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Quadratic algebras associated with exterior 3-forms
Michel Dubois-Violette and Blas Torrecillas

Abstract. This paper is devoted to the study of the quadratic algebras with relations generated by
superpotentials which are exterior 3-forms. Such an algebra is regular if and only if it is Koszul and
is then a 3-Calabi—Yau domain. After some general results, we investigate the case of the algebras
generated in low dimensions n with n < 7. We show that whenever the ground field is algebraically
closed, all these algebras associated with 3-regular exterior 3-forms are regular and are thus 3-
Calabi—Yau domains. This result does not generalize to dimensions n with n > 8: we describe a
counterexample in dimension n = 8.

1. Introduction

Throughout K is a field and all vector spaces, algebras, tensor products, etc. are over K.
By an algebra without other specifications, we mean a unital associative K-algebra. We
use the Einstein convention of summation over repeated up-down indices in the formulas.

Let A = ), #» be an N-graded connected algebra; A¢ = K1 is the trivial mod-
ule and is identified with K. The projective dimension of the trivial module is the global
dimension of # and is also its Hochschild dimension (in homology as well as in coho-
mology) [2, 6]. The algebra # is said to be regular if its global dimension is finite, say,
gldim(A) = D (€ N), and if

X K ifk =D,

Ext® (K, A4) =
0 ifk # D,
i.e., Extf (K, 4) = K K.

In the following, we will be concerned about the connected algebras freely finitely
generated in degree 1 with a finite number of relations r; of degrees > 2, thus by algebras
of the form

A=K X" /[,

where K(x!, ..., x") is the free connected algebra generated by the x¥ (k € {I,...,n})
and where [S] denotes the ideal of K (x!,...,x") generated by S C K(x!,...,x"). Notice
that K(x!, ..., x") is canonically isomorphic to the tensor algebra T'(K") of K”. When
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all the relations r; are of the same degree N, # is said to be an N -homogeneous algebra.
One has the following result [3].

Proposition 1. Letr A be a regular algebra of global dimension D.
(i) If D =2, then 4 is quadratic and Koszul.
(i) If D = 3, then A is N-homogeneous with N > 2 and Koszul.
The notion of Kozulity introduced in [19] for quadratic algebras has been extended in

[1] for N-homogeneous algebras with N > 2.
For the case D = 2, one has the following complete description [23].

Proposition 2. Let A be a regular algebra of global dimension 2; then,
A=K x™)/[biixt @ x7], (1.1)

where bj; = b(e;, ej) are the components of a nondegenerate bilinear form b on K”".
Conversely, if b is a nondegenerate bilinear form on K", Formula (1.1) defines a regular
algebra of global dimension 2.

In order to state the similar result of the first part of the above proposition for the
case of the global dimension D = 3, let us remind some definitions of [10] concerning
multilinear forms on K”.

Let Q € GL(n,K), and let m be an integer with n > m > 2. Then, an m-linear form
w on K” is said to be Q-cyclic if one has

LU(XI,...,Xm) = LU(QXm,Xl,...,Xm_l)

for any X1, ..., X € K”. An m-linear form w on K” is said to be preregular if it satisfies
the following conditions:

i  wX,X1,...,X;m—1) =0forany Xy,..., X;,—1 € K" implies X = 0,

(i)  there is an element Q,, € GL(n,K) such that w is Qy,-cyclic.

In view of (i), O is then unique and this twisted cyclicity implies that whenever
w(Xq, ..., Xe, X, X1, .s Xm—1) = 0 for any Xq,..., X;y—1 € K” then X = 0; this
latter condition will be referred to as 1-site nondegeneracy.

It is worth noticing here that a bilinear form on K” is preregular if and only if it is
nondegenerate. Finally, we need another definition of [10]; namely, an m-linear form w
on K” will be said to be 3-regular if it is preregular and satisfies the following.

(iii) If Ly, L, € End(K") are such that
w(L1X1, X2, X3,..., Xm) = w(X1, L2X2, X3,..., Xim)

for any Xy,..., X, € K?, then L; = L, = A1 for some A € K.

We can now formulate the global dimension 3 version of the first part of Proposition 2
[9-11].
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Proposition 3. Let A be a regular algebra of global dimension 3; then,
A = K(xl, R VARLT) il...,'in‘ Q- ® xizv}]’

where Wi, ...y = W(ej,,...,e,) are the components of a 3-regular (N + 1)-linear form
w on K" with N > 2.

We write for the relations in Proposition 3
iw = w,-,-l...iinl Q- @ x'N
fori € {1,...,n}. This is a sort of derivative of w identified with
W = Wigoiy X0 ® -+ @ XN

which is the generalization of the volume form and is referred to as the superpotential
[4,5,22]. For the interpretation in terms of noncommutative volume, see [ 10, Proposition
10].

Propositions 2 and 3 generalize to higher global dimensions, but one has then to
assume the N -Koszul property and one has to take higher-order derivations of the super-
potential (a preregular multilinear form) to write the relations; see in [9, Theorem 4.3] and
in [10, Theorem 11] and [5] for the generalization to the quiver case.

2. Exterior 3-forms

Let (e;)ie(1,...,n) be the canonical basis of K”, and let us equip K" with the unique scalar
product for which the canonical basis is orthonormal, that is, for which one has

(ei.ej) = bij

for i, j € {1,...,n}. In the following, we assume that n > 3 since we are interested in
exterior 3-forms.
Let o be an exterior 3-form on K”. To @ € /\3 K" one associates n endomorphisms
Ay of K" by setting .
Arei =) ajriej = (Ai)] e @.1)
J

for k,i € {1,...,n}, where a;r; = a(e;, e, e;) are the components of «. Since they
are antisymmetric, the Ay are n elements of the Lie algebra so(n, K) of SO(n,K). The
3-form « is cyclic and therefore « is preregular if and only if it is nondegenerate, that is,

ix(@)=0=>X=0 2.2)
for X € K", where the 2-form iy («) is defined by

ix()Y,Z2) =ua(X,Y,2)
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for Y, Z € K". Condition (2.2) reads
ArX =0 Vk=X=0
in terms of the Ay. Finally, o is 3-regular if and only if
MAy = AxkN Yk=M =N =211

for M, N € End(K") with A € K. Thus, if « is 3-regular, the system (Ay) is irreducible (in
view of the Schur lemma) which implies in particular that the Ay € so(n,K) generate the
algebra End(K") of the endomorphisms of K” which contains as subspace the whole Lie
algebra so(n, K) of the antisymmetric endomorphisms of K”. However, one should be
aware of the fact that this does not mean that so(n, K) is generated as Lie algebra by the
Ay. For instance, the Lie algebra g, (K) has an irreducible representation in K’ although
it is a proper Lie sub-algebra of s0(7, K). In our general setting, there is no rule as shown
by the 2 families of examples given below.

