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Index theorem for homogeneous spaces of Lie groups
Hang Wang and Zijing Wang

Abstract. We study index theory for homogeneous spaces associated to an almost connected Lie
group in terms of the topological and analytic aspects. For the topological aspect, we obtain a topo-
logical formula as a result of the Riemann—Roch formula for proper cocompact actions of the Lie
group, inspired by the work of Paradan and Vergne. For the analytic aspect, we apply heat ker-
nel methods to obtain a local index formula representing the higher indices of equivariant elliptic
operators with respect to a proper, cocompact action of the Lie group.

1. Introduction

In this paper, we investigate the higher index theory of an equivariant elliptic operator on
a complete Riemannian manifold equipped with a proper, cocompact action of an almost
connected Lie group. Motivated by the classic Atiyah—Singer index theorem [3], our study
consists of both the topological and analytic perspectives. The Baum—Connes assembly
map in [5, 6], which encodes both topological and analytical perspectives, serves as a
fundamental framework for our study. For instance, in the case of a discrete group, the left-
hand side of the Baum—Connes assembly map corresponds to the topological K-theory of
the group. This can be identified with its Chern character, which involves a version of the
Riemann—Roch formula. This formulation leads to a local index formula for all equiv-
ariant elliptic operators under proper cocompact actions [8]. On the other hand, one can
formulate suitable pairings with the higher index on right-hand side of the Baum—Connes
assembly map and obtain local index formula using geometric and analytic approaches;
see [11] for example. The main contributions of this paper are twofold: first, we derive
a Riemann—Roch formula for proper cocompact actions of almost connected Lie groups,
and second, we apply heat kernel methods to obtain a local index formula representing
higher indices of equivariant elliptic operators.

The Riemann—Roch theorem was born in complex analysis and algebraic geometry, in
the process of computing the dimension of the space of meromorphic functions with pre-
scribed zeros and allowed poles. In 1954, Hirzebruch generalized the classical Riemann—
Roch theorem from Riemann surfaces to all complex algebraic varieties of higher di-
mensions. Three years later, Grothendieck generalized the Hirzebruch—Riemann—Roch
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theorem with respect to a map
f:Y—>X

of algebraic varieties. This so-called Grothendieck—Riemann—Roch theorem reduces to
the previous Riemann—Roch theorem by taking X to be a point. Grothendieck’s the-
orem requires many conditions on characteristic classes, and so, it is natural to ask if
these conditions hold for almost complex or, more generally, for differentiable manifolds.
This question has been solved by Atiyah and Hirzebruch in [2]. As an application of the
Riemann—Roch theorem for differentiable manifolds, Atiyah and Singer established their
Riemann—Roch formula in [4]. At that time, this formula was at the level of cohomology.
Subsequently, Mathai and Quillen gave a beautiful proof of the Riemann—Roch formula
in [16] using the powerful tools of superconnections. This work transforms the formula
to the level of differential forms. Based on that, Paradan and Vergne defined Quillen’s
relative Chern character and obtained the Riemann—Roch formula on the level of rela-
tive cohomology in [19] and generalized them to the equivariant case for compact group
actions in [18].

In this paper, we formulate the equivariant Chern character and the Riemann—Roch
formula in the context of proper actions by an almost connected Lie group. This is the first
main result of the paper.

Theorem 1.1 (Theorem 4.1). Let G be an almost connected Lie group, M a proper G-
compact space satisfying conditions in Theorem 2.8, and V a G -equivariant vector bundle
(even rank) over M with an equivariant spin structure. The following diagram commutes:

KO(V) —Z— K&(M)

chGl l(Zn’i)”/zchgl\/’l\El(V)

H(g,V) —Z H®(g, M),

where /’l\g (V)™ is the inverse of the equivariant /I—genus in Definition 2.17, chg on the left
is defined in (3.2), chg on the right is defined in (3.1), and w! : HZS (g, V) — H*®(g, M)
is the homomorphism induced by integration over the fiber.

The highlight of this theorem is the introduction of the Chern character map associated
to a smooth version of the equivariant K-theory in the sense of Phillips [22] and the
formulation of the Riemann—Roch formula using techniques from the Mathai—Quillen
formalism. Both constructions are inspired by the work of Paradan and Vergne in the case
of a compact group action [18].

Moving to the analytic perspective, heat kernel methods play a role in obtaining the
cohomology formula. Another goal of this paper is to use heat kernel methods to obtain
local index formulas for the C *-higher indices of equivariant Dirac-type operators.

Consider a Lie group G, acting properly on a manifold M, with compact quotient.
Let D be a G-equivariant Dirac operator on a Z,-graded, G-equivariant vector bundle
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over M. In the special case when G is discrete and acts freely and properly, the quotient
N of M by G is a closed manifold. Thus, G is the fundamental group of N with Deck
transformation on the universal cover M. In their seminal paper [11], Connes and
Moscovici extended the L2-index theorem of Atiyah [1] from the G-trace case to higher
G-cocycles. Using Getzler’s symbolic calculus, they found the topological expression of
the localized analytic indices of elliptic operators. In 2015, Pflaum, Posthuma, and Tang
unified several famous equivariant index theorems in the framework of Lie groupoids
in [20], including the equivariant index formula in [1, 1 1]. In the notation as above, if G
is almost connected and satisfies the rapid decay property, Piazza and Posthuma establish
an index formula for the C *-higher indices of a G-equivariant Dirac-type operator on M,
building on the algebraic index theorem established in [20].

The second main result of this paper is a local formula for the higher index of a Dirac-
type operator on a complete Riemannian manifold carrying a proper cocompact action of
an almost connected Lie group, via heat kernel methods.

Theorem 1.2 (Theorem 6.1). Let the dimension n of M be even. For every

feck (M)°©

v,anti

(cf., Definition 6.2) and Ind, (D) € S (M, E) (cf., Definition 6.5), we have

lim 7(f)(Ind, (D))

=D 4 2 0 (Y (-
= P (2(])!/M coAg (M) A chg (m!([x™(E™), n*(E7),0(D)]) A oy,

where
wr = (dy---dag f)|A.

Here, d; stands for the differential concerning the i-th variable of the function [ and
A M — M*@4tD js the diagonal embedding.

This theorem implies the formula for C *-higher indices of a G-equivariant Dirac-type
operator on M . See Theorem 7.6. Piazza and Posthuma obtained a similar formula in [23].
See more details in Section 6.

The heat kernel proof of Theorem 1.2 follows closely that of Connes and Moscovici
[11] but with significant analytical complications due to the more general setting being
considered. In [11], because of the assumption of free actions by a discrete group, it is
sufficient to consider compactly supported functions f in the index pairing, and hence,
the index pairing problem can be reduced to the case of a compact manifold. But in our
setting, we need to consider equivariant f with suitable growth conditions so that in order
to have a well-defined index pairing, a careful estimate on the Schwartz kernel of the
Wasserman class representing the higher index Ind; (D) is needed. We achieved this aim
by making use of the spirit of the fantastic work [9] by Cheeger, Gromov, and Taylor on
the Schwartz kernel estimate regarding scalar Laplacian on complete manifolds.
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In the last section of the paper, we combine the equivariant Riemann—Roch formula
and the local formula for the higher index and identify the topological index and analytic
index in the special case of homogeneous spaces, that is, the following theorem.

Theorem 1.3 (Theorem 8.1). The following diagram commutes:

K& (T*(G/H)) —2— Ko(C(G))

Indr l l’a{

HY(G/H)E —L25 Hpg even(G/H)E,
where ch : Ko(CX(G)) — HpR .even(G/H)C is determined by

ch([p] — [g]) (@) = (e [p] — [g])pR.G

for every a € Hf)"l‘“é“(G/H)G and [p] — [q] € Ko(CX(G)). Here, G has finitely many con-
nected components and satisfies the RD condition, H is a maximal compact subgroup of
G, and G/H admits a non-positive sectional curvature.

Although homogeneous spaces are examples of spaces with proper actions, they in-
clude the Riemannian symmetric space of non-compact type G/ K, where K is a maximal
compact subgroup. The homogeneous space G/ K is known as a model for the universal
example of proper actions by an almost connected group.

This paper is organized as follows. In Section 2, we recall the definitions of equivariant
K-theory in [22] and equivariant cohomology in [3,22]. Then, we introduce the smooth
equivariant K-theory. In Section 3, we define the equivariant Chern character and prove
some basic properties of this homomorphism. In Section 4, we deduce the equivariant
Riemann—Roch formula. In Section 5, we work on the special case of homogeneous spaces
and reduce the equivariant Riemann—Roch formula to the G-invariant case. In Section 6,
we use heat kernel methods to prove the local index formula. In Section 7, we show
that, following the local index formula proved in the previous section, we obtain an index
formula for C *-higher indices of a G-equivariant Dirac-type operator on M . In Section 8,
we show the coincidence between the topological index and analytic index when M is a
homogeneous space.

2. Preliminaries

2.1. Equivariant K -theory for proper actions

In this section, we recall some basic definitions of equivariant K-theory for proper action,
which can be found in [21,22], and define the smooth equivariant K-theory.

First, we recall the definition of Hilbert bundle and G-Hilbert bundle. Let M be a
C*°-manifold with a smooth action of a Lie group G.
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Definition 2.1 ([22], G-Hilbert bundle). A Hilbert bundle over M is a locally trivial fiber
bundle E whose fiber is a Hilbert space. A G-Hilbert bundle is a Hilbert bundle E with a
continuous linear isometric action of G such that the projection = : E — M is equivariant.

Next, we turn to the definition of the morphisms.

Definition 2.2 ([22]). Let 7g : E — M and ng : F — M be G-Hilbert bundles over
M. A morphism ¢ is a continuous function ¢ : E — F which maps E,, linearly to F,,
for every m € M, where E,, := nEl(m) € E and F,, := n;l(m) € F. We say that ¢ is
equivariant if t(g€) = g -t(§)forg e Gand £ € E.

Then, we recall the definition of the K-cocycles.

Definition 2.3 ([21]). A K-cocycle for (G, M) is atriple (E, F,t), where E and F are G-
Hilbert bundles over M and ¢ is an equivariant morphism from E to F which is invertible
outside a G-compact subset of M. Here, G-compact means that M/G is compact.

After that, we recall the definition of a finite-dimensional K-cocycle which plays an
important role in the definition of the equivariant K-theory K ?;(M ) when G is almost
connected and M is a proper G-space.

Definition 2.4 (Finite-dimensional (smooth) K-cocycle). A finite-dimensional (smooth)
K-cocycle for (G, M) is a triple (E, F,t), consisting of two finite-dimensional (smooth)
G-equivariant vector bundles E and F and an (a smooth) equivariant morphism? : E — F
whose restriction to the complement of some G-compact subset of M is an (a smooth)
isomorphism.

Two finite-dimensional (smooth) K-cocycles (E1, Fy,01), (E2, F3, 02) are said to be
equivalent if there exist finite-dimensional (smooth) G-equivariant vector bundles H; and
H; and (smooth) G-equivariant isomorphisms:

a:E1®H — E,® H,,
bZF1®H1—>F2®H2

such thatb=!o (02 ® Idy,) ca = 01 ® Idg, outside a G-compact subset B of M. Denote
by [E, F, t] the equivalence class of a finite-dimensional (smooth) K-cocycle (E, F,t)
and define an addition on the set of equivalence classes of finite-dimensional (smooth)
K-cocycles by

[Eo, Fo,to] + [E1, F1,11] = [Eo © E1, Fo @ F1,10 @ 11]

which makes the set of equivalence classes of finite-dimensional (smooth) G -equivariant
vector bundles over M a semigroup.

Definition 2.5 (Equivariant (smooth) K-theory). Let M be a C *°-manifold with an action
of an almost connected Lie group G such that the action is proper and smooth. Then, the
equivariant (smooth) K-theory (Kg’sm (M)) K2(M) is the Grothendieck group of the
equivalence class of finite-dimensional (smooth) K-cocycle for (G, M).
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Remark 2.6. In [22], Phillips defined the equivariant K-theory for proper actions of
second countable locally compact groups on second countable locally compact spaces.
This definition involves infinite-dimensional Hilbert bundles and Fredholm morphisms
between them. In [21], Phillips showed that finite-dimensional vector bundles would suf-
fice for proper actions of almost connected second countable locally compact groups.
For this reason, we used the Grothendieck group of the equivalence classes of finite-
dimensional (smooth) K-cocycle for (G, M) to define the equivariant (smooth) K-theory
here.

If M is G-compact, then the morphism of the K-cocycle plays no role so that
K g, «m (M) is just the Grothendieck group of the semigroup of finite-dimensional smooth
G-equivariant vector bundles over M . Moreover, if 7 : V — M is a smooth G-equivariant
vector bundles over M such that M is G-compact, K g’sm (V) consists of the equivalence
class of finite-dimensional smooth K-cocycle for (G, V). To prove the latter point, we

need the following lemma.

Lemma 2.7. Let w : V — M be a smooth G-equivariant vector bundle over M such that
M is G-compact. Then, for any [E, F,0] € Kg,sm(V), there exist [F, E,s] € K(C)},sm(V)
such that [E, F,o] = —[F, E, s].

Proof. When M is a G-compact manifold and the group action is proper, every G-equiv-
ariant vector bundle V over M has a G-invariant Hermitian metrics (, ). Forany [E, F,0]€
Kg,sm(V), since supp(o) := {x € V | o is not invertible} is G-compact, there exists a >
0 such that

supp(o) C{v|v eV, (v,v) <a}.

Thus, let f be a smooth function over R valued in [0, 1] satisfying f(x) = 1 when
|x| > a + 2 and f(x) = 0 when |x| <a + 1. Set x(v) := f({v,v)); and then, y €
Co(V)C.

Let s : E — F be a G-equivariant bundle homomorphism such that § is equal to the
inverse of o restricted to the complement of {v | v € V, (v, v) < a}. Here, § may not be
smooth, but s = x5 is a smooth equivariant bundle homomorphism from E to F.

We claim that [E, F, o] = —[F, E, s]. This is equivalent to claiming that

[E®@F,F®E,oc®s|=[E®F.E® F,ldggr]

since the right-hand side of the above equation is the identity element of K& (V). To

G,sm
prove the claim above, it is sufficient to find smooth G-equivariant isomorphisms a : £ &

FS>E®Fandb:E®F — F @ E such that b~ (0 @ s)a = IdggF outside a G-
compact subset of V. Take a = Idggr and

b ( cos(%(l - X(v)))av sin(%(l - )((v)))IdFv)
P \sin(Z (1 — x()dg,  cos(Z(1 — x(v))o;!

for any v € V. Therefore, We have [E, F,o] = —[F, E, 5], which completes the proof. m
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Now, we discuss the relationship between the smooth and ordinarily equivariant K-

theory. There exists an obvious homomorphism i from K2 (M) to K g (M):

G,sm
ix: KG on(M) — K&(M)
[E, F,o]l— |E, F,0].
A natural problem is as follows: when is i, an isomorphism? When G and M are

compact, [15, Proposition A.4] shows that i, is an isomorphism. When G and M are not
compact but the action is proper and cocompact, we have the following theorem.

Theorem 2.8. Let M be a smooth manifold with a smooth proper action of a Lie group
G. If there exist H, a compact subgroup of G, and S C M, a compact H -invariant sub-
manifold without boundary, such that the action [g,s] +> gs for g € G and s € S defines
a G-equivariant diffeomorphism from G xg S to M, then we have the isomorphism

iv: KG on(M) — K&(M)
[E, F,ol— [E, F,o].
For the proof, we need the following lemma.

Lemma 2.9. Let M and S satisfy the condition in Theorem 2.8. Let [E] € K& (M),

G,sm
where E is a G-equivariant smooth vector bundle over M. There is an isomorphism from
0 0 .
KG gm(M) 1o Ky . (S):

Is : Kg,sm(M) — Kg],sm(S)
[E] = [E]s].

Proof. 1t is clear that ry is a homomorphism from K g, sm(M) to KIOL sm(S). For any H -
equivariant bundle F over S, the balanced product of G with F over H is the space
G xyg F =(G x F)/H,where H actson G x F via (g, f)-h = (gh,h™! f). The space
G xpg F is a smooth vector bundle over G xg S. Let G acton G x F via gy - (g, f) =
(gog, f) for g9, g € G and f € F, and this action descends to an action of G on G xg F
since it commutes with the action of H on G x F, which makes G xg F a G-equivariant

vector bundle over G xg S. Thus, we have
ex: Kin(S) > K& 0 (G xp S)
[F]— [G xg F].

Let¢ : G xg S — M be the action map. Since it is a G-equivariant diffeomorphism,
it induces an isomorphism:

¢* : KG sm(M) > K& (G xp S).

