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Stability of the composite wave of two planar viscous
shock waves for the compressible Navier-Stokes system

Teng Wang

Abstract. We are concerned with the nonlinear stability of the composite wave consisting of two
planar viscous shock waves to the three-dimensional compressible Navier—Stokes system. It is
shown that if the shock strengths are suitably small but not necessarily of the same order of mag-
nitude, and the initial perturbations are suitably small without the zero-mass conditions, then there
exists a unique, globally strong solution in time to the compressible Navier—Stokes system, which
asymptotically approaches the corresponding composite wave up to time-dependent shifts in L>°
norm. The proof employs the weighted relative entropy method, an L2-contraction technique with
time-dependent shifts to the shocks developed by Kang and Vasseur [J. Eur. Math. Soc. (JEMS) 23
(2021), 585-638; Invent. Math. 224 (2021), 55-146]. We perform the stability analysis within the
original H 2-perturbation framework instead of using the anti-derivative technique. Compared with
the previous work of the author and Wang [J. Eur. Math. Soc. (JEMS) (2023),

DOI 10.4171/JEMS/1486] for the single shock case, a major difficulty is the construction of shifts
to ensure that the two shock waves are well separated.

1. Introduction and main result

1.1. Introduction

We are concerned with the following isentropic compressible Navier—Stokes system in
Eulerian coordinates:

1.1

atp+d1Vx(pu):Oa (Z,X)ER+XQ,
d¢(pu) + divy(pu @ u) + Vi p(p) = puAxu + (1 + A)Vy divy u.

Here, p = p(t, x): RT x Q@ — R*, u = u(t,x) = (u1, uz, u3)"(t, x): RT x Q@ — R3
represent the mass density and the velocity of a fluid in  C R respectively, and p(p) =
bp¥ (b > 0, y > 1) stands for the classical y-law pressure. The real numbers p and A
designate the shear and bulk viscosity coefficients, respectively, and satisfy the physical
constraints & > 0 and 2 + 34 > 0. Without loss of generality, we assume b = 1 from
now on.
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In this paper, we consider the spatial coordinates x = (x1,x’)" € Q := R x T2, where
x1 € R is the real line and x” = (x5, x3) € T?2 is a unit torus. The system is supplemented
with the initial data:

(pvu)|l=0 = (PO» MO) - (p:l:v u:l:)v as X3 — :I:OO, (12)

where p+ > 0and u4+ = (u;+,0,0)" are given constants describing the far-field conditions
on the xi-direction, and the periodic boundary conditions are imposed on (x5, x3) € T?
for the solution (p, u).

The large-time asymptotic behavior of the solution to the three-dimensional com-
pressible Navier—Stokes system (1.1)—(1.2) is expected to be closely related to the planar
Riemann problem of the corresponding three-dimensional Euler system

d;p + divy(pu) = 0,
¢ (pu) + divx(pu ® u) + Vi p(p) =0,

(1.3)
(0, u)(0,x) = {

(p—,u-), x1 <0,

(p+’u+)v X1 > 0.

The solution to the Riemann problem (1.3) in general contains two nonlinear waves, i.e.,
shock and rarefaction waves.

The stability of the viscous shock waves for the Navier—Stokes system is a very impor-
tant issue from both mathematical and physical standpoints. The conjecture of the time-
asymptotic stability of the Riemann solution has been well established in one-dimensional
case. In 1960, II’in and Oleinik [13] first proved the stability of shock and rarefaction
waves to the one-dimensional scalar Burgers equation. Then Matsumura and Nishihara
[25] proved the stability of the viscous shock wave to the one-dimensional compressible
Navier-Stokes system with physical viscosity, provided that [vy —v_| < C(y — 1)1
under the zero-mass condition. Independently, Goodman [2] proved the same result for
a general system with “artificial” diffusions. On the one hand, to remove the zero-mass
condition in [2,25], Liu [22], Szepessy and Xin [28], Liu and Zeng [23] introduced the
constant shift on the viscous shock and the diffusion waves and the coupled diffusion
waves in the transverse characteristic fields. On the other hand, to relax the restriction
of the shock wave strength, Kawashima and Matsumura [20] improved the condition
in [25] to |vy —v_| < C(y — 1)™2. When the viscosity depends on the density, i.e.,
n=pu@) =v* (¢ >0,v=1/p), Matsumura and Wang [26] showed the shock wave
is asymptotically stable through a weighted energy method provided o > (y — 1)/2 under
small initial perturbations with integral zero, but with no restriction on the shock strength.
Then Vasseur and Yao [29] removed the condition & > (y — 1)/2 by introducing a new
effective velocity. He and Huang [4] extended the result of [29] to general pressure p(v)
and viscosity u(v), where u(v) could be any positive smooth function.

Another interesting and important direction is to investigate the spectral stability of
viscous shock profiles. The works [7,24,35] revealed that the nonlinear stability of viscous
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shocks can be implied by the spectral stability, where the latter is somehow equivalent to
the linearized stability with respect to zero-mass perturbations; see [34]. In particular, for
the compressible Navier—Stokes equations, [10] and [1, 11] verified the spectral stability of
strong viscous shocks through the large-amplitude limit and numeric proof, respectively,
which, together with the previous results, can yield the full nonlinear stability of strong
viscous shocks.

For the stability of the composite wave patterns, to the best of our knowledge, all the
previous results for the Navier—Stokes require a smallness condition on initial perturba-
tions and wave strengths. We refer to [9] for two viscous shocks for one-dimensional full
compressible Navier—Stokes equations, and to [8] for the superposition of viscous con-
tact wave and two rarefaction waves. Note that all the above stability results concerned
with shocks are based on the classical anti-derivative technique. Recently, Kang, Vasseur,
and Wang [18], using a contraction method, demonstrated that the perturbed solution of
Navier—Stokes converges to the composite wave consisting of a viscous shock with time-
dependent shift and rarefaction wave. Furthermore, they showed [19] the solution tends to
the generic Riemann solution composed of a viscous shock with time-dependent shift, a
viscous contact wave, and a rarefaction wave.

The viscous shock theory for general multi-dimensional viscous conservation laws
is unsatisfactory compared with that of the one-dimensional case. Nevertheless, Good-
man [3] first proved the time-asymptotic stability of a weak planar viscous shock for the
scalar viscous equation by anti-derivative techniques with the shift function depending on
both time and spatially transverse directions, and then Hoff and Zumbrun [5, 6] extended
Goodman’s result to the large amplitude shock case. Kang, Vasseur, and Wang [17] proved
L2-contraction of large viscous shock up to a shift function depending on both time and
spatial variables.

Results are very few on the nonlinearly time-asymptotic stability of planar viscous
shocks to the multi-dimensional Navier—Stokes system (1.1) due to the substantial diffi-
culties in the high-dimensional propagation of shocks and the nonlinearities of the sys-
tem. Humpherys, Lyng, and Zumbrun [12] proved the spectral stability of planar viscous
Navier—Stokes shocks under the spectral assumptions with the numerical Evans-function
methods, and for the related results one can refer to the survey paper by Zumbrun [34] and
the references therein. Recently, the author and Wang [31] proved the nonlinear stability
of a planar viscous shock wave up to a time-dependent shift for the three-dimensional
compressible Navier—Stokes system (1.1) by using the weighted relative entropy method
under generic H 2-perturbations without the zero-mass conditions. Under the assumption
that the initial perturbation is periodic at spatial infinity, Yuan [32, 33] established the
nonlinear time-asymptotic stability of planar shock profiles for the system (1.1) in three
dimensions.

The purpose of this paper is to extend the result of [31] to the composite wave con-
sisting of two planar viscous shock waves, i.e., we aim to show the nonlinear stability
of two planar Navier—Stokes shocks up to time-dependent shifts for system (1.1) in three
dimensions under the generic H ?-perturbations without the zero-mass conditions.
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We now introduce some preliminary notation and give some background materials
before stating the main theorem. Consider the one-dimensional compressible Euler system

{a,p+ A, (pu1) = 0,

(1.4)
d;(puy) + dx, (pu3 + p(p)) =0,

with Riemann initial data

_,U1—), 0,
(0, u1)(0,x1) = (po,u10)(x1) = {(p U, X< (1.5)

(o+,u14), x1>0.

We call (1.4) and (1.5) the Riemann problem, which admits rich wave phenomena such
as shock waves, rarefaction waves, and their linear combinations. It is known that system

(1.4) has two eigenvalues: A; = u — /p’(p) and A, = u + / p’(p). In the present paper,
we focus our attention on the situation where the Riemann solution of (1.4) and (1.5)

consists of two shock waves (and two constant states). That is, there exists an intermediate
state (0, U1m) such that (p—, u1-) connects with (p,,, U1,) by the 1-shock wave with
the shock speed s,

(o= u1-), x1 <sit,
(om>u1m), X1 > sit.

(ps ul)(t’xl) = {

The shock speed s; is determined by the Rankine—Hugoniot condition

—s1(pm — p=) + (omt1m — p—u1—-) =0,
—s1(pmuim — p—u1-) + (omt3,, — p—u3_) + (p(pm) — p(p-)) = 0,

and satisfies the Lax entropy condition A1 (0, U1m) < 51 < A1(p—,u1-), while (0, U1m)
connects with (p4, u1+) by the 2-shock wave with the shock speed s5,

(Om>U1m), X1 < 821,
(p+,u14), X1 > $al.

(p’ Ml)(t,Xl) = {

The shock speed s, is determined by the Rankine—-Hugoniot condition

=200+ — pm) + (P+U1+ — PmU1m) = O,
—$2(pr U1+ — pmUim) + (P+u%+ - /Omu%m) + (p(p+) — p(om)) = 0,
and satisfies the Lax entropy condition A5 (o4, u1+) < 82 < A2(0m, U1m)-

Next we recall the definitions of viscous shock waves of (1.1) which correspond to the
above shock waves. We see that the 1-viscous shock wave with the formula (o1, u3") (x1 —
s1t) corresponding to the 1-shock wave, is a traveling wave solution of (1.1) determined
by

=s1(p™) + (p"1uy') =0,
—s1(pu3) + (0 W3 + p(o*) = @u+ D)), (1.6)
(p*1 ui')(=00) = (p—,u1-), (0, uy")(+00) = (Om, U1m).
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where ’ 1= %, &1 = x1 — s1t. Similarly, the 2-viscous shock wave (p*2, uiz)(xl — 571)
is defined by
—52(p"2) + (p*2u?’) =0,
—52(02u) + (P2 W?)?) + p(p™) = CQu + V) (uy)”, 1.7)
(pszv uiz)(_oo) = (pm» ulm)’ (pszv uiz)(—i_oo) = (10+» M1+),

where ' 1= %, & = x1 — sot.
To describe the strengths of the shock waves for later use, we set

81 = p(pm) — p(p-), 82 = p(pm) — p(p+), &:=381+ 6. (1.8)
1.2. Main result

We state our main result on the nonlinear stability of two composite planar viscous shocks
to the three-dimensional compressible Navier—Stokes system (1.1) under the generic H 2-
perturbations without zero-mass conditions.

