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Squeezed knots

Peter Feller, Lukas Lewark, and Andrew Lobb

Abstract. Squeezed knots are those knots that appear as slices of genus-minimizing oriented
smooth cobordisms between positive and negative torus knots. We show that this class of knots is
large and discuss how to obstruct squeezedness. The most effective obstructions appear to come
from quantum knot invariants, notably including refinements of the Rasmussen invariant due
to Lipshitz—Sarkar and Sarkar—Scaduto—Stoffregen involving stable cohomology operations on
Khovanov homology.

1. Introduction

Definition 1.1. We call a knot K C S3 squeezed if it appears as a slice of a genus-
minimizing oriented connected smooth cobordism between a positive torus knot 7'+
and a negative torus knot 7. If so, we further say that K is squeezed between T+
and 7.

The world-weary knot theorist will doubtless have inwardly groaned on reading this
definition. Why after all should they care about a new class of knots when there already
exist so many interesting classes? For example, there are positive knots, almost positive
knots, strongly quasipositive knots, quasipositive knots, all the negative counterparts,
alternating knots, alternative knots [9], homogeneous knots [3], and pseudoalternating
knots [23]. The reader may perk up on reading the following proposition.

Proposition 1.2. If K is positive, almost positive, strongly quasipositive, quasipositive,
any of the negative counterparts, alternating, alternative, homogeneous, or pseudoal-
ternating, then K is squeezed. Furthermore, the concordance classes of squeezed knots
form a subgroup of the smooth concordance group.
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Figure 1. We draw a schematic of a genus-minimizing knot cobordism ¥ C S3 x [—1, 1] between
the positive torus knot 71 and the negative torus knot 7. The knot K appears a slice of this
knot cobordism and hence K is a squeezed knot.

The simplest example of a squeezed knot not immediately obvious from Defini-
tion 1.1 is the Figure Eight knot. It is squeezed between the positive and the negative
trefoil knots, as illustrated in Figure 2.

B

Figure 2. On the left is the positive trefoil knot, and on the right is the negative trefoil knot. The
knot in the middle is the Figure Eight knot, which is obtained from either trefoil by the addition
of two oriented 1-handles. Hence, we have exhibited the Figure Eight knot as a slice of a genus 2
(which is minimal) cobordism between the positive and negative trefoils.

Of course, the above subsumption of classes of knots is only interesting if not every
knot is squeezed.

Proposition 1.3. Of the 249 prime knots of 10 or fewer crossings, at least 243 are
squeezed and at least 4 are not squeezed. In fact, the knots 943, 10125, 10132, and
1036 are not squeezed.

Prize. We offer 130 Swiss Francs and 141 Swiss Francs for determining the squeezed-
ness status of each of the knots 10139 and 10143, respectively.
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Among those 243 squeezed knots, not every knot lies in one of the classes covered
by Proposition 1.2. Each of the 243 is however what we shall call quasihomogeneous —
although we leave the definition of this concept until later.

Since the definition of a squeezed knot involves smooth knot cobordism, one might
predict that one most easily obstructs squeezedness by co-opting an invariant from
the suite of Floer homological invariants, which have been so powerful in answering
questions about knot cobordism and concordance. In fact, the obstructions that we have
found to be useful on small knots rather arise from the quantum side of knot theory.

Maybe most strikingly, the only way we have found to obstruct the knots 945, 10132,
and 1036 from being squeezed is to use refinements of the Rasmussen invariant using
stable cohomology operations. In particular, we appeal to the spacification of Khovanov
homology due to Lipshitz and Sarkar [15] and to their refinement of the Rasmussen
invariant [16] using the second Steenrod square, or we appeal to the refinement of the
Rasmussen invariant using the first Steenrod square on odd Khovanov homology due
to Sarkar, Scaduto, and Stoffregen [34].

These obstructions arise since the concordance invariants coming from quantum
knot invariants tend to be boring on squeezed knots in a sense made precise in the
following proposition.

Proposition 1.4. If K is a squeezed knot, then the value of the following invariants on
K depends only on the Rasmussen invariant s(K).

» All slice torus invariants. In fact, they all take the value s(K)/2.

» The Lipshitz—Sarkar refinements of the Rasmussen invariant.

*  The Sarkar—Scaduto—Stoffregen refinements of the Rasmussen invariant.
*  Schiity’s integral Rasmussen invariant s”.

o The refinements S, and 3, of the sl slice torus invariants.

Typical examples of slice torus invariants (see Definition 3.4) are suitable normal-
izations of the Rasmussen invariant s, the t invariant, or the sl,, concordance invariants
sn. That the knot 10155 is not squeezed can be deduced by comparing s(10;25) to
53(10125). Note that since 10155 is quasialternating, it cannot be obstructed from being
squeezed by comparing s(101,5) with 7(10125), see [22].

Remark 1.5. While many invariants are determined for squeezed knots, this is in
general not true for the slice genus g4(K) of a knot K, which is defined as the minimal
genus realized by oriented connected smooth cobordisms between K and the unknot.
For example, consider a knot K squeezed between the positive and the negative trefoil.
The minimal genus of a cobordism from the positive to negative trefoil is 2, while
each trefoil has slice genus 1. From this, we can deduce that g4(K) € {0, 1,2}. All
these values are assumed for different choices of K. For example, take the unknot, the
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figure-eight knot (see Figure 2), and the knot J shown in Figure 3, respectively. See
Example 2.11 for more details on J.

Figure 3. A strongly quasihomogeneous knot with slice genus 2, squeezed between the positive
and the negative trefoil.

Plan of the paper. Section 2 contains definitions and topological constructions we use
to verify that the 243 knots of Proposition 1.3 are squeezed, and to prove Proposition 1.2.
The obstructions to being squeezed are explained and applied in Section 3 to the four
non-squeezed knots of Proposition 1.3. In Section 4 we explore some natural directions
that arise from our study of squeezedness.

2. Definitions, examples, and constructions

All our manifolds will be smooth, compact, and oriented. Although our main interest
is knots, we widen our scope to include links, as this will enable us to derive a good
criterion for determining squeezedness.

Definition 2.1. A connected cobordism between two links is called genus-minimizing,
if and only if it realizes the minimal genus (or equivalently, maximal Euler characteris-
tic) among all connected cobordisms between the two links.

Recall from Definition 1.1 that a squeezed knot is a knot which appears as a slice
of a genus-minimizing cobordism between a positive and a negative torus knot. We
begin this section by giving equivalent formulations of Definition 1.1.

Proposition 2.2. Let K be a knot. The following statements are equivalent.

* K is squeezed.
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There exists a genus-minimizing cobordism C C S3 x [—1, 1] between a strongly
quasipositive link and a strongly quasinegative link such that K x {0} = C th
S3 x {0}.

s There exists a genus-minimizing cobordism C C S x [—1, 1] between a quasipos-
itive link and a quasinegative link such that K x {0} = C t S3 x {0}.

To readers familiar with the definitions of strong quasipositivity and quasipositivity,
it will be clear that each bullet point implies the succeeding bullet point. We add one
clarification: we will always assume that (strong) quasipositive and (strong) quasinega-
tive surfaces are connected, and hence we will in particular not consider unlinks with
more than one component to be quasipositive. For those readers unfamiliar, we shall
set out the relevant definitions below. The meat of our proof of Proposition 2.2 is then
in showing that the third bullet point implies the first bullet point; but this is essentially
of the same level of difficulty as showing that the slice-Bennequin inequality is an
equality for quasipositive braids using that it is an equality for the standard torus knot
braids [31, Section 3].

It is the main work of this section to define the notion of quasihomogeneity. It is a
definition that is motivated by the third bullet point of Proposition 2.2 — quasihomoge-
neous knots are boundaries of immersed surfaces which represent a genus-minimizing
cobordism as in this bullet point. In Section 2.1 we define quasihomogeneity modulo
some details about quasipositivity and establish that quasihomogeneous knots are
squeezed. In Section 2.2 we fill in the missing details and give an example. Then in
Section 2.3 we show that the 243 knots of Proposition 1.3 are squeezed. Finally, in
Section 2.4, quasihomogeneous knots will be shown to subsume all the classes of knots
from Proposition 1.2, thus proving that proposition.

2.1. Ribbon surfaces and quasihomogeneity

Generically immersed surfaces with boundary in S3 contain 1-manifolds of double
points and 0-manifolds of triple points. A ribbon surface is an immersed surface with
no triple points in which the 1-manifolds of double points have a prescribed form.