Similarly, ¢ : H xg S — S is an H -equivariant diffeomorphism. Thus, it induces an
isomorphism:
¢ Ky om(S) = Kiy o (H xp S).
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Since the following diagram commutes:

Gsm(M) ? K21 (S)

Je / |e

(G xg §) ——— K?I (H xug S),

Gsm

the left vertical arrow being isomorphic implies that €, is surjective. Since the right ver-
tical arrow is also isomorphic, €4 is injective. Thus, €, is a isomorphism. Then, r, is an
isomorphism, which completes the proof. ]

Then, we will prove Theorem 2.8.

Proof of Theorem 2.8. The following diagram commutes:

l l

K%(M) —— K (S).

The right-hand vertical arrow is isomorphic because of [15, Proposition A.4] and horizon-
tal arrows are isomorphisms by Lemma 2.9 and [10, Corollary 8.5]. Thus,

iv i K& on(M) — K&(M)

is an isomorphism. |

2.2. Equivariant cohomology

In this subsection, we recall some basic definitions and theorems of equivariant cohomol-
ogy and equivariant characteristic classes, which can be found in [7, 18].

First, we recall the definition of equivariant cohomology. Let M be a C °°-manifold
with an action of a Lie group G, and let g be the Lie algebra of G. For any g € G, the
conjugation map Cg : G — G given by Cg(h) = ghg™! is a Lie group homomorphism,
and denote by g« = (Cy), : @ — g the induced Lie algebra homomorphism.

Definition 2.10. Let A7 *M be the bundle of exterior differentials over M. The space of
sections I'(M, AT*M) is called the space of differential forms, denoted by 4 (M ). Let
A% (g, M) be the algebra of G-invariant smooth maps « : g — A(M). For any «, 8 €
A% (g, M) and X € g, the multiplication is given by « - 8(X) = a(X) A B(X). The group
G acts on an element & € A*(g, M) by the formula

(g-a)(X) = g - (@((g7")x(X))

forany g € G and X € g. The map « is G-invariant if it satisfies («)(g«(X)) = g - 2 (X)
for any X € g. The Z,-grading of A (g, M) is the grading induced by the Z,-grading
of A(M).
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Thus, the equivariant differential can be defined as follows.
Definition 2.11 ([18]). The group G acts on C*°(M) by the formula
(g $)(x) = d(g™"x).
For X € g, we denote by Xjs the vector field on M given by

d
(X1 - $)(x) = —¢(exp(—1X)x)[r=0.

Let the equivariant differential dq be given by dq(a)(X) = d(a(X)) — 1(X)(a(X)) for
any o € A% (g, M) and X € g, where ¢(X) denotes contraction by the vector field Xy.

Since dg(a) = 0 for all « € A*°(g, M) which makes (4*°(g, M), dg) a cochain
complex, we obtain the following definition.

Definition 2.12 ([18]). Let H*°(g, M) := Ker(dg)/Im(ds) be the cohomology of the
complex (4°°(g, M), dg), called the equivariant cohomology of the G-manifold M.

Next, we recall the notion of equivariant superconnections which is useful for describ-
ing equivariant characteristic classes. A G-equivariant smooth vector bundle

E=EY®E™

is a G-equivariant smooth superbundle if ET and E~ are G-equivariant vector bundles.
Let A(M, E) denote the space of differential forms on M with values in E. In other words,
AM,E) =T(M,AT*M ® E). Similarly, we denote by A (g, M, E) the Z,-graded
algebra of G-invariant smooth maps « : @ — A(M, E).

Definition 2.13. A superconnection on £ is an odd-parity first-order differential operator
A : AT (M, E) — AT (M, E) which satisfies Leibniz’s rule in the Z,-graded sense.

A superconnection A on the G-equivariant vector bundle E is a G-invariant supercon-
nection if it commutes with the action of G on A(M, E). Such G-invariant superconnec-
tions induce equivariant superconnections.

Definition 2.14. The equivariant superconnection A4 associated to a G-invariant super-
connection A is the operator on A*°(g, M, E) defined by

(Aga)(X) := (A —1(X))(x(X)), X eg,
where ¢(X) denotes the contraction operator ¢(Xp7) on A(M, E).
Then, an equivariant superconnection induces an equivariant (super)curvature.

Definition 2.15. Let Ay be an equivariant superconnection on a G-equivariant vector
bundle E. We denote the equivariant curvature 24 by the formula

Qq(X) 1= Ag(X)? + £E(X), X egq,
where Ag(X) = A —(X) and, forany s € I'(M, E), LE(X)s = %|,:0 exp(t - X)-s.
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Remark 2.16. Every G-equivariant vector bundle E is Z,-graded where
Et~E and E~ ={0}.

Because of this, any G-invariant connection is a G-invariant superconnection under this
special Z,-grading. Thus, every G -invariant connection induces a G -equivariant curvature.

In the special case when the invariant superconnection A on the equivariant bundle
E is just a connection V, the inverse of an equivariant A-genus A4(V) can be defined as
follows.

Definition 2.17 ([7]). Let E be a G-equivariant vector bundle with a G-invariant metric
and a G-invariant connection V compatible with the metric. Denote the inverse of an
equivariant A-genus by

AZVE)(X) = detl/Z(W)
g

Qg(X)/2
and the inverse of an invariant /f-genus by
AG'(E) = 471 (E)(O).

The equivariant cohomology will be used to define the equivariant Chern character
from Kg,sm (M) to H*°(g, M), where M is a proper G-compact manifold. Next, we
recall the relative equivariant cohomology, which will be used to define the equivariant
Chern character from K g’sm(V) to H3) (g, V'), where V' is a G-equivariant vector bundle
over a proper G-compact manifold M and HSJ (g, V) is the equivariant cohomology with
compact support in the fiber direction.

Let M be a G-manifold and K be a closed G-invariant subset of M. The relative

equivariant complex can be given as follows.

Definition 2.18 ([18]). Consider the complex (A (g, M, M\ K), D), where
A% (g, M, M\K) = A% (g, M) & A* (g, M\K)
and differential is given by

Drei(a, B) = (dga, a|pr\x — dgB).

As before, (A*(g, M, M\K), Dy) is a cochain complex so that we can define the
relative equivariant cohomology.

Definition 2.19 ([18]). We name the cohomology associated to the complex
(A®(g, M, M\K), D) as the relative equivariant cohomology space H*°(g, M, M\ K).

In order to define an equivariant Chern character later, we give a homomorphism from
H*>(g,V,V\F)to H3 (g, V) asin [18]. As before, let M be a G-compact manifold by a
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proper action of a Lie group G and V' is a G-equivariant vector bundle over M. Let F be
a G-invariant closed subset of V' such that F is a subset of some G-compact subset of V.
We say that y is an F'-cutoff function if

(1) y € C®(V)%, where C®(V)? is the space of G equivariant smooth function
onV,

@) 1zx=0xlFr=1,
(3) supp(y) is G-compact.

Remark 2.20. When M is a G-compact manifold and the group action is proper, every
G-equivariant vector bundle V' over M has a G-invariant Hermitian metrics (, ). For any
smooth function f on R with compact support satisfying 1 > f >0, f(0) = 0,

x() = f({v,v))
for any v € V is an M -cutoff function.
Definition 2.21. For an F-cutoff function y, define the map
Py 1 AX(g, V,V\F) — A2 (g, V)
(@, B) = ya +dy rB,
called a cutoff map.

Proposition 2.22. The cutoff map induces a homomorphism from H*® (g, V, V\F) to
H (g, V).

Proof. First, we show that if («, B) is closed, then P, («, B) is closed.
We have

de(ya +dy nB) =dg(ya) —dy ANdgf
= (dy)a + ydgo —dy ndgp
= (d))(a —dgf) + ydga
=0.

The last equality follows from («, 8) being closed, which means
(0,0) = Dyei(e, B) = (dga,aly—F — dgp).
Next, we show that if (a1, B1), (@2, B2) € H*(g, V, V\F), then
Py(a1, B1) = Py(az, B2).
If [(1, B1)] = [(a2, B2)], then, setting @« = oy — ap and B = B1 — B2, we have

(Os 0) = Drel(av ,3) = (dga’a|V—F - dgﬁ)
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Then,

Py(ar, B1) — Py(az, B2) = x(a1 —az) + dx A (B1 — B2)
= x(dgor) +dy A (e — dgf)
=dg(ye) —dy na+dy na—dg(xdgp)
= dg(x(o — dgp)).

The cutoff map is additive. Hence, the cutoff map induces a homomorphism from
H*(g,V.V\F)to H}, (g, V). |

Remark 2.23. The cohomology class of Py(a, B) does not depend on the choice of .
That is, because for two different choices y; and y», we have

Py (@, B) = Py, (@, B) = dg((x1 — x2)B).

Because of Remark 2.23, we denote the cutoff map from H*(g, V, V\F) to H}, (g.V)
as Pr.

3. Equivariant Chern character

In this section, we introduce equivariant Chern characters. Let G be an almost connected
Lie group; i.e., its component group is compact. Let M be a G-compact proper G-space.
For any G-equivariant superbundle £ = E™ @ E~ and an equivariant supercurvature 24
on E, the supertrace on End(E) extends to a map Str : A(M, E) — A(M). Then, we can
define a map from K2 _ (M) to the equivariant cohomology H > (g, M) as follows.

G,sm

Definition 3.1. There is a homomorphism from K (M) to H*® (g, M):

G,sm

chg : Kg’sm(M) — H*®(q, M)
[E+, E™, 0] — Str(exp Qgq),

where o is a G-equivariant isomorphism from E* to E~ outside a G-compact subset of
M and for any X € g, Str(exp Q24)(X) = Str(exp Q4(X)).

Remark 3.2. In the case that M is G-compact, o can be chosen to be a G-equivariant
isomorphism with empty support. Any pair of G-equivariant vector bundles E, F gives
rise to a K-theory element [E, F, o]. Therefore, chg[E, F, o] is independent of the choice
of . The cohomology class of Str(exp 24) is independent of the choice of the G-invariant
superconnection A, which is proved in [7, Theorem 7.7].

Proof. We will show that the equivariant Chern character is well defined. Suppose that
[Ey. Fi,01] and [E,, F», 03] define the same class in KO _(M). There exist smooth

G,sm
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G-equivariant vector bundles H;, H, and smooth G-equivariant isomorphisms a, b such
that

a:E1® H — E;, ® Hy,
bZFl@HlﬁFZ@H%

E . . .
Let A = (VO1 v0F1 ), where VE1 and V1 are G-invariant connections on vector bundles

E1 and Fi, respectively. Thus, A becomes a G-invariant superconnection. Let 24 denote
the equivariant curvature induced by A and Qg ! Qg ! induced by VE1 and V1, respec-
tively. Thus, for any X € g, we have

chg[Ey, F1,01](X) = Str(exp(24(X)))

E;
= Str(exp((Qg O(X) QF?(X))))
g

Let V1 be the G-invariant connection of H; and lel be the G-equivariant curvature
induced by V1. Similarly, we have

ChG[El Y HlvFl ©® Hlval @IdHl](X)

Qfx) Ho 0 0
1
= Str | exp 0 25" (%) FlO 0
0 0 Qfi(x) 0
0 0 0 Qi (x)

E,
— Str(exp((Qg o(X) Qg‘O(X))))

for any X € g. Thus, we obtain

chg[Eq, F1,01] = chg[E1 @ Hy, F1 @ Hy,01 @ 1dy,].
Similarly, we have

chg[E3, F2,0,] = chg[E2 @ Ha, F> @ Ha, 00 @ 1dg,].

The smooth G-equivariant isomorphisms a and b induce a G-equivariant isomorphism:

a 0

(O b):E1®H1®F1®H1 — E> ® Hy ® F, & H>.

Because M is G-compact and 01 @ Idy, and o, @ Idg, play no role, we have
chg[E1 @ Hi, F1 ® Hi,01 ®1dg,] = chg[E>» ® Ha, F> @ H, 00 @ 1dg,].

Therefore, chg[E1, F1,01] = chg[E2, F>, 03]. [ ]
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Then, we define an equivariant Chern character from K, g sm(V) to HS (g, V), where

V is a G-equivariant vector bundle over a G-compact manifold M such that the action
of G on M is proper. It is a little different from the above case. First, we recall Quillen’s
relative equivariant Chern character defined by Paradan and Vergne in [18].

Definition 3.3 ([18], Quillen’s equivariant relative Chern character). Let (E, F,0) be a
smooth K-cocycle for (G, V'), A a G-invariant superconnection of £ @ F, and Qg4 the
equivariant curvature induced by A. There exists a cohomology class cho (E, F,0) :=
[(ch(A), B)] € H*(g, V, V\supp(c)) which is independent of the choice of A and the
G -invariant Hermite metric of E @ F such that

ch(A) = Str(exp(£2,4))

g [l (0 Yo (O )] )Y

Then, we use Quillen’s relative equivariant Chern character to define the equivariant
Chern character from K& (V) to HZ (g, V).

G,sm

Definition 3.4 (Equivariant Chern character). The equivariant Chern character is given by

chg : Kg o(V) > HZ(g.V)

v

[E,F,O] g Psupp(g) OChQ(E,F,O).

To show that the equivariant Chern character is well defined, we need to prove that if
[Ev, F1.01] = [Ez, F>,05] € K2(V), then

Psupp(a'l) ° ChQ(EL Fla Ol) = Psupp(a'z) © ChQ(E27 FZ» 02)-

For the proof, and in later arguments, we need two lemmas.

Lemma 3.5. Forany|E, F,0] € Kg’sm(V), let the restriction of o : E — F to V\supp(o)
be unitary. Then, for any o,y € A(V), A,C € End(E) and n € NT, we have

seli(© “Vaa(® Vi, o(C O "_0
o 0 cA 0 Y 0 oCo* -

outside supp(o).

Proof. By induction, it can be concluded that

(O NV (ae(® 4., e(C O "
o 0 cA 0 Y 0 oCo*
can be represented as a linear combination of ¢; ® ( a(f)li A"(;’ *) andy; ® (% oc?o* ), where
a;,yi € A(M), A;, C; € End(E) for somei € N7,
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The lemma is then proved because

0 AiG* _ ) C,' 0 _
Str(a, ® (oAi 0 )) = Str()/l ® (O UCio*)) =0

holds outside supp(o). u

0
G,sm

Lemma 3.6. For any K-cocycle [E, F,o] € K
nection A and a suitable metric such that

(V), there exist a suitable supercon-

chg[E, F,a] = ych(A).

Proof. First, we choose a G-invariant metric on E @ F, which makes o : E — F unitary
outside supp(o), and a G-invariant superconnection A = (VOE oF ), where VE and VF
are G-invariant connections on vector bundles E and F, respectively, and satisfy V£ =
o o VF o o* outside supp(c).

Then, we claim that chg[E, F, o] = ych(A). Indeed, we have

cho[E, F,0] = ych(A) +d(x) A B,

where
+o0 * *
_ (0 o I 0 o 2 A
B(X) = /(; Str(z (o O)exp( t +ll|:A, (0 0)]+A + U (X)))
forany X € g.

To prove our claim, we only need to show S(X) = 0 outside supp(c).
Without loss of generality, let VE = d + wE, where 0 € AL(V,End(E)). Thus,

A = (d-i;ra)E U(d+2)E)U* ) For any o ® s € A(V, E), where « is homogeneous (which

means there exists i € NT such that o € A’ (1)), we have

0 o* 0 o* 0 o*
[A,(O O)i|(oz®s):Ao(0 0)(a®s)+(0 O)oA(a@s)

= A((—l)deg(“)a ® (2 OO*) s)

n (((,) “O ) (da ® s + (—1)%E@y A Ax)

=0.

0 )]0 %)+ 7)s

and for any o ® s € A(V, E), where « is homogeneous,

0 U* _ ¢ 1\deg(a) 0 U*
(a 0)(a®s)—( 1)%e ax(a O)s.

Here,
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Now, restrict B outside supp(o); then, for any X € g, we have

[P (0 O QFf (x)—1? 0
'B(X)__/o Str(l(a 0)exp( 0 a(QE(X)—tz)a*))dt’

where Q€ (X) = (VE)? + £E(X) — Vy,, . Here,

QE(X) —1? 0
( 0 o(QE(X) - tz)o*)

can be written in the form of y ® (§ 2 +), where y € A(M) and C € End(E).
Because of Lemma 3.5, we have

L7 D )
Lol Dot )
ST Dl (6 ) )

=0. [

B(X)

To show that the equivariant Chern character is well defined, we need to prove that if
[E1. F1.01] = [E2, F2,02) € K¢, . (V), then

G,sm
Psupp((rl) o ChQ(El» Fy,01) = Psupp((rz) o ChQ(EZ» P, 02)-
First, we claim the following proposition.

