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Logarithmically refined Gagliardo—Nirenberg
interpolation and application to blow-up exclusion in a
singular chemotaxis—consumption system

Michael Winkler

Abstract. A family of interpolation inequalities is derived, which differ from estimates of classical
Gagliardo—Nirenberg type through the appearance of certain logarithmic deviations from standard
Lebesgue norms in zero-order expressions. Optimality of the obtained inequalities is shown. A sub-
sequent application reveals that when posed under homogeneous Neumann boundary conditions in
smoothly bounded planar domains and with suitably regular initial data, for any choice of o« > 0 the
Keller-Segel-type migration—consumption system u; = A(uv~%), v; = Av — uv, admits a global
classical solution.

1. Introduction

Objective #1: Optimal interpolation involving L7 log’8 L spaces. In interpolation
inequalities of Gagliardo—Nirenberg type ([7, 17, 18, 39]), logarithmic refinements play
important roles in various contexts of nonlinear PDE analysis. In typical applications,
the presence of structural properties such as energies implies bounds for some solution
components in Orlicz classes differing from classical Lebesgue spaces, and an appropri-
ate exploitation of this a priori information is sought in order to derive further regularity
features; well-known examples include evolution systems in which expressions of the
form [ u Inu constitute a part of associated Lyapunov functionals, such as large classes
of Fokker—Planck equations, or also cross-diffusion systems of Keller—Segel and related
types ([5,6,19,24,27,38,40,41]; cf. also the discussion in [43]).

A classical result concerned with such a situation, going back to [6], states that in any
smoothly bounded planar domain €2, given &€ > 0 one can find C(g) > 0 with the property
that

lol3 @) < el iz llo el + C@llelig forale e W2(@). (11

In particular, the appearance of an arbitrarily small multiple of the first-order expression
herein can be viewed as reflecting a certain added value of presupposed knowledge of
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L log L bounds in comparison to the neighboring standard Gagliardo—Nirenberg inequal-
ity, which exclusively involves genuine L' norms on the zero-order part of its right-hand
side, and according to which for some positive but not necessarily small C > 0 we have

o175 < CllelyaglelLi@ forallg e Wh(Q);

we refer to [6, p. 1199] for a derivation of (1.1), to [47, Appendix] for extensions to more
general summability powers and to domains of arbitrary dimension, to [43, Lemma 11.1]
for localized variants and, e.g., to [31, 38,42, 44-46] for some applications which make
substantial use of such improved knowledge.

The first objective of the present study consists in further specifying this type of advan-
tage to a quantitatively optimal extent. In anticipation of the particular application context
to be subsequently addressed, we will consider this in a slightly more general framework
involving a second and widely arbitrary function which can be viewed as a weight, and the
influence of which can actually be eliminated on the first reading by simply setting ¢ = 1
in the following. In fact, in Section 2 an approach based on resorting directly to Sobolev
inequalities, rather than to Gagliardo—Nirenberg such as done e.g. in [6], will reveal that
when combined with estimates in suitable classical Lebesgue norms, bounds in L logﬁ L
actually allow for a control of sizes in certain smaller Orlicz spaces.

Proposition 1.1. Let n > 1 and Q@ C R” be a bounded domain with smooth boundary,
andlet p > 0, a > 0 and B > 0. Then there exists C = C(p,a, B) > 0 such that for any
¢ € CHQ) and ¥ € CY(Q) fulfilling ¢ > 0 and ¥ > 0 in Q,

2
2 28 " P _a
Aw””hw(¢+@SCF{Awmﬁw+@}-HWﬁwm-£JV@§w2N2

. B ;‘ )4 *ZV 2
L C {/ngln (<p+e)} /lelf vy

V4 n
+C44¢}{A¢M@+ﬂ}. (1.2)

Indeed, upon letting ¥ = 1 here we immediately obtain, as a by-product, the following
interpolation inequality that exclusively involves one function only on its right-hand side.

Corollary 1.2. Ifn > 1 and Q C R” is a bounded domain with smooth boundary, then
foreach p > 0 and B > 0 there exists C = C(p, B) > 0 with the property that whenever
¢ € CY(Q) is positive in Q,

2
ﬁ n
/(p”+r211n2n(<p+e)§C-{/(plnﬂ(g0+e)} / |V(pg|2
Q Q Q

P 0
+C4A¢}{A¢W@+@}- (1.3)
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Remark. Let us briefly comment on two special cases of the above:

(1) In the special case whenn = 1, p = 1 and B = 1, (1.3) reduces to the inequality

/S2¢31n2(¢+e)5c-{/ﬂwln(¢+e)}2./ﬂ‘§+c-{/ng}-{/ﬂwn((He)}z,

which indeed is sharper than a preceding statement from [48, Lemma 7.5] (cf. also [48,
Corollary 7.6]) in this regard, according to which there exists C > 0 such that whenever
0<g¢eClQ),

2 2 3
/;2<p31n(<p+e)§C-{/Q<pln(<p+e)} -/Q%—l—c-{/SZ(pln(w—ke)}.

(i) Also for n = 2 and general p > 0 and B > 0, the inequality

/<pp“1nﬁ(<p+e)§C-{/ wlnﬂ(<p+e)}-/ Vo2 2
Q Q Q

+C-{/Q<a}p-/g<olnf’(<p+e),

as accordingly asserted by Corollary 1.2, extends the corresponding outcome of [48,
Lemma 7.5], which only for y € [0, 8) has provided C = C(p, 8, y) > 0 fulfilling

p+1
1 < . ﬁ . g 2 . ﬂ +
/ gap lny(g0+e) C {/(pln (go—i—e)} / |V(p | +C {/(plll (90 e)}

for any such ¢.

In order to indicate the appropriateness of the approach chosen here, we can finally
make sure that the outcome of Corollary 1.2 is essentially optimal with regard to the
expression controlled on its left-hand side, and that hence Proposition 1.1 also cannot be
substantially improved; as (1.3) trivially holds when n > 3 and p € (0, "n;z], we may

confine ourselves to the case when p > % in the following.