Definition 2.3. A ribbon surface is an immersed orientable compact surface without
closed components in S3 such that the only self-intersections of the surface are ribbon
self-intersections as defined in Figure 4. We consider the boundary of the ribbon
surface as a link in S3.



P. Feller, L. Lewark, and A. Lobb 836

Figure 4. We show a 1-manifold of intersection in an immersed surface in the 3-sphere. Such
self-intersections (where the preimage of the locus of the intersection consists of an arc with
both boundary points on the boundary of the surface, and an arc in the interior of the surface) are

TR

called ribbon self-intersections.

T

Figure 5. A motivational picture for the definition of quasihomogeneous. The green disc together
with the yellow discs and the yellow ribbons should form a quasinegative surface, while the
green disc together with the blue discs and the blue ribbons should form a quasipositive surface.
The blue ribbons do not intersect the yellow discs, while the yellow ribbons do not intersect the
blue discs. We refer to the union of all the discs and ribbons as a quasihomogeneous surface.

It is straightforward to see that one may describe any ribbon surface up to ambient
isotopy in the following way. Start with a collection of disjoint embedded discs in S3
(for example the yellow, green, and blue discs in Figure 5). Then add some disjoint
embedded arcs with endpoints on the boundaries of the discs (such as the yellow and
blue arcs of Figure 5). The interiors of the arcs are allowed to transversely intersect
the interiors of the embedded discs. Then, by thickening each arc to a ribbon, obtain a
ribbon surface. There is some choice in how to thicken the arcs, given by a framing
of each arc relative to its endpoints. The requirement that the ribbon surface be
orientable results in certain modulo 2 restrictions on these framings. Note that the
ribbon singularities occur exactly where the ribbons intersect the interiors of the discs.
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A ribbon surface determines a smoothly embedded surface in the 4-ball whose
boundary is the boundary of the ribbon surface. Here is an explicit upside down handle
description. Start with an interval times the boundary of the ribbon surface and add a
1-handle for each ribbon (dual to the arc at the core of the ribbon). The resulting link
is isotopic to the boundaries of the discs that we started with. A 2-handle for each such
disc can then be added to complete the description.

Definition 2.4. A quasipositive link L is a link that appears as the boundary of a
quasipositive surface (similarly for quasinegative). A strongly quasipositive link L is a
link that appears as the boundary of an embedded quasipositive surface (similarly for
strongly quasinegative).

We postpone the definition of quasipositive and quasinegative surfaces. It is more
important at this point for us to know the following. They are ribbon surfaces (in
particular they are immersed in S as described in Definition 2.3) for which the
following three facts hold. For the reader familiar with quasipositivity, we highlight
the first bullet point, which is often not assumed in the literature.

Lemma 2.5. We have the following.

*  Quasipositive and quasinegative surfaces have the property that they are images of
immersions of connected surfaces.

* If L is the boundary of a quasipositive or quasinegative surface, then the surface
describes a genus-minimizing cobordism from the link L to the empty link.

o If LT is the boundary of a quasipositive surface X%, L™ is the boundary of a
quasinegative surface =, and ¥ is a connected cobordism from L™ to L™ of
maximal Euler characteristic, then y(X) = y(Z1) + x(Z7) — 2.

* The connected sum K #K> of two quasipositive (respectively quasinegative) knots
K1 and K, is quasipositive (respectively quasinegative), and g4(K1#K;) =
g4(K1) + g4(K2).

With this in hand, we are ready to define the main concept of this section — that of
quasihomogeneity.

Definition 2.6. A quasihomogeneous knot is a knot which is the boundary of a
quasihomogeneous surface. The reader should refer to Figure 5 and its caption.

A quasihomogeneous surface is a ribbon surface in S3 composed of discs and
ribbons as discussed after Definition 2.3, with the following additional requirements.
It comprised a single green disc; some blue discs and some yellow discs; and some
yellow ribbons and some blue ribbons. The yellow ribbons do not meet the blue discs
anywhere and the blue ribbons do not meet the yellow discs anywhere (including at the
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attaching points of the ribbons). The union of the green disc, yellow discs, and yellow
ribbons should be a quasinegative surface, while the union of the green disc, blue discs,
and blue ribbons should be a quasipositive surface.

If the quasihomogeneous ribbon surface is embedded, i.e., it is a Seifert surface,
then we call it a strongly quasihomogeneous surface and the knot a strongly quasiho-
mogeneous knot.

Remark 2.7. From the above definition, it is clear that a quasihomogeneous surface is
the union of a quasipositive surface and a quasinegative surface that intersect in a disc.
Similarly, a strongly quasihomogeneous surface is the union of a strongly quasipositive
surface and a strongly quasinegative surface that intersect in a disc.

Example 2.8. Figures 6 and 7 provide strongly quasihomogeneous and quasihomo-
geneous surfaces, respectively, with boundary prime knots with crossing number 10.

Quasihomogeneity gives us a good criterion for establishing the squeezedness of
small knots.

Proposition 2.9. Quasihomogeneous knots are squeezed.

Proof. Referring to Figure 5 and its caption we see a ribbon surface that is the union
of a quasipositive and quasinegative surface — they meet in a single disc that we
have colored green. Let us refer to the quasipositive surface boundary as L™, the
quasinegative surface boundary as L™, and the boundary of the whole ribbon surface
as K.

10163 10164

—Il:

Figure 6. Strongly quasihomogeneous surfaces. Left: a Murasugi sum of a strongly quasipositive

surface (green union blue) and a strongly quasinegative surface (green union yellow) with
boundary 10163. Right: a strongly quasihomogeneous surface for 10164.
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10162

Figure 7. A quasihomogeneous surface F with boundary the knot 1062 given as the union of a
quasinegative surface (green union yellow) and a quasipositive (in fact, strongly quasipositive)
surface (green union blue). There are two ribbon singularities (drawn as thin black lines). They
arise when the leftmost hook-shaped ribbon that starts at the top yellow horizontal disc and ends
at the green horizontal disc first intersects the top yellow horizontal disc and then self-intersects.
Compare with the paragraph before Definition 2.15 for a description of F using braids.

We describe a cobordism from L™ to L~ that has K as a slice. Starting with L™,
add the yellow disc and the yellow ribbons to arrive at K. Then add the duals to the blue
ribbons and cap off the blue discs to arrive at L™ . A handle count reveals that the Euler
characteristic of this cobordism is two less than the sum of the Euler characteristics
of the quasipositive surface and the quasinegative surface. Hence, by the third bullet
point of Lemma 2.5, it is a genus-minimizing cobordism and so, by Proposition 2.2, K
is squeezed. ]

Example 2.10. The prime knot 10463 is not positive, not negative, not strongly quasi-
positive, not strongly quasinegative, not alternating, and not homogeneous. However,
10163 is strongly quasihomogeneous; see Figure 6. In particular, 10,43 is a squeezed
knot by Proposition 2.9.

Example 2.11. Let us have a closer look at the knot J from Remark 1.5. The Seifert
surface X of J with genus 2 shown in Figure 3 is strongly quasihomogeneous. Indeed,
cutting the two yellow 1-handles (on the left) yields the genus one Seifert surface of
the positive trefoil, which is a strongly quasipositive surface, while cutting the two
blue 1-handles (on the right) yields the genus one Seifert surface of the negative trefoil,
which is a strongly quasinegative surface. So, in particular, J is squeezed between the
positive and the negative trefoil. Let us show g4(J) = 2. Taking the cores of the four
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obvious 1-handles as basis, one finds the following Seifert matrix A of X:

1 0o -2 -1

The associated quadratic form 7 has discriminant disc 7 = det(4 + A7) = 225 =
p?- (8- p+ 1) for p =3, and the Hasse symbol of n over Q,, is —1. This implies by
[14, Theorem 1] that there is no non-trivial solution for v’ (4 + AT )v = 0 for v € Z*,
which in turn implies that g4(J) > 2, see [38].

Example 2.12. All strongly quasipositive knots and all strongly quasinegative knots
are strongly quasihomogeneous. If a knot K is the connected sum of a strongly quasi-
positive knot and a strongly quasinegative knot, then K is strongly quasihomogeneous.

More generally, any Seifert surface F' that arises as the Murasugi sum of a strongly
quasipositive surface with strongly quasinegative surface is strongly quasihomoge-
neous; see the left-hand side of Figure 6 for an example. Hence, knots that arise as the
boundary of such F are strongly quasihomogeneous.