Proposition 3.7. For two finite-dimensional K -cocycles [E1, F1,01), [E2, F2, 03], if there
exist two G-equivariant isomorphisms:

a:E{— E,,
b:F1—>F2

such that b= o0 05, 0 a = o outside a G-compact subset B of V, then

Psupp(al) © ChQ(Elv Fl, 01) = Psupp(az) o ChQ(EZv FZ, 02)~

Proof. Let F denote the union of supp(o1), supp(oz), and B.

Using the G-compact set F', we construct an F-cutoff function which we denote as y.
By choosing an appropriate metric, one can assume a and b to be unitary. In fact, fixing
a G-invariant metric on E, we can construct a G-invariant metric on E, by pulling back
the one on E; through a™!. It is easy to check that a is unitary with respect to these two
metrics.
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E E .
Let A; = (VO1 V(}l ),Az = (”VOI“* bvglb*) be superconnections on £; & F; and

E, & F,, respectively. We have
chg[Ey, F1,01] — chg[E2, F2,02] = x(ch(A1) — ch(Az)) + dy(B1 — B2)
(by conjugation) = dy(B1 — B2).

Since B; = B, outside of F up to conjugation, we have d y(8; — B2) = 0. Therefore,
chg[E1, F1,01] = chg[E2, F», 03], which completes the proof. [

Therefore, we have the following theorem.
Theorem 3.8. The equivariant Chern character in Definition 3.4 is well defined.

Proof. Because of Lemma 3.6, for every X € g, we have

chg[E® H,F & H,0 ® Idg](X)

QE(X) 0 0 0

0 QH (X) 0 0

=aSuwpexpl 0 Qf(x) o0
0 0 0 QH(X)

= )(Str(exp (QEO(X) QFO()Q)) = chglE, F,o](X).

Suppose [E1, F1,01] = [E2, F2,02] € Kg (V). This means that there exist two G -equivari-
ant vector bundles Hy, H, and two G-equivariant isomorphisms:

a:EléBHl—>E2@H2 b:Fl@Hl—)Fz@Hz

such that b~! o (02 ® Idg,) o @ = o7 @ Idy, outside a G-compact set of V. Because of
Lemma 3.6 and Proposition 3.7, we have

chgl[Ey, Fi,01] = chg[E| @ Hy, F1 & Hy,01 © 1dy,]
= ChG[EZ 7] H25 F2 &b HZ» 02 S Ide]
=ChG[E2,F2,02].

The theorem is then proved. ]

Because of Lemma 3.6, we claim that the equivariant Chern character is additive.

Proposition 3.9. The equivariant Chern character in Definition 3.4 is additive.

Proof. For [Eo, Fy, 00, [E1, F1,01] € K2(V), we need to prove that

ChG([E(), F(),U()] @ [El, Fl,O'l]) = Chc,[Eo, FQ,UQ] —+ Chg[El, Fl,O'l].
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We choose x to be a supp(op) U supp(o)-cutoff function. Because of Lemma 3.6, we
. . E, 0 Ve, 0
have suitable superconnections Ag = (" ° VFO) and Ay = (' Vi, ), where

VE, = 090 VF, 00y
outside supp(og) and Vg, = 01 o Vf, o o outside supp(cy) such that
chg[Eo, Fo,00] = xch(Ag) and chg[E1, F1,01] = ych(Ay).
Therefore, for any X € g, we have

chg([Eo, Fo,00] @ [E1, F1,01])(X)
= chg[Eo @ E1, Fo ® F1,00 @ 01](X)

Qg O 0 0
0 Q 0 0

sxhly g qn o |
0O 0 0 Qp
Qp,(X) 0 0 0
0 Qe 0 0
= 1] 1
wswpep) 0  Qr(X) 0
0 0 0 Qp(X)

xch(Ag)(X) + xch(Ap)(X)
chg[Ey, Fo,00](X) + chg[Ey, F1,01](X).

The proposition is then proved. ]

We can also deduce that the equivariant Chern character is multiplicative.

Proposition 3.10. The equivariant Chern character in Definition 3.4 is multiplicative.

Proof. For [Ey, Fo, 00, [E1, F1,01] € Kg(V), we need to prove that
chg([Eo, Fo,00] - [E1. F1,01]) = chg[Eo, Fo.00] A chg[E1, F1,01].

We choose y; to be a supp(o;)-cutoff function, i = 0, 1. Thus, we can see that y = y¢ - 1

Ve, 0 )and Ay =

is a supp(op) N supp(oy )-cutoff function. Indeed, if we choose Ay = ( 0 V.
0

VEI 0 * . * .
( 0 Vr ), where Vg, =09 o VF, 0 0, outside supp(cp) and Vg, =01 0 Vf, o o] outside

supp(o1) such that
chg[Eo, Fo,00] = xoch(Ao)

and
chg[Ey, F1,01] = x1ch(Ay),
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we can define a superconnection Ag ® Idg,er, + Idg,¢F, ® A1 on the superbundle
(Eo @ Fy) ® (E1 ® F1). Therefore, we have

chg([Eo, Fo,00] - [E1, F1.01])
=chg[Eo ® E1 @ Fo ® F1, Fo ® E1 ® Eo ® Fi,0]
= ych(Ao ® ldg,eF, + 1dEeF ® A1)
= xoch(Ag) A y1ch(Ay)
= chg[Ey, Foy, 00] A chg[Ey, F1,01].

The proposition is then proved. ]

So far, we have verified the well-definedness of equivariant Chern characters and
proved that they are additive and multiplicative. Next, we will explain that, in special
cases, these maps give rise to homomorphisms from equivariant K-theory to equivariant
cohomology.

If M satisfies the conditions in Theorem 2.8, then i, is an isomorphism from

K% (M)toK g (M). Then, we can define the equivariant Chern character as follows:

G,sm
chg o (i)' : K&(M) — H®(g, M). (3.1

We also denote this map by chg.

Next, when the G-equivariant bundle = : V' — M has a G-Spin structure and even
rank. (Here, M needs to satisfy the conditions in Theorem 2.8.) According to [22, Theo-
rem 8.11], there is a Thom isomorphism:

il KQ(M) — K2(V)
[E] = 7™ (E) - [7*(S})). n*(Sy), oc],

where Sy = S{," @ Sy, is the equivariant spinor bundle over M. We denote by 7! the
inverse of i !.

Then, we can define the Thom homomorphism i ! from K g, sm(M) to K g, sm(V) inthe
same way. Unfortunately, this map is not necessarily isomorphic. But it is injective when
M satisfies the conditions in Theorem 2.8. Note that the following diagram commutes:

K (M) —" KS (V)

G,sm
i* l*
i1
K2(M) —=—— K2(V).

Since the left vertical arrow and the lower horizontal arrow are both isomorphic, the higher
horizontal arrow is injective and the right vertical arrow is surjective.
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Because of that, i, restricted to the image Im(i!) of i! : Kg sm(M) — Kg,sm(V) is
an isomorphism. Then, we can define the equivariant Chern character as follows:

chg o (i)' K2(V) — H (g, V). (3.2)

Similarly, we denote it by chg.

4. Equivariant Riemann—-Roch formula

In this section, we aim to prove the equivariant Riemann—Roch formula, the first main
result of the paper.

Theorem 4.1. Let G be an almost connected Lie group, M a proper G-compact space
satisfying conditions in Theorem 2.8, and V a G-equivariant vector bundle over M of
even rank with an equivariant spin structure. The following diagram commutes:

KO.(V) —Z— K&(M)

Cth( l(zni)"/%hgmfgl(V)
HE(g, V)~ H®(g, M),

where A\g (V)™ is the inverse of the equivariant A\-genus in Definition 2.17, rank(V') = n,
chg on the left is defined in (3.2), chg on the right is defined in (3.1), and ! : HSS (g, V) —
H® (g, M) is the homomorphism induced by integration over the fiber.

In [18], Paradan and Vergne proved the equivariant Riemann—Roch formula when G
is compact. Here, we apply the spirit of their proof and combine methods established by
Mathai and Quillen in [16] to prove Theorem 4.1.

Recall that V is an equivariant bundle over M with an equivariant spin structure. We
denote by Sy the equivariant Spin-bundle over M associated to V.

First, we recall basic facts about Clifford algebras, spinors, and supertraces, which can
be found in [16].

Let the natural number n be even. The Clifford algebra C, may be defined as the
superalgebra with odd generators yy, . .., y, subject to the relations

Vi vkl = 28jk.

Clearly C, has a basis consisting of 2" monomials

)/I:yil"'yipv I={i15~~-5ip}v i1<"'<ip7
where I runs over the subsets of {1,...,n} and |/] is the cardinality of /. For all subsets
of {1,...,n} that appear in this article, we assume that the elements of it are arranged in

increasing order.
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There is a supertrace on C,, such that, forany I C {1,...,n},

0, I <{1,....n},
Q2 I ={1,....n).

Let y = (y;)7_, be the column vector with entries in C,,. Then, we have a map:

Str(yr) =

c:C" = C,, c(z)=iz'y.
According to [16, Proposition 2.10], we have the following lemma.

Lemma 4.2 ([16]). For any skew-symmetric matrix o, we denote

1 t
SY@Y =) Wwiiyivj.

i<j

Str(exp(%ytwy)) = (21’)%det1/2 (Sinzﬂ)Pf(w).

And for later arguments, we need the following lemma.

Thus, we have

Lemma 4.3. For any z € C", we have

Str(c(z) exp(%y’wy)) =0.

Proof. Note that exp(%y’w)/) =y, %(Ziq wijyiv;)™. Since %(Ziq wijyivi)"
is even in the Clifford algebra, c(z)%(ziq w;i;yiy;)™ is odd.
Because of this, we have

Str(c(z) exp( v a)y)) Z Str(c(z)—(Zw,,y,y,) ) — 0. -

i<j
Next, we will study more general superalgebras. Let A = A[Jq, ..., J,] denote the
exterior algebra generated by Jq, ..., J,. It is the free commutative superalgebra with the
odd generators J;. When [ runs over all subsets of {1,2,...,n},
Jhi=yioyig, I =l il i< <i

constitute a basis of A. If we work in the tensor product superalgebra A ® C,, where A
is a commutative superalgebra, then the supertrace of C, can be extended to an A-linear
map

Str: AQC,, > A
o ® o oStr(w).

Because A is commutative, this ‘relative’ supertrace satisfies the basic property that,
for any homogeneous elements ab € A ® Cy, Str(ab) = (—1)14PIStr(ba).
Then, we can prove the following theorem.
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Theorem 4.4. Lety = (y;)!_, and J = (J;)} be vectors with entries in Cy, and A, respec-
tively. Then,

((Z%) exp( Yoy +J'y ))
Y .det(sinhw)2
w

: (Z SN D eI Utk 1) erog (s 1)pf(w,,)ﬂ),

k=11 1

where I and I’ run over all subset of {1,2,3,...,n}. Forany A, B C {1,2,3,...,n}, if
ANB #A@orAUB #{1,2,3,...,n}, thens(A,B) =0.If AU B = {1,2,3,...,n},
then (A, B) is defined by

JAJB = g(4, B)J1:2:3m)

Forany A,BC{1,2,3,...,n}, if ANB#0, then s4up (A, B)=0. Otherwise, e4up(A, B)
is defined by
JAT® = equp(A. B)JAYE.

The proof of the above theorem splits into two lemmas. The first one comes from [16,
Lemma 2.21].

Lemmad4.5 ([16]). If K1, K>,..., K, are odd elements of A, then, for any s € R, we have
exp(sK'y)yi exp(—=sK'y) = yi + 25K;.
The second lemma is a technical lemma to be proved in Appendix B.
Lemma 4.6. For any n x n skew-symmetric matrix @ = {a)l] }, we have

(chwu)k) exp(%waJ) = 3 cxerop (kY. DP@rog) .

k=1 k=1 1
where w(J ), = a),lc J.
Now, we will prove Theorem 4.4.

Proof of Theorem 4.4. Let K = —w~(J); we have

)t
= sw((Zj yi) e 5 -0 ) oty - w—lu))))-exp(%ﬁw—w)
:Str(<2y,) exp( )/)-exp(%ytwy)-exp(—%K’y))-exp(%thIJ)
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(o) (Sl fou(ren)) ol
()l ) i

ol ) )

(( )) (zw 1(1)) e 101

. 1
— (2i)% -det(smhw)z
w

(rree

k=1 1I'

* epe(I U LkY, I)erog (ks I)Pf(wp)J’).
The first equality holds because

1 1 1

Eyfwy +J'y = S —o ') oy —o () + EJ’w‘lJ,

where the second term on the right is an even element, so it commutes (strictly) with the
first term. By Lemma 4.5, we have

1 1 1 1
30 =0T Ot =0 ) = exp( 5K ) exn( 57'0r ) -exp( —5K'7 ).

and then, the second equality holds.

Because exp(%K ) has an even degree, the third equality holds by the property of
the supertrace.

The fourth equality holds because of Lemma 4.5. Since Lemma 4.3 implies that

S -

the fifth equality holds.
Finally, the last equality is obtained by Lemma 4.2 and Theorem 4.4. ]

Remark 4.7. In [16], Mathai and Quillen have proved that

1
Str(exp(zytwy + J’y))

= @i)"?. det(smal:w) ’ ( 3 el I’)(—l)%”/le(wl)JI/)

I even
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still holds when w is a skew-symmetric matrix with entries in the even part of A and J
is a vector with entries in the odd part of A, where either the entries of @ are nilpotent
or A is a Banach algebra. After a similar argument, Theorem 4.4 still holds when w is a
skew-symmetric matrix with entries in the even part of AJ since AJ is a Banach algebra.

Finally, we will prove Theorem 4.1.

Proof of Theorem 4.1. We only need to show that, for [n*SIJ,r, n*S,.n*o] € Kg(V), we
have
cho([n*SF, n* Sy, w*0]) = Qui)"2x* (A(V) " HUg(V),

where Ug (V) is an equivariant Thom form.
Let Vs, := d + o be the equivariant connection on Sy associated with a connection
on V. Consider the equivariant morphism o : S {}' — S}, defined by

o(x):=—ic(x): ST =S~

forx e V.
Let A = 7n*Vg, be the invariant superconnection on 7 *Sy. Then, for every X € g,
we have

chg[n*Si, n* Sy, n*0](X) = xch(A)(X) + dyB(X),

where
BX) = — / " Str(e(x) exp(—Z |2 + [A.c()] + A% + A @)
0

For every m € M, choose alocal frame ey, e, . . ., e, near m. To simplify the notations,
we denote Q(X) = A2 + pA(X)andi -y = (c(ey),....c(e,))’. Thus, let Q(X) be the
equivariant curvature of V'; we have Q(X) = —%y’ QX)y.

Because of [16, Proposition 2.10], for a skew-symmetric matrix o, Str(e%l’l“”’) =
n 1 .
(2)2 det? (*222)Pf(w), we have

xch(A)(X) = xStr(exp($(X)))

= o (eo(-Lracnn)))

= X(Zni)gff(—Q(X))_le(—M)

21
= X(Zni)g/f(Q(X))_le(—w).
2

Using the local frame, 8(X) in (4.1) can be rewritten as

_/oo Str(E (xpc(ep) exp(—t2||x||2 +tXJpc(ep) + %y’Q(X)y))),
0
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where x = Y7, xpep and J, = dx, + ¥ (0 )xl Here,

p=1
w= {a)p} and a)p e AL (M).
By Theorem 4.4, we have
© 1
B(X) = _/ Str(i . z(x,,y,, exp(—12||x||2 +it2Dy, + Zyt(—Q(X))y)))
0

sinh Q(X)/2

Q(x)/2 ) rx)

= (2i)2 det(

where

ron=— [ "o

(kll’

fo(QI/(X)/Z)JIi”Ht"“)dt.

2+ xpe(I U {k}, INeruuy (k). 1)

Thus, we have
chg[n*S;f, n* Sy, n*a)(X)
= xch(A)(X) + dxp(X)

= Qri)2AQX)) 7" - (pr(_@) + (—)2dx . F(X)).
2w brg

Finally, - Qz(f:)) + (1) 2dyT'(X) is a Thom form.