Proposition 1.3. Let n > 1 and Q2 C R” be any bounded domain, let p > % and
B > 0, and suppose that the functions h € C°((0, 00)), F1 € C°((0, 00)?) and F, €
C°((0, 00)?) are nonnegative and nondecreasing with respect to each of their arguments,
and such that

2 2 (V »
/fp”+5ln"(<ﬂ+6)h(¢))§h(/ o | ¢1n5<qo+e))-/ V32
Q Q Q Q

+372(/ <p,/¢1nﬂ(<p+e)) (1.4)
Q Q

forall ¢ € CY(Q) fulfilling ¢ > 0 in Q. Then there exists C > 0 such that
h() <C forall& > 0.
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Objective #2: Suppressing blow-up in a two-dimensional migration-consumption
system. Our second focus will thereafter be on the parabolic model

u; = Awv™), xeQ, t>0,

vy = Av —uv, xe,t>0,

0 0 (1.5)
M __y, X €, 1 >0,

ov av

u(x,0) = up(x), v(x,0) = vo(x), x €,

for coupled migration-consumption processes positively influenced by small concentra-
tions v of a directing cue, such as typically found in contexts of starvation-driven motion
of organisms ([10, 13, 32]). Here, splitting the nonlinear second-order operator into the
diffusive part V - (v™*Vu) and a cross-diffusive contribution —aV - (uv~*"1Vv) shows
that (1.5) can be viewed as a special representative within a large class of Keller—Segel—
consumption systems ([25, 26]), with one of its core features consisting of a precise link
between the signal-dependent rates of random diffusion and taxis.

Resulting characteristic mathematical features of this particular structure, as becoming
manifest in a priori bounds of the form

T
/ / w> v <C(T), T >0, (1.6)
0 Q

have played essential roles in existence and qualitative theories not only for (1.5) through-
out various ranges of « € R ([28, 30, 49, 53]) but also for several relatives accounting
for signal production mechanisms (see [8, 11, 12, 15, 16,23, 29] for a small selection of
recent developments on systems of this form, and also [1, 14,20,22,33-35,54] as well as
[21,36,50] for studies concerned with further simplifications and extensions). Especially
in the case when in line with the modeling hypotheses in [10] and [13], the key parameter «
is assumed to be positive; however, to date it seems unclear how far basic regularity infor-
mation in the style of (1.6) can be used to appropriately control the destabilizing potential
of the singularly enhanced cross-diffusion mechanism in (1.5). Accordingly, global clas-
sical solvability could so far be asserted only in spatially one-dimensional versions of
(1.5) when a > 0, while in higher-dimensional domains, only certain very weak-strong
solutions seem to have been constructed for arbitrary positive o up to now ([49]).

As the second goal of this manuscript, we intend to develop a refined interpolation-
based approach toward an analysis of (1.5), through which the occurrence of taxis-driven
blow-up phenomena can be ruled out for arbitrary positive « at least in planar domains.
To accomplish this, we will rely on the outcome of Proposition 1.1 in two essential steps
related to the crucial aim to establish pointwise lower bounds for the component v, and to
thereby exclude the effective appearance of singular migration rates in (1.5).

Indeed, analyzing the evolution of

/ uln(uv™ +e)
Q
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will show that whenever o > 0, a rigorous version of (1.6) (Lemma 3.2) together with a
consequence thereof on regularity of Vv (Lemma 3.3) implies bounds of the form

T T
sup / uln(u + e) +/ / |V (uv™%)|? +/ / w2|Vu2 < C(T), T>0
t€(0,7) /2 0 Q 0 Q

(Lemma 3.6), whence a first application of Proposition 1.1 will assert estimates of type

T
/ / w?ln(u +e) <C(T), T >0, (1.7)
0 Q

(Lemma 3.7). In a second stage, this in turn will enable us to suitably control ill-signed
contributions to the evolution of

/ uln”(uv™® +e) forsomey > 1,
Q

and to thus, again on the basis of Proposition 1.1, improve (1.7) so as to become

T
[ fuzlny(u+e)§C(T), T>0
0o Ja

(Lemmas 3.9 and 3.10). Thanks to the strict inequality y > 1, a pointwise upper bound for
In % will directly result from this due to a general result on L°° estimates of solutions to
inhomogeneous linear heat equations with sources bounded in spatio-temporal L2 log” L
norms in the considered two-dimensional setting (Lemmata 3.4 and 3.11).

Supplemented by a straightforward derivation of higher regularity features, this will
lead to the following consequence of our interpolation results from Proposition 1.1 in the
absence of finite-time singularity formation in the two-dimensional version of (1.5) for
any such «.

Theorem 1.4. Let Q@ C R? be a bounded domain with smooth boundary, and let a > 0.
Then for any choice of initial data which are such that

{uo € Wh®(Q) is nonnegative in Q withug #0 and (1.8)

vo € WH(Q) is positive in Q,
one can find uniquely determined functions

ue C%Q x[0,00)NCH(Q x (0,00) and
v € [ys2 CO[0, 00); WH(Q)) N CZ1(Q x (0, 00))

such thatu > 0 in Q x (0,00) and v > 0 in Q x [0, 00), and that (u, v) forms a classical
solution of (1.5).
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2. Interpolation results. Proofs of Propositions 1.1 and 1.3

To begin with, let us suitably exploit the Sobolev inequality to establish the announced
interpolation inequality in its general form.

Proof of Proposition 1.1. We first consider the case when n > 2, in which we fix ¢; =
c1(p) > 0 such that in accordance with the Sobolev inequality on 2 we have

181720y < llVEI? 2 4 ctllEl? o forall{ € C'(2), 2.1
L n+2 (Q) Lnp+2 (Q)

and given ¢ € C'(Q) and ¥ € C(Q) such that ¢ > 0 and ¥ > 0 in Q, we abbreviate

L2 _a
pi=@2y 2 (2.2)
and apply (2.1) to
np+2  (np+2)a B 2 a
i=p'm g s Inn(pr Y + o). 23)

Here we observe that

np+2 2 (e

Vé’: pnpl// 2np lnn(ppl//'p +€)Vp
np
2 np+2  (np+2)a-2n
0p+ 20 )QP%%”MIH"(NW +e)Vy
2np
B—n 2
npt2  Gpide fln m 2 2p 4 .
oty e LT WY {—pzT”wzww ﬁp%wT”W}
noopryr te p P
2 a
:p%w(ng:pz)a lng(p%w%+e){np+2 2ﬂ pPWP }Vp

np o mP (phys +e)ln(or Y s +e)
npt2  (npt2e=2np B 2 a
oy 2w Inn(pryr +e)

2 a
_{(np+2)a af pryr }Wf
2mp NP (pr b 4 e)n(pP s +e)
in €2, and that thus, by (2.2),