Example 2.13. All 3-stranded pretzel knots P(p, ¢, r) with p, ¢, r odd integers are
squeezed. In fact, P(p, q,r) is slice, or its canonical Seifert surface is strongly quasi-
homogeneous. Let us show that now. The canonical Seifert surface of the P(p, q,r)
pretzel consists of two discs, connected by three bands with p, g, r half twists, respec-
tively. Let us distinguish three exhaustive cases.

» If there is a positive and a negative integer among p + ¢,q + r,r + p, say without
loss of generality p 4+ g > 0 and g + r < 0, then the canonical Seifert surface % of
P(p,q,r) is strongly quasihomogeneous. Indeed, it is the union of one unknotted
annulus with p + ¢ half twists, which is a strongly quasinegative surface, and
one unknotted annulus with g 4 r half twists, which is a strongly quasipositive
surface; these two annuli intersect in a disc. In terms of Definition 2.6, X can be
decomposed into one green disc, one yellow ribbon and one blue ribbon.

» If p+q,q9+r,r+ pareall positive (negative), then the canonical Seifert surface
of P(p, q,r) is strongly quasinegative (strongly quasipositive), see [31, Lemma 3]
or [33].

* Ifoneof p+¢q,q + r,r + piszero, then P(p,q,r) is slice.
Example 2.14. For positive odd p, let K}, be the P(p + 2, —p, p — 2) pretzel knot.

This knot is squeezed between the negative trefoil and the positive trefoil (see Exam-
ple 2.13). Since the knot determinant det K, = p? + 4 is not a square, the Alexander
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polynomial
2 2
p-+3 p-+5
Ak, (=" 2
of K, is irreducible. As a consequence of the Fox—Milnor condition and the fact that
Z[t*'] is a UFD, each irreducible polynomial f € Z[tT'] with f(¢) = f(t~ 1) yields
a 7 /2-valued concordance invariant, which associates to a knot K the parity of the

(t+1t7H -

maximal exponent e > 0 such that /¢ divides Ag. It follows that there is no pair of
concordant knots in the family K, K3, K5, .. .. So, even the class of knots that are
squeezed between a fixed positive and negative torus knot may be quite rich.

2.2. Quasipositivity

We now have a definition of quasihomogeneity and have established that quasihomoge-
neous knots are squeezed, but we have postponed several definitions and proofs. In
this section we rectify this by doing the following.

* We define quasipositivity and its relatives.
* Establish Lemma 2.5 giving relevant facts we have used about quasipositive links.

*  We establish Proposition 2.2 giving an equivalent definition of squeezedness in
terms of cobordisms between quasipositive and quasinegative links.

To define quasipositivity, we first need to spend a little time thinking about the braid
group and ribbon surfaces.

Let us work in B, the braid group on n strands generated by the standard Artin
generators ap,...,d—1. Foreach j = 1,...,k, let gj be either an Artin generator or
the inverse of an Artin generator. Consider an element

r=(gi-grai gy g1, (1)

that is, an element which is a conjugate of a standard Artin generator or its inverse.
We recall a procedure to associate a ribbon surface to a product of such r. The
closure of the trivial braid is the n-component unlink. We think of this unlink as
bounding 7 disjoint discs. The closure of the braid r is an (n — 1)-component link.
It is easy to see how r determines a ribbon connecting two of the n disjoint discs,
and possibly intersecting the discs and itself in ribbon singularities. We refer to [30,
Section 2] for details and only illustrate the construction with an example for n = 4:
Figure 7 illustrates the ribbon surface associated to the following product of conjugates

2 —-1_2 1 -1 -1 -1

ai‘a, ay a,  a, as aj as as .
e e N N N N ——
ri ra r3 rq rs re r7

In more detail, the ribbon surface is constructed from four horizontally placed discs
(yellow, yellow, green, and blue from top to bottom) that are connected by (hook-
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shaped) ribbons corresponding, from left to right, to ry; r»; r3; r4 and rs; rg; and r7,
respectively, where the leftmost ribbon has one ribbon singularity with itself and one
with the top disc while the other ribbons are embedded.

We note that in general a ribbon associated with such a braid word r is rather
different than a ribbon obtained from thickening an arc as described in the paragraph
after Definition 2.3, since the ribbon associated with r can self-intersect. To arrive
at such a description, the self-intersecting ribbons would have to be decomposed as
unions of ribbons and discs.

Definition 2.15. Suppose that b € B, is a braid word which is written as a product of
conjugates of Artin generators. This expression for b determines a ribbon surface for
the braid closure of . We call such a braid word quasipositive.

When such a ribbon surface is the image of an immersion of a connected surface,
we call it quasipositive and its boundary a quasipositive link. If the quasipositive
surface is the image of an embedding, then we call it strongly quasipositive and its
boundary a strongly quasipositive link.

Quasinegative and strongly quasinegative surfaces and links are defined similarly
but replacing products of conjugates of Artin generators with products of conjugates
of inverses of Artin generators.

Proof of Lemma 2.5. The first bullet point is by definition.

For the second bullet point, suppose that L is the closure b of a quasipositive braid
word b € B,,. Suppose that b is the product of R conjugates of Artin generators and
consists of R 4+ P Artin generators and P inverses of Artin generators. For illustration,

YarY)(azaiay"), where n = 3, R = 2,

consider e.g. b = bg,, = (alazal_lazalaz_
P =4, and L = 839. Now, consider the operation of inserting an Artin generator
somewhere into the braid word b to result in the braid word b’. There is a cobordism
between the closures b and b’ consisting of a single 1-handle. Our approach is to do
this repeatedly.

First, insert P Artin generators into b (viewed as a braid word), one next to each
inverse Artin generator of b, so that the result, after cancellation, is a positive braid

word — precisely, a product of R + P Artin generators. In case of bg,,, we have
-1 -1, -1 -1, _
aijaza, daiazaid, dsay didzdid, d = didadzdidady,

where added generators are marked red. By further inserting p(n — 1) — (R + P)
Artin generators for some p > 0, we can then arrive at a positive braid word ¢t whose
closure is a positive torus knot 7 = T}, . In case of bg,,, we can, e.g., insert two
generators (red) as follows

aiasaiazaidsaidy, = t.
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In this case, p = 4 and ¢ is the standard 3-braid with closure 73 4.

We thus have constructed a cobordism between 7, , and b which consists of
p(n — 1) — R 1-handles and hence has Euler characteristic R — p(n — 1).

Suppose there is a connected cobordism from b to the empty link of Euler charac-
teristic £. Then, by composing this cobordism with that between T, , and 13 we geta
cobordism from 7, to the empty link. We know that the maximal Euler characteristic
of such a cobordismis 1 — (n — 1)(p — 1) (see [10]), so we have

E+R-—pn—-1)=<1-n-Dp-1)

and hence
E <n-—R.

But the quasipositive surface for b determines a connected cobordism from b to
the empty link of Euler characteristic # — R, and hence describes a genus-minimizing
cobordism from b to the empty link.

The third bullet point can be established following a similar line of argument.
Given LT and L~ we realize them as above as slices of genus-minimizing cobor-
disms between a positive (respectively negative) torus knot and the empty link. These
cobordisms can then be punctured and joined together along the puncture thus giv-
ing a cobordism from a positive torus knot to a negative torus knot which factors
through a cobordism from LT to L. The cobordism between the torus knots is
genus-minimizing so the cobordism between L™ and L~ is genus-minimizing as well.

For the final bullet point, suppose that K; is the braid closure of the quasipositive
braid word b; € By, fori =1,2. Letiy: B,, < By, +n,—1 be the inclusion on the first
ny strands, and i: By, <> By, +n,—1 be the inclusion on the final n, strands. Then the
braid word i1 (b1) - i2(b2) is quasipositive and its closure is K;#K,. A handle count
yields the formula for the genus. |

Proof of Proposition 2.2. Suppose that K is a knot which occurs as a slice of a genus-
minimizing cobordism ¥ between the quasipositive link L™ and the quasinegative
link L™

The proof of Lemma 2.5 establishes that there is a genus-minimizing cobordism
between some positive torus knot and some negative torus knot that factors through
some genus-minimizing cobordism from L™ to L™. But now all we need to observe is
that replacing this cobordism factor by ¥ will still give a genus-minimizing cobordism
between the torus knots, and K is a slice of this cobordism. n

2.3. Squeezing most knots up to 10 crossings

To illustrate the concepts in more examples and towards the proof of Proposition 1.3,
we establish that all but 6 prime knots with 10 or fewer crossings are squeezed.
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Lemma 2.16. Apart from

942, 10125, 10130, 10132, 10136, 10141

all prime knots with crossing number at most 10 are squeezed.

