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An inverse Gauss curvature flow and its application
to the p-capacitary Orlicz—Minkowski problem

Bin Chen, Weidong Wang, Xia Zhao and Peibiao Zhao

Abstract. This paper explores the p-capacitary Orlicz—Minkowski problem. Note
that the p-capacitary Orlicz—Minkowski problem can be converted equivalently to a
Monge—-Ampere type equation in the smooth case:

() o) |IVYIP =G

for p € (1,n) and some constant T > 0, where f is a positive function defined on the
unit sphere §” 71, ¢ is a continuous positive function defined in (0, +00), and G is
the Gauss curvature.

We confirm for the first time the existence of smooth solutions to the p-capacitary
Orlicz—Minkowski problem for p € (1, n) using a class of inverse Gauss curvature
flows which converges smoothly to the solution of equation (x). Moreover, we prove
uniqueness for equation (%) in a special case.

1. Introduction

The classical Brunn—Minkowski theory (abbreviated as BMT) of convex bodies (com-
pact convex sets with nonempty interiors) in n-dimensional Euclidean space R” plays an
important role in the study of convex geometric analysis, and it has enjoyed a rapid devel-
opment in recent years. The classical Minkowski problem is one of the cornerstones of the
classical BMT (one can see [20,45] for details). Its aim is to find a convex body K in R”
with prescribed surface area measure S(K, -), which is induced by the volume variation,
i.e., such that for each convex body L, there holds

d
(1.1 V(K +zL)‘t=o+ - /SH h(L,-)dS(K,-),

where K + 1L ={x + 1ty :x € K,y € L} is the Minkowski sum, §"1 is the unit sphere,
and h(L,-) ={u-y:y€L,uecS8" }is the support function of the convex body L in R”.

The development of the classical BMT has inspired many other theories of similar
nature. Examples include the L, BMT, Orlicz BMT and their dual theories. For the related
Minkowski-type problems, see, e.g., [4,9, 14,18,21,25,26,30,31,36,41-44,48] and the
references therein.
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The Minkowski-type problem for the measure associated with the solution to the
boundary-value problem is an extremely important variant. As some typical examples,
we refer to the seminal papers [15,33] on capacity and on torsional rigidity by Jerison
and Colesanti-Fimiani, and to subsequent progress, e.g., [2,12,16,17,27,47,49,50].

In this paper, we will further study the p-capacitary Minkowski problem for the Orlicz
case proposed by Hong—Ye—Zhang in [27]. To describe this type of problem, we first recall
the definition of the p-capacity functional and its variational formula.

For p € (1, n), the electrostatic p-capacity of a convex body K in R” is described by
(see [16])

Cp(K) = inf{/Rn IVy|Pdx - ¢ € C2(R™), ¥ > 1on K},

where CZ°(R") denotes the set of all infinitely differentiable functions with compact sup-
port in R”, and Vi denotes the gradient of 1. The geometric quantity C,(K) is the
classical electrostatic (or Newtonian) capacity of K (see [33]).

Let K be a convex body and let p € (1,n). The p-equilibrium potential ¥ of K is the
unique solution to the following boundary value problem (see [35]):

Ap¥ =0 inR"\K,
(1.2) v =1 on 0K,
Y(x) >0 asl|x| — oo,

where
A,V = div(|[VY|P2 V)

is the p-Laplace operator.

Similar to the volume variational formula (1.1), Colesanti et al. ([16]) established the
variational formula for p-capacity as follows: let K and L be two convex bodies and let
p € (1,n). Then we have

d
13 G| == [ hLodu k.6,

and the Poincaré p-capacity formula
p—1

(1.4) Cp(K) = — h(K.§) dup(K.§),
n—p Jgn-1

where 1, (K, -) is a finite Borel measure on $"~!, called the electrostatic p-capacitary
measure of K, defined by

(1.5 (K. 1) =/

VWP dgen! =[|W|PdS(K,-),
gx'(m) n

for each Borel set n C $”~1, where gl_(l is the inverse Gauss map, and #" ! is the (n — 1)-
dimensional Hausdorff measure.
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The p-capacitary Minkowski problem can be posed as follows: let u be a finite Borel
measure on $”~! and let p € (1,n). Under what necessary and sufficient conditions is
there a (unique) convex body K in R” such that

dpp(K,-) = dp?

When p = 2, this problem was solved by Jerison in his seminal paper [33]. A convex
solution of this problem for p € (1, 2) was obtained in [16]. The case of all p € (1, n) has
been recently solved by Akman et al. in their groundbreaking work [1].

As an extension of the p-capacitary Minkowski problem, the Orlicz case was intro-
duced by Hong et al. in [27]. It can be stated as follows: which are the necessary and
sufficient conditions on a given function ¢ and a given finite Borel measure 4 on §"~!,
such that there exists a convex body K in R” satisfying

du

6 d y=_r
(1.6) tdpup(K,-) S(h(K.)

for some constant T > 0?

For this problem, Hong et al. proved the existence of solutions with p € (1, n) for both
discrete and general measures under some mild conditions. When ¢ (h) = h'™® in (1.6)
for p € R, this is the L, p-capacitary Minkowski problem introduced in [50]. There are
many results for different ranges of p and p. For instance, when p € (1,n) and p € (1, 00),
the even convex solution was obtained in [50]. When p € (1,2) and p € (0, 1), and when
p > n and p € (0, 1), the polytopal solutions where given in [49] and [39], respectively.
Feng et al. [17] studied the case of p € (0, 1) and p € (1, n) for general measures. When
p = 0and p € (1,n) in (1.6), this is the logarithmic Minkowski problem for p-capacity,
and its polytopal solution was obtained in [47].

