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Tensor products of Drinfeld modules and convolutions
of Goss L-series

Wei-Cheng Huang

Abstract. Following the same framework of the special value results (by Papanikolas and the
author) of convolutions of Goss and Pellarin L-series attached to Drinfeld modules that take values
in Tate algebras, we establish special value results of convolutions of two Goss L-series attached to
Drinfeld modules that take values in Fq..

1
�
//. Applying the class module formula of Fang to tensor

products of two Drinfeld modules, we provide special value formulas for their L-functions. By way
of the theory of Schur polynomials these identities take the form of specializations of convolutions
of Rankin–Selberg type. Finally, we show an explicit computation of the regulators appearing in
Fang’s class module formula for tensor products as well as symmetric and alternating squares of
Drinfeld modules.
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1. Introduction

1.1. Motivation

Given an elliptic curve E over Q, its L-function has the form

L.E; s/ ..D
Y
p

Qp.p
�s/�1;

where Qp.X/ 2 ZŒX� depends on the reduction of E at p. Recall that if E has a good
reduction at p and ` ¤ p is a prime, the polynomial Qp.X/ 2 ZŒX� is the characteristic
polynomial of the Frobenius element of the Galois group Gal.xQ=Q/ on the `-adic Tate
module of E and it is independent of `. (e.g., see [47]).
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It makes sense to consider the tensor products of Tate modules and study the corre-
sponding L-functions (see [17,23]), but it is still an open problem what the corresponding
geometric objects are. However, this works out well in the function field. By Anderson [2],
the category of abelian t -modules is anti-equivalent to the category of t -motives, which
are analogous to abelian varieties and pure motives in the function field setting. We are
interested in the L-function of a tensor product of Drinfeld modules, which is defined to
be the corresponding t -module of the tensor product of the corresponding t -motives.

Guided by a series of articles by Anglès, Demeslay, Gezmiş, Pellarin, Taelmann,
Tavares Ribeiro [7, 9, 18, 19, 25, 45, 49–51], Papanikolas and the author [37] defined a
t -module E.� �  / by some kind of twisting of two Drinfeld modules � and  . Then its
associated L-function includes a Rankin–Selberg type convolution of a Goss L-series and
a Pellarin L-series (see [37, Thms. 6.2.3 and 6.3.5]) and can be evaluated using Demes-
lay’s class module identity (see [37, Cors. 6.2.4 and 6.3.6]).

Inspired by these convolutions, it is natural to consider the Rankin–Selberg type con-
volution of two Goss L-series and ask to what extent the regulators are related to the
special values of logarithms. This leads us to study Goss L-series of tensor products,
symmetric squares and alternating squares of Drinfeld modules (see Theorem A and
Corollary B). We also provide explicit expressions of their regulators for the rank 2 case
(see Corollary C and Theorem D) in terms of these L-values and logarithms. We now
summarize these results.

1.2. Convolution Goss L-functions and special values

Let Fq be a field with q D pm elements for p a prime. For a variable � we let A ..D FqŒ� �
be the polynomial ring in � over Fq , and let K ..D Fq.�/ be its fraction field. We take
K1

..D Fq..��1// for the completion of K at 1, and let C1 be the completion of an
algebraic closure of K1. We normalize the1-adic norm j�j1 on C1 so that j� j1 D q,
and letting deg ..D � ord1 D logqj�j1, we see that deg a D deg� a for any a 2 A. We let
AC denote the subset of monic elements of A. Finally, we let AŒ�� be the ring of twisted
polynomials in � with coefficients in A, subject to the relation �a D aq� for a 2 A.

Let A D FqŒt �, and let �,  W A! AŒ�� be Drinfeld modules defined over A by

�t D � C �1� C � � � C �r�
r ;  t D � C �1� C � � � C �`�

`; �r ; �` 2 F�q : (1.2.1)

Thus � has rank r and  has rank `, and moreover because their leading coefficients are
in F�q , both � and  have everywhere good reduction.

1.2.2. Characteristic polynomials of Frobenius. For our Drinfeld module � in (1.2.1),
if we fix f 2 AC irreducible of degree d and let � 2 AC be irreducible with �.�/ ¤ f ,
then by work of Gekeler, Hsia, Takahashi, and Yu [24, 36, 52], the characteristic poly-
nomial P�;f .X/ D Char.�d ; T�.x�/; X/ D X r C cr�1X

r�1 C � � � C c0 2 AŒX� of �d

acting on T�.x�/, the �-adic Tate module of the reduction of � modulo f , satisfies c0 D
.�1/r x��.f /f , where ��.a/ ..D ..�1/rC1�r /

dega and x��D��1� . We further letP_
�;f
.X/2

KŒX� be the characteristic polynomial of �d acting on the dual space of T�.x�/. See Sec-
tion 2.4 for more details.
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1.2.3. L-functions of tensor products. For the Drinfeld module � from (1.2.1), Goss
defined the L-function,

L.�_; s/ D
Y
f

Q_�;f .f
�s/�1 D

X
a2AC

��.a/

asC1
;

where Q_
�;f
.X/ is the reciprocal polynomial of P_

�;f
.X/. The multiplicative function

�� WAC ! A is defined by the generating series,

1X
mD1

��.f
m/Xm D Q_f .fX/

�1:

One of our main goals is to express Dirichlet series forL-function of tensor products in
a similar explicit fashion. If E D � ˝  , Cauchy’s identity (see Theorem 2.5.12) implies
that the L-function L.E_; s/ has a convolution interpretation, following the situation for
Maass forms on GLn (see [12, 28]). When E D Sym2 � or

V2
�, Littlewood’s identities

(see Theorem 2.5.15) imply that the L-function L.E_; s/ can be factored into a twisted
Carlitz zeta function and intriguing L-functions involving �� W .AC/

r�1 ! A defined
in [37]. See Section 2.6 for details.

When r , ` > 2, we define an L-function L.�� � � ; s/ as follows. If r D `

L.�� � � ; s/
..D

X
a12AC

� � �

X
ar�12AC

��.a1; : : : ; ar�1/� .a1; : : : ; ar�1/

.a1 � � � ar�1/2.a1a
2
2 � � � a

r�1
r�1/

s
:

If r < `, then

L.�� � � ; s/
..D

X
a1;:::;ar2AC

��.ar /��.a1; : : : ; ar�1/� .a1; : : : ; ar ; 1; : : : ; 1/

.a1 � � � ar /2.a1a
2
2 � � � a

r
r /
s

:

In this way, we interpret L.�� � � ; s/ as a convolution of two Goss L-series. Since
� ˝  Š  ˝ � (see [34, Prop. 2.5], Remark 3.1.5), the r > ` case is the same as the
r < ` case in the sense of switching the rolls of � and . We further define twoL-functions
as follows.

L.z�� ; s/
..D

X
a12AC

� � �

X
ar�12AC

��.a
2
1; : : : ; a

2
r�1/

.a1 � � � ar�1/2.a1a
2
2 � � � a

r�1
r�1/

s
;

and

L.y�� ; s/
..D

X
a1;:::;ar�12AC

aiD1 if 2 − i

��.a1; : : : ; ar�1/

a1 � � � ar�1.a1a
2
2 � � � a

r�1
r�1/

s
:

For the cases E D �˝2, Sym2 �,
V2

�, the L-series above are related to L.E_; s/ by the
following result (stated as Theorems 4.3.14, 4.3.17, 4.4.10 and 4.4.13). We letL.A;�;s/DP
a2AC

�.a/ � a�s be the twist of the Carlitz zeta function L.A; s/ D
P
a2AC

a�s by a
completely mutiplicative function �WAC ! F�q .
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Theorem A. Let �,  W A! AŒ�� be Drinfeld modules of ranks r and ` respectively with
everywhere good reduction, as defined in (1.2.1). Assume that r , ` > 2.

(a) If r D `, then

L
�
.� ˝  /_; s

�
D L.A; ��� ; rs C 2/ � L.�� � � ; s/:

(b) If r < `, then
L
�
.� ˝  /_; s

�
D L.�� � � ; s/:

(c) Assume further that p ¤ 2, then

L
�
.Sym2 �/_; s

�
D L.A; �2� ; rs C 2/ � L.z�� ; s/:

and

L
�� 2̂

�
�_
; s
�
D L

�
A; �� ;

rs

2
C 1

� .�1/rC1
2
� L.y�� ; s/:

Substituting s D 0 in Theorem A provides special value identities for L.�� �� ; 0/,
L.z�� ; 0/ and L.y�� ; 0/. Fang’s class module identity (Theorem 4.2.2), which relates the
special L-values of an abelian t -module E to its regulator RegE and class module H.E/,
implies the following corollary (stated as Corollaries 4.3.15, 4.3.18, 4.4.11 and 4.4.14).

Corollary B. Let �,  W A! AŒ�� be Drinfeld modules of ranks r and ` respectively with
everywhere good reduction, as defined in (1.2.1). Assume that r , ` > 2.

(a) If r D `, then

L.�� � � ; 0/ D
X
a12AC

� � �

X
ar�12AC

��.a1; : : : ; ar�1/� .a1; : : : ; ar�1/

.a1 � � � ar�1/2

D
Reg�˝ �

�
H.� ˝  /

�
A

L.A; ��� ; 2/
:

(b) If r < `, then

L.�� � � ; 0/ D
X

a1;:::;ar2AC

��.ar /��.a1; : : : ; ar�1/� .a1; : : : ; ar ; 1; : : : ; 1/

.a1 � � � ar /2

D Reg�˝ �
�
H.� ˝  /

�
A
:

(c) Assume further that p ¤ 2, then

L.z�� ; 0/ D
X
a12AC

� � �

X
ar�12AC

��.a
2
1; : : : ; a

2
r�1/

.a1 � � � ar�1/2
D

RegSym2 � �
�
H.Sym2 �/

�
A

L.A; �2� ; 2/
;

and

L.y�� ; 0/ D
X

a1;:::;ar�12AC

aiD1 if 2 − i

��.a1; : : : ; ar�1/

a1 � � � ar�1
D

RegV2
�
�
�
H.
V2

�/
�
A

L.A; �� ; 1/
.�1/rC1

2

:
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We now assume r D 2 and suppose �tD�C�1�C�2�2 and Log�.z/D
P
m�0 ˇmz

qm .
In Section 5.2 we define Fq-linear power series Li .z/, L0i .z/, zLi .z/, e.g., see (5.2.24)–
(5.2.30) as well as matrices Lm 2 Mat4.K/ for m > 1, see Corollary 5.2.31, which com-
bine to make the coordinate functions of the logarithm series of � ˝ , Sym2 � and

V2
�.

The main result in this part of the paper (Corollary 5.2.31) is the following.

Corollary C. Let �W A! AŒ�� be a Drinfeld module given by �t D � C �1� C �2�2 with
�2 2 F�q , then

(a) Log�˝2
� z1
z2
z3
z4

�
D

� z1
z2
z3
z4

�
C

 
1
1

1

�
�1
�2
1

!P
m>1 Lm

0BB@
z
qm

1

z
qm

2

z
qm

3

z
qm

4

1CCA,

(b) LogSym2 �

� z1
z2
z3

�
D

� z1
z2
z3

�
C

� 1
1
2

1
2

�
�1
2�2
�
�1
2�2

1

�P
m>1 Lm

0BB@
z
qm

1

z
qm

2

z
qm

2

z
qm

3

1CCA,

(c) LogV2
�
.z/ D z C zL0.z/.

We further define the dilogarithm series Log�;2.z/ D
P
m>0 ˇ

2
mz

qm and yLi .z/ in
(5.3.4)–(5.3.6), and obtain the following result on regulators (stated as Theorem 5.3.7).
Note that yLi .z/ is related to L0i .z/ by the chain rule [42, Lem. 2.4.6] (see also (5.3.10)).

Theorem D. Let �W A! AŒ�� be a Drinfeld module given by �t D � C �1� C �2�2 with
�2 2 F�q .

(a) Assume that deg.�1/ 6 .q C 1/=2. Then RegV2
�
D LogV2

�
.1/.

(b) Assume that deg.�1/ 6 1. Then

(i) We have an explicit formula for RegSym2 � involving values of dilogarithm
series Log�;2.z/ and values of power series Li .z/, zLi .z/ and yLi .z/.

(ii) Reg�˝2 D RegSym2 � � RegV2
�

.

Remark 1.2.4. From Theorem D we see the regulators can be explicitly expressed in
terms of coordinate functions of logarithms.

1.3. Outline

After summarizing preliminary material in Section 2, we define tensor products, symmet-
ric and alternating squares of Drinfeld modules from the aspect of t -motives and explore
their properties in Section 3. In Section 4 we review the theories of Goss L-series, as
well as Fang’s class module formula. We consider the L-function of � ˝  , Sym2 � andV2
�. Then we introduce the convolutionL-seriesL.�� �� ; s/,L.z�� ; s/ andL.y�� ; s/,

relate them to L.� ˝  ; s/, L.Sym2 �; s/, L.
V2

�; s/ and twisted Carlitz L-series, and
investigate special value identities using Fang’s class module formula. We provide explicit
expressions of regulators Reg�˝ , RegSym2 � and RegV2

�
for rank 2 case in Section 5.
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2. Preliminaries

2.1. Notation

We will use the following notation throughout.

A D FqŒ� �, polynomial ring in variable � over Fq .
AC D the monic elements of A.
K D Fq.�/, the fraction field of A.
K1 D Fq..��1//, the completion of K at1.
C1 D the completion of an algebraic closure xK1 of K1.
j�j1; deg D 1-adic norm on C1, extended to the sup norm on a finite-dimensional

C1-vector space; deg D � ord1 D logqj�j1.
Ff D A=fA for f 2 AC irreducible.
A D FqŒt �, for a variable t independent from � .
Tt D Tate algebra in t D ¹

P
ai t

i 2 C1JtK j jai j1 ! 0º D completion of
C1Œt � with respect to Gauss norm.

2.1.1. Rings of operators. For a variable t independent from � we let A ..D FqŒt �. We
let Tt denote the standard Tate algebra, Tt � C1JtK, consisting of power series that
converge on the closed unit disk of C1, and we define

Tt .K1/ ..D Tt \K1JtK D FqŒt �..�
�1//;

where the latter set consists of Laurent series in ��1 with coefficients in the polynomial
ring FqŒt �. We let k�k denote the Gauss norm on Tt , such that k

P1
iD0 ai t

ikDmaxi¹jai j1º,
under which Tt is a complete normed C1-vector space, and likewise Tt .K1/ is a com-
plete normed K1-vector space. We extend the degree map on C1 to Tt by taking deg D
logqk�k. We further let T� denote the Tate algebra, T� � C1JtK, consisting of power
series that converge on the closed disk of radius j� j1, and k�k� denote the norm on T�
such that k

P1
iD0 ai t

ik� D maxi¹qi � jai j1º.

2.1.2. Frobenius operators. We take � WC1 ! C1 for the q-th power Frobenius auto-
morphism, which we extend to C1..t// by requiring it to commute with t . For g DP
ci t

i 2 C1..t//, we define the n-th Frobenius twist,

g.n/ ..D �n.g/ D
X

c
qn

i t
i ; 8n 2 Z:

Then � induces an Fq.t/-linear automorphism of Tt , and the fixed ring of � is T �
t D FqŒt �.