Since Q(X) is pulled back from the base space M, it implies that [, JPi(—=5 2(x )) =
0. Then, we choose y = f(||x||?), where f € C*°(R) has compact support and is equal
to 1 in a neighborhood of 0. Thus, we have

n/2 n/2
[ (29 (Y a0 = [ (L) "o
fiber 2 T fiber \ 70

Since we consider the integration over the fiber, we focus on the component of maxi-
mal degree along the fiber of the differential form dyI"(X). Indeed, we have

1 n/2
L) e
fiber \ 7T

* 1
-1 Gy OO T WP e R e oy oy p

_ 1 / oIl
7Tn/2 fiber

=1.
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This means that

XPf(—Q(X)) + (l) 7d)(l“(x)
2 T

is a Thom form, so we complete the proof. ]

5. G-invariant Riemann—Roch formula on homogeneous spaces

In this section, we discuss an application of the equivariant Riemann—Roch formula for
the special case of homogeneous spaces. We will first recall the Chern character in this
special case defined by Connes and Moscovici [10] and then rewrite it in the language of
the equivariant Chern character. Then, we will prove the main theorem of the section.

Theorem 5.1. Let G be an almost connected unimodular Lie group, H a maximal com-
pact subgroup of G, and G/H the corresponding homogeneous space. We assume that
G/H is even dimensional with a G-equivariant spin structure. The following diagram
commutes:

1 Fx
K2(T*(G/H)) ———— K2(G/H) ——— R(H)
ch%/\ﬁg(G/H)l (2m‘)"/2chgl (2”i)n/ZChJ/
* * 7! * 1d *
Hpg oo(T*(G/H))® Z— Hpp(G/H)® —— H*(g, H).

Assuming the assumptions in Theorem 5.1, we first introduce an isomorphism from
Kg(G/H) to Klql(pt).

Definition 5.2. Let [E] € K% (G/H), where E is a G-equivariant vector bundle over
G/H . There is an isomorphism from K g (G/H) to K% (pt) given by the restriction map

re : K&G(G/H) — Kg(pt)
[E] = [Elen].
where e is the identity of G and eH the left coset of e in the homogeneous space G/H .

Analogously, there is an isomorphism on the cohomology level from H*° (g, G/H) to
H®°(h, pt), still denoted by ..

Definition 5.3. There is an isomorphism from H*°(g, G/H) to H*°(}, pt) given by
re t H®(g.G/H) — H® (b, pr) = C®(h)"
o = afo)leH
where o) is the 0-degree component of «.

Remark 5.4. The claim that restriction maps in Definitions 5.2 and 5.3 are isomorphisms
has been proved in [22, Corollary 8.5, p. 131] and [12, Theorem 24, p. 33], respectively.
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Then, we recall the Chern character cheps @ R(H) — H*(g, H) defined by Connes
and Moscovici in [10]. Let g be the Lie algebra of the Lie group G. Fix an Ad(H)-
invariant splitting ¢ = § @ m of g. Then, the projection 8 : g — ) induces a G-invariant
connection on the principal bundle H — G — G/H which we denote by 6. We denote
the corresponding curvature by ©. When O restricts to eH, for X,Y € m, we have
Olem(X.Y) = ——9([X Y]). Composing © with ¢ : § — gl(E), the differential of a
unitary representation of H on some vector space E, we have

chey : R(H) — H* (g, H)

& Tr(exp(%s(@))).

Based on this special Chern character, we introduce the Chern character without nor-
malization as follows.

Definition 5.5. The Chern character without normalization is given by
ch: R(H) — H*(q, H)
e > Tr(exp(e(®))).

This Chern character is very similar to chc s, and we will demonstrate in the following
that it is compatible with the equivariant Chern character.

In order to explain this viewpoint, we recall the equivariant Chern—Weil homomor-
phism defined by Duflo and Vergne in [12, p. 20].

Definition 5.6 ([12]). Let Q be a G-invariant curvature on the principle H bundle G; the
Chern—Weil map is given by

Wa : €M) — AF(s.G/H)
¢ $(R2).
For any X € g, we have ¢(Q2)(X) := ¢(2(X)).

If we choose a different G-invariant curvature €21, one can check that, for any ¢ €
C®H)H, [Wa(p)] = [Wa,(4)] € H*(g, G/H). Because of this, the Chern—Weil homo-
morphism induces a homomorphism from H*° (), pt) to H*° (g, G/H), since

H>®(b, pt) = C=(H)~.

Definition 5.7. Let Q2 be a G-invariant curvature on the principle H bundle G. One has
the Chern—Weil homomorphism

W H*>(, pt) > H*(g,G/H)
¢ [p(Q)].

Remark 5.8. This Chern—Weil homomorphism is an isomorphism. We will prove it later.
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After reviewing the special Chern character defined by Connes and Moscovici, we
will describe the non-normalized version in the language of the equivariant Chern char-
acter. First, we show the relation between the equivariant cohomology and the invariant
cohomology. Let M be a proper G manifold, and let « € H*(g, M) be described as
a smooth function valued in differential forms, compatible with the group action. With
such a perspective, «(0) is a G-invariant differential form. (For X € g, o(X) may not
be G-invariant. But when X = 0, «(0) is G-invariant.) We define the evaluation map as
follows.

Definition 5.9. The evaluation map is given by
ev: AR (g, M) — A(M)°
o — «(0),
where A(M)© is the complex of G-invariant differential form.
Indeed, ev induces a homomorphism from H*°(g, M) to Hpp (M )¢,
Proposition 5.10. The evaluation map induces the homomorphism

eva 1 H®(q, M) — H}p(M)°
[o] = [« (0)].

Proof. Suppose [o] = [B] € H*°(g, M). This means that there exists an equivariant form
y € A%(g, M) satisfying @ — 8 = dg(y). Then, we have

ev(e — B) = ev(dg(y)) = dg(y)(0) = d(y(0)) — t(0)(y(0)) = d(y(0)).
Therefore, ev«([a]) = ev«([B]). L]

Since the G-invariant differential form on G/H is determined by its value at e H , we
can identify Hjjp, (G/H)C with H* (g, H). (In fact, we have Hfp (G/H)® =~ H*(g, H).)
For this reason, we can describe ch in Definition 5.5 as the composition of equivariant
Chern character, Chern—Weil homomorphism, and evaluation map.

Proposition 5.11. The following diagram commutes:

K9 (pt) = R(H) 21— ¢ (p)H

J lw

H*(g, H) «—5— H>(g.G/H).

Proof. Let E be an H -equivariant vector bundle over a point pt and € : H — GL(E)
the corresponding representation of H. Here, GL(E) means the group of bundle iso-
morphisms from E to E. (For s € I'(E), h € H, we have h - s(pt) = g(h)(s(pt)).)
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Since pt is a 0-dimensional manifold, any H -invariant curvature 2 vanishes. Therefore,
QX) =Q 4+ u(X) = u(X), where X € b and u is the moment associated to the H -
invariant connection w. Since u(X) = e(X), where ¢ : ) — gl(E) is the differential of €,
we have chy [E, £](X) = Tr(exp(e(2(X)))) = Tr(exp(e(X))), where [E, €] € K% (pt)
and X € }. For this reason, choosing a G-invariant curvature Q € 4%(G) ® b, we have

evi o W ochy[E, €] = Tr(exp(e(£2(0)))) = Tr(exp(e(2))) € H* (g, H).
So, we obtain ch = ev, o W o chy, which completes the proof. [

Next, we show a result which will imply the commutativity of part of the diagram in
Theorem 5.1.

Proposition 5.12. The following diagram commutes:

K%(G/H) —"— Ky (p)
ChGl JChH
H®(g,G/H) —— C=(h)H.

Proof. For [E,€] € K g (G/H), where E is a G-equivariant vector bundle over G/H and
£ : G — GL(E) is the representation associated to E, we have r«([E,€]) = [E|er, 5]
Besides, for any X € ), we have

chy [Elerr. €|n1(X) = Tr(exp(ela (X)))ler -

where ¢|g : h — gl(E) is the differential of €|g. Thus, we have chy o r«[E, g](X) =
Tr(exp(e|g (X))) for any X € §j. On the other hand, we know that

chg[E.€](Y) = Tr(exp($2(Y))).

where €2 is a G-invariant curvature of £ and Y € g. Since the 0-degree component of
Tr(exp(€2(Y))) is Tr(exp(u(Y))), where u is the moment map, we have

r« o chg [E.£](X) = Tr(exp(p(X))).

Because X € ), we have u(X) = ¢|g(X). Therefore, we have ry o chg[E, £](X) =
Tr(exp(e|g (X))). So far, we have completed the proof. |

Next, we compose the equivariant Chern character with the evaluation map.
Definition 5.13. The G-invariant Chern character is given by
chg : KG(M) — Hpp(M)¢
[E, F,0] — evy ochg[[E, F,d]],

where M is a proper G-manifold and ev. is defined in Definition 5.9 and chg is defined
in (3.1).
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Then, we get a special case of Theorem 4.1 which is also the commutativity of the
other part of the diagram in Theorem 5.1.

Proposition 5.14. The following diagram commutes:
KO.(V) —Z— K(M)
ch%/\/fg(V)l l(zm)n/zchg
Hpg ey (V) T Hpp(M)C,

where V is a G-equivariant vector bundle over M and M satisfies conditions in Theo-
rem 2.8.

At the end of this section, we summarize the main result of the section by combining
Propositions 5.11, 5.12, and 5.14.

Proof of Theorem 5.1. From Proposition 5.12, we have the commutative diagram

K%(G/H) —"— Kn(p1)

chcl J{chH

H>(g,G/H) —— C=(B)".
First, we show that W : C®(h) — H>®(gq, G/H) is the inverse of
re: H®(g.G/H) — C=(H)H.

Since ry is an isomorphism, just verifying r, o W = Id is enough to prove our claim.
For ¢ € C®(H)H and X € g, we have W(¢)(X) = ¢(Q)(X) = z,ﬁszfa,(qs)m(x),
where Q is the G-invariant curvature over the principle bundle G and i is the moment
map associated with . Therefore, we have rx o W(¢)(X) = r«(Zy ﬁQI (D)) =
59°ao(¢)|ﬁ(x) = ¢(X), where X € h.(Because ji(X) = X when X € }.) Then, we have
proved ry o W = Id.

Because of this, we have

K%(G/H) —— K% (p1)

chg l J{Ch H

H>(g, G/H) -— C®(5)".
Then, composing the evaluation map with the equivariant Chern character map, we have

K%(G/H) ——— K% (p1)

chd l lch H

HER(G/H)C 4—= C(h)".
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Since ch = ev, o W o chy (Proposition 5.11), we have

K%(G/H) —*—— R(H)

ch% l chl

H}p(G/H)® 24 H* (g, H).

Because of this and Proposition 5.14, we have

! *
Ko(T*(G/H)) —=—— K%(G/H) —“—— R(H)
chd A,:l\(;(G/H)J/ (2ni)”/zch%l (2ni)”/zchJ/
I1d

Hpg oo (T*(G/H))® = Hp(G/H)S L4 H*(g, H).

Therefore, the proof is complete. ]

6. Local index formula and Getzler’s symbolic calculus

In this section, we will use the heat kernel approach to prove the following local index
formula.

Theorem 6.1. Forevery f € Cvz,zmi(M)G (cf., Definition 6.2) and Ind, (D) € S§ (M, E)
(cf., Definition 6.5), we have

lim 7(f)(Ind, (D))

14 ' ~
- (Z;i)lz)q—n/z (2qq')! /M coAg(M) A Ch%(n!([n*(E‘F), n*(E7),0(D)]) A wy,

where
wr = (dy---dag f)|A.

Here, d; stands for the differential concerning the i-th variable of the function f,
dim(M) = n (n is even), and A : M — M*@9%Y s the diagonal embedding.

The local index formula of this form was proved first by Connes and Moscovici in [11].
In their case, the group is assumed to be discrete and the action is free. When the group is a
Lie group having finitely many components and when the action is proper and cocompact,
Piazza and Posthuma give a brief proof of a similar index formula in [24] as Theorem 6.1.
Their proof is based on the results of Moscovici and Wu [17]. However, in this paper, we
use the index class represented by the Wassermann projector as in [11], which is not the
idempotent of finite propagation speed representing the index class, from which Moscovici
and Wu obtained the higher index formula [17]. Our proof of Theorem 6.1 then follows
by adapting the original proof of the localized index formula in [25].
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6.1. Pairing between C; (M)€ and S% (M, E)

In this subsection, we will define C;*(M)© and S¢& (M, E) and their pairing.

Choosing a complete invariant Riemannian metric, we denote the associated distance
function by d(x, y) for x, y € M. Let the Riemannian volume form associated with
the invariant complete Riemannian metric be denoted by dx, and let du(x) be the Rie-
mannian densities induced by dx, i.e., du(x) = |dx|. Because the Riemannian metric is
G-invariant, dp(x) is also G-invariant.

Definition 6.2. For v > 0 and ¢ € N, let CJ(M)% be the vector space consisting of
G -equivariant smoothing functions v from M4%1 to C satisfying

q
sup( W(xo,...,xq)-exp(—v- (Zd(x,-,z@))‘) < 400,
i=0

and let a coboundary homomorphism d : CJ(M)°® — CJ + (M)C be given by

q+1

AW, xP = (=D g (O T ),

i=0
where ¥ € CJ(M)C. The corresponding cohomology is denoted by Hy(M )¢,
Remark 6.3. Under the notation above, let

CL M = {y e CIM) | Y(xo.....x5) = (=17 (xg. X0. ... Xg1)
forall xp,...,x4 € M}

and

Cllitani(M)C = {y € CLM)® | Y (xo.....8k) = sign(0)V (Xo(0). X (1) - - - - Yo ()
forall xg,...,x; € M ando € S;41}.

Definition 6.4. Let £ be a G-bundle over M. For every x, y € M, we have k(x, y) €
Hom(Ey, Ex), and it carries the matrix norm, i.e., ||k(x, y)|| = [k(x, y)|lm,(c)-

Definition 6.5. For u > 0, define S;(M; E) to be

{k e C*(M xM,EX E*Y | sup |lexp (u-d(x,y)ViVik(x, V)l < Cmn
x,yeM

forallm,n € N}.

Since M is a C*°-manifold acted properly and cocompactly by an almost connected
Lie group G, there exist M; and rps > 0 such that, for any x € M and r < 0, we have
Vol(B;(x)) < Mye™", where Vol(B;(x)) is the volume of B, (x). Thus, we can define a
pairing between S (M; E) and CJ(M)€ by choosing suitable 1 and v.



Index theorem for homogeneous spaces of Lie groups 1475

Proposition 6.6. Let Ao, ..., A; € SG (M E). For each € CL(M)C, we denote

T(¥) (Ao .. Ag)

::/ L, CG0)V (Xo, - xg)tr(Ao (o, ¥1) AL (1, x2) - Ag (xq, X0))dp(xo) -~ du(xq),
Ma

and when Ag = Ay = -+ = Agq, we denote T(Y)(Ao, ..., Aq) by T(¥)(Ao). We claim
that if qu —u < —rp, then T(Y)(Ao, ..., Aq) is well defined.

Proof. We show that t(y) is well defined. Because A; € S§;(M; E) and ¢ € CH(M)©,
we have

[4i Ce, )| < exp(—u - (d(x, y)))

q
W(x°, ..., x7)| < exp(v . (Zd(xi,zo))).
i=0

and

Thus,
IT(W)(A(% RN Aq)|

N '[Mqﬂ ¢(x0)¥ (X, - -, xg)tr(Ao(xo, x1) A1 (x1, X2)

o+ Ag(xg, X0))dpn(xo) -+ - dpu(xg)

q
< dim(E) /Mq-H c(xo) exp (v . (Z d(x,-,zo)>)
i=0

-exp(—u(-d(xo, x1) + -+ + d(xq, X0)))dp(xo) - - - dji(xg)
< dim(E) / ¢(xo) exp(nv - d(xo,20) — I'm
Ma+1

- (d(x0, x1) + -+ + d(xg, x0)))dp(xo) - - dp(xq)

< 400. [ ]

6.2. Schwartz kernel estimates for smoothing operators

Let D : C°(M, E) — CX(M, E) be the G-equivariant Dirac operator. Following [26,
Proposition 2.10], for any f € §(R), f(D) : L>(M, E) — L?(M, E) is a bounded oper-
ator with a smooth Schwartz kernel. In this subsection, we will estimate the Schwartz
kernel for such f(D).

Definition 6.7. Let E be a G-bundle over M. For any s € L?(M, E), we denote
Islomcoi= [ 1s0)Pdo).
B, (x)

where [s()[* = (s(»). s(»)).
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To estimate the Schwartz kernel for f(D), we need the following two lemmas.

Lemma 6.8. Let E be a G-bundle over M, and let D : C°(M, E) — C°(M, E) be the
G-equivariant Dirac operator. There exist C > 0 and N € N depending on n = dim E
such that, forany 0 <r <1 and x € M, we have

C n
sl = % (Z ”DPS”O,Br(x))-
p»=0

Lemma 6.9. Foranyk € C*(M x M, E X E*)G, Yo € M, and r > 0, we have

1
kG loson < sup / k(x,y)s(y)dy‘.
n B, (y0)

s=1,supp(s)CBr(y0)
The lemmas will be proved in Appendix A.