It is worth noting that the smoothness of solutions to the Minkowski-type problems
has always been an important issue. For the p-capacitary Minkowski problem, it is shown
in [33] and [16], respectively for p = 2 and p # 2, that if p has positive density in
Ck($7=1), then the domain belongs to the class C*+2-¢ using techniques of Caffarelli,
see [6-8].

Motivated by the above mentioned works, this paper try to investigate and confirm
the existence of non-symmetric smooth solutions to the p-capacitary Orlicz-Minkowski
problem. One of the main methods used in this paper is the inverse Gauss curvature flow
method.

The idea of using inverse Gauss curvature flow to solve the p-capacitary Orlicz—
Minkowski problem (1.6) can be summarized as follows:

(1) The p-capacitary Orlicz—Minkowski problem (1.6) can be converted to a Monge—
Ampere type equation equivalently in the smooth case (see [27]):

(1.7) fo(hg) VU (gghHI? = G,

for p € (1,n) and some constant T > 0. Here f:8"~! — (0, 00) is the smooth data func-
tion, and G is the Gauss curvature (see Section 2 for details). In this case, the key of this
paper is to find a convex body K in R” with support function A g satisfying (1.7).

(2) The solution to the Monge—Ampere type equation (1.7) is the limit of solutions of
the inverse Gauss curvature flows (1.8) constructed below.
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The Gauss curvature flow was first introduced and studied by Firey [19] to model
the shape change of worn stones. Since then, the use of curvature flows has proven to be a
very effective tool to solve Minkowski-type problems and geometric inequalities in convex
geometric analysis, see [3,5,9,11,13,23,24,28,29,37,38] and the references therein.

Let ¢ be a smooth, closed, and strictly convex hypersurface in R” enclosing the
origin o in its interior, that is, with a sufficiently small positive constant §, such that the
8o-neighbourhood of 0 is U(o, 8,) C 2. We consider an inverse Gauss curvature flow of
the family of convex hypersurfaces {Q,} given by Q; = F($"71,t), where F:8§"! x
[0, T) — R” is a smooth map satisfying

(1.8) 8F$ D _ FW)F -v)P(F -v) |VU(F, 1)|P oy v — y(t)F(E, 1),

F(§.0) = Fo(6).

where f is a given positive smooth function on §"~ is the standard inner product
in R", 0,—1(§, t) is the product of the principal curvature radii with 0,—1 = det(V;;h +
hd;i;), v is the out normal of Q; at F(,¢), T is the maximal time for which the solution
of (1.8) exists, and the scalar function y(¢) is given by

_n—p Cp($21) )
PO =TT T b (Fo ) dE

1 o
>

for p € (1,n).

Compared with the geometric flows in [5,9, 11, 13, 38], the flow we construct in this
paper is more complex because it contains the functions ¢, |VW¥| and y(¢); thus, a priori
estimates are more difficult to obtain.

Now we present the main results of this paper.

Theorem 1.1. Let f be a positive smooth function on "=, and let Q¢ be a smooth,
closed and strictly convex hypersurface in R" enclosing the origin in its interior. Suppose

(1) pe(,n);
(2) the function ¢: (0, 00) — (0, 00) is smooth;
(3) @(s) = [5 1/¢(t) dt exists for all s > 0 and limg_,o0 ¢(s) = c0.

Then, the flow (1.8) has a smooth solution Q2; for all time t > 0. When t — oo, there
is a subsequence of 2; that converges in C* to a smooth, closed and strictly convex
hypersurface Q2o whose support function satisfies (1.7).

As an application, we have the following.

Corollary 1.2. Under the assumptions of Theorem 1.1, there exists a smooth solution to
the p-capacitary Orlicz—Minkowski problem (1.6) for p € (1, n).

For general ¢, the uniqueness of the solution to the p-capacitary Orlicz—Minkowski
problem remains open. We consider here a special uniqueness result for (1.7) when v = 1.

Theorem 1.3. Let pe(1,n —1]and § > 1. If
(1.9) ¢(8s) < 87T ¢ (s)

holds for positive s, then the solution to (1.7) is unique.
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Moreover, based on the parabolic approximation method, we also a weak solution to
the p-capacitary Orlicz—Minkowski problem when p € (1, n); this has been obtained by
Hong—Ye—Zhang in [27].

Theorem 1.4. Let . be a finite Borel measure on 8"~ whose support is not contained in
any closed hemisphere and p € (1,n). Suppose that

(1) ¢:(0,00) — (0, 00) is a continuous function;

2) o(s) = fos 1/¢(t) dt exists for all s > 0 and limg—, o, @(s) = 00.
Then, there exists a convex body K such that (1.6) holds.

The paper is organized as follows. Section 2 presents the corresponding background
material. Section 3 introduces the geometric flow and its correlation functional. In Sec-
tion 4, we establish a priori estimates for the solution of the flow (1.8). Finally, we prove
the main results in Section 5.

2. Preliminaries

In this section, we list some facts about convex hypersurfaces. We refer the readers to [46]
and to the well-known book of Schneider [45] for details. Let R” be the n-dimensional
Euclidean space, let $”~! be the unit sphere in R”, and let © be a smooth, closed and
strictly convex hypersurface containing the origin in its interior. The support function
of € is defined by

ho(f) =h(Q.&§) =max{£-Y : Y eQ), forfes" L.

For v € §"7!, the support function of the line segment ¥ joining the points Fv is
defined as
h(v,&) =|&-v|, forges™ L.

The radial function of €2 is defined by
ra(v) = r(Q,v) =max{c >0:cveQ}, forves" L

Obviously, rg(v) v € 0€2.
Let g:0Q — 8™~ be the Gauss map of Q. For £ € $”71, the inverse Gauss map,
denoted by g~ !, is given by

g ) = F(§) = {X €09 : g(X) is well defined and g(X) € {£}}.