Theorem 1.1. For each (p—, u1-), suppose (p+,u1+) belongs to a neighborhood of
(p—, u1—), and let (p%, u*)(x1 — s;t) (i = 1,2) be the planar i-viscous shock waves
defined in (1.6), (1.7) with u% = (uy,0,0)" and umy = (U1m,0,0)". Then there exist
positive constants 8¢, €9 such that if the shock wave strength § < 8y, and the initial data
(po, ug) satisfies

2 2
H (po(x) - (Zp“ (x1)— pm),uo<x) - (Zufi (x1) - um))‘

i=1 i=1

=< &o,
H2(RxT?2)

then the Cauchy problem (1.1), (1.2) of the three-dimensional compressible Navier—Stokes
system admits a unique global-in-time solution (p, u)(t, x), and there exists an absolutely
continuous shift X; (t) (i = 1,2) such that

2
p(ux)—(ZpSf (xl—siz—xim)—pm) € C (0. +o0): H(R xT?),

i=1

2
u(t, x)—(Zus" (x1—sit =X; (1)) —um | € C([0, +00); H*(R xT?)),

)
2

s (pte.0 = (X 0 s =X = ) ) € L200, 001 1 R x T2,
i=1

2
Vi (u(l, xX)— ( Z u'i(x1—sit —X; (t))—um) € L*(0, +o0; H*(Rx T?)).
i=1

Furthermore, the large-time behavior

2
(pu)(t.x) — (Z(p%u*‘)(xl —sit = Xi(0)) — (pm,um>)' =0 (19

i=1

lim sup
T xeRxT?2
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holds, and the shift function X; (t) (i = 1,2) satisfies the time-asymptotic behavior
lim |X;(t)| = 0. (1.10)
—>00

Remark 1.2. Theorem 1.1 states that if the two far-fields states (p4,u+) in (1.2) are con-
nected by the two shock waves, then the solution to the three-dimensional compressible
Navier—Stokes system (1.1) tends to the corresponding two planar viscous shocks with
the time-dependent shift X; () (i = 1,2) under the generic H 2-perturbation without zero-
mass conditions. In the present paper, we remove the condition of wave strengths that
“small with the same order” needed in [9].

Remark 1.3. The shift function X; (¢) (i = 1, 2) is proved to satisfy the time-asymptotic
behavior (1.10), which implies
o X(1)
lim

t—>+oo0

=0.

That is, the shift function X; (#) grows at most sub-linearly with respect to the time ¢, and
therefore, the shifted (o%, u%)(x; — s;t — X; (¢)) keeps the original traveling wave profile
time-asymptotically.

Our proof is motivated by Kang and Vasseur [14—16] for L2-contraction of viscous
shock in the one-dimensional case and a recent work [31] on the stability of the sin-
gle viscous shock in the three-dimensional case. We introduce the time-dependent shifts
X;(t) (i = 1,2) to the two viscous shocks so that a three-dimensional weighted Poincaré
inequality (2.5) can be applied to overcome the difficulty arising from the “bad” sign of the
derivative of viscous shock velocity, and the anti-derivative technique is not needed. How-
ever, compared with the single Navier—Stokes shock in [31], there are several difficulties
and differences:

* A major difficulty stems from the two Navier—Stokes shocks interacting at far dis-
tance, not being independent anymore. Indeed, the separation of waves is far more
complicated at the level of the Navier—Stokes equations; in particular, only a rough a
priori control on the artificial shifts can be imposed through this method. Therefore,
we introduce cut-off functions (4.30) and (4.31), to show that shifts associated with
the two different families of shocks cannot produce artificial collisions (see Lemma
4.4), thereby, we can ensure that a 1-shock will not be pushed through the artificial
shift, so much that it would not collide with a 2-shock from the left.

* Another difference lies in its not being necessary to introduce an effect velocity to
transform the regularization of the system from the velocity u to the specific volume
v (= 1/p) as in [31] (see also [14—16] for the one-dimensional case). In fact, this
technique is really effective in dealing with the stability of general large perturbations
of the viscous shock wave, since the hyperbolic part of the system is linear in the new
effective velocity (also velocity) but nonlinear in the specific volume (via the pressure).
However, as far as the small perturbations are concerned, the way we approach it is
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by decomposing the “bad” term B, ;(t) (i = 1,2) in terms of the velocity u, and
calculating B, ; (¢) + B3 ;(¢) (i = 1,2) with the help of cut-off functions (4.30) and
(4.31) (see Lemma 4.6).

* Finally, we derive a uniform estimate in the new variable on the variable transfor-
mation together with the three-dimensional weighted Poincaré inequality (2.5) (see
Lemmas 4.7, 4.8).

The rest of the paper is organized as follows. In Section 2 we introduce the planar
viscous shock and some useful functional inequalities. In Section 3 we first construct the
shift functions X;(z) (i = 1,2), and prove the stability result. In Sections 4 and 5 we
present the basic energy estimate and higher-order derivative estimates, respectively.

Notation. Throughout this paper, several positive generic constants are denoted by C if
there is no risk of confusion. We define

x' = (x2,x3)", dx’:= dx,dxs.

For 1 <r <oo,wedenote L” := L™ (Q) = L" (R x T?), and use the notation |-|| := ||-|| 2.
For a nonnegative integer m, the space H™ (2) denotes the mth-order Sobolev space over
Q in the L? sense with the norm

1 e = (iHV’fnz)m, 170 = (Azbfﬁdxldx')l/z.
=0

Also, we denote
I am =11 Ilam + g llam.

2. Preliminaries

In this section we present the planar viscous shocks and sone useful inequalities for later
use.
2.1. Viscous shock wave

First we show the existence and properties of the planar viscous shocks. It is convenient
to introduce the volume function v¥ := 1/p% (i = 1, 2) to describe the existence result.
Then the ODE systems (1.6) and (1.7) are transformed to

p%i (=i (vS) +uy (v5i)) = i), i=12,
p% (=i (uy) +uy Wy)) + p(v*) = Qu + A)y)",

where p(v¥) = (v%)™” and ' := %.
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For i = 1, integrating (1.6); from (&, +00), it holds that
=510 + Uyt = —51pm + pmUim =1 —01. 2.1
For i = 2, integrating (1.7); from (—o0, &), it holds that
—520% + pUP = —$20m + pmUim =3 —02. 22)
Therefore, the systems (1.6) and (1.7) can be rewritten as
—o1 (V") = (uy'),

—o1(uy') + p(v*) = 2u + 1) (uy')”, (2.3)
W ui')(—o0) = (v—,u1-), (V' uy')(+00) = (Vm. Uim).

and
—o2 (%) = (),

—0o(u) 4+ p(u2) = 2u + A)(up)”, (2.4)

(02, u?)(=00) = (Vm, utm), (V2. uP)(+00) = (V4. u14),

where v,, = 1/pm and vy = 1/p4. Integrating (2.3) from (—o0, +00), we have

—01(Um — V=) = Um — U1,
—01(U1m —u1-) + p(vm) — p(v-) = 0.

Integrating (2.4) from (—o0, +00), we have

{—02(U+ —Um) = Ui+ — Uim,

—02(U14+ — Utm) + p(V4) — p(Vm) = 0.

Therefore, we have

Ul:_\/_w<o

Um — U

for 1-viscous shock wave and

oy = \/_p(vm)—p(m o

Um — V4

for 2-viscous shock wave, respectively.
The existence and property of the i -viscous shock wave (v¥, uy")(x1 — 5;1) (i = 1,2)
can be summarized in the following lemma, while its proof can be found in [25].

Lemma 2.1. Fix the left state (v—,u1-), suppose (V4+,ui+) belongs to the neighborhood
of (v—,u1-), and the Riemann solution of (1.4) and (1.5) consists of two shock waves.
Then there exists a unique (up to a constant shift) solution (v**,u3")(xy — s1t) to ODE
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system (2.3) and a unique (up to a constant shift) solution (v, uy?)(x; — s2t) to ODE
system (2.4), respectively. Moreover, there exist constants ¢ and C which depend only on
(v—,u1-) such that, fori = 1,2, it holds that

Oy uy = —0;05,0% <0, 0y, 0" <0, 05,02 >0, x1€R, >0,
and
SU(xy — 511) — V| < C81e~Corlxi—sitl —511>0,1>0
[V (x1 = 512) — vm| < Céye , xy—s1t>0,1>0,
[v52(x1 — $28) — V| < C8pe Chalxi—sat| X1 —522<0,1>0,
|9, 0% B uy )| < C8FemCBilmimsitl x1 €R,

(0% v, 0% u)| < C8F Y0y, 0%, 0y ui)|. x1 €R, k=2,

Remark 2.2. Indeed, Lemma 2.1 can be proved through ODE (1.6) for (o', uj")(x; —
s11), and ODE (1.7) for (p*2, u}?)(x1 — s21), then can be transferred into (v*!, uj")(x —
s17) and (v¥2,u?)(x1 — $2t), not directly from ODE systems (2.3), (2.4).

2.2. Some functional inequalities

First, we give an estimate involving the inverse of the pressure function p(v) = v, while
its proof can be found in [14].

Lemma 2.3. Fix v— > 0. Then there exist §¢ > 0 and C > 0 such that for any vy > 0,
such that 0 < 8, = p(v=) — p(v4) < 8o, v— < v < vy, we have

v—U_ N vV— Ut 1 p’(vo)

pw)—pw-)  ply)—p)  2p'(v-)?

Next we present a three-dimensional weighted sharp Poincaré-type inequality, which
plays a very important role in our stability analysis. The proof can be found in [31].

(v_ —vy)| < C82.

Lemma 2.4. Forany f:[0,1] x T2 — R, it holds that

1 B 1 1
[ [r=ranay =3 [ [ va=yola,reanay
T2 Jo T2 Jo

1 Vv f?
+—/ / Y7 dy,dy, (2.5)
1672 J12 Jo yi(1—y1) ey

where f = [ra [0 fdy1dy’, ¥/ = (y2,73), and dy’ = dy, dys.

Finally, we list a three-dimensional Gagliardo—Nirenberg inequality in the domain
Q := R x T2, whose proof can be found in [21,30].

Lemma 2.5. It holds for g(x) € H*(Q) with x = (x1,x2,x3)" € Q := R x T2 that

1 1 1 1
lgllLe(@) < ﬁ”é’”i%g) ||ax1g||zz(g) +C ||ng||22(g) ||V§g||zz(9), (2.6)

where C > 0 is a positive constant.
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3. Proof of main result

3.1. Construction of shift functions
First we set the ansatz as

p(t,x1) = p*' (x1 — s1t) + p*(x1 — $21) — Pms

_ 3.1
i(t, x1) = u'(x1 — s1t) + u*(x1 — s2t) — U,

where (0%, u%)(x; — s;t) (i = 1,2) denotes the planar i -viscous shock wave to the three-
dimensional compressible Navier—Stokes system (1.1), which can be defined by p% (x; —
sit) > 0, ¥ (x1 — s;t) = (uy (x1 — 5i1),0,0)7, and u, = (U1m, 0,0)". For notational
simplification, we denote

(P 7%, @)X (1, x1) == (P, u)(xy —sit = X; (1)), i =12,
p X, x1) i= p* (x1 — s1t — X1(2) + p%2(x1 — s2t — X2(1)) — P, (32)

i X, x1) = ut (g — s1t — X (1)) + u(x1 — 521 — Xo(t)) — um
with the shift function X; (¢) (i = 1, 2) to be defined in (4.17) later, and also set

(@ vt x) = (p—p Xu—i ¥)(,x).

In order to prove Theorem 1.1, we will combine a local existence result together with
a priori estimates by continuation arguments.

Proposition 3.1 (Local existence). Let (p,u)(t, x1) be the composite planar viscous shock
waves defined in (3.1). For any & > 0, suppose the initial data (pg, ug) and the wave
strength § satisfy

(oo (x) — p(x1), uo(x) — u(x1)) | F2(RxT2) +J < E.

—~

Then there exists a positive constant Ty depending on E such that the Cauchy problem
(1.1), (1.2) of the three-dimensional compressible Navier—Stokes system has a unique solu-
tion (p, u) on (0, Ty) satisfying

p—peC(0.Tol: H*(R x T?)), Vi(p—p) € L*(0,To; H' (R x T?)),
u—1ii € C(0,Tol; H*(R x T?)), V,(u—1it) € L?(0, Ty; H*(R x T?)),

and fort € [0, Ty], it holds that
t
1o = pout = D)O)a +/0 (1p— pliZys + lu —@pa) dr

< 4(1(po — 5(0.). 10 — (0. N3 + 53).