In the next section, we will define exterior 3-forms «(?) in dimensions 2 p + 1 which
are 3-regular and such that the corresponding A,(Cp ) e s0(2p + 1,K) generate the whole
Lie algebra so(2p + 1,K) of antisymmetric (2p + 1) x (2p + 1) matrices with coefficient
in K.

On the other hand, let «;;; be the structure constants of the compact real form of a
simple complex Lie algebra g of dimension 7 in its standard orthonormal basis. Then,
the ;. define a real 3-regular 3-form o € /\3 R” and the associated Ay span the adjoint
representation of g, that is, the corresponding Lie-sub-algebra a of so(n, R). The Jacobi
identity reads then

(AW, @jiniy + (AR, iy jis + (AR iyinj = 0

for any k € {1, ..., n}, which means that the Lie sub-algebra a of so(n, R) generated
by the Ay preserves the exterior 3-form «. This is clearly not the case for the whole Lie
algebra so(n, R) except for the dimension n = 3, i.e., for ¢ = a; which corresponds to the
exterior 3-form aM. The 3-regularity of « follows from the irreducibility of the adjoint
representation of g.

Remark. The dimension 4 is an exception since any 3-form o € /\3 K* is of the form
o = ix(voly) for some X € K*, where the volume form voly € /\4 K* is defined by
vols(er, ez, e3,e4) = 1 which implies that vols(e;, ej, ek, e¢) = &;jr¢. Therefore, an ele-
ment @ = iy (voly) € /\3 K* is degenerate since then iy (o) = 0 for X € K* with X # 0
if @ # 0 and thus no nontrivial o € /\3 K* can be 3-regular. This has a counterpart on the
side of the Lie algebra so(4, K) which is not simple since $0(4,K) = s0(3,K) & s0(3,K)
while s0(3, K) and so(n, K) for n > 5 are simple Lie algebras.

The first interesting nontrivial case can only occur in dimension 5, and it turns out that
it consists in the GL(5, K) orbit of the exterior 3-form a®.
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3. Exterior 3-forms as superpotentials

In this paper, we are interested in the regularity of quadratic algebras with relations gen-
erated by exterior 3-forms, that is, by algebras of the form

A=K x™) Hairx? @ xF), (3.1

where the «;;; are the components of an exterior 3-form «, i.e., are completely antisym-
metric. Since by Proposition 3 we know that the 3-regularity of « is a necessary condition
for the regularity of 4, we are led to introduce a list of 3-regular 3-forms « in K” and to
study the regularity of the corresponding quadratic algebras given by (3.1). We will use
freely the following lemma.

Lemma 4. Let o be an exterior 3-regular 3-form on K". Then, the quadratic algebra
A=K ... x")/[{0;a)]

is a domain and the following statements are equivalent:
i) A is Koszul,
(ii) A is regular,
(iii) oA is 3-Calabi-Yau.

Sketch of proof. The algebra 4 is a domain because it is the universal enveloping alge-
bra of a Lie algebra since the relations involve only commutators [15]. The equivalence
(1)< (i1) follows directly from [10, Proposition 16]. Concerning the last equivalence, since
o is cyclic, # is Calabi—Yau [12] whenever it is regular [4]. [

Leto € /\3 K", and let + be the quadratic algebra defined by (3.1). One defines an
antisymmetric n X n-matrix A(x) with entries in 4 by setting

A(x) = Agx*, (3.2)

where the Ay are the matrices given by (2.1), that is, by (Ak)j- = «ji;. The relations 0,
of A can be expressed as

810{ xl

=Ax) | : (3.3)
op x"
or simply by dx = A(x)x, where dx and x denote the corresponding columns. Let us
assume now that « is 3-regular; then, the augmented Koszul complex of « reads as follows
from [10]:

t A
0= ok n 290 un X A5 K S0,
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where x! means multiplication in # by the transposed x’ of the column x, A(x) means
multiplication in #4 of the line A" of elements of A with the n x n-matrix A(x) of ele-
ments of 4, x means multiplication in +4 of the line A" of elements of 4 by the column
x while ¢ is the projection onto degree 0.

The exactness of the sequence

xt
00— A— A"
follows from the fact that 4 is a domain while the exactness of the sequence

A
An A X ALK S0

just expresses the definition of 4 by generators and relations. Therefore, 4 is Koszul if

and only if the sequence
x! A(x)
—_—>

A —> A" A"

1s exact.

It is clear that the quadratic algebras # of the form (3.1) do only depend up to iso-
morphism on the 3-forms « up to the GL(n, K) action. Thus, we are only interested in the
GL(n, K) orbits of 3-forms in K”. Notice that the 3-regularity of a 3-form is an invariant
notion as well as the regularity of the corresponding algebra. In Section 4, we will analyze
the orbits of nondegenerate exterior 3-forms for K = C by choosing a convenient element
in each orbit for dimension n with 3 < n < 7, using the results of [8]. We will then select
the 3-regular orbits and corresponding 3-regular representative exterior 3-forms. The reg-
ularity of the corresponding quadratic algebras will be investigated in Section 5.

We now analyze a particular family of exterior 3-forms a(?) € /\3 K271 and show
that the corresponding quadratic algebras A are regular of global dimension 3. Let us
define a‘?) by

D
a(p) = Z 6™ A 9m+p AN 62p+1 = Ol,‘jkei ® ej ® ek, 3.4

m=1

where (67) is the dual basis of the basis (e;) of K271, It is easily verified that a? is 3-
regular. The corresponding superpotential is «‘?) = a; jkxi ® x/ ® x*, and the relations
9;a(P) of the corresponding quadratic algebra #4?) read

ama(l’) — xm+p ® x2p+1 _x2p+1 ® xm+p’
(3.5)

It pa P = x2PTL @ x™ — x™ @ x2P T

for] <m < p and

p
dapr1a? = Zx' Qx"TP —x"tP @ x” (3.6)
r=1
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and imply that x>?*1 is in the center of AP in view of (3.5) and that the x* for £ €
{1,...,2p} span the quadratic sub-algebra

B8P =K(x',....x?)/[02p110P] (3.7)

of AP Since 9, p+1a(P) given by (3.6) is obviously the superpotential corresponding
to a nondegenerate bilinear form on K27, 8() is a regular quadratic algebra of global
dimension 2. Thus, one has

AP = 8P g K[x21’+1],

which implies that A is regular of global dimension 3.