Theorem 6.10. Let D be the equivariant Dirac operator. There exist C > 0and N € NT
so that, for any distinct x,y € M and f € S(R), we have

n+n?

C .
K = 5 .
| Krpy(x, Il < TERL k§=0 /|szd§f,g>’f (s)|ds

Here, n = dim E.

Proof. Let xo, yo € M, where x¢ # yo. First, we consider the case when d(x¢, yg) < 1.

_ d(x0,0)
Letr = ~—100 -

For any xo € M, let Hom(E, Ex,) = Ex, ® E* be a G-equivariant bundle over M
and

Dy :T'(M,Hom(E, E,,;)) - I'(M,Hom(E, Ey,))

the G-equivariant Dirac operator. Thus, k(xg, y) can be viewed as a smooth section of
Hom(E, E,) forany k(x,y) e (M x M, E X E*).
It follows from Lemma 6.8 that there exist C; > 0 and N; € N7 such that

2

Ci (<

| Krpy(xo. yo)ll < (ZanKf(m(xo,y)no,B,(yo))-
»=0

The numbers C; and N; are independent of x¢ and yo because
Hom(E, E,) = Hom(E, E)

for any x, y € M and the bundle isomorphism can be chosen to be an isometry. It follows
from Lemma 6.9 that

IDZ K sy (X0, )llo,B, (yo) <1 sup |DZ f(D)s(xo)l.
Isll=1,supp(s)C B (o)
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Here, D? f(D) is a linear operator defined as follows:
D2 f(D): CX(M, E) — T(M, E)
s> /M DZ K0, )s()dR(y).
We need to show that DY f(D)s € T'(M. E). Indeed, we have
DI /(D) = f(D)(D*)".
Since for any s € C2°(M, E) and x € M, without loss of generality,
krpy(x,y) = f(x, y)u(x) ® v(y)* € (M x M, E R E¥),
where u(x), v(y) € T(M, E) and f(x,y) € C®(M x M), we have
[ 2oy @05
= [ 49 & (DU 0N 50)d(r)
= [ O 0N u()
= [ 30, DS n(y)
= [ 1) ©v0) 0 ©)0)dn()

Thus, we have Dfo(D)(x, ¥) = Kr(pyp*)»(x,y) for any x, y € M. Because of
this, we have
DI f(D) = f(D)(D*)”.

Then, applying Lemma 6.8 again, there exist C; > 0 and N, € N such that

C [
DY f(D)s(xo)| < rTz<Z||D’°D;’f(D>s||o,B,<xo>)-
k=0
Then, we have

C1C
|Kro) o y0) 1= s (D0 sup DD F(D)s o5, )-

SAZRVZP=

For a subset A of M, let x4 : M — [0, 1] be the indicator function of A. Thus, we have

sup ID*DZ f(D)sllo,B, (xo) = Il X8, x) P* DL £(D) 1B, (o) lo-
[ls]l=1,supp(s)C B (y0)
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Note that
x5, (x) DX D (D) x5, (30 ll0

- [M (18, (20) D* D (D) 15, (3051 (). 52(x)) dja (x)

lisil=1,lls2lI=1

- swp fMuB,(xo)DfD"f(D)xB,m)sl(x>,sz(x))du(x)

[s1ll=1,s2l=1

S — /M (51(0). 28,0y DP (D*)F £(D*) 13, 10y 52 ()11 ()

lstl=1,lls2lI=1

= 128, (3) DP(D*)¥ £(D*) 1B, (xo) l0-

and because M is complete and D is essentially self-adjoint, we have

118, (0) PP (D*) F(D*) 1B, xo)lo = 11X, (30) DT DF £ (D) 18, (xo) ll0-
Then, we have

C1C,
1Ky o0l = e (2 sip_ |D*DL f(D)slo.5, )

SAZSR,UZP =

C1C2 * *
= er—Jer( Z I X8, (o) D* (D ¥ f(D )XBr(Xo)HO)

0<k=<n,0<p=<n?

C,C,
= er—+Nz< Z ||XBr(J’0)Dp+kf(D)XBr(xo)||0)-

SAZR,V=P=

Next, we will prove that

1 N
128,60 PP F (D)5 o llo < 5= | £ (s)ds.
T Jis|>r

Since D has unit propagation speed, for any u € L2(M, E) with supp(u) C B, (xo),
we have supp(e’*Pu) C By 4)5/(x0). Thus, when |s| < r, for any u € L*(M, E) with
supp(u) C B, (xo) and y € B, (yo), we have eP (u)(y) =0 (r = %).

Then, for any u € L?(M, E), supp(u) C B,(xo), and y € B,(yo), we have

(i)P ¥

D7Dk fD) ) = (5= [P s )

\p+k . ~

Therefore, we have

(i)Ptk

1B,(0) DP DX £(D) 1B, (xy) = xB,<yo>( / | eiSDf(p+k)(s)ds))((3r(xo))~
S|>r

2 [
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Then, we have

I X8, (vo) PP D¥ £(D) B, xp)llo

(D isD {(p+h)
- ||XBr(y0) 2 e f (s)ds XBr(xo)”O
ys [s|>r

1 LA
= s ool 37 [ e P 6)ds ol sl
S|>r
1 A
<5 | PR (s)ds.
T Jis|>r

Therefore, for any x, y € M, x # y satisfying d(x, y) < 1, we obtain

1Koy (6, ) < 12 i [FO@)lds
f(D)(X, Y —(d(xy))N1+N2 d(xy) ’

Next, consider the case when d(x, y) > 1.
When d(x,y) > 1, wefixr = JW' Similarly, we have

yDPYE f(DYxp | ()

B, (& 1
100 100

o)

CiC
1 Krpy(x, Il = m( > HX

0<k<n,0<k<n2

Finally, we prove

18, o)D" F(D)2n )

100 100

0

< fPHR(s)|ds.
[ a7

Since d(x,y) > 1,wehave B | | a@.y (x) C Bzd(xy) (x)NB L (y) = 0.

100 + o6 100

Then, we have the following: when |s| < d(l’f)oy), for any u € LZ(M, E), supp(u) C

B (x).,andz € B_1 (), we have e*Pu)(z) = 0.
Therefore, for any u € L?(M, E), supp(u) C BWIO (x),and z € Bﬁ (y), we have

; k
D7 ¥ o)) = (= [ e e syas e

Ptk ) .
= ((;)2 / e ©F f(”+k)(s)ds)(u)(z).
d Is|> 55
Similarly, we have
1 R
DP*k f(D < _f (P+K) (5)| ds.
28, D" fDI1s ) = 5o i OOl

which completes the proof. ]
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When x = y, Theorem 6.10 still holds because the right-hand side is infinite. In the
next theorem, we have a finer estimate when x = y. The proof is similar. (We just need to
fix r = 1 in Theorem 6.10.)

Theorem 6.11. Let D be the equivariant Dirac operator. There exists C > 0 such that,
forany x,y € M and f € S(R), we have

n+n?

I Kfpy(x. »)|| < C F® (5)|ds.
> L1790

Remark 6.12. Note that the integral is over R. This is because we have fixed r = 1 and
the method of finite propagation speed cannot be applied.

Forany f € S(R) and ¢ > 0, define f;(x) := f(tx). Then, we have f; € S(R), and
fi(s) =t~ f(t7s) for any s € R. Then, we have the following theorem.

Theorem 6.13. Suppose that f € S(R) satisfies the following condition: there exist M >
0 and w > O such that for every k € N, where 0 < k <n + n? and r > 0, one has
flSIZr |f(k)(s)|ds < M exp(—wr). Then, there exist C > 0 and N € N7T such that, for
any0 <t <landx,y € M, we have

d(x,y))_

C
1 Ks, 0y (x. V)|l = — exp| —w
tN 1007

Proof. Because of Theorem 6.10, there exist C;, C, > 0 and Ny, N, € N such that

n+n?

Cl 7T (k
1Ks, 0y (o) < e [ 7.0 (5)|ds
f(D) d()C, y)Nl kgo |S\ZM| t |

n+n?

Ci 3 _
o F o o)

k=0 10017

G ( d(X»y))
xp| —w————

<—2 ¢
T d(x, y)NiN2 100¢

foranyO0 <z <landx,y € M.
Similarly by Theorem 6.11, there exist C3, C4 > 0 and N3 € N such that

n+n?

1Koy @ )l <Cs Y /R 17,0 (s)ds
k=0

n+n?
<Gy (z—<k+1)/ |f<’<>(s)\ds)
k=0 R

< Cut™M3.
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When d(x, y) > t, we have

G, d(x,y)
K <— -
IKsoy e 0 = G eXp( Y1001

<—C2 ex _wd(x,y)
= (NN P 1000 )

When d(x, y) < t, we have

1Ky, py(x, )| < Cat ™

_ d(x,
<C4exp(100)t Ns exp(—w iOOi}))'

Then, we can choose suitable constants C and N such that
—C2 exp| —w d(x. ) < £ ex _w_d(x,y)
(Na+N; P 1000 ) = v P 1007

- d(x,y) C d(x,y)
C“eXp(mo)l N3eXp(_w 100 )= P\ 000 )

Then, the proof is complete. u

and

Let D be the equivariant Dirac operator on a section of £ over M. The higher index
Ind; (D) is represented by

0 O
Ind, (D) = W(t) — (0 Id)
_ 2 _2p—-p+.1
B e—t?D™ DT e—2D D+(1—eDig+D )2D~
- 2 _ _2p+p—-.1 _ ’
-2D*D (1—eD+giD )2D+ _e—1?DTD

—2x2 1

2
and we splititinto y f; + g:(D), where f;(x)=e7*, g/(x :e—%xz(l_e—2 2x
d we spl D D), wh x> -
and y is the Z,-grading operator.
We claim to have the following proposition.

—t2X2

2,2
Proposition 6.14. For anyt > 0, f;(x) = e 1-¢ — )%x satisfy

the conditions of Theorem 6.13.

g0 = T

We give a proof of this proposition in Appendix A (see Lemmas A.1 and A.2). Because
of this, we have the following theorem.

t2

Theorem 6.15. Let f(x) = e "*°, g,(x) = e~ = x (1 £ )2x and let y be the 7., -
grading operator. Then, there exist C > 0and N € N such that, for any 0 <t < 1 and
X,y € M, we have

d(x,y))
100t )

C
1K,y (5001 = 1 exp( -
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Remark 6.16. For any u > 0, if we include derivatives in the estimates, through a similar
discussion as above, we can find a number 0 < #,, < 1 such that, for any 0 < ¢t < 1,,, there
is

sup [lexp(u - d(x, ¥)VY'ViKy s, D)+ (D) (X V| < Cmn Vg, m,n € N.

x,yeM

This implies that
Ind,(D) € SG(M,E).

Therefore, for any f € C29(M)C such that 2qv —u < —rpg, we have

N Karo) = [ colso) [, 520 Te (K (v, 1)
<o+ Ky (1) (X2g, X0))dp(xo) - - - dp(xag),

where w'(t) = Ind,;(D) = yf;(D) + g:(D).

Next, we will use the heat equation approach to find the topological expression of
the localized analytic indices of elliptic operators as in [11], that is, find the topological
formula of lim;_, t(f)(Ind;(D)). But in our case, M is non-compact, so we cannot
use the method in [11] to get the local index formula directly and we need the following
theorem.

Theorem 6.17. Let ¢;(x) € C°(M), such that 0 < ¢;(x) < 1 and ¢;|B, (supp(ci_y)) = 1,
where By (supp(ci—1)) = {x € M | d(x,supp(ci—1)) < 1}. Then, we have

7(f)(Inds (D)) = /qu_H co(xp)c1(x1) -+~ c24(x24) f (X0, .- ., xzq)Tr(Kw/(t)(x()’ X1)
- Kuwi()(x24, X0))dxo - - dx2g + R(1),

where lim;_o R(t) = 0.

Because of this theorem, we have

li]ll T(f)(Indt(l))) = lln / CO(XO)"'CZq(XZq)f(XO»u-,xzq)Tr(Kw/(,)(xo,xl)
t—>0 t—>0 Jar2q+1
- Ky (X2g, X0))dxo -+ dX2g.

It reduces the problem to the compact case; then, we can use the method in [11] to obtain
the local index formula.

Proof of Theorem 6.17. Let I = {i1,i2,...,ij1)} C{1,2,...,2q}, where |I|is the length
of I.Let J be the complementof / in{1,2,...,2¢q}. Similarly, write J ={j1, j2,.... jj7|},
where |J| is the length of J. We denote

l_[(xo, cees x2q) = CO(XO)Ch (le) Gl (ij)(l —Ciy (xil)) (1= Ci\1|(xi|1\))~
1
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Therefore, we can rewrite R(¢) as follows:

2q
RO = 3 [ TTGo0oxaa) f .2 Te Koo . )
q+1 7

|I]=1

.. Kw/(t)(-XquxO))dxo . “d-x2q~

Next, we show that, for each 7,

t—0

lim / H(xo, s Xag) f(xos o X2g) Tr( Ky (1) (X0, X1)
M?2q+1 I

. Kwr(,) (qu, XO))de s deq =0.

Because f has at most exponential growth, then there exist C1, C; > 0 and zg € M such

that
|f(x0 B x2q)| < CleCz(d(xo,zo)+d(x0,x1)+d(x1,x2)+-~~+d(xzq,xo))

forany x; € M.
By Theorem 6.15, there exist C3, N, w > 0 such that

'/quﬂ H(Xo, e Xog) f(xo0, .oy X2g) Tr(Kyr ) (X0, X1)
I

. Kw'(t)(xzq, x0))du(xo) - dlL(XZq)

< / TTeo. .- 2q) CreCa@Gmzn o) +dGansa)td(aagxo)
M?2a+1 I

> f_]\:’;e—%(d(xo,xl)ﬁ-d(xl ,x2)+...+d(x2q,xo))dﬂ(xo) . dM(XZq)-

Using integration by part, we only need to estimate the following two cases of integra-
tions.

1) fM eCz(d(Xi,Xi+1))e—$d(x1',Xz‘+1)dxi+1_

Since M is a C *°-manifold with an action of almost connected Lie group G such that
the action is proper and co-compact, there exist My, C4 > 0 such that, for any x € M and
r < 0, we have Vol(B,(x)) < M;e%*", where Vol(B, (x)) is the volume of B, (x).

We denote

Un<r<m)y={yeM|n<dx,y) <m}.

Therefore, we can decompose |3, eC2dxinxit)) o= Fd(ixiv) fx; | as

/ ecz(d(xi,xiﬂ))e—%d(xi,xi+1)dxl.+1
B (x;)

+o00
£y / (€2 xi) =¥ d i) g
n=1

x; (n<r<n+1)
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Clearly, there exists M > 0 independent of x; such that
/ Co i xie) =Gt X)) g | < M,
By (xi)

Ca(d(xixi+1)) p—Fd(Xi,Xi+1) J .
ForfUXi(nsran)e 2@xisxiv1)) o= dXisXi+) dx; | we have

/ ecz(d(xi,xi+1))e*%d(xi’xi+1)dxi+1
Uy, (n<r<n+1)

< eCHD = TN (U, (n < 7 < n + 1))

< eCz(n+1)e—%(”)Vol(Bn+1(Xi))

< eCz(n+1)e—%(n)MleC4(n+l)
< Mle—(n+1)(%—(cz+c4)).

Choosing ¢ small enough, we have M;e~ D7 —(C24Ca) < A, o=+ D) Thus, there
exists M3 such that

/ ecz(d(xi,xiﬂ))e—%d(xi,xi+1)dxl.+1
M

_ / (C2dGi i) p= i) g
By (xi)

+o0
+ Z/ ecz(d(xi,xiﬂ))e—%(d(xi,xi+1))dxi+1 <M, + M3e_%
n=1

x(n<r<n+1)

(2) [y i (i) 2@ Cixir = dCixion) (1 — ¢; 4 (xi41))dXi 41
Similarly, we have

/ ci(xi)eCz(d(xz',Xi+1))e—$d(xz',xz'+1)(1 — Cit1(Xig1))dxis1
M

:/( ¢ (x;)eC2 @) =7 diXie ) (1 — ¢; 4y (x141))dXi 41
Bi(x;)

+o0
n Z/ i () 2@ Gix4) = @G x0) (1 Z ¢y (i 11))doi 11
n=1

x; (n<r<n+1)
<04 Mze 7 = Mse™ 7.
Since each []; (xo, ..., X24) contains ¢; (x;)(1 — ¢;j+1(xi4+1)) for some i,0 <i < 2gq,
there exists M4 > 0 such that

H(XO’ o x2q)clecz(d(xo,Zo)+d(xo,x1)+d(x1,x2)+"~+d(xzq,xo))
M2+

w O3 =B @00 )+ d i)+t d g x0) g

.~ - dxag
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Thus, we have

[\42q+1 H(XOs cees x2q)f()€(), ey X2q)TI‘(Kw/(Z)(x0, xl)
1

.. Kw/(t) (qu, Xo))dX() o ngq

< / TTeo. . x2g) CreCa@Gm izt +dGanusa) -+ d(ragxo)
M?2q+1 1

y f_N3 o d0m) HdGe1 )+ 205 o
My

< %77
_[Ne .