2.1.3. Twisted polynomials. Let R be any commutative Fq-algebra, and let � WR ! R

be an injective Fq-algebra endomorphism. Let R� be the Fq-subalgebra of R of elements
fixed by � . For n 2 Z for which �n is defined on R and a matrix B D .bij / with entries
in R, we let B.n/ be defined by twisting each entry. That is, .bij /.n/ D .b

.n/
ij /. For ` > 1
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we let Mat`.R/Œ�� DMat`.RŒ��/ be the ring of twisted polynomials in � with coefficients
in Mat`.R/, subject to the relation �B D B.1/� for B 2Mat`.R/. In this way, R` is a left
Mat`.R/Œ��-module, where if ˇ D B0 C B1� C � � � C Bm�m 2 Mat`.R/Œ�� and x 2 R`,
then

ˇ.x/ D B0xC B1x.1/ C � � � C Bmx.m/: (2.1.4)

If furthermore � is an automorphism of R, then we set � ..D ��1 and form the twisted
polynomial ring Mat`.R/Œ��, subject to �B D B.�1/� for B 2Mat`.R/. Then R` is a left
Mat`.R/Œ��-module, where for 
 D C0 CC1� C � � � CCm�m 2Mat`.R/Œ�� and x 2 R`,


.x/ D C0xC C1x.�1/ C � � � C Cmx.�m/:

For ˇ 2 Mat`.R/Œ�� (or 
 2 Mat`.R/Œ��), we write @ˇ (or @
 ) for the constant term
with respect to � (or � ). We have natural inclusions of Fq-algebras,

Mat`.R/Œ�� � Mat`.R/J�K; Mat`.R/Œ�� � Mat`.R/J�K;

into twisted power series rings, where the latter holds when � is an automorphism.

2.1.5. Ore anti-involution. We assume that � WR ! R is an automorphism, and recall
the anti-isomorphism �WRŒ��! RŒ�� of Fq-algebras originally defined by Ore [43] (see
also [33, §1.7], [42, §2.3], [46]), given by X̀

iD0

bi�
i

!�
D

X̀
iD0

b
.�i/
i � i :

One verifies that .˛ˇ/� D ˇ�˛� for ˛, ˇ 2 RŒ��. For B D .ˇij / 2 Matk�`.RŒ��/, we set

B� ..D .ˇ�ij /
T
2 Mat`�k

�
RŒ��

�
;

which then satisfies

.BC/� D C �B� 2Matm�k
�
RŒ��

�
; B 2Matk�`

�
RŒ��

�
; C 2Mat`�m

�
RŒ��

�
: (2.1.6)

The inverse of �WMatk�`.RŒ��/! Mat`�k.RŒ��/ is also denoted by “�.”

2.1.7. Orders of finite F Œx�-modules. For F Œx� a polynomial ring in one variable over
a field F , we say that an F Œx�-module is finite if it is finitely generated and torsion. Now
fix a finite F Œx�-module M . Then there are monic polynomials f1; : : : ; f` 2 F Œx� so that

M Š F Œx�=.f1/˚ � � � ˚ F Œx�=.f`/:

We set ŒM �F Œx�
..D f1 � � � f` 2 F Œx�, which is a generator of the Fitting ideal of M , and

we call ŒM �F Œx� the F Œx�-order of M . If mx WM !M is left-multiplication by x, then

ŒM �F Œx� D Char.mx ;M;X/jXDx ;

where Char.mx ;M;X/ 2F ŒX� is the characteristic polynomial ofmx as an F -linear map.
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For a variable y independent from x, but M still an F Œx�-module, we will write

ŒM �F Œy�
..D ŒM �F Œx�jxDy D Char.mx ;M; y/:

This will be of particular use for us when M is an A-module (or A-module), where

ŒM �AD ŒM �AjtD� DChar.mt ;M;�/ 2A;
�
or ŒM �AD ŒM �AjtD� DChar.mt ;M;�/ 2A

�
;

coercing A-orders and A-orders to be elements of our scalar fields.

2.2. Drinfeld modules, Anderson t-modules, and their adjoints

Given a field F � Fq and an Fq-algebra map �WA!F , we call F an A-field. The kernel of �
is the characteristic of F , and if � is injective then the characteristic is generic. If F �C1
has generic characteristic, then we always assume that �.t/D � . Otherwise, �.t/D.. x� 2 F .

2.2.1. Drinfeld modules and Anderson t-modules. A Drinfeld module overF is defined
by an Fq-algebra homomorphism �W A! F Œ�� such that

�t D x� C �1� C � � � C �r�
r ; �r ¤ 0: (2.2.2)

We say that � has rank r . We then make F into an A-module by setting

t � x ..D �t .x/ D x�x C �1x
q
C � � � C �rx

qr ; x 2 F:

Similarly an Anderson t -module of dimension ` over F is defined by an Fq-algebra homo-
morphism  W A! Mat`.F /Œ�� such that

 t D @ t CE1� C � � � CEw�
w ; Ei 2 Mat`.F /; (2.2.3)

where @ t � x� � I` is nilpotent. A Drinfeld module is then a t -module of dimension 1. We
write  .F / for F ` with the A-module structure given by a � x ..D  a.x/ through (2.1.4).
Similarly, we write Lie. /.F / for F ` with F Œt �-module structure defined by @ a for
a 2 A. For a 2 A, the a-torsion submodule of  . xF / is denoted

 Œa� ..D
®
x 2 xF ` j  a.x/ D 0

¯
:

Given t -modules �W A! Matk.F /Œ��,  W A! Mat`.F /Œ��, a morphism �W � !  is
a matrix � 2 Mat`�k.F Œ��/ such that ��a D  a� for all a 2 A. Moreover, � induces an
A-module homomorphism �W �.F / !  .F /, and we have a functor  7!  .F / from
the category of t -modules to A-modules. We also have an induced map of F Œt �-modules,
@ WLie.�/.F /! Lie. /.F /.

Anderson defined t -modules in [2], and following his language we sometimes abbre-
viate “Anderson t -module” by “t -module.” For more information about Drinfeld modules
and t -modules see [33, 53].
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2.2.4. Exponential and logarithm series. Suppose now that F � C1 has generic char-
acteristic and that  is defined over F . Then there is a twisted power series Exp 2
Mat`.F /J�K, called the exponential series of  , such that

Exp D
1X
iD0

Bi�
i ; B0 D I`; Bi 2 Mat`.F /;

and for all a 2 A, Exp � @ a D  a � Exp . This functional identity for a D t induces
a recursive relation that uniquely determines Exp . That the coefficient matrices have
entries in F is due to Anderson [2, Prop. 2.1.4, Lem. 2.1.6]. The exponential series induces
an Fq-linear and entire function,

Exp WC
`
1 ! C`

1; Exp .z/ D
1X
iD0

Biz.i/; z ..D .z1; : : : ; z`/
T;

called the exponential function of  . That Exp converges everywhere is equivalent to

lim
i!1
jBi j

1=qi

1 D 0 ” lim
i!1

deg.Bi /=qi D �1:

We also identify the exponential function with the Fq-linear formal power series Exp .z/2
C1JzK`. The functional equation for Exp induces the identities,

Exp .@ az/ D  a
�
Exp .z/

�
; 8 a 2 A:

The exponential function of  is always surjective for Drinfeld modules, but it may not be
surjective when ` > 2. We say that  is uniformizable if Exp WC

`
1 ! C`

1 is surjective.
The kernel of Exp � C`

1,
ƒ 

..D ker Exp ;

is a finitely generated and discrete @ .A/-submodule of C`
1 called the period lattice of  .

Thus if  is uniformizable, then we obtain an exact sequence of A-modules,

0! ƒ ! C`
1

Exp 
���!  .C1/! 0:

As an element of Mat`.F /J�K the series Exp is invertible, and we let

Log ..D Exp�1 2 Mat`.F /J�K

be the logarithm series of  , satisfying

Log D
1X
iD0

Ci�
i ; C0 D I`; Ci 2 Mat`.F /:

Together with the logarithm function, Log .z/ D
P
i>0 Ciz.i/ 2 C1JzK`, we have @ a �

Log D Log � a and @ a.Log .z// D Log . a.z//, for all a 2 A. In general Log .z/
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converges only on an open polydisc in C`
1. For example, if �W A! C1Œ� � is a Drinfeld

module as in (2.2.2), then Log�.z/ converges on the open disk of radius R� , where

R� D j� j
�max¹.deg �i�qi /=.qi�1/j16i6r; �i¤0º
1 (2.2.5)

(see [20, Rem. 6.11] and [39, Cor. 4.5]).

2.2.6. Adjoints of t-modules. Assume now that F is a perfect A-field and that  W A!
Mat`.F /Œ�� is an Anderson t -module over F defined as in (2.2.3). The adjoint of  is
defined to be the Fq-algebra homomorphism  �W A! Mat`.F /Œ�� defined by

 �a
..D . a/

�; 8a 2 A:

Since for a, b 2 Awe have ab D a b D b a, (2.1.6) implies that � respects multipli-
cation, which is the nontrivial part of checking that  � is an Fq-algebra homomorphism.
From (2.2.3), we have

 �t D . t /
�
D .@ t /

T
C .E

.�1/
1 /T� C � � � C .E.�w/w /T�w ;

and so for any x2F `, we have �t .x/D .@ t /TxC .E
.�1/
1 /Tx.�1/C � � � C .E.�w/w /Tx.�w/.

In this way, the map  � induces an A-module structure on F `, which we denote  �.F /.
Similarly we denote Lie. �/.F / D F ` with an F Œt �-module structure induced by @ T

a

for a 2 A. For a 2 A, the a-torsion submodule of  �. xF / is denoted

 �Œa� ..D
®
x 2 xF ` j  �a .x/ D 0

¯
:

If �W� !  is a morphism of t -modules as above, then �� 2 Matk�`.F /Œ�� provides
a morphism ��W � ! �� such that �� �a D ��a�

� for all a 2 A (and vice versa). Fur-
thermore, @��WLie. �/.F /! Lie.��/.F / is an F Œt �-module homomorphism. Adjoints
of Drinfeld modules were investigated extensively by Goss [33, §4.14] and Poonen [46].

2.3. t-motives and dual t-motives

For this subsection we fix a perfect A-fieldF and t -module WA!Mat`.F /Œ�� as in (2.2.3).
Recall that x� D �.t/ 2 F .

2.3.1. t-motive of  . We let M 
..D Mat1�`.F Œ��/, and make M into a left F Œt; � �-

module by using the inherent structure as a left F Œ��-module and setting

a �m ..D m a; m 2M ; a 2 A:

Then M is called the t -motive of  . We note that for any m 2M ,

.t � x�/` �m 2 �M ;

since @ t � x� I` is nilpotent (and F is perfect). If we need to emphasize the dependence
on the base field F , we write

M .F /
..DM D Mat1�`

�
F Œ��

�
:
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A morphism �W�!  of t -modules over F of dimensions k and `, defined as in Sec-
tion 2.2, induces a morphism of left F Œt; � �-modules ��WM !M� , given by ��.m/ ..D

m� form 2M . The functor from t -modules over F to t -motives over F is fully faithful,
and so every left F Œt; � �-module homomorphism M !M� arises in this way.

By construction M is free of rank ` as a left F Œ��-module, and we say ` is the
dimension of M . If M is further free of finite rank over F Œt �, then M is said to
be abelian and r D rankF Œt� M is the rank of M . We will say that  is abelian or
has rank r if M possesses the corresponding properties. The t -motives in Anderson’s
original definition in [2] are abelian, as will be most of the t -motives in this paper, but for
example, see [11], [33, Ch. 5], [42, Chs. 2–4], [35] for t -motives in this wider context.

2.3.2. Dual t-motive of  . We let N 
..D Mat1�`.F Œ��/, and similar to the case of t -

motives, we define a left F Œt; ��-module structure on N by setting

a � n ..D n �a ; n 2 N ; a 2 A:

The module N is the dual t -motive of  . As in the case of t -motives, for any n 2N we
have .t � x�/` � n 2 �N . Also if we need to emphasize the dependence on F , we write

N .F /
..D N D Mat1�`

�
F Œ��

�
:

Again for a morphism �W � !  of t -modules of dimensions k and `, we obtain a
morphism of left F Œt; ��-modules, ��WN� ! N , given by ��.n/ ..D n�� for n 2 N� .
Also, every morphism of left F Œt; ��-modules N� ! N arises in this way.

The dual t -motive N is free of rank ` as a left F Œ��-module, and ` is the dimension
of N . If N is free of finite rank over F Œt �, then we say N is A-finite, and we call
r D rankF Œt�.N / the rank of N . It has been shown by Maurischat [41] that for a t -
module  , the t -motive M is abelian if and only if the dual t -motive N is A-finite. In
this case the rank of M is the same as the rank of N . We will say that  is A-finite or
has rank r if N has those properties. Dual t -motives were initially introduced in [3] over
fields of generic characteristic. See [11, 35, 41], [42, Chs. 2–4], for more information.

We call m D .m1; : : : ; mr /
T 2 Matr�1.M .F // a basis of M .F / if m1; : : : ; mr

form an F Œt �-basis of M .F /. Likewise n D .n1; : : : ; nr /T 2 Matr�1.N .F // is a basis
of N .F / if n1; : : : ; nr form an F Œt �-basis of N .F /. We then define � ,ˆ 2Matr .F Œt �/
so that

�m D �m; �n D ˆn:

It follows that det�D c.t � �/`, detˆD c0.t � �/`, where c, c0 2F � (e.g., see [42, §3.2]).
Then � represents multiplication by � on M andˆ represents multiplication by � on N .

Example 2.3.3. Carlitz module. The Carlitz module CW A! F Œ�� over F is defined by

Ct D x� C �;

and it has dimension 1 and rank 1. Then m D ¹1º is an F Œt �-basis for MC D F Œ��, and
n D ¹1º is an F Œt �-basis for NC D F Œ��. One finds that � � 1 D .t � �/ � 1 in MC and
� � 1 D .t � �/ � 1 in NC, so � D ˆ D t � � .
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Example 2.3.4 (Drinfeld modules). Let �W A ! F Œ�� be a Drinfeld module over F of
rank r defined as in (2.2.2). Then m D .1; �; : : : ; � r�1/T is a basis for M and n D
.1; �; : : : ; � r�1/T is a basis for N . Furthermore, �m D �m and �n D ˆn, where

� D

0BBB@
0 1 � � � 0
:::

:::
: : :

:::

0 0 � � � 1

.t � x�/=�r ��1=�r � � � ��r�1=�r

1CCCA ; (2.3.5)

and ˆ occurs similarly. See [15, §3.3–3.4], [42, Exs. 3.5.14, 4.6.7], [44, §4.2] for details.

2.4. Tate modules and characteristic polynomials for Drinfeld modules

We fix a Drinfeld module �W A! AŒ�� of rank r in generic characteristic, given by

�t D � C �1� C � � � C �r�
r ; �i 2 A; �r ¤ 0:

Letting f 2 AC be irreducible of degree d , the reduction of � modulo f is a Drinfeld
module x�W A ! Ff Œ� � of rank r0 6 r , where Ff D A=fA. Then � has good reduction
modulo f if r0 D r or equivalently if f − �r .

For � 2 AC irreducible, we form the �-adic Tate modules,

T�.�/
..D lim
 �

�Œ�m�; T�.x�/
..D lim
 �
x�Œ�m�:

As an A�-module, T�.�/ Š Ar
�

, and if �.�/ ¤ f , then likewise T�.x�/ Š Ar0
�

. Fixing
henceforth that �.�/ ¤ f , we set Pf .X/ ..D Char.�d ; T�.x�/; X/jtD� to be the charac-
teristic polynomial of the qd -th power Frobenius acting on T�.x�/ but, for convenience,
with coefficients forced into A (rather than A). Thus we have

Pf .X/ D X
r0 C cr0�1X

r0�1 C � � � C c0 2 AŒX�: (2.4.1)

Takahashi [52, Prop. 3] showed that the coefficients are in A and are independent of the
choice of � (see also Gekeler [24, Cor. 3.4]). We note that if � has good reduction mod-
ulo � and if f̨ 2 Gal.Ksep=K/ is a Frobenius element, then (e.g., see [31, §3], [33, §8.6])

Char
�
�d ; T�.x�/;X

�
D Char

�
f̨ ; T�.�/; X

�
2 AŒX�:

2.4.2. Properties ofPf .X/. The following results are due to Gekeler [24, Thm. 5.1] and
Takahashi [52, Lem. 2, Prop. 3].

• We have c0 D c�1f f for some cf 2 F�q .