1 e B np +2 Zﬁ %
Vi =opnrniy2Inn +e)- —_ .
E=omy (p+e) { np np (cp+e)ln(<p~|—e)} p
(np +2a  op @ :
o5y i (0 + 4= Vy  in Q.
¢ W (p+e) { 2np np (<p~|—e)ln(go+e)} 4
Since
¢

< < in 2,
T (pte)n(pt+e) T
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this implies that if we let ¢, = c2(p, B) 1= "’r’l;z and cs=c3(p.a,p) = ("g:;)a +
B
‘;—p, then
1 o B np+2 -1 B
VS| < caprp2Inn (¢ + €)[Vp| + c3¢ 2 ¢~ Inn (¢ + €)[ VY|
in €2, so that
IVEI? 5, <2c3nys Inr (p + E)VPIIZ 20
Ln+2( Z(Q)
+2¢3]l0"5 ¥ Inf (o + OVYI? 2 2.4)

2 (Q)
Here, the Holder inequality implies that

21nn +e)Vp|?
lo7 v " (p + ) Al 2 )

n+2
= {/ <p"i21/fmln"2+%(so+e)lvplnz+"2}
Q
< {/ |Vp|2}-{/ qow”z“lnf‘(we)}"
Q Q
= ||1/f||zoo(gz) . {[ |VP|2} : {/ (plnﬂ((/’ + e)}n» (2.5)
Q Q

o™y llnn(go—i—e)Vl//Hz
+2(Q)

and that

n+2
n

—{ [ v+ oy
Q
n+2

| [1orv vt o i ol |

D2 A B ;
5{/990 " |vw|} {/len (¢+e>} . 2.6)

Since, finally, again using the Holder inequality, we infer from (2.3) and (2.2) that

np+2
n

1512 4,

Ln p+2 )

a 2 2 a
—{ [ pivimitpiu 4ol
np+2
2B n
/wln"P“(ere)}
Q

np+2
n

-\
{/ {pInf (¢ + e)} 772 - nm}
{ wlnﬂ(<p+e)}ﬁ.{/9¢}”,
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a combination of (2.1) with (2.4), (2.5) and (2.6) yields (1.2) upon an evident choice of
C(p,a, B) whenever n > 2.
If @ C R, however, then for 0 < ¢ € C1() and 0 < ¥ € C!(Q) we can estimate

I ::/ P 22 (¢ + e)
Q

in an elementary manner: Again letting p := (pg Y2, we first observe that similarly to
the above,

105 {@? T In (¢ + €)}

2(p+1) (11+l)

= [dxfp » nf (07 Y5 + e)}|

2(p +1) pt2 (+1)ot
= %p”li yr I (er gt + o).

(p+ Do 2040 (tiap
TP 0y

. B=1(osus b .
+p2(pp+1)1/f(p;l) ~ﬂln (prrr —I—e)'{2 2p o a 2 ep }

Inf (07 Y5 + )y

— —p 7 Yrpe+ —prY P Yy
pryr e P P
=T Wy e (2D 2P PV
P P (pryr +e)ln(pryr +e)
+p@w(p+l)dplnﬂ(ppl/fp +e)
SRS A }
p P (7 +e)n(pry s +e)
W NS d }
il e p P wromprel™
P+ B .{M o ¢ "

2 _ .
< a9’ YEP (9 4 o) |px| + csp? T YT 0P (g + o) |yn] InQ,

with ¢4 = c4(p, B) = @ + 2’3 and ¢s = c5(p, a, B) := (’H;)l)“ + %. To make

suitable use of this, we fix xo € Q such that ¢(x¢) = infyeq ¢(x), and then infer from the
monotonicity of 0 < & +— & In? (&€ + e) that

@P T (x0) Inf (p(x0) + €) = {p(x0)}? - {p(x0) I (p(x0) + €)}

V4
S{ﬁ/sz‘”} {|slz|f‘““ﬁ(“’”)}
p
— -p-1, . B
™ {/Qso} /an (0 +0).
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Therefore,

P10 InP (p(x) + €) = P (x0) In? (p(x0) + €) + f ) IclpP T I (¢ + €)M (y)dy

X0

V4
SIQI""l-{/Qw} -/len’s(wre)

pr2 o g
te ) 9 Y2 In" (¢ + e)|px|
+c5/g0p+11ﬂ_llnﬂ((p+e)|wx| forall x € 2,
Q

and thus, by Young’s inequality,
I= / o721 (g +e) < 9" P (9 + ) / (g +e)
Q Q
D 2
ol [ ol [ ontor ol
Q Q
23205 b B
i) e ¥z In" (¢ +e)lpx|y - prln (p+e)

+05-{/ngp+11//_1]n‘3((p+e)|1/fx|}-/Q(plnﬂ(go—}—e)

)/ 2
< _P_l_ . B
<[ {[9«)} {/prln (<p+e)}
2
+%I+cf-{/ﬂwo‘p§}-{/ﬂ¢lnﬂ(<p+e)}

1
sqrvaf Lol [ owrrol

As [o Y¥p2 < 1V 1% oo ) Jq P2, this implies (1.2) whenever C(p,«, B) > max{2c},2c2,
Q1. .

2

Our argument revealing optimality of the statement from Corollary 1.2, and hence also
of Proposition 1.1, involves families of functions with essentially self-similar structure.

Proof of Proposition 1.3. Without loss of generality assuming that Bg,(0) C 2 C Bg(0)
with some Ry > 0 and R > R, we use that é_% Inf & - 0as & — oo to choose 8 € (0, 1)
small enough such that besides

2 < R, 2.7)

we have
§ZIP(8™) <1 forall§ € (0,8). (2.8)
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For § € (0, 8¢), we then abbreviate
as :=In"B (™), (2.9)

and fixing a nonincreasing y € C *°([0, co)) such that y = 1 in [0, %] and y =01in[1, 00),

we define .
_np X P —
0s(x) = ag.{1+5 z”X(|8_|)}", xeQ, 8e(0,8). (2.10)

Then @5 belongs to C > () and is positive in  for any such §, and writing w,, := n|B; (0)|
we can employ Young’s inequality to estimate

