv =0

In particular, taking the divergence of the first equation yields Aq = 0, hence, q is a
harmonic function in S x R. Since q is bounded, Liouville’s theorem and (2.14)5 now
yield g = 0 in R?2. This in turn means that v; and v, are harmonic in S x R, and, since v
is bounded, we conclude together with (2.14)5 that v = 0 and ¢; = ¢, = 0, which proves
the uniqueness claim.

Solution of the Stokes equations. To prove that (v, ¢¥) actually solves the homogeneous
Stokes equation, we fix xo € Q% and choose & > 0 such that the closed ball By (xo) is
contained in Q. Since (U, P)(- — (s, £(5))) € C®(QE, R?*? x R?), cf. (2.5) and (2.7),
for each fixed s € S, the partial derivatives 8%‘11}‘(- — (s, f(5))), Bgﬂ)k(- — (s, f(5))),
o € N2, are bounded in B, (x¢) uniformly in s € S. Therefore, the function (v, g%) is
well-defined in (2.12)—(2.13) and we may interchange differentiation with respect to x and
the integral sign in these formulas. Recalling that (‘L{k , Pk ), k = 1,2, solve the Stokes
equations (2.9) pointwise in (S x R) \ {0}, it follows immediately that (vE, g¥) solve
(2.1)1-(2.1)5 in Q*.

Boundary conditions. The boundary conditions (2.1)3—(2.1)4 together with the far-field
boundary condition (2.1)s for (vE, g*) follow by combining the results of Lemmas C.4
and C.6 below. ]

3. The evolution problem

In this section, we combine the results from Section 2, Appendices A and B to reformulate
the moving boundary problem (1.1) as a fully nonlinear and nonlocal evolution problem
for the function f, see (3.10) below, with nonlinearities defined in terms of (singular)
integral operators. Then, exploiting estimates from Appendix A and the localization result
in Lemma B.2, we prove that the evolution problem (3.10) is of parabolic type. This prop-
erty together with the abstract parabolic theory from [24] is then used to establish our
main results in Theorems 1.1 and 1.2.
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3.1. Two classes of (singular) integral operators

In this section, we introduce two classes of (singular) integral operators B,ﬁ’,?, and Cy,
the operators BY ,’,Z, (together with the integral operator By) constituting via (3.9) the main
building blocks of the evolution operator in (3.10), while the operators C, ,, (which in a
suitable sense retain the singular part of the operators B}, with p = 0) are important in
the analysis of (3.10).

To start, we define for integers m,n, p,q € Ny satisfying p <n + g + 1, and Lipschitz

continuous mappings

a=(day,....am):R—>R", b= (by,...,by) :R — R",

c=1(c1,...,¢9) : R > RY

the integral operators

Tiesibi y79 Sesici/2
1 7 [z = T =5 (& —s)
B gl6) = 5PV [ L fds G
2w I U+ ()]
and
8ie 1bi
1 P L _
Com ()b, ¢)() := —PV i =7 06=9 4 3a)
> T - l—lm [1+(8[E,S]ai)2] s
i=1 e

where ¢ € L2(S) and £ € R. We use the notation introduced in (2.6) together with the
shorthand

e
Siea1f = f(6) — f(E ), T[g,s]fi=tanh([$’T]f), £seR. (33)

As shown in Lemma A.2 below, the PV symbol is not needed in (3.1) if p > 1.
Moreover, we point out that if the functions a, b, and ¢ are 2w -periodic, then so are
also the mappings By (alb)[c, ¢] and Cp, m(a)[b, ¢]. In particular,
1 T o —s)
Bl© = 5oV [ P Das—Hle. ter. G4

—x [[S]

where H is the periodic Hilbert transform, see, e.g., [4,37]. Mapping properties for the
operators Bf ,’,‘f, and Cy, ,, are established in Appendix A.
If all coordinate functions of a, b, and ¢ are identical to a given function f € W1H>(S),

we set

BYm(f)=Bra(fo o fIf O Sl 0=p=n4+qg+1. (35
respectively,
Com(f) = Com(foo s DS 1], (3.6)

The operators B (f) appear in the reformulation (3.10) of the Stokes problem and the
operators C,?,m (f) are used in its analysis.
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Finally, we introduce a further integral operator By by setting

Ba(Nle® = o [

i %+ (Tigs1 f)?
2 —s)ds, S, (3.7
i n((l 11~ (T[E,s}f)z))w(g $)ds, £€8S, 37

where again f € WI°(S) and ¢ € L2(S).
As shown in Corollary A.8, given r € (3/2,2), the mappings

[f = BYL(N)] H(S) > LHT(S)),

[/ Bo(N)]. [f = BEA(N)] :H(S)—LHTIS),H'(S)), 1<p<n+q+],
(3.8)
are smooth. These properties are essential in the study of (3.10).
Finally, we introduce the operators

Bi(f) := BoY(f) — BY(f)

Bo(f) = By (f) + BYY (),

B3(f) := Bos (f) + By (f) = B3 (f) —2B35(f)

= By3n () + Bin () + By, (), (3.9)

Bo(f) := BY5(f) + BEo (f) = Bio (f) — Bi5 (),

Bs(f) :=2(By{ (f) = B3:1 (/)

Bs(f) :=2(B1' (/) + By1 (/)

which appear in a natural way in the analysis, see (C.19) and (C.21).

3.2. The reformulation of the Stokes problem (1.1)

Let (f,vE, g%) be a solution to (1.1) enjoying the regularity properties in Theorem 1.1 (i).
Since f(t) € H3(S), and consequently G(f(t)) € H'(S)?, see (2.4), for all t > 0, we
infer from Remark 2.1 and Theorem 2.2 that the function (v¥ (), g¥(¢)) is identified
by the system (1.1a);—(1.1a)s and (1.1c) according to (2.12)—(2.13). Together with the
kinematic boundary condition (1.1a)¢ and the formulas (C.19), and (C.21) for the trace of
the velocities vg, we deduce that f solves the evolution problem

df

o O =YU@). >0 f(0) = fo. (3.10)
where the operator W is defined by
W)= L)+ S — () 4 () + ),
iz 4p 4p 4p m

(3.11)
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with

Wi (f) = (B1 = 2B)(N$1(f) — f'2()]
+ 2Bz + B3) (N '¢1()] + B3 (S)p2()],
Yo (f) := Bi(Np2(f) = f'o1(f)]
+ B3(N)p1(f) — f'2(N] + 2Ba( LS o1 (f) + d2(f)],
W3(f) := (Bo(f) + Bs(f NS+ Bs(Nf]
Wy (f) := (Bo(f) = Bs( N1+ Bs(HHLSf].

where ¢ = ¢(f) is given by
P(f) = (@1(f).$2(f)) = (@()" = 1, flo(f)7). (3.13)

The function ¢ = ¢ (f) appears in the definition of G = G(f) in (2.4).

Let r € (3/2,2) be fixed in the following. As an important observation, we note that
the right-hand side of (3.10) is well-defined for all functions f which belong to H (S). In
order to study (3.10), we first establish the following result.

(3.12)

Lemma 3.1. Given r € (3/2,2), we have ¢ € C®(H'(S), H 1 (S)?) and the Fréchet
derivative 3¢ (fo) = (3¢1(f0), 3d2(fo)), fo € H'(S), satisfies

261 (fo) = ai(fo)% € L (S).H(S). =12, (3.14)
where a;( fo) € H~Y(S) are given by
ai(fo) :== Jo and ax(fo) := ! (3.15)

S+ [P (1+ /)32
Proof. The proof is similar to that of [27, Lemma 3.5]. [

Combining (3.9), (3.11), (3.12), Lemma 3.1 and Corollary A.8, we conclude that
W e C®(H(S),HL(S)). (3.16)

3.3. The Fréchet derivative

In order to apply the abstract parabolic theory from [24, Chapter 8] in the context of (3.10),
which we now view as an evolution equation in the ambient space H"~1(S), it remains to
show that the Fréchet derivative dW( fy) € £(H"(S), H ~1(S)) generates a strongly con-
tinuous analytic semigroup in £(H"~!(S)). This is the content of the next result (where
we use notation from [2]).

Proposition 3.2. Given fy € H (S), we have

—0W(fy) € H(H(S),H ~L(S)). (3.17)
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For the remainder of this section and in Section 3.4, we fix fo € H'(S), r € (3/2,2).
The proof of Proposition 3.2 requires some preparation. To start, we infer from (3.11) that
1 o
IV (fo)lf]= E(qul(fo) +OW3(fo) f' + m(fo’a‘lfl (fo) — 0W2(fo))[f]

® In(4)
4p

(3.18)
(f). feH(S).

+ %(a%( fo) + £309s(fo)[f] +

The terms on the second line of (3.18) are lower order perturbations. To quantify this,
let ¥’ € (3/2, r) be fixed in the following. Recalling (3.9) and (3.12), Corollary A.8 (with
r replaced by r’) yields

3B;(fo) € LH"(S), LH7I(S),H'(S))), i €{0,5,6},

and therefore,

10W: (fo)f Nl = Cllf Ny, f €H(S), €34} (3.19)
Moreover, we clearly have
M- < CILA I = Clf g f €H(S). (3.20)

The first two terms on the right-hand side of (3.18) are easy to handle as they are first
order differential operators, however, the next two terms are more intricate. To analyze
them we first compute, for some fixed go € H"~!(S), by combining (3.9), (A.2), (A.10),
(A.32), Lemma A.2, and Corollary A.8 that

3B (fo)[f1lgo] = —200CL,(f)lf'] + Rilf].
B> (fo)[f1lwol = ¢o(Cpy —2C3 ) (fo)f ] + Ra[f].