Let us now show that the (2p + 1) x (2p + 1) antisymmetric matrices A](cp ) e s0(2p +
1, K) associated (via (2.1)) to a® € A\ K27*+! generate as Lie algebra the whole Lie
algebra so(2p + 1, K). One defines

u?p
0, —u?Ptly,
ubPtl
A(u) = —u!
2p+1 .
u 1, 0p :
2P _yptl 1 yp 0

by setting
Au) = AP Uk

for u € K271, Then, by computing the commutator [A (), A(v)] for u, v € K2?*1, one
verifies that the components of the antisymmetric matrix [A4(u), A(v)] are just a permu-
tation of the components of the exterior product u A v. It is clear that the linear span of
the u A v for u, v € K211 is the whole Lie algebra so(2p + 1,K) of antisymmetric
(2p + 1) x (2p + 1)-matrices, which is therefore also the case for the [A(u), A(v)] for
u,v e K2+l

We summarize the above results concerning the o(”) by the following proposition.

Proposition 5. Ler (P ¢ /\3 K221 pe defined by (3.4), and let AP) be the associated
quadratic algebra as in (3.1) and A](CIJ ) the corresponding endomorphisms of K>P*1 as
in (2.1). Then, one has the following.

(1) The quadratic algebra AP is regular of global dimension 3.
(2) The A](cp), ke{l,...,2p + 1} generate the Lie-algebra s0(2p + 1,K).
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4. Exterior 3-forms in K" with3 <n <7

In this section, K is algebraically closed. We will use the results of [8] for 3 <n < 7 and
the choices of representative elements in /\3 K™ for the GL(n, K)-orbits of nondegenerate
(i.e., preregular) exterior 3-forms; see also in [13]. However, the analysis of the regularity
of these elements is independent of the assumption that K is algebraically closed.

In dimension n = 3, the only nontrivial orbit is the one of «‘V = 8! A #2 A #3. The
corresponding superpotential is

Ol(l) = Sijkxi ® Xj ® xk7
and the quadratic algebra 4! is the commutative algebra
AD = K[xl,xz,x3]

of polynomials in the x?, i € {1,2,3}. By setting A (x!, x2, x3) = A,(cl)xk, one has

0 —x3 x?
AV 2y = x> 0 —x! @.1)
—x2  x! 0

for the corresponding matrix.
In dimension n = 4, all exterior 3-forms are degenerate.

In dimension n = 5, the only orbit of nondegenerate exterior 3-forms is the one of
oa®@ = O AP +02A0Y)A0° = ozi(;,z&i A 67 A % which is 3-regular. Moreover, the

associated quadratic algebra A® is regular of global dimension 3 (see the last section).

In dimension n = 6, there are 2 orbits of nondegenerate exterior 3-forms: namely, the

orbit of y = 01 A 02 A 63 + 0% A 6 A 6° and the orbit of
0=0"AN0PAN0°+03A0A0°+0% A0 A0%

None of these 3-forms is 3-regular, so the associated quadratic algebras #, and +,, cannot
be regular. Indeed, y is disconnected, that is, the sum of two exterior 3-forms in two
different spaces K3 with bases (e1, €2, 3) and (e4, €5, e), respectively, so the commutant
of the corresponding

4,00 AD (x1 x2, x3) 03
X =
v 03 A(l)(x4,x5,X6)

(kﬂg, 03 )
03 ul3

contains the matrices
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for any A, u € K which implies that y is not 3-regular, while for @, one has

A B A(l)(x4,x5,x6) _A(l)(x17x2’x3)t
o= 40 22, 29) 03 ’

where A is defined by (4.1), so one has for any ;1 € K

03 Mh) ( 03 03)
Ay, =A ,
(03 03 ¢ “\uls 03
which implies that @ is not 3-regular.

In dimension n = 7, the situation is much more elaborated. There are five orbits of non-
degenerate exterior 3-forms, namely, the orbits of the following exterior 3-forms:

p=0 AP AP 0PN AN +03A O5AG,

B=O AP +02A0HANE0°+0A07T AB% 4+ 0% A65 ABG*,
a® = O A0*+602A0° +03A0% A0,
a® =a® 401 A 0% A 63,
a®" =a® L9V AOZ A0+ 04 A0 A6,

where we have used the notation of Section 3 for «®. It is worth noticing here that one
can also express f as

B=a® +0"A07 NG+ 6% A0°A0%

with the notation of Section 3. The correspondence with the notations of [8] is a® =
f1.0P = foy = oo = fa.p=fs. 8= fr.a® = f5,a® = f5,and «®" = fo.

The exterior 3-forms p and B are 3-regular while «®, «®”, and «®” span an affine
plane

qlfott2) — loOl(3) + tla(3)/ + lel(S)”, o+t +0=1

of 3-regular exterior 3-forms to which are associated a corresponding family -4 ®0-1:%2) of
quadratic 3-Calabi—Yau algebras of the type investigated in [14]. Namely, the #40-11:2) are
the cross-products of the 2-Calabi—Yau algebra B8® defined by (3.7) with the derivations
1181 + 1285, (i.e., are the Ore extensions of B associated with data (I, 1181 + 1265)).
Notice that «®” is in the orbit of the generic 3-forms, so the associated quadratic algebra
is isomorphic to the algebra with G,-symmetry defined in [21].

For a = p, the matrix A(x) given by (3.2) reads

0 —x3 xZ 0 0 0 0
x3 0 —x! —x® o0 x4 0
—x2 X! 0 0 —x7 o0 x°
Ap(x)=] 0 x% 0 0 0 —x2 0 4.2)
0 0 x7 0 0 0 —x3
0 —x* 0 x? 0 0 0
0 0 —x* 0 x3 0 0
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and the relations of the associated quadratic algebra -4, read

81p=x2®x3—x3®x2,

hp=x@x' —x'@x®> +x* @ x° — xS @ x*,

Bp=x'@x>—?*x! +x°®@x" —x" ®@x°,

d4p = x° @ x? — x? ® x°,
dsp=x"®@x>—x}®x’,
dep = x> @ x* — x* ® x2,

Ip=x3@x° —x°@x>.

1524

One can show by direct computation (or by using computer) that, for matrices M, N €

M (K), the relation

MA,(x) =

implies that M = N = A1 for some A € K, so the exterior 3-form p is 3-regular.

Ap(x)N

For o = B, one has for the corresponding matrix A(x) = Ag(x)

0 x7 —=x° 0 x3 0 —x?

—x7 0 0 —x° X 0 x!

x° 0 0 x6 —x! —x* 0
Ag(x)=1] 0 x> —x® 0 —x%z X3 o 1.