In particular, for a convex hypersurface €2 of class Ci (2 is C? smooth and has positive
Gauss curvature), the support function of 2 can be written as

Q.86 =£-g7'(E) =g(X)- X, forX e Q.
Furthermore, the gradient of 4(€2, -) satisfies

2.1) Vh(Q,§) = g ().
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Let e = {e;;} be the standard metric of "~ 1. The reverse second fundamental form
of  is defined as (see Section 2.5 in [45])

(2.2) I = Vijh + hej,

where V;; is the second order covariant derivative with respect to e;;. By the Weingarten
formula and (2.2), the principal radii of €2, under a smooth local orthonormal frame
on 8”71 are the eigenvalues of the matrix

2.3) bij = Vijh + hé;;.
In particular, the Gauss curvature of F(£) can be expressed as

1

@4 GE = det(Vi;h + h8;)

Next, we introduce the Orlicz norm, see [26] for details. Let ¢: [0, c0) — [0, co) be
a continuous, strictly increasing, continuously differentiable on (0, co) function with pos-
itive derivative, and that satisfies the assumption in Theorem 1.4, let u be a finite Borel
measure on $”~ !, and let f: $*~! — [0, 0o) be a continuous function.

The Orlicz norm ||f |y, is defined by

! f
2.5 =inf{l > 0: —)dp < e(l);,
where |p| = 1(8"1). This norm satisfies the following properties:

lefllo.n = ¢llfllg.n,  fore =0,

and

(2.6) f=g = Ifllow =lglle.p
If u({f # 0}) > 0, the Orlicz norm ||f|,,, > 0 and

1
|l

- w(i) dp = ¢(1).

[flo =40 = ]
0

3. Inverse curvature flow and its associated functional

For convenience, the notion of curvature flow is restated here. Let 2¢ be a smooth, closed,
and strictly convex hypersurface in R” enclosing the origin in its interior. We consider the
following inverse Gauss curvature flow:

o ang,t) = fW)(F -v)¢(F -v) [VU(F,1)[? 6p_1v — y(t) FE, 1),

F(£.0) = Fo(6).
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where the scalar function y(¢) is given by

- P Cp(S2)
—1 four h/(fp(h) dE
for p € (1,n). As discussed in Section 2, the support function of 2; can be expressed as

h(€,t) =& - F(E,t). We thus derive the evolution equation for (-, ¢) along the flow (3.1)
as follows:

(3.2 y(0) =

oh(§,
(3.3) (5, D~ 6 ho ) VW0 00t — 70 hE. 1),

h(§.0) = ho(§).

Now we investigate the characteristics of two important geometric functionals that
will be key in the proof of long-time existence of solutions to equation (3.3).

Lemma 3.1. Let F(-,t) be a smooth solution to the flow (3.1), with t € [0, T), and let
Q; = F(8" 1, t) be a smooth, closed and uniformly convex hypersurface enclosing the
origin in its interior. If p € (1,n), then the p-capacity C,(2;) is monotone non-decreasing
along the flow (3.1).

Proof. Let W(F,t) be the p-equilibrium potential of K;. Theorem 3.5 in [16] shows that

1
0Cp(@0) = L ([ e IVEE0.0 00 dE)

=(p— 1)/8 » [VU(F,t)|P op—10:h(&,1)dE.
From (3.3), and by Hélder’s inequality, we obtain
UGy (@) = (p=1) [ IVHEOP ,rbihds

=(p-1) / FhoMITOEr o dg =y [ h|w|l’on71ds)

fsn1f¢<h>dé ([, rowmiverralyas | f¢(h) 4
- (/S,th\p'p"”‘l dg) ]

- #;%;)dg[(/sn_l hIVO|P0, dg)z - <f3n_1 T ds)z] Y

Using the equality condition in Holder’s inequality, it can be seen that equality holds if
and only if (-, 1) solves the equation f¢(h)|VW¥|? 0,1 = 7 for some constant t > 0. m

Lemma 3.2. Suppose that the function ¢(-) satisfies the assumption in Theorem 1.1, and
let p € (1,n). Define the functional

e

*=0@)= [ TE

dE.
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Then, along the flow (3.3), the functional ®(t) remains unchanged, i.e., ®(t) = R for
some positive constant R.

Proof. From (3.2), (3.3) and the definition of ¢(-), we obtain

0¢h
WO f Tom
1
= [ (Fotnvwir e, — yon) o de
0= ) Cy(S0) h

= fsn_l hIVO|P oy dE — dE=0

(p — 1) fS”‘l % ds §n—1 f¢(h)
Next, we give the evolution equation of W(F, t).

Lemma 3.3. Let F(-,t) be a smooth solution to the flow 3.1 with t € [0, T), let Q; =
F(8™ 1, t) be a smooth, closed and uniformly convex hypersurface enclosing the origin
in its interior, and let W(F, t) be the p-equilibrium potential of ;. Then

9 W(F(E.1),1) = [VU(F(§.1).0)] 8:h(5.1).

Proof. Let h(&,t) be the support function of Q;. From Lemma 3.1 in [16], one can see
that W(F,t) is differentiable with respect to . As W(F,t) = 1 in ;, taking the derivative
of both sides with respect to ¢, we have

oW+ VWU.9,F(,t)=0.
Here 0; F = V;(d;h)e; + 0:h&. Further,
0V = —VW.(V;(0:h)e; + 3:h§).
Recall, from [16], that [VW(F,t)| = —VW(F,t) - £. Thus,
0V = |VW|E-(Vi(0:h)e; + 3:hE) = |[VW|0,h. (]

4. A priori estimates

In this section, we establish the a priori estimates for the solution to equation (3.3).