0 0 0 0 / (3.21)
B3 (fo)[f1lpo] = ¢o(Co = 3C3, —4Cy 5 +4C5) (fo)f 1+ Rs[f].
IB4(fo)[f1lwo] = 9o(2CT, — 4C33) (fo)f'] + Ralf]
for all f € H'(S), where
IR [f N1 = Clfllwr. feH(S), 1=<i=<4 (3.22)
Moreover, (3.9), (A.2), Lemma A.2, and Corollary A.8 entail that
B1(fo)le] = C3(fo)le] + Rilgl.
(3.23)

B3(fo)lg] = (CP, — C3,) (fo)le] + Rale],
Ba(fo)lg] = C2,(fo)le] + Ralg]

for all ¢ € H~1(S), where

] =

By(fo)lel = CP(fo)le] + Ralgl.
] =
] =

IRl < Cllgllgr—1, ¢ €HTY(S), 1<i<4 (3.24)
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Setting
ai :=a;i(fo), ¢i:=¢i(fo), =12, (3.25)
see (3.13) and (3.15), we infer from (3.12), (3.14), (3.21)-(3.25), and the algebraic relation

CP (o) + Corn m(fo) = CL i (fo). m =1,
that
O (fo)lf] = Ti (fo)lf1+ Tua(ff]. i =1,2, (3.26)

where

Ti(fo)lf]:= (Cs — CL5) (fo)l(ar — 2 — foaz) f]
+CYL UGB + fiar) +az) ]
+ C,(f)($1 + foar —az2) f]
+ ¢ (3f0/C(?,3 —6C3 —6/C3 5 +2C3 53— f1CL3) (fo)f']
+ $2(Cos + 6/5CP3 —6C3 5 —2£5C35 + CL3) (SIS,
Ta(fo)lf]:= (C25 — CL,) (fo)lar + ¢2 — foaz) /1 — C(fo)l(r + foar —az) f]
+CL (Ol + foar + 3az) f']
+¢1(Cos + 6/5CP3 —6C3 5 = 2f5C35 + C3) (fo)f']

+ ¢2(— folcg,3 +2CP5 + 6fo/C20,3 —6C 5 — fo/ij)(fo)[f']
(3.27)
and

I1Ti g0 () -1 = ClLf s f €H(S), i =1.2. (3.28)

3.4. Localization of the Fréchet derivative

Using the formulas for dW( fy) provided in Section 3.3 and inspired by the papers [9, 10,
25], we prove in this section that the Fréchet derivative dW( fo) can be locally approxi-
mated by certain Fourier multipliers which are themselves generators of strongly contin-
uous analytic semigroups, see Proposition 3.3 and (3.40)—(3.41). The proof of Proposi-
tion 3.2 relies heavily on these properties and concludes this section.

To start, we choose for each ¢ € (0, 1) a set of smooth functions {7} : 1 < j < N} in
C®(S, [0, 1]), where the integer N = N(¢) is sufficiently large, such that

supp; = I; +2x7Z with I} =[x} —

& € . __ s
e x; + ¢], xXj = je

N . (3.29)
D omfi=1 inC®(S).

Jj=1

We call {nf : 1 < j < N} an e-partition of unity. Moreover, associated to each e-partition
of unity, we choose a further set {)(j 11 <j <N} CC®(S,]0,1]) with

supp x5 = J;7 +2nZ with J} = [x] — 2e, x} + 2¢]; (3.30)
x; =1 on suppr;. .
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Each ¢-partition of unity allows us to define a new norm on H*(S), s > 0, via the mapping
N
[f > Z||7Tff||w:| L H(S) - R,
j=1

which is equivalent to the standard norm. Indeed, it is straightforward to show there exists
aconstant ¢ = c(e, s) € (0, 1) such that

N
cll fllws <Y Il fllws < e M fllws.  f € HY(S). (3.31)

j=1

Following [27], we introduce the continuous path ® : [0, 1] — L(H"(S), H ~(S))
defined by

O(1) = (@ (fo) + OV (o) + (WL (o) — I (cfy))
4p d§  4u

(3.32)
220w + 0wt + 2P el
which connects the Fréchet derivative 0W ( fo) = ®(1), see (3.18), to the Fourier multiplier
o d o 42\ /2
00 =g o= () (339

see (3.4). In (3.33), we use that H is a Fourier multiplier with symbol (—i sign(k))xecz.
The homotopy @ will be used to conclude invertibility of A — ®(1) from A — ®(0) for
Re A large enough. In the arguments below, we use the estimate

Ifglus < CAULf loollglls + llglloollf 1), withs € (1/2,1), (3.34)

which holds for all f, g € H°(S). The following proposition shows that the operator ®(t)
can be locally approximated by certain Fourier multipliers for all t € [0, 1].

Proposition 3.3. Lety > 0and3/2 <r’ <r <2. Then, there exists ¢ € (0, 1) together with
an g-partition of unity {JT}3 11 <j <N}, aconstant K = K(¢), and bounded operators

Aj. e LH(S),HIS)), je{l,...,N}, telol]

such that
77 @) f1— Ajelrf [l < vlizf fllar + KN f g (3.35)
forall j e{l,....N}, f e H'(S), and t € [0, 1]. The operators Aj  are defined by
a2 \'? d
Aj, = —a,(x;f)( - @) + ﬁ,(xf)£, je{l,....N}, te€l01l],

with the functions o, By given by (see (2.2))

oy = fw‘l(rfo) and Br = —(W(fo) + OUs(fo)). (336
w 4p
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Proof. Let e € (0,1) and let {x; : 1 < j < N} be an ¢-partition of unity with the asso-
ciated set {7 : 1 < j < N} satisfying (3.30). In the following, we use the symbol C for
constants that are independent of ¢ and denote constants that depend on ¢ by K. Recalling
(3.19) and (3.20), the algebra property of H"~!(S) leads us to

( (OWa(fo) + f10W3(fo)) L] + ’®IZ(4) <f>)

<Kl fllg  G37)

Hrfl
forall j € {l1,...,N}, f e H'(S),and t € [0, 1].
Moreover, since W (fo) € H ~1(S) < C"73/2(S), k € {1, 3}, we use (3.30), and
(3.34) to derive that
175 Be f' = Be(x) (7} £) -1 < CI(®1(fo) = W1 (fo) X)) (5 ) [lr—1
+ Cl(W3(fo) = W3 (fO) X)) (f ) lr—
+ K| f llgr-1,

where
Cll(We (o) = Wi Fo) )] £ s
< ClL (¥ (fo) = W () ol £ s + KL
< X fllwr + KIS e € (1.3

forall j e {1,...,N}, f € H(S), and t € [0, 1], provided that ¢ is sufficiently small, and
therefore,

y
= 17 fllwr + KISl
(3.38)

C)
nf(%wl(fo) + :_u%(f()))f "= B ()]

Finally, (3.26)—(3.28) and repeated use of Lemma B.2 lead us to

4i (cfodWi(tfo) — 02 (cfo))[f] — e (X)) H (£ )]

! (3.39)
< Ellnffllw + K[ f

forall j € {1,...,N}, f € H(S), and t € [0, 1], provided that ¢ is sufficiently small.
Gathering (3.37)—(3.39), the claim follows in view of (3.32). [

Since Wi (fo) € H'7(S), k € {1, 3}, there exists a constant n € (0, 1) such that the
functions «; and S, defined in (3.36) satisfy

nfatfn_19 |ﬂf|§r]—ls ‘CE[O, 1]

Introducing the Fourier multiplier

A ~——a(—d—)l/2+ﬂie$(HS(S) HU(S), aelnn™], Bel-n 0]
a.B = dsz dé n.n ’ n N s
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it is straightforward to show, by using Fourier analysis techniques, that for all & € [, 7]
and B € [-n~", 7],

A —Agp : H(S) — H (S) is an isomorphism for all Re A > 1. (3.40)

Moreover, there exists a constant kg = k(1) > 1 with the property that for all o € [, 7]
and B € [-n~", 7],

koll(A = A, )1 = (A f lwr—1 + 1 fllwr, /€ H(S), Red=1. (341

The relations (3.40)—(3.41) imply, in particular, that the operator A, g generates a strongly
continuous analytic semigroup, cf. [2, Section 1.1.2]. Moreover, together with Proposi-
tion 3.3 and the interpolation property

[H(S), H (S)]g = HI""H1(S), 9 € (0.1)., —oo <so<s1 <00, (3:42)
where [-, -]¢ is the complex interpolation functor, they enable us to prove Proposition 3.2.