Proof. Among prime knots that have diagrams with at most 10 crossings, all but the
following are slice, quasipositive, or homogeneous:

942, 944, 943, 10125, 10130, 10132,
10135, 10136, 10141, 10144, 10146, 10147,
10150, 10158, 10160, 10162, 10163, 10164:

compare [3, 18]. Hence, by Proposition 1.2, all prime knots that are not in the above

list are squeezed.

For all the knots in the above list, except for the six knots excluded in the statement

of Lemma 2.16, we provide quasihomogeneous surfaces or strongly quasihomogeneous

surfaces; hence, showing that they are all quasihomogeneous or even strongly quasi-

homogeneous. In particular, they are all squeezed. Table 1 below provides braid words
given as products of elements r as described in (1), such that the corresponding ribbon

surface is a surface as claimed, and in Figure 8, we provide the surfaces explicitly.

knot

944

948

10135
10144
10146
10147
10150
10158
10160
10162
10163

10164

braid word

al(alalazal_lal_l)aglaza;] gh
a1(alazal_l)azagl(alazal_l)azagl sgh
a1a1(alazal_l)(azaglaz_l)az_laz_lagl sgh

(a5 'araz) (a5 araz) (a7 azar)az 'azaray! | gh

—1,—1 —1 —1,—1 —1

ayay ax(ay ‘azaz ay ai)azazas gh
—1,—1 —1 —1 —1,,—1

ay ‘ay azay (azaza; )(aray "ay )az sgh

—1 —1,—1

arayara, “ajaz(ara; aj )aszaz sgh
—1,—1,—1,—1 —1

ay ay (ay a5 ar)az(arazay ')azas gh

—1 —1 —1

a1a1a1a2a1a3 (a1a2a1 )a2a3 th
-2, —1,2y,—1, —1 —1,—1

(a7 “ay 'ay)ay "a5 'azay a; as gh
—1 —1 —1 —1

ay ‘azazay aszazay az(azasza, ) sgh
—1 —1 —1 —1,—1

ay “azay az(azaza; )(ara; "aj )as sgh

Table 1
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Figure 8. Quasihomogeneous and strongly quasihomogeneous surfaces for 944, 943, 10135,
10144, 10146, 10147, 10150, 10158, 10160, 10162, 10163, and 10164.

We end our discussion of knots with at most 10 crossings with the following
observation and question.

Question 2.17. The knots 10125, 10130 and 10141 are the only knots K with at most 10
crossings that are not quasipositive, but possess a diagram D for which the Bennequin
bound equals the Rasmussen invariant [1], i.e.,

1 + writhe of D — number of Seifert circles of D = s(K)/2.

Is it a coincidence that these three knots are also among the six knots with at most 10
crossings that are not squeezed (10125), or not known to be squeezed (10139, 10141)?
Are all knots with a diagram whose Bennequin bound equals the Rasmussen invariant
either quasipositive, or not squeezed?
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2.4. Squeezing your favorite class of knots

In this section we further comment on Proposition 1.2, which is ultimately verified
in Appendix A. First we address that squeezed knots form a subgroup of the smooth
concordance group.

Definition 1.1 readily implies that, if two knots K and J are concordant, then
K is squeezed if and only if J is squeezed. Furthermore, if K is a squeezed knot,
then so is its reverse (change the orientation of the cobordism used to squeeze K)
and its mirror image (consider the image of the cobordism used to squeeze K under
the self-diffeomorphism of S3 x [0, 1] given by (s,?) > (¥(s), —t), where W is an
orientation-reversing self-diffeomorphism of S3). In particular, —K (the result of
orientation reversal and mirroring) is squeezed if and only if K is. So, recalling that
[—K] is the inverse of [K] in the smooth concordance group, the only non-trivial part
of verifying that

S :={[K] € € | K is a squeezed knot}

is a subgroup of the smooth concordance group is showing that the class of squeezed
knots is closed under connected sum. We prove this as a lemma.

Lemma 2.18. If Ky and K, are squeezed, then so is the connected sum K 1#K5.

Proof. Suppose that K; is squeezed by cobordisms ¥; between the torus knots Tl-+
and T;~ for each i = 1, 2. Then, by endowing each slice of the cobordisms ; with a
consistent choice of basepoint, and taking connected sum on each slice at the basepoint,
we can construct a cobordism X#X, from T1+#T2+ to T, #T, which has K #K>
as a slice. Now, T1+#T2+ is quasipositive and 7] #75 is quasinegative by the fourth
bullet point of Lemma 2.5. The cobordism X;#X, is genus-minimizing by the third
bullet point of Lemma 2.5 (noting that the genus of a quasipositive (respectively
quasinegative) surface for TfL#T;r (respectively T, #T) equals the sum of the genera
of quasipositive (respectively quasinegative) surfaces for TIJr and T;r (respectively T
and T’,") by the second and fourth bullet points).

The squeezedness of K#K> then follows from Proposition 2.2. u

The next thing to note in proving the rest of Proposition 1.2 is that the statement of
the proposition contains some redundancy. We have the following diagram of proper
inclusions. See [4] for the inclusion of the set of almost positive knots in the set of
strongly quasipositive knots, and see [9] for the definition of alternative knots:

{quasipositive} D {strongly quasipositive}

V)
{positive torus} C  {positive} = C  {almost positive}
N
{alternative} C {homogeneous} C {pseudoalternating}

U
{alternating}
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The same diagram is true when replacing all occurrences of ‘posi’ by ‘nega’. It is easy
to see that quasipositive and quasinegative knots are quasihomogeneous directly from
the definitions. It remains to check that pseudoalternating knots, as defined by Mayland
and Murasugi [23], are quasihomogeneous. Given that the notion of pseudoalternating
is not that well known, and a large part of the proof is concerned with carefully
setting up the notation, we do this in Appendix A. Here, instead, we directly show that
alternating knots are squeezed.

Proposition 2.19. Alternating knots are squeezed. In fact, every alternating knot is
squeezed between a positive alternating knot and a negative alternating knot.

Proof. Let K be an alternating knot and let D C R? be an alternating diagram for K.
Let us write o(D) C R? for the oriented resolution of D. We denote by |o(D)]| the
number of components of o(D) (that is, the number of Seifert circles of D).

We write C 1 (respectively C ™) for the set of positive (respectively negative)
crossings of D. We write C = Ct U C~ for the set of all crossings of D.

Since D is a connected diagram, we can make a choice of |o(D)| — 1 crossings
of D such that adding these crossings back to o(D) gives a connected diagram. Let us
write C° for such a set of crossings. We form the diagram DT (respectively D ™) by
adding the crossings in C* U C? (respectively C~ U C°) back to o(D).

The property of D being alternating implies that each component of R? \ o(D)
contains either no crossings, only positive crossings, or only negative crossings. It
follows that each negative crossing of D is nugatory, and hence D is a diagram of a
positive link (since it admits a diagram D™ given by changing every negative crossing
of D to a positive crossing). Since the canonical Seifert surface of non-split positive
diagrams realizes the slice genus of those positive (in fact, strongly quasipositive) links,
we have

g4(D*) = g4(D**) = (IC* U CO| - |o(D)] + 1)/2.

Similar reasoning gives
ga(D7) = (ICTUC = o(D)| +1)/2.

There is a cobordism from DT to D given by adding all negative crossings of
D not in C?, then a cobordism from D to D~ given by removing all the positive
crossings of D not in C°. Each addition or removal of a crossing corresponds to the
addition of a 1-handle. Now, D is a slice of the resulting cobordism % from D%t to D™
If we can show that ¥ minimizes the genus among cobordisms between D+ and D,
we will have shown that D is squeezed, using Proposition 2.2.

The number of 1-handles of X is

ICT\CO+ICT\CO =1C\C = |C|~|C° =|C|~|o(D)| + 1.
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So, ¥ has genus g(X) = (|C| — |o(D)| + 1)/2. On the other hand, the sum of the
slice genera of D+ and D~ is

(ICTUC = lo(D)| +1)/2+ (ICTUC ~ |o(D)| + 1)/2
= (IC] +1C° = 2Jo(D)| +2)/2
= (Cl=lo(D)| + 1)/2 = g(%),

so we are done.