Proposition 3.1 can be proved by a standard way (see [27]), so we omit it.
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Proposition 3.2 (A priori estimates). Suppose that (p, u) is the solution to the Cauchy
problem (1.1), (1.2) on [0, T] for some T > 0, and ((p*)~%i, (u]')™X1) is the solution of
(1.6), (1.7) with the shift function X; = X; (t) (i = 1,2), which is an absolutely continuous
solution to (4.17). Then there exist positive constants §g = 1, yo = 1, and Cy independent
of T, such that if the shock wave strength § == §; + 6, < 8¢ and

¢ €C(0,T]; H*(R x T?)), V¢ € L?(0,T; H'(R x T?)),
¥ e C([0,T]; H>(R x T?)), V¥ € L2(0,T; H*(R x T?)),
with
x = sup [[(¢,¥)(, )2 < xo. (3.3)

0<t<T

then the estimate

T
sup 1@, )t )2 + /0 (V20 + [V |pa) dr

0<t<T
2 T
X (1) [2 5 )X [ |12 2183) (34
+> i (81X O + ||/ 18x, (o)X |y | 7) dr < C(ll (o, Yo)II” +82) (3.4)
i=1
follows. In addition, by (4.17), we have
Xi ()] < CollY1(t. )|z, VI <T. (3.5)
Proposition 3.2 will be proved in Sections 4 and 5.

3.2. Proof of Theorem 1.1

We can demonstrate Theorem 1.1 by the continuation arguments based on Propositions
3.1 and 3.2; the detailed proof can be found in [31]. In the following, we only prove the
large-time behaviors (1.9) and (1.10). Set

g(0) = Vx> + IV ()]
The aim is to show o
| tso1+ e <.
which implies

Jim (1) = lim ([Vxp(@)]* + [Vxy ()]%) = 0. (3.6)

First, we can deduce from (3.4) that f0+°° |g(¢)|dt < oo. It follows from (5.2) that
t t t
[ 1vagrar<c [1vi@ i+ oo [ 1@l ar

2 t
+C8§ Z/ (81X (0))? + G3,i () + G* (v))dr < C.
i=170
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Meanwhile, we apply V, to equation (4.4), to get
t ¢ t
/ IVxdy|?de < C/O (V@ )I1? + IViv[1?) de + C(x + 5)/0 IV (¢, ¥ dz
0
2 t
+05Y [P + Ga(o) + G (e ar < €
i=170
Thus, using the above two facts and the Cauchy inequality, we have
+o00 +o00
[ w@tar= [ [ [ @vagl Vgl + 250 19:0, v an v a
0 0 T2 JR
+o00
< 2/ (IVxp IV d:pll + IV ¥ IV 0 (1) de
0

+o0o
< [ %@ I + 9.0, P at < oo,
0
By the Gagliardo—Nirenberg inequality in Lemma 2.5 and (3.6), we have
. . 1 1
lim (¢ ¥) (@)l < lim (V2[|(¢. ¥)(0)]2[|0x, (8. ¥) (1)
t—>+00 t—>+o00
1 1
+ ClIVx (@, ¥)ONZ V(¢ ¥)(@D)]2) =0,
which proves (1.9). In addition, by (3.5) and the large-time behavior (1.9), it holds that
1Xi ()] < Cl[Y1(1.)||Le — 0. ast — +oo,

which proves (1.10). Thus the proof of Theorem 1.1 is completed.

4. Proof of Proposition 3.2: Basic energy estimate

First, we give the following key basic energy estimate.

Proposition 4.1. Under the hypotheses of Proposition 3.2, there exists a constant C > 0
independent of 8; (i = 1,2), x, and T, such that for all t € [0, T, it holds that

2 t . 3 t
CRAGIEDS / (si|x,-(r>|2+ZG,,i(r)+GSf(r>) dr + / IV, |2 de
i=170 j=2 0

2
< ¢ (160 o) + mas(or. 521 3 V5,

i=1

2 t
+C Y [ biexp-C8 o)A s @1
i=1Y1
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where fori = 1,2, we denote

1 X
Gos0)1= == [ [ 166103 + 1 avi .
4

1 ~—X\2 2
Gs,i(t) = ﬁAzA'axl(pSi)_Xi|(¢_%wl) dxp dx’, “4.2)

G (1) = /T fR 192, (0%) X [y? dxy dx.

The proof of Proposition 4.1 consists of the following lemmas; we will prove it at the
end of this section.

4.1. Reformulation of the problem

From (1.6), (1.7), and the definition (3.2), we can see the i-viscous shock ((p")~X,
(ui)™X1) (i = 1,2) satisfies

01 (0% )75 4 X3 (1), ()7 4 ) 0, (0) 7+ (0%) 0, () = 0,
(0%)7% @0 0u) ™ 4 K1)y ()7 + (u3) M0y () ) 4 0y () )
= Qu 4+ )P, W)X

Then, by the definition of (ﬁ_x, ﬁl_x), it holds that

2
0ip X + 117 X0, P+ 5 N0 Y 4+ Y X ()0, (0) N = Ry,

i=1
2
~—Xq ==X |, -—Xq --X ~—X ~—X 3 siy=X; @3)
1Y (atul +u1 axlul )+8X1p(p )+P in(t)axl(ul) !
i=1
= Qu+ 1) x + Ry,
where
2
Ry =) (7% — ) ™)dy, ()7,
i=1
2
Ry =Y [=si(57% = (")) + (pit) ™™ — (p"uy) ]9y, (uy) ™
i=1
2
+ ) 1P = (™) X0y, () 7N
i=1
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Therefore, it follows from (1.1) and (4.3) that,

0+ u - Vi + pdive ¥ + Y105, 5% + POy i1

2
=Y Xi ()0, (0) N = —Ry,

i=1
POV +u- Vi) + Vs (p(p) = p(F7) + pyrids i @.4)
X
xp(/o )¢ pZX ()0, (us,)—Xz

i=1

. 21
= pAxY + (n + A) Vi dive  —

A gz X ﬁ%(Rz, 0,0)".

We define the weight function a(z, x1) by

a(t,xy) :=ay(xy —s1t) + az(x1 — s21), 4.5)
with .
a;j(xy — sit) = 3 \/S—i(p(pm) —p(p%(x1 —si1))), i=1,2. (4.6)

By the definition of the wave strengths (1.8), it holds that

%fai(xl—s,-t)§%+ 8, l<a(t.x)) <1+ 8 ++6, <1425, @47)
and |
Ox,a1(x1 —s11) = —ﬁpl(f’s‘)axmsl <0, ws)
0y, a2(x1 — sot) = —Lp’(p”)ax 02 > 0. .
0 2(X1 — 52 75 \

In order to obtain the basic energy estimate, we need to use a weighted relative entropy
method to derive the following lemma.

Lemma 4.1. Let a(t, x1) be the weighted function defined by (4.5), and we set
a X .= =a, X4 a, X2 — gy (x1 — 51t — X1 (1)) + az(x1 — 52t — Xa(1)).

Then it holds that

L[ oo+ ) e

2 10 3
= (R0 + Y B - Y 6u0) =D @9)
i=1

J=1 J=1
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where

14 X 1 1
o5 = f PO =200 45— L L0 = 5™ = p G0 - 57,
pX s )/ 1p
Vi = [ [ e ¥a oy an v
1(5—X
+/ / Ox, (Psi)_xia_xp gﬁx )¢dx1 dx’

2
/ /Bxlal Xi (cb(p 5% 4 1Y )dxldx/, i=1,2,

and
By;(t) = /T2/ 3x1a, = __X)Hll/ﬁzdxldx/,
Bai)i= 3 | | / T
Baj(r) = — / / Dy ()N a X py? dxy d,
P
=)

Boi)i= [ | [ 0ga s+ pva + 1750 (000,57 + ) avi o

Bou)i= [ [ a7 = 07 + Gy = (o))
((D(p '(—)—X)+ |w| )dX1 dx’,
Bo =0 [ [ axla:"’|(¢,wl>|¢2 v d’
B,,(t) := 0(1)/1;2Aaxl(usl")_xia_xwﬁdxl dx’,
Bas(r) == [ [ 0 [+ G 0 divy ¥l 0
T2 JR
. A
By ; () :=—/Tz/ afcl(uiz)—xl -X /;"' oYy dxy dx’,
—X
By, (r) := /TZ[ p (,O )¢R1 + —wle) dxy dx’,

and

2
G1,i(?) —/ /a,axla, Xi 1”1 dx;dx’, Gp,;(t) —/ /ol x, d I_X’Wl dxy dx’,
—X\2
Guuti= [ [ e ¥ L3 (o - 2
T2 JR 2

D(r) :=M/ /a‘X|wa|2dx1 dx’+(u+x)/ /a‘x(divx V)2 dx; dx’.
T2 JR T2 JR

1//1) dx; d’,



T. Wang 1470
Remark 4.2. Since o; Bxlai_xi >0 =1,2), hence G; ;(¢) consists of terms with good
sign, while B; ; (t) consists of bad terms.

Proof of Lemma 4.1. Tt follows from (4.7) that |[a =X — 1| < /8; + +/8, and
Z dea; ™ Z( si — X (£)dx,a; %
= Zs,- dxya; N — ZXZ- )3y, a7
i=1 i=1

First, we multiply (4.4); by afx%f’(ﬁ_x) to have
(@ Xp®(p, 5 X)) + dive(a Xpu®(p. X)) +a X (p(p) — p(p X)) divy ¥

oF o PP
== D X006 p®(p. ) + 3 _Xi (00 (0" Ma T

i=1

2
+ ) (=sip + pur)ds,a;  d(p, pY)
i=1
—aX(p(p) — p(5X) = p' (5 X)) ¥
~—X /(7—X
_x0up(p )Wl _XP Eﬁx )

= R (4.10)

Next we multiply (4.4), by a=X4 to have
2 2
a0 (a0 20) 1 aive (X pu20) 4 divi (a0 0) — PG W)

= [P
= a X (p(p) = (BN divy ¥ = Y Xe(D)dn,a; ¥ p -
i=1
2
+ 3 X008, () Xa g + By X1 () — p(5))

i=1

x; [VI? 4 X 0x, p(p~ )

2 5 X ¢y

+ Z( Sip + pul)amaz
i=1

—a X pyToy, iy + pdive(@ X Ve - ¥) + (n+ A) (@ XY dive )
— pa” XV |* — (e + Ma X (divy )
— w0, @ X0, ¥ - Y — (4 M), a XYy dive ¥

w2U+ A .
—aX ‘; LR ey —a” Xﬁl(_)xlﬂle- @11)
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Fori = 1, 2, direct calculations yield

—sip+ pur = —0; — ;¢ + pyY1 + i P —si (5 — (p*) V)
+ (i) ™ = (p"uy) TN (4.12)

Adding (4.10) and (4.11) together, integrating the resultant equation by parts over R x T2,
using (4.12), it holds that

[ / CID(p o) + |1'//|2>dxldx
T2

2 2 10 2 2
=Y XOYi)+ ) ZB-,im + Z Y B =Y > Gji(t)—D()
i=1

i=1)=3 i=1,=8 i=1j=1
2

+2 [ [ a0 .57 £ vl - p( N dx
= Jr2 JR

- f / aX(p(0) = p(5) — P (7)), 17X dxy d. 413)
T2 JR

Then we deal with the last two terms on the right-hand side of (4.13) by using a Taylor
expansion at 5 X for the integrand. It holds that

P o PG s )

1
——X\ _
@(p, p )_y—l/_)< AR
= 2779 + o()lel? (4.14)
and
P (52)

p(P)—p(@ ) =p' (M) + =207 =y(p X)) g + 0(1)¢%,

where {1, ¢, exist between p and p~X. Therefore, we have

s a; N =01 ®(0, 5X) + Y1 (p(p) — p(p))]
~_X\2
— axiai_Xi I:_O_i %(ﬁ—X)y—?’ <¢ _ (IO )

+ 0|, ¥)l9?].