—x3 —x* x! x? 0 0 0

0 0 x* —x3 0 0 0

x2 —x! 0 0 0 0 0

and the relations of the associated quadratic algebra Ag read

81ﬁ=x3®x5—x5®x3+x7®x2—x2®x7,
82,3=x4®x5—x5®x4+xl®x7—x7®x1,
83,3=x5®x1—x1®x5+x6®x4—x4®x6,
84,3=x5®x2—x2®x5+x3®x6—x6®x3,
85,8=x1®x3—x3®x1+x2®x4—x4®x2,
86,3:x4®x3—x3®x4,

78 =x*@x' —x! @ x2.

(4.3)

Thus, it follows that +g has 2 non-intersecting sub-algebras, namely, the quadratic
sub-algebra B generated by x!, x2, x3, x* with relations 958, d¢B, 378 and the sub-

algebra € = K(x°, x%, x7) freely generated by x>, x

6

, x7 which is isomorphic to the

tensor algebra 7'(K?3) and is a Koszul algebra of global dimension one. Concerning the
sub-algebra B, it is a Koszul algebra of global dimension 2. Indeed, by introducing the
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3 x 4-matrix B(x) with coefficients in B defined by

X3 x4yl 2
Bix)=| 0 0 x* —x3),
x2 —x' 0 0

the augmented Koszul complex of B reads
B
082 gt L 85K S0

and, by using the fact that B is a domain since it is a universal enveloping algebra of a
Lie algebra, it is easy to show that this is an exact sequence, that is, that the mapping
B3 — B* is injective. Thus, g is generated by the two non-intersecting sub-algebra
B and € which are Koszul of global dimensions gldim(8) = 2 and gldim(€) = 1. The
relations 01 8, 028, 038, 048 give commutation relations between the generators of 8 and
generators of € = K (x>, x®, x7).

Finally, one can show by using computer that for matrices M, N € M(K) the relation

MAﬁ(X) = Aﬁ (X)N

implies M = N = A1 for some A € K, which means that 8 is 3-regular.

We now discuss the cases of «®” and «®”.

For @, this is the discussion of Section 3 for p = 3. One has A®) = 83 ® K[x7]
which is the cross product of B84 with the trivial derivation 8y = 0.

For «®”, one has

0 —x3 x2 —x7 o 0 x*

x3 0 —x! 0o —=x7 o0 x°

—x2 X! 0 0 0 —x7 x°

Ay =] x7 0 0 0 0 0 —x
0 x’ 0 0 0 0 —x

0 0 x7 0 0 0 —x

—x* —x® —x® ! x2 X3 0

for the corresponding matrix A(x) = A (x), and the relations of the associated quadratic
algebra A read

0112 =x*@x’ -’ @x* +x2@x3 —x3® 2,

Y = x" -’ + P @x! —x! ® 3,

930 =x° @ —x"@x° +x' @ x2 - x2 @ x!,

950® =30® =x"@x' —x' ® 17,

9sa® = 350 = x" @2 —x2® 7,

9 = 36a(3) =X’ @x3-x3®x’,

8704(3)’:)(1 Rxt—x*x'+x2x° —xX° @x2+ 13 @x° —x® @ x>

= 37Ol(3).
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Now, let B be the quadratic algebra B?) of Section 3 for p = 3, that s,
B =K(x!,...,x%/[0;¢?]
which is a regular algebra of global dimension 2; then,

Sixl =@’ - it =y —x'@x? st =x'@x* - ex!,
8§1x* =0, §;x°> = 0, and §;x® = 0 defines a derivation of degree 1 of K(x!,..., x°)
which satisfies

§1(370%) =0

in view of the associativity of the tensor product. It follows that §; defines a derivation of
degree 1, again denoted by &, of 8. Then, the relations of 4 imply that A is the
cross product

AR = 83 x5 K[x7]

of B3 with the derivation 8, the corresponding new generator being x7, (§; = ad(x7)).
One proceeds similarly for «®”; one has

0 —x3 x?2 =X 0 0 x4

x3 0 —x! 0 —x7 0 x°

—x2  x! 0 0 0 —x7  x°

AP (x) = | x7 0 0 0 —x% x> —x
0 x7 0 x° 0 —x* —x2
0 0 x7 —x°  x* 0 —x3

—x* —x> —x® X! x?2 x3 0

while the relations of A" read
910 =30 = x*@x" — X" @x*+ 23— P @2,
9,0 = 3,0 = @x" -+ P @x —x! @3,
930 = 930 = x°@x" —x" @ x° + x' @ x2 — x?2 ® x!,
9,0 =x"@x!' —x'@x’ + x° @x° —x° ® x°,
950 =x" @2 -2 @x +x° @ x* — x* ® x°,
960 =x"@ 3 - xP 7 +x*@x° — x5 @ x?,

370((3)// = 8701(3)/ = 87(1(3).
One defines a derivation 8, of degree 1 of K(x!,..., x%) by setting

Sox! = x2 @ x3 —x3 @ x2,
Hxl=x@x! —x'®x3,

3 1 2 2 1
52X =X X" —x"®x",
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SHxt=x"@x°—x°®x°,
Srx’ = x® @ x* — x* ® x°,

Soxb =x*@x° —x° @ x?

which satisfies again
52(8706(3)) =0

in view of the associativity of the tensor product. Therefore, &, passes to the quotient and
defines a derivation of degree 1, again denoted by 85, of the regular algebra 8. Thus,
4B is the cross product

A" = B x5, K[x7]

of B® with the derivation 8,, the corresponding “new" generator of degree 1 being x”.

Remark. Since the relations of all the quadratic algebras of this paper have relations
defined in terms of commutators, it follows that they are the universal enveloping algebras
of graded Lie algebras generated in degree 1 as already pointed out. The cross-products
with derivations considered above correspond to the universal enveloping algebra versions
of semi-direct products of the graded Lie algebras with derivations of degree 1. Thus, 8
is the universal enveloping algebra of the corresponding graded Lie algebra b® and the
8i.i €{0,1,2} are in fact derivations of degree 1 of 6® while A3, AGY AB) are the
universal enveloping algebras of the semi-direct products of the Lie algebra b with the
derivations dg, 81, 6>.

5. Regularity

The cross product with a derivation of degree 1 is a particular case of the graded Ore exten-
sion which preserves the Koszul property, and even more, it preserves the K, property [7]
in a very strong sense [18]. It follows that the quadratic algebras A®), 4G, A®) asso-
ciated with the exterior 3-forms a®, a®”, «®” € A\* K7 are Koszul and therefore are
regular in view of Lemma 4. This is also true for the quadratic algebras A(?) associated
with the exterior 3-forms a® e A’ K2?+! (p > 1) as explained in the second part of
Section 3. All these quadratic algebras are particular cases of the ones of [14].

It remains to discuss the case of the quadratic algebras +, and g associated with the
3-forms pand € N\’ K.