This implies that, for each 7,

lim / 1_[()(0, ey qu)f(X(), ey qu)Tr(Kw/(t)(X(), Xl)
M?2a+1 1

t—0
o Kw’(t)(Xqu Xo))dxg - - deq =0,
which completes the proof.

Because of this theorem, we have
lim 7(f)(Ind; (D)) = lim/ co(x0) -+ €24 (xX2g) f (X0, - - ., X2¢) Tr( Ky (1) (X0, X1)
t—0 t—=>0 Jar2q+1

- Ky (X2g, X0))dxg - dxaq.
To simplify notation, replace c;(x) with ¢;(x)? for each 0 < i < 2q. Then, the last
equality is equal to
/ cg(xo)cf(xl) e cgq(xzq)f(xo, e X2g) Te(K oy () (X0, X1)
M?2q+1
e Kw/(t)(Xqu X0))dxg -+ deq
= / S (xo, ..., x29)Tr(co(x0) Ky (1) (X0, X1)c1(X1)
M?2a+1

o 02g(X2¢) K (1) (X24. X0)co(x0))dxg - - dxag.

We will conveniently use the same notation as in [11]. Thus, we denote D = D oy,
where D is the equivariant Dirac operator over £ and y is the Z,-grading operator. Thus,
D becomes skew adjoint such that D* = —ID and D? = —D?2. Because of this, we can

rewrite W'(¢) as follows:

—_2p— D+ _ﬁDfDJr l_e—f2D7D+ % _
W(t) = ¢ e 2 P (E50p7—)?D
~2D+D= (1=e=?PTDT V5 o —2D*+D~
e 2P (E5p—) —e

= (e’ZDZ + e%ﬂﬂ)zw(—tzDz)tD)y.
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We also denote
t(f)(coW'(t)er, ci W' (t)ca, ... c2g W' (1)co)
= / S (xo0. ..., x24)Tr(co(x0) Ky () (X0, x1)c1(x1)
M?2q+1
-+ C2g(X29) Ky (1) (X2g, X0)co(x0))d X0 -+ - dx2g.

Then, we choose f € Cv aml(M )@ . Since Theorem 6.17 allows us to modify M outside a
sufficiently large relatively compact domain, without loss of generality, let

=8 /i® - ® fry,
where f; € C°(M). Then, we have

() (coW'(t)cr, ci W' (t)ca, ... c2gW' (t)co)
= Tr(coqW'(t)co folcoW'(t)cr, fil -+ [caq—1 W' (t)co. f2q))-

Therefore, the quantity to be computed is
lim 7(f)(Ind; (D))
t—>0
= lim Str(c2q ("D’ —e2""Puy (—*D?)iD)co folco W' (1)1, fil-+ - [cag-1 W (), fog)),
—

where Str = Tr o y. Now, we use Getzler’s symbolic calculus to find this limit as in [11].

Remark 6.18. If we choose a representative of the higher index Ind; (D) that has finite
propagation, i.e., the Schwartz kernel is properly supported, then Theorem 6.17 is not
needed. Otherwise, the theorem is necessary. Even if one uses the expansion

/= qul ® [7®-® . where fi € C2(M)

w=0

as in the compact case [11], in our non-compact setting, one needs to show the absolute
convergence of

(f,Ind; (D)) = Z fu-Tnd; (D))

with respect to ¢ and that will require Theorem 6.17.
We recall some basic definitions originally introduced in [11].

Definition 6.19 ([11]). Let A(ID) be the algebra generated (in a strictly algebraic sense)
by A=C®(M),y, (A +D?)"1, 1 € C\[0, +0o0) and operators of the form u(—D?) with
u a Schwartz function on [0, 400) which admits a holomorphic extension to a complex
neighborhood of [0, +00).
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The notion of asymptotic orders for elements of A(ID) is recalled as follows.

Definition 6.20 ([11]). If A belongs to the subalgebra Ag(ID) generated by A, y, and
D, we let A(t) be the operator obtained by replacing D with ¢ID, t > 0, in the expression
of A. Define the asymptotic order of A as the total Getzler order of A(t), assigning to
t the order —1. In particular, D? has asymptotic order 0. We have the same asymptotic
order 0 for any function of —ID2. Finally, we extend the notion of asymptotic order to the
whole A(D) in the usual fashion. Let A; (D) denote the subspace of A(D) consisting of
operators of Getzler order r and asymptotic order k.

The following result is the “fundamental lemma” of Getzler’s symbolic calculus. For
readers’ convenience, we list it here.

Lemma 6.21 ([11]). (1) Let A € A{(D). Then, if A € Op(8"(E)),
o1(A()) =a+ 0(1), O@) e 8 (E),

where 0,-1 is the rescaled symbol [13]. Here, a is called the asymptotic symbol of A €
Ao(D), denoted by oo(A).
(2)If A, B € Ay(D), then one has

Uo(AB) = Uo(A) * Oo(B).

Here, * denotes the multiplication of Getzler symbols, defined by the following rule:
2

(a%b)(x.8) = e 3R a(x, &) Ab(x. ey,

where R € A2(M) ® A2(M) is the curvature tensor in [13].

The following results from [11] will be needed in the calculations. For the convenience
of readers, we list them here.

(1) 0,1 (tD) = it '¢;

2) 01(?D?) = —[E* + O + z7T(R);

(3) o1 (tD, fD(x.§) = df ., f € A;

@) o1 ([1PD2, f)(x,£) = 2it{df.§) + 1A f;

(5) o1 (D2, fItD)(x,§) = =2t{df.§)€ + O(1), O(t) € 8*(E);

©) o1 (A +12D?) ) (x,§) = A — H(x,§))™' + 0(1), 0(t) € $(E);

() 01 (u(=*D?))(x,§) =u(H)(x,£)+ O0(t), O(1) € 8~®(E), u(~1’D?) € A(D),

where Q = V%V is the equivariant curvature of W (E = W ® §) induced by the equiv-
ariant curvature of E, t(R) is the scalar curvature of M, and

1 P 1 a 0
H=H(x.§) = ¢ - ER(E’ 3_5) BT R(%’ i) ¢
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Denote 4 = co4u(—D?)Dcg, A7 = cj_1u(-D?)[D, f;]c;, and
B’ = c¢;_1[u(-D?), f;]Dc¢;
for j =1,2,...,2q. We can write

II:= (CzquZCO — A)(co[eDZ, fl]cl + A4 + Bl)(cl[eDz, fz]cz — A% - Bz) e
"'(Czq—z[emz, fag—1]c2g—1 + A% + B2
X (Czq_l [EDZ, f2]6’2q — A2q — qu).

The following terms of IT will contribute to the asymptotic symbol:

(1) T = (=1)9cyqePco foAl --- A24;

Q) Tj = (—1)4cy eP7co foA - ATTVBIATFY o424 j =1, 2¢;

(3) Zj = (—l)q+jAf0A1 e A_/'_ICj_l[e]DZ, fj]CjAj+1 e A2q’ j = l, ey 2q.

Since we do the symbol calculation on the non-compact manifold, the Getzler’s fun-

damental trace formula we used has the following form.

Proposition 6.22. Let P be a smoothing operator with compact support over E, Then,
forallt > 0,

Str(P) =

@n)n [T*M Str(o7 (P)(x. §))dédx.

Remark 6.23. Since we consider the smoothing operator with compact support, the proof
of Proposition 6.22 is similar to the classical one in [13]. For reader’s convenience, we give
the proof in Appendix C.

We are now ready to begin the essential calculations. We will show the following
theorem.

Theorem 6.24. We have
lim Str(cag (P — 2P w(=1>D2)1D)co foleo W' (t)er, fil -+ [cag—1 W' (0)¢, fog))

S ) LA fC'O/TG(M)/\Ch%(n!([ﬂ*(E+)vn*(E_l)’O—(D)]))
M

© (2mi)2an/2 (2g)!
A fondfie-- Ndfag.

Proof. (1) Computation of the contribution of T'.
We have

00(T) = (=1)7eaq * 0o (u(=D?)) * co * fo * co * ao(u(-D?))
* dfy xcCp ke kg * oo(u(—D?)) % dfaq * C24.

Since oo ([u(—D?), f]) = 0 and oo ([u(—=D?), [D, f]]) = 0 for any f € A, one can
permute u(—D?) with ¢; and [D, f;] without changing the asymptotic symbol of T'.
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Thus, we have

00(T) = (=1)9caq * 00(€) x co * fo * co * oo(u(—D?))

s« dfy % cp k- k Cpgq * oo(u(—D?)) * df2q * C24
= (=1)9c2400(e®°u(=D?)2) A co fo A co(dfi)er A+ A cag1(dfag)cay.
Since ¢;(x) = 1 for any x € supp(cyp), where i > 1, we have
00(T) = (~1)7co00 (€™ u(~D>29) A fo Adfy A+ A dfaq.

Then, by the similar proof in [11] and Proposition 6.22, we have
lim Str(T'(t)) = 27)™" / trs(0o(T))dxd &
t—>0 T*M

1/2
= IBq(—l)q(Zyn)"/z /M Co det(%)

ASt(e@) A fo Adfi Adfag.
where

2 2
ﬁq:f f (1+S1+...+Sq)_qul...dsq_
1 1

(2) Computation of the contribution of Z]] :12 4 T;.
Asin [11], we have

2
Tj = (—1)%crqe® co foA'

. 1 .
-.Af—lcj_l(—,/ u(M)[(A +ID)2)_1,fj]d)L)]D>chJ+1---Azq,
2ni Jo

where C is a suitable contour in C, oriented counterclockwise. Since
(A +D*7, il = (A + D*) 7' D2, 1A + D)7,
we have

2
Tj = (=17 e co fo A

. 1

AT (%/ u(D)(A + D7D, fIDA + Dz)lc/-dk)
C

x A/t 4%,

Since ao([(A + D?)7L, f]) = 0 for any f € A, we can exchange (A + D?)~! and ¢;
without changing the asymptotic symbol of 7;.
Because of this, let

’ i 1 _
Tj — (_1)q+1C2qe]DZCOfOA1 oAl ICj—lﬁf M(A)(A + ]D)2) 1[]]:))2,](}]
C

xDej (A +D?)"1daa/ T ... 424,
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We have
lim Str(7; (r)) = 2n)™" / trg(00(T7))dxd§
t—0 T*M '
= (271)_”/ trs(00(7}))dxd € = lim Str(T; (7).
T*M t—0

Then, we take advantage of the fact that only the supertrace is needed as in [11] and
replace 7 by

T ( 1)q+1 2g+ 2\—1 +1, 2 1
T = | DG G DT AT 4200 e fo

~u()(A + D)7 D?, f]DdA,

thus bringing the two resolvents on the same side of [D?2, f;]. When we compute 00(77),
we can pass the first og((A + D?)™1) over the intermediate terms till it reaches the second
oo((A + D?)~1). Thus, we get

0o(T;) = (=D)TTH247T i A cj(dfj41)ci+1 A+ A cagi(dfag)eag
/\COfO/\CO(dfl)Cl A Acj—1(df)e)
% 00(eP* U211 (=D )’ (=D?)) * 5o ([D?, £;]D).

Then, similarly as in [11], we have
i Stx(7; () = [t ton(Ty)dxd
t—0 T*M

1 R/2 \?
=_—5q(—1)4(2m)—"/2/ co det —/
2q M sinh R/2

ASt(e@) A fo Adfi Adfag.

where 8, = [7 -+ [2(s1 + -+ 89) (14 51 + -+ 5,)"@HVds; - ds,.
(3) Computation of the contribution of Z’ =24 Z;.
The Z; calculations are similar to 7. Therefore, we have

lim Str(7; (¢)) = "—'( DQ2ri)” "/2/ codet( R/ v
=0 2q + 1)! v O \sinh R/2
AStr(e2) A fo Adfi - Adfag.

Finally, we have

lim Str(czq (¢ — 2P w(=1>D?)1D)co foleoW' (1)er. fil -+ le2g-1 W (1), foq])

= lim (Str(T(l)) + Str(z n(z)) + Str(Z Z; (t)))
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_ nj2-2g 4! R/2 \'?
= (-1)7?Qni)"? 24 )'/ det(—sinhR/Z)

AStr(e2) A fo Adfi--+ Adfag,
q!
(29)!

A fo Adfi "‘/\deq-

= ()79 @mi)"/>7% / codG (M) A chg (x!([x*(ET), 7*(E7),0(D))))

The last equation holds since det!/? (3 Itf;ez/z) is just G-invariant A- genus Ag (M) in

our notation, and Str(e?) is equal to ch? ¢\ ([r*(ET), n*(E7),0(D)])) since

([ (EF), n*(E7),0(D)]) = [WF] - [W7]. =

Summarizing the preceding result, we complete the proof of Theorem 6.1.

7. Higher index formula and pairing between K -theory and
cohomology

In this section, we aim to use Theorem 6.1 to obtain a higher index formula and define
a pairing between Hf)er“(G/H)G and Ko(C*(G/H, E)%), where Hf)vfe“(G/H)G is the
even part of G-invariant de Rham cohomology and C*(G/H, E) is the equivariant Roe
algebra.

7.1. Higher index formula

For a Lie group G, the space of smooth homogeneous group k-cochains given by

Ci(G) :={c: G**' — C smooth | c(ggo. 281, .- 88k) = (g0, g1.- -+ gk)»
Vg, g0,-..,8x € G}
equipped with the differential d : CX.(G) — Ck+1(G)

k+1

d(c) (8o 8k+1) == Y (=1)'c(g0, ... &im1, &itt1 - Gk41)
i=0

gives rise to the group cohomology, denoted by H j(G). Under the notation above, let

Cixn(G) == {c: GF*! — C smooth | c(ggo. 831 --.88k) = (0. &1.- -+ &k).

(g0, 8k) = (=D c(gk. gos - - Lk—1)
forall g, go,..., g% € G}
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and

Coirani(G)
= {c: G**' - C smooth | ¢(ggo, g21. - -, &8k) = (20, &1, -- - gk,
c(gos -, &k) = sign(0)c(go(0): 8o(1)s - - - » o (k))
forall g, g¢,....8x € Gand o € Sg41}.

It can be verified by direct calculation that both (C d";ff, 2(G).d) and (Cgy .,i(G), d) are
subcomplexes of (Cj(G), d). We denote by H;ff’ ,(G) and H ;ff,ami(G) the correspond-
ing cohomology.

Moreover, fix zo € M forany g € G, and let L(g) := d(z¢, gz0). There exists a natural
subcomplex of the (Cj4(G), d).

Definition 7.1. Let C (;Iif_f’pol(G) be the vector space of all G-equivariant smoothing func-
tions from G471 to C with at most polynomial growth; that is, for each

q
¢ € Ciifrpot (G),
there exists m € N such that

sup(|c(go. -, &¢)(1 + L(go) + L(g1) + -+ L(gg) ™) < +o00.

Thus, (C(;;ff’pol(G), d) is a subcomplex of (Cf(G), d). The corresponding cohomology

is denoted by H;iff,pol(G).
Similarly, we have the following definition.

Definition 7.2. Let C C{Iiff,pol(M )G be the vector space of all G-equivariant smoothing func-
tions from M 9%! to C with at most polynomial growth; that is, for each ¥ € C (ﬁff’pol(M )C,

there exists m € N such that
sup(| (x°, ..., xP)(1 + d(x0,x1)* + d(x1,x2)* + -+ + d(xp, X0)*) ™) < +o0.

A coboundary homomorphism d : Clge (M) — Ciliz (M) is defined by the formula

q+1

dW)(x® . xPT =3 (=D O X T X ),

i=0
where ¢ € C fiff,pol(M )G . The corresponding cohomology is denoted by H;)I(M )¢

We denote by (Cp”;l’ Z(M )¢, d) and (Cp’t)l’ami(M )¢, d) subcomplices of (Cp";l(M ). d)
and Hp";l’ Z(M )@, H;;Lami (M)@ the corresponding cohomology, respectively. If we re-
move the restrictions on growth conditions, we denote the corresponding cohomology by

H*(M)C.
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Then, assuming that G has finitely many connected components and satisfies the RD
condition with respect to the length function L(g) := d(zo, gzo), we recall the definition
of the pairing between Z;"iff’pol(G) and Ko(C*(M, E)9) in [24] (5B).