• The ideal .Pf .1// � A is an Euler–Poincaré characteristic for x�.Ff /.

• The roots 
1; : : : ; 
r0 of Pf .x/ in xK satisfy deg� 
i D d=r0.

Extending these a little further, for 16 j 6 r0, we have deg� cr0�j 6 jd=r0. Additionally,�
x�.Ff /

�
A
D cf Pf .1/
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by [14, Cor. 3.2]. Here we use the convention from Section 2.1.7 that�
x�.Ff /

�
A
D
�
x�.Ff /

�
A

ˇ̌
tD�

:

Following the exposition in [14, §3], we let P_
f
.X/ ..D Char.�d ; T�.x�/_; X/jtD� be the

characteristic polynomial inKŒX� of �d acting on the dual space of T�.x�/. We letQf .X/
D X r0Pf .1=X/ and Q_

f
.X/ D X r0P_

f
.1=X/ be the reciprocal polynomials of Pf .X/

and P_
f
.X/, and consider

Q_f .fX/ D 1C cf c1X C cf c2fX
2
C � � � C cf cr0�1f

r0�2X r0�1 C cf f
r0�1X r0 :

To denote the dependence on �, we write P�;f .X/, Q�;f .X/, etc.
We useQ_

f
.fX/ andQf .X/ to define the multiplicative functions�� and�� WAC!A,

which satisfy the following relations on the powers of a given f :

1X
mD1

��.f
m/Xm ..D

1

Q_
f
.fX/

;

1X
mD1

��.f
m/Xm ..D

1

Qf .X/
: (2.4.3)

2.4.4. Everywhere good reduction. Hsia and Yu [36] have determined precise formulas
for cf in terms of the .q � 1/-st power residue symbol. Of particular interest presently is
the case that � has everywhere good reduction, i.e., when �r 2 F�q . In this case, Hsia and
Yu [36, Thm. 3.2, Eqs. (2) and (8)] showed that cf D .�1/rCd.rC1/�dr . This prompts the
definition of a completely multiplicative function �� WAC ! F�q ,

��.a/
..D
�
.�1/rC1�r

�deg� a; (2.4.5)

for which we see that cf D .�1/r��.f /. Letting x�� WAC ! F�q be the multiplicative
inverse of �� , we see that

Pf .X/ D X
r
C cr�1X

r�1
C � � � C c1X C .�1/

r
x��.f / � f;

P_f .X/ D X
r
C
.�1/r��.f /c1

f
X r�1 C � � � C

.�1/r��.f /cr�1

f
X

C
.�1/r��.f /

f
;

(2.4.6)

and likewise

Qf .X/ D 1C cr�1X C � � � C c1X
r�1
C .�1/r x��.f / � fX

r ;

Q_f .fX/ D 1C .�1/
r��.f /c1X C � � � C .�1/

r��.f /cr�1f
r�2X r�1

C .�1/r��.f /f
r�1X r :

(2.4.7)

Moreover,
��.f / D .�1/

rC1��.f /c1; ��.f / D �cr�1: (2.4.8)
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We record the induced recursive relations (cf. [14, Lem. 3.5]) on �� and �� , where taking
mC r > 1 and using the convention that ��.b/ D ��.b/ D 0 if b 2 K n AC,

��.f
mCr / D ��.f /��.f

mCr�1/ � .�1/r��.f /

r�1X
jD2

cjf
j�1��.f

mCr�j /

� .�1/r��.f /f
r�1��.f

m/; (2.4.9)

��.f
mCr / D ��.f /��.f

mCr�1/ �

r�1X
jD2

cr�j ��.f
mCr�j /

� .�1/r x��.f /f ��.f
m/: (2.4.10)

2.5. Schur polynomials

We review properties of symmetric polynomials and especially Schur polynomials. For
more details on symmetric polynomials see [1, Ch. 8], [37, §2.5], [48, Ch. 7]. Letting x D
¹x1; : : : ; xnº be independent variables, the elementary symmetric polynomials ¹eiºniD0 D
¹en;iº

n
iD0 � ZŒx� are defined by

nX
iD0

ei .x/T i D .1C x1T /.1C x2T / � � � .1C xnT /: (2.5.1)

We adopt the convention that ei D 0 if i < 0 or i > n. The complete homogeneous sym-
metric polynomials ¹hiºi>0 D ¹hn;iºi>0 � ZŒx1; : : : ; xn� are defined by

1X
iD0

hi .x/T i D
1

.1 � x1T /.1 � x2T / � � � .1 � xnT /
; (2.5.2)

and similarly if i < 0 then we take hi D 0. Then hi consists of the sum of all monomials
in x1; : : : ; xn of degree i . The Vandermonde determinant is

V.x/ D
Y

16i<j6n

.xi � xj /:

When nonzero we have deg ei D i and deg hi D i , and degV D
�
n
2

�
.

Definition 2.5.3. For polynomials P.T /D .T �x1/ � � � .T �xk/ and Q.T /D .T �y1/ � � �
.T � y`/, we set

.P ˝Q/.T / ..D
Y
16i6k
16j6`

.T � xiyj /:

We further set

.Sym2 P /.T / D
Y

16i6j6k

.T � xixj /;

� 2̂

P
�
.T / D

Y
16i<j6k

.T � xixj /:
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Letting Bm be the coefficient of Tm in .P ˝Q/.T /, we find that Bm is symmetric in both
x1; : : : ; xk and y1; : : : ; y`, its total degree in x1; : : : ; xk is k` �m, and its total degree in
y1; : : : ; y` is also k` �m. As such,

Bm 2 Z
�
ek;1.x/; : : : ; ek;k`�m.x/I e`;1.y/; : : : ; e`;k`�m.y/

�
:

The coefficients of .P ˝Q/.T / and its inverse .P ˝Q/.T /�1 are expressible in terms
of Schur polynomials (see Theorem 2.5.12 and Corollary 2.5.13 for .P ˝Q/.T /�1).

2.5.4. Schur polynomials. Let � denote an integer partition of length n, i.e.,

� D .�1; : : : ; �n/ 2 Zn>0

satisfying �1 > � � � > �n > 0. We set

s�.x/ D s�1����n.x/ ..D V.x/�1 � det

0BBB@
x
�1Cn�1
1 � � � x

�nCn�1
n

:::
:::

x
�n�1C1
1 � � � x

�n�1C1
n

x
�n
1 � � � x

�n
n

1CCCA (2.5.5)

We have the following properties (see [1, §8.3] and [48, §7.15]).

• s�.x/ is a symmetric polynomial in ZŒx1; : : : ; xn�.

• deg s�.x/ D �1 C � � � C �n.

• For 0 6 i 6 n we have s1 � � � 1„ƒ‚…
i

0 � � � 0„ƒ‚…
n�i

.x/ D ei .x/.

• For i > 0 we have si 0 � � � 0„ƒ‚…
n�1

.x/ D hi .x/.

The polynomial s� is called the Schur polynomial for �. Following the exposition of Bump
and Goldfeld [12, 28], when n > 2 (which we now assume), we consider the subset of
Schur polynomials where �n D 0 as follows. For integers k1; : : : ; kn�1 > 0, form

� D .k1 C � � � C kn�1; k2 C � � � C kn�1; : : : ; kn�1; 0; 0/:

We set Sk1;:::;kn�1.x/ to be the Schur polynomial s�, i.e.,

Sk1;:::;kn�1.x/ ..D V.x/�1 � det

0BBBBBB@
x
k1C���Ckn�1Cn�1
1 � � � x

k1C���Ckn�1Cn�1
n

x
k2C���Ckn�1Cn�2
1 � � � x

k2C���Ckn�1Cn�2
n

:::
:::

x
kn�1C1
1 � � � x

kn�1C1
n

1 � � � 1

1CCCCCCA : (2.5.6)

The degree of Sk1;:::;kn�1.x/ is k1 C 2k2 C � � � C .n � 1/kn�1.

Lemma 2.5.7. Let � D .�1; : : : ; �n/ be an integer partition. Then

s�.x/ D .x1 � � � xn/�n � S�1��2;�2��3;:::;�n�1��n.x/:
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As a result, we see from the properties of s� above that

S0; : : : ; 0; 1; 0; : : : ; 0„ ƒ‚ …
i -th place

.x/ D ei .x/; 1 6 i 6 n � 1; (2.5.8)

Si;0; : : : ; 0„ ƒ‚ …
n�2

.x/ D hi .x/; i > 0: (2.5.9)

Lemma 2.5.10. For k1; : : : ; kn�1 > 0, we have

.x1 � � � xn/
k1C���Ckn�1 � Sk1;:::;kn�1.x

�1
1 ; : : : ; x�1n / D Skn�1;:::;k1.x/:

2.5.11. Cauchy’s identities.

Theorem 2.5.12 (Cauchy’s identity, see [1, Cor. 8.16], [12, §2.2], [48, Thm. 7.12.1]). For
variables x D ¹x1; : : : ; xnº and y D ¹y1; : : : ; ynº, let X D x1 � � � xn and Y D y1 � � � yn.
Then as power series in ZŒx; y�JT K,Y

16i;j6n

.1 � xiyjT /
�1

D .1 �XY T n/�1
1X
k1D0

� � �

1X
kn�1D0

kD.k1;:::;kn�1/

Sk.x/Sk.y/T k1C2k2C���C.n�1/kn�1 :

If instead we have x D ¹x1; : : : ; xnº and y D ¹y1; : : : ; y`º with n < `, then Cauchy’s
identity reduces to the following result by setting xnC1 D � � � D x` D 0 and simplifying.

Corollary 2.5.13 (Bump [12, §2.2]). For variables xD ¹x1; : : : ; xnº and yD ¹y1; : : : ; y`º
with n < `, let X D x1 � � � xn. Then as power series in ZŒx; y�JT K,Y

16i6n
16j6`

.1 � xiyjT /
�1
D

1X
k1D0

� � �

1X
knD0

kD.k1;:::;kn�1/
k0D.k1;:::;kn;0;:::;0/

Sk.x/Sk0.y/XknT k1C2k2C���Cnkn :

2.5.14. Littlewood’s identities.

Theorem 2.5.15 (Littlewood [40, (11.9;2), (11.9;4)]). For variables xD ¹x1; : : : ; xnº, let
X D x1 � � � xn. Then the following identities hold as power series in ZŒx�JT K.

(a) For n > 2, we haveY
16i6j6n

.1 � xixjT /
�1

D .1 �X2T n/�1
1X
k1D0

� � �

1X
kn�1D0

kD.k1;:::;Kn�1/

2jki for all i

Sk.x/T k1C2k2C���C.n�1/kn�1 :
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(b) For n > 2, we haveY
16i<j6n

.1 � xixjT /
�1

D .1 �XT n=2/�"
X

k1;:::;kn�12ZC
kD.k1;:::;kn�1/

kiD0 if 2 − i

Sk.x/T k2C2k4C���C
n�1
2 kn�1 ;

where " D .�1/nC1
2

.

2.6. The function ��

We review the function �� and its properties explored in [37, §6.1] by Papanikolas and
the author. They in fact defined the function �� and its “dual” version �� . For the purpose
of the present paper, we only list the properties for the function �� .

Let f 2 AC be irreducible, and let P�;f .X/ and P_
�;f
.X/ be defined as in (2.4.6). We

let ˛1; : : : ; ˛r 2 xK be the roots of P_
�;f
.X/. For k1; : : : ; kr�1 > 0, we define

��.f
k1 ; : : : ; f kr�1/ ..D Sk1;:::;kr�1.˛1; : : : ; ˛r / � f

k1C���Ckr�1 ; (2.6.1)

where Sk1;:::;kr�1 is the Schur polynomial of (2.5.6). We note that by (2.4.7) and (2.5.8),

Q_�;f .fX/ D 1 � ��.f; 1; : : : ; 1/X C ��.1; f; 1; : : : ; 1/fX
2

C � � � C .�1/r�1��.1; : : : ; 1; f /f
r�2X r�1

C .�1/r��.f /f
r�1X r : (2.6.2)

We then extend�� uniquely to functions on .AC/r�1, by requiring that if a1; : : : ;ar�1,
b1; : : : ; br�1 2 AC satisfy

gcd.a1 � � � ar�1; b1 � � � br�1/ D 1;

then
��.a1b1; : : : ; ar�1br�1/ D ��.a1; : : : ; ar�1/��.b1; : : : ; br�1/:

Proposition 2.6.3 ([37, Prop. 6.1.5]). For a, a1; : : : ; ar�1 2 AC, the following hold.

(a) ��.a1; : : : ; ar�1/ 2 A.

(b) ��.a; 1; : : : ; 1/ D ��.a/.

(c) We have

deg� ��.a1; : : : ; ar�1/

6
1

r

�
.r � 1/ deg� a1 C .r � 2/ deg� a2 C � � � C deg� ar�1

�
:
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We also list some recursive relations of the function �� induced by relations on Schur
polynomials ([37, (6.1.7), (6.1.9), (6.1.11)], cf. [28, p. 278]). Fix f 2 AC irreducible, and
for k, k1; : : : ; kr�1 > 0,

��.f
k ; 1; : : : ; 1/��.f

k1 ; : : : ; f kr�1/

D

X
m0C���Cmr�1Dk

m16k1;:::;mr�16kr�1

��.f
k1Cm0�m1 ; f k2Cm1�m2 ; : : : ; f kr�1Cmr�2�mr�1/

� ��.f /
mr�1f k�m0 :

For 0 6 k 6 r � 1,

��.1; : : : ; 1; f; 1; : : : ; 1„ ƒ‚ …
k-th place

/��.f
k1 ; : : : ; f kr�1/

D

X
m0C���Cmr�1Dk

.m0;:::;mr�1/2	k1;:::;kr�1

��.f
k1Cm0�m1 ; f k2Cm1�m2 ; : : : ; f kr�1Cmr�2�mr�1/

� ��.f /
mr�1f 1�m0 :

In particular for k > 1 (cf. [28, p. 278]),

��.f
k ; 1; : : : ; 1/��.f; 1; : : : ; 1/

D ��.f
kC1; 1; : : : ; 1/C ��.f

k�1; f; 1; : : : ; 1/ � f;

��.f
k ; 1; : : : ; 1/��.1; f; 1; : : : ; 1/

D ��.f
k ; f; 1; : : : ; 1/C ��.f

k�1; 1; f; 1; : : : ; 1/ � f;

��.f
k ; 1; : : : ; 1/��.1; 1; f; 1; : : : ; 1/

D ��.f
k ; 1; f; 1; : : : ; 1/C ��.f

k�1; 1; 1; f; 1; : : : ; 1/ � f;

��.f
k ; 1; : : : ; 1/��.1; : : : ; 1; f /

D ��.f
k ; 1; : : : ; 1; f /C ��.f

k�1; 1; : : : ; 1/ � ��.f /f:

2.7. Matrix operations

Fixing a subring R � Lt with 1, we say M 2 Matr .R/ represents an R-module homo-
morphism f WRr ! Rr with respect to a basis v D .v1; : : : ; vr /T 2 Matr�1.Rr / if

f � v ..D

0B@f .v1/:::
f .vr /

1CA DMv:

Remark 2.7.1. This is slightly different from the usual sense in linear algebra. For exam-
ple, if we letMf ,Mg2Matr .R/ represent twoR-module homomorphisms f , gWRr!Rr ,
respectively, then MgMf represents f ı g. In fact, Mf is the transpose of the matrix rep-
resentation of f in the usual sense.
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For i , j D 1; : : : ; r , we define, assuming characteristic of R is not 2,

˛ij D vi ˝ vj ; ˇij D
1

2
.vi ˝ vj C vj ˝ vi /; 
ij D

1

2
.vi ˝ vj � vj ˝ vi /;

and consider the following basis of R-modules in lexicographical order

Y1
..D ¹˛ij ºi;j � .R

r /˝2;

Y2
..D ¹ˇij ºi;j � Sym2.Rr /;

Y3
..D ¹
ij ºi;j �

2̂

.Rr /:

(2.7.2)

Definition 2.7.3. Let M 2 Matr .R/, and let Y1, Y2 and Y3 as in (2.7.2). Then M rep-
resents some R-module homomorphism f WRr ! Rr . We define the following matrix
operations

M˝2 2 Matr2.R/; Sym2.M/ 2 Mat r.rC1/
2

.R/;

2̂

.M/ 2 Mat r.r�1/
2

.R/

to be matrices representing f ˝2, Sym2.f / and
V2
.f / with respect to Y1, Y2 and Y3,

respectively.