Proof of Proposition 3.2. Letr’ € (3/2,r) and ko > 1 be the constant in (3.41). We may
use Proposition 3.3 with y := 1/2k to find ¢ € (0, 1), an e-partition of unity {r; : 1 <
j < N}, aconstant K = K(g) > 0, operators A , € £(H"(S),H "1(S)),1 < j < N and
7 € [0, 1], satisfying

20l7; RO f 1= Ajelmf flllwr— = N7} fllwr + 260K f Iy, f € H'(S).
Furthermore, (3.41) yields forall 1 < j < N,7 € [0,1],and ReA > 1
20ll(A = Aj ) -1 = 2[All75 [l + 207f fllwr. f € H(S).
Combining the above inequalities, we get

20| 77; (A = @) f 1|y
> 20| (A = Ay 1] s — 20|77 RIS ] = A5 1] g
> 2|77 £ [yrs + 75 f |y — 260K f Il

Using (3.31), (3.42), and Young’s inequality we conclude that there exist constants k > 1
and @ > 1 such that

il (A = @) w1 = AL f N1 + LS lwe (3.43)

forall T € [0,1],ReA > w, and f € H'(S).

Since @ — ®(0) = w — Ag/4,,,0 is an isomorphism, see (3.33) and (3.40), the method
of continuity, cf. [2, Proposition I.1.1.1] and (3.43) imply that ® — ®(1) = v — IV ( fp)
is also an isomorphism. This property combined with (3.43) (with t = 1) leads us to the
desired conclusion, see [2, Section 1.1.2]. [
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3.5. Proof of the main results

This section is devoted to the proof of the main results in Theorems 1.1 and 1.2.

Proof of Theorem 1.1. The proof follows from (3.16) and Proposition 3.2, by using the
abstract parabolic theory in [24, Chapter 8]. Given the substantial resemblance of the
arguments to those in the non-periodic case, see the proof of [27, Theorem 3.2], we refrain
from presenting them herein. ]

It remains to establish Theorem 1.2. For this we define
HY(S) :={f e H(S): (f) =0}, s5>0,

and infer from (1.4) and (3.10) that W(f) € ﬁr_l(S) for all f € H'(S), r € (3/2,2).
Therefore, the mapping

-~ tH(S) > HYS)

V=Y fir (s)

is well-defined and smooth, see (3.16). Moreover, for initial data fo € H (S), the evolution
problem (3.10) is equivalent to

L=, (>0 10 = (.44)
which is also of parabolic type. Indeed, given fy € H (S), the Fréchet derivative I ( fo)
is the generator of a strongly continuous analytic semigroup in éﬁ(ﬁ’ ~1(S)). This is a
consequence of [2, Corollary 1.1.6.3] since, observing that HS (S) is the orthogonal com-
plement of the set of constant functions in H*(S), s > 0, we may interpret 0W( fp) as the
matrix operator

IW(fo) = [W(()f‘)) g] ‘H'(S)®R - H(S) ® R.

It thus remains to study the stability properties of the zero solution to (3.44). This is
advantageous because in contrast to dW(0), the Fréchet derivative dW(0) does not have
zero as an eigenvalue, when assuming (1.5), as the next lemma shows.

Lemma 3.4. The spectrum 0(8@(0)) of 8@(0) € éﬁ(ﬁ’ (S), a1 (S)) is given by

ok?>+®

a(a\TJ(O)):{— i :keN}. (3.45)

Proof. Inview of (3.4), (3.7), (3.9), (3.12), (3.13), (3.18), (3.33), and Lemma 3.1, we have

) a2\ /2
PO = 1 Bol0) - %(— @) .
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The operator By (0) is actually also a Fourier multiplier. Indeed, letting S € I(ﬁ’ “1(S))
denote the operator which associates to each function f € H ~1(S) its antiderivative, that
is,

E 21
SLAE) = /0 F6)ds + - /0 sf(s)ds. €S,

integration by parts leads to
1 T
Bo(0)[f1(§) = E/_ In(sin®(s/2)) f (€ —s)ds = H[S[f1](§). E€S.

The relation (3.45) is now an immediate consequence of the latter relation. ]

We are now in a position to prove Theorem 1.2, which is based on asymptotic theory
for abstract parabolic problems from [24, Chapter 9].

Proof of Theorem 1.2. In order to establish (i), let (1.5) be satisfied. Then, in view of
Lemma 3.4, we have

sup {Re : A € 0(3(0))} < —do < 0.
Therefore, the assumptions of [24, Theorem 9.1.2] are fulfilled in the context of the evo-
lution problem (3.44) and, together with Theorem 1.1, we conclude Theorem 1.2 (i).
Concerning (ii), assume now that 0 + ® < 0. Then,

© € 04 (0W(0)) := o (dV(0)) N {1 € C : Re A > 0O};

4p
inf{Re A : A € 04 (3W(0)} > 0.

A direct application of [24, Theorem 9.1.3] provides the desired instability result. ]

A. Some classes of (singular) integral operators

In this section, we establish several important mapping properties for the (singular) inte-
gral operators B,f,’,‘f,, Cym, and By introduced in (3.1), (3.2), and (3.7).

We start by relating the two families of singular integral operators B,?”fn and Cy, .
To this end, we define for integers m,n,q € Ny, £ € {1, 2}, and Lipschitz continuous
mappings a = (a1, ....am) :R >R, b= (b1,...,bp) :R = R", e =(cy1,....¢cq):
R — RY the integral operator

K Tes1bi 719 Spesici/2
=1y th=1l n

o | T [+ ()]
8z s1bi /2 Se,51¢i /2
[Ti- [E’sl/z i [S’s]/cz
8z q1ai /212 [
L [+ (5527 672

i=1

b4

AL, @) le.g1(©) = 5

@(§ —s)ds,

(A1)
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where ¢ € L2(S) and £ € R (see (2.6) and (3.3)). The following relation:
By ab)[e, ¢] = 4,7, (ab)[e, 9] + Cprgm(@)[(b. ), ¢], m.n.q € No, (A2)

and the fact that the operators Aﬁ’ffn are regularizing, see Lemma A.2, will enable us to
transfer mapping properties obtained for the operators Cy ,,, see Section A.1, to the oper-
ators B,(,) j?n (which have kernels with a higher degree of nonlinearity than the former). We
note that Af,’f,l,, (alb)[e, ¢] is 2 -periodic if a, b, and ¢ have this property.

Before establishing mapping properties for these operators, we collect below some
useful elementary inequalities:

|tanh(x)| < |x| and |tanh(x)— x| < |x tanh?(x)], (A.3)

|y| < |tan(y)| and |tan(y) —y| < [y*tan(y)|. (A4)
Tre1d Orx.s1d /2 Orx.s1d 2 2

' ] ‘5‘ Lot/ 5‘ = ‘ P oo 22| < e d e W),
IIs] Ils] s IIs] Ils]

(A.5)

forx eR,y e (—n/2,7/2)and 0 # s € (—m, 7).

When estimating these operators, the standard norm on H” (S), defined by means of
the Fourier transform, is not so practical. Instead of using this norm, we recall the classical
identity H"(S) = W"2(S) for all » > 0, cf., e.g., [34]. For non-integer r > 0 it holds that

WH2(S) := {v e WIF2(S) : [ulyr2 < 00}, 7 =[r] +{r}, [r] € No, {r} € (0, 1),

where

n pr |y([rD — @D (e |? P @D _ @D |3
w32 :=/ / @V +y) - vV )| dm:/ oo — v @,
—TT

o |y|1+2{r} x |y|1+2{r}

and 7yv := v(- + y) is the left shift operator. The space W"2(S) is equipped with the
norm

2 . 2 2
||v||wr,2 = ”U”W[r],z + [v]wr,Z-

Using Plancherel’s identity, it is easy to verify the norms ||-||g- and ||-||wr.2 are equivalent.

A.1. Estimates for the operators C,

In Lemma A.1, we gather some useful mapping properties of the singular integral opera-
tors Cp .
Lemma A.l. Letn,m € Ng,a= (ay,...,an):R—>R™ andb= (by,...,b,) : R —R".

(i) Given a € WH®(R)™, there exists a constant C > 0 depending only on n, m
and ||a’|| o such that for allb € WH°(R)" and § € R we have

n
ICnm @b, 1l £@2(s).2(0-m047) < C [ 157 llco- (A.6)

i=1

Moreover, Cy, 1 € CI=(WHo(S)™, £1 (WL2(S), £(L?(S)))).

sym
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(i) Givenn e N, r € (3/2,2), t € (5/2—r,1), and a € H" (S)", there exists a
constant C > 0 that depends only on n,m, r, and ||a||gr (and on t in (A.8)),
such that for all b € H' (S)" and ¢ € H'~1(S), we have

n
ICam @D, @lll2 < Clb1 2l @ i [ T} i (A7)

i=2
and
”Cn,m (a)[b’ (p] - §0Cn—1,m(a)[b2v RN bn’ b;]”Z

n
(A.8)
< Clbrluellllr— [ 16} g1

i=2

(iii) Givenr € (3/2,2) and a € H' (S)™, there exists a constant C > 0 that depends

only on n,m,r and ||a||gr such that for all b € H' (S)" and ¢ € H~1(S), we
have

n
ICnm @b, @1 < Cligllgr— [ TUB; 1 (A9)
i=1
(iv) Givenn € N,3/2 <r' <r <2, anda € H (S)™, there exists a constant C > 0

that depends only on n,m, r,r’, and ||a||gr such that for all b € H' (S)" and
¢ € H7L(S), we have

”Cn,m(a)[b’ ¢l — §0Cn—1,m(a)[b2’ oo by, bi]”H’*1

n
< Clballge Il | Tl e

i=2

(A.10)

Proof. The claim (i) is established in [26, Lemma A.1] in the case 8 = 0. The result for
6 # 0 is obtained from the result for & = 0 via the identity

Co.m@)[b. ¢](§) = Cpm(te2)[T9b. 190](§ — ), §.0 €R.