/;ng < wpas /OR ph. {1 +5_%X(§)}% dr

< Z%wna(g /OR L {1 + 8_")(% (%)}dr
n R

5
— 2P wpas - — + 2%(0,,%/ =Ly (£)dE forall § € (0,80),
n 0

so that
/ ps < crag forall§ € (0,6), 2.11)
Q

2 n
with ¢; := % + 2%(0,, fooo 5"—11%(5) d& being finite due to the compactness of

supp . Noting that the inequalities 59 < 1 and 8 > 0 warrant finiteness also of

= Ssup ag= In~? (6™), (2.12)
56(0,50)

this firstly entails that with the finite positive constant ¢3 := c1c, we have

/ ps <c3 forall§ € (0,68p). (2.13)
Q

To make appropriate use of (2.11) for a second time, we simply estimate y < 1 and §o < 1
in verifying that once more thanks to (2.12),

ws + e §a5-{1+8_%}% +e
<ag- (25 F)r +es"
= (2%as + e)§™"
< 487" inQ,forall § € (0,68)

with ¢4 1= 2%C2 + e. Therefore, namely, (2.11) together with (2.9) and again (2.12) shows
that

/Q o510 (g5 + &) < In (ca™") /Q 05

< cragInf (ca8™)
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<28cia51nP ™) + 28c1a51nP ¢y
= 2/361 + Zﬁclag In? C4
<c¢s5 forall § € (0,6) (2.14)

if we let c5 1= 28¢, 4+ 2B¢icn In? C4.
We next use that y = 1 in [0, %] to see that whenever § € (0, 8p) and x € B; (0),
2

w50 = as- (57 (B = 0557,

so that due to (2.7) and the monotonicity of £,

2 2
Loi ¥ s+ mien)
= [ (@ syE a5 e - 67)
B (0)
2
(yn
= OGN et ¥ (a5 a5
n
2
- n‘”’; -al§" P2 g I (ag - 87 - h(as - 5™ (2.15)

for all § € (0, 8p). Here, our restriction in (2.8) applies so as to guarantee that

ag -8 =8 BB =872 (2P =872 forall§ € (0,8)

and thus
2o (Inas 8T\ F @I F
af In (ag-§7") = {W} > {]n(S—”)} — 2% forall§ € (0,8),
whence (2.15) implies that letting ¢5 = % we have
n2"T

2
/ <p§+" I (ps + e)h(ps) > csagtgn_”p_zh(a(g -6 forall§ € (0,80). (2.16)
Q
Finally, a differentiation in (2.10) reveals that

P J4 _nmr_q
IVog ()| =ag s>

X’(%)’ forall x € Q and § € (0, ).

so that upon recalling that y’ = 0 in [1, 00) we obtain that

L2 L2
[Vog (x)]” < Vg (x)]
Q B;(0)

= ||X/Ilioo((o,oo))aé’S_””_les(0)|
= ceaf§""P72 forall § € (0,5p), 2.17)

onllx ”%00((0,00))

with cg := -
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In summary, from (2.13), (2.14), (2.16) and (2.17) we conclude on the basis of our
hypothesis (1.4) that

C5a§’5"—”1’_2h(a5 87" < Fi(cs,cs) - c6a§75”_”p_2 + F3(c3,¢5) forall § € (0,6),
that is,
csh(8™" In"P (§7")) < Fi(cs, ¢s) - co
+ Fr(cz,c5) - 8P 2 1P (8™)  forall § € (0, 8o)

according to (2.9). But since our assumption on p entails that np — n 4+ 2 is positive, and
that thus

e

1(c3,¢5) - c6 + Falcs,cs) - sup {8772 PP (57m)}
§€(0,80)

is finite, and since clearly
§"InTA (") > 400 asd N\ 0,
this implies the claim, because

¢s - sup h(€) = ¢s - limsup h(§ ™ In ™2 (§7™)) < ¢7
§>0 N0

thanks to the monotonicity of /. ]

3. Precluding blow-up in (1.5). Proof of Theorem 1.4

Next addressing the evolution problem (1.5), we begin our analysis in this regard by recall-
ing the standard parabolic theory developed in [4] in stating the following basic result on
local existence and extensibility.

Lemma 3.1. Let o > 0, and assume (1.8). Then there exists Tn,x € (0, 00] as well as
u e C%UQ X0, Thax)) N CZH(Q % (0, Thax))  and

v e () CO0. Tma): WH(2)) N C>1(Q x (0, Thnax))
q>2

such that u > 0 in Q X (0, Tmax) and v > 0 in Q x [0, Tinax), that (u, v) solves (1.5)
classically in Q x (0, Tyax), and that if Tpax < 00, then

I { 1)l oo ‘ H H }: g > 2.
imsup{uC. @ + P0G + |5 gy = 0soralla
Moreover,
/u(-,t):/ ug forallt € (0, Tyax) 3.D
Q Q
and

v, O)llLo@) < llvollL=) forallt € (0, Tnax). (3.2)
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3.1. A duality-based argument and immediate consequences

A first piece of regularity information beyond that from (3.1) and (3.2) can be gained by
suitably adapting a standard duality-based reasoning to the present situation (cf. also [49]).

Lemma 3.2. Let o > 0, and suppose that Ty, < 00. Then there exists C > 0 such that

t
//uzv_“fc forallt € (0, Tpax) (3.3)
0 JQ

and
/ vV 4,1) < C forallt € (0, Thax)- (3.4)
Q

Proof. Letting A denote the self-adjoint invertible operator in L3 (Q) := {p € L*(Q) |
Jo @ =0} givenby Ap := —Ag forp € D(A) := (W22(Q) N Li(Q) | g—f =0on dQ},
we rewrite the first equation in the lifted version 9, A~'(u — ilg) = —{uv™* — uv=2},
where ¢ 1= \512_| Jo o forp e L'(Q). A multiplication by u — iig, followed by an integra-
tion, shows that due to (3.1),

%%/ﬂ A2 (u — 1) 2 = _/Q{“U_a —uv=®} - (u — ilo)

—/ u?v™® —|—170/ uv~* forall € (0, Thax),
Q Q

and in order to appropriately compensate the rightmost summand herein, we use the sec-
ond equation in (1.5) to see that

d
—/ v = —a(a + 1)/ v_“_2|Vv|2+o¢/ uv~
dt Jo Q Q

< oz/ uv™% forallt € (0, Thax)-
Q
Thanks to Young’s inequality, we therefore obtain that for
1
y0 =5 [ e+ [ 0. 1 e [0 T,

Q Q

we have
l 1 2,,—a 1 2, —a = —o
Vi)y+ - [ wv < —= | uvT¥+ (g +a) [ uv
2 Ja 2 Ja Q
<cyy(t) forallt € (0, Tiax) (3.5)

with ¢; 1= M, so that y(t) < ¢3 := y(0)e Tmx for all ¢ € [0, Thay), With ¢, being
finite according to our hypothesis that Tj,,x < oo. While this directly implies (3.4), an
integration in (3.5) thereafter shows that

1 t t
E/ / u?v™* < y(0) + ¢; / y(s)ds < cz 4+ c1c2Tmax  forall t € (0, Tinax)
0o J 0

and hence also establishes (3.3). ]
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When utilized in the course of a standard testing procedure applied to the second
equation in (1.5), the estimate in (3.3) quite immediately entails an integral bound for Vv,
containing a weight which becomes singular near v = 0.