Remark 2.7.4. In Definition 2.7.3, by a direct checking, the matrixM˝2 is the Kronecker
tensor square of M .

Example 2.7.5. Suppose r D 2 and M D .Mij /i;jD1;2 2 Mat2.R/. Then

(a) M˝2 D

 
M11M11 M11M12 M12M11 M12M12

M11M21 M11M22 M12M21 M12M22

M21M11 M21M12 M22M11 M22M12

M21M21 M21M22 M22M21 M22M22

!
.

(b) Sym2.M/ D

 
M 2
11 2M11M12 M 2

12

M11M21 M11M22CM12M21 M12M22

M 2
21 2M21M22 M 2

22

!
.

(c)
V2
.M/ D det.M/.

Lemma 2.7.6. ForM 2Matr .R/, we let T .M/ denoteM˝2, Sym2.M/ or
V2
.M/. Then

for M1, M2 2 Matr .R/, we have the following properties.

(a) T .M1M2/D T .M1/T .M2/. Furthermore, T .M�1/D T .M/�1 ifM 2GLr .R/.

(b) T .M .n// D T .M/.n/ for n > 0.

Proof. The first part follows from Remark 2.7.1, and the second part follows from the fact
that entries of T .M/ are polynomials in entries of M over Fq .

3. Tensor products of Drinfeld modules
Tensor powers of Drinfeld modules were initiated by Anderson [2] from the aspect of t -
motives. Later Hamahata [34] further studied symmetric powers and alternating powers of
Drinfeld modules, and provided explicit models as t -modules. In this section, we recover
Hamahata’s models from the aspect of t -motives.
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We fix two Drinfeld modules �,  W A! AŒ�� defined over A with everywhere good
reduction as in (1.2.1), and their t -motives M� DC1Œ� �, M DC1Œ� �. For convenience,
�0 D �0

..D � .

3.1. Tensor products of Drinfeld modules defined over A

The tensor product of M� and M is

M� ˝M 
..DM� ˝C1Œt� M 

equipped with a left C1Œt; � �-module structure by using the C1Œt �-module structure from
the tensor product over C1Œt � and setting

� � .a1 ˝ a2/
..D �a1 ˝ �a2; a1 2M� ; a2 2M :

In the sense of [2], M�˝M is a pure t -motive, and its weight, denoted byw.M�˝M /,
is defined to be

w.M� ˝M / D
rankC1Œ�� M� ˝M 

rankC1Œt� M� ˝M 

:

Combining this with [2, Prop. 1.11.1], the dimension of M� ˝M is

rankC1Œ�� M� ˝M D
�
w.�/C w. /

�
� rankC1Œt� M� ˝M 

D

�
1

r
C
1

`

�
� r � ` D r C `:

More generally, the n-th tensor power of M� is

M˝n�
..DM� ˝C1Œt� � � � ˝C1Œt� M�„ ƒ‚ …

n times

equipped with a left C1Œt; � �-module by using the C1Œt �-module structure from the tensor
power over C1Œt � and setting

� � .a1 ˝ � � � ˝ an/
..D �a1 ˝ � � � ˝ �an; ai 2M� :

M˝n� is a pure t -motive of weight

w.M˝n� / D
n

r
: (3.1.1)

Lemma 3.1.2 (Khaochim [38, Lem. 4.4]). The set

¹siº
rC`
iD1 D ¹1˝ 1; : : : ; 1˝ �

`�1; � ˝ 1; : : : ; � r ˝ 1º

is a basis of M� ˝M as a C1Œ� �-module.

With the C1Œ� �-basis in Lemma 3.1.2, we obtain a model E of the tensor product of
� and  which is a t -module of dimension r C ` defined over A by solving the following
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equation for Et :
t � u.s1; : : : ; srC`/T D uEt .s1; : : : ; srC`/T (3.1.3)

for all u 2 Mat1�d .C1Œ� �/.

Definition 3.1.4. Suppose r 6 `. The tensor product of � and  is the t -module � ˝
 W A! MatrC`.AŒ��/ of dimension r C ` defined over A satisfying (3.1.3). Explicitly,
from [38, Def. 4.5]

.� ˝  /t D

�
X1 X2

X3 X4

�
;

where X1 2 Mat`�`.AŒ��/, X2 2 Mat`�r .AŒ��/, X3 2 Matr�`.AŒ��/, X4 2 Matr�r .AŒ��/
are defined by

X1 D

0BBBBBBBBBBB@

�

�1� �
:::

: : :
: : :

�r�1�
r�1 � � � �1� �

�r�
r � � � � � � �1� �

: : :
: : :

�r�
r � � � � � � �1� �

1CCCCCCCCCCCA
;

X2 D

0BBBBBBBBBBB@

�1 � � � �r�1 �r
�2� � � � �r�
:::

:::

�r�
r�1

0
:::

0

1CCCCCCCCCCCA
;

X3 D

0BBB@
�1� � � � � � � � � � �`�1� �`�

�2�
2 � � � � � � � � � �`�

2

:::
:::

�r�
r � � � �`�

r

1CCCA ; X4 D

0BBB@
�

�1� �
:::

: : :
: : :

�r�1�
r�1 � � � �1� �

1CCCA :
Remark 3.1.5. As pointed out in [38, Rem. 4.8], our model for � ˝  is in fact Hama-
hata’s  ˝ �, but they are isomorphic as t -modules by [34, Prop. 2.5].

3.2. Symmetric and alternating powers of Drinfeld modules defined over A

Let Sn be the n-th symmetric group and sgnWSn ! ¹˙1º be the sign function. The n-th
symmetric power of M� is the C1Œt; � �-submodule

Symn M�
..D SpanC1Œt�

° X
�2Sn

a�.1/ ˝ � � � ˝ a�.n/

±
�M˝n� : (3.2.1)
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It is also a pure t -motive of weightw.SymnM�/Dw.M
˝n
� / by [2, Prop. 1.10.2]. Together

with (3.1.1), the dimension of Symn M� is

rankC1Œ�� Symn M� D
n

r
� rankC1Œt� Symn M�

D
n

r
�

�
r C n � 1

n

�
D

�
r C n � 1

n � 1

�
: (3.2.2)

The n-th alternating power of M� is the C1Œt; � �-submodule

n̂

M�
..D SpanC1Œt�

° X
�2Sn

sgn.�/.a�.1/ ˝ � � � ˝ a�.n//
±
�M˝n� :

Similar to symmetric powers, it is a pure t -motive of weight w.
Vn

M�/ D w.M
˝n
� / and

dimension

rankC1Œ��

n̂

M� D n � w.�/ � rankC1Œt�

n̂

M� D
n

r
�

�
r

n

�
D

�
r � 1

n � 1

�
: (3.2.3)

Lemma 3.2.4. Suppose p ¤ 2.

(a) The set

X1 ..D

°
1˝ 1;

1

2
.1˝ � C � ˝ 1/; : : : ;

1

2
.1˝ � r C � r ˝ 1/

±
is a C1Œ� �-basis for Sym2 M� .

(b) The set

X2 ..D

°1
2
.1˝ � � � ˝ 1/; : : : ;

1

2
.1˝ � r�1 � � r�1 ˝ 1/

±
is a C1Œ� �-basis for

V2
M� .

Proof. By (3.2.2) and (3.2.3), it suffices to show that the two sets span the corresponding
t -motives as C1Œ� �-modules.

For the first part, we observe that the elements in Sym2 M� are of the form, ai ; bi 2
M� D C1Œ� �, fi 2 C1Œt �,X

i

fi � .ai ˝ bi C bi ˝ ai /

D

X
i

�
.fi � ai /˝ bi C bi ˝ .fi � ai /

�
D

X
i

X
j1

X
j2

hi;j1;j2�
min.j1;j2/.1˝ � jj1�j2j C � jj1�j2j ˝ 1/;

where hi;j1;j2 2 C1. So it suffices to show, for m > 0,

�m
..D 1˝ �m C �m ˝ 1 2 SpanC1Œ�� X1: (3.2.5)
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We proceed by induction on m. It is clear that (3.2.5) holds for m D 0; : : : ; r . For m > r ,
we consider

t � �m�r D 1˝ .�
m�r�t /C .�

m�r�t /˝ 1 D

rX
iD0

�
.m�r/
i �m�rCi : (3.2.6)

On the other hand,

t � �m�r D �t ˝ �
m�r
C �m�r ˝ �t

D

´Pr
iD0 �i�

i�m�r�i if r 6 m � r;Pm�r
iD0 �i�

i�m�r�i C
P2r�m
iD1 �m�rCi�

m�r�i if r > m � r:
(3.2.7)

Combining (3.2.6) and (3.2.7), and using that �r ¤ 0, in both cases �m is a C1Œ� �-linear
combination of ¹�iºm�1iD0 , and the result follows by the induction hypothesis.

For the second part, by a similar observation, it suffices to show, for m > 1,

�m
..D 1˝ �m � �m ˝ 1 2 SpanC1Œ�� X2: (3.2.8)

We again proceed by induction on m. It is clear that (3.2.8) holds for m D 1; : : : ; r � 1.
Note that �0 D 0, so we cannot use the same process for the casemD r . In fact, it follows
by expressing t � .1˝ 1/ in two ways. Note that

t � .1˝ 1/ D �t ˝ 1 D 1˝ �t ;

which gives

�r D ��
�1
r

r�1X
iD1

�i�i :

For m > r , we consider

t � �m�r D 1˝ .�
m�r�t / � .�

m�r�t /˝ 1 D

rX
iD0

�
.m�r/
i �m�rCi : (3.2.9)

On the other hand,

t � �m�r D �t ˝ �
m�r
� �m�r ˝ �t

D

´Pr
iD0 �i�

i�m�r�i if r 6 m � r;Pm�r
iD0 �i�

i�m�r�i �
P2r�m
iD1 �m�rCi�

m�r�i if r > m � r:
(3.2.10)

Similarly, combining (3.2.9) and (3.2.10), the result follows by the induction hypothe-
sis.

In the same fashion as for tensor products, we define symmetric and alternating squares
of � as follows.
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Definition 3.2.11. We assume p ¤ 2.

(a) The symmetric square of � is the t -module Sym2 �WA!MatrC1.AŒ��/ of dimen-
sion r C 1 defined over A given by

.Sym2 �/t D

0BBBBB@
�

�1� �

�2�
2 �1� �
:::

: : :
: : :

�r�
r � � � � � � �1� �

1CCCCCAC
0BBBBB@
0 �1 � � � �r�1 �r
0 �2� � � � �r�
:::

:::
:::

0 �r�
r�1

0

1CCCCCA :

(b) The alternating square of � is the t -module
V2

�W A! Matr�1.AŒ��/ of dimen-
sion r � 1 defined over A given by

� 2̂

�
�
t
D

0BBBBBB@
�

�1� �

�2�
2 �1� �
:::

: : :
: : :

�r�2�
r�2 � � � � � � �1� �

1CCCCCCA

�

0BBBBBB@
�2� �3� � � � �r�1� �r�

�3�
2 �4�

2 � � � �r�
2

:::
:::

:::

�r�1�
r�2 �r�

r�2

�r�
r�1

1CCCCCCA :

In other word, the � -expansions of .Sym2 �/t and .
V2

�/t are

.Sym2 �/t D B0 C B1� C � � � C Br�
r ;� 2̂

�
�
t
D � Ir�1 C C1� C � � � C Cr�1� r�1;

where Bi D
� 0 0

B 0i 0

�
2 MatrC1.A/ and Ci D

� 0 0

C 0i 0

�
2 Matr�1.A/ with

B 0i D

0BBB@
�i �iC1 � � � �r

�i � � � �r�1
: : :

:::

�i

1CCCA ; C 0i D

0BBB@
��iC1 � � � ��r�1 ��r
�i

: : :

�i

1CCCA ;
of sizes .r � i C 1/ � .r � i C 1/ and .r � i/ � .r � i/, respectively.

Proposition 3.2.12. The tensor structures �˝2, Sym2.�/ and
V2
.�/ are uniformizable.
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Proof. By [2, Thm. 4], it suffices to show that ME is rigid analytically trivial, in the sense
of [37, §2.4.6], for E D �˝2, Sym2.�/ and

V2
.�/. We let T .M/ denote the correspond-

ing matrix operation. Example 2.3.4 provides that .1; �; : : : ; � r�1/T is a basis for M� with
� in (2.3.5) representing multiplication by � on M� . Then by choosing a basis for ME in
the same way as (2.7.2), we observe that T .�/ represents multiplication by � on ME .

Furthermore, by [44, §4.2] (see also [37, Ex. 2.4.12]), the t -motive M� is rigid
analytically trivial with rigid analytic trivialization denoted by ‡ 2 GLr .Tt /. Then by
Lemma 2.7.6,

T .‡T/.1/DT
�
.‡T/.1/

�
DT .�‡T/DT .�/T .‡T/;

which implies T .‡T/T is a rigid analytic trivialization for ME .

Remark 3.2.13. By a direct computation, the � -expansion of .Sym2 �/t2 is of the form

zB0 C zB1� C � � � C zB2r�
2r ;

with zBi D 0 for r C 1 6 i 6 2r , and where zBr is a lower triangular matrix with �2r on the
diagonal. Similarly, the � -expansion of .

V2
�/t2 is of the form

zC0 C zC1� C � � � C zC2r�
2r�2;

with zCi D 0 for r C 1 6 i 6 2r � 2, and where zCr is a lower triangular matrix with �2r
on the diagonal. Therefore, the top coefficients of .Sym2 �/t2 and .

V2
�/t2 are invertible

(�r ¤ 0). A similar computation can also be done for .�˝2/t2 , which gives the same
conclusion as symmetric and alternating squares. So �˝2, Sym2 � and

V2
� are almost

strictly pure in the sense of [42], which implies pure by [32, Rem. 2.2.3], [33, Rem. 5.5.5],
[42, Rem. 4.5.3]. This explicates the purity of their t -motives.

4. Convolution L-series
In a series of articles [29–31], [33, Ch. 8f] Goss defined and investigated function field
valuedL-series attached to Drinfeld modules and t -modules defined over finite extensions
ofK. These L-functions possess a rich structure of special values, initiated by Carlitz [13,
Thm. 9.3] for the eponymous Carlitz zeta function and continued by Goss [31], [33, Ch. 8].
Anderson and Thakur [4] further revealed the connection between Carlitz zeta values and
coordinates of logarithms on tensor powers of the Carlitz module.

Taelman [49–51] discovered a breakthrough on special L-values for Drinfeld modules
that related them to the product of an analytic regulator and the A-order of a class module.
These results have been extended in several directions, including to t -modules defined
over xK and more refined special value identities [5, 6, 8, 10, 14, 21, 22, 26, 27].