To see the second part of the proposition, we note that if the diagram D7 is a
diagram of a link with more than one component, then it can be turned into a diagram
DT+ of a knot by adding positive crossings between Seifert circles that are not
connected by a crossing in Cy. Note that D+ is again an alternating diagram with
the same number of Seifert circles o(D). Similarly, we find a diagram D~~~ of a
knot by adding negative crossings to D~. Extending the cobordism X to a cobordism
between the knots defined by D™ and D™, respectively, by adding 1-handles
corresponding to the new crossings, we see that K is a slice of a genus-minimizing
genus cobordism between the knots given by the diagrams DT+ and D~~. ]

Remark 2.20. In the above proof of Proposition 2.19 we avoided the notion of strongly
quasihomogeneous to have a rather self-contained proof. However, we note that one
easily explicitly exhibits a Seifert surface for an alternating knot K that is strongly
quasihomogeneous as follows. Seifert’s algorithm applied to D yields a Seifert surface
F that is the union of Seifert surfaces I, and F_ obtained by Seifert’s algorithm
from the diagrams D and D, respectively, and F N F_ is the closed disc obtained
by Seifert’s algorithm applied to the diagram D° given by adding C° back to o(D).
Since Fy and F_ are isotopic to surfaces obtained by Seifert’s algorithm applied
to the positive alternating diagram D+ and the negative alternating diagram D™,
respectively, F.y and F_ are strongly quasipositive and strongly quasinegative surfaces,
respectively. Hence, F is strongly quasihomogeneous and thus K is strongly quasi-
homogeneous.

We end the section with a question related to the inclusions
{positive} C {almost positive} C {strongly quasipositive} C {squeezed}.

Question 2.21. If a knot K admits a diagram with at most one negative crossing,
then K is squeezed. On the other hand, 1013, admits a diagram with three negative
crossings and is not squeezed. Is every knot admitting a diagram with two negative
crossings squeezed?



Squeezed knots 849
3. Obstructions

In this section we verify Proposition 1.4 and make precise how s determines the
invariants from the five bullet points of the proposition. But, before we begin, we first
show how Proposition 1.4 may be used to verify that the four knots of Proposition 1.3
are not squeezed.

Exam le 3.1. The knots 94, and 1043¢ have siq =2 # 0 = s, and the knot 10,3,
has s° + =0 # —2 = s, see [16]. Here, 5 + is a refinement of s defined by Lipshitz—
Sarkar using the stable cohomology operation called the second Steenrod square. We
will make the second bullet point of Proposition 1.4 precise by showing siq (K) =
s(K) for squeezed knots; see Lemma 3.9. Hence, those three knots are not squeezed.
Alternatively, their squeezedness may be obstructed by Sarkar, Scaduto, and Stof-
fregens’s refinements of s coming from the first Steenrod square operating on odd
Khovanov homology [34] (see [35] for the computation of these refinements on 945,
10132, and 10136)-

Denote by s3 the s[3-Rasmussen invariant, normalized to be a slice torus invariant
(see Definition 3.4 below). The knot 10755 has s3 = —1/2, but s = —2, see [11]. Since
s /2 is another slice torus invariant, and —1/2 # —1, we see that the knot 10155 is also
not squeezed. Non-squeezedness of 1015 may also be established by observing that
S3 of 10155 is of rank 3, or that 33 of 10155 is not linear (see Section 3.6 for details on
the Khovanov—Rozansky squeezedness obstructions S, and 1,,).

We think that the investigation of what knot invariants can be used to obstruct
squeezedness, can be understood as a test to the strength of the concordance invariants
developed so far. Concretely, we wonder whether the technology has progressed to the
point that the following can be answered in the positive.

Question 3.2. Does € /S — the quotient of the smooth concordance group by the
subgroup of squeezed knots — contain a free Abelian subgroup of infinite rank? Does it
contain a free Abelian summand of infinite rank?

To construct such a subgroup, one would need infinite families of non-squeezed
knots. Let us mention a potential example of such a family.

Question 3.3. The n-twisted positive Whitehead double D4 (K, n) of a knot K is
strongly quasipositive if n is less than or equal to the Thurston—Bennequin number
TB(K), and strongly quasihomogeneous if n > — TB(—K) (cf. [19, Theorem 2]). Is
D4 (K, n) non-squeezed if TB(K) < n < —TB(—K)? In some cases, this can be
shown using differing slice-torus invariants. But, e.g., we do not know whether the
knots D4 (T (2,3),4) and D4+ (T (2,3),5) are squeezed.
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We start in Section 3.1 with the first bullet point of Proposition 1.4 and verify that
all slice torus invariants agree on squeezed knots. We then use this in Section 3.2 as
motivation to give a framework that applies to the remaining bullet points of Section 1.4,
which we which consider in Sections 3.3-3.6.

3.1. Slice torus invariants
The following definition is due to Livingston [17] (see also [11]).

Definition 3.4. Writing € for the smooth concordance group of knots, a slice torus
invariant is a homomorphism ¢: € — R satisfying two conditions:

Slice: ¢ (K) < ga(K) for all knots K;
Torus: ¢ (Tp,q) = g4(Tp,q) for all positive coprime integers p, ¢.

The known slice torus invariants are (after proper normalization) the 7 invariant
from Heegaard—Floer homology [25], and the Rasmussen invariant s from Khovanov
homology [29], together with its variations coming from Khovanov homology over
F, for any prime p, and from sl,,-homology for any n > 2, where one may choose
different Frobenius algebras [12,20,21,39].

We prove the first bullet point of Proposition 1.2.

Lemma 3.5. If ¢1 and ¢, are slice torus invariants and K is a squeezed knot,
then ¢1(K) = ¢2(K).

Proof. For any two knots, J, L we have that the minimal genus of a cobordism between
J and L isequal to g4(J# —L). Leti € {1,2}. Since ¢; is a homomorphism we also
have

¢i(J) —¢i(L) = ¢i(JH#—L) < ga(JH#—L).

Now, suppose that K is squeezed between the torus knots 7, ;, and —7; ; where
p.4q,r,s > 1. This means that there is a genus-minimizing cobordism X from T, 4 to
—T;,s that decomposes as the composition of a cobordism X; from 7 4 to K and a
cobordism X, from K to —T7; ;. Since X is genus-minimizing, so are both ¥; and X5.

We have

$i(Tpq) — ¢i(K) < g(£1) and ¢i(K) — ¢i(—T}5) < g(X2), ()

but also

(¢i (Tp,q) — ¢i(K)) + (¢ (K) — ¢i (—Tr5)) = i (Tp,q) — ¢i (=Trs5)
=g(X¥) = g(X1) + g(22).
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Hence, we must have had equalities in (2), so we see (recalling that since ¢; is a
slice torus invariant we have ¢; (Tp,4) = g4(Tp,q) and ¢; (=T} 5) = —g4(Tr5))

$1(K) = ¢2(K) = ga(Tp q) — ga(Tp g# —K) = ga(K# =T} 5) — ga(Ty5). m

Below we explain in detail the squeezing obstructions from Proposition 1.2 that go
beyond slice torus invariants, which in particular we used to establish that 94, is not
squeezed in Example 3.1. However, we wonder whether it is actually necessary to go
beyond slice torus invariants to obstruct squeezedness.

Question 3.6. Do there exist slice torus invariants ¢ and ¢, for which we have
¢1(942) # $2(942)? More generally, given a non-squeezed knot K can one always
find slice torus invariants that differ on K ?

3.2. A squeezing framework

We use the proof of Lemma 3.5 to guide us towards proving the rest of Proposition 1.4.

We interpret the invariants of Proposition 1.4 as maps from € into metric spaces
M in which the distance between points gives a lower bound on cobordism distance. In
the case of slice torus invariants, the metric space is M = R with its usual metric. We
are interested in those metric spaces which contain an isometric copy of Z € M, and
we show that the invariants of interest map any squeezed knot K to s(K)/2 € Z C M.
Let us now be more precise.