The matrix A, (x) is given by (4.2), so the relations of the algebra 4, read

[x2,x3] =0, (5.1
3, x1]+ [x*, x5 =0, (5.2)
' x4+ [x°,x7] =0, (5.3)
[x x%] =0, (5.4)
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x7,x3] =0, (5.5)
2, x* =0, (5.6)
[x3,x°]=0 (5.7)

for the generators x* (k € {1,...,7}) of Ap.

Proposition 6. The sequence

C A
Ay s AT

o T 7 ‘A’;
is exact.
Proof. 1t is sufficient to prove that
(al,az,a3,a4,a5,a6,a7)Ap(x) =0 (5.8)
for (a¥) € A implies that
a* =axk vke{l,....7} (5.9)

for some a € sA,.
Equation (5.8) reads by using (4.2)

a’x® —a*x? =0, (5.10)

—a'x3 +a3x' +a*x® —abx* =0, (5.11)
a'x? —a*x' +a°x" —d’x*> =0, (5.12)
—a?x% +ab%x? =0, (5.13)

—a’x"+4d’x3 =0, (5.14)

a?x* —a*x? =0, (5.15)

acx® —a’x3 =0. (5.16)

For the a* of degree 0, that is, a* € K (Vk € {1,...,7}), it is clear that (5.8)=(5.9)
with @ = 0 since the x¥ are linearly independent.
In order to prove the above proposition, we first prove the following lemmas.

Lemma 7. Assume that the a¥ Ap with 2 < k <7 satisfy the relations (5.13), (5.14),
(5.15), and (5.16). Then, a* = ax? and a® = ax? for some a € A, imply that ak = axk
forany k with2 <k <17.

Proof. Assume a?> = ax? and a® = ax3; then,
(5.13) reads (a® — ax6)x2 = 0in view of (5.4),
(5.14) reads (a’” — ax”)x® = 0 in view of (5.5),
(5.15) reads (a4 — ax“)x2 = 0 in view of (5.6),
(5.16) reads (a° — ax®)x> = 0 in view of (5.7).

Since 4, is a domain, this implies that a* =ax*for2 <k <7. [
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Lemma 8. Assume now that the a* C Ap with 2 < k <7 satisfy (5.10), (5.13), (5.14),
(5.15), and (5.16). Then, there is some a € A, such that ak = ax*k forany2 <k <17.

Proof. We proceed by induction on the degree d of the a*. This is clearly true for d = 0,
with @ = 0 in view of the linear independence of the x¥. Let us assume that this is true for
d < n, and let the degree of the a* be n + 1. The relation (5.10) reads

0,—a,4%,0,0,0,0)x = 0,
which implies that there are bk e Ap fork € {1,...,7} such that
(b',....b")A,(x) = (0,—a>,a*,0,0,0,0) (5.17)
since the exactness of the sequence

Ap(x)
AT L AT S

is equivalent to the presentation of #A,.
The relation (5.17) reads

b2x® —b3x% =0, (5.18)

—b'x3 +b3x1 4+ b*x® —bOx* = —a3, (5.19)
bIx? —bp2x! + b3°x7 - b7x% = d?, (5.20)
—b%x® + bx% =0, (5.21)

—b3x"+b7x3 =0, (5.22)

b2x* —b*x? =0, (5.23)

b3x> —b>x3 = 0. (5.24)

Now, the b* are of degree n, and therefore for k > 2, one has b* = bx* for some b € Ap
in view of Lemma 7 and of the induction assumption. Therefore, using (5.3) and (5.2),
relations (5.20) and (5.19) read a?> = (b' — bx')x? and a® = (b' — bx')x3 which in
view of Lemma 7 implies that

ak = axk for2 <k <7

witha = b! — bx!. n

End of proof of Proposition 6. Let (a',...,a") € Ker(4,(x)); we have proven that a* =
axk for k > 2, but then relations (5.12) and (5.11) read

(@' —axHx?* =0 and (a' —axHx3=0.

Each one of the last relations implies that al = ax! since Ap is a domain. Thus, one has

ak:axk,‘v’ke{l,...,7}. [
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This implies that -, is Koszul and therefore is regular and is in fact a 3-Calabi—Yau
domain.
The matrix Ag(x) is given by (4.3), and the relations of the algebra +g read

3, X1+ [x".x*] =0, (5.25)
[x*. x°]+ [x".x7] =0, (5.26)
[x5, x'] + [x%, xY =0, (5.27)
[x°.x*] + [x*.x°] = 0, (5.28)
[x!, X3+ [x2, x*] =0, (5.29)

[x* x3] =0, (5.30)

[x2,x!] =0, (5.31)

where it is understood that the relations are valid in the algebra #Ag for the generator
xt, e {l,...,7}. The relations (5.29), (5.30), and (5.31) between x!, x2, x3, x* define
the quadratic sub-algebra B of #g which is Koszul of global dimension 2, and the fol-
lowing lemma implies in particular the injectivity of the 8-module homomorphism

D.83 B(x) c.'847
where B(x) is the 3 x 4 matrix defined by 4 in the last section.

Lemma 9. One has the following identity:

— 2x4
—x3 —x* Xt x? Y 0 - 1 00
0 o0 x| % |01 o«
3 2 - ’
2 oo o)l 0 00 1

where u € B C Ag is given by
u=2(x1x + x%x%) = 23T + x*x?) = 21 + 20 + 3+ x* 52
the different equalities follow from (5.29).

Proof. This is a direct consequence of the relations (5.29), (5.30), and (5.31) which char-
acterize B C Ag. [

Let (a',a?,a’,a* a®,a® a”) € A} be in the kernel of the + g-module homomorphism
Ag(x)

7 78 7

Ag — Ap

that means that one has

(al,az,a3,a4,a5,a6,a7)Aﬂ(x) =0 (5.32)
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for the a** € Ag, u € {1,...,7}. Let us cut the above relation (5.32) in two pieces as
0 x7 —=x*> 0
7 5
1 2 3 4| X 0 0 —x
(a*,a%,a’,a") 5 0 0 6
0 x> —x® 0
—x3 —x* x! X2
+(@®,a%a’)| 0O 0 x* —x3|=0 (5.33)
x2 —x%2 0 0
and
x3 0 —x2
4 1
X 0 X
(a',a? a® a*) T o =0 (5.34)
—x2 X3 0
which separates (a',a?,a>,a*) and (a°,a®,a”). We now use Lemma 9 to express a”, a®,
a’ interms of a!, a?, a®, a*. By applying the 4 x 3-matrix
—X 0 2x4
—x2 0 =2x3
x3 2x2 0
x* —2x! 0
on both terms of (5.33), one obtains
(al,az,a3,a4)C = (as,aﬁ,a7)u, (5.35)
where the 4 x 3-matrix C which coefficients in #g is given by
—(x"x? 4+ x°x3) —2x°x2 —2x7x3
C — x7xl — x3x* 2xox1 —2xTx* (5.36)
Tl x4 x0x% —2x0x1 2x0x* '

—(x°x2 + x%x3) —2x%x2 —2x°x3

It is obvious that a solution of (5.34) is (a'a?a’a*) = a(x', x?,x3,x*) witha € Ag.
It follows then from (5.35) and (5.36) that one has the implication

2 2

(a'.a ,a3,a4) = a(xl,x ,x3,x4) = (a°,a%d") = a(xs,xé,x7) (5.37)

as easily verified by using the relations (5.25), (5.26), (5.27), and (5.28).