4.1. Goss L-series

Let �WA!AŒ�� be a Drinfeld module overAwith everywhere good reduction as in (1.2.1).
Goss [31, §3], [33, §8.6] associated the Dirichlet series

L.�_; s/ D
Y

f 2AC; irred.

Q_f .f
�s/�1; L.�; s/ D

Y
f 2AC; irred.

Qf .f
�s/�1;
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where as in Section 2.4, Qf .X/ 2 AŒX� is the reciprocal polynomial of the characteristic
polynomial Pf .X/ of Frobenius acting on the Tate module T�.x�/ and Q_

f
.X/ 2 KŒX�

is the reciprocal polynomial of P_
f
.X/ arising from T�.x�/

_. In the future we will write
simply “

Q
f ” to indicate that a product is over all irreducible f 2 AC.

Remark 4.1.1. [37, Cor. 3.7.3] makes the calculation of Pf .X/ and P_
f
.X/ reasonable

(and hence Qf .X/ and Q_
f
.X/ also). See [37, Rem. 5.1.2] for the details.

The bounds on the coefficients of Pf .X/ from Section 2.4.2 imply that L.�; s/ con-
verges in K1 for s 2 ZC and that L.�_; s/ converges for s 2 Z>0 (e.g., see [14, §3]).
Goss extended the definition of these L-series to s in a non-archimedean analytic space,
but we will not pursue these extensions here. We will henceforth assume s 2 Z.

By (2.4.3), we find that

L.�_; s/ D
X
a2AC

��.f /

asC1

(see [14, Eqs. (12)–(14)]). In particular, for the Carlitz module P_C;f .X/ D X � 1=f , so

L.C_; s/ D
X
a2AC

1

asC1
D �C.s C 1/

is a shift of the Carlitz zeta function.
Taelman [51, Thm. 1] proved a special value identity for L.�_; 0/ as follows. First,

Q_f .1/
�1
D

f

.�1/r x�.f / � Pf .1/
D

ŒFf �A�
x�.Ff /

�
A

; (4.1.2)

where the first equality follows from (2.4.7) and the second from Gekeler [24, Thm. 5.1]
(and also from [37, Cor. 3.7.8] combined with the definition of Pf .X/). We then have

L.�_; 0/ D
Y
f

ŒFf �A�
x�.Ff /

�
A

D Reg� � H.�/; (4.1.3)

where the first equality follows from (4.1.2) and the second is Taelman’s identity. The
formula on the right contains the regulator Reg� 2 K1 and the order of the class module
H.�/ 2 A (see [51] for details). We will use Fang’s generalization of Taelman’s formula
to t -modules. See Theorem 4.2.2.

4.2. Fang’s class module formula

In [21], Fang proved an extension of Taelman’s class module formula to abelian Ander-
son t -modules defined over the integral closure of A in a finite extension of K. Later
Anglès, Ngo Dac and Tavares Ribeiro [6] extended the class module formula for admissi-
ble Anderson modules for more general ring, which comes from global function field over
a finite field. For the purpose of the present paper, it suffices to focus on Fang’s identity,
thus we will mainly provide a summary of it.
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Let EW A! Mat`.AŒ��/ be an abelian Anderson t -module defined over A. The expo-
nential series ExpE 2 KJ�K of E induces an Fq-linear function

ExpE;K1 WLie.E/.K1/! E.K1/ ” ExpE;K1 WK
`
1 ! K`1:

Now Lie.E/.K1/ has a canonical K1-vector space structure, but Fang [21, p. 303]
pointed out that it has another structure of a vector space over Fq..t�1//. Namely we
extend @W A! Mat`.K1/ to an Fq-algebra homomorphism,

Fq..t
�1//

@
! Mat`.K1/ W

X
j>j0

cj t
�j
7!

X
j>j0

cj � @E
�j
t :

Notably, the series on the right converges by [21, Lem. 1.7]. Furthermore, as Fang sub-
sequently continued, Lie.E/.K1/ obtains an Fq..t�1//-vector space structure via @. For
any g 2 Fq..t�q

`
//, we have @g D g � I`, and so Lie.E/.K1/ has dimension `q` as over

Fq..t�q
`
//, which implies it has dimension ` over Fq..t�1//. Since K1 D Fq..��1// Š

Fq..t�1//, we will abuse notation and use the map @ to define new K1-vector space and
A-module structures on Lie.E/.K1/ that are possibly different from scalar multiplica-
tion. With respect to this K1-structure, Fang showed [21, Thm. 1.10] that

Lie.E/.A/ � Lie.E/.K1/

and
Exp�1E;K1

�
E.A/

�
� Lie.E/.K1/

areA-lattices in the sense of [21, Def. 1.9]. In particular, they have rank ` as anA-modules
via @.

Choose A-bases ¹v1; : : : ; v`º and ¹�1; : : : ;�`º of Lie.E/.A/ and Exp�1E;K1.A
`/ via @

respectively, and let V 2 GL`.K1/ be chosen so that its columns are the coordinates of
�1; : : : ;�` with respect to v1; : : : ; v` (via @). Following Taelman [50, 51], Fang defined
the regulator of E as

RegE ..D 
 � det.V / 2 K1; 
 2 F�q ; (4.2.1)

where 
 is chosen so that RegE has sign 1 (leading coefficient as an element of Fq..��1//
is 1). This value is independent of the choice of A-bases.

Also following Taelman, Fang [21, Thm. 1.10] defined the class module of E as

H.E/ ..D
E.K1/

ExpE;K1
�

Lie.E/.K1/
�
CE.A/

;

and he proved that H.E/ is a finitely generated and torsionA-module. Fang’s class module
formula is the following.

Theorem 4.2.2 (Fang [21, Thm. 1.10]). Let EW A! Mat`.AŒ��/ be an abelian Anderson
t -module. Then Y

f

�
Lie. xE/.Ff /

�
A�

xE.Ff /
�
A

D RegE �
�
H.E/

�
A
;

where the left-hand side converges in K1.
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4.3. L-series of Tensor product of Drinfeld modules over A

Let �,  W A! AŒ�� be Drinfeld modules defined over A of ranks r and ` respectively as
in (1.2.1). Recall the t -module � ˝  W A! MatrC`.AŒ��/ defined over A as in Defini-
tion 3.1.4.

4.3.1. Characteristic polynomials of Frobenius and L-series of � ˝  . Let f 2 AC
be irreducible of degree d , and let � 2 AC be irreducible so that �.�/ ¤ f . Let

��;�WGal.Ksep=K/! Aut
�
T�.�/

�
Š GLr .A�/

be the Galois representation associated T�.�/, and similarly define � ;�WGal.Ksep=K/!

Aut.T�. // for  . The �-adic Tate module

T�.� ˝  / D lim
 �
.� ˝  /Œ�m� Š Ar`�

induces another Galois representation

��˝ ;�WGal.Ksep=K/! Aut
�
T�.� ˝  /

�
Š GLr`.A�/:

As outlined in Section 2.4, if f̨ 2 Gal.Ksep=K/ is a Frobenius element for f , then
because � and  have good reduction at f ,

Char
�
f̨ ; T�.�/; X

�
jtD� D P�;f .X/; Char

�
f̨ ; T�. /;X

�
jtD� D P ;f .X/;

both of which lie in AŒX�. We define

P�˝ ;f .X/ ..D Char
�
f̨ ; T�.� ˝  /;X

�
jtD� ;

P_�˝ ;f .X/ ..D Char
�
f̨ ; T

_
� .� ˝  /;X

�
jtD� :

Recall the notation .P ˝Q/.X/ from Definition 2.5.3. By [34, Thm. 3.1], we then have

P�˝ ;f .X/ D .P�;f ˝ P ;f /.X/ 2 AŒX�;
P_�˝ ;f .X/ D .P

_
�;f ˝ P

_
 ;f /.X/ 2 KŒX�:

(4.3.2)

We further set Q�˝ ;f .X/ and Q_
�˝ ;f

.X/ to be their reciprocal polynomials. We now
consider the L-function

L
�
.� ˝  /_; s

�
..D
Y
f

Q_�˝ ;f .f
�s/�1; s > 0: (4.3.3)

4.3.4. Special L-values of tensor product. Fixing f 2 AC irreducible, we let

� ˝  W A! MatrC`
�
Ff Œ� �

�
denote the reduction modulo f . Recall the completely multiplicative functions

�� ; � W AC ! F�q

as in (2.4.5). We have the following proposition for determining Œ� ˝  .Ff /�A in term of
the value P�˝ ;f .1/.
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Proposition 4.3.5. Let f 2 AC be irreducible. For � ˝  W A! MatrC`.Ff Œ� �/ defined
above, �

� ˝  .Ff /
�
A
D ��.f /

`� .f /
r
� P�˝ ;f .1/ D

P�˝ ;f .1/
P�˝ ;f .0/

� f rC`:

Proof. Let � 2 AC be irreducible so that �.�/ ¤ f . Let Knr
f

be the maximal unramified
and separable extension of Kf , and let Knr

f
� Onr

f
� M nr

f
be its subring of f -integral

elements and its maximal ideal. Because � and  have everywhere good reduction, we
see from [52, Thm. 1] (see also [33, Thm. 4.10.5]) that

�Œ�m�;  Œ�m� � Onr
f ; 8m > 1:

Moreover, the natural reduction maps

�.Onr
f /Œ�

m� D �Œ�m�
�
�! x�Œ�m�;  .Onr

f /Œ�
m� D  Œ�m�

�
�! x Œ�m�; 8m > 1;

are A-module isomorphisms (e.g., see [52, §2]), which gives isomorphisms on Tate mod-
ules commuting with the Galois action

T�.�/
�
�! T�.x�/; T�. /

�
�! T�. x /: (4.3.6)

Together with [34, Thm. 3.1], the following diagram of A�-modules commutes:

T�.� ˝  / T�.� ˝  /

T�.x� ˝ x /

T�.�/˝A� T�. / T�.x�/˝A� T�.
x /:

�

�

�

�

Furthermore, the maps in the diagram above commute with the Galois action, which im-
plies

P�˝ ;f .X/ D Char
�
�d ; T�.� ˝  /;X

�
:

Now as Pf .X/ D .P�;f ˝ P ;f /.X/ by (4.3.2), it follows from (2.4.6) and Defini-
tion 2.5.3 that the constant term of Pf .X/ is

Pf .0/ D x��.f /` x� .f /rf rC`: (4.3.7)

By [37, Cor. 3.7.8], it remains to show ��.f /
`� .f /

r � P�˝ ;f .1/ 2 A is monic.
Indeed, writing Pf .X/D

Pr`
iD0 biX

i , bi 2AŒX� and letting c0; : : : ; cr�1 2A be given
as in (2.4.1), Definition 2.5.3 implies that, for 0 6m 6 r`� 1, each bm is a polynomial in
c0; : : : ; cr�1 with coefficients in Fq . Assigning the weight r � i to each ci , then as formal
expressions, each monomial in c0; : : : ; cr�1 in bm has the same total weight r` � m.
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That is, if cn00 � � � c
nr�1
r�1 is a monomial in bm, then

Pr�1
iD0.r � i/ni D r` � m, and so by

Section 2.4.2,

deg� .c
n0
0 � � � c

nr�1
r�1 / 6

r�1X
iD0

d

r
� ni .r � i/ D

d

r
.r` �m/ D d` �

dm

r
:

From (4.3.7), this is an equality if m D 0. On the other hand, this inequality implies,

0 < m 6 r` � 1 H) deg� bm < d`:

Therefore from (4.3.7), ��.f /`� .f /r � P�˝ ;f .1/ 2 A is monic.

For each irreducible f 2AC, (4.3.2) implies that Q_
�˝ ;f

.1/DP�˝ ;f .1/=P�˝ ;f .0/.
By combining Proposition 4.3.5 and also the relation (4.3.3), we are able to obtain the
following identity forL.�˝ _; 0/, which shows that Fang’s class module formula (The-
orem 4.2.2) applies to the special values we are considering.

Proposition 4.3.8. We have

L
�
.� ˝  /_; 0

�
D

Y
f

ŒF rC`
f

�A�
� ˝  .Ff /

�
A

:

4.3.9. Convolution L-series of �˝ . We investigate

L
�
.� ˝  /_; s

�
D

Y
f

Q_�˝ ;f .f
�s/�1 (4.3.10)

from (4.3.3). We at first fix f 2 AC irreducible, and we let ˛1; : : : ; ˛r 2 xK be the roots of
P_
�;f
.X/, and we let ˇ1; : : : ; ˇ` 2 xK be the roots of P_

 ;f
.X/. We split it into two cases.

For r D `. As Q_
�˝ ;f

.X/ is the reciprocal polynomial of P_
�˝ ;f

.X/ D P_
�;f
.X/˝

P_
 ;f

.X/, we can expand Q_
�˝ ;f

.f �s/�1 using Cauchy’s identity (Theorem 2.5.12).
We note from (2.4.6) that ˛1 � � � ˛r D ��.f /f

�1 and ˇ1 � � � ˇr D � .f /f
�1. By the

definitions of �� and � from (2.6.1), Theorem 2.5.12 implies

Q_�˝ ;f .f
�s/�1

D

�
1�

��.f /� .f /

f rsC2

��1 1X
k1D0

� � �

1X
kr�1D0

kD.k1;:::;kr�1/

Sk.˛/Sk.ˇ/f
�s.k1C2k2C���C.r�1/kr�1/

D

�
1�

��.f /� .f /

f rsC2

��1 X
k1;:::;kr�1>0

��.f
k1 ; : : : ; f kr�1/� .f

k1 ; : : : ; f kr�1/

f 2.k1Ck2C���Ckr�1/Cs.k1C2k2C���C.r�1/kr�1/
; (4.3.11)

where ˛D .˛1; : : : ; ˛r / and ˇ D .ˇ1; : : : ; ˇr /. We define the twisted Carlitz zeta function

L.A; ��� ; s/
..D

X
a2AC

��.a/� .a/

as
; (4.3.12)



Tensor products of Drinfeld modules and convolutions of Goss L-series 31

and finally we define the L-series,

L.�� � � ; s/
..D

X
a12AC

� � �

X
ar�12AC

��.a1; : : : ; ar�1/� .a1; : : : ; ar�1/

.a1 � � � ar�1/2.a1a
2
2 � � � a

r�1
r�1/

s
: (4.3.13)

The convergence of this series inK1 can be deduced from Proposition 2.6.3 (d) for s > 0.
By examining the Euler products of the L-series, we arrive at the following result.

Theorem 4.3.14. Let �,  W A! AŒ�� be Drinfeld modules both of rank r > 2 with every-
where good reduction, as defined in (1.2.1). Then

L
�
.� ˝  /_; s

�
D L.A; ��� ; rs C 2/ � L.�� � � ; s/:

We can substitute s D 0 into Theorem 4.3.14 and obtain the following special value
identity.

Corollary 4.3.15. Let �,  WA! AŒ�� be Drinfeld modules both of rank r > 2 with every-
where good reduction, as defined in (1.2.1).