2
Y1)+ 5 (YR

:
Thus, it holds that
2
3 /T 2 /R 0y =03 0(p, 57%) + Y1 (p(p) — p(5~X)] dxy dy’

2
=Y (=G3,(1) + By (t) + Bei (1)) (4.15)

i=1
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and
~ [ [ a0 - p) - p G0 d o
T2 JR
2
=) (B2, (1) + By, (1)) (4.16)
i=1

In order to derive the a-contraction property of the viscous shock waves, we decom-
pose the functional Y;(¢) (i = 1,2) as

Yi(r) = / / 02, (W) N0 pyy dxy d’

a Si Xi
a [ ] A R a

/ /%(p*) X, _xp(p X)<¢_ (p~ X)2w1>dx &

o;
-] axla,"‘l—p(ﬁ‘x)y g+ 2 :)Zwl)@— G :)ZWI)dxldx
/ [ o5y v + E 0o ax e
T2

=: ZYj,i(l‘),
i=1

we have used (4.14) to derive Y5 ; (¢).

The a priori estimates depend on the shift functions, and for this reason, we give their
definition right now. The definition of the shift functions depends on the weight function
a:R — R defined in (4.5). For now we will only assume the fact that |a||¢c1(g)y < 2. Then
we can define the shift X; () (i = 1,2) as a solution to the ODE

K1) = 5 (V1400) + Ya(0),

X;(0) =0,

(4.17)

where the constant M := (y + 1)3 8 G’" 2 with oy 1= /—p (). Thus, it holds that

5
K OYi(0) = — KO + %00 Y V000, @18)

Jj=3

The system (4.17) has a unique absolutely continuous solution (X1 (#), X2(7))" on [0, T'];
see [16, Appendix C].

Substituting (4.15), (4.16) and (4.18) into (4.13) yields (4.9). The proof of Lemma 4.1
is completed. ]
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4.2. Estimates for waves interaction

In the following, we will apply the a-contraction property to each wave p°! and p*? respec-
tively. Our idea is to estimate the separate waves. Thus, we have to control the wave
interaction. The following lemma provides inequalities on the interaction of waves, which
is useful to obtain the basic energy estimate.

Lemma 4.3. For given p— > 0 and u1— € R, there exist positive constants 8y, C such that
for any 81,85 € (0,80) andi = 1,2, the following estimates hold.:

/ 157X = (") X102, (0*) ¥ | dx1 < €882 exp(—C min{8y,8}1), (4.19)
R

fR 157X — (0%) X 12|10y, (0°) X2 dx; < C68;(8182)% exp(—C min{§;,8,)t), (4.20)

2
f 102, (0™) X0, () 7X2| dxy < C8182 ) _ 8; exp(—C ). (4.21)
R i=1
Proof. First, by (2.1) and (2.2), we have
02 — 01
Sp— 81 = > 0. (4.22)
Pm

Then, by (4.17) and assumption (3.3), we have

. C =X, .
%01 < Sl [ 100 ¥lan =€ 1= 120050
]

which together with X; (0) = 0 yields

§2 — 51 §2— 5

Xi(t) <Cyt < t, Xp()=—-Cyt>— 2 t, t>0, (4.23)
for suitably small y such that C y < 2%, Therefore, it holds that
x1—s2t —Xo(t) < —szgslt + 52151 - _52151 <0, x < Sl;rszt. '

To prove (4.19), by Lemma 2.1, there exists a constant C > 0 such that fori = 1,2, it
holds that

|0, (0*) X | = [0, 0% (x1 — 551 — X; (1))
< C8,-2 exp(—Céi|x1 —sit = X;(1)]), Vx1 €eR,t>0.
Since 57X = (p*1) X1 + (p*2)7X2 — p,, (by (3.2)), it follows from Lemma 2.1 that
7%= (") =1(0") 7% = pul

- Cépexp(—Coa|xy — 52t —Xa(2)]), x1 < 82t + Xp(2),
| Céa, X1 > sot + Xo(1),
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and

17X = (07 = (") — pml
_ | Céu. xp < sit + Xq(?)
| Corexp(—=C8y|x1 — st =Xy (1)), x1 =51t + Xy ()

Thus, using the above estimates together with (4.24), we find

0%, (o)X 57X = (p*) ™|

x1 — sot — Xo(t
C82exp<—C82| 1 22 2( )|)
xexp(~C8 2 Yo, (o) M),y < to2,
< 8 2
| ess, exp(~Céy et U Xl(t)')
Xexp(—C81s2 _Slt), X1 > %t,
and
19x, (02) 7257 = (p°2) 72|
x1 — S2t — Xo(t
C815§exp(—C82| ! 22 2( )|)
><exp(—C<‘32S2 _Slt), x1 < w,,
< 2
- |xy — 81t — Xy (1)
C81€xp<—C81 3 )
x exp(~C51 2 ;Slt)|8xl(,osz)_xz|, o2 ;Szz.

Integrating (4.25) by parts with respect to x; over R leads to

/R 195, ()X [157% = (o)1,
s 42rs2 ¢

< C8, exp(—Cé,t) / [0, (0°) X1 dx;

—0o0

+o00
+ CS%SZ exp(—Cé1t) ﬁﬁsz exp(—CSl(xl — 51t — Xl(t))) dx;
2t

< Cé162 exp(—Cdat) + C8165 exp(—Cé1t)

< C6165 exp(—C min{éy, 82 }1).

1474

’

(4.25)

(4.26)

4.27)



Stability of composite planar shock waves

Likewise, integrating (4.26) by parts with respect to x; over R gives
[ 1o o157 = )

+o00
< C81exp(—Céqt) ﬂlﬂz [0x, (0°2) %2 dx;
v
Sl-;szt

+ C518§ exp(—Cést) / exp(CSz(xl — Sat — Xz(t))) dxi

o0
< C816,exp(—Cd1t) + C8162 exp(—Céat)
< C816; exp(—C min{8y, 85 }1).
Thus, we combine (4.27) and (4.28) to have (4.19) fori =1, 2.
Likewise, using (4.27) and (4.28), it holds that
157 = 7 Pl (20 Py
<Clp ™ = (p*) X | Loy 19, (05) X || Loo(w)
[ 157 = ()

< Clp* = (p*) X || Loow) 876182 exp(—C min{8y, 8> }1)
< C6;(8182)* exp(—C min{8y, 8> }1),

which gives (4.20) fori = 1, 2.
Similarly to (4.25) and (4.26), it holds that

10, (0™) X 19, ()72

— 5ot — Xo(t
CS%exp(—C(ﬁz'xl S22 2( )|)
o exp(—C82 S2 — 81 t)|3xl(psl)_xl L ox < s1+ Szt,
< 8 2
- —s1t — X (¢
CS%exp(—C(ﬁ] 1 S12 1()|)
xexp(—CSlsz gslt)|8xl(p”)_X2|, X > %z.
Integrating (4.29) by parts with respect to x1 over R yields
[ 1 0 10, ) s
R s1+32t
2
= Cexp(-Caan) [ T o () N,
—00

+o00
+ C(S% exp(—Cé1t) /;1+S2 |8xl(p52)—Xz| dx
2!

< C§,8% exp(—Céyt) + C8285 exp(—Cé1t).
Thus, we have (4.21). The proof of Lemma 4.3 is completed.

1475

(4.28)

(4.29)
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4.3. Estimates for separation of waves

We see from the expression for B;;(¢) (j = 2,3, i = 1,2) that there exist dy, (u}’ )™
(i = 1,2). In order to extract the dissipation from the flux term along the shock wave
propagation direction, we introduce the cut-off functions to eliminate the effect from wave
propagation along the transverse directions normal to x; and their interactions with the
viscous shock.

We define two nonnegative Lipschitz monotonic functions 1; (x1) (i = 1,2) on R such
that n1(x1) + n2(x1) = 1 as follows: for any fixed ¢ > 0,

3 5
1 X < %,,
3 5 5 3
n1(x1) = { linear, %t <x; < sngr iy (4.30)
5 3
0, x; > M,,
8
and 1ot s
0. x| < %t,
3 5 5 3
n2(x1) = 1 linear, %z <x < %z, 4.31)
5 3

Lemma 4.4. Let n1(x1) and ny(x1) be the nonnegative Lipschitz monotonic functions
defined as in (4.30) and in (4.31). For any p— > 0 and u;— € R, there exist positive
constants 8y, C such that for any 81,8, € (0, 89) and forallt > 0,

/ 102, (") X |(1 — ;) dxy < C8;exp(—=Cé;t), i =1,2.
R

Proof. The proof is similar to Lemma 4.3. For i = 1, by (4.22) and (4.23), it holds that

3s 58 Sy — S Sy —§ 3s 58
X1—S1t—X1(1)2%1_51;_ 24 L= 28 Lr>o0, ifle—zjgL Ly

Thus, we have

182, (") X (1 = 111) = 18, (0") X112 [0, (0°1) X2
|x1 — s1¢ —X1(1)|>
2

< Clax, (0™) ™ |28 exp(—C8

S2 — 81
X exp(—C81 T t>n21{x12352;—5s1 0

< C81]dx, (0°) 1|7 exp(—C8y1).
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Integrating the above inequality with respect to x; over R yields

[ Gt =y = Corexp-Cain [ 105, )01 ax
R R

< Cé1exp(—Céyt). (4.32)
Likewise, for i = 2, by (4.22) and (4.23), we have

555 + 3s Sy — S
X1 —Szt—Xz(t) < ZTll‘—Szt + ZTII

Sy — 8§ 5s 3s
=—28 Lc0 ifxy < 220,

Thus, it holds that

102, (0°) 72| (1 = 12) = |95, (0™) 2|21, (02) 2|21y
|x1 — s21 — X2(I)|)
2

< Clow, (0™) 282 exp(—C82

S2 — 81
16 Z)"ll{ns%t}

< C83[0x, (0°2) 2|2 exp(—Céa1).

X exp(—CSz

Integrating the above inequality with respect to x; over R gives

/ 193, (02) 2| (1 = 12) d1 < €83 exp(—Cat) / 192, (02) 7% |F dxy
R R
< C8rexp(—Céat). (4.33)

Therefore, we complete the proof of Lemma 4.4 by combining (4.32) and (4.33). ]

4.4. Proof of Proposition 4.1

In order to use the sharp Poincaré inequality (2.5), we should introduce a new variable y;,
such that the variable x; € R is mapped onto a new variable y; € [0, 1]. Therefore, for
i =1, weset

p(p* (x1 =51t =X1(2)) — plp-) _ p((p*) 1) — p(p-)
81 - 81 ' (4.34)

(72, y3) = (x2,x3) = x".

N

!

y

Fori = 2, we set

_ Plom) = p(p™ (1 =52t =X(@)) _ plom) = p((p*) %)

- 82 B 8 ’ (4.35)
Y = (2.y3) = (x2,x3) = x'.