Moreover, the proof of (ii) is similar to that of [, Lemma 4] and we therefore omit it.
Finally, (iii) and (iv) can be established by arguing analogously as in the nonperiodic
version of these results, cf. [1, Lemmas 5 and 6]. [

A.2. Estimates for the operators A,‘;:f,, and B}

We study the integral operators Bj 7 and Aﬁ’ffn and show first in Lemma A.2 that Af,’ff,,
regularizes, the same being true for B;y ;1 provided that p > 1, see Lemma A.6.

Lemma A.2. Letn,m,p,q € Nowithl < p <n+q+1,£e{l1,2},r € (3/2,2), and
let (a,b,c) € WHX(S)"t1+4 pe given. Then,

A4 (alb)[c. ). B2 (ab)[e,] € L(L'(S).C(S)). (A.11)
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and there exists a constant C > 0 that depends only on n,m, p,q, and ||(a’, )| 0o such
that for all ¢ € L'(S), we have

q
| 4n4,@b)le, ]|, + | BZA@b)le. ]| o, < Cliel [Tl loo- (A.12)

i=1

Moreover, if (a, b, ¢) € CL(S)™ " T4, there exists a constant C > 0 depending only on
n,m,q, and ||(@",b") | 0o such that for all ¢ € C(S), we have

q
|4y4 @b)le. ¢l < Cllolloo [ Jllcillcr- (A.13)
i=1

Proof. To start, we denote the kernels of the integral operators Af,jm and BY ,’,‘,I, by K4 and
Kp, respectively, that is,

AL @b)le,¢](®) = | Ka(E.s)p(E —s)ds,
i (A.14)
BIE@b)e. ) = | KpEs)pE—s)ds. §eR.

We begin by establishing (A.12) for BY7. Since p > 1 and n + g + 1 > p, we infer
from (A.5) that

[ADE (f[nb,fnoo)(li[uc;uoo)w—l

i=1 i=1

S/2 n+q+1—p

Is]

q
< C[leflloo

i=1

for ¢ € Rand 0 # s € (—, ), which proves (A.12) for B2 7.

Since Aﬁ’g,, is linear in ¢;, 1 < i < g, it suffices to establish the estimate (A.12) for
Af,”?n under the assumption that ||¢/||oo < 1. Let F : R4+ _ R be the locally Lipschitz
continuous function defined by

1 (T2 ) (T2, »9)

F(x,y,z) = — for (x,y,z) € RPHatm, (A.15)
(0.2 2 [T +2D) (x.7.2)
Given£ € R, s #£0,andd = (dy,....d;) € W-®(S)!, ] € N, we introduce the shorthand
notation T d T 4 T .4
Ll L ( Es1%1 2] l). (A.16)
ILs] Ls] IIs]
Together with (A.5), we may now estimate for § € R and 0 # s € (—m, 7):
KaE.9)| = C :
A5, 8)] = - T T AT
£ /2
- ‘ P (T[s,s]b Og,51¢/2 T[s,s]a) 3 F(5[s,s]b/ 2 Sg51¢/2 S0/ 2)'
(s/2)¢ )t ) s/2 7 s/2 7 s/2

(A.17)
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In view of (A.3) and (A.4), we have

1 1

— <2Is|>t, 0#se(-mm), Le{l,2)

t[es] s/

‘T[S’s]d - S[E’S]d/z‘ et/ dies1d/2) Cls|>, 0#se(-mm), £€R
Is] s/2 Is] s/2 -

with C depending only on ||d'||oo. These estimates together with (A.17) immediately
imply that

[Ka€.$)| < ClsPP™". 0#se(-mmn). EeR Lefl2), (A.18)
and the desired estimate (A.12) for Af,’,?,, follows.

Since ¢ € C(S), the continuity of parameter integrals implies that both Af,’ffn (alb)[c, ¢]
and Bl (alb)[e, ¢] belong to C(S), and thus, the density of C(S) in L(S) leads us to
(A.11).

It remains to establish (A.13). To this end, we first assume that ¢ € C!(S). Since

Ka(5)g(-—5) € CI(S), 0#s € (—m n),
Ka(§, )9 =) € C'([=m, 7)), E€R,

Fubini’s theorem and integration by parts imply that A,l,’f,]n (alb)[c, ¢] is weakly differen-
tiable with

(44, @lb)[c, 1)’ (§)
= (Ka(§,—7) — Ka(§, 7))p(§ — 7) + 3 (0 K4 + 0sKa) (&, 5)p(§ — s)ds
for £ € R, hence, we have

(Ay4, alb)le. ¢])’
S1=(= D T pmybi /70) [1E 2, B mici /70) (- — 1)

2 l_[l 1[1+(8[ n]az/n) ] 7
n_op
+ 3 5 (47 albye.g] = By, alb. by)le. ¢])
j=1
q /

[\

+ —’Az’q (ab)[e;, 0]
j=1
_ntg+l

> (474, alb)[e. o] + B, :f, (alb)[c. ¢])

m
+ Z[ n+2 m+1(@ajlb,aj aj)e, o] + Bn+2 m+1@,ajlb,aj,aj)e, ¢
j=1

—aj Afl-ﬁl m1(@.aj[b.aj)[e. ¢] +a Bn+3 m+1@ ajlb,aj,aj, aj)le, QD]],
(A19)
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where we use the notation

bj = (b],...,bj_l,bj.H,...,bn), lfj <n,

) (A.20)
¢ i=(C1,....Cj—1,Cj4+1,...,Cq), 1<j<g

The remaining claim (A.13) follows now from the previous relation and (A.11) in view
of the density of C1(S) in C(S). n

We next study the singular integral operator B,? "

Lemma A.3. Letn,m,q € Ny and let (a,b) € WL°(S)™ " be given. Then, there exists
a constant C > 0 that depends only on n,m, q, and ||(a’,b')| o such that for all ¢ €
WL(S) and ¢ € L2(S), we have

q
| BY4, @lb)e. ¢]], < Cliglz [ Tlelloo- (A21)
i=1

Proof. The claim follows directly from (A.2), Lemma A.1 (i), and Lemma A.2. [

LemmaAd. Letn,m,q € Ng, r € (3/2,2), and (a,b) € H (S)™ " be given. Then, there
exists a constant C > 0 that depends only on n,m, q,r, and ||(a, b)||yr such that for all
c e H (S)? and ¢ € H™(S), we have

q
w1 < Cllelw— [ Tllei (A22)

i=1

| By (alb)[e. ¢]

Proof. The claim follows immediately from equation (A.2), Lemma A.1 (iii), (A.12), and
(A.19). [ ]

The next result shows that the (singular) integral operators BY% are locally Lipschitz
continuous with respect to (a, b, ¢).

Lemma A.5. Givenn,m, p,q € Ngwith p <n + q + 1, we have

[@.b.¢) — BY4 (alb)[c,-]] € C'—(Wh(S)" "4 £(L*(S))). (A.23)
[(a,b,c) > BPZ (alb)e, ] € CI-(Who(S)" T £(LY(S),C(S))), p= 1.
(A.24)

Proof. Given (a,b,¢), (a,b,¢) € WLo(S)ntntd o e C(S), and p € Ny, we have

Bl (alb)le, ¢] — B (a[b)[€, ¢]
q
=Y BPA@Db)[G1. ... ¢ 1. = FiCirn... . Cq.9)
i=1
n ~ ~ ~ ~
+ Y (BPE(lby.....bi1.bi.....by) — BPA(@lby. ... by bity.....by))[E. ¢]

i=1
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m
+ Y (Bl @i am|b.d; . d))
i=1
Bp’ 2m+1(a1,...,di,ai,...,am|b,d,~,a,~))[é,g0]
m
+ Z(B,I:_,i_qz’m_l,_](alv"'vaiaaiv'"7am|b7ai$ai)
i=1
— Bl @, Gicai. .. am|b.a;,a;))[E @]

The first term on the right-hand side may be estimated by using Lemma A.3 if p = 0 and
Lemma A.2 whenever p > 1. For the remaining terms, it thus suffices to show that given
d,d € WH>(S), we have

| Bufy (@b, d)le. o] = By b, d)le.¢l], < Clld —dllwisllel.  (A25)
for (A.23), respectively,

| By (@b dDle. o] = B (@b d)le. ]|, < Clld —dwis gl p =1,
(A.26)
for (A.24), with a constant C that depends only on ||(a, b, ¢, d, J)llwl,oo andn,m, p,q.
To show (A.25)-(A.26), we infer from the fundamental theorem of calculus that

|(x — tanh(x)) — (y — tanh(y))| < (x> + y*)|x — y|, x,y €R. (A27)
With F : R”+4+™ _ R denoting the smooth function defined in (A.15) we then compute,
by using also the notation (A.16), that
(BY, (@b, d)[c. o] — BYY, ,(ab,d)[c, ¢])(€)
_ PV/” F (T[SS b Sesic/2 T, s]a) Tig.1d — Tie)d (& =9 4

s s 1 1s] t[IS]P

-7

Bt alb)e,d —d . ¢)(§) — | K( 5)p(E —s)ds

-7

for £ € R and p € Ny, where, given £ € R and 0 # s € (—m, ), we set

Tie b 8 2 T
K(E.s) = F( P Oigs1€/2 [s,s]a)
Ils] Ils] I[s]

. Biend/2 - Tie d) (5[5 ad /2 — T[&s]d)

[S]
The function B,fj,‘f,“ (alb)[c,d — d, ¢] may be estimated by using Lemma A.3 if p =0
and Lemma A.2 for p > 1, and we are left to estimate the integral term. To this end
we rely on (A.27) and (A.5) to obtain that |K(§,s)| < C|d — c§||oo for all £ € R and
0 # s € (—m, m), and therefore,

1

K(E 5)pE —s)ds| < Clld —d|oolleli < Clld —dllscll@l2. & €R.