Definition 3.7. Let (M, d) be a metric space containing an isometric copy of Z C M
(where Z carries the standard metric d(n, m) = |n — m| for n,m € Z) such that for
allm,n € Z with m > n we have

d(m,x) € Zspandd(m,x) +d(x,n) =dm,n) = xe{n,n+1,...,m}. 3)

Let T4, T_ C € be the sets of positive and negative torus knots, respectively. We call
a function y: € — M a squeezing obstruction if for all knots K, J we have

d(y(K),y(J)) < ga(K#—J), 4)
and for all knots 7+ € T4+ we have
Y(Tx) = £g4(Ty). (5)

Lemma 3.8. Let K be squeezed between the knot Ty € T4 and the knot T— € T_;
then, for all squeezing obstructions y: € — M, we have

Y(K) = ga(Ty) — ga(T# —K) = ga(K# —T_) — ga(T-).
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Proof. The triangle inequality implies
d(y(T4), y(K)) +d(y(K), y(T-)) =z d(y(T+), y(T-)).

But we also have

d(y(T3), y(K)) + d(y(K), y(T-)) = ga(T3# —K) + ga(K# —T-)
= ga(T4# —T-)
= g4(T3) + g4(T-)
= d(g4(T+). —g4(T-))
=d(y(Ty), y(T-)).

This implies
d(y(T4), y(K)) +d(y(K), y(T-)) = d(y(T3), y(T-)),

which moreover implies that the inequality d(y(7T4+), y(K)) < g4(T+# —K) is an
equality, and so d(y(T+), y(K)) € Z>¢. The claimed formula for y(K) now follows
from equation (3). ]

3.3. The Lipshitz—Sarkar refinements of the Rasmussen invariant

Lipshitz and Sarkar defined refinements of the Rasmussen invariant [ 16], which, in a
nutshell, arise from non-trivial stable cohomology operations involving Lee generators
in specified Khovanov homology.

Denote by £s: € — 27Z any of their invariants r$, r%, s§, s% for any cohomology
operation «, over any ground field IF. Lipshitz and Sarkar prove that

les(K) —s(K)| € {0,2} and |[€s(K)—{€s(J)| < 2g4(K#—J)

for all knots K, J. We verify the following lemma which establishes the second bullet
point of Proposition 1.4.

Lemma 3.9. If {s is any Lipshitz—Sarkar refinement, and K a squeezed knot, then we
have that £s(K) = s(K).

To appreciate the proofs of the following two propositions, some knowledge
about Khovanov homology is required. As far as notation is concerned, we write
CKh'? and Kh**? for the Khovanov chain complex and its homology, respectively, in
homological grading ¢ and quantum grading g; we write v for the usual generators of
the underlying Frobenius algebra.
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Proof of Lemma 3.9. We claim %ﬁs: € — Z is a squeezing obstruction (see Defini-
tion 3.7) so the result follows from Lemma 3.8.

As metric space we just take Z. While [€s(K) — €s(J)| < 2g4(K# —J) has been
established by Lipshitz—Sarkar, the values of £s on torus knots do not seem to have been
computed before. By [16, Lemma 5.1], it is enough to show that Kh*? is trivial if # # 0
and ¢ = s(K) £ 1 (because the relevant cohomology operations are homomorphisms
Kh™¢ — Kh®? or Kh®? — Kh™? for ¢ = s(K) £ 1 and some n > 1). This is
established in Lemma 3.10. ]

In fact, we prove the following not just for torus knots, but for positive braid links.
Compare our statement to Stosi¢’s theorem that Kh'-* (L) is trivial for positive braid
links L, see [37].

Lemma 3.10. Let L be a link that arises as the closure of a positive braid word b with
n strands and ¢ crossings. Then Kh?(L) is trivial ift # 0andq =14+ c¢—n £ 1.

Proof. Let D be the diagram for L that arises as closure of b. Because all crossings of
D are positive, CKh' is trivial if t < —1. Since D is the closure of a positive braid,
it is A-adequate, meaning that all crossings in the unique resolution at homological
grading ¢ = 0 are between two different circles. So, all resolutions at t = 1 have n — 1
circles, i.e., one circle less than the unique resolution at + = 0. Therefore, CKh*? is
trivial if # > 1 and ¢ = ¢ — n. It remains to show that CKh' is trivial for ¢ > 1 and
g=2+c—n.

For this purpose, it is enough to show that the homology of the (ungraded) chain
complex CKh*9 consists only of one copy of Z (which lives at = 0). Att = 0, the
unique resolution consists of n circles, one for each strand of the braid . We enumerate
those circles in the same way as the strands of b, so that a crossing corresponding
to a braid generator a; touches the i-th and (i + 1)-st circle. The group CKh® is
generated by wy, . .., w,, where w; denotes the tensor product of n — 1 factors v_ and
one factor v at index i. We will need the following basis (u;)?_, for CKh%9:

Uiy =wi, U=wW2—U1, ..., Up=Wyp—Up-1,

These generators were chosen because for 1 <i <n — 1, d(u;) is supported only in
resolutions that 1-resolve only crossings corresponding to a generator a; of b, and
d(u,) = 0.

Att > 1, CKh? is supported in resolutions consisting of n 4 1 — 2 circles, where
it is generated by tensor products of only v_ factors. For 1 <i <n — 1, let X; be the
subgroup of CKh*4 generated by u; and for # > 1 by those resolutions for which only
crossings corresponding to a generator a; of b are 1-resolved. One checks that X; is a
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subcomplex, and the chain complex CKh*4 decomposes as

n
CKh™T = (u,) & ) X:.

i=1

So, to establish H (CKh*’q) =~ Z, it suffices to show that X; has trivial homology,
which we will do now. For k > 0, let D(k) be the diagram of the 7'(2, k) torus link
arising as closure of the braid a’f. Let ¢; > 0 be the number of occurrences of a;
in b. Then the chain complex CKh**“i (D(c;)) decomposes as (r;) & Y;, where r; is a
cycle in homological grading 0, and ¥; is isomorphic to X;. The Khovanov homology
of T'(2, k) torus links is well known; in particular, the homology of CKh*“i (D(c;))
is Z. It follows that ¥; has trivial homology, and thus so does X;. This concludes the
proof. |

3.4. The Sarkar-Scaduto-Stoffregen refinements of Rasmussen’s invariant

Building on Lipshitz and Sarkar’s work discussed in Section 3.3, Sarkar, Scaduto, and
Stoffregen [34] constructed a spacification of the variation of Khovanov homology
introduced by Ozsvith, Rasmussen, and Szabd6 [27], called odd Khovanov homology,
and extracted concordance invariants from it. The following lemma proves the third
bullet point of Proposition 1.4.

o

Lemma 3.11. [f sss is any of the Sarkar-Scaduto-Stoffregen invariants r§,r%,s% s
for any cohomology operation o, over the ground field F,, and K a squeezed knot,
then we have that sss(K) = s(K).

Proof. The proof proceeds in the same way as the proof of Lemma 3.9. Sarkar—Scaduto-
Stoffregen prove that

lsss(K) —sss(J)| < 2g4(K#—J)

for all knots K, J. So, to show that %sss is a squeezing obstruction, we just need to
compute that sss(7") = s(T) for all torus knots 7. Since Khovanov homology and odd
Khovanov homology are isomorphic with I, coefficients, this equality follows from
Lemma 3.10 by the same argumentation as in the proof of Lemma 3.9. ]

3.5. Schiitz’s integral Rasmussen invariant sZ

For every field IF, there is a Rasmussen invariant s¥ . which is a slice torus invariant.
The original Rasmussen invariant s is equal to s@. Schiitz recently defined an integral
version of the Rasmussen invariants [36]. It consists of an invariant gl(K), which is
a non-negative integer, and an invariant sZ(K) € (2Z) x Z&)_ The first entry of
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sZ(K), i.e., the 2Z factor, always equals s (K). The following lemma proves the fourth
bullet point of Proposition 1.4.

Lemma 3.12. If K is a squeezed knot, then gl(K) = 0 and thus sZ(K) = s(K).

Proof. The set Z? with the maximum metric dyqy, and the diagonal {(n,n) | n € Z}
as isometric copy of Z, clearly satisfies (3). We will prove that

. $(K)/2
ds: K> (s(K)/z - gl(K))

is a squeezing obstruction in the sense of Definition 3.7. Then, the lemma follows from
Lemma 3.8.