Letb € CIL(G); forag, ...,am € CX(G), define

th(ao, ceydm)
= /m b(e,gl,glgz, . 81 gm)a0((g1 "'gm)_l)al(gl)”'aYH(gm)dgl dgm’

and for kg, ...k, € A%(M, E), define

Rk kni= [ [ o) clom k(. 1) Ko, (g1 ) 10)

b(e,g1,8182,---, 81" &m)dg1 - dgmdu(xo) - -- dpu(xm).

Whenc € Z g'i’ff’pol(G), the homomorphism
(M) Ko(A§(M E)) — C
extends to a homomorphism
(tM.) 1 Ko(AZ (M. E)) = Ko(C*(M,E)°) — C,

where C*(M, E)© is the equivariant Roe algebra defined as the closure of bounded G-
equivariant operators on L2(M, E) that are locally compact and of finite propagation.
Let

AF (M. E) = (HP(G)®W(N, E|y))* ¥,

where
H(G):={f € LZ(G) cg> (1 + L(g))kf(g) € LZ(G) for all k}

and W™°(N, E|x) denotes the algebra of kernels of smoothing operators on E| .

Then, we explain the relation between the S("; (M, E) and A%O(M , E). In fact, for
suitable u > 0, we have Sg (M, E) C A%o (M, E). Recall that, in [24] (1A), Piazza and
Posthuma defined

A (MG E) :={k e C®(M x M,ER E*)% : sup [lexp(qd(x, y))V¥Vyk(x,y)|

x,yeM

< Cqforallg,m,n € N},
and because M = G xg N, ACGXp (M ; E) can be decomposed as
(A (G)RW (N, E|n)) K,
where

A%(G) :={f € C*(G): su;G) lexp(¢L(g))Df(g)| < +oc forall g, D € U(g)}.
ge
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Similarly,

SE(M:E) :={k € C®(M x M,ER E*)® | sup lexp(u-d(x,y)VIVik(x.y)l
x,yeM

< Cp forallm,n € N}

can be decomposed as
(A™P(G)RW (N, E|n)) K,

where

ASPY(G) :={f € C*(G) : sup |exp(uL(g))Df(g)| < +oo forall D € U(g)}.
geG

Since the Lie group G has at most exponential growth, when u is big enough, we have
A®PY(G) C Hp°(G). Therefore, S& (M, E) C AZ (M, E) holds for suitable u > 0.

Then, as we have shown in the last section, for any u# > 0, there exists #,, > 0, and for
any 0 <t < t,, we have Ind, (D) € S§ (M, E). We claim the following proposition.

Proposition 7.3. There exists t,, > 0, forany 0 <t < t,, Ind,(D) € AF (M, E).

Therefore, for any ¢ € Z grilff,pol(G)’ (th ,Ind; (D)) is well defined for suitable 7. Next,
we explain the relation between (M, Ind, (D)) and t(f,)(Ind;(D)) which is useful to
obtain the higher index formula.

Indeed, we have the following proposition.

Proposition 7.4. Let a € CI'(G) and ko, ..., km € C®(M x M, E ® E*)C. If both
t™(ko, ... .km) and T(f;)(ko, ..., km) are well defined where

Ja(xo, .o Xm) :=/G HC(gale)---C(g,lem)a(go,...,gm)dgo---dgm,

then
™M ko, ... km) = t(f) ko, ... km).

Proof. To prove the proposition, we need to show that
M (ko km)
= [ )l el x1) K )R ) )
By definition, we have
ry(ko, v km)
=[] e comtotio, gxn) K g1+ ) 30)

ca(e,g1.8182+---,81-&m)dg1 - dgmd(xo) - - - dja(xp). (7.1)
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Since fG c(gglxo)dgo =1, for any xo € M and a is G-invariant, (7.1) can be written
as

/ / (85 " x0)e(x0) -~ ¢ Com)tr(k (xo0. 11) -+ k(s (81 gm) " %0))
Gm+1 Mm+1

-a(go".80"81.80" 8182+ . 80" 81+ gm)dgodgy - dgmd(xo) - -~ dp(xp).
(7.2)

Letuo = galvul = galgl,...,um = galgl -+~ gm. Then,
(7.2) = / / C(uox())c(xo)'"C(Xm)tr(kO(XOsualulxl)"‘k(mxm,u;lluoxo))
Ggm+1 Jpm+1
cauo,ur, Uz, .. um)d (ug ) (ug ur) - d (L um)dpn(xo) - - dpu(xm)
= / / C(XO)C(M()_IXO)"'C(ur_nlxm)tr(ko(xo’ul-xl)"‘km(umxm,_xo))
Ggm+1 Jpym+1
ca(ug, Uy, Uz, ... Um)dugduy - - - dumdi(xo) - - di(xpm)
- /M €00 faxon X (Ko (. 1) i (o X0))dpe (x0) - AR (i),

The first and second equalities hold since duy' =dug, d(u; 'uiy1)=du; 11, dpu(ujx;) =
du(x;)and kyq, ..., k;, are G-invariant. |
On the other hand, we claim the following proposition.
Proposition 7.5. When a € Cly .
G
C;Iol,anti (M) .

(G) has almost polynomial growth, we have f, €

Proof. It is clear that when a € Cf; ,.i(G), fa € CL;(M)C. Thus, to prove the claim,

anti
we only need to show that a having almost polynomial growth implies that f, has almost

polynomial growth.
Recall that a € Cjl(G) having almost polynomial growth means that there exists
m € N such that

la(go,....89)| < (1 + L(go) + L(g1) + -+ L(gg)™,

where L(g;) = d(z¢.gizo) for some zo € M.
Thus, for any xo,...,x; € M, we have

| fa(xo0, ..., xg)| = VGW (g ' x0) - c(gy xm)a(go. ... gg)dgo - dgq
< [, cles o) -w-cleglxn) (1 + Ligo) + Ligy)
+ -+ L(gg))"dgo - dgm

- [ ¢(g5 " x0) -+ (g xm) (1 + d(z0. 8020)
Gm+l

+ o+ + d(z0.8420))"dgo - dgm. (7.3)
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Moreover, for any x € M and m € N7, let

Yim(x) = /Gc(gi_lx)d(zo,gizo)'”dgi.

Since (7.3) can be rewritten as

) /G » c(gg ' x0) -+ ¢ (g Xm)d (20, 8070)™ -+ d(z0, g420)™* dgo

mo+-+mg=m

where m; runs over {0, 1,2,...,¢q}, we have

| fa(X0, ..., Xg)| < Z I,[fo,mo(xo)"'1/fq,m,1(xz])~

mo+-+mg=m

Since d(, ) is left invariant, for any g € G and x € M, we have

d(zo,820) = d(gflzo, Zp)
<d(g™'x.g7"z0) + d(g " x.20)
=d(x,z0) + d(g 'x, z0).

On the other hand, for any p € N7, there exists C > 0 such that
c(g7'x)d (g x,z9)? < CP.

This is because supp(c) is compact, and for any y € M, we have

p
0z = (s dizo2)”
z€&supp(c

Thus, we have
Vi) = [ el 0o,z ds,
< [ et n(€ +dx.zo)"a,
= (C + d(x,zp))™.
Because of this,

| fa(x0, ..., xq)| = Z VY0,mo (X0) - -+ Wq,mq (xq)

mo+-+mg=m

1496

o dgm,

< Y (CH+d(x0.20)™ +++ (C + d(xg.20)™.

mo+-+mg=m

which shows that f; has almost polynomial growth.



Index theorem for homogeneous spaces of Lie groups 1497

Because of the proposition above, for any v > 0, we have C Ol(M )¢ c cl(M)S.

Thus, for any a € Zdlle (@) and suitable 0 <t < 1, 7( f;)(Ind, (D)) is well defined, and
following from Proposition 7.3, we have

!
(e 10 () = 0 1, (D) = C2 e ) 1 (D)
Since (t,Ind, (D)) is independent of ¢, we have
(caInd; (D)) = lim(2 Ind; (D)) = lim (qq')!‘f( £2)(Ind; (D)).

Thus, Theorem 6.1 can be used to obtain a higher index formula.

Theorem 7.6. Let a € Zji?f’ami(G) be a cocycle of polynomial growth and Ind;(D) €
Ko(AZ (M, E)). Then, the following C*-higher index formula holds:
(=™

(0" Indi (D))= 3=z

f codg (M) A chl (r (™ (E¥). n* (E7).0(D)])) A .

7.2. Pairing between K -theory and cohomology

Now, we consider the case M = G/H and define the pairing between Hjz"(G/H )¢ and
Ko(AF(G/H. E)).

First, we recall the definition of the van Est map linking Hj;(G) and H*(M )¢,

As in [23,24], the van Est map from the smooth group cohomology H j(G) to the
invariant cohomology Hp,, (M )@ is constructed as follows: given a smooth group cochain
a € Ck.(G), define the differential form

= (d1---di fa)|a.
where d; is the differential with respect to the i -th variable and the function f, € C*°(M)

is given by

futwoeoeoxn)i= [ ey so) el waen. ... gz d
Thus, the van Est homomorphism can be defined as follows.

Definition 7.7. The map a — w, which we recalled above gives rise to a homomorphism
from Hjy(G) to Hjp (M)C:
Yu @ Hi(G) — HZ;R(M)G
[a] = [wa].
Remark 7.8. Proposition 2.5 in [23] shows that W is a homomorphism from H j(G)
to H*(M)°. Similarly, « — w, induces a homomorphism from H 1(G)(or Hy;(G)) to
H*(M )G. We denote these homomorphisms by Wy 3 and Was ani, respectively. When

M = G/H, where H is a maximal compact subgroup of G, [23, Remark 2.7] shows that
Wy is an isomorphism.
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Following the above notation, we have the following proposition.

Proposition 7.9. Foranyk,l € N,
(D fe(a) = 8(fa),
(2) wg = we(e)
hold for any a € Cf(G) and g € CL(M)C°.

Proof. Foranya € Ccﬁff(G), we have
fs(a)(XO, ceey XE)

= /GHIC(galxo)...c(glzlxk)g(a)(go,...,gk)dgo...dgk

1 / -1 -1
= —— E c(gg xo0)-+-c(gr xk)a(go(0):--->8atk))dgo - dgk
k+1! & Jorn

1 _ _
= m Z [Gk+1 c(golxo(o))--~c(gk1xg(k))a(g0,...,gk)dgo---dgk
: oSy

= S(fa)(x()? e ,Xk),

which proves the first claim.
Next, let 1 : C/(M)® — C!(M)© be the cyclic operator which means that, for any
p e CH(M)P, we have
t(p) (X0, x1) = (=) p(xr xo, .. xi-1).

Thus, let A : CH(M)C — C*(M)€ be defined by

1
A(p) = Zz (p)
i=0

for any p € CH(M)©.
Then, for convenience, let p = po ® --- ® p; € CI(M)G; we have

1

@) = T Z $ign(0) pe(0)dPo(1) A *+* A dps()

0ESI41

l+1 Z( V! pidpo A-++dpi—y Adpiti A+ Adpy

= OA(p)-
Since p = A(p) € Ci(M)G, we have
Wp = W)(p) = We(p)-

Therefore, we proved the second claim. [
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On the other hand, there exists an isomorphism from H};,(G/H )Y to H 1#(G) when
H is a maximal compact subgroup of G.

Definition 7.10. The map o — J(«) induces an isomorphism from H},(G/H )¢ to
H}#(G):
Ju: Hip(G/H)® — Hiy(G)
[o] = [J(@)].

Remark 7.11. As in [23], J, is the inverse of Wg/y, and when G/H admits a non-
positive sectional curvature, J(«) has almost polynomial growth.

On the other hand, we have the following definition.

Definition 7.12. The map
a— fq

induces a homomorphism from H(G) to H},5(G/H)C.

Thus, we can construct a homomorphism from H};,(G/H)% to H i (G/H )C as
follows.

Definition 7.13. The map & — f0(«) induced a homomorphism from H};5(G/H)% to

Hp";]’ami(G/ H)® when G/H is of non-positive sectional curvature.

Thus, using the homomorphism defined by Piazza and Posthuma in [23,24], we can
define a pairing between HpR"(G/H) and Ko(AZ (G/H, E)).

Definition 7.14. For any o] € HpR"(G/H) and [p] — [q] € Ko(AF (G/H, E)), we define

(o). [p] — [a) pr.6/tt = (T3 s [P] — [a]).

Here, G has finitely many connected components, H is a maximal compact subgroup of
G and G/H is of non-positive sectional curvature.

Similarly, there exists a pairing between HJR"(G/H) and Ko(C(G)).
Definition 7.15. For any ] € H}z"(G/H) and [p] — [¢q] € Ko(C(G)), we define
([e]. [P] = [4)pR.G = (t& 1) [P] — [4]).

Here, G has finitely many connected components and satisfies the RD condition, H is a
maximal compact subgroup of G, and G/H admits a non-positive sectional curvature.

8. Equivalence of topological index and analytic index

Let D be a self-adjoint, a G-equivariant, an elliptic differential operator on a Z,-graded,
and a G-equivariant vector bundle £ over G/H. In [14], the higher index Indg (D) €
Ko(C¥(G)) is defined by using the analytic assembly map from the Baum-Connes
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conjecture. Since the K-homology class of D can be identified with
[x*(ET),n*(E7),0(D)] € Kg(T*(G/H))
under Poincaré duality, we obtain a map:
Indy : K$(T*(G/H)) — Ko(C}(G))
[*(E*),n*(E7),0(D)] ~ Indg (D).
On the other hand, we define the topological index map as follows:
Indr : K&(T*(G/H)) — HS&(G/H)C
[7*(ET),n*(E7),0(D)] — ]Z!((/YZG(G/H)) A ch%([n*(E+), 7*(E7),a(D))).
We denote HpR even(G/H)C := Hom(Hf)VI%“(G/H)G, C). Then, there exists a map
PD: H3&(G/H)® — Hpreven(G/H)C

such that, for any [o], [8] € H5(G/H)C,

n

2 (—Dk
PD([a])([B]) = > G

k=0

/ coak A Br_sk,
G/H

where dim(G/H) = n, oy and B, o are the 2k-degree component of « and (n — 2k)-
degree component of f, respectively.

In this section, we aim to prove the agreement between the topological index and
analytic index which is stated as follows.

Theorem 8.1. The following diagram commutes:
Ind,
KQ(T*(G/H)) —— Ko(C}(G))
IndTJ/ JEH
even PD
HH(G/H)® —— HpR even(G/H)C,
where ch : Ko(C¥(G)) — HpReven(G/H)C is defined by

ch([p] — [g])(@) = (e [p] - [g]) DR.G

for every a € HB’;“(G/H)G and [p] — [q] € Ko(C¥(G)). Here, G has finitely many con-
nected components and satisfies the RD condition, H is a maximal compact subgroup of
G, and G/H admits a non-positive sectional curvature.
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To prove Theorem 8.1, we need to show the following: let k € N, for any [«] €
H2%(G/H)Y,

([a]. Ind; (D)) pr,G/H
(—DF¥

= Qni)kn/2 /G/H coot A Ag(G/H) A ch (x\([n*(E), n*(E7),a(D)])).

where D is the Dirac operator on E.
We will split the proof of the claim above into two lemmas.
First, we explain the relation between Hj(G) and H .(G).

Lemma 8.2. The anti-symmetric operator €y induces an isomorphism from Hj(G) to
H;;ti(G)‘

Proof. First, we claim that the following diagram commutes:

H}(G) —— Hyy(G)

YG/HA
\ lWG/H,anli

H} R (G/H)C.

For any [a] € H(ﬁfu(G), we have [Wg,/ g o e(a)] = [0y, |-
Because of Proposition 7.9, we have

Wo/n 0 e(a)] = |y, ] = lws(s)] = wr,] = [Yo/u (@)].

Thus, the above diagram commutes, which shows the claim.
According to [23] (5B), Cj; , (G) is a quasi-isomorphic subcomplex of C(G), and
so, the inclusion
i: Cdﬁff,A(G) — Cgn(G)
induces an isomorphism from H; (G) to H(G). Since

Ve : Hig(G) — HﬁR(G/H)G

is an isomorphism, Wg,f,4, = WG /H © ix is also an isomorphism. This implies that &4 is
injective because WG/ 2 = WG/ H,anti © €x-
Since the following diagram commutes:

HX4(G) —— H}(G)

H;;m(G)

(G) is an isomorphism.

this means that e, is also surjective. Thus, e« : H;(G) — H
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Finally, since the following diagram commutes:

H}(G) —— Hju(G)

X la*

H;l(iti(G)’

ex t Hiy(G) — H;

i (G) is an isomorphism, which completes the proof. [

Then, we prove the second lemma we need.