1
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Then it follows from (4.6) that

dyi _ (=D™*!
dx1 B 5,‘

(=1
Vi

To perform the sharp estimates, we will consider the O(1)-constants,

Om = V=D () = \/yv,;y_l = \/pr+1 with vy, = 1/ ppm,

P X (p) 7N =

I a; X >0, i=12(436)

and
1/+1,o_m

m - ’
2 op

which are indeed independent of the small constant §; (i = 1,2). Note that

(=10 —om| < C8, =12, (4.37)
which together with 62 = —p/(vp) = yv,,” " = yplt" implies
1 1

— | <C&§ i=12.(438)
oz y((ps)XrHt ’

In the following lemmas, we use the superscript ()¢ to denote the cut-off part, the
superscript (+)¢ to denote the error terms, and the superscript ()" to denote the remaining
parts. We also set

o — y((p*) ) F < C8;,

wi =i — @)™, i=1,2,
where n; (i = 1,2) are cut-off functions defined in (4.30) and (4.31).
Lemma 4.5. Let X;(t), Y;(¢) (i = 1,2) be defined in Lemma 4.1. It holds that

2 2 Mp2 1 2
m /
;Xi(l)Yi(f)fg[— iTa(/ﬂrZ/o w,-dyldy)
1
+C8,-()(+x/§)2/ / w?dyldy’]
T2 Jo

2
+ ) [C8;8182 exp(—C min{8y.82)1) + C8; exp(—C ;) Y11 %]

i=1

2 8 . C 5
+ Z[— KoP + 5 ; |Y,-,i(r>|2}, (4.39)

4M

i=1

Proof. In order to control the separate waves, we decompose Y;;(¢) (j =1,2,i =1,2)
into

Y, (0) 1= Y50 + Y500 + Y, (), j=1.2,i=12,
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YT;(@) = /;rz[Rwiaxl(Mi")_x"a_Xpdxl dx/,
Yi,@) = /TFZA((Mii)_Xi — 470, W)X a X pdxy dy,
V0= [ [0 msei N e an
and
vs,00= [ [P0 gy Ny aa
ve,0i= [ [ @i —ay O o % vy
,

Si Xi
Y, () = / / (1- *1(” ) X5 ! () dy d

We define

. M
X () = _?(Yi,i (1) + Y3, (1)). (4.40)

* Estimate on — i~ |X"’ (t)|%. To do this, we will control Y; () and Y ,(¢) due to (4.40).
From (2.3), (2. 4) and (4.8), it holds that

N—X; S0 —X; o X, .
) = o 0D = VA e TS 12 (4D

Then, we use (4.37), (4.38), (4.41), and the new variable (4.36) to have
(4 J— . i i -X; —X ’
Y7 @)= /TZ/Rwl\/Ey((pSi)_Xi)y+laxla,. a Xpdxydx

VLT . .
——l/ / w; (—1)" 3y, a; XX pdx, dx’
Om JT2

~a [ [ DoY), ¥ Npdx, v

)’((Ps’) X’)erl O

5 1
< _—’/ / wia Xpdyy dy’ + C51~2/ / lwi| dy1dy’,
Oom J12 Jo T2 Jo

which together with [a™X — 1] < /81 + /82 < +/28 yields

S, () + 6 —f / w; dy; dy’
TZ

From (4.8), it holds that

<cw+f>//|wl|dy1dy (4.42)

—X; VB X
3y, ()X = _p/((ps—i)l—x,-)a"lai Xooi=1.2 (4.43)
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Likewise, for Y ;(7), we use (4.43) and the change of variable (4.36) to have

Y5, (1) = —\/E/ / U w; At a *p X dxy dx’
! T2 JR  Oi P ((p5i)~%i)

1 . .
= _\/5_,._/ /(—1)’8xlai_x‘w,~a_x,6_xdx1 dx’
Om JT2
1(~—X 1 -1 i
_ \/_/ / 8x1 l ; p (p ) _ ( ) )a_Xﬁ_Xd-xl dxl

p "(p5i)yXi)o;  Om

1
< ——/ / wia Xp X dy, dy'+C8,~8/ [ |w; | dy; dy’,
T2 T2 Jo

which together with |[a=X — 1| < +/28 implies

1 1
Yﬁ,i(t)+8ip—m/ [ w; dyy dy’ SCS,-«/E/ / |w;[dy; dy’. (4.44)
Om JT2 Jo T2 Jo

By (4.40), (4.42), and (4.44), we have

X¢(t) — 2M /TZ/ w,dyldy‘ '— ( ]C-,,-(t)+8 Pm /;rz/ w,dyldy)‘

1
SC(X+~/3)/ / i dys dy.
T2 Jo

which yields

1 2 1 2
(le”—m/ / widyldy’—|5<§(t)|) SC(X+~/§)2(/ / |w,-|dy1dy/)
Om JT2 Jo T2 Jo

1
EC(X+~/§)2/ / w?dy; dy’,
T2 Jo

which together with the algebraic inequality %2 —q% < (p—q)?*forall p,q > 0 indicates

1
sz'"(/ / w,dyldy) ~ 5P = Co+ Va2 [ [ utdnay
T2 T2 Jo

Thus, we can get

8 M p2,
- ](4 i(f)|2§—'7—r%(/jrz/ wldyldy)

+C8(y + \/S)Z/TZ/ w?dy; dy’. (4.45)
0
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* Estimate on |Y$; O+ Y7, (t)|%. For j =1,2,i = 1,2, using (4.19), it holds that

C C o _ 2
s_ilYf,,-(nF = 5_([1; i)™ — a7} [0, (u}) Xlld)“)

= ;(5152)2 exp(—C min{dy, 8, }1). (4.46)

We use Lemma 4.4 to have

C 2
SV 0P < (//wn(l—mnaxl(u“) Xt|dx1dx)

2
< St ([0 o 0 ¥ ax)
i R
< C8; exp(—C&;1) |1 13- (4.47)

By (4.18) and the Cauchy inequality, it holds that

8; C
X(z)Y(z)——M|X<z)|2+X(r>ZY,l<z)<——|X(z)|2 5—2 Y4 (1)

j=3

| a

8 8 oo : . >
=—mlxi(t)lz—mlxi(t)+xi(t)—X,»(t)|2 5 ; 1Y, ()]

S . 8 oo ) . c <
< —ﬁlxi(t)l2 - WIX,- (O + C&1X; (1) — XS (1) |> + i ; 1Y (1)

5 5i C <
< = K0P = grXEOP + 2 5 (Y5,0F + Y5 (0P
j=1
C 5
8—2 1Y ()12 (4.48)

Then we sum the above inequality with respect to i from 1 to 2, and use (4.45), (4.46),
(4.47), and (4.48) to have the desired inequality (4.39). We complete the proof of Lemma

4.5. |
Lemma 4.6. LetB;;(t) (j = 2,3, i = 1,2) be defined in Lemma 4.1. It holds that

ZZB,z(r)< [am //wdyldy

i=1j=2

1
+C(K+)(~I—«/3)8i/2/ wizdyldy’
T2 Jo
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C .
+ —8i8182 exp(—C min{y, 82}t) + C6; exp(—Cd;t)||v1 ||§12

C«/_
Jk

for some small positive constant k.

Gs, (t):| (4.49)

Proof. For By ;(t) (i = 1,2), using the algebraic inequality (a + b)? < /1 +ka? +
1+ \/ﬁ_ N )b? for some small k to be determined later, we decompose B, ; () into

B,,(t) < — Y10y, (i) dxy dx’

m / / X __X)(ﬁ"‘)

G

X\2
[ / -X //(—7X) ¢ (p ) 1//_1) axl(uél'i)*Xi dxl dx/
_ Si—X;
- «/I—I—_K—y(y )j;rz/ _a—x(ﬁ—x)y+z—ax1(“12) n?yd dxy dx’

N e N —X('—W“a"‘("&) 1wt dn v

l

=-Br .(t)
~—X\2
/ / a~Xp'( ——X)(¢_ ( ) I/fl) x, (uii)_xi dxq dx’.
"H‘2

For the first term on the right- hand side in the above inequality, we use the algebraic
inequality (¢ + b)? < /1 + ka®? + (1 + m )b? for some small x again to have

-1 _ Dy, (uy )X
my(yz ) / / _a—X(p—X)y+2 x 12) ’7121//12 dxy dx’
T2 JR Ui

—1 0 Siy—X;
<+ V(Vz )/Tz/R_a_x(ﬁ_x)yH xl(zlz) w? dx; dy’

i

='BC-(I)
C —X —X\y+2 xl( 1) X Si—X; 7 X)2 !
= (P72 = () ™ — ) dy
K JT2 JR 1
=:B§”i(t)

Combining the above two inequalities yields

Bgl(t) + V14 «Bj (1) + CﬁG3,i (), (4.50)

By, (#) < (1 +x)B3; (1) + NG

N

where we use (4.41) to have

[ [ @ (o= ) a0 v a < 0 VaGs,0)

0
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Similarly to (4.50), it holds that
B (1) < (1 + 0B, () + B3, (1) + B, () 451)
where
B3, (1) = _/TZ /Ra—xpwizam(usli)—xi dxq dx’,
B0= - /T fR”‘_XPn?((u?)‘X' — #7%)20, ()™ dy 4,
8,0 i= = [ [ a0 = o () ax o'

* Estimate on |B§,i ®|?(j =2,3). For B ; (1), using (4.41) and the change of variable
(4.36), it holds that

Oxa; ™, _ V(/t')_x)er2
Bc l(t) _ \/_/ [ Y% 12 X

1 ; X
— \/_ly pm / /(_l)la)ma‘ X wlz dXI dx/
2 Om JT2 !
X)y+1 ~—X

+ \/_y / / ax1al Xl l —X y(p IO (_l)lp_m> dX1 dx/

y((ps) X+t o Om

-1 1
2 bm / / w?dy; dy’ + CS,-x/E/ / w?dy; dy’,
Om JT2 T2 Jo

where in the last inequality we have used (4.37) and (4.38). For ngi (1), using (4.41) and
the change of variable (4.36), it holds that

BS;(t) = @/;lﬂzlnéa_xpwfaxlafxi#dxl dx’

y((psi)=Xi)r+1

= \/5ip_m/ / w2 (—1) 9y, 0,7 dxy dx’
Om JT2 JR
2 —X; X gj (_l)iam /
+ V8 w; Oy, a; l(a P —— — Pm > )dxldx
T2 JR

y((psi)=Xi)r+1 o2

1 1
58,'0—'"/ / wizdyldy'+C8,-()(+«/g)/ / w?dy; dy’,
Om JT2 Jo T2 Jo

where in the last inequality we have used (4.37) and (4.38).
We add the above two inequalities to have

jX:;I ()] < 3V+1Pm/T2/wdy1dy+C8()(+«/_)[/wdyldy

1 1
= ;o / / w?dy; dy’ + C8; (x + x/g)/ / w?dy;dy’. (4.52)
T2 Jo T2 Jo

dxq dx’
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* Estimate on [BS;(t)| (j = 2,3). By the definition of BS ;(r) (j = 2, 3), we use (4.19)
to have

w

S B () = C A 0, G5 ) — 752 dxy

< C||(ui")_x" — ftl_XHLoo(R)SlSz exp(—C min{dy, 6> })
- C8183 exp(—C min{81,82}1), i =1,
C8285 exp(—C min{8y, 82}1), i =2.

* Estimate on |B] ;(¢)| (j = 2,3). By the definition of B ; (#) (j = 2, 3), we use Lemma
4.4 to have

(4.53)

3
S @l=c [ [ 1o ™0 -yt ar
j=2 T2 JR

<l B /R 19, ()X [(1 = ) vy

< C¥1ll328: exp(—C ;). (4.54)
Finally, we use (4.50) and (4.51), and combine (4.52), (4.53), and (4.54) to have the
desired inequality (4.49). We complete the proof of Lemma 4.6. ]

Lemma 4.7. Let D(t) be defined in Lemma 4.1, it holds that
1-C8 & !
D(t) >2 ; 2dy, dy’
(1) = 200m ;5’/@/0 w? dy; dy
1—C8 & ! N2
e ;S(A/O w,-dyldy)
C 2
_ 3
\/_Z:( 8; exp(—C8;t) + 82 exp(—C$; z))

‘772 /T 2 / Xy dx, d', (4.55)

for some small positive constant k.

Proof. * Change of variable for D(t). First, we rewrite D(¢) as
D(t) := 2u + A)[ / a X0y, ¥1)* dxy dx’ + u/ / a x|V |2 dxg dx’
T2 JR T2 JR
=D (?) =:D2(¢)

+o / / a XV, y P doy d!
T2 JR

+(M+A)/ /a_X|er~w’|2dx1 dx’.
T2 JR
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Then recalling the cut-off functions n; (i = 1,2) defined in (4.30) and (4.3 1), which satisfy
n +n2=1and 1> n; >0foranyi = 1,2, we can separate D1 (¢) into

Di) = QU+ 1Y L. [ mtan iy an o

i=1

z(2u+l)Z/T2/ (0,91 dvy A
i=1

Using the algebraic inequality (a + b)? < /1 + ka® + (1 + F )b? for some small
K, it holds that

/ / a3, (v dxy d’ = / / a0 1 + Dy Y)? dry A’
T2 JR T2 JR
=Vl +K/ / a0} (8x, 1) dxy dx’
T2 JR

c
MG /Tz /R“_X(axl niy)? dxy dx.