Lemma 3.3. Let o > 0, and assume that Tpa.x < 00. Then there exists C > 0 such that

t Vol
//l v3| <C forallt € (0, Tpa)
0 JQ

v

and that ,
//vaﬁgc forall t € (0, Tray)-
o JoV

Proof. In a fairly straightforward manner (cf. [51, Lemma 3.2]), from the second equation
in (1.5) we can derive the identity

1 d / V2
2dt Jg v

L[ 1 9|Vl 1
:-/ v|D21nv|2+—/ 1. 3vy] +/uAv——/5|w|2 (3.6)
Q 2 Qv v Q 2 QU

for all ¢ € (0, Tiax), where a combination of known functional inequalities and boundary
trace embedding estimates ([51, Lemma 3.3], [37, Lemma 4.2], [3, A6.6]) readily yields
positive constants c1, ¢z, ¢3 and ¢4 such that

1 1 Vol*
_/ v|D21nv|22c1/ —|D2v|2+c1/ Vol for all z € (0, Thax)
2 Ja Qv Q

v3

1/ 1 9|Vu|?
2 Qv v

Vu|? 1 Wik

§C2/ | Ul 503/‘V(—|Vv|2)‘+03/ | U|

i v Q v Q v

4

SC_I 1|D21}|2+C—1/ [Vl

QU 2 Q v3

Moreover, using Young’s inequality along with (3.2) we find ¢5 > 0 such that

and

\V/ 2
+ C4/ Vvl for all t € (0, Thax)-
Q v

c 1
/ uAv < —1/ —|D%v|* + 65/ u?v™® forallt € (0, Thay),
Q 2 Jqu Q

whence (3.6) implies that for y(r) := [ %, t € [0, Trax), we have

Vol* 1 [ u
y’(r)+c1/| 3| +—/—|Vv|2
Q U 2 QU

<2c4y(t) + 2C5/ v~ forallt € (0, Thay). 3.7
Q
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As a consequence of Lemma 3.2, we thus obtain ¢g > 0 such that y(t) < c¢ forall t €
[0, Thnax), Wwhereupon integrating in (3.7) we infer that

4 Vol* 1 (' [ u
) [ ea f Lwe
0o Jo v 2Jo Jav

t
< cg + 2¢4¢6Tmax + 265/ / w?v™* forallt € (0, Tomax)
0 JQ

and conclude as intended by again relying on Lemma 3.2. ]

3.2. Space-time L2 log” L bounds for u. Application of Proposition 1.1

We now approach the core of our analysis concerned with (1.5), culminating in two appli-
cations of Proposition 1.1, in Lemmas 3.7 and 3.10, which in turn facilitate our derivation
of a pointwise lower bound for v. In fact, in Lemma 3.11 the latter will be achieved by
utilizing, after performing a Hopf—Cole-type transformation, the following general result
from parabolic regularity theory ([52]; cf. also [9, 55] together with [2]), which we state
here in order to specify the particular purpose of our subsequent efforts.

Lemma 3.4. Let L € C°([0, o0)) be strictly increasing and positive with L(§) — 400

as &€ — oo and
/“ﬁmo
1 L)

Then for each K > 0 and any T > 0 there exists C(K, T) > 0 with the property that
whenever w € (1,2, C°([0.T): Wh4(Q)) N CZ1(Q x (0,T)) and f € CO(Q x [0, 7))
are such that

[w(, 0)lwreo(@) = K

and ,
/ / FPL(f]) < K forallt € (0,T),
0 JQ
as well as
wy =Aw+ f(x,1), xe€Q,te(,7T),
ad
W, x€dQ, 1 €(0,T),
v
we have
lw(, t)lLe@) < C(K) forallt € (0,T).
Proof. This is a particular consequence of [52, Theorem 1.1]. ]

In preparation for our application of this, we record the following observation which
reflects a second structural feature of (1.5), beyond that underlying our argument in
Lemma 3.2. It will be of crucial importance for our subsequent reasoning that the class of
functions £ admissible below not only includes the choice £(§) = In &, as previously used
in classical detections of energy structures in related problems ([15, Lemma 6.1]), but also
some relatives exhibiting stronger logarithmic-type growth (see Lemma 3.6 and 3.9).
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Lemma 3.5. Let a > 0, and suppose that £ € C?((0, 00)) is such that

EL'(E) +20/(§) >0 forall > 0. (3.8)
Then writing
z:=uv ¢, 3.9)
we have
d 1 " , 5
E/ﬁu((z) + E/Q{ZZ (z) +20'(2)}|Vz|

2
<oa(a— 1)/ uv=2 . z0'(2)|Vu|® + %/ wv® 2 (22" (2) 4+ 2z0'(2)} - [V |?
Q Q
+a / u?-z0(z) forallt € (0, Tpay). (3.10)
Q
Proof. Using (3.9) and (1.5), we compute
d
— | ul(z) = / L(z)u, +/ wl'(z) - {v™%,; —auv™* o}
dt Jo Q Q
= / L(z)Az + / 20 (z)Az
Q Q
- Ol/ w2 W () - {Av —uv} forallt € (0, Tax). 3.11)
Q
where two integrations by parts show that

/ L(z)Az = —/ 0 (z)|Vz|* forallt € (0, Tinax)
Q Q

and
/ 2l (z)Az = —/ {z0"(z) + €' (2)}|Vz|* forallt € (0, Tyay),
so that " "
/ L(z)Az +/ 2l (z)Az
Q Q
= - /Q {z0"(2) + 20/ (2)}|Vz|* forallt € (0, Tax)- (3.12)

Moreover, integrating by parts once again we see that
- a/ w2 v W (z)Av
Q
= —a/ v 1220 (2) Av
Q
=a(a — 1)/ 042220 (2)| Vv
Q

+ a/ vz (2) + 220/ (2)) Vv - Vz  forallt € (0, Tpay),  (3.13)
Q
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where relying on (3.8) we may use Young’s inequality to estimate
a/ﬂ v 220 (2) + 220/ ()} Vv - Vz
< %/Q{zﬂ”(z) +20/(2)}|Vz)? + “72/91;2“—222-{25”(2) + 20/ (2)}|Vv|* (3.14)
for all t € (0, Thhax)- Since, apart from that, on the right-hand side of (3.11) we have
—a /Q w2 Y (2) - (—uv) = ot/guzzﬁ'(z) for all ¢ € (0, Tyax),

from (3.11)—(3.14) and (3.9) we readily obtain (3.10). [

In conjunction with the outcomes of Lemmas 3.2 and 3.3, a first application of this
reveals a quasi-energy property of [ u In(uv™*), which supplements our knowledge on
regularity not only of u but also of certain first-order expressions.