4.1. C% and Cl-estimates

Lemmad.1. Let h(-,t),t €[0,T), be a non-symmetric smooth solution to equation (3.3),
and let T be the maximal time for which the smooth solution of (3.3) exists. Under the
assumptions of Theorem 1.1, there exist positive constants | and L, independent of t, such
that

4.1) I <h(.t) <L,
and

4.2) I<r(-,t)<L.
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Proof. From the definitions of support function and radial function, we have
4.3) r(u,t)v = Vh(E, t) + h(E,1)E, forv,Ee§" L.

So we only need to prove (4.1) (or (4.2)).

We first deal with the right-hand side of (4.1). Let T be the maximal time for which the
smooth solution of equation (3.3) exists. For fixed ¢y € [0, T'), suppose that the maximum
of h(-, 1) is attained at (&, o) for &, € $"~!, that is,

max h(§,ty) = h(&y,, to).
gesn—1

Let

h = sup h(&y,t).
toE[O,T)

By the convexity of €2; and the definition of support function, one has (see, for instance,
Lemma 2.6 in [10])

(4.4) h(E.to) > h &, -& forall £ §"!,

where & and # are on the same convex hypersurface.
Let Sg, ={€$ n=1: &, - £ > 0} be the hemisphere containing &,. From the definition
of ¢, we know that ¢’(h) > 0. By Lemma 3.2 and (4.4), we have

45)  O(t) = B(0) 3/ oM oo [ L

1 ~
ne, -6 de = | = o) ds,
7 . Vb 61de /sf‘”( £ de

where § = {£e$" ! § > 0}. Further, let S1, = {£e€§"!: EA > 1/2}. Since f is a
positive smooth function on $”~1, it follows that [ S1/2(1 /f)d& = co for some positive
constant cg. Thus, from (4.5) it can be deduced that

@(0) > co w(g),

which means that ¢(%/2) < R/cy, that is, ¢(#/2) is uniformly bounded. Since ¢ is strictly
increasing, we infer that A (-, ) has a uniform positive upper bound.

Now we deal with the left-hand side of (4.1). Let ¢ be a smooth, closed, and strictly
convex hypersurface in R” enclosing the origin in its interior. By Lemma 3.1, we have

(4.6) Cp(Q1) = Cp(&0) = ¢ > 0,

for some positive constant c. Let i(-,¢) — 0. By (1.4), since A(-,¢) has a uniform positive
upper bound, it follows from the dominated convergence theorem that

Cp (Qt) d O,
which contradicts (4.6). Thus A(-,t) has a uniform positive lower bound. |

Combining Lemma 4.1 with the convexity of Q; yields the following C !-estimates.
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Lemma 4.2. Under the assumptions of Lemma 4.1, we obtain
IVh(-,0)l = Lo and |Vr(-,t)| < Lo,
where Ly is a positive constant depending on the constants of Lemma 4.1.
Proof. From (4.3), one has that
r? = h* 4+ |Vh|*
We conclude the proof using Lemma 4.1. [ ]

Lemma 4.3. Let the convex body K, contain the origin in its interior, let Q, = 0K, and
let W(F,t) be the p-equilibrium potential of K;. Under the assumptions of Lemma 4.1,
there are positive constants I, | and l, independent of t, such that

[ <Vl <] and |VFO(-,1)| <1,
for any positive integer k > 2.

Proof. Since we have already obtained a uniform upper bound of (-, t), and Q; is
smooth, it follows from Lemma 2.18 in [16] that there exists a positive constant /, depend-
ing only on n, g and the uniform upper bound of 4 (-, ¢), such that

V| > .

Next, we will prove that |VW| < [. This can be found in the proof of Lemma 3.1
in [16], but, for completeness, we list the main steps of the proof here. Let £ € Q, and note
that there exists a ball B, included in ©2; and internally tangent to 2, at &, with radius r
which can be chosen to be independent of ¢ and £. Let W be the p-equilibrium potential
of B. By the comparison principle, W(-,¢) > W(-) in R"\Q;, and, since W(£,1) = W(§),
we have

IVWU(E )] = [VE(E)]

On the other hand, the value |VW(£)| can be explicitly computed, and it is a positive
constant depending on r and n only. Combined with (2.1), it is easy to conclude that

|VU(Vh(E 1).1)| <1, forall (£.¢) € 8" ' x[0,T).

In addition, by virtue of Schauder’s theory (see, e.g., Lemmas 6.4 and 6.17 in [22]),
there is a positive constant /, independent of ¢, satisfying that

IVEO(Vh(E 1.0l <1, forall (§.1) € $"" x[0,T),
for any positive integer k > 2. |

As a result of Lemmas 4.1 and 4.3, we can obtain the following corollary.