L.�� � � ; 0/ D
X
a12AC

� � �

X
ar�12AC

��.a1; : : : ; ar�1/� .a1; : : : ; ar�1/

.a1 � � � ar�1/2

D
Reg�˝ �

�
H.� ˝  /

�
A

L.A; ��� ; 2/
:

For r<`. Using that ˛1 � � �˛rD��.f /f �1, we apply Bump’s specialization of Cauchy’s
identity (Corollary 2.5.13), and similar to calculations in Section 4.3.9, we find

Q_�˝ ;f .f
�s/�1

D

1X
k1D0

� � �

1X
krD0

kD.k1;:::;kr�1/
k0D.k1;:::;kr ;0;:::;0/

Sk.˛/Sk0.ˇ/.��.f /f
�1/krf �s.k1C2k2C���Crkr /

D

X
k1;:::;kr>0

��.f
k1 ; : : : ; f kr�1/� .f

k1 ; : : : ; f kr ; 1; : : : ; 1/ � ��.f
kr /

f 2.k1Ck2C���Ckr /Cs.k1C2k2C���Crkr /
:

The expression� .f
k1 ; : : : ; f kr ; 1; : : : ; 1/ generically has 1’s in exactly the last `� 1� r

places. We thus define the L-series when r < `,

L.�� � � ; s/

..D
X

a1;:::;ar2AC

��.ar /��.a1; : : : ; ar�1/� .a1; : : : ; ar ; 1; : : : ; 1/

.a1 � � � ar /2.a1a
2
2 � � � a

r
r /
s

: (4.3.16)

Similarly, the Euler products of these L-series yield the following theorem.
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Theorem 4.3.17. Let �,  W A! AŒ�� be Drinfeld modules of ranks r and ` respectively
with everywhere good reduction, as defined in (1.2.1). Assume that r , `> 2 and that r < `.
Then

L
�
.� ˝  /_; s

�
D L.�� � � ; s/:

We can substitute s D 0 into Theorem 4.3.17 and obtain the following special value
identity.

Corollary 4.3.18. Let �,  WA! AŒ�� be Drinfeld modules both of rank r > 2 with every-
where good reduction, as defined in (1.2.1). Assume that r , ` > 2 and that r < `. Then

L.�� � � ; 0/ D
X

a1;:::;ar2AC

��.ar /��.a1; : : : ; ar�1/� .a1; : : : ; ar ; 1; : : : ; 1/

.a1 � � � ar /2

D Reg�˝ �
�
H.� ˝  /

�
A
:

Remark 4.3.19. Note that the case r > ` is included in the case r < ` since � ˝  is
isomorphic to � ˝ � as t -modules by [34, Prop. 2.5].

4.4. L-series of symmetric and alternating squares of Drinfeld module over A

We assume p ¤ 2. Let �W A ! AŒ�� be Drinfeld modules defined over A of rank r as
in (1.2.1). Recall the t -module Sym2 �W A!MatrC1.AŒ��/ and

V2
�W A!Matr�1.AŒ��/

defined over A as in Definition 3.2.11. Following the same process as in Section 4.3.1, We
define

PSym2 �;f .X/
..D Char

�
f̨ ; T�.Sym2 �/;X

�ˇ̌
tD�

;

P_Sym2 �;f .X/
..D Char

�
f̨ ; T

_
� .Sym2 �/;X

�ˇ̌
tD�

;

and

PV2
�;f
.X/ ..D Char

�
f̨ ; T�

� 2̂

�
�
; X
�ˇ̌̌
tD�

;

P_V2
�;f
.X/ ..D Char

�
f̨ ; T

_
�

� 2̂

�
�
; X
�ˇ̌̌
tD�

Recall the notations .Sym2 P /.X/ and .
V2

P /.X/ that were introduced earlier in Defini-
tion 2.5.3. By [34, Thm. 5.9], we then have

PSym2 �;f .X/ D .Sym2 P�;f /.X/ 2 AŒX�;

P_Sym2 �;f .X/ D .Sym2 P_�;f /.X/ 2 KŒX� ; (4.4.1)

and

PV2
�;f
.X/ D

� 2̂

P�;f

�
.X/ 2 AŒX�;

P_V2
�;f
.X/ D

� 2̂

P_�;f

�
.X/ 2 KŒX�:

(4.4.2)
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We further set QE;f .X/ and Q_
E;f

.X/ to be their reciprocal polynomials forE D Sym2 �

or
V2

�. We now consider the L-functions

L
�
.Sym2 �/_; s

�
..D
Y
f

Q_Sym2 �;f .f
�s/�1; s > 0; (4.4.3)

L
�� 2̂

�
�_
; s
�

..D
Y
f

Q_V2
�;f
.f �s/�1; s > 0: (4.4.4)

4.4.5. Special L-values of symmetric and alternating squares. Fixing f 2 AC irre-
ducible, similar to the tensor products, we denote

Sym2 �W A! MatrC1
�
Ff Œ� �

�
and

2̂

�W A! Matr�1
�
Ff Œ� �

�
the reductions modulo f . We also have the following useful proposition for determining
the desired quantity

�
Sym2 �.Ff /

�
A

and
�V2

�.Ff /
�
A

in term of the values PSym2 �;f .1/

and PV2
�;f
.1/, respectively.

Proposition 4.4.6. Let f 2 AC be irreducible. For Sym2 �W A ! MatrC1.Ff Œ� �/ andV2
�W A! Matr�1.Ff Œ� �/ defined above,�

Sym2 �.Ff /
�
A
D .�1/

r.rC1/
2 ��.f /

rC1
� PSym2 �;f .1/ D

PSym2 �;f .1/

PSym2 �;f .0/
� f rC1;

and h 2̂
�.Ff /

i
A
D .�1/

r.r�1/
2 ��.f /

r�1
� PV2

�;f
.1/ D

PV2
�;f
.1/

PV2
�;f
.0/
� f r�1:

Proof. In a similar fashion to the proof of Proposition 4.3.5, following from [34, Thm. 5.9]
the diagrams of A�-modules below commutes:

T�.Sym2 �/ T�.Sym2 �/

T�
�

Sym2.x�/
�

Sym2
�
T�.�/

�
Sym2

�
T�.x�/

�

�

�

�

�

T�
�V2

�
�

T�
�V2

�
�

T�
�V2

.x�/
�

V2 �
T�.�/

� V2 �
T�.x�/

�

�

�

�

�

Furthermore, the maps in the diagram above commute with the Galois action, which
implies

PSym2 �;f .X/ D Char
�
�d ; T�.Sym2 �/;X

�
;
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and

PV2
�;f
.X/ D Char

�
�d ; T�

� 2̂

�
�
; X
�
:

The remaining part follows by the same process of the proof of Proposition 4.3.5.

For each irreducible f 2 AC, (4.4.1) and (4.4.2) imply that

Q_Sym2 �;f .1/ D
PSym2 �;f .1/

PSym2 �;f .0/
and Q_V2

�;f
.1/ D

PV2
�;f
.1/

PV2
�;f
.0/
:

By combining Proposition 4.4.6, (4.4.3) and (4.4.4), we obtain the following identities for
L.Sym2 �_; 0/ and L.

V2
�_; 0/, which show that Fang’s class module formula (Theo-

rem 4.2.2) applies to the special values we are considering.

Proposition 4.4.7. We have

L
�
.Sym2 �/_; 0

�
D

Y
f

ŒF rC1
f

�A�
Sym2 �.Ff /

�
A

; L
�� 2̂

�
�_
; 0
�
D

Y
f

ŒF r�1
f

�A�V2
�.Ff /

�
A

:

4.4.8. Convolution L-series of symmetric and alternating squares. We investigate

L
�
.Sym2 �/_; s

�
D

Y
f

Q_Sym2 �;f .f
�s/�1; L

�� 2̂

�
�_
; s
�
D

Y
f

Q_V2
�;f
.f �s/�1

from (4.4.3) and (4.4.4). Same as we did in tensor product cases, we at first fix f 2 AC
irreducible, and we let ˛1; : : : ; ˛r 2 xK be the roots of P_

�;f
.X/, and we let ˇ1; : : : ; ˇ` 2 xK

be the roots of P_
 ;f

.X/. Instead of applying Cauchy’s identity, we should apply Little-
wood’s identities to analyze Q_

Sym2 �;f
.X/�1 and Q_V2

�;f
.X/�1.

Symmetric square. As Q_
Sym2 �;f

.X/ is the reciprocal polynomial of

P_Sym2 �;f .X/ D .Sym2 P_�;f /.X/;

we can expand Q_
Sym2 �;f

.f �s/�1 using Littlewood’s identity (Theorem 2.5.15 (a)). We
note from (2.4.6) that ˛1 � � �˛r D ��.f /f �1. By the definitions of �� from (2.6.1), The-
orem 2.5.15 (a) implies

Q_Sym2 �;f .f
�s/�1

D

�
1 �

��.f /
2

f rsC2

��1 1X
k1D0

� � �

1X
kr�1D0

kD.k1;:::;kr�1/

2jki for all i

Sk.˛/f
�s.

k1
2 C

2k2
2 C���C

.r�1/kr�1
2 /

D

�
1 �

��.f /
2

f rsC2

��1 X
k1;:::;kr�1>0

��.f
2k1 ; : : : ; f 2kr�1/

f 2.k1Ck2C���Ckr�1/Cs.k1C2k2C���C.r�1/kr�1/
;



Tensor products of Drinfeld modules and convolutions of Goss L-series 35

where ˛ D .˛1; : : : ; ˛r /. Recalling the twisted Carlitz zeta function

L.A; �2� ; s/
..D

X
a2AC

��.a/
2

as
;

and finally we define the L-series,

L.z�� ; s/
..D

X
a12AC

� � �

X
ar�12AC

��.a
2
1; : : : ; a

2
r�1/

.a1 � � � ar�1/2.a1a
2
2 � � � a

r�1
r�1/

s
: (4.4.9)

The convergence of this series inK1 can be deduced from Proposition 2.6.3 (d) for s > 0.
After some straightforward simplification we arrive at the following result.

Theorem 4.4.10. Let �W A ! AŒ�� be Drinfeld module of rank r > 2 with everywhere
good reduction, as defined in (1.2.1). Then

L
�
.Sym2 �/_; s

�
D L.A; �2� ; rs C 2/ � L.z�� ; s/:

We can substitute s D 0 into Theorem 4.4.10 and obtain the following special value
identities.

Corollary 4.4.11. Let �W A! AŒ�� be Drinfeld module of rank r > 2 with everywhere
good reduction, as defined in (1.2.1).

L.z�� ; 0/ D
X
a12AC

� � �

X
ar�12AC

��.a
2
1; : : : ; a

2
r�1/

.a1 � � � ar�1/2
D

RegSym2 � �
�
H.Sym2 �/

�
A

L.A; �2� ; 2/
:

Alternating square. We splits it into three cases. As Q_V2
�;f
.X/ is the reciprocal poly-

nomial of

P_V2
�;f
.X/ D

� 2̂

P_�;f

�
.X/;

we can expand Q_V2
�;f
.f �s/�1 using Littlewood’s identity (Theorem 2.5.15 (b)) for the

first two cases. We recall from (2.4.6) that ˛1 � � � ˛r D ��.f /f �1, and �� from (2.6.1).
Letting ˛ D .˛1; : : : ; ˛r / and w D bn

2
c, we have the following identities.

Case 1. For r > 3 and 2 − r � 1,

Q_V2
�;f
.f �s/�1

D

�
1 �

��.f /

f
rs
2 C1

��1 1X
k1D0

� � �

1X
kwD0

kD.0;k1;0;k2;:::;kw ;0/

Sk.˛/f
�s.k1C2k2C���Cwkw /

D

�
1 �

��.f /

f
rs
2 C1

��1 X
k1;:::;kw>0

��.1; f
k1 ; 1; f k2 ; : : : ; f kw ; 1/

f k1Ck2C���CkwCs.k1C2k2C���Cwkw /
;
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Case 2. For r > 3 and 2 j r � 1,

Q_V2
�;f
.f �s/�1 D

1X
k1D0

� � �

1X
kwD0

kD.0;k1;0;k2;:::;kw /

Sk.˛/f
�s.k1C2k2C���Cwkw /

D

X
k1;:::;kw>0

��.1; f
k1 ; 1; f k2 ; : : : ; f kw /

f k1Ck2C���CkwCs.k1C2k2C���Cwkw /
;

Case 3. If r D 2, then

Q_V2
�;f
.f �s/�1 D

�
1 �

��.f /

f sC1

��1
:

Considering the twisted Carlitz zeta function

L.A; �� ; s/
..D

X
a2AC

��.a/

as
;

and finally we define the L-series,

L.y�� ; s/
..D

X
a1;:::;ar�12AC

aiD1 if 2 − i

��.a1; : : : ; ar�1/

a1 � � � ar�1.a1a
2
2 � � � a

r�1
r�1/

s
: (4.4.12)

The convergence of this series inK1 can be deduced from Proposition 2.6.3 (d) for s > 0.
After some straightforward simplification we arrive at the following result.

Theorem 4.4.13. Let �W A ! AŒ�� be Drinfeld module of rank r > 2 with everywhere
good reduction, as defined in (1.2.1). Then

L
�� 2̂

�
�_
; s
�
D L

�
A; �� ;

rs

2
C 1

� .�1/rC1
2
� L.y�� ; s/:

We can substitute s D 0 into Theorem 4.4.13 and obtain the following special value
identities.

Corollary 4.4.14. Let �W A! AŒ�� be Drinfeld module of rank r > 2 with everywhere
good reduction, as defined in (1.2.1).

L.y�� ; 0/ D
X

a1;:::;ar�12AC

aiD1 if 2−i

��.a1; : : : ; ar�1/

a1 � � � ar�1
D

RegV2
�
�
�
H
�V2

�
��
A

L.A; �� ; 1/
.�1/rC1

2

:

Remark 4.4.15. In the case r D 2, from (4.4.12), the L-series L.y�� ; s/ D 1. Theo-
rem 4.4.13 and Corollary 4.4.14 imply

L
�� 2̂

�
�_
; s
�
D L.A; �� ; s C 1/;

and

L.A; �� ; 1/ D RegV2
�
�

h
H
� 2̂

�
�i
A
:
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In fact, the alternating square
V2

� is a Drinfeld module of rank 1 defined by .
V2

�/t D

� � �2� . In this case, the class module H.
V2

�/ is trivial, and RegV2
�
D LogV2

�
.1/.

We refer readers to the next section for more details on regulators of tensor products,
symmetric and alternating squares. In conclusion,

L.A; �� ; 1/ D LogV2
�
.1/:

5. Regulators of tensor products, symmetric and alternating squares

In this section, we provide explicit expressions for the regulators of the tensor, symmetric,
and alternating squares of Drinfeld modules of rank 2, which require explicit formulas for
logarithms derived in Section 5.2. To compute logarithms, we review Anderson’s expo-
nentiation theorem in Section 5.1.

5.1. Anderson’s exponentiation theorem

We let EW A! Mat`.C1Œ� �/ be a uniformizable almost strictly pure t -module of rank r
in the sense of [42], and let m D .m1; : : : ;mr /T 2Matr�1.ME / be a basis of its t -motive
ME

..D Mat1�`.C1Œ� �/ with ẑE denoting multiplication by � on ME . Picking n D
.n1; : : : ;nr /

T 2Matr�1.NE / to be a basis of its dual t -motive NE
..DMat1�`.C1Œ��/, a t -

frame forE is a pair .�E ;ˆE /, whereˆE represents multiplication by � with respect to n,
and �E WMat1�r .C1Œt �/!NE is a map given by for ˛D .˛1; : : : ; ˛r / 2Mat1�r .C1Œt �/,

�E .˛/ D ˛ � n D ˛1n1 C � � � C ˛rnr :

For nD
Pl
iD0 ai�

i 2NE with ai 2Mat1�`.C1/, we then define two maps "0, "1WNE !

C`
1 by setting

"0.n/
..D aT0; "1.n/

..D

� lX
iD0

a
.i/
i

�T
:

We have the following two results by Anderson.

Lemma 5.1.1 (Anderson [35, Prop. 2.5.8] and [42, Lem. 3.4.1]). There exists a unique
bounded C1-linear map

E0 D E0;E W
�

Mat1�`.T� /; k�k�
�
! .C`

1; j�j1/

of normed vector spaces such that E0jMat1�r .C1Œt�/ D "0 ı �E .