Lemma 3.6. Suppose that o > 0, and that Tp,x < 00. Then there exists C > 0 such that

/ uG,t)In{u(-,t) +e} <C forallt € (0, Trax) (3.15)
Q
and ,
/[W(uv*“)%ﬁgc forall t € (0, Tiay), (3.16)
0 JQ
as well as ,
/ fuv_2|Vv|2§C forallt € (0, Tpay)- (3.17)
0 JQ

Proof. Welet£(£) :=1né&, £ > 0, and note that then

" - %_l
ECNE) +20(5) =¢- §2+§ ; forall £ > 0

as well as

EUE) =1 and E20"(E)+28l/(E) =1 forall§ > 0,

so that we may draw on Lemma 3.5 to see that with z as in (3.9),

|VZ|2 -2 2 a—2 2
d ulnz+ <a(a—1) uv V| +— uv V|

+a/ u2 for all £ € (0, Tiax)- (3.18)
Q

Here, when o € (0, 1), we can pick § > 0 small enough such that

2 —
a—8°‘ - a(l —a)
2 = 2

’
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and estimate

2
a
—/ uv® 2| Vo)?
2 Ja
o? 2

o
= — w2\ Vo) + — uv® 2| Vol?
2 Jiwssy 2 Jiw>sy

2 2
< “—5“/ w2 |Vol? + “—5“—1/ Y \vyp2
2 Q 2 QU
1— 2
u/ uv 2| Vol? + a—8°‘_1/ E|Vv|2 forall ¢ € (0, Thax).
2 Q 2 QU
whence in this case we obtain from (3.18) and (3.2) that

d 1 Vz|?
_/ ulnz—l——/ vzl +61/ uv~?|Vol|?
dt Jo 2Ja =z Q

§c2/ E|Vv|2+c2/ w20~ forallz € (0, Tyay), (3.19)
QU Q

. — 2 . ..
with ¢y 1= w and ¢; 1= max{“?So‘_l,a||v0||zoo(Q)} both being positive. Therefore,
given any such o we obtain that

1 t \v} 2 t
/u(-,t)lnz(-,t)—}——[ / V2l -|-6‘1/ [141)_2|Vv|2
Q 2J)o Ja z 0o Ja

t u t
5/ uo In(uovg*) -I—Cz/ / —|Vu|? —|—cz/ / u?v™® forallt € (0, Tha),
Q o JaoV 0o JQ

so that using Lemmas 3.3 and 3.2 together with (1.8) we then find ¢3 > 0 such that

1 t |VZ|2 t _2 )
u(, )z, + - + ¢ uv2|Vu|? <c3 forallt € (0, Thay).
Q 2Jo Ja =z 0 Jo

Observing that

e
/ulnz:fuln(u+e)—/uln(1+—)—a/ulnv
Q Q Q u Q

2/ uln(u+e)—e|£2|—ozln||v0||Loo(g)/ ug forallt € (0, Tax)
Q Q

thanks to (3.2), (3.1) and the fact that & In(1 + g) <é&- g = e for all £ > 0, from this we
conclude that (3.15)—(3.17) hold with some suitably large C > 0 in this case, because

v 2
| Z| :4|V(uv_"‘)%|2 inQX(OaTmaX)-
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If, conversely, o > 1, then by (3.2) and Young’s inequality, the first two integrals on the
right of (3.18) can both be estimated in modulus according to

/uv_2|Vv|2+/ uv®2|Vo|?
Q Q
< {1 + ||v()||‘Zoo(Q)} . /;2 uv_2|Vv|2

[Vol* 1 o 2 2 1
< | = + 7 AL+ ol | u for all ¢ € (0, Tinax),

where in this case we know from (3.2) that
/ vl < ||v0||%;1(9) / w?v™® forallt € (0, Tiay)-
Q Q

We therefore see that (3.18) implies an inequality of the form in (3.19) also within this
range of larger o, so that we may conclude as before. ]

Now, together with (3.1) and (3.2), the three estimates in (3.15)—(3.17) quite precisely
pave the way for the first of the announced two applications of Proposition 1.1:

Lemma 3.7. Let a > 0, and assume that Thpax < 00. Then there exists C > 0 such that

t
[ / u?ln(u +e) <C forallt € (0, Tpay). (3.20)
0 JQ

Proof. In view of (3.15)—(3.17), this is a consequence of Proposition 1.1 when applied to
n:=2,p:=1:=1,¢:=uand ¢y :=v. [

Since loo % is finite if and only if y > 1, the information obtained through
Lemma 3.7 seems yet insufficient to allow for a successful application of Lemma 3.4 in the
intended flavor. Accordingly, Lemmas 3.9 and 3.10 will be concerned with the extension
of (3.20) to a corresponding integral estimate for u? In” (u + e) with some y > 1. This
will be achieved by again resorting to the basic evolution feature noted in Lemma 3.5, and
by using Lemma 3.7, again together with Lemmas 3.2 and 3.3, as a starting point.

A technical preparation of an elementary nature is provided by the following.

Lemma 3.8. Leta > 0, k > 0 and n > 0. Then there exists C(a, k,n) > 0 such that for
the function z in (3.9) we have

In“(z +e) < C(a,k,n) - {In“(u+e)+ v "} inQ x (0, Tha)- (3.21)
Proof. Given k > 0 and n > 0, we pick ¢; = ¢1(k, n) > 0 such that
Iné <cifx forall € > 0, (3.22)

and to make appropriate use of this, we first note that if (x, 1) € € X (0, Tiyax) is such that
z(x,t) < e, then In“(z(x,7) + ¢) < In“(2e), so that (3.21) holds whenever C(«, k, ) >
In“(2e), because trivially In“ (u(x, ) +e) > 1.
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Thus, left with the case when (x,¢) € X (0, Tiax) is such that z(x,7) > e, we observe
that then, by (3.22), and again by the fact that In(§ 4+ ¢) > 1 forall £ > 0,

1 K
In“(z +¢e) < In“(2z) = {lnu +aln— —|—ln2}
v

n
K

< {ln(u—l—e)+cloz-<1> +ln2}K

v
<{(1+In2)In(u + ¢) + crav ¥}
<21+ 1In2)* -In*(u +e) +2“ (cra) - v,

meaning that for suitably large C(w, k, ) > 0, (3.21) also holds at this point. ]

By means of a second and now more subtle exploitation of Lemma 3.5 we can indeed
improve (3.15) as follows.