-7

This completes the proof. ]
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Using Lemma A.5, we next prove that the operators BY7%, with p > 1, have a regular-
izing effect.

Lemma A.6. Letn,m,p,q € Ng, 1 < p <n+q+1, and (a,b,c) eC(S)" "4 Then,
there exists a constant C > 0 that depends only on n,m, p,q, and ||(@', V)| o such that
for all ¢ € L*(S), we have

q
| Br @b)le. ol < Clell2 [ Tlleflloo- (A28)
i=1
Furthermore, givenr € (3/2,2) and (a,b,c) € H" (S)" 1" %4, there exists a constant C > 0
that depends only onn,m, p, q, and ||(a,b)||ur such that for all ¢ € H ~1(S), we have

q
| BZA@b)e. ]|, < Cllgllar— [ Jllei - (A29)
i=1
Proof. We first assume that (a, b, ¢, ¢) € C®(S)™*T"+4+1 Recalling the notation (A.14),
the theorem on the differentiation of parameter integrals ensures that BY7%(a|b)e, ¢] is
continuously differentiable with

(BZA@b)e, ¢]) (§) = /_ 9 KB (£, 5)9(§ —5) — K(£,5)ds(p(§ —5))ds, & <R
Using integration by parts, we then get

(B (@lb)le. o))’

1 o _
=5 Db (B (alb)) — B @lb.by)[e. ¢] + Zc BP M @lb)le;, ¢]

m
+ Za} Bffslmﬂ(a ajlb,a;,aj,a;) — n+1m+1(a aj|b, aj))[c ¢]

=1

Jm
+ Z Bn+2 me1@.ajlb.aj a;) + Brf-:Zl,;zz+1(a’ ajlb.a;j.a;))le. ¢]
i=
p—n—q-—1 (

2

with the observation that the last term is meaningful only if 1 < p < n + ¢, otherwise,
it is not present in the formula above. The functions b;, 1 < j <n,and¢;,1 < j <g,
are as defined in (A.20). A standard density argument together with Lemma A.5 ensures
now that BY % (alb)[c, ¢] € H'(S) forall (a, b, ¢) € C}(S)" "+ and ¢ € L2(S), the esti-
mate (A.28) being a direct consequence of Lemmas A.2 and A.3 while the estimate (A.29)
follows from Lemmas A.2, A.4, and (A.28). [

+ BZ,14(alb) + BLE1 (ab))[e, ¢],

The next result shows that the operator By defined in (3.7) has similar regularity prop-
erties as By, with 1 < p <n +q + 1, see (A.29).
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Lemma A.7. Let r € (3/2,2). Given f € H'(S), there exists a constant C > 0 that
depends only on || f ||\ur such that for all ¢ € H ~1(S) we have

1 Bo(N)le]lnr < Cllgllar1- (A.30)
Proof. We first prove that Bo(f) € £(L?(S),L>®(S))if f € W1°(S). Indeed, using (2.5)
and the fact that In(sin(-/2)?) € L2(S), we deduce, in view of the inequality

| In(sin?(s/2) + sinh2(8[g’s] f/2)|
< |In(sin®(s/2))| + In(1 + sinh? (|| f'|le0)), &.5 € S,

that for ¢ € L2(S) we have

T

IBo(f)[w](E)IS/ [IIn(sin®(s/2))[ + In(1 + sinh? (7| £"lloo)) ] I(€ — 5)Ids =< Cllg]l2.

-7
We now assume that f € H"(S) and ¢ € C*°(S). Using the theorem on the differenti-
ation of parameter integrals and subsequently integration by parts, we find that Bo( f)[¢]
is continuously differentiable and its derivative is given by

(Bo(Nle)) = f'B2()lgl + Bi(f)p] € HTI(S),
cf. Lemmas A.4 and A.6. The claim follows now by a standard density argument in view

of Lemmas A.4 and A.6. [

A.3. Fréchet differentiability

This section is devoted to establishing the following result.

Corollary A.8. Givenr € (3/2,2), the mappings

[f = BRfL ()] H(S) - LHTH(S)),

[f = Bo(N].[f = BA(H]H(S) > LHTHS),H(S)), I=sp=n+qg+],
are smooth.

The proof of Corollary A.8 is presented at the end of this section, as it requires some
preparation. Let us first note that Lemmas A.4 and A.6 ensure that the mappings defined
above are well-defined. In order to establish the smoothness of these mappings, we further
introduce the operators

B4k H(S) — LK (H'(S), LHT(S))).

sym
BPEk H(S) - LK (H'(S), LM TV(S). H'(S). 1<p<n+q+k+]1,
(A.31)
by

BRI Ui Sl o= BEE (Lo S DU fo i fieo )

Let us note that BZ% (f) = BZL°(f). The next lemma is the main step towards proving
the smoothness property for the operators By 7.
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Lemma A.9. The mappings (A.31) are Fréchet differentiable. Furthermore, the Fréchet
derivative Z)B,I,],’,?,’k (fo) is given by

BLIK (S f i fil = n(BEE (fo) = BEEZE N (fo)) s fier f1]
+2om(BEFEEE (fo) — BRSSO fie - i S]
+ qBEAT R () fr e S f] (A32)

for fo, f. f1, ..., fx € H'(S), where terms with negative indices are to be neglected.

Proof. Defining ¢ := ¢}+% by the formula

tanh(n) q
$(.5) = i—( w ) i) &

’ ’ an m-[s]’
27 1 4 (Lmind)?]

neR, 0#sc¢e (—mmn),
wehavefor £ € R, £, f1...., fir € H'(S),and ¢ € H ~(S)

i , ) s1Ji —_
BEEH DU Al =PV [ (T2 ) (5012, 25— as,

-7\, ls) [s]

the PV being needed only when p = 0. Our goal is to prove that

OBLAE (SO -- - fillol(€)

—ev [ (1‘[ LI 1 /200 2. 2

(A.33)

for£ €R, fo. f. fi....» fx € H'(S), and ¢ € H~1(S), as straightforward computations
show that the formulas (A.32) and (A.33) are equivalent.
Using Taylor’s formula, we compute

(BE&* (fo + 1) = BEAX(fo) = 0BLAX (D - fell)(§)
LAV S 1 ~
B PV/; (1_[ M)(S[E’s]f/z)zfo (- T)a%‘ﬁ(g[é,s]fr/z,s)d‘c@ ds,

ie1 s [s]
(A.34)
where f; := fo + tf for r € [0, 1], and 85(]) = 82¢ is given by
b m

1 _
= %{n(n DELS  + 20905+ a(q — DELET = 2m@n + D2,
S

2,41 2, 4,
- 2”4‘1’5:1,51 — 202 E29 + 8m(n + 1)¢::2,51+1 +n(n + l)d)rlt)—?-_z,r?l
+4, +2,g—1 a—1
—2m((2n + 3)¢5+4,31+1 + 4m61¢5+3,$+1 - 4mq¢rll’+ql,m+1
4, 2, ,
+ 4m(m + 1)¢,§’Is,,‘,i+2 —8m(m + 1)¢5:4,5;+2 + 4m(m + 1)¢5f2,m+2}
(A.35)



D. Bohme and B.-V. Matioc 686

inR x ((—m, )\ {0}) and forall 0 < p <n + q + k + 1. Recalling (A.5), in all the terms
on the right-hand side of (A.34) where ¢}/, with p > 1 appear, the PV is not needed and
we may interchange the order of integration by using Fubini’s theorem.

Assume first that p > 1. We then infer from (A.34) and (A.35), after interchanging the
order of integration in the last line of (A.34), that

(BPZK(fo + f) = BIE*(fo) — 0BPER ()L DIfie- .. fillg]

1
= [ a0t - 1B + ngnpa
0

n—2,m n—1,m

— Jq,k+2
+q(q — DBPA2* 2 —om@2n + 1)BPLET

p+2,9—1,k+2 2 pp+2,4.k+2
_2ann+1,m —2n Bn,m

+8m(n + V)BT 4 nn + DBEOAH? (A.36)

—2m(2n + 3)BLL 0k

p+2,q—1,k+2 p.q—1,k+2
+A4mqB, L3 T —4mgB L

+4.q.k+2 +2.0.k+2
+ 4m(m + 1)Brf+6,rz+2 —8m(m + )BY 0

+4mim + DBESEN i fe £ fllg)de.

Moreover, Lemma A.6 implies there exists a constant C > 0 such that for all || f'||gr < 1
we have

| (BE# (fo+ 1) = BE&F(fo) = 9BLE* SO DU S| gy o))

k
< CIA I T Tl
i=1
which proves (A.32) for p > 1.