We further let E1D E1;E
..D "1 ı �E WMat1�r .C1Œt �/!C`

1. Then we state the Ander-
son’s exponentiation theorem below.

Theorem 5.1.2 (Anderson [35, Thm. 2.5.21], [42, Thm. 3.4.2]). LetEWA!Mat`.C1Œ� �/
be an A-finite t -module of rank r with t -frame .�E ; ˆE /. Fix h 2 Mat1�r .C1Œt �/, and
suppose there exists g 2 Mat1�r .T� / such that

g.�1/ˆE � g D h:
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Then
ExpE

�
E0.gC h/

�
D E1.h/:

Let � 2 C`
1, and define h� 2 Mat1�r .C1Œt �/ as in [42, (4.4.21)]. Considering

g ..D
X
m>0

h.mC1/
�

.ˆ�1E /
.mC1/

� � � .ˆ�1E /
.1/
2 Mat1�r .T� /;

by verifying directly, we have

g.�1/ˆE � g D h� :

Theorem 5.1.2 and [42, Prop. 4.5.22] imply

ExpE
�
E0;E

�
h� C

X
m>1

h.m/
�
.ˆ�1E /

.m/
� � � .ˆ�1E /

.1/
��
D �: (5.1.3)

Remark 5.1.4. The construction above generalizes Chen’s construction for Drinfeld mod-
ules [16, Rem. 3.1.8] to uniformizable almost strictly pure t -modules.

5.2. Logarithms of tensor structures

From now on, we fix a Drinfeld module �W A! AŒ�� of rank 2, given by �t D � C �1� C
�2�

2, where �2 2 F�q . In this subsection, we follow the processes in [42] to compute E0
and h� in (5.1.3), which allow us to provide expressions of logarithms of tensor structures.
It requires that the t -modules E ..D �˝2, Sym2.�/,

V2
.�/ are uniformizable and almost

strictly pure, which are followed by Proposition 3.2.12 and Remark 3.2.13.

5.2.1. Calculation of E0.

The case tensor square. We let E D �˝2, and let N� D C1Œ�� be the dual t -motive of
�. First of all, we define a t -module zEW A! Mat4.C1Œ� �/ from the dual t -motive

N zE
..D N ˝2�

..D C1Œ��˝C1Œt� C1Œ��

in a similar way as in Section 3.1. To be precise, one can verify that

¹siº
4
iD1 D ¹1˝ 1; 1˝ �; � ˝ 1; �

2
˝ 1º (5.2.2)

is a C1Œ��-basis of N zE (cf. Lemma 3.1.2). Then we obtain zE by solving the following
equation for zEt W

t � u.s1; : : : ; s4/T D u zE�t .s1; : : : ; s4/
T

for all u 2 Mat1�d .C1Œ��/. Explicitly, we have

zEt D

0BBB@
� �1� �1� �2�

2

� �2�

�
.�1/
1 �2� � �1�

�2 �

1CCCA :
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By calculating directly, we have an isomorphism U �E D U
T
E from zE to E given by

UE D

0BBB@
1

1 �
�1
�2

1

1 �
�
.�1/
1

�2

1CCCA 2 GL4.C1/ � GL4
�
C1Œ� �

�
:

By the C1Œ��-basis in (5.2.2), we identify N zE with Mat1�4.C1Œ��/ by setting si 7! si ,
where s1; : : : ; s4 is the standard basis vectors in Mat1�4.C1Œ��/. In this way, the C1Œt �-
basis

¹1˝ 1; 1˝ �; � ˝ 1; � ˝ �º

is identified with
¹niº

4
iD1 D ¹s1; s2; s3; �s1º:

Furthermore, by Example 2.3.4 we note that

ˆE D ˆ zE D

 
0 1

t��
�2

�
�
.�1/
1

�2

!˝2
D

0BBBBB@
1

t��
�2

�
�
.�1/
1

�2

t��
�2

�
�
.�1/
1

�2

.t��/2

�22
�
�
.�1/
1 .t��/

�22
�
�
.�1/
1 .t��/

�22

.�
.�1/
1 /2

�22

1CCCCCA
represents multiplication by � on NE and N zE .

We observe that there exists C 2 GL4.C1Œt �/ so that

CˆE D

0BB@
.t � �/2

.t � �/

.t � �/

1

1CCA :
To calculate E0 by [42, Prop. 3.5.7], we follow [42, Rem. 3.5.11] to define

VE
..D

0BB@
@n1.@ zE

�
t � � I4/
@n1
@n2
@n3

1CCA D
0BBB@

�
.�1/
1 �2

1

1

1

1CCCA 2 GL4.C1/ � GL4
�
C1Œ� �

�
:

Note that V T
E W �!

zE is an isomorphism of t -modules with �W A! Mat4.C1Œ� �/ defined
by

�t D .V
T
E /
�1 zEtV

T
E :

Now we have isomorphisms of t -modules:

�
V TE
��! zE

U TE
��! E;
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which gives isomorphisms of dual t -motives

N�

.�/VE
���! N zE

.�/UE
���! NE :

Then the C1Œt �-basis n zE D .n1; : : : ; n4/
T of N zE gives C1Œt �-bases

nE D n zEUE and n� D n zEV
�1
E (5.2.3)

of NE and N�, respectively. The t -frame �E WMat1�4.C1Œt �/! NE can be computed by

�E .f/ D � zE .f/UE D ��.f/VEUE ; for f 2 Mat1�4
�
C1Œt �

�
:

We let @t WFq.t/! Fq.t/ be the first hyperderivative with respect to t . By applying [42,
Prop. 3.5.7] to � and using UE , VE 2 Mat4.C1/,

E0.f/ D "0
�
�E .f/

�
D .VEUE /

TE0;�.f/

D .VEUE /
T

0BB@
@t .f1/

f1
f2
f3

1CCA
ˇ̌̌̌
ˇ
tD�

D

0BB@
�2@t .f1/jtD�

f3.�/

f2.�/

f1.�/ �
�1
�2
f2.�/

1CCA ; (5.2.4)

for f D .f1; : : : ; f4/ 2 Mat1�4.C1.t//.

The case symmetric square. We let E D Sym2.�/. Similar to the tensor square case,
one check directly that

¹siº
3
iD1 D

²
1˝ 1;

1

2
.1˝ � C � ˝ 1/;

1

2
.1˝ �2 C �2 ˝ 1/

³
(5.2.5)

is a C1Œ��-basis of N zE
..D Sym2.N�/ � N ˝2� (cf. (3.2.1), Lemma 3.2.4). In the same

fashion for the tensor square, we define the t -module zEW A! Mat3.C1Œ� �/, given by

zEt D

0B@ � �1� �2�
2

�
.�1/
1 � C �2� �1�

�2 �

1CA ;
which is isomorphic to E by U �E W zE ! E, where

UE D

0BB@
1

1
2

�
�1
2�2

1 �
�
.�1/
1

2�2

�1�
.�1/
1

2�22

1CCA 2 GL3.C1/ � GL3
�
C1Œ� �

�
:

We identify N zE with Mat1�3.C1Œ��/ by setting the C1Œ��-basis in (5.2.5) si 7! si , where
s1; s2; s3 is the standard basis vectors in Mat1�3.C1Œ��/. In this way, the C1Œt �-basis²

1˝ 1;
1

2
.1˝ � C � ˝ 1/; � ˝ �

³
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is identified with
¹niº

3
iD1 D ¹s1; s2; �s1º:

Furthermore, by Example 2.3.4 we note that

ˆE D ˆ zE D Sym2

 
0 1

t��
�2

�
�
.�1/
1

�2

!
D

0BBB@
1

t��
�2

�
�
.�1/
1

�2

.t��/2

�22
�2

�
.�1/
1 .t��/

�22

.�
.�1/
1 /2

�22

1CCCA
represents multiplication by � on NE and N zE .

We observe that there exists C 2 GL3.C1Œt �/ so that

CˆE D

0@.t � �/2 .t � �/

1

1A :
Again, we follow [42, Rem. 3.5.11] to define

VE
..D

0@@n1.@ zE�t � � I3/
@n1
@n2

1A D
0B@ �

.�1/
1 �2

1

1

1CA 2 GL3.C1/ � GL3
�
C1Œ� �

�
:

Note that V T
E W �!

zE is an isomorphism of t -modules with �W A! Mat3.C1Œ� �/ defined
by

�t D .V
T
E /
�1 zEtV

T
E :

Now we have isomorphisms of t -modules:

�
V TE
��! zE

U TE
��! E;

which gives isomorphisms of dual t -motives

N�

.�/VE
���! N zE

.�/UE
���! NE :

Then the C1Œt �-basis n zE D .n1; n2; n3/
T of N zE gives C1Œt �-bases

nE D n zEUE and n� D n zEV
�1
E (5.2.6)

of NE and N� respectively. So the t -frame �E WMat1�3.C1Œt �/! NE can be computed
by

�E .f/ D � zE .f/UE D ��.f/VEUE ; for f 2 Mat1�3
�
C1Œt �

�
:

By applying [42, Prop. 3.5.7] to � and using UE , VE 2 Mat3.C1/,

E0.f/ D .VEUE /TE0;�.f/ D .VEUE /T
0@@t .f1/f1

f2

1A ˇ̌̌̌
tD�

D

0B@ �2@t .f1/jtD�
1
2
f2.�/

f1.�/ �
�1
2�2
f2.�/

1CA ;
for f D .f1; f2; f3/ 2 Mat1�3.C1.t//.
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The case alternating square. By Definition 3.2.11, the alternating square of � is given
by
V2

�t D � � �2� , which is a Drinfeld module of rank 1. It follows by [42, Ex. 3.5.14]
that, for f 2 C1.t/,

E0.f/ D f.�/:

5.2.7. Calculation of h� . The key step involves applying [42, (4.4.21)], which utilizes
the matrix V representing Hartl–Juschka’s isomorphism, as described in [35, Thm. 2.5.13]
(see also [42, Thm. 4.4.9]). To compute the matrix V , we apply [42, Cor. 4.5.20 (a)],
reducing the problem to computing the matrices X , Y , and B , which are defined in [42,
§4.5]. We provide detailed computations for each case of tensor structures.

The case tensor square. We letE D �˝2. In the same fashion as the N zE in Section 5.2.1,
we identify ME

..DM˝2� with Mat1�4.C1Œ� �/ by setting si 7! si , where ¹siº4iD1 is the
C1Œ� �-basis in Lemma 3.1.2. Then the C1Œt �-basis

¹1˝ 1; 1˝ �; � ˝ 1; � ˝ �º

is identified with
¹miº

4
iD1 D ¹s1; s2; s3; �s1º: (5.2.8)

On the other hand, by a direct computation, the C1Œt �-basis of NE in (5.2.3) is°
s4; s3 �

�1

�2
s4; s2; �s4

±
:

By Remark 3.2.13, the top coefficient of Et2 is invertible, so the matrices X , Y 2
Mat8�4.C1Œt �/ in [42, Cor. 4.5.20 (a)] come from solving the following equations.0BBBBBBBBBBB@

s1
s2
s3
s4
�s1
�s2
�s3
�s4

1CCCCCCCCCCCA
D X

0BB@
s1
s2
s3
�s1

1CCA ;

0BBBBBBBBBBB@

s1
s2
s3
s4
�s1
�s2
�s3
�s4

1CCCCCCCCCCCA
D Y

0BB@
s4

s3 � �1
�2

s4
s2
�s4

1CCA ;

which give

X D

0BBBBBBBBBBB@

1

1

1

� � � �

1

� � � �

� � � �

� � � �

1CCCCCCCCCCCA
; Y D

0BBBBBBBBBBB@

� � � �

1
�1
�2

1

1

� � � �

� � � �

� � � �

1

1CCCCCCCCCCCA
:
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Remark 5.2.9. The entries �’s in X and Y can be found explicitly, but we just do not
need them for the later computations.

By Definition 3.1.4, the matrix B 2 Mat8.C1/ in [42, Cor. 4.5.20] is given by

B D

�
B1 B2

B2 0

�
;

where if we write Et D B0 C B1� C B2�2, then

B0 D

0BB@
� �1 �2
�

�

�

1CCA ; B1 D

0BB@
0 0 0 0

�1 �2
�1 �2

�1

1CCA ; B2 D

0BB@
0 0 0 0

0 0 0 0

0 0 0 0

�2 0 0 0

1CCA : (5.2.10)

Then by [42, Cor. 4.5.20],

V D .X .1//TBTY D

0BBB@
�21
�2

�1 �1 �2

�1 �2
�1 �2
�2

1CCCA : (5.2.11)

By the proof of Proposition 3.2.12,

ẑ
E D ẑ

˝2
� D

 
0 1
t��
�2

�
�1
�2

!˝2
D

0BBBB@
1

t��
�2

�
�1
�2

t��
�2

�
�1
�2

.t��/2

�22
�
�1.t��/

�22
�
�1.t��/

�22

�21
�22

1CCCCA : (5.2.12)

We let m D .m1; : : : ; m4/
T be the C1Œt �-basis for ME in (5.2.8), and write ẑE DP2

iD0
zUi t

i with zUi 2 Mat4.C1/. By [42, (4.4.21)], together with (5.2.10)–(5.2.12), and
recall that � D .�1; : : : ; �4/T 2 C4

1, we have

h� D
�
zU1m� C t zU2m� C zU2m.B0� C B1�.1/ C B2�.2//

�T
� V

D

�
0;
�3

�2
;
�2

�2
;�

1

�22

�
.t � �/�1 � �1�2 C �2�4

��
� V

D

�
.t � �/�1 C �1�3 C �2�4

�2
; �3; �2; 0

�
2 Mat1�4

�
C1Œt �

�
: (5.2.13)

The case symmetric square. We let E D Sym2 �. In this case, we identify ME
..D

Sym2.M�/ with Mat1�3.C1Œ� �/ by assigning the C1Œ� �-basis in Lemma 3.2.4 (a) to the
standard basis vectors s1; s2; s3. Then the C1Œt �-basis²

1˝ 1;
1

2
.1˝ � C � ˝ 1/; � ˝ �

³
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is identified with
¹miº

3
iD1 D ¹s1; s2; �s1º: (5.2.14)

On the other hand, by a direct computation, the C1Œt �-basis of NE in (5.2.6) is²
s3;

1

2
s2 �

�1

2�2
s3; �s3

³
:

By Remark 3.2.13, the top coefficient of Et2 is invertible, so the matrices X , Y 2
Mat6�3.C1Œt �/ in [42, Cor. 4.5.20 (a)] come from solving the following equations.0BBBBBBB@

s1
s2
s3
�s1
�s2
�s3

1CCCCCCCA D X
0@ s1

s2
�s1

1A ;
0BBBBBBB@

s1
s2
s3
�s1
�s2
�s3

1CCCCCCCA D Y
0@ s3
1
2

s2 � �1
2�2

s3
�s3

1A ;

which give

X D

0BBBBBBB@

1

1

� � �

1

� � �

� � �

1CCCCCCCA ; Y D

0BBBBBBB@

� � �
�1
�2

2

1

� � �

� � �

1

1CCCCCCCA :
By Definition 3.2.11 (a), the matrix B 2 Mat6.C1/ in [42, Cor. 4.5.20] is given by

B D

�
B1 B2

B2 0

�
;

where if we write Et D B0 C B1� C B2�2, then

B0 D

0@� �1 �2
�

�

1A ; B1 D

0@ 0 0 0

�1 �2 0

0 �1 0

1A ; B2 D

0@ 0 0 0

0 0 0

�2 0 0

1A : (5.2.15)

Then by [42, Cor. 4.5.20],

V D .X .1//TBTY D

0B@ �21
�2

2�1 �2

2�1 2�2
�2

1CA : (5.2.16)

By the proof of Proposition 3.2.12,

ẑ
E D Sym2. ẑ�/ D Sym2

 
0 1
t��
�2

�
�1
�2

!
D

0BB@
1

t��
�2

�
�1
�2

.t��/2

�22
�2 �1.t��/

�22

�21
�22

1CCA : (5.2.17)
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We let m D .m1; m2; m3/
T be the C1Œt �-basis for ME in (5.2.14), and write ẑE DP2

iD0
zUi t

i with zUi 2 Mat3.C1/. By [42, (4.4.21)], together with (5.2.15)–(5.2.17), and
recall that � D .�1; �2; �3/T 2 C3

1, we have

h� D
�
zU1m� C t zU2m� C zU2m.B0� C B1�.1/ C B2�.2//

�T
� V

D

�
0;
�2

�2
;�

1

�22

�
.t � �/�1 � �1�2 C �2�3

��
� V

D

�
.t � �/�1 C �1�2 C �2�3

�2
; 2�2; 0

�
2 Mat1�3

�
C1Œt �

�
: (5.2.18)

The case alternating square. By [42, (4.6.12)], for � 2 C1,

h� D �

since
V2

� is a Drinfeld module of rank 1.