Thus, it follows from the above two inequalities that

21+ A 2
D(¢) > a X9y, (n; 2 dx; dx’
1()_m;/’];2/1; | 1(77 W1)| 1

2
C —
_WZ/T.P/RG X0, mi)* W dxy dx'.
i=1

Note that since (4.22) gives

5s 3 3 5 — —
2+ Slt_ Sz + Slt:SZ S1t=02 01t>0’
8 8 4 4pm

we can deduce from (4.30) and (4.31) that foreachi = 1,2,

4 1
[0, 7i| < —, ae.x; R, t>0,
Sy — 811t

which yields

2p+ A aX 2
Di1) 2 HK;/W/ B ()P dxy 4’

- / / Xy2 dx dx'. (4.56)
T2

N
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Using the algebraic inequality (a + b)? < /1 + ka? + (1 + )b? for some small

k again, it holds that

1
V14k—1
/ /a_X(aJClwi)zdxl dx’=/ /a_Xlaxl(m(ul—(ui")_x"))|2dx1 dx’

T2 JR T2 JR
5«/_1+/</ /a—’ﬂaxl(niwlnzdxl a’
T2 JR
C -X X Siv=X;\y |2 /
T2 [ e Y = ) ¥ v a

which implies

[ /a_x|3x1(77i¢1)|2dx1dx'
T2 JR

1
= 1+« 2/ a_x(axlwi)z dxq dx’
v T2 JR
C - T 3 p— .
N /Tz /Ra X0, (i (7™ = i) 7)) > doxg dx” (4.57)

=D (1)

Fori = 1, we have

D{(r) < Z/TZ /}Ra_x(ax1 n)? ™ — @37 dxg dx

=D ; (¥)

+2/ /a—xnﬂaxl(uiz)—xzfdxl dx’.
T2 JR

=:D{, ()
Since (4.30) and (4.31) imply that foreachi =1, 2,

axl ni(x1) = axl Ni (xl)l{ 3S2'§551 tsxl§552;351 0y

then, using
552+ 3s §2—S§ §2—$ 552+ 3s
x1—520 —=Xo(t) < $t—szt+ 2 - 2700, xp < 2524351 LV
8 4 8 3
we have
0z m 7% = @) 7 = 10, m [ @§) 7 — i)
C

< 71{3x2;5s1t5xl5532§331 t}52 exp(—Céa|x1 — s2t — Xa(2)]) exp(—Cat),
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which implies

C
Df,(t) < 1—283 exp(—Cé’zz‘)f]R1{332:;5s1 tgxlgsnf”t}eXp(_C82|x1_S2t_X2(t)|) dx;
C
< t_282 exp(—Céyt).
Using Lemma 4.4, it holds that
DS, (1) < C |0, () |z /R 1 0, W32) 72| dx; < C83 exp(—Céyt).
Therefore, we have
e C 3
Dj(r) < t_282 exp(—Céyt) + C3; exp(—Cdyt).
Likewise, we can get
e C 3
D5(1) < t_281 exp(—Cé1t) + Cd7 exp(—Cét).

Combining the above two estimations and together with (4.56) and (4.57) yields

Dy 2 2{‘:;2/ [ ana =S5 [ tane

Z( 8 exp(—C8i1) + 82 exp(—C§; z)) (4.58)

where we have used X > 1 and the new variable y;.

In the following, in order to deal with the Jacobi transformation dy; /dx;, it is conve-
nient to use the variable v (= 1/p%) (i = 1,2) for the two viscous shock waves.

Fori = 1, we integrate (2.3) with respect to & over (—oo, £1] to have

Q2p 4 D), ()™ = [01 ()™ —v) + p(*™)™) = p(v-)].
On the other hand, by (4.34), it holds that

I, p((*H)7X1) 81 dy

8x1 sy X1 — o
@) PR ()R do

Hence, we have

81 dy;

P Xy dxy [ 2™ = o) + p() ) = p(uo)],

(Cp+21)
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which together with 07 = —%ﬁm@’") leads to
51 dy; -1 1 s1y—X1 s1y—X1
QCu+A )del T [(p(vm) — p(WHTX)) ()X —vo)

+ (P = p()) ()X —vy)].
We rewrite the new variable (4.34) in the specific volume function as

_ p(()™X) — p(vo) : _ p(om) — p((v*)~ Xl)
- 8 G 5
1 1

Thus, it holds that
1 2u+i dyr -1 & ( (V)X —y_

Y1 —y) (@)X dxy 01 v — v \p(() X)) — p(v_)
(vsl)_xl — Um )

pm) — p((s)~X) /"

Then we get
‘ 1 2u+A dy S1p"(v-)
yi(l=y1) p' () X)) dxr  20m(p'(v-))?
‘ 1 2u+A dyr  &1p"(v-) | §1p"(v-) i+i|
i =y) p (@)X dx;  201(p'w))?| T 2(p'w))? Moy T om
=11 + I,.

Using Lemma 2.3, we have

I -1 & ( (V)X —y_ (VS1)X1 — vy,
1=|—
01 V= =V \p((v51)X1) — p(v=)  p(vm) — p((v¥1)7X1)
I p'(vo) 2
-z 7 — <
T )| ECs
Since it follows from (4.37) that I, < C 8%, therefore we can obtain

1 2u+A dn §1p"(v-)
‘YI(I —y0) P(@) ) dxy 20, (p'(v2))?
Furthermore, using the above inequality and (4.37), we have
2u+A dyr 81 p"(vm)
)Jﬁ(l —yDdx1 20w p'(vm)

|<cs.

= ‘yl(l —y1) dx1 ng(p (U ))2p (( ) )
S 2" Xy P (0m)
(p/( _))2 (( ) ) (v )

§i |p"(w=)  p"m)| | 81 p"(m) | P
m P02)  pm) | 20m [P0l p'(00)
< Cé8. (4.59)

<C82+
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Likewise, for i = 2, we integrate (2.4) with respect to &, over (—o0, &;] to have
QA+ 1)y, (v2) 72 = [O" ((v°2)72 —vy) + p((V*2)72) = p(m)].

On the other hand, by (4.35), it holds that

(@) b dp
P () T ) dxy

3x1 (vsz)—Xz =

Hence, we have

1
(2M+X)—2_dﬂ — i;[(p(m_) _ p((vsz)—Xz))((vsz)—Xz — Um)

p/((vsz) XZ) d-xl 02 Uy — U4
+ (P((@)7%) = pm) ()72 —vy)],

with 022 = —%ﬁv*). We rewrite the new variable (4.35) in the specific volume func-
tion as < <
_ Pm) = p(@=)7) _ p((v2)7™) — p(vy)
Y1 = s — 1= .
82 82

Thus, it holds that

1 2[1. +A dyl
yi(l—=y1) p'((v¥2)~%2) dx;
1 6 ( ($2) 2 — vy, + ()2 — oy )

02 Uy — V4

p((2)7%2) = p(vm) ~ p(v4) = p((W2)7%2) /"
Then we get
‘ 1 2u+A dy 820" (Vm)
yi(l=y1) p'(v2)*2)dxi  20m(p'(vm))?
’ 1 2u+A dy 820" (vm) ‘ 820" (vm) ‘_ 4
yi(l=yp) P((v2) %) dxy  202(p" ()2 2(p' (vm))?
=: 13+ 14.

Using Lemma 2.3, we have

PR A o p ()%~
1oz = @) = po) * p0) - p() )
1 P”(Um)
S )| = %

Since it follows from (4.37) that I, < C 5%, it holds that

1 2+ dyy 82" (vm)
yi(l=y1) p'((v2)™*2) dx1  20m(p'(vm))?

‘ < Cé82.
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Furthermore, using the above inequality and (4.37), we have

‘ 2u+A dyr & p'(vm)
yi(1—=y1) dx; 20m p'(vm)
S| tA by (om)

"((1vS52) X2
“a—man T 2ompeme? @)

8 " 52\—X2
L2 P m) (P((” ) )_1’ <cs2. (4.60)
20m | p'(Vm)] "(Vm)
Since
L p'um) _ y+1v,' y—i—l,o_m_a
20m —p'(Vm) 2 Om 2 om
hence, a combination of (4.59) and (4.60) yields
2 A d
| S| <o <css, =12, 4.61)

yi(I—yp) dxy
which together with the three-dimensional weighted sharp Poincaré inequality (2.5)
implies

1
d
(2M+A)/ /(3y1wi)2—yl dyydy’
T2 Jo dx;

1
= andi1=0) [ [ a1 =00, w0 a0y
0

1 1
2204,,,8,-(1—C8)/ / wizdyldy’—ZamSi(l—CS)(/ / widyldy’)
T2 Jo
|V wi|?
CS)/ / dy; dy’,
t2Jo y1(1—y1)
where in the last inequality we have used the fact
1 1
/ / |wi_u_)i|2dYIdy/:/ / wy dyr dy’ — (0;)?
T2 Jo T2 Jo
1 1 2
Z/ / w?dyldy/—(/ / widyldy’) :
T2 Jo T2 Jo

Thus, we can deduce from (4.58) that

1-C8 & 1
D,(t) >2 8; 2 dy; dy’
1()_aml+K;1/Tz/0w,y1y

1-C8 & ( 1
m 8,’ [ / wid d/)
o l; ) widndy

2
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—C§ ap |V w; |? ,
- 2 dy;dy
1—|—/< 87 o »(l—y1)
_T[_zfl‘z/ _X'(/fl dx1 dX

[Z( 8i exp(—Cé;t) + 82 exp(—C§; t))

i=1

On the other hand, it follows from (4.61) that

2+ A 2;L+A

1=yt .
i yl) _Sam—i—CSS 250,

Hence, we use the fact that n; + 7, = 1 and 1 > n; > 0 for any i = 1, 2, and the new
variable y1, so that D,(¢) can be transformed into

2 2
Dy>() > 1 / / a X |V |*dxpdx’ = p / / a X|Vew;|?dx; dx’
i; T2 JR e ; T2 JR o
2 1
dx1
-X 2 ’
= a V rW; _d d
M;/TZ/O Vywif? 3~y dy
2
p2p+A) 1[ / Vywi? /
. 1 dy, dy'.
20lm ;8, Y

yil=y1)
Combining the estimates on D1 (¢) and D, (¢), we have
D(t) = D1 (z) + Da2(2)
1-Cs

2 1
ZSi/ / w?dy; dy’
kKim /o

1-C8 & ! 2
— 20— 8; ;dy; dy’
aml—}-l(;l(/;pz/(; w; dy1 Y)

+22:(M(2u+k) I—Cb’aml// Vywi? 1 dy’
=\ 206 1+« 8772 T2 y1(1—y1) .

N

Z( 8; exp(—Cé; t)+83exp( Cd; t))

\/_;/Tz/ a™Xyf dxy dx,

which implies (4.55) for suitably small §;, and the proof of Lemma 4.7 is completed. m

We combine Lemmas 4.5, 4.6 and 4.7 to have the following lemma.
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Lemmad4.8. Fori =1,2,letX;(¢), Y;(t),B;;(t)(j=1,...,10), Y;; (1) (j =1,...,5),
G%i(t), and D(t) be as defined in Lemma 4.1. Then it holds that
2

3
> (%Yo + Y Bu0) - 300

i=1 j=2

2 5 . C
< Z[—CIGSZ' (t) — W|Xi(t)|2 + 8— Z ;z(f)lz}

i=1

2
+C ) 88182 exp(—C min{81, 82}) + 8 exp(—C i) [y 1l + v/8: G, (1)]

i=1

+CZ( §; exp(—C8;i1) + 83 exp(—C$; r))

+—2/ /a—xwfdxldx, (4.62)
T2 JR

where Cy = % min{p'(p_). p'(p4)} and G* (t) = [z [y 19, (0) X |97 vy .
Proof. We choose k, x, § suitably small in Lemmas 4.5-4.7 such that
1-C$§ 8

-, C V) +C Vo2 < 4
Trc g ClHrTvH+CU+ Vo =1
and set
160 8o
M=—"aq ()/—H)——m.