Let now p = 0. In this case, the formula (A.36) is still valid (and defines a function
in H'~1(S)). This formula is obtained again by interchanging the order of integration
in (A.34) via (A.35), but slightly more subtle arguments are needed when considering the
terms of (A.35) with p = 0 as the PV symbol appears in front of the first integral in (A.34).
More precisely, letting

K St S _
I(&,s,7):= (l_[ Lf/z) (8[$,S]f/2)2(1 — T)3$,¢(5[s,s]fz/2,s) @& —s)

e s IIs]

denote the integrand in (A.34), it holds that

PV/:T (/OII(S,S,T)dT) ds =/:T (/OII(E,S,I)+I(§,—s,r)dr) ds
2/01 (/Onl(%‘,s,r)+I(E,—s,t)ds)dr:/01 (PV]_ZI(S,s,r)ds)dr,
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by Fubini’s theorem and in view of the estimate
C
[, s,T)+ 1, —s,7) < ||5T teR, 0#se(—mm), tel01].
s|5/2—

Applying Lemmas A.4 and A.6, we conclude from (A.36) that there exists a constant
C > O such that for all || f||gr < 1, we have

| (BE# (fo+ f) = BE&*(fo) = 9BLE* SO DA - il g1 s))

k
<Clf I [T1A e
i=1
which proves the claim for p = 0. ]

We now show the Fréchet differentiability of the operator By defined in (3.7).

Lemma A.10. Givenr € (3/2,2), the map By : H (S) — L(H ~1(S),H’(S)) is Fréchet
differentiable and the Fréchet derivative dBy( fo) is given by

ABo(fo)lf] = 2BV (fOlf] +2BYY (fOlf). fo. f € H'(S). (A37)

Proof. We apply the same strategy as in the proof of Lemma A.9. Defining ¢ by

! 12, + tanh?(n)
P :Z—ln( ; ) ) 0#£neR, se(—mmn),
an (1 +1£))(1 — tanh? (1))
we have 2
1 (I + 1) tanh ()
an‘f’(ﬂ, S) =,
T ot tanh“(n) -
Np(n.s) = 1 (14 1) (1 — tanh? (i) (15, — tanh” (n)) '
n d (l[zs] + tanh?(n))?2 .
We prove that

T

DBo(fo) L f ) (€) = / (61 //2) 00 (1 fo/ 2.5)0(E —$)ds.  (A39)

—TT

since straightforward calculations show that (A.37) and (A.39) coincide. Using Taylor’s
formula, Fubini’s theorem, (A.38), and (A.39), we compute for £ € R, fo, f € H'(S), and
@ € HI(S) that

Bo(fo + N)g1(&) — Bo(fo)lwl(®) — dBo(fo) [/ [)(©)
T 1
- / (et //2)° /0 (1 = 0002 (8pe.q.fo/2.5) dr (& — 5) ds

-7
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1 T
2
= /0 A=) [ (e f12)°2 0 (Bes) fo /2, )€ — 5 ds de
-7
1
=2 /0 (1— T){Bg;gﬂ + Byy? — Byy? —2B3Y?
- B39? + B3R + B3I gl e,

where f; = fo + tf. Using (A.29), we thus find a constant C > O such that for all
f e H' (S) with || f|lar <1, we have

I Bo(fo + /) — Bo(fo) — 3Bo(fo) [/l £r—1(s)mr(sy) < C IS e+
which proves the claim. u
We are now in a position to establish Corollary A.8.

Proof of Corollary A.8. Recalling that BY 7% (f) = B,f,’,‘f,’o(f) for f € H'(S), the asser-
tion is a direct consequence of Lemmas A.9 and A.10. |

B. Localization of the singular integral operators C,_,,

In this section, we show that the singular integral operators C,?,m defined in (3.6) can be
locally approximated by Fourier multipliers, see Lemma B.2 for the precise statement. As
a starting point, we infer from (3.2) the following algebraic relations:

(Cn,m (5) - Cn,m (a))[b9 (P]

m
:ZCH-‘FZ,m-‘rl(ala"'aai7dia"‘aam)[b9ai+&i’ai_di?(p]7 HENO, mENa
i=1

(B.1)
and

dCpm(@)[b. 9] — Cpm(a)[b. dyg]
=b1Com(@)[ba,....bn,d, 0] — Cym(@)[ba,...,bn,d.b19], neN, me Ny,
(B.2)
which hold for all a,a € WH(S)™, b € WL(S)*, d € WH*°(S), and ¢ € L2(S).
The following commutator property, see [1, Lemma 12] for a similar result in a non-
periodic setting, is an important tool in the analysis that follows.

Lemma B.1. Given n,m € Ny and a, f € CX(S), there exists a constant C > 0 that
depends only on n,m,r, and ||(a, f)|c1 such that for all ¢ € L?(S) we have

laCy (el = Co o (Nlagllm < Clligll2. (B.3)

Proof. The proof is similar to that of [1, Lemma 12], and therefore we omit it. [
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Let us now recall the definition of an e-partition of unity from Section 3.4. The central
result in this section is the following lemma.

LemmaB.2. Letn,m € Ny, 3/2<r' <r <2, f eH'(S), a,b e H(S), andn > 0 be

given. Then, for any sufficiently small € € (0, 1), there exists a constant K > 0 that depends

one.n,m,| f|ur, and ||(a,b)||yr—1 such that for all 1 < j < N and ¢ € H ~1(S), we

have

a(e$)b (x5 (' (x5))"
[+ 2]”

7;aCy ()bl — Hir}y] < nlmjellur-1 + Kllglly -

Hr—1

(B.4)
The proof of Lemma B.2 relies heavily on the result provided by the next lemma.

Lemma B.3. Givenn,m € Ny, 3/2 <r <2, n€(0,00), and f € H'(S), for sufficiently
smalle € (0,1)andall1 < j < N, |y| <e and ¢ € L2(S), we have

|77 Ny (i) = w5l |, < nlley(wf9) — i el (B.5)
where TF(f) := (iCosrm(foo s U £ = f1(xDidr, ).
Proof. Lete € (0,1). Since
TE (e (5 0) = 750] = X5 (Chyrm(F) = /(D C (N y (5 9) — w5 9] € L2(S),
we have by Lemma A.1 (i) that
1T ()ey (5 9) = wielle = 1T (N)ley (079) = wlle (et —mxta- (B.6O)

We now introduce the Lipschitz continuous function F; : R — R that satisfies /; = f on
Jiand F] = f'(x7)on R\ J7. Given § € (x; — 7, x; + ), we then have

TP ()lry (rf ) — 7] (€)

= x@ev [ ¢(5[f§]f ) bal/ = [ pe) (o (nfo) = o)),
- Xf'(f)%PV /_ﬂ ¢(8[g,ss]f)8[s,s](1”} —Sf (x)idg) (1) (7p) _Sﬂ;(p)(s _5) .

= (X Cnrrm(fooo s O LF = f1(6])idR, Ty (77 9) — 707 0]) (§), (B.7)

where ¢ (x) = x*(1 + x2)™™, x € R. Indeed, if on the one hand £ € (x; — n,xf + )\ J]?,
this is a consequence of x5 (§) = 0.1If on the other hand § € J7, then f(§) = F;(§) by the
definition of Fj. Since [s| < 7, we have § —s € (x] —37/2, x] + 37/2) for sufficiently
small &, while supp 7} N (xf —37/2,x7 + 37/2) = I}. Therefore, in the case § —s & J7¢
itholdsthaté —s + y ¢ If forall |y| < ¢, hence, nf(p(f —5) = ry(nfq))(g —5)=0.As
a direct consequence, the integrand is not zero at most when & —s € J je , and in this case,
we also have f(§ —s) = Fj(§ —s). This proves (B.7).



D. Bohme and B.-V. Matioc 690

Lemma A.1 (i) together with (B.6), (B.7), and the definition of F; enables us to deduce
that there exists a constant C > 0 such that forall 1 < j < N, |y| <&, and ¢ € L?(S),
we have

177 (Oey(mfe) = wiell < ClLf = £/ () liee Ty (T 9) — 7@l

The estimate (B.5) follows by choosing ¢ € (0, 1) sufficiently small since f’ € C"~3/2(S).
[

We are now in a position to establish Lemma B.2.

Proof of Lemma B.2. In the following, we denote constants that do not depend on ¢ by C
and constants that depend on ¢ by K.

Recalling that H = Bg:g, cf. (3.4), the relation H = A(l):g + Co,0, cf. (A.2), together
with Lemma A.2 yields

I(H = Coo)xfelllr—1 = ClAgglmielllcr < Clnfelloo < Kllllrr-1,

and therefore,

. 0 aCbE )"
4 Cnan D= e M)
. aCPENS )"

= |G (Nl = = ey Coolriv] Kl

To estimate the first term on the left-hand side of the latter inequality, we write
a(x$)b(x)(f'(x6)"
[1+ (f7(e)2]"
=a(T1 + T2) + b(x;)(T5 + a(x})Ty),

7;aCp o (f)[be] =

Co,ol7} ¢l

where

Ty = 7C) ()b = b(x)@] = Col o (5 (b = b(x}))¢].
Ty := Cp (N (b = b(x)gl,
T3 := 7;aCy (gl — a(x})Cy (Nl ],

(f'))"
=Y R ’
T4 n,m(f)[ﬂ] QO] [1 + (f/(xjé?))Z

T Co,ol7j ¢]-

We consider these terms successively.