Lemma 10. The algebra Ag is bigraded by giving bidegree (1,0) to x', x?, x3, x* and

bidegree (0, 1) to x>, x°, x”.

Proof. This is clear since the relations are homogeneous in the bidegree either of bidegree
(2,0) or of bidegree (1, 1). |
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In the following, we will refer to the degree in (x>, x®, x7) as the second degree and
our proof of the regularity of the quadratic algebra #Ag will be based on the induction with
respect to this second-degree p € N. More precisely, we will prove by induction on the
second-degree p € N the following statement.

Proposition 11. Let a', a?, a3, a* be 4 elements of 4g. Then, (a', a?, a3, a*) satisfies
Relation (5.34) if and only if one has

(al,az,a3,a4) = a(xl,xz,x3,x4)
for some a € Apg.

The following lemma is the step O of the induction.
Lemma 12. Assume thata',a?,a®,a* € Ag are of second degree 0. Then, (a',a?,a*,a*)
satisfies Relation (5.34) if and only if one has

2 2 .3

(al,a ,a3,a4)=a(x1,x ,X ,x4)

for some a € Ag of second degree 0.

Proof. To assume that a¥ is of second degree 0 is the same as to assume a¥ € B C A 8-
Since B is Koszul of global dimension 2, one has the exact sequence

058322 g4 5 8 LK o

from which the result will follow. Indeed, Relation (5.34) reads

(—a3,—a4,a1,a2)x =0,
(O,O,a4, —a3)x =0,

(az,—al,0,0)x =0,
which in 8B is equivalent to
(—a3, —a4,a1,a2) = (ul,uz,u3)B(x),
(O,O,a4,—a3) = (v!, V2, v3)B(x),
(az, —al,0, 0) = (wl, w2, w3)B(x),
in view of the above exact sequence. From the second relation and the fact that B is a

domain, it follows that (a3, a*) = r(x3, x*) and from the third relation that (a', a?) =
s(x!, x2) with r, s € B. Finally, by using the first relation, it follows that 7 = s(=a). =

Let us come back to the general case. Equation (5.34) is equivalent to the equations
—aPxl—a*x>+a'xP+ad*xt =0, (5.38)
a*x®* —a*x* =0, (5.39)

a*xt —a'x? =o0. (5.40)
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Equation (5.38) is equivalent to
(—a3, —a*,a',a%,0,0, 0) = (bl, e b7)AB(x)
for some elements b!, ..., b7 of Ag. It follows that one has

a' = b>x! + bOx* — b1x> — b4x,

a2 — b5X2 —b6)€3 —b2X5 +b3x6,

5.41)
a® =b>x3 —b"x%? —b3x° + b2x7, (
at =b>x* +b7x — b —blx7
and that
x3 0 —x2
(b1, b2, b3, b*) xt 0 xh ) (5.42)
o —x' —x* o0 | 7 :
—x2 X3 0

We now assume (induction hypothesis) that for any a’ € A g i €{1,2,3,4} of second-
degree ¢ < p the relation (5.34) implies

2 2 3, x%

(al,a ,a3,a4)=a(x1,x , X7, x

for some a € #g, and let us assume that the a’ in (5.41) are of second-degree ¢ = p + 1.
Then, it follows that the b are of second-degree ¢ = p fori € {1, 2,3, 4} and therefore
that b* = bx' for some b € Ag fori € {1,2,3,4} in view of (5.42) and of the induction
hypothesis. Then, (5.41) implies that

a' = (b° —bx*)x' + (b® — bx®)x*,
a® = (b° —bx’)x? — (b — bx%)x3,
a® = (b° —bx*)x> — (b7 — bx")x2,

a* = (b° —bx®)x* + (b7 — bx")x!,

where we have used the relations (5.27), (5.28), (5.25), and (5.26). That is,

al = ax' + rx?,

a® = ax? —rx3,

a® =ax® —sx2,

and

a* = ax* + sx!

witha, r, s € Ag. By insertion of these expressions again in (5.39) and (5.40), one obtains

sxlx3 4+ 5x2x* = s(x'x® 4+ x%2x*) = 0,

—rx3xl —rx*x? = —r(x'x3 + x2xY) =0,
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which implies that r = s = 0 since A,g is a domain. So, a’ = ax! fori € {1,2, 3,4} which
achieves the proof of (al, a?, a3, a4) = a(xl, x2, x3, x4) by induction on the second
degree p. ]

From the implication (5.37), it follows finally that one has
(@,....a’y=a(x',....d")

for some a € Ag whenever (a',...,a”) is in the kernel of A g (x). This implies that Ag
is Koszul and therefore is regular of global dimension 3 or equivalently here is 3-Calabi—
Yau.

In summary, we have proved the following result.

Theorem 13. The quadratic algebras associated with the 3-regular exterior 3-forms p, B,
a®, 01(3),, a®" in dimension 7 and with the exterior 3-forms a'P) in dimensions 2 p+1
for p € N with p > 1 are regular and are therefore 3-Calabi—Yau domains.

Using the fact that the 3-regular exterior 3-forms that we have considered contain
representative elements in all orbits of 3-regular exterior 3-forms in K” for n <7 whenever
K is algebraically closed, one has the following theorem.

Theorem 14. Assume that K is algebraically closed, and let o be an exterior 3-regular
3-form on K" with n < 7. Then, the quadratic algebra

A=K ... x")/[{0:)]

is regular which implies that it is a 3-Calabi-Yau domain.

It is worth noticing here that, for n < 7, we have shown that such exterior 3-regular
3-forms only exist in dimensions n = 3,5, and 7.

In the next paper of this series, we will investigate a sequence of quadratic algebras of
the above type associated with the sequence of the simple complex Lie algebras.

6. Exterior 3-forms in K” withn > 8

A natural question is as follows: does Theorem 14 remain true for exterior 3-forms of rank
n > 77 Or, in other words, is the quadratic algebra associated with a 3-regular exterior 3-
form in K” with n > 8 a Koszul algebra?