Corollary 4.4. Under the assumptions of Lemma 4.1, the scalar function y (t) has uniform
positive upper and lower bounds.
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Proof. From Lemma 4.1, we know that 4 (-, t) has a uniform positive upper bound L, so
that the convex hypersurface 2, generated by h(-,¢) = L is enclosed by a sphere with
radius L. By Lemma 3.1 and the homogeneity of p-capacity, we have

n— p\r-1
Col(@0) = Gp(Br) = wn(==2)" L7,
p—
where w, denotes the surface area of the unit sphere in R”. This means that C, (2,) has a
positive upper bound independent of ¢.
Similarly, since A (-, ¢) has a uniform positive lower bound /, then the convex hyper-
surface €2; generated by /(-,¢) = [ contains a sphere with radius /. By Lemma 3.1, we
have

— -1
on(5E)" 1 = G < ().

p—1
Obviously, this implies that C,(2;) has a positive lower bound independent of 7.
Lemma 4.1 concludes the proof. ]

4.2. C2-Estimates

We first obtain a lower bound for the Gauss curvature, which is equivalent to getting an
upper bound of 0,1 (+,¢) = det(V;;h + hé;;). This estimate can be obtained by consid-
ering a proper auxiliary function, see [32] for similar techniques. Let o = fh¢(h)|VW|?.
In order to deal with d,|VW| and simplify the calculation process, the auxiliary function
in [32] is obviously no longer effective. Therefore, we need to create the following auxil-
iary functions:
1 o 0n—1
—Ar2/2 h

OE.1) = 1
for A > 0 sufficiently small.
Lemma 4.5. Under the assumptions of Lemma 4.1, we have
on-1(+,1) < Lo,

where L is a positive constant independent of t.
Proof. Let c;; be the cofactor matrix of (h;; + hd;;), with

Zcij(hij + héij) = (n—1)op_1.

i,J
Suppose the spatial maximum of ® is obtained at (é;, 7). Then we have

2

@47 V0 =0, ie., V"<M;_l) + “";‘1 — jﬂ/z v,-(%) =0,

and

4.8) V,‘j@ <0.
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Now we estimate ®. By (4.8), we have

0,0 < 0,0 —acijVij(@

s ) - s )

1—Ar2/2 h
=l () e ()
A oAop_1 2
(4.9)

2
T Ty [a,(%) _"‘C"fv"f(%)]
2y = () 0 (5)
— e —3:2/2)3 MZ_I V"(g) Vf(g)'

Substituting (4.7) into (4.9), we have

0,0 < = )Llrz/z [3t(0‘02_1) _acijvij(aag—l)]
A oAop_1 2 2
(4.10)

a2 h [0:(5) ~ eV ()]

Next, we need to calculate

9, (010;1,_1 ) ey Vz‘j (aa;l,—l )

and

We start with the following:

On—1 00 +@0;0,1

= 0u_1 (fOW)|VE|Pd:h + fHIVUIPY (h)dih + fhe(h)d|VW|P)
+ acij (Vi (9:h) + 8;50.h)

= fo(M)|VY|P 0,_1(a0on—1 — yh) + fhIVE|P$'(h) 0p_1(2On—1 — yh)
+ pfhp(h) 0p—1|VW|P10,|VU| + acij Vij (@ op—1) + 0*¢ij8ijOn—1
- )/Olcij(vijh + h8,~j).

Notice that

9 |VW| = —[(V2W)& - (Vi (3:h)e; + 8:hE)] — V(3,9) -

(4.11) = —(V2U)£ - [Vi(@0y—1 — yh)ei + (@op—1 — yh)E] — V(3,¥) - &.

2294
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From Lemma 3.3,

V(0:¥)-& = V(V¥|o;h)-§
= (V|7 VU VAW - £)(@op—1 — yh) + [V¥[0,(Vh) - §
(4.12) = (|VY[TL VU VAW - &) (won_1 — yh) + |VV| 3, (Vihe; + hE) - £
= (IVY|' VU VAU - ) (aon—1 — vh) + V| (@0op—1 — yh).

Substituting (4.12) into (4.11), we have

9 |VW| = —(V2W)E - Vi(@on—1 — yh)e; — (@ou—1 — YD) (V2 )& - &
— (VYT VUVAW - £)(@op—1 — yh) — |[V¥[(@0u—1 — yh).

This, together with the fact 3, ; ¢ij (Vijh + hd;;) = (n — 1) 041, yields

On—10:0 + Q3701
( 1 n @' (h) @' (h)
h ¢h) #(h)
+a?op_1cij8ij + aci; Vij(@op—1)
4.13) = pa o1 |V (VW)€ - (Baon—17 Vir)ei + (@ou—1 — yh) (VW) - §]
— paoy 1 [((V¥| 2 VUV - §)(@0n—1 — yh) + (@on—1 — Yh)],

)(ao,,_l)z - (n +h ) Yo Oy—1

and
vy (4271) = 2 Vi (@onn) — o5 (@0 Vih
J h h J h2 J
2 2
4.14) - ]’? Vi(eoy—1)Vih + h_3 (¢0y—1)Vih V;h.

From (4.13) and (4.14), we have

8,<a02_1> —OCCijVij(aO}/lL_l)

1 1 oO,—
7 0t (0op—1) — 72 @ On1 0th —acij Vij (Tnl>
1

2
= — (0:(@0n—1) — aci; Vij(@0,-1)) — (aa;l, 1) + Zaan—l

h

4.15) + hizacij(aonfl)vijh + hz—za(,‘,'jvi (ao,,,l)th - h%otcij (¢0y—1)Vih th
_ (n —1. ¢>/(h)> (@on—1)* ¢’(h)) YO On—1
h ¢ (h) h o)/ h
th A0p—1
+ 200 == Vi (S5
— pfpon_1|VUP T [(VPW)E - (@on—1—yh)iei + (@01 —yh)(V>W)§ - £]

— Pf ot [VYIP (VY[ 2VUVE - ) (@0p—1 — yh) + (€0n—1 — Yh)].

=

(n—1+h
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Moreover, since r2 = h% + |Vh|2, then

2

at(%) - at(h—;) + a,('vé”z) = hdh+ > Vih Vi(3:h)

= hOtO'n—l + 0p—1 Z V,h Via + « Z V,h Viop—1— )/7‘2,

and
¢i; Vij (;) = cij (hv,,h +Vih Vih+ > hiVihyg + Zh,-kh,k)
= h[(n — 1) 0p—1 — ¢ij8ijh] + cij Vih Vih + thVkUn—1
—cijVih Vil + Y cijbicbjk + cij 8i7h* = 2(n — 1) hoy—
=—(n—Dhop1+ Y hVion1+ Y cijbirbjk.
Thus

2 2

(4.16) 9 (r?) —acij Viy (%)

=nhao,_1 + 0,1 Z VihVia —«a Zcijbikbjk — )/7‘2.