The term aTy. In view of Lemma B.1 and of the algebra property of H"~!(S), we have

laTillwr-1 < KN(b = b(x;)ell2 = Kl (B.8)
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The term aT,. We use Lemma A.1 (iii), (3.34), the identity )(j. nf = f , and the algebra
property of H"~1(S) to obtain, in view of b € C"~3/2(S), that is,

laTz w1 < Clizf (b = b(x})¢llur—
= Cllxj b =b(xi) ol @llmr—1 + K@l (B.9)
= /7 ellur—1 + Kl

provided that ¢ € (0, 1) is sufficiently small.

The term b(xj"?)Tg,. Since )(jn; = n]‘?, we have T3 = T3,1 + T32 + 73,3, where
T3y = (5a) (77 C o (Nlg] = Gl (NS 0).
Tsz = xi(a —a(xH))CY . (flriel.
T35 = a(x)) (x5 Cp m(NEfel — CF L (NG (5 9)]).
and Lemma B.1 yields
16 T3, llwr—1 + 16(x) T3,3llmr-1 < K@i
Moreover, (3.34), Lemma A.1 (iii), and the property a € C" -3/ 2(S) lead us to
1bGH) T3 2llur-1 < Cllxg (@ = a(xi) ool Cop (NIf @l + KICy  ()I7f @]l
=/l el + K@l

provided that ¢ € (0, 1) is small enough, and therefore,

16D T3l < (/37 @llur—1 + Kll@llgr-1- (B.10)
The term (ab)(xf)T4. Using again the relation X}‘?n; = n]‘?, we have Ty = T4,1 + T4 2,
where ()
x¢
Ty = . £Coolmi ]l — Co,olx5(
S T e (x:Co.0lmf ol — Coolxi ()]
— (5 Cm(DEf 0] = C o (N i),
f'x)"
. 0 J
Tap = )5 (Cn,m(f)[”ﬁﬂ] - WCO,O[ﬂ;(P]),
and, by Lemma B.1,
1 T4,1llar— < Kllel2. (B.11)

It remains to estimate the term 73 » for which we first use Lemma A.1 (i) to deduce that

174202 < K|l¢ll2- (B.12)
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In order to estimate the seminorm [Ty ]wr-1.2, We note, by using (B.1) together with the
identity f”(x§) = O[g,s)(f'(xf)idr)/s, that

n—1
Tap =Y (f GO U Clrm(foe e O £ f = F/(xDidR. 5]

k=0
m—1 (f/( 8))n

B [1 + (f (xg))z]m—k X§C2,k+l(f» ey f)[f’ f _ f/(x;)idR, ﬂf(p]

=0 X

et

"L T R e DU =S it )
k=0 X;

Consequently,

n—1

[T42]wr12 < Co( (15 Csrm(fee s DU o f = f1(3))dR 7 0] g2

~
Il

I ©

—

+
N

G Coerr (feo s OIS = f1GidR, 75 0] |10

x~
Il
- o

3
|

+ ) G Cuksr (S NS = f(x))idr, ﬂf(ﬂ]]wrl,z)-

k

Il
o

(B.13)
Set

Sk 1= 15 Chsran(fove U fof = F/(DidRonlg). 0 <k <n—1.

In order to estimate the W’ ~1-2-seminorm of Sj, we write for y e (—m,m)

Ty Sk — Sk = Sk + Sk2 + X5 Sk

where, using again (B.1), we have

Sk = Xj = XD Crrrm(foo o O fof = £ (x])idr. 7/ 0],
Sk2: =2 Corrm(foo s O S f = f1(DidR, 1y (7 0) — 7/ 0]

k
Sks=>_ Ciyim(fi... Lo S =fo e n fof = [ (&idr. o (T50)]
i=1 l—l

+Ck+1,m(f»~~-»f)[fyfw“»Tyf’Tyf_f»fy(”;‘p)]
_ZC]£+3,m+1[Tyfv-~vaf’fyf_f/(x;)idR,fyf+ﬁfyf_ﬁry(7r;¢)]

i=1
and
Ck+3 mt1 = Crys, m+1(f Lo fo o f).
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Lemma A.1 (ii) (with r = r’) yields

ISk1ll2 = Klly x5 — X ll2ll@llyr-1-

To estimate S », we consider two cases. If | y| > &, we use Lemma A.1 (i) and obtain

[Sk2ll2 < Kllg]l2.

If |y| < &, we use (B.5), which gives

ISk2ll2 = (/COlIzy (rf9) — 7l

provided that ¢ € (0, 1) is small enough, with a positive constant C; which we fix below.
Finally, Lemma A.1 (ii) (with r = r’) produces

x5Skl < Klly £ = £ ll2ll @l -

Combining the above estimates, we have

[Sklwr-12 < (/ COllj@llur-1 + K@l (B.14)

It is now obvious that all the terms on the right-hand side of (B.13) can be estimated by
the right-hand side of (B.14), provided that ¢ € (0, 1) is sufficiently small. From (B.12)-
(B.14), we then deduce, after choosing Cy := 3CCy(n 4+ 2m)(1 + ||ab| ), that is,

1742051 < CITaz2ll2 + [Ta,2]wr-12)

CCo(n+2m)n
< ——— 7ol + Kllollyr—

= C
< |l + Kl
3(1+ [lablloo)
and together with (B.11), we get
@) (x}) Tallgr—1 = (/37 @llur—1 + Kl @llyr-1- (B.15)

Gathering (B.8)-(B.10) and (B.15), we obtain (B.4), and the proof is complete. [

C. The behavior of the pressure and velocity near the interface and in
the far-field

In this section we consider the function (v, ¢¥) defined in (2.12)—(2.13) and prove, under
the assumptions in Theorem 2.2, that (v, ¢ ) satisfies the boundary conditions (2.1)3_4,
as well as the far field boundary condition (2.1)s5, see Lemmas C.6 and C.4 below.



D. Bohme and B.-V. Matioc 694

Thus, in this section, we fix f € H3(S) and use the notation introduced in Section 2.
Some additional notation is also needed. Given a function w : (S x R) \ I' — R, we set

wti=w o+ and denote by

{wyE o B(§) := . lim w(x), £€S,
QE3x—( £(§))

the one-sided limits of w in E(§¢), whenever these limits exist. Conversely, given functions
wt: QT - R, we set

wi=lgrwt +1g-w™,

which is viewed as a function defined almost everywhere in S x R. Moreover, since the
gradient Vv¥ is determined by simply differentiating under the integral sign in (2.13)
(see the proof of Theorem 2.2), we need to calculate the first order partial derivatives of
U. From formula (2.8) we infer, that, for given x € (S x R) \ {0}, they are given by the
following expressions:

1) 1=TF ) . 1311 Ty (1415, PA-TF, 7))

2
T 1 et T e+ TEy)?
Bl‘ul (x) = — 1 2 1 2 ’
87 xp UHE DA-TE DCE - T,
2 e+ Tiy)?

2 2 2 2 2
Tl A4 (G DO=TE DG~ T

2 2 2 2 2
1T 1 t[X1]+T[X2] 2 (t[x1]+Tx2])
LU (x) = —
8 t[xll(l xz]) t[xllT[Xz](1+t[x1])(1 sz])
2 2
e+ i) G+ T’
(C.1)
2 2 2 2
Q(H‘m])(l T~ Ty
T2 )2
2 (t[xl [le)

T 1
U (x) = . ) i )
T 11 (-T ) 10 Tiea) 2 PA=TE )

2 2 2 2 2
1 ey (it Ty
’[>€1](1 x2]) zl[xllT[le(1+t[x1])(1 xz])
P cu2T(x) 1 t[x1]+ [x2] (t[xl]+T[X2])
2 = -
87 xp WHEDOA-TE DG -TE,)
2 (t[xl Xz])

This motivates us to establish first the following preparatory result.

Lemma C.1. Given ¢ € L2(S), let Z,,(f)[¢] : (S xR)\ T — R, 1 <n < 6, be defined

by
L (= Tg,)
ZiNl) = 5 | ST () ds,
T T
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17 T (1 +12,)

Zr(Nlel(x) == — > >——¢(s)ds,
27 Jow M+ Ty
U (U ) (=T )5 — T)
Z(Nl)) = 5 | e el (s) ds,
- (1 + Tit)
1™t T (115, (1= T2,)
Za(P)pl(x) = » " 114 [r2 - [rl]2 > [r2] o(s) ds,
d (15 + Ti2)
1o q(1-T3,)
Zs(Nlel(x) == = r—————¢(s)ds,
20 S gy ¥ Ty
L T +1G,)
ZeNl0) = 5 | P p(s) ds, (€2)
e B VI
where r = (r1, r3) is defined by
ri=r(x,8) =x—(s, f(s)), xeQE seR. (C.3)

We set
Ba(Npl§) =PV (Za(f)e)(E()), 1<n<6, £e€S. (C4
Then, Z,(f)[p]t € C®(Q*), 1 <n <6, and Z,(f)[¢] € C(S x R), n = 5,6, with

{Za()lel}F 0 E = Bu(f)lgl. n=5.6. (C.5)
Moreover; if additionally ¢ € HY(S), then Z,( f)[¢]T € C(ﬁ), 1<n<4, and
Zi(Nlel\ )™ Bi(/)ly] —f
Z>()le] B>(f)lg] 1 1
o8 = +— 2 | . C.6
Z3(f)lg] By(lel | ? | 27 | €0
Z4()le] Ba(f)le] =4 °

Related to the definition (C.4), we observe that we may evaluate the integrals (C.2) at
E (&) with £ € S, provided that we interpret some of the integrals as being singular, see
Lemmas A.2 and A.3, since the operators B, (f), 1 <n < 6, can be represented as linear
combinations of the operators B,f,’,‘f, (f),n,m,p,q € Ng,1 < p<n+gq—+ 1, defined in
(3.5), see (3.9). In fact, Lemma A.2 ensures that B, (f)[¢] € C(S), n = 5, 6, while, for
@ € H'(S), we also have B, (f)[¢] € C(S),1 <n < 4, cf. Lemmas A.2 and A 4.