Lemma 8.3. Forany [o] € Hpp (G/H)®, we have
[] = [Vg/a 0g0 J(@)].
Proof. First, we show that the following diagram commutes:

v,
Hj(G) — Hpp(G/H)®

i*T lj*

H3i(G) ¢—— Hig(G).

The above diagram commutes since Id = Jx 0 W/ and Id = iy o &4.
Since all homomorphisms appearing in the diagram above are isomorphisms, the fol-
lowing diagram also commutes:

Jx
H}R(G/H)® —— H}(G)

‘IJG/HT ls*

Hi(G) AN H3q(G).
This implies that
o] = We/m oo J(@)] Vil € Hpp(G/H)C,
and the proof is completed. ]

After these preparations, we will prove the following theorem.

Theorem 8.4. Let k € N. For any [] € H2k(G/H)C, we have

([o], Ind; (D)) pr,G/H

(_1)_k 1A 0 | + _
@iz fG/H coa A AG(G/H) A chg (x/([ET, E7, 0 (D)])-
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Proof. Indeed, we have

([o). Ind; (D)) pr.G 1 = (T gy Indi (D))
@ (=D k! -
T k! Qmi)n/2 (2k)! /G/H COWf,e s N Ac(G/H)
Ach (z!(([ET, E7,0(D))])

(-~ / n
= ————— v J(o) AN Ac(G/H
Qri)k=112 [ co¥g/H oo J(a) ¢(G/H)

Ach (z!((ET, E7,0(D))]))

(-~ R
- W/G/H coa A Ag(G/H)

Achg(z\([ET, E~,0(D)])).

The second equality holds because of Theorem 6.1 and by Lemma 8.3 the last equality
holds. "

Therefore, we are ready to prove Theorem 8.1.
Proof of Theorem 8.1. Let [x*(E™), n*(E™),0(D)] € K&(T*(G/H)) and
o] € HpR(G/H)®.
Let M : Ko(C*(M, E)®) — Ko(C}(G)) be the Morita isomorphism. Then,

(Tg/llza)’ Ind; (D)) = (v (g, M o Ind((D))

holds following from [23, Proposition 5.7]. Since Ind4 (D) = M o Ind; (D) (independent
of t € (0, 1]), we have

([]. Ind4 (D)) pr.G = (18 5. Inda(D)) = (c/}7 ) Ind; (D)) = ([e]. Ind; (D)) pr.G /-

Then, applying Theorem 8.4, we have

([a].Ind4(D))pr,¢ = ([a].Ind;(D))pr.G/H

_ X
N W/G/H coot A Ag(G/H)

Achl (z!([n*(E1), n*(E7), (D))

= i/ coa A A% (G/H)
i)k JreG/m) ¢

Ach([m*(ET), n*(E™),0(D)))
= PD(Ind7 (D))(x).

Therefore, we complete the proof. ]
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Remark 8.5. If we identified H*(G/H )€ with H*(g, H), following Theorems 5.1 and
8.1, for any @ € H?**(g, H), we have

([0, 10d4(D))or.6 = ——— (o A A(g, H) A chers (x(a (D)), [V1),
(27i)

where [V] is the fundamental class of T[:] (G/H). This is the higher generalization of [27]
and an analytic proof of an example of [20].

A. Proof of Lemmas 6.8, 6.9 and Proposition 6.14

Proof of Lemma 6.8. Fix an xo € M, and let s € I'(M, E) such that

supp(5) C B1(xo).

Since the group action is proper and cocompact, we only need to consider the special case
of B1(x¢). By the Sobolev embedding theorem and the elliptic estimate of D, there exists
C > 0 such that

n
I5llcocs, xon < C Y 11D 5ll0.5,(xo)-
i=0

Forany 0 < r < 1, define

@) = exp(——"—)

r —d(x, x0)?
when d(x,x9) <rand f(x) = 0whend(x,x¢) > r. Thus, forany s € I'(M, E), we have
n .
s(xo)| <e- sup [ fs()| = C Y _[ID(f5)0.x0)-

X€B;(x9) i=0

Let ¢ € C2°(By(xo)) and wi (Y) = SUP|y|<k,xeB) (x0) |0 ¥ (x)|. Thus,

1slo.2, o) = ( [ |ws<x)|2dx)
B (x0)
1

2
sup ¥ (x)]- (/ |S(X)|2dx)
x€B1(x0) B (x0)
wo(Y) - ”SHO,Br(xo)'

IA

We may assume that there exists C,,, > 0 such that

m
D™ (¥5)llo,B1(xo) < Cm - wm(¥) - <Z||Dls||0,Br(x0))
i=0
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forany s e I'(M, E), 0 <r <1, and ¥ € C°°(M) such that supp(yy) C B,(xp). For
m + 1, we have

ID"* 1 Ws)llo,Byxo) = I1D™ D, ¥lsllo,B1(x0) + I D™ YD llo,B1x0)-

Since
m+1
”meDSHO,B](xo) < Cpu-wn(¥) - <Z “DISHO,Br(xo))
i=0
and

n
ID™[D.Ysll0.Bycxo) < D _ID™ - i - (3950, (xo)
i=1

n
< B1 Y _llei - (3i¥)s]m By (xo)

i=1

n
< BiB; Z||(3i1/f)s||m,31(xo)

i=1

< B1B;Bs- (Z > Ip/ (3i‘/f)s||o,Bl(x0))

i=1j=0
m
< B1ByB3Bs - w1 (¥) - (Zansno,B,(xo)),
Jj=0

the first inequality holds because D is the equivariant Dirac operator. The second inequal-
ity holds because
D™ : L2 (Bi(x0), E) — L*(B1(xo), E)

is bounded.
The reason why the third inequality holds is that

ei 1 L}, (Bi(x0), E) — L2,(B1(x0), E)

is bounded, and because of the elliptic estimate of D, the fourth inequality hold. Thus,
there exists Cp,41 > 0 such that

m+1
ID™ (W 9)lo.B1cxw) = Cmer - win (V) (Z "DlSHO’B’(XO))

i=0

foranys e '(M, E),0 <r < 1,and ¢ € C°*°(M) satisfying supp(y) C B, (xp). Let

v=r= eXP(—;)

r —d(x, xg)?

there exists C; > 0 such that wy (¢) < % forany0 <r <land1 <k <n,k e N+,
Then, we complete the proof. ]
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Proof of Lemma 6.9. Let K(-,-) e T(M x M, E X E*) and 0 <r < 1. For any y €
By (), there exists u(y) € E, such that

lu()| = [KC.p)ll and [k(x.)s)] = [K(x, 9]

Since K(x, y) is smooth, we have u € C(B,(yo), E). There exists %(y) € Ex, for any
y € B, (yo) such that

ke, yyu(y) = 1K, p)I12 - (y).
Since [u(y)| =1, let i(y) = Y r_, i (y) - e;, where #; € C(Br(y9)) and {e;} is the
orthonormal basis of Ey. Thus, we have

/ ke, ) 2dy = [ kG I - 13()Pdy
Br(yO) Br(YO)
n
-y [ Ve, )2 - [ () Py
i=1 Br(.YO)

n
=3[ keI .
i=1 B;(30)

Since fBr(yO)Hk(x,y)szy <> fl_,;r(yo)||k(x,y)||2 -|1i; (y)|dy, there exists 1 <ip <n
such that

- 1
1k Ge, )N - Jitzo (9)|dy = ;/ Ik (x, y)I>dy.

By (yo0) Br(y0)

Let 4 = sgn(u;,)u; we have

n

2\ 2
i = 2. s
/Br(yo)k(x’y)u(y)dy’ = (Z(/ yo)llk(x,y)ll sgn(um)u(y)dy) )

i=1 \/Br

> / Wk Geo )2 - g ()| dy
Br(yO)
1

> 1 / Ik(x. y)|2dy.
n Br()’O)

Therefore, we have

| [3, (o) KX, )i (y)dy|
[itll0.5, 5

1 g, 5y K i)

([, (o 1K 2. ) [12dy) 2

1 o \?
! / ke, )]Pdy
n Br(y())

1
= ;Hk(x,J’)Ho,B,(yoy L]

=

sup
Isll=1,supp(s)C By (o)

/ k(x, y)s(y)
Br(YO)

v
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Lemma A.1. Let f be holomorphic in
Q={zeC|[Im(2)| < 2w},

where w > 0, and satisfy the following: for any k € N, there exists My > 0 such
that | f(z)z¥| < My when z € Q. Then, for any k € N¥, there exists py > 0 such that
|f®©©)] = prexp(~wls|) for any s € R.

Proof. Since

A +w .
£(s) = @m)! /_ 5% f(x)dx
for any k € NT, we have
A —_ +w .
FO(s) = 2 £ (s) = @m)! f IS5k () dx.

Let g(z) = e ™57 f(z)z*. Because f is holomorphicin Q = {z € C | [Im(z)| < 2w}, g is
also holomorphic in Q. Since for any k € N, there exists My > 0 such that | f(z)z*| <
M when z € Q, we have fjozo lg(x +iy)|dx < +oo for any y € R, |y| < 2w, and
limjz| o0 g(2)| = 0.

Because g is holomorphic in  and lim;|— 4+ |g(2)| = 0, it follows from Cauchy’s
theorem that

+oo too .
/ 1553k f(x)dx = — / T (¢ )k £(x — fw)dx.
—00 —o0

Then, we have

@n)! /+oo eI (x —iw)* f(x —iw)dx| < cx exp(—ws)

oo

| f®(5)] = exp(—ws)

for some ¢ > 0.
Similarly, | f %) (s)| < bg exp(ws) for some by > 0. Therefore, there exists py > 0
such that

|/ ®6)| < peexp(-wls))
for any s € R. u

X

42
Lemma A.2. The functions f(x) = e, gx)= e’ (l_i—z)%x satisfy the conditions
of Theorem 6.13.

Proof. 1tis clear that f(x) = e~ satisfies the conditions of Theorem 6.13. For gx) =
arg(2)

e_%xz(l_)i;x Yax, letu(z) = (1—5;2 yandw = |z|2 -e "2, and we have

g(z) = e_%zzw(u(z)) - Z.
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Letz = a + bi, where a, b € R. We have

1-— 8722 1 2_32 ;
_ (1€ " \N_ Y —@®=b? ,—2abi\ . (2 12 .
u(z)_( = )— R (1—e@ e - (a® — b* — 2abi).
Since w is an analytical branch of the multivalue function z2 which is holomorphic in
C\(—o00, 0] and since w(u(z)) is holomorphic if u(z) ¢ (—oo, 0], we will study when
u(z) <0.1f u(z) <0, we have Im(|z|*u(z)) = 0.

Ifab=0,thena =0o0rd =0.Ifa =0, u(z) =
u(z) = =4 - > 0.

When ab # 0, Im(|z|*u(z)) = 0 implies that

1— e_(az_bZ) cos (2ab) _ (az )Sln (2ab) _(az_bz)

sin (2ab)

@5 — cos (2ab) + (a* — b?) 2ab

Thus, we have e@=b% <14+ |a2 — b2| which implies that (a% — b?) < 0. Because
of this, we claim that u(z) < 0 implies that (a®> — h?) < 0. Since u(0) = 1, then w(u(z))
is holomorphic in a neighborhood of 0. Therefore, there exists w > 0 such that w(u(z))
is holomorphic in 2 = {z | |Imz| < 2w}. Because of this, g(z) is also holomorphic in

Q ={z | |Imz| < 2w}. |

B. Proof of Theorem 4.4

Proof of Theorem 4.4. Note that we have the following identity:

exp(%]ta)J) Z (Zw,,J,J,).

i<j
Because for any p,
(E wljJJ) = § wi]izwi3i4"'wi2p_]i2p'Jil"'Jizpv
l<]

where iy, ... ,izpTunsover 1,2,3,...,2pand i, 1 <izgforany 1 <g < p,q € NT.
Thus,

1 /< b4
—,(Z Cka)km-]m) : (Z wijJiJj>
p: m=1 i<j
n
= Z Ckwkam * Wiqip Wisiy "'a)izp_lizp : Ji] Jizp- (Bl)

m=1
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We claim that only the term satisfying k,m ¢ {i1, ..., i2p} will remain in the sum on
the right-hand side of (B.1).
Itis clear that if m € {iy,...,i2p}, then
wkm-]m ° a)ilizwi3i4 e a)izpflizp ° Ji] e Jizp =0.
When k € {i1,...,i2p}, without loss of generality, let k = i;; we need to consider the
following:

wkm-]m * Wiy Wigiy ** 'wizp_lizp . JkJi2 e Jizpa
and since m runs over {1, 2, ..., n}, there exists another term:
a)kiz Jiz * WkmWisiy 'a)izp_lizp ‘ Jk Jm e Jizp

so that the two cancel each other. Thus, we have proved our claim.
Let I, C {1,2,...,n}suchthatk ¢ I, and |/,| = 2p. We denote

k _ E Wi o . .
QIp - Cka)kam * Wiy Wisiy "'wlzp_llzp : Jll lep’

where m,iq,...,izp runs over I and i1 < izg forany1 <g < p,q € NT.
After wedging Ji on the left of Q’I‘p, we have

Jk A Q]I; = chwkm-]k]m * wi]izwi3i4 . 'a)izp_]izp ° Ji] o Jizp
= ckPf(wr,up) T PV
Thus, we have

Ql]cp = CkEI, Uk} (k, IP)Pf(wII,U{k})JI”.

Because equation (B.1) can be written as ) I, Ql;p’ where I, runs over all subset of
{1,2,...,n} with length 2p + 1, we have

(chwu)k)exp( ) Zz<zckwkm ) S was)’

p=0k=1 \m=1 i<j

Yy Yol

p=0k=1 1Ip

2 n
= Z Z Z crer,upey (k) 1p)PE(or,ug) I

p=0k=1 I,

=YY ckeruu (k). DPf(@rug) T

k=1 I
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In the last equation, we remove the restriction on the length of sets, and we allow [
runs over all subsets of {1,2,3,...,n}. Therefore, we complete the proof. |

C. Proof of Proposition 6.22

Proof of Proposition 6.22. Letexp: TM — M be the exponential map and o € C°(M x
M) satisfy the following assumptions:

* supp(@) C supp(P);
+ exp ! is a diffeomorphism in a neighborhood of supp(a);
* « = 1 in a neighborhood of the diagonal in supp(P) x supp(P).

For any x, y € supp(«), denote the parallel translation from x to y along the geodesic
between x and y by g (x, y), and let ag (x,y) = a(x,y) - te(x, y). Let p € C§°(R")
satisfy the following:

* p(x) =1,]x| < 5 and p(x) > 0;

o Jfrnp(x)dx = 1.
Thus, for any x € supp(P), we have

P(e™"pe™ expy ! () g (3. 1))
=[ kp(x,z)e " p(e"  exp;t(2)) - g (z, x)dz
M

— [ ko Crexp )=o) - a expy(0). 1) - det(d exp)udy
TxM

= [ kp (x,exp,(ev))p(v) - g (expy (ev). x) - det(d exp,)|evdv.
M
Thus, for any x € supp(P),
lim Str(P (™" p(e™" expy () - &g (3, X))

= liH(l) Str(/ kp(x,exp,(ev))p(v) - ¢ (exp,(ev), x) - det(d expx)|svdv)
e— .M

= Str(Kp(x, x)).

Since supp(P) is compact, we have
Str(P) = / Str(kp (x, x))dx
M
= [ tim St ple ™ expi () -0£ (0 0))
M e—>0

= lim Str(P(s"p(e~ " expy ' (1) - @£ (¥ X))|x).
M

E—>
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Let p be the Fourier transform of p. Then,

Str(P) = lim . Str(P (™" p(e™" expy ' (1) - g (v, X))]x)

E—>

= lim (27) ™" / Str(P (!0 OO 5(e)ap (v, x))) | wd Edx
e—> T* (M)

= lim (27)" / A(e6)Str(o (P) (x. £))dEdx
e—> T*(M)

=/ Str(o (P)(x, &))dEdx.
T*M
Since for any 1 > 0, [7.,, Str(0; (P)(x,£))dédx = [7.,, Str(o (P)(x,£))dEdx, we have

Str(P) = fT*M Str(o(P)(x,§))dEdx.

Therefore, we complete the proof. ]
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