Using the arithmetic-geometric mean inequality, we have
14+1/(n—1
> cijbicbi = lo o, /D

for some positive constant /.
Since

from (4.7), and

1 Aoy, —
Vi(@oy—1 —yh) = Zoton,IVih — mrvir — yV;h,
it follows from (4.10), (4.15) and (4.16) that
1 n—1 ¢\ (xoy_1)? @'\ yoon—1
a’®51—Ar2/2{( I +¢> h (n 1+h¢) h
pacy,_17/Vih Araoy_1Vir
— —a0, 1 — —————— —yVih
hV Y| [( p Yot T T2 Y )
X (V2W)E e + (@01 — yh)(V2W)E -]
- B (Ve VeV - ) (@on1 — vh) + (@ou-1 —vh))}

A o0p—1

+(1—Ar2/2)2 h I:nhagn_l_akahvkan—l_azcijbikbik—)/rz],
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ie.,
(Vih 4+ 2ph) pA|V2W| oo
70 < VY + prh] " —Ar2/2)
¢ Ah(prVir|V?¥| 4+ nh|VV¥|) AOy—1 2
4.17 Z
@.17) [ntn s T V| ](h(l—/\rz/Z))
RINUG=D 0 qo,_y  \2+1/@=D)
- ZOA(_) (h(l — Ar2/2))

Since ¢’ (h) = 1/¢(h) > 0, we have that ¢ (h) is strictly increasing. In conjunction with
Lemma 4.1, we find that ¢ (/) has positive upper and lower bounds. This also shows that
¢ (h) has positive upper and lower bounds. Using the previous estimates in Section 4.1,
the definition of A, and p € (1, n), it can be found that there exists a positive constant /1,
depending on the constants of Lemmas 4.1, 4.2 and 4.3, as well as Corollary 4.4, such that

(Vih + 2ph) pA|V2¥|
IV

+ pyh <1y,

and that there exists a positive constant /5, depending on Lemmas 4.1, 4.2 and 4.3, such

that
w4 h ¢’ N Ah(prVir|V2W| + nh|VY))
¢ VY

and that there exists a positive constant /3 depending on Lemmas 4.1 and 4.3 such that

lo A(};—n)l/("_l) > L.

Therefore, (4.17) can be further estimated as

<,

30 <110 + 1,0% — [;@>T1/(=1),
By the maximum principle, we have
O, 1) < La,

for some -independent positive constant L,. Since 0,_; = G~!, we obtain a uniform
positive lower bound for the Gauss curvature. ]

From Lemma 4.1, as discussed in Section 2 (or see [46]), we know that the eigenvalues
of matrix {b;;} are positive, i.e., {;;} is positive definite, and that the principal curvatures
are the eigenvalues of {b"/}. Therefore, deriving a positive upper bound of the principal
curvatures of F(-,t) is equivalent to obtaining an upper bound of the eigenvalues of {b/ }.

Lemma 4.6. Under the assumptions of Lemma 4.1, the principal curvatures satisfy
ki(-,t)<Ls, fori=1,...,n—1,

where L3 is a positive constant independent of t.
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Proof. We study the following auxiliary function:
(4.18) E(E.1) = log tma (6”)) — alogh + 5 12,

where a and s are positive constants to be specified later, and (. is the maximal eigen-
value of {h”/}. We suppose that the spatial maximum of & (£, ¢) is attained at &, € §" !
for t > 0. By a rotation of coordinates, we can suppose that {b*/ (&, t)} is diagonal, and
that {pax = b'1(£o. ). Then, (4.18) can be rewritten as

€(6.1) = logh' — alogh + %rz.
It is sufficient to prove that & (-, ¢) has a positive upper bound. For convenience, we write

Vijh = h,’j and V,’_/r =Trij.
At the point &, we have

h.
0=V,& =—-b""V;b;1 —a 7 + srr

W
(4.19) = b1V, (h1; +h811)—a7’ + S
and
11 11\2 2 hij hi2 2
4200 0> V,‘j@ =—b V,‘jbll + (b )" (Vib11) —G(T—h—2> + sr; 4+ srrij.

Furthermore, for ¢t > 0,

d;h
9,6 =—b"3,b11 —a ’7 + 51,1

dch
4.21) = b ((0;h)11 +8,h)—at7+sr8,r.

From equation (3.3), we write
(4.22) log(d:h + yh) =logao,—1 + A(E, 1),
where

A 1) =log(fhe(h)|[VY|P).
Differentiating (4.22),

(0¢h); + vhj

423
(423) 3.:h + yh

= > b Vbig + ViA,

and

@11 +yhi _ (vhi+@:h)1)? ’ . .
A Gy = 2 b= ) b (Viky)’ £ VA,

By the Ricci identity on §”7!,

(4.24)

Vi1 bij = Vijbi1 — 8ij b1 + 811 bij — 81:b1j + 61 b1i.
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and (4.20), (4.21), (4.23) and (4.24), we have at & that

8;8 —bll((ath)ll +8th) 3th + ratr
= —a s
9:h + yh dath + vh h(0¢h + yh) d:h + yh
_ _pn <(3th)11 +yhu —yhu —yh+yh+ 3th)
9:h + yh
da:h rosr
—da S
h(d:h + yh) dch + yh
dh)11 + vhn y a ay rosr
bll ( _bll__
oh+yh 9tk n T vk S o+
< —b" Y b Vb + b Y b (Vibi)? — b Vi A
1
(4.25) + y(1+a) ro.r

Oh+yh " ah+yh

=" B (Viibiy — biy + big) + b Y BB (Vi) — b Vi A
y(1 4+ a) ro.r

0h+yh " ah+yh

hii  h?