It turns out that the answer is negative. Indeed, in [20], it is pointed out that the case
XII of rank 8 of the book of G. B. Gurevich [13], namely, the exterior 3-form

w=02A0"A0T + 02 AP AP+ OZA0ONAOY+ OB AL A0+ 07 AO3 NG

which is 3-regular leads to an associated quadratic algebra which is not Koszul and there-
fore not regular. Let us explain this fact.
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First, the 3-regularity of @ follows from a tedious but straightforward calculation.
The relations of the quadratic algebra 4, = # associated with » read

(AT + B xf =0,

Do : [x7, x4+ [x3, x°] + [x*, x] = 0,
dz 1 [x7, x* + [x°,x%] =0,

dgw : [x3, X7+ [x1, x84+ x5, x%] = 0,
[x*.x] =0,

[xz,x4] =0,

drw : [x, x4+ [x*, %3] =0,
[

x4,x1] =0.

8560

866()

dgw :
These relations show that #4 is generated by two sub-algebras: a tensor algebra
K(x% x®,x7,x8) =7
generated by x°, x°, x7, x® and a quadratic sub-algebra 8,, = 8 generated by x!, x2, x3,
x* with relations 95w, d¢w, 070, dgw while the first four relations 91 @, @, 3w, 4w of

A give commutation relations between elements of 7 and elements of 8. The relations

of A read dw = A(x)x as explained in Section 3 (formulas (3.2) and (3.3)) where x is the
cxl
column ( : ) and where the antisymmetric 8 x 8-matrix A(x) = A, (x) is given by

6

xS

F 0 x7 0o —x® o0 0 —x2 x*7

—x7 0 x> x®  —x3 —x* X! 0

0 —x> 0 —x7 x? 0 x4 0

x8  —x® X7 0 0 x2  —x3 —=x!

AD=1"% 3 22 0o 0o o0 0 o0

0 x* 0 —x2 0 0 0 0

x2 —x! —x* X3 0 0 0 0
x* 0 0 x' 0o 0 0 0

which reads in 4 x 4-matrices blocks

Ao(xrr) —B(xp)
A(x) = ,
B(xl) 0

where x7 = (x!, x2,x3, x*)? and x77 = (x>, x%, x7, x®)".
The 3-regularity of w implies [10] that the augmented Koszul complex of +#4 reads

0> AR S ARRDSARE S A —K -0,
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where E = A is the space generated by the x!,..., x® and where R C E ® E is the
space of relations of 4 generated by the djw, ..., dgw while w € /\3 ECEQEQE
is identified as an element of E®°. With other notations, the above Koszul complex of 4
identifies to the sequence (see in Section 3)

A8 A 48 5 A LK 0,

O—>A—>

where the exactness of
g A)

A A8—>A—>K—>O

is automatic since it is equivalent to the presentation of # by generators and relations
while the exactness of

xt
0—> A A8
follows from the fact that +4 is a domain. Thus, it remains to analyze the small complex

A
8 A 48 6.1)

A > A
that is, to describe the kernel Ker(A(x)) of A(x). By construction, one has
ar(x!, ..., x%) e Ker(A(x)), Va; € 4 (6.2)

since (6.1) is a complex; however, there is another injective mapping of « into Ker(A(x))
which is quadratic in the x* defined by

az(jl(x), .. .,jg(x)) € Ker(A(x)), Va; € A, (6.3)
where

jt=jr=j=j*=0
J2=ul () = =(xH?,

FO=u?(xr) = x2xt 4+ x4 3 + [x2 2] (& (Pxt x4 x4 X)),
FT=ul(xp) = x2x* (> x*x?),

JE=utxr) = ()

(The equivalences are modulo the relations d;w for i € {5, 6,7, 8}.) It is easy to verify
that (6.2) and (6.3) belong to Ker(A(x)), and one can show that they generate Ker(A(x)).
This implies in particular that the sequence (6.1) is not exact and therefore that +4 is not
a Koszul algebra, and so cannot be regular. Notice that nevertheless one has the exact

sequence

A(x)

2 OG5 g 8
0— A2 00 48 200 43 5 4 K — 0

which is a minimal projective resolution of the A-module K. This implies [6] that the
global dimension of # is 3, gldim(4A) = 3.
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The origin of the above facts is that the global dimension of the sub-algebra 8B is 3,
gldim(8B) = 3, and that one has the minimal free resolution of K as $-module

0858+ 20 g4 ¥ g LKk 5o
since the mapping u : B — B* given by
b= b(u' (xp), u?(xr), u? (xp), u* (x1))

is injective and that Im(u) = Ker(B(xy)) as easily verified.
By comparison of the above resolutions with the usual form of the minimal projective
resolutions (i.e., here minimal free resolutions since we are in the graded case [6])

dy d
o> AQTorM (K, K) = - =5 o @ Tord (K, K) — K — 0,

one gets that
Tor;"’(K, K) = Tor‘g‘:3 (K,K) & Tor‘§f4(]K, K),

Torf’) K, K) = Tor£4(K, K)
with
dim(Tor3'; (K, K)) = dim(Tor3’, (K. K)) = dim(Tor$, (K. K)) = 1

and
Tor* (K, K) = Tor2 (K, K) = 0

for n > 4. It follows that the Poincaré double series

Py(r,s) = Z dim(Tork‘A;[ (K, K))rks(
k.l

of A and B read

Pu(r,s) = 1+ 8rs + 8r2s% + s> + r3s%,
Pg(r,s) =1+4rs + 4r25% + 354,

from which one obtains the Hilbert series
Hy (1) =) dim(sp)1"
n
of A and B
Hu(t) = 1/1 — 8t + 82 —13 —¢*
which is the result of [20], and
Hg(t) = 1/1 — 4t + 41> —t*
by using the general formula
Hy(t)Psu(—1,1) =1

and the above results.
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7. Conclusion and further prospects

It is worth noticing here that for the 3-linear forms which are 3-regular there is already
an example in dimension 3 for which the associated quadratic algebra is not regular [11]
which shows that the conjecture of [10] is wrong. However, this counterexample is very
asymmetric from the point of view of the group of permutations between the coordinates.
This is why it was interesting to investigate the case of the 3-regular exterior 3-forms for
which the complete antisymmetry is a maximal symmetry for the group of permutations
between the coordinates. There we have shown that the first counterexample occurs only
in dimension 8.

Nevertheless, it is interesting to consider natural families of 3-regular exterior 3-forms
as the family of 3-regular a? e A? K27*! investigated in Section 3 which leads to
associated regular quadratic algebras (see Proposition 5 in Section 3). A very interesting
such family is the family of canonical 3-forms of simple Lie algebras. Let us explain this
point.