To show that ds is a squeezing obstruction, we need to check for all torus knots 7’
that ds(T) = (s(T)/2,s(T)/2), i.e. that gl(T) = 0; and for all knots K, J that
ga(K#— J) > dinux(ds(K), ds(J)). Let us start by tackling the second statement.
Since we know that g4(K#— J) > |s(K)/2 — s(J)/2|, it suffices to prove

R L (] S T ©®
Schiitz shows that for all knots L, g4(L) > |s(L)/2 — gl(L)|. Moreover, he proves
that for all knots Ki, K>, we have the inequality gl(K#K5) < gl(K;) + gl(K>).
Because gl is invariant under concordance, it follows that gl(K) < gl(K#—J) + gl(J).
Combining these statements yields

gaikt =) = |90 D )
> S(ZJ) - @ + ol(K#—J)
)

Switching the roles of K and J, we find

s(K s(J
galK# 1) = g7 —K) = "0 D ) k)
All in all, we have proven (6).
It remains to show gl(7') = O for torus knots T. If 7' is a negative torus knot, then

we have
=s(T)/2 = ga(T) = [s(T)/2 — gl(T)| = —s(T)/2 + g(T),

which implies 0 > gl(T") and thus gl(7') = 0. If T is a positive torus knot (or any
positive knot, in fact), pick a positive diagram D for T. Then the Khovanov chain
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complex C(D; Z), which Schiitz uses to define sZ(T'), is supported in non-negative
homological degrees. It follows that there is no torsion in homological degree 0 on any
page of the spectral sequence of Ciy(D;Z). Consequently, gl(T") = 0. ]

3.6. The obstructions from Khovanov—Rozansky homology

Lewark and Lobb defined a refinement S,: € — G, of the sl,,-Rasmussen invariant [13].
Here, G, is the set of isomorphism classes of finitely generated indecomposable chain
complexes C of free graded R, = C[x,ay,...,a,—1]-modules (where the grading is
degx = 2,dega; = 2(n —i)), such that

Hy(Sn(K) @ E) = Ho(Sn(K) ® E) = C,

where E is the R,-module R, /(a1,...,an—1,x — 1) = C. For n = 2, S(K) is of
rank one, in quantum grading s(K); thus S5 is fully determined by the Rasmussen
invariant. For n > 3, there are knots K such that S, (K) is of higher rank. Furthermore,
there is a smooth concordance invariant 1,, which associates to a concordance class a
piecewise linear function [0, 1] — R. This invariant 3, (K) depends only on S, (K).

We prove the following lemma which establishes the fifth and final bullet point of
Proposition 1.4.

Lemma 3.13. For all n > 2 and all squeezed knots K, S,(K) is of rank one, in
quantum grading (n — 1)s(K); and 3,,(K) is linear with slope %S(K). In particular,
Sy (K) (and hence 3,(K) as well) is fully determined by s(K).

The following proof of the obstruction coming from the S, -invariant uses the
language of [13, Section 5].

Proof of Lemma 3.13. Let us define a metric d on §, as follows. For Cy,C, € G,
d(Cy, C;) is the minimum non-negative integer for which there are graded chain maps
f1:C1 = Cy and f5: C; — Cq of degree 2(n — 1)d(Cy, C2), such that the maps

Cx~H(C,®E)—> H(C,®E)~C and Cx~H(C,®E)— H(C; ® E)=~C

induced by f1 and f> respectively are both non-zero.

Let us show that d is indeed a metric. The symmetry of d is immediate, and the
triangle inequality easily follows since E is a domain (in fact, a field). Now, assume
d(Cy,C3) = 0. Then f> o f; is an endomorphism of C; of degree 0. The category
of finitely generated graded chain complexes over R, has the property that every
endomorphism of an indecomposable is either an isomorphism or nilpotent [13]. This
applies to the map f> o fi. It cannot be nilpotent, since the induced endomorphism
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of H(Cy ® E) is not. It follows that f; o f1, and similarly f; o f>, is an isomor-
phism. Since the elements of §, are indecomposable, it follows that f; and f, are
isomorphisms as well.

The integers Z are included in §, by taking m € Z to be the chain complex
consisting of one copy of R, in homological grading 0 and quantum grading 2(n — 1)m.
For notational clarity, we write this chain complex as m. Let us show that this inclusion
Z C &, is an isometric embedding.

For k < m, consider a graded map f:k — msuchthat f,: Hk ® E) > Hm ®
E) is non-zero. It follows that f(1) # 0. Since the grading of 1 € k is 2(n — 1)k, and
the non-zero element of minimal quantum grading in m is 1 with grading 2(n — 1)m,
it follows that the degree of f is at least 2(n — 1)(m — k). Thus, d(k,m) > m — k.
On the other hand, d(k, m) < m — k may be shown by observing that the maps

fik—m, f()=1,
gm—k, f(1)=x""Dm=k

are graded of degree m — k and induce non-zero maps on H(- ® E).

Now, we prove that S, is a squeezing obstruction in the sense of Definition 3.7, thus
establishing the result required by Lemma 3.8. To verify condition (3) in Definition 3.7,
assume that for some chain complex C and integers £, k, m with £ > 0 and k < m we
have

dk,C)=4{ and d(C,m)=m—k—L.

This means that we have maps f:k — C and g: C — m of degree 2(n — 1)¢ and
2(n — 1)(m — k — £), respectively, that induce non-zero maps on H(- ® E). Denote
by {-} the quantum grading shift operator. By shifting, we obtain maps f’:k —
C{-2(n—1)f}and g": C{—2(n — 1)£} — m{—m + k}, both of degree 0. Note that
m{—m + k} = k. So, by similar reasoning as in the above proof of the identity of
indiscernibles for d, it follows that f’ and g’ are isomorphisms, and thus C =~ k + £.

To verify (4), note that a smooth cobordism F from K to J induces a graded chain
map Fi: S, (K) — S, (J) of degree 2(n — 1)g(F), such that the map H(S,(K) ®
E) - H(S,(J) ® E) is non-zero [13]. Thus, we have

d(C1.C2) = g(F) = ga(K#—J).

Finally, we verify (5). To compute the S, -invariant of torus knots, consider a knot
diagram D of a positive torus knot K, such that D is the closure of a positive braid.
One checks that the graded R, -chain complex Cy,)(D) has a free summand of rank
1 living in homological grading 0, at quantum grading 2(n — 1)g4(K). It follows that
Sn(K) = ga(K). Moreover, S,(—K) is the dual of S,(K), which is isomorphic to

—g4(K). L]
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4. Some avenues to explore and some to avoid

In this section we briefly pursue some natural questions that arise from our study
of squeezedness. In Section 4.1, we consider some situations in which we are more
restrictive on those knots between which we squeeze. In Section 4.2 we consider some
invariants that the reader may be surprised to learn do not provide obstructions to being
squeezed.

4.1. Obstructions concerning squeezing between particular kinds of knots and
links

In Remark 1.5, we have seen that the slice genus of a squeezed knot is not determined
by its Rasmussen invariant. However, we can prove that under a stronger hypothesis,
the slice genus is indeed determined by the Rasmussen invariant.

Proposition 4.1. A knot K is squeezed between a positive torus knot and the unknot if
and only if it is squeezed and for one (and thus for every) slice torus invariant ¢ we
have

P(K) = ga(K).

Proof of Proposition 4.1. To show the ‘if” direction, assume that ¢ (K) = g4(K) and
that K is squeezed, i.e., there is a genus-minimizing cobordism ¥ between a positive
torus knot 7 and a negative torus knot 7, such that K appears as a slice of X. Let
2T be the part of ¥ between K and 7. We have

g(EF) = ga(TT#—-K) = ga(T") = $p(K) = ga(T™) — g4(K),

where the second equality was shown in Lemma 3.8. Let ¥’ be the composition of T
with a genus-minimizing slice surface of K. Then,

g(2) = g(=") + ga(K) = ga(T™).

Therefore, ¥’ is a genus-minimizing slice surface of 7", and thus a positive squeezing
cobordism for K.

To show the ‘only if” direction, we rely once again on Lemma 3.8. Note that for
any slice torus invariant ¢ (which is a squeezedness obstruction) we have

$(K) = ga(K#U) — g4(U) = ga(K)
where U is the unknot. n

Let v+ and ¢ be the Heegaard—Floer knot concordance invariants introduced
in [6-8], respectively.
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Corollary 4.2. If a knot K is squeezed between a positive torus knot and the unknot,
then v4(K) = g4(K) and e(K) = sgn g4(K).