Then a combination of (4.39), (4.49), and (4.55) yields
2 . 3 3
;(X.(t)Y-(t) + ZBN([)) - D)
8 C L
[——5 [ [ ey - kior+ P o]
+C Z [8:6182 exp(—C min{8y.82}1) + &; exp(=C8;1) 1132 + v/6:Gs,i (1)]

i=1

+CZ< 5 exp(—C8;1) + 62 exp(—C$; r))

+—2/ /a—xwfdxldx. (4.63)
T2 JR
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Using the change of variable (4.36), it holds that

1
i [ [ wranay = [ [ pon o N ax e
T2 Jo T2 JR
. / !/ 5i\—Xi 2 /
= minp' (o). ')} [ | [ 1oy (0¥ a g

Note that

/ / |0, (0°) X 9T doxy d’!
T2 JR

_ / / 192, (0" ) 022 dxy A’ + / / 10, () (1 = n2) 2 dx; dx’
T2 JR T2 JR

<2 [ [ ot w?an o
T2 JR
+2 / [ 13, () 2 ()X — a7 dy
T2 JR
=:G¢(1)
+ / / 19, (o) (1 = )y dxy d,
T2 JR

=:G" (1)

which yields

iy —Xi 1 Si\—Xi / e 1 r
/ /|am(psl) thw?dxldx’zif /|8x1(p’) Byt dxdx’ =G40 - SG"0).
T2 JR T2 JR

Similarly to (4.53), we use (4.19) to obtain

C8183 exp(—C min{8y, 82}t), i =1,

IG*(1)] <
C8285 exp(—C min{8y, 82}1), i = 2.

Similarly to (4.54), we use Lemma 4.4 to obtain
IG"(1)| < C Y1 1728i exp(—C ;).

Therefore, we can obtain

2 1
Um 2 /
-7 E Si/TZ/o w; dyr dy
i=1

am min{p’(0-), p'(04)} <
< S BRPEL LIS [ 1o (092
4 i=1 /T2 /R

2

2
+C 2(5,'5152 exp(—C min{dy, 62 })t + §; exp(—Cd;t)| 1 ||§12),

i=1
which together with (4.63) yields the desired inequality (4.62). We complete the proof of
Lemma 4.8. ]
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Proof of Proposition 4.1. First of all, we use (4.9) and Lemma 4.8 to have

2
/Tz/ <I>(p 7%+ WE ) xpdx’
= Z(x OYi(t) + ZB,,(t)) - —D(t)

i=1 j=2
2 10 3 1
+ Z(Bl,i(t) -G, (1) + ZBj,i () — ZG',i (f)) - A_LD(I)' (4.64)
i=1 j=4 j=2
By Lemma 4.8, in what follows, we will use the good terms G;; (t) (j = 2, 3), D(¢), and

G*i(t) to control the bad terms B; ; (t) (j = 1,4,...,10,i =1,2)and Y;;(t) (j = 3.4.5,
i =1,2).

* Estimates for B; ; (t) (j = 1,4,...,10). Using (4.37), (4.38), and the change of variable
(4.36), we have

o _
Bii(t) = Tm/qu/R(—l) dx,a; N2 dxy dx’
1 )’(ﬁ_x)y—H iUr%, —X; 2 /
+ EAZA(O—I —(—1) a)axlai Wl dx1 dx

o 1 1
N / / W2y dy' + C(61 + 820V / / ¥2dy: dy'.
2 Jr2Jo T2 Jo

Furthermore, we use the change of variable (4.36) and (4.37) to obtain

GLi(t) = —/ /( 1)/ 0y,a; 2 doxy dx’
45 [ [ 0iomna vt anar

o 1 1
> JE%"/TZ/ wfdyldy’—CSi\/S_i/Tz/ yZdy;dy’,
0 0

which together with the above inequality and the change of variable (4.36) yields

1
B~ Gu) = CG + 8V [ [ wranay

2 1

SC\/EZ&'/ / yidyidy'
i=1 T2 Jo
2

=Sy [ [ 7@ o)t ax o
i=1

2
<CVEY Go(). (4.65)

i=1
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For B4 ;(t) (i =1,2), it holds that
a0 = C [ [ 160011007 193 031 03+ C 6. 912G () + Gas (1)
<c [ [ 1ona ™ nl an o

e / / 2,07 | __X)zwl\wl dx1 Ay’ + Cx(Gai (1) + Ga,i (1)),

where using the three-dimensional Gagliardo—Nirenberg inequality (2.6) and (4.43), we
obtain

_ , 1 . ,
C[ /|ax1al Xy P oy dx scuwlu%w—/ /|8x1<psf) X1y ] dr dx
T2 JR V6 JT2 Jr

1 2
< CUPIIB -+ I I3 D= V& (r)( / 192, (0°)7%| dxl)

T Uyl + IV DI Ve v VG (1) = Cx(IVx vl + G ().

Likewise, it holds that
1

T
< ClY1 2o V/Gra @) ( [ |ana:"f|dx1)2
< C sy v | + 1951 1120 D8} VGra @ < Cx(IVxvll? + G (0)).

Hence, we have

(/5_")2

1/f1 ‘l/fl dX] dX

By (1) < Cx(|VaynlI* + G%(2) + Gai (1) + G3,(2)).
For Bs ; (¢), it holds that
Bs. ()] < C/ /<|‘—X )N+ 1) — ()N
x |0y, a; (@2 + |y [?) dxy dx’
<cs / / (=)0, a N2 dv1 dx’ + C8(Ga (1) + Gas (1)),
T2 JR

where the first term in the last inequality can be treated similarly to (4.65):

C$ / / (—1)! 3y a; X 2 doy d’
T2 JR

1 2 1
=csvs [ [ wranay =eviys [ [ vranay
T2 Jo =1 T2 Jo
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2
=CV5y /T ] /R PP )5, (0" N |97 dxy d’
i=1

2
<CV5Y G ).

i=1
Hence, it holds that
2
Bsi(1)] < CV8Y G (1) + C8(Gai (1) + G34(1)).
i=1

Similarly to B4 ; (¢), it holds that

Be,i (1) + [B7,i ()] < Cx(IVayi > + G* (1) + G3,: (1))
By (4.43) and the Cauchy inequality, it holds that

C
Bsg,; (1) < I

o1
+ Cl10x,a; 1 o o | Vi ¥ VG (1)
3
< CV& IV lIVGS (1) + C8} | Ve ||/ Goi (1)

< CV&(IVe¥|? + G5 (1) + Gai (1)).

1
1920 (0™ ™ 17 gy IV ¥ VG ()

Using the Cauchy inequality and (4.41), we have

(p%)?

Oi

Bos0l = €8 [ [ 10y = -y lyalav o
T2 JR

*C‘s"/ / |9, ) X0 |92 dxy d/
T2 JR

~ P2 2
§C8,~[ /|axl(u§l)—xi|’¢— wl‘ dx, dx’ + C8;G (1)
T2 JR i

0,
< C8i(G3,i (1) + G" (1))

Using (4.20) and the Holder inequality, we can get

1
2

Bro: ()] = Cll@, vl ( L1 = @ o ) dxl)

< C(8:(5152) exp(~C min{8;,82)1))?
< C /68185 exp(—C min{8;, 8, }¢).

1496
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Thus, we combine the above estimates and choose y and §; (i = 1, 2) suitably small such
that

2 10
) CHORISHORS 0
i=1

j=4

2
i6 ; (G(1) + G2,i(1) + G3,i (1) + %D(z)

2
+ C816; exp(—C min{dy, 85 }1) Z \/E (4.66)
i=1

* Estimates for Y;;(t) (j = 3,4,5). For Y3;(t), using (4.43), it holds that

|Y31(l)|2 —5 (f /|ax1 ,_Xil‘¢— __szl‘dx dx)2

< C(/ |8xlai_xi|dX1)G3,i(f) < C\/8—iG3,,-(t).
R

For Y4,;(¢), it holds that

C %
=G, ()03, a5 Lo @) | (@, YD < Cx?V5:Ga;(0).

|Y4l(t)| = 8

For Y5 (t), it holds that

IYs:(I)I2 ||3x1 ()X L@ 1Y 176G (1) + Ilaxla,-_x" oo 1% 17 Ga2,i (1)

< 82
C 2 _Xl 2
+ 5 X [10x,a; ™ (| Loow) 1(P, Y1) 17 G3,i (2)
1
< Cr3(G¥i(t) + G, (1) + G3,;(2)).

Thus, we combine the above estimates and choose y and §; (i = 1, 2) suitably small to
obtain

2
Z Z IO < - LS G (1) + 6o (1) + G (1)), (4.67)
i=1

llj3l

* Conclusion. Finally, substituting (4.62), (4.66), and (4.67) into (4.64) implies

ot o

2
Z(——IX o) - —ClGS' -+ ZG,,(t)) - —D(t)
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2
+C Z[\/ESISZ exp(—C min{8;, 8> }1) + §; exp(—C8;1)||¥1]13;-]

i=1

+CZ( §; exp(—C8;t) + 82 exp(—C6; z))

s /T i /R a Xy? dx; dx’ (4.68)

for all time ¢ € [0, T].
On one hand, for ¢ € (0, 1), we substitute the first line of (4.48), (4.66), (4.67) into
(4.9) to obtain

f / p(00ol5™) + i )dxldx—i-ZGsl(t)
5

<Z(——|X(t>|2 522 ,,(r>|2+ZB,,(r)—ZG,,(r))
j=3 Jj=1 Jj=1

—D@) + Z G (1)
i=1
2

< Z(——|x P -1 ZG,,(t)) ~ o)

+ €818, exp(—C min{8y, 85}1) Z Vi + Cllya |12, (4.69)

i=1

where we have used the facts that for suitably small §; (i = 1, 2), it holds that

60 = [ [ 10w a0’ < 10 (6 N fum i
< C& Iyl = Clyn .

BLi(1) = Cllaa) ™ s vl < C8F Il < Cllyal,

B2i(1) < CV/5;Ga.i(1) + CGY (1) < Cv/5;Ga.i(0) + C v,

B (1) < 10, 0 w1 < CEIAIP < Clyall.

Note that by (4.7), (4.8), and the uniform lower and upper bounds of the density function
p, we have

(0,5 ) ~lp—=p X Goi(t) ~Gai(t), G3,i(1) ~G3,i(r), D) = IVay ()]
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Thus, we first integrate (4.69) with respect to ¢ over (0, 1) and use Gronwall’s inequality
to obtain

2 1 3 1
s 16O+ Y | (8,-|x,-(r>|2 LG+ Z@;Ar)) de+ [ 1V ar

i=1 j=1

2
< Cll(go. Yo)II* + C max{8;.82} Y NED
i=1

Then we integrate (4.68) with respect to ¢ over (1, ¢), and use Gronwall’s inequality to
obtain

2 t . 3 t
I »OP+Y /1 (si|x,~(r>|2+G“(r>+ZGj,,~(r)) dr + /1 IV, p )12 de
j=2

i=1
2 2 ¢
< Cl(¢.¥)(D)* + Cmax{s1. 82} Y V& +C Y /1 8i exp(—=C8i7)[[ Y1132 dr.
i=1 i=1

Therefore, we combine the above two inequalities to obtain the desired inequality (4.1)
with the new notation (4.2). The proof of Proposition 4.1 is completed. ]

5. Proof of Proposition 3.2: Higher-order derivative estimates
In this section we give the higher-order derivative estimates of the a priori estimates.