Zbll(bll) (V; b11)2+2b” (T_h_lz) ZbiisriZ

— > bUsrri + b Y BT (Vi) — b Vi A

y(1+a) rosr ii 11
b''—m—-1)>b
+8h+yh+sah+ PR
l)a y(1+a)
_ btl o= bll Vi1 A EA S
a)’ A S
ror i 2 -
+S<—8,h~|—yh_zb (r; —i—rr”)),
where
hoth + 3 hi(9:h)k
3,r = . s
hh; hihgi  hibi;
(4.26) po= hi Y e ,
r r
hhij + h; hj + thhkij + thihkj hihjbiibjj
= r B 3
Thus,
ratr i
—— = > b} ii
D DUSURSLD
hdh yIVh?
4.27 = —hY bih; — bl h hi Vi A
“27) ahn DBy BLAL

nh_ah—i—yh Zb,,+2thkA
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Substituting (4.27) into (4.25),

0,8 y(I +a—sr?)
e b 4 nh YETATST) N py
8h+yh_ aZ +nh(a +s)+ Buh £ yh SZ i
(4.28) — D" Vi A +5 ) VA
Next we calculate —b'! V1A and s Y hy Vi A. From the expression for A(£, 1), we
e e ph, L VY
k k
ViA = + + a4 ’
f ¢(h) |V
and
VoA Sfer — fifi hhkl —hihy @ hihy + @ her () hihy
kA = + - 2
f? h? ¢ ¢
+p VWl . VW[ [V
VY| [V |2
Recall that
[VW(F,1)| = —VW(F,1)-E.
Let e!, ..., e""! be an orthonormal frame on $”~!. By the Gauss formula on $"~!, we

deduce that

[VO|; = (VW -§); = VW e = V2U[E- (h; - ¢’ + hE)i] = =V>WE - F by,
and
(4.29) |V, = — V3Wekel £ by;bij —VPWel - eFby; + V2WE - £b;; —V2WE - eF by ;.

It follows that

thkaA—thk<fk +—+gh )— |V\If| W)ek - &) bk

(4.30) < 15— ps ——((V*W)e* - £) by,

IV‘PI

and

iy A = _pu[ LS hha =kt @Y+ ¢ hu (@R
B I el

V¥l (IV¥]y)?
bll | bll
vl TP e

(V2W)el - £

(4.31) < b 4 ¢34 cabyy + pb'bin U

where ¢y, ¢2, c3 and ¢4 are positive constants independent of ¢.
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From (4.19) and (4.26), we have
hi hi
' biyy = —a - +srri = —a — + sh; by;.
h h
This, together with (4.31), yields
—b1' VA < b+ 34 cabyy +css Zbii +cea,
where ¢5 and cg are positive constants independent of 7. Hence
4.32) —pl ViiA + s thVkA <Cis+Cra+ 3 pl! +Cab1y +Cs5 Zb” + Cé.

Substituting (4.32) into (4.28), if we choose s > a, then

9.8 .
m S—Clzb” +nh(a+S)—SZbii +83b 4+ G4 by +55szbii + Cs.

Furthermore, let @ > ¢3, and let '’ be large enough. Then,

0:8 <0
och + yh '
Therefore B
€(5o.1) = €(o.1) = Ls,
for some positive constant L3 independent of . The proof is completed. ]

As a consequence of Lemmas 4.5 and 4.6, we obtain the following corollary.

Corollary 4.7. Under the assumptions of Lemma 4.1, the principal curvatures satisfy
Ly <ki(-,t) <Lz, fori=1,....,n—1,

forall (-,t) € 8”1 x (0,T). Here, Ly is a positive constant independent of t.

5. Proofs of main theorems

5.1. Proof of Theorem 1.1

From the C 2-estimates obtained in Corollary 4.7, we know that equation (3.3) is uniformly
parabolic on any finite time interval and has short time existence. By the C°, C! and
C?2-estimates (Lemmas 4.1 and 4.2, and Corollary 4.7), and Krylov’s theory [34], we get
the Holder continuity of V24 and d,h. Then we get estimates for higher order derivatives
by the regularity theory of uniformly parabolic equations. Therefore, we obtain the long-
time existence and regularity of the solution to equation (3.3). Moreover, we have

(GRY; C

”h ”Cé:t/ (Sn—l x[0,T)) S

for some C > 0, independent of 7, and for each pair of nonnegative integers i and j.
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With the aid of the Arzela—Ascoli theorem and a diagonal argument, we deduce that
there exist a sequence of ¢, denoted by {fx }xreny C (0, 00), and a smooth function A (&)
such that

(5.2) A&, k) —hE)lci(sn—1y — 0

uniformly for any nonnegative integer i as t; — co. This shows that 4 (£) is a support func-
tion of a convex hypersurface. If €2 is the convex body determined by /(§), we conclude
that €2 is smooth and strictly convex with the origin in its interior.

We prove now that (1.7) has a non-symmetric smooth solution. From Lemma 3.1, we
see that

(5.3) 0:Cp(S2;) = 0.
If there exists a time 7 such that
8:Cp(R1)|,_; = 0.
then, by the equality condition in Lemma 3.1, we have
feh) IVU(F. D) op1 =1,

for some constant 7 > 0, that is, the support function 4(£,7) of 7 satisfies equation (1.7).