Proof. By Proposition4.1, g4(K) = 7(K). We have 7(K) <v4(K) < g4(K) (see [8]),
s0 v+ (K) = g4(K) follows. Moreover, g4(K) = 7(K) implies that (K) = sgn g4(K)
[6, Corollary 41]. ]

Alternating knots that are positive or negative have been studied under the name of
special alternating knots (see e.g., [24]). We may replace the sets T4 in Definition 3.7
by the sets of alternating positive and negative knots respectively, thus defining what
we might call special squeezedness obstructions. The proof of Lemma 3.8 goes through
entirely unchanged in this case. Slice torus invariants and the invariant %o: € — Z are
both special squeezedness obstructions hence the following result is immediate.

Proposition 4.3. If K is squeezed between a positive alternating knot and a negative
alternating knot and ¢ is a slice torus invariant, then we have

$(K) = —o(K)/2. n

Every alternating knot has the property of being squeezed between a positive
alternating knot and a negative alternating knot, as was shown Proposition 2.19. So,
in particular, Proposition 4.3 is a generalization of the theorems by Ozsvath and
Szab6 [25] that t(K) = —o(K)/2 and by Rasmussen [29] that s(K) = —o (K) for
alternating knots K.

Consider the metric space consisting of the set of continuous piecewise linear
functions f: [0, 1] — R satisfying f(0) = 0, with

W= sup LO=80O

1€(0,1] t

This contains an isometric copy of Z where n € Z corresponds to the linear function
t — —nt. Then it is easily verified that the Heegaard—Floer Upsilon invariant Y'|[o 1]
is a special squeezedness obstruction (see [28] for details on YT (K)). In other words
we have the following.

Proposition 4.4. If K is squeezed between a positive alternating knot and a negative
alternating knot, then the Upsilon invariant is linear with slope equal to 0 (K)/2, i.e.,
Y(K)(t) = 20(K) -t forallt €[0,1]. "
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Figure 9. A strongly quasihomogeneous surface of genus one. Its boundary knot is squeezed
between the positive and negative trefoil, but it is not quasialternating (having non-thin Khovanov
homology).

Remark 4.5. A class of knots that is well known to look simple from the perspective
of Heegaard—Floer knot invariants and in particular satisfies Y(K)(¢) = %O‘(K )-tis
the quasialternating knots (introduced in [26], we do not repeat their definition here).
Instead, we briefly note that there is not an obvious relation between being quasialter-
nating and being squeezed. There are knots such as 10155, which is quasialternating [5],
but not squeezed (see Example 3.1). On the other hand, one easily constructs examples
of knots that are slices of genus-minimizing cobordisms between positive and negative
alternating knots, but that are not quasialternating (see Figure 9), and in fact that are
not in an obvious way concordant to a quasialternating knot.

4.2. Non-obstructions

In this section we consider some knot invariants that, perhaps surprisingly, do not
provide squeezedness obstructions.

Remark 4.6. The S-equivalence class and the topological concordance class of a
knot do not provide obstructions to squeezedness. The reason is that for any knot K,
there is a strongly quasipositive (and thus squeezed) knot J, such that K and J are
S-equivalent and topologically concordant [2].

Remark 4.7. The smooth concordance invariant € comes from knot Floer homology.
The pair (7, ¢) takes values in

TE = {(0,0)} U(Z x {—1,1}),

and gives a stronger lower bound for g4 than ||, namely g4(K) > |t(K)| + 1 if
e(K) # sgnt(K) [6, Corollary 4]. However, the pair (7, £) does not obstruct squeezed-
ness, since every value in TE is attained by (z, &) on some squeezed knot. Indeed, we
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have (t(U), e(U)) = (0,0), and for
Kn=TQ.2n + T)#—T(3,4),
we have for all n € Z that
(t(Kn), e(Kp)) = (n,—1),  (1(=Kn),e(=Kp)) = (—n.1).

Here, the value of ¢(K},) may be computed from [7, Lemma 6.4], using for n > —3
that a1 (7 (2,2n + 7)) = ax(T(2,2n + 7)) = a1(T(3,4)) = 1l and a»(T (3,4)) =2
by Lemma 6.5 in the same paper (see there for the definition of a1, a»).

In light of this remark, we ask the following.

Question 4.8. Is there any squeezedness obstruction coming from knot Floer homology,
other than the t invariant (which is a slice torus invariant)?

Note that the obstructions to squeezedness we describe beyond the first bullet
point of proposition 1.4, all come from (variations and the spacification of) Khovanov
homology.

A. Squeezedness of pseudoalternating knots

It takes a little work to define pseudoalternating knots; we work up to it with a couple
of intermediate definitions.

Definition A.1. A fountain consists of the following data. Firstly, a disjoint union of
unnested circles in the (x, y) plane. Secondly, a totally ordered collection of signed
arcs in the plane. Each arc should be embedded, with its endpoints transverse to and
lying on two different circles, and with no interior point of an arc meeting a circle. If
two arcs intersect, then they do so only at interior points of the arcs. Moreover, the
graph formed by circles and arcs should be bipartite, i.e. circles may be colored black
and white such that every arc connects a black and a white circle.

A fountain determines a Seifert surface in the following way. Firstly, fill each
circle in the (x, y) plane with the disc that it bounds. Then, for each signed arc, add a
half-twisted ribbon above the (x, y) plane. The sign of the arc determines whether the
arc has a positive or a negative half-twist, and the total ordering on the arcs determines
how the arcs cross over each other.

Suppose that F; and F; are two fountains and suppose that a circle of F; coincides
with a circle of F5, that any other circle of Fj is disjoint from all circles of F,, and
that the union of all circles of F; and F, are unnested. Furthermore, suppose that the
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collection of all arcs of F; and F, only meet pairwise at interior points of arcs, and do
not meet any circles of F; or F, at interior points.

Then we define the join F1#F, to be the fountain which has all circles and arcs of
F1 and of F,, with the induced total ordering given by requiring that every arc of F5 is
above every arc of Fj.

Definition A.2. A primitive flat fountain is a connected fountain in which the arcs all
have the same sign and their interiors do not pairwise intersect.

Definition A.3. A generalized flat fountain is a fountain which lies in the set of
fountains generated as the closure of the primitive flat fountains under the operation #.
A generalized flat surface is the associated Seifert surface to a generalized flat fountain,
and a pseudoalternating knot is a knot that may be realized as the boundary of a
generalized flat surface.

This definition is slightly different, but equivalent to the original definition of
pseudoalternating knots [23]. With the definition in hand, the proof below is straight-
forward.

Proof of Proposition 1.2. We need to show that pseudoalternating knots are squeezed,
which we shall establish by showing that they are strongly quasihomogeneous. In
fact, we shall show that every generalized flat surface is a strongly quasihomogeneous
surface; in other words, that every generalized flat surface is the union of a strongly
quasipositive and a strongly quasinegative surface where their intersection is a disc.

Since we have an inductive definition of generalized flat surfaces, we give an
inductive proof. Given a primitive flat fountain, consider a subfountain containing the
same collection of circles, but with a minimal number of arcs so that the subfountain
is still connected. Note that the associated surface to the subfountain is a disc, which
is both strongly quasipositive and strongly quasinegative. Also, note that the surface
associated to any positively-signed primitive flat fountain is the canonical surface of a
connected positive link diagram, and hence is a strongly quasipositive surface (there
is a similar statement for negatively-signed primitive flat fountains). Hence, we see
that the associated surface to any primitive flat fountain is strongly quasihomogeneous
since it is the union of a strongly quasipositive and a strongly quasinegative surface
which intersect in a disc; furthermore, this disc may be assumed to contain all the discs
bounded by the circles of the primitive flat fountain.

Suppose then, fori = 1, 2, that F; is a generalized flat fountain such that F1#F,
makes sense. Suppose further that the associated surface to each F; has been shown to
be strongly quasihomogeneous as the union of a strongly quasipositive and a strongly
quasinegative surface intersecting in a disc containing all the discs bounded by the
circles of F;.
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Then note that the surface associated to F1#F, is a Murasugi sum of the surfaces
associated to F; and F5. Indeed, F1#F, can be taken to be the union of a Murasugi
sum of the strongly quasipositive subsurfaces of F; and F, with a Murasugi sum of the
strongly quasinegative subsurfaces of F; and F,. The operation of Murasugi summing
preserves strong quasipositivity and strong quasinegativity [32]. These two subsurfaces
of F1#F, meet in the Murasugi sum of two discs (which is a disc itself), and this sum
contains all the discs bounded by the circles of Fi#F5. n
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