Let g be a finite-dimensional Lie-algebra and let @ be the 3-linear form on g defined
by

o(X,Y,Z) = Tr(Jad(X),ad(Y)] ad(Z))

for X,Y, Z € g, where Tr(.) denotes the trace of the linear endomorphisms of g. By
definition, (X, Y, Z) is antisymmetric in X and Y; furthermore, the symmetry of the
trace implies

oX,Y,Z)=w(Z,X,Y)

forany X, Y, Z € g as well as the ad-invariance of w. Thus, w is an invariant exterior 3-
formon g (w € /\? g™) which will be referred to as the canonical 3-form of g. (The above
terminology is the same as the one of [16], while in [17], for instance, w is referred to as
the Cartan 3-form of g.) This invariant exterior 3-form is closely related to the structure
constants of g. Indeed, let (Ey) be an arbitrary basis of g; the relations of g read in this
basis

[Ek» Elf] = Cker E;,

where the C /" € K are the corresponding structure constants of g. Then, the components
Opem = O(Eg, E¢, Ep) of @ read

Wkim = Cker Krm,
where K,,, = K(E,, E;,) are the components of the Killing form of g defined by
K(X,Y) = Tr(ad(X) ad(Y))

forany X,Y € g.
In the sequel, we assume that K = C so that the Lie algebra g is a complex Lie algebra.

Lemma 15. The canonical 3-form w of g is nondegenerate if and only if g is a semisimple
Lie algebra.
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Proof. This is a consequence of the following connection between w and the Killing form
of g:
o(X,Y,Z) = K(X.,[Y, Z)) 7.1

for any X, Y, Z € g. Indeed, if ixyw = 0, then K(X,[YZ]) =0 for any Y, Z € g, so
if iyw = 0 implies X = 0, then K(X, [Y, Z]) = 0 for any Y, Z € g implies X = 0.
Therefore, if @ is nondegenerate, then a fortiori the Killing form is nondegenerated so that
g is semi-simple. Conversely, if g is semi-simple g = [g, g], the relation (7.1) implies that
the nondegeneracy of w is equivalent to the one of K. ]

The content of Lemma 15 above is the same as the one of [17, Lemma 2.1].
As already pointed out, @ nondegenerate is equivalent to w preregular for an exterior
3-form.

Theorem 16. The canonical 3-form w of g is 3-regular if and only if g is a simple Lie
algebra.

Proof. The Lie algebra g is simple if and only if its adjoint representation is irreducible.
This irreducibility is equivalent in the present context to the fact that the commutant ad(g)’
of ad(g) consists of multiples of the identity mapping of g onto itself, that is, to the con-
dition
[L,adX]=0 VXeg
implies (7.2)
L=AI withAeC
for any linear endomorphism L of g, where I denotes the identity mapping of g.
One may assume that g is semisimple since both @ 3-regular or g simple implies the
semisimplicity of g. The Killing form K of g is then nondegenerate. Now,

o(LX.Y,Z)—w(X.MY,Z) =0 VXY, Zeq

is equivalent to
K(Z,[LX.Y]-[X,MY]) =0 VX, Y,Zeg

in view of relation (7.1) and finally is equivalent to
[LX,Y]-[X.MY]=0 VX, Yeg

since K is nondegenerate. Thus, the assumption that  is 3-regular is equivalent to the

condition
[LX,Y]-[X,MY]=0 VX,Y eg

implies (7.3)
L=M=AIwithd €C

for the linear endomorphisms L and M of g, where I denotes the identity mapping of g.
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Let us first prove that the 3-regularity of w implies the simplicity of g, that is, that one
has the implication (7.3)=>(7.2). By setting M = L in condition (7.3), one has that

ad(X)LY + ad(Y)LX =0
implies L = AI. Now, if L € ad(g)’, one has
ad(X)LY + ad(Y)L(X) = L([X,Y] +[¥, X]) = 0

and therefore L = AI. This means that g is simple whenever its canonical 3-form w is
3-regular.

Let us show that conversely the simplicity of g implies the 3-regularity of its canonical
3-form w.

So, let g be a simple n-dimensional complex Lie algebra, and let the £y (ke{1,...,n})
be a basis of g which is orthonormal for the Killing form, i.e., such that

K(Eg, E¢) = Tr(ad(Ey) ad(E¢)) = ke
fork,£ € {1,...,n}. The relations of g read then

[Ex, Edl =) okitmEm,
m

where the wgy,, are the components of the canonical 3-form w in the basis (Ey). The
matrix components of ad(Ey) are given by

ad(Ex)y’ = Wktm
Vk,¢,m € {1,...,n} and the orthonormality of the E} reads in terms of the wgg,,

> wijkwije = ke (7.4)
ij

Vk,? € {1,...,n} while the Jacobi identity reads

> (@ijmOktm + Okim®@jem + Ojem@iem) = 0 (7.5)
m

Vi, jk,te{l,...,n}
Let L and M be two linear endomorphisms of g satisfying

o(LX,Y,Z)=w(X,MY,Z) VX,Y,Zcg
which reads in components
Liwrjx = M; o5k

Vi, j, k, and let us show that this implies that L = M = AI. The antisymmetry of w;;x
implies
L;a)rj,‘ = 0, (7-6)
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while (7.4) implies

L; = Z vawiskwrjk = TI‘(L) = Tr(M)
jk

which leads by using (7.5) and (7.6) to

. .
L; = Z M; wspkwije = Liwyjroije = Ly
ik

forr,i € {1,...,n}. Similarly, one gets Mjs = Msj fors, j € {1,...,n}. This implies that
ad(Ex)L = M ad(Ey)
and by transposition
ad(Ex)M = Lad(Ey) Vk,

so one has [ad(Ey), L + M] = 0 which by irreducibility of the adjoint representation
(simplicity of g) implies that L + M = 241 for some A € C. Then,

ad(Ex)(L —Al) = —(L — Al)ad(Ey),
which implies that [ad(E%), ad(E¢)](L — AI) = 0, so finally (by simplicity)
L=M=2AI
which means that the canonical 3-form w is 3-regular. ]

Thus, the family of canonical 3-forms of simple Lie algebras is a family of 3-regular
exterior 3-forms. It is natural to investigate the regularity of the associated quadratic alge-
bras. For the lowest-dimensional simple Lie algebra a; = s[(2) which is of dimension 3,
it is straightforward to show that the associated quadratic algebra is the polynomial alge-
bra C[x!, x2, x3] which is regular of global dimension 3. For the next simple Lie algebra
ap = s[(3) which is of dimension 8, one can show with a computer that the associated
quadratic algebra is Koszul of global dimension 3, but an analytic proof is not straightfor-
ward. To go further on, one must use the root space decomposition since it is clear that
these quadratic algebras are in fact associated with the irreducible root systems. This work
is in progress.
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