Proof of Lemma C.1. Arguing as in the proof of Theorem 2.2, it immediately follows that
the function Z,( f)[¢]* belongs to C®(Q*) for I < n < 6. Moreover, Lebesgue’s dom-
inated convergence theorem leads to

(Za(Nlly*™ 0 E = Bo(f)l9] €C(S), n=5,6,
so that Z,(f)[¢] € C(S x R) for n = 5, 6. This proves (C.5).



D. Bohme and B.-V. Matioc 696

In the remaining, we assume that ¢ € H'(S). Since B,,(f) € C(S),n = 1,2, together
with [26, Lemma 2.2], we conclude that Z,,(f)[¢]T € C(Q*) forn = 1,2, with

/

(Dl o = BNl F Ly,
(€.7)

(Za(Nle* 0 8 = Ba(Plg) & 5.

In order to derive similar properties for Z, ( f)[¢], n = 3,4, we use integration by parts
to deduce that

Zs(Nle'l = Z1(NHIf "0l = Z3(Nle]l = 2Za(f)Lf o).
Zs(Ne'l = Zo(NISf "0l + Z3(NIf 0] = 2Z4( o]

respectively,

Bs()le'l = Bi(NSf "ol = B3 (el —2B4( /)] ¢].
Be(Nle'l = B2()f "0l + B3(Nf "¢l — 2Ba(f)lg]

Since Z,(f)[¢'] € C(S x R), n = 5, 6, the latter formulas combined with (C.5) and (C.7)
(with ¢ replaced by f'¢) yield

} in (S xR)\T,
} in C(S).

2

(Z3(Nlel + 2Za (NS 91} * 0 E = B3(f)e] + 2Ba())f 9] F P
(C.8)

!/

(Zs(Nf "9l = 2Za( gl * 0 B = Bs(f)[f'¢] = 2Ba(f)e] F pria

We now replace ¢ by ¢/w? in (C.8); and by (f'¢)/w? in (C.8), to obtain, after taking
the sum of the two relations, that
2

(Z3(Nlely 0 € = Ba(f)le] F

wt ¥
/13
{Z4(Del}F 0 B = Ba(f)le] = ! 2w{

with (C.9), being a direct consequence of (C.9); and (C.8),. This proves (C.6) and com-
pletes the proof. ]

(C.9)

@,

As a further preparatory result, we establish the following lemma which is related to
the logarithmic term in U, see (2.5) and (2.8).

Lemma C.2. Given ¢ € L2(S), let Zo(f)[¢] : (S x R)\ T — R be given by

Zo(H)e](x) = % [_z In (sin2 (%‘) + sinh? (%2))<p(s) ds. (C.10)
Then, Zo(f)l¢] € C®((S x R)\ T) and V(Zo(/)lp]) = (Z1(/)le). Z2(f)l¢)). Addi-
tionally, if ¢ € HU(S), we have Zo(f)[¢] € C(S x R) and Zo(f)[p]* € C1(Q*, R?),
with

{Zo(N)lpl* © E = Bo(f)lg), (C.11)
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where

/4

1 . .

Bo(H)le]¢) := Ef In (51n2(s/2) + s1nh2(8[g,s]f/2))<p(§ —s)ds, £e€S. (C.12)
-7

Proof. Arguing as in the proof of Theorem 2.2, we obtain that Zo(f)[¢]T € C®(Q%),

with gradient

V(Zo(Ne]) = (Z1(N)le]. Z2()lgD.

Since Z,(f)[p]* € C1(Q*), n = 1,2, for ¢ € H'(S), cf. Lemma C.1, we deduce that
Zo(f)e]T € CH(QE, R?). Additionally, Lebesgue’s dominated convergence theorem
ensures that both one-sided limits of Zo( f)[¢] in E () exist for all £ € S and coincide
with Bo(f)[¢](§) (which exists as an improper integral). This proves (C.11) and the con-
tinuity property Zo(f)[¢] € C(S x R). |

Related to the asymptotic behavior of the operators defined above, we establish the
following lemma.

Lemma C.3. Given ¢ € L2(S) for x, — 400, we have

Zs()lp]* — 0, (C.13)
Zs(N)llE F x2(p) — F(f0), (C.14)
Zo(N)le]* F x2(p) > F(fo) — (¢) In4. (C.15)

Proof. The property (C.13) is a simple consequence of Lebesgue’s dominated conver-
gence theorem, which implies, via

1 (" Tira) — 1,
Zs(lel* () F x2(g) £ (fo) = — / (1 F Ty o g(s)ds. x € @,
27 Jx tiry + Ty

also (C.14). Finally, with respect to (C.15), we note that since

1 T
o In(4™e™)pds = (fo) + (£Ind — x3)(p), x e QF,
T J-x

Lebesgue’s dominated convergence theorem yields

Zo(Nlel* () = [(fo) + (EInd = x2)(p)]
1 T r2_ 9 —r2

= — In ( sin? <r_1) + efoere FIn(4Te™) |(s) ds

2 J_n 2 4

1 4

= — In <4ejFr2 sin? (r_1> +eT22 _2eT2 4 l)(p(s) ds —— 0. [
T J_x 2 x2—>+00

We are now in a position to study the behavior of the velocity v defined in (2.12)—
(2.13) close to the interface and in the far field (under the assumptions of Theorem 2.2).
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Lemma C.4. We have v € C(S x R, R2), vE € C1(Q%, R?), and

(Vv + (Vo) T[9) 0 E =0 (G- 1)t onS, (C.16)
viuy»(¢<ﬂixg for x» — %00, (C.17)
2p

Proof. Recalling (2.13), we write

1 ((Zo(f) + Ze(fDIGI] = Z5(N)IGa]\ |
4 ((Zo(f) — Z6(f))[Ga) - zs(f)[Gl]) in(SxR)\T.  (C.18)

and Lemmas C.1 and C.2 ensure that indeed vg € C(S x R, R?) and

1 ((Bo(f) + Bo(/))[G1] - Bs(f)[Gz])T

]

m (C.19)

{va}* o

(Bo(f) — Bs(f))[G2] — Bs(f)[G1]

Noticing also that

V(Zs(DlgD) = (=Z3(Nlel. Z1(Hle] = 2Z4(f)le))
V(Zs(N)le]) = (=2Z4(N)le). Z2(Ne] + Z3()le))

we infer from Lemmas C.1 and C.2 that v(i; eC! (ﬁ, R?) and the formula (C.6) leads us

to
. _ /
[Vug]o E = |:81UG’1 asz’l:| 0B = G-t ( S )

a1UG,2 a2UG,2 ;w)3 —f/2 f/

} inSxR\T,

[l

hence,
(Vg + (Vug) TI9) 0 B = 0 (G - 7)1,

and (C.16) follows.
Moreover, in view of Lemma C.3, we have

vE(x) - (:F <fGl),—<GZ) ln4) for x, — +o0,
21 4

which proves (C.17). [ ]

The following observation, together with (C.19), is used when formulating the Stokes
problem (1.1) as an evolution problem for f, as it provides an expression for the trace
of vg on T, in the particular case when G = F’ for some function F = (Fy, F,), which
involves the function F' (and not its derivative), see (C.21) below.

Remark C.5. Assume that G = F’ for some function F = (Fy, F») € H2(S). Then,
observing that [s > U(x — (s, £(5)))] : S — R?*2 is continuously differentiable, inte-
gration by parts in (2.13) leads to the following representation:

v%@ﬁ:%/”Fw(%(3300+fﬁwzcﬁ)00d& xeQE. (€20

4
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In view of (C.1) and (C.2), we conclude from Lemma C.1 that
{vg}F o &

_ L ((31 ~2B4)(N)F ~ f'F2] + (2B2 + Ba)())Lf Fi] + Ba(f)[Fz])T

4\ BU(NIF — fTF + Bs(f)IF1 — f'Fal + 2Ba(f)Lf Fi + Fal.
(C.21)

Finally, we consider the pressure g.
Lemma C.6. We have g* € C(@) and

[g]c B =—w 'G-v onS,

(G2)

gF(x) —> :FT for xo — to0.

Proof. Since
_ _Zi(NIG1] + Z2()[Gr]
> )

Lemma C.1 yields g* € C! (ﬁ) together with [gg] o E = —»~!G - v. Moreover, a simple
application of Lebesgue’s dominated convergence theorem shows that

(G2)

qi(x) — :FT for x, — +o0,

which completes the proof. ]
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