5.1. First-order derivative estimates

Proposition 5.1. Under the hypotheses of Proposition 3.2, there exists a constant C > 0
independent of §; (i = 1,2), x, and T, such that for all t € [0, T], it holds that

V(. ¥)(@)]? +/0 (Vx> + [IVZ¥ (0)]1?) de
t
< C(IVxgoll” + I1¥ollZ) + Cly > + C /0 Vx| de

t
+Cx/ IV3y |2 de
0

2 P 3

vey [ (si X (O + G650+ 6oy <r>) dr
i=170 j=2

2 3 2 1

+ Cmax{81.62) Yy 87 +C182 ) 57

i=1 i=1

Proposition 5.1 is a direct combination of Lemmas 5.1 and 5.2.
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Lemma 5.1. Under the hypotheses of Proposition 3.2, there exists a constant C > 0 inde-
pendent of 8; (i = 1,2), x, and T, such that for all t € [0, T], it holds that

Ve ()] + /0 IV dr

t t
sc<||vx¢o||2+||wo||2>+C||w(r)||2+C[o ||vxw||2dr+cX/0 IV3y |2 de

2 3
L3 [ (BI%P + 650 + Y 6240 ) ar
i=170 j=2

D=

2 3 2
+ Cmax{81.8} Y 87 +C818, ) 87 (5.1)

i=1 i=1

Proof. Applying V, to equation (4.4)1, it holds that
0V + 1 Vi(Vi) + pVs divie Y + Vit - Vi + Vapdivy ¢ + Vah192, 6
2 T
+ Va0, i + (wlailﬁ"‘ + 02X = Y X192, (p%) X0, 0)
i=1
= (=0, R1,0,0)". 5.2)

We multiply (5.2) by @erp and integrate the resultant equation by parts over R x T2
to obtain
2u+Ad Vep|? i
“——/ / Vo9l e dv + u ~|—A)/ / Vi - Vi divy ¥ dxy d’
2 dtJr2Jr P T2 JR

di
=Q2u —{—/1)/ / Vx |Vigp|? dx; dx’
T2 JR

P
2 A
B / / - Vi - (Vxrt - Vi + Vipdivy ¥) dxy dx’
T2 JR P
2+ A _ __ /
_/ / : Vi - (Vatidx, oY + VO, 7 ¥) dxy dx
T2 JR p
2 A
[ g2 57 4 g 7
T2JR P
2
. 2+ A X,
+2Xi(t) /1;2[1; ; 3x, 0%, (0°) 7% dxy dx’
i=1

2u+ A 6
—/ / pt 8xl¢8x1R1dx1dx’=:ZJ,-(t). (5.3)
T2 /R P i1
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We multiply (4.4), by V¢ and integrate the resultant equation by parts over R x T2 to
obtain

[ [ romeranad—cuen [ [ v Vediveyan o

T2 JR T2 JR
4 / [ P Ve dry dv’ + / /R P [V + 1 Ve(Vo)] dxy d’
/ f p'(p) — p(p X)0x, 5~ +pw18xlﬁ1"‘]8xl¢dx1 dx’

2t h g o
/Tz/ o 3§1 X9, ¢ dxy di’

+ ZX (t)/ / PO, PO, (uS) 7 dxy dx’

/ / Rz x1¢dx1dx
T2 Jr X

11
::—E/Tz[l;pw-vx(bdxldx +;Ji(t), 5.4)

We add (5.3) and (5.4) together to obtain

2;L+)td / |V c/)|2
2 T2

dx; dy’ +/ /p(p)|vx¢| dx, dx’

—EfTZ/Rpw-vmdxl dx +;J,-(t). (5.5)

In the following, we control the terms on the right-hand side of (5.5) one by one. Recalling
8 = 61 + 82, and using the Cauchy inequality and Sobolev inequality, it holds that

1@ + [20)] < ClIVx ¥l || Vxl®
+ Cldx, (% a7 ) ooy (V211 + 1102, 61 Vv 1)
< ClIVa¥ g2 Vdll> + C8*(IVxplI* + IV ¥|?)
< C(x + 8| Vxop|* + CE| Vv |2 + Cx||I Vv,

where in the last inequality we have used the assumption (3.3) and the fact

IV lla2IVagll < V¥l Vgl + ViV Vel
< 11V I? + XIVEV Vel < x(IVxgl? + ViV IP).
Using the Cauchy inequality, it holds that

[73(0] < Cllox, (5~ a7 ) Lo @I Vxd I (I Vx¥ri | + [ Vxpll)
< CE(IVxolI” + IVavi[1?).
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Using the Cauchy inequality and (4.43), we have

|Ja@)]| + [Js(D)] + [Jo(1)]

——X)Z

< cg/TZ/R|ax1(ps")—"i||axl¢|\(¢— Py ) ax
2

< Clan g1 S N0 (0) ™ 2wy (57 V/Goa () + VG (D)

i=1
2
< C8lox, 91> + C8 Z(G3,i(t) + G (1)).
i=1

By the Cauchy inequality and Lemma 2.1, it holds that

2
5] + [10@)] < Cllox @l Y 1K) 195, )™ | L2y

i=1

2
< 800, l12 + C8 S siIKi ()12,

i=1

Similarly to Bjg,; (¢), using (4.20), we have

2 :
o) + [T (0] < Clox, 6] Z( 157 = ) P o) |2dx1)
i=1

1502

2
1 .
< IV )06, 17 + C 3 6:(6182) exp(—C min{dy, 82}0).

i=1

We rewrite J;(¢) by using equation (5.2) as
Jo(t) = —/ f 02 - Vy divy ¥ dxy dx’
T2 JR
- / / oV - (Vxut - Vx¢ + Vypdivy ¥) dx; dx’
T2 JR
- /11‘2 /I;;OW ) (Vxl/flaxlﬁ_x + Vx‘paxlal_x) doxy dx’

- /T , /R Py (Y103, 6 + ¢0% 17 ) dxy dx’
2

+Y X () [ / Ay, (p) X dxy dx’
; | pidne I

6
- pY10x, Rydxydx’ =: )  J7:(2).
/;TZ/R 10x A1 1 ; 7,i
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Integration by parts yields

J7,1(x)=/ /,oz(divx V)2 dx; dx’+2/ /pl/f-prdiwadxl dx’,
T2 JR T2 JR

which together with J75(¢) leads to
I+ 220 = [ [ e anax
T2 JR

4 / / PV - (Vapdive ¥ — Vit - Vad) dxy d',
T2 JR

where the last term on the right-hand side can be treated as

f / pY - (Vxpdivy v — Vyiu - Vi) dx, dx’
T2 JR

2 1
< CllY Nz IVl V¥ Il + € D l10x, (0) X | ooy VG (D[ Vi (¢, )

i=1

< C(x + V<. WII* + C5G* (1).
Thus, we have
[J71 (O] + [J72(0)] < ClIVey > + C(x + 8)[ Vx> + CEG™ ().
Using the Cauchy inequality and (4.43), it holds that

2 1 1
172301 < CIV@ DI Y M0, (0) ™ ey (VG 0) + 8 /G (0))

i=1
2
< C8||Vi (. y)I? + C8 Y (G (1) + Gai(1)).
i=1
Similarly to J4(¢), we have

|[J74(0)] < C iai [T /ﬂ; 10, (o)™ 1911 ( — G
i=1

—X)2

Iﬂl, Iﬂl)‘ dx1 dx'

Y

2
< €8 (Gai(t) + G (1)).

i=1

Similarly to J5(t), it holds that

2 :
5501 =€ Y k([ o0 ¥ 0 ) VG0
i=1

2
<CY GilXi)P + G @)).

i=1



T. Wang 1504

Using (4.20) and (4.21), we have

2 1
C X N —X 2
7600 scnwlnzsi( [ = e P ) Xl|2dx1)
i=1
1 1
I, (0 gy 100 (0P oy

x ( /R 195y (0™) 1| [0, (02 dxl)

2 3 2 1
< €818, exp(—C min{s1. 86}) Y 87 + C(8:8,)3 > 87 exp(—Cit).

i=1 i=1

Thus, we have

[J7()] = C(x + O Vx> + C | Vxy |2

2 3
+C Z(Gsi (1) + Z Gji(t) + 3i|Xi(f)|2)
i=1 j=2

2 3 2
+ C818; exp(—C min{dy, 85 }1) Z 87 + C(8182)% ZSiZ exp(—Cé;t).

i=1 i=1

We substitute estimates J;(¢) (i = 1,...,11) into (5.5), integrate the resultant inequal-
ity over (0, t), choose y, § suitably small, to obtain (5.1). The proof of Lemma 5.1 is
completed. ]

Lemma 5.2. Under the hypotheses of Proposition 3.2, there exists a constant C > 0 inde-
pendent of §; (i = 1,2), x, and T, such that for all t € [0, T), it holds that

t t
||w(z>||2+/ ||V§w||2dr§C||vxwou2+C/ Ve )| dr
0 0

2 ¢ 2
+C8Y / (6i1Xi (D)* + G, (x) + G* (1)) dt + C818, max{81,82} ) ;.
i=170

i=1

The proof is similar to [31, Lemma 4.6], and we omit it for brevity.

5.2. Second-order derivative estimates

Proposition 5.2. Under the hypotheses of Proposition 3.2, there exists a constant C > 0
independent of 8; (i = 1,2), x, and T, such that for all t € [0, T], it holds that

t
V(. )12 +/0 (IVZII> + IViyI*) de

< C(IVEdoll” + I Vx¥ollZ) + CIVxy ()2
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t 2 t .
+ c/ V29|12 dr 4 C$§ Z/ 6 1Xi (0)> + G* (v) + G3, (1)) dr
0 = Jo

t 2
FCG+8) [ 1T I de + Ci3a max(sr.82) Y87,
0

i=1
Proposition 5.2 is evidently the combination of Lemmas 5.3 and 5.4.

Lemma 5.3. Under the hypotheses of Proposition 3.2, there exists a constant C > 0 inde-
pendent of §; (i = 1,2), x, and T, such that for all t € [0, T), it holds that

t
V26| + /0 1V26]2 dr
< C(IV2¢0l + IVxwol?) + CIVy ()2
t
+C[ IV2y |2 de
0
2 t .
+C8 Y. [[@IRP + 6% (0) + Ga(e ar
i=170
t
+C(x+8)/0 (192 (6. ) + V39 P de
2
+ C818, max{8y.62} Y 87
i=1

The proof is similar to [31, Lemma 4.7], and we omit it for brevity.

Lemma 5.4. Under the hypotheses of Proposition 3.2, there exists a constant C > 0 inde-
pendent of §; (i = 1,2), x, and T, such that for all t € [0, T), it holds that

t
V2 ()] + [o IV3y |12 de
< C||V3%||2+C/O V(. ¥)|? dr

2 t
+ C§? Z[ (i 1Xi (D> + G* (v) + G3, (1)) dt
i=1"90

t 2
FCG+8) [ 192 I dr + Cida max(sr.82) Y57
0

i=1

The proof is similar to [31, Lemma 4.8], and we omit it for brevity.
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5.3. Proof of Proposition 3.2
Proof. Combining Propositions 4.1, 5.1, and 5.2 yields

1. )O3 +f0 (IVxllZ + IVavllZ2) do

2 P 3
+ Z/ (8,-|X,~(r)|2 + ) +Gji(1) + G (r)) dr
0 =

i=1
t 2 1
<l vl +9) +¢ [ (Lbew-csn + L ) Ivis
i=1

which using Gronwall’s inequality implies the desired inequality (3.4). In addition, using
(4.17), and together with Lemma 2.1 and the assumption (3.3), we have

2 2
. C X
SR = Y 5l [ 1 ) dxs = ClAG .
i=1 i=1""
which implies (3.5). The proof of Proposition 3.2 is completed. ]
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