Lemma 3.9. Ler o > 0, and suppose that T < 00. Then there exist y > 1 and C > 0
such that

/ uG, ) In"{u(,t)+e} <C forallt € (0, Tpax)- (3.23)
Q

Proof. We take y > 1 in such a way that

y < ; ifa <1,
30— 1 (3.24)
y < ifao>1,
20
and we thereupon let
£E) =" +e).§ >0,
observing that
/ yIn" '€ +e)
14 = -
® =",
Y —yIn?"1(E + — ) In"2(£ +
() = 4 (né_i_f)z L (éie)z(é e) forall £ > 0,
and that thus
0<&l/()<yln” Y E+e) forall€ >0, (3.25)
as well as
gel/(g) + 26/(5) — _yé lnyil(s + e) J/(V - l)g lnyiz(é + e)

(¢ +e)? ¢ +e)2
N 2y In" "1 (E + e)

Er forall £ > 0,
e
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whence in particular

—yE lny_l(g +e) 2y ln”_l(E +e)

§C°(5) +2U(6) = €1 e)? Ete
yIn" 7§ +e)
> e forall £ > 0 (3.26)

and

y(y = DEM"2(E +e)  2yIn"'(E +e)

ECI(E)+20(8) < E1op —
yy—DIn" ME+e) 2y’ +e)
- E+e E+e
_ Y+ D E e all £ > 0. (3.27)
E+e

Now (3.26) enables us to employ Lemma 3.5, and to thereby conclude using (3.27) and
(3.25) that with z taken from (3.9) we have

d
E/‘ uln¥(z +e) <l + I, + 15 forallt € (0, Thax), (3.28)
Q
where .
In”~
I ;= a(e— 1)y /Q uv 2. znz——ﬁze—l—e) | Vul?,
a?y(y +1) zIn” "1z 4 e) (5:29)
I = %/ L | YL
Q z+e
and o1
¥~
15 = ozy/ uz. Zn—(z—i—e) (3.30)
Q z+e

for t € (0, Timax). Here, since & > 0, we may apply Lemma 3.8 to n = « to see that with
some c¢; > 0,

Iz < ozy/ u?In” "1z 4 e)
Q
< / W I L +e) + ¢y / uly™®
Q Q
< / u?ln(u +e) + ¢y / u?v™® forallt € (0, Thax), (3.31)
Q Q

because y — 1 < 1.
In the case when @ < 1, to make use of the nonpositivity of /; we pick § > 0 small

enough such that
?y(y +1)

3 8% <a(l—a)y,
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and then obtain that, indeed,

2 zIn” 1z 4 e)

]1_{_]2:—06(1—0[))// uv- z4e .|VU|2
Q
2 1 In?~!
A0 ) R L Cl O BT
2 (<8} z+e
2 1 In”~!
+M uvo‘_z~zn—(z—i_e)'|vv|2
2 {v>8} zte
In”~!
< —a(l —a))// w2 2+, [Vo|?
Q z+e
2 1 In?~!
N wga/ uv—Z.w.WUF
2 Q z+e
) -1
+1 1 4 +
L0 ED [ e ZNTIE O (g0
2 {v>8} Zte
2 1 In”~!
)] w2 P Ete) [Vo? forallt € (0, Tax)-
2 {v>8} Zte

Again by Lemma 3.8, this time applied to n = 2¢, utilizing Young’s inequality and (3.2)
we find ¢, > 0, ¢3 > 0 and ¢4 > O fulfilling

L+ < cz/ [Vv c2/ w2 2" 72(z + o)

{v>8}

< 2/ [Vv / w2 M 2 2 (w4 o) + 03/ u?v~!
{v>6} {v>68}

502/ v 1; +C4/ u? In(u + e)

Q v Q
+c3 [ w?v™® forallt € (0, Thay), (3.32)
Q

where we have used that 2y — 2 < 1 due to the fact that y < % In this case @ < 1, collecting
(3.28)—(3.32) we thus obtain that

—/ ulny(z+e)<cz/ v

+ (c1 + C3)/ u?v™* forallt € (0, Tha),
Q

u 2In(u + e)

which upon an integration using Lemmas 3.3, 3.7 and 3.2 implies that if T, is finite,
then with some ¢5 > 0 we have

/ uln¥(z +e) <cs forallt € (0, Tpax)- (3.33)
Q
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Here we note that abbreviating ¢ := min{l, ||vo | ;% (Q)} we know from (3.9) and (3.2)
that

/ uln¥(z +e) = / uln’ (uv™ + e)
Q Q
> [ uln (ceu +e) forallt € (0, Thax)-
Q
Since ¢g < 1, we may thus draw on the concavity of 0 < £ - In € to infer that
/ uln¥(z +e) > / u - {In{cg(u + ) + (1 —cg)e}}’
Q Q
> / u-{celn(u +e) + (1 —ce)Ine}”
Q
> cg/ uln”(u +e) forallt € (0, Tax), (3.34)
Q
so that (3.33) entails (3.23) with some appropriately large C > 0 if ¢ < 1.