Next we analyze the case of 9;C,(€2;) > 0. From the proof of Corollary 4.4, we infer
that there exists a positive constant £, independent of ¢, such that

(5.4) Cr(Q)) = &£,

and such that d,C,(£2,) is uniformly continuous.
Combining (5.3) and (5.4), and applying the fundamental theorem of calculus, we
obtain

/0 Cl(Q) dt = Cp(Q1) — Cp(R) < Cp(Q) < £.

which leads to ~
/0 CIQ(Q,) dt < &£.

This implies that there exists a subsequence of times #; — oo such that

[jli—I>noo ath(Qtj) = 0
From the proof of Lemma 3.1, we have

WCH @), = (=) [ IVUE Do bhdE], .
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Passing to the limit, we have

0= tllm 8,CP(Q,)
i —>00

1=t;

p— 2
- hoo P(hoo) V[P 6,1 d
fsmfw, T [, Fhostthmrivopraz as [ e

- (fsn_l hoo|VW|? 5,Hdg) ]

> —fsn_ll;;(—;c;ds[(/sn—lhwwlmp&"_l d$)2_(/sn_lhoo|V\If|P6n—1 ds)2]=

This means that

f¢(hoo) |V\Ij|p6n—l =T,
for some constant 7 > 0, where /1, and 6,1 are the support function and the product of
the principal curvature radii of the limit convex domain €2, respectively. The proof of
Theorem 1.1 is completed. ]

Proof of Theorem 1.3

Let /1 and &, be two solutions of equation (1.7). We first prove the following fact:

hi
5.5 max — < 1.
h

We use proof by contradiction. Suppose (5.5) is not true, namely, max &1 /h, > 1. Suppose
that max i /h» is attained at zg € S~ Then hy(zo) > h2(z0). Let P = log(hy/ h»).
At zg, we have that

_ Vhy  Vh, _ VZhy Vhy

0=VP =——-—= d 0>V2P = -
h b, e U= h1 Iy

By (1.7) and the homogeneity of p-capacitary measure (see [16]), one has

 $Un) [VU(Vho)|P det(V2hy + o) $(ha) By 77" det(T22 4 1)
¢(h) [V (VR)IP det(VZhy + hid)  (hy) hy 777" det(Y2 + 1)
OIS R U
= g 7 e t(V”“ +1) gy
Let h5(z9) = §h1(z0). Then we have
¢ (Shy) < 871" p(hy).

Since § > 1, it follows that h5(z9) > h1(zg). This is a contradiction. Thus (5.5) holds.
Interchanging % and A5, (5.5) implies

ha
max — < 1.
1

Combining this with (5.5), we have h; = h;. The proof of Theorem 1.3 is completed. m
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5.2. Proof of Theorem 1.4

Let ¢ be as in Theorem 1.4, and let 1 be a finite Borel measure on $”~!. Given a function
f:8"1 = (0, 00), we define the following measure:

1
dur = —d§.
w=7 §
Suppose ¢ is smooth. By the proof of Lemma 3.7 in [10], there exists a family { fz} C
C>®(8"~1) of positive functions so that s, — p as k — oo, weakly.

Let Q¢ = B be the unit ball in R”. For a smooth, closed, and strictly convex hyper-
surface 2, its support function satisfies the flow (3.3) and A(-,0) = 1. From The-
orem 1.1, we know that the domain €2,  converges in C* to a smooth, closed, and strictly
convex hypersurface Qo % ast — 00, and satisfies

n—p Cp(Qook)
p—1 .[Sn—l [tho,k /¢(thok)] d/“(/fk
We shall obtain now uniform upper and lower bounds for Ag__ . Choose v € $"~!, and

let 3 be the support function of the line segment joining +v. It follows from Lemma 3.6
and Corollary 3.7 in [30] that there exists a constant d > 0 such that

(5.6) ¢(h§2°o,k) dl'Lp (Qoo,k, D)=

dug, .

(5.7) i 1hslleuy, = d.

for all k. For any v € $"~!, let Ry be the maximal distance from the origin t0 Qe 5. We
have that £ Rgv € Qoo k, thus Rihy(§) < h(Qook, &) forall £ € $771.
Furthermore, we define

o)== [ v, dug

il
By Lemma 3.2, we have %Cbk (t) = 0, it follows that O () = P (0) = ¢(1). From (2.5),
it suffices to have

112, s gy, < 1.

Combining (2.6) with Lemma 4 in [26], one has
(5.8) Ry vénéi,gl 1751, = RicllPsllgsas, < I1Qupllosy, =1

The uniform upper bound of g, follows from (5.7) and (5.8).

By Lemma 1 in [40], Lemma 3.1, and the upper bound of /¢ we get, for p € (1,n),

00,k ?

p—1\r-1 p—1\r-1
5@ 2 (=) G0z (775) G0 = o

where ¢ is the unit ball B, and ¢y is a positive constant depending on p and C,(B).
This means that hq_, has a uniform lower bound. Hence, we can find some positive
constants ¢; and ¢5, 1ndependent of k, such that

1 <hgg, <c.
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Therefore, there are positive numbers ¢ and C, depending on ¢ and c;, such that

= Jon1 plhg ) T

for large enough k.

By the Blaschke selection theorem, we deduce that €2, x converges to a convex hyper-
surface $24,0. Taking the limit & — oo in (5.6), combining the positive homogeneity and
weak convergence of p-capacitary measure (see [16]), we can find a convex body €2,
generated by Q2,0, such that

29 (he) diy(Q,) = dpt

for some positive constant A. Thus €2 is the desired solution. A further approximation
allows us to confirm that ¢ is merely continuous. ]
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