In order to simultaneously consider the cases « = 1 and @ > 1, let us set ¢ := « if
o =1,and ¢ := 0if ¢ > 1, noting that then

2t—1
> —« (3.35)
3-2y
due to our restrictions in (3.24). Using that /; = 0 when @ = 1, by a combination of (3.2)
with Young’s inequality and Lemma 3.8, now applied to n = o — 2t + 1 > 0, we then
obtain that whenever « > 1 we can find cg > 0 and cg9 > 0 such that

I+ 1 < c8/ w2 1"z + )| Vo|?
Q

Vol*
< Cg/ | 3| + Cg/ W 2" 2(z + o)
Q v Q

Vu|*
ECS/ | 3| +C9/ uzv2t—l 1n2y—2(u+e)
Q v Q

+ Cg/ wv™* forallt € (0, Tomax).
Q
where by Young’s inequality, (3.35) and (3.2), with some cj¢ > 0 we have

/ u2v2t—1 1n2y—2(u + e) — / {u2 ln(u + e)}Zy—z 'M6_4y1)2t_1
Q Q

2 2, 2oL
< u“ln(u +e) + u“v3-2r
Q Q

< / u?In(u +e) + 010/ u?v™® forallt € (0, Thax).
Q Q
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Therefore, (3.28)—(3.31) in this case show that for all ¢ € (0, Tyax),
d
— In”(z +
7 /;z uln’(z +e)

/ |Vol*
= cs
Q v

5+ (c1 + 69)/ u?In(u +e) + (c1 + co + C9c10)/ u?v™®,
Q Q
whence arguing as before we can confirm the validity of (3.23) for ¢ > 1 as well. ]

Once more thanks to our general interpolation result, this enables us to strengthen
Lemma 3.7 in the following sense.

Lemma 3.10. If o > 0 and Tpax < 00, then there exist y > 1 and C > 0 such that

t
//uzln”(u—l—e)fC forallt € (0, Tpay)-
0 JQ

Proof. We only need to take y > 1 as in Lemma 3.9, and apply Proposition 1.1 to p :=1
and 8 := y, and once more to ¢ := u and ¥ := v, using (3.23) together with, again, (3.16)
and (3.17). [

Relying on the fact that the inequality y > 1 ensures finiteness of || 1°° %, we
may now draw on Lemma 3.4 and a simple comparison argument to bound v from below.

Lemma 3.11. Suppose that @ > 0, and that Tiax < 00. Then there exists C > 0 such that
v(x,t) > C forallx € Qandt € (0, Tax)-

Proof. We note that according to (1.5) and Lemma 3.1, the function w := In % belongs to
MNy=2 C°([0, Tmax); WH9(2)) N C>1 (2 x (0, Tinax)) and solves

w, = Aw — |V1£|2 +u, xe,te(0,Thx)),

d
—w:(), x €092, te(o,Tmax),
v
1
w(_x’()):ln—, x e Q.
vo(x)

Therefore, a comparison argument shows that
w(x,t) <w(x,t) forallx € Qandt € (0, Tyax), (3.36)

where w € ﬂq>2 CO([0, Trax); WH(R2)) N C21(Q x (0, Thmax)) denotes the classical
solution of

w; = Aw + u, x €, te€ (0, Thx),

ow

- = 0, x €0, t € (0, Thax), (3.37)
1

w(x,0) =1In x € Q.

vo(x)’
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Since our assumptions together with Lemma 3.10 ensure that with y as provided there we
have fOT‘"*‘* Jo u?In” (u 4 €) < oo, and since

/°° do -
— <
1 oln¥(o +e)

due to the inequality y > 1, an application of Lemma 3.4 to (3.37) yields ¢; > 0 fulfilling
w(x,t) <cy forallx € Qandt € (0, Tax),

so that thanks to (3.36), the claim results if we let C := ™!, [ ]

3.3. Bounds in L= () x W 1:°(Q) via bootstrapping. Proof of Theorem 1.4

With the singularity in (1.5) being favorably under control now, we can proceed in quite
a standard manner to derive higher regularity features. Indeed, L? bounds for u can be
obtained by combining Lemma 3.11 with (3.2) and Lemma 3.3.

Lemma 3.12. Suppose that o > 0, and that Ty,x < 0o. Then for all p > 1 there exists
C(p) > 0 such that

/ uP (1) < C(p) forallt € (0, Tya). (3.38)
Q

Proof. We use u?~! as a test function in the first equation from (1.5) to see that due to
Young’s inequality,
1d -2 —a —a—1
——fuP=—(p—-1 [ v’*Vu-{v™*Vu —auv Vu}
pdt Jo Q

=—(p— 1)/ uP207%|\Vul®> + (p — l)a/ u? ™ lyy - Vo
Q Q
-1
S——p2 /Qu"_zv_"‘|Vu|2

—1a?
+ %f uPv™*2|Vo|> forallz € (0, Tynax)-
Q

In view of the two-sided positive pointwise bounds for v provided by Lemma 3.11 and
(3.2), this means that with some ¢; = ¢1(p) > 0 and ¢, = c2(p) < 0 we have

d
dt Jq Q Q

where by the Cauchy—Schwarz inequality, the Gagliardo—Nirenberg inequality and the
Young inequality, we can find ¢; = ¢;(p) > 0,7 € {3, 4,5}, such that

15 1 9 2 9
cx [ wIVorP < Vol gl I

1 y4A y4 1 y4
< e3l Vo7 s VU2 |2 112 l2@) + e3llVV* 1 Fa gyl 17 g
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A% 1.4 22
<6 [9 Vud P+ el Vob g lu% 1220,

1 2
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) |VU|4
§c1/|Vu2| +cs-{1+/ }-/up forall t € (0, Tiax)-
Q Q Q

v3

[VoC.0l*

Therefore, writing A(r) := ¢s - {1 + [ o)

), t € (0, Thax), We obtain that

d
_/ u? < h([)/ u? forallt € (0» Tmax)»
dt Jo Q

so that (3.38) follows upon an integration using that foT‘“‘"‘ h(t) dt is finite according to
Lemma 3.3. ]

Standard parabolic regularity theory directly turns the above into the following.
Lemma 3.13. Assuming that @ > 0 and that Tiax < 00, we can find C > 0 such that

[v(, ) llwice@) < C  forallt € (0, Thax).

Proof. In view of (3.2), this can readily be verified by applying Lemma 3.12 to any p >
2, and by employing well-known smoothing properties of the Neumann heat semigroup
on 2. ]

By means of a Moser-type recursion, we can finally establish an L.°° estimate for u.
Lemma 3.14. If o > 0 and Tax < 00, then there exists C > 0 satisfying

(-, 0)|lLo@) < C  forallt € (0, Tyax).

Proof. Again based on the pointwise control of v from above and below, as asserted by
(3.2) and Lemma 3.11, this can be derived from Lemmas 3.12 and 3.13 through a Moser-
type iterative argument (cf. [49, Proof of Proposition 1.3] for similar reasoning in a one-
dimensional counterpart). ]

Our main result on blow-up exclusion in (1.5) has thus been established.

Proof of Theorem 1.4. The claim is a direct consequence of Lemmas 3.14 and 3.13 when
combined with Lemmas 3.11 and 3.1. |
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