5.2.19. Conclusion. We let E D �˝2, Sym2 � or
V2

� of dimension ` with the Drinfeld
module �W A! AŒ�� given by �t D � C �1� C �2�2 with �2 2 F�q , and let TE be the cor-
responding matrix operator defined in Section 2.7, and write Log�.z/ D

P1
mD0 ˇmz

qm 2

KJzK.
El-Guindy–Papanikolas [20, (6.4), (6.5)] constructed rational functions Bm.t/ 2K.t/

such that Bm.�/ D ˇm for m > 0. By their construction, for m < 0, Bm.t/ D 0 and
B0.t/ D 1. We state a recursive formula for Bm.t/ with rank 2 assumption below.

Lemma 5.2.20 (El-Guindy–Papanikolas [20, Lem. 6.12 (b)]). For m > 1, the sequence
Bm.t/ satisfies the following recurrence:

Bm.t/ D
�
.m�1/
1

t � � .m/
Bm�1.t/C

�2

t � � .m/
Bm�2.t/:

The proposition below provides an expression of

RE;m
..D .ˆ�1E /

.m/
� � � .ˆ�1E /

.1/

in terms of these rational functions.

Proposition 5.2.21. For m > 1,

RE;m D TE

 
Bm.t/

�2
t�� .1/

B
.1/
m�1.t/

Bm�1.t/
�2

t�� .1/
B
.1/
m�2.t/

!
:

Proof. By Lemma 2.7.6, it suffice to show that

R�;m
..D .ˆ�1� /

.m/
� � � .ˆ�1� /

.1/
D

 
Bm.t/

�2
t�� .1/

B
.1/
m�1.t/

Bm�1.t/
�2

t�� .1/
B
.1/
m�2.t/

!
:
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Indeed, a direct calculation shows that

ˆ�1� D

 
�
.�1/
1

t��
�2
t��

1 0

!
;

which gives, by applying Lemma 5.2.20 with m D 1,

R�;1 D .ˆ
�1
� /

.1/
D

 
B1.t/

�2
t�� .1/

B
.1/
0 .t/

B0.t/ 0

!
:

For m > 2, the first column of R�;m follows by [16, Lem. 3.1.4], and the second column
of R�;m follows from the results of the first column and the following formula:

ŒR�;m�i2 D
�
R
.1/
�;m�1.ˆ

�1
� /

.1/
�
i2
D ŒR

.1/
�;m�1�i1

�
.ˆ�1� /

.1/
�
12
D B

.1/
m�i

�2

t � � .1/
:

Remark 5.2.22. Instead of looking at dual t -motives, Khaochim and Papanikolas [39,
Lem. 4.2] provided a similar expression for the first column of, for m > 0,

1

t � � .m/
ẑ�1. ẑ�1/.1/ � � � . ẑ�1/.m�1/;

for Drinfeld modules.

Theorem 5.2.23. Suppose that E D �˝2, Sym2 � or
V2

� of dimension ` with the Drin-
feld module �W A ! AŒ�� given by �t D � C �1� C �2�

2 with �2 2 F�q . We let z D
.z1; : : : ; z`/

T. Then

LogE .z/ D zC
X
m>1

E0;E

 
h.m/z TE

 
Bm.t/

�2
t�� .1/

B
.1/
m�1.t/

Bm�1.t/
�2

t�� .1/
B
.1/
m�2.t/

!!
2 KJzK`:

Proof. Note that E0;E is additive and by a direct computation that E0;E .hz/ D z in each
case. Since ˇm 2 K, the result follows by (5.1.3), Proposition 5.2.21.

We define žm ..DB
.1/
m .t/jtD� 2K, and ˇ0m ..D @t .Bm.t//jtD� 2K, and the following

Fq-linear series in KJzK:

L1.z/
..D

X
m>1

L1;mz
qm ..D

X
m>1

ˇ2mz
qm ; (5.2.24)

L2.z/
..D

X
m>1

L2;mz
qm ..D

X
m>1

ˇmˇm�1z
qm ; (5.2.25)

L01.z/
..D

X
m>1

L01;mz
qm ..D

X
m>1

2ˇmˇ
0
mz

qm ; (5.2.26)

L02.z/
..D

X
m>1

L02;mz
qm ..D

X
m>1

.ˇ0mˇm�1 C ˇmˇ
0
m�1/z

qm ; (5.2.27)
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zL0.z/
..D

X
m>1

zL0;mz
qm ..D

�2

� � � .1/

X
m>1

.ˇm žm�2 � ˇm�1 žm�1/z
qm ; (5.2.28)

zL1.z/
..D

X
m>1

zL1;mz
qm ..D

�2

� � � .1/

X
m>1

ˇm žm�1z
qm ; (5.2.29)

zL2.z/
..D

X
m>1

zL2;mz
qm ..D

�2

� � � .1/

X
m>1

ˇm�1 žm�1z
qm : (5.2.30)

Combining Theorem 5.2.23 and the formulas for T , E0, hz in previous subsubsections,
we obtain explicit expressions for logarithms of tensor structures.

Corollary 5.2.31. Let �W A ! AŒ�� be a Drinfeld module �W A ! AŒ�� given by �t D
� C �1� C �2�

2 with �2 2 F�q , and let

Lm ..D

0BBBBBB@
L1;mC.���

.m//L01;m �2L
0
2;m �

.m/
1 L01;m C �2L

0
2;m �2L

0
1;m

.��� .m//
�2

zL1;m zL0;mCzL2;m
�
.m/
1

�2
zL1;m C zL2;m zL1;m

.��� .m//
�2

zL1;m zL2;m zL0;mC
�
.m/
1

�2
zL1;mCzL2;m zL1;m

.��� .m//
�2

L1;m L2;m
�
.m/
1

�2
L1;m C L2;m L1;m

1CCCCCCA2Mat4.K/

for m > 1, then

(a) Log�˝2
� z1
z2
z3
z4

�
D

� z1
z2
z3
z4

�
C

 
1
1

1

�
�1
�2
1

!P
m>1 Lm

0BB@
z
qm

1

z
qm

2

z
qm

3

z
qm

4

1CCA,

(b) LogSym2 �

� z1
z2
z3

�
D

� z1
z2
z3

�
C

 
1

1
2

1
2

�
�1
2�2
�
�1
2�2

1

!P
m>1 Lm

0BB@
z
qm

1

z
qm

2

z
qm

2

z
qm

3

1CCA,

(c) LogV2
�
.z/ D z C zL0.z/.

5.3. Expressions for regulators

We maintain the same notation as in Section 5.2.19, let e1; : : : ;e` be standard basis vectors
of C`

1, and denote @� WK ! K to be the first hyperderivative with respect to � .

Lemma 5.3.1 (cf. [19, Prop. 2.5]). The set ¹eiº`iD1 is an A-basis of Lie.E/.A/ via @.

Proof. It suffices to show that, for ˛ 2 Lie.E/.A/ D A`, there exist b1; : : : ; b` 2 A such
that

˛ D
X̀
iD1

@Ebi .t/ei : (5.3.2)

We only show the case E D Sym2 �. The remaining two cases follow by similar methods.
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Observe that

@Et i D .@Et /
i
D

0@� �1 �2
�

�

1Ai D 0@� i i� i�1�1 i� i�1�2
� i

� i

1A ;
which implies, for b 2 A,

@Eb.t/ D

0@b �1@� .b/ �2@� .b/

b

b

1A :
Therefore, the existence of bi follows by rewriting (5.3.2) to

˛ D

0@b1 C �1@� .b2/C �2@� .b3/b2
b3

1A :
Lemma 5.3.3. Suppose that ¹v1; : : : ; v`º � K`1 is an A-basis of Exp�1E;K1.A

`/ via @. If
we write

.r1; : : : ; r`/T ..D .v1; : : : ; v`/ 2 Mat`.K1/;

then we have

(a) Reg�˝2 D 
 � det
� r1��1@� .r3/��2@� .r4/

r2
r3
r4

�
.

(b) RegSym2 � D 
 � det
� r1��1@� .r2/��2@� .r3/

r2
r3

�
.

(c) RegV2
�
D 
 � det.r1/.

Proof. By the definition of RegE in (4.2.1), the lemma follows by expressing vi in terms
of standard basis vectors via @ using the same method as in the proof of Lemma 5.3.1.

Similar to (5.2.26) and (5.2.27), we further define y̌m ..D @� .Bm.t//jtD� 2 K, and the
following Fq-linear series in KJzK:

Log�;2.z/ ..D z C L1.z/ D
X
m>0

ˇ2mz
qm ; (5.3.4)

yL1.z/
..D

X
m>1

yL1;mz
qm ..D

X
m>1

2ˇm y̌mz
qm ; (5.3.5)

yL2.z/
..D

X
m>1

yL2;mz
qm ..D

X
m>1

. y̌mˇm�1 C ˇm y̌m�1/z
qm : (5.3.6)

Theorem 5.3.7. We have the following formulas for regulators.

(a) Assume that deg.�1/ 6 .q C 1/=2. Then

RegV2
�
D LogV2

�
.1/ D 1C

�2

� � � .1/

X
m�1

.ˇm žm�2 � ˇm�1 žm�1/:
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(b) Assume that deg.�1/ 6 1. Then

(i) RegSym2 � D 
 � det.M/, where 
 2 F�q is chosen so that it has sign 1, and

M D

0B@ 1C yL1.�/ �yL1.�1/ � 2�2 yL2.1/ � @� .�1/ ��2 yL1.1/

���12
zL1.�/ LogV2

�
.1/C ��12

zL1.�1/C 2zL2.1/ zL1.1/

���12 Log�;2.�/ ��12 Log�;2.�1/C 2L2.1/ Log�;2.1/

1CA :
(ii) Reg�˝2 D RegSym2 � � RegV2

�
.

Proof. By [20, Cor. 6.9], the assumptions on deg.�1/ imply that the logarithm series
Log�˝2.z/, LogSym2 �.z/ and LogV2

�
.z/ converge at standard basis vectors. We may

choose ®
LogE .e1/; : : : ;LogE .e`/

¯
(5.3.8)

as anA-basis of Exp�1E;K1.A
`/. We start with calculating Reg�˝2 . By Corollary 5.2.31 (a),

the matrix

�
Log�˝2.e1/; : : : ;Log�˝2.e4/

�
D

0BB@
1

1
1

�
�1
�2

1

1CCA�
0BBBBB@

Log�;2.1/C�L
0
1.1/�L

0
1.�/ �2L

0
2.1/ L01.�1/C �2L

0
2.1/ �2L

0
1.1/

1
�2

�
� zL1.1/ � zL1.�/

�
LogV2

�
.1/CzL2.1/

1
�2
zL1.�1/C zL2.1/ zL1.1/

1
�2

�
� zL1.1/ � zL1.�/

�
zL2.1/ LogV2

�
.1/C 1

�2
zL1.�1/CzL2.1/ zL1.1/

1
�2

�
�L1.1/ � L1.�/

�
L2.1/

�1
�2
C

1
�2
L1.�1/C L2.1/ Log�;2.1/

1CCCCCA:
(5.3.9)

For f 2 K.t/, by [42, Lem. 2.4.6], we have the chain rule

@t .f /jtD� � @�
�
f .�/

�
D �@� .f /jtD� : (5.3.10)

Then by applying Lemma 5.3.3 (a) with the A-basis of Exp�1E;K1.A
4/ given in (5.3.8),

(5.3.9) and (5.3.10) as well as (5.3.5) and (5.3.6) give the following expression for Reg�˝2 ,
for some 
�˝2 2 F�q ,

Reg�˝2 D 
�˝2�ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌
1 � � yL1.1/C yL1.�/ ��2 yL2.1/ �yL1.�1/ � �2 yL2.1/ � @� .�1/ ��2 yL1.1/

1
�2

�
� zL1.1/ � zL1.�/

�
LogV2

�
.1/C zL2.1/

1
�2
zL1.�1/C zL2.1/ zL1.1/

1
�2

�
� zL1.1/ � zL1.�/

�
zL2.1/ LogV2

�
.1/C 1

�2
zL1.�1/C zL2.1/ zL1.1/

1
�2

�
�L1.1/ � L1.�/

�
L2.1/

�1
�2
C

1
�2
L1.�1/C L2.1/ Log�;2.1/

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌ :

(5.3.11)

We then proceed the following row and column operations

(a) R2 7! R2 � R3,
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(b) C3 7! C2 C C3,

(c) C1 7! C1 � �
�2

C4.

Then the determinant becomes

LogV2
�
.1/ � det.M/:

One can check, by similar calculations for Sym2 � and
V2

�, that the first factor gives
RegV2

�
, and the second factor gives RegSym2 � , which complete the proof.

Remark 5.3.12. We conclude with the following two remarks about special values.

(a) Theorem 5.3.7 shows that special values of the dilogarithm function Log�;2.z/ of
� appear in the regulators of �˝2 and

V2
�.

(b) The formulas in Theorem 5.3.7 give explicit expressions for special values of
convolution L-series appearing in Corollaries 4.3.15, 4.3.18, 4.4.11 and 4.4.14.
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referees for their constructive suggestions, which significantly improved the exposition of
this paper.

References

[1] M. Aigner, A course in enumeration. Grad. Texts in Math. 238, Springer, Berlin, 2007
Zbl 1123.05001 MR 2339282

[2] G. W. Anderson, t -motives. Duke Math. J. 53 (1986), no. 2, 457–502 Zbl 0679.14001
MR 0850546

[3] G. W. Anderson, W. D. Brownawell, and M. A. Papanikolas, Determination of the algebraic
relations among special �-values in positive characteristic. Ann. of Math. (2) 160 (2004), no. 1,
237–313 Zbl 1064.11055 MR 2119721

[4] G. W. Anderson and D. S. Thakur, Tensor powers of the Carlitz module and zeta values. Ann.
of Math. (2) 132 (1990), no. 1, 159–191 Zbl 0713.11082 MR 1059938

[5] B. Anglès, T. Ngo Dac, and F. Tavares Ribeiro, On special L-values of t -modules. Adv. Math.
372 (2020), article no. 107313 Zbl 1458.11095 MR 4128574

[6] B. Anglès, T. Ngo Dac, and F. Tavares Ribeiro, A class formula for admissible Anderson
modules. Invent. Math. 229 (2022), no. 2, 563–606 Zbl 1501.11063 MR 4448991

[7] B. Anglès, F. Pellarin, and F. Tavares Ribeiro, Arithmetic of positive characteristic L-series
values in Tate algebras. Compos. Math. 152 (2016), no. 1, 1–61 Zbl 1336.11042
MR 3453387

[8] B. Anglès and L. Taelman, Arithmetic of characteristic p special L-values. Proc. Lond. Math.
Soc. (3) 110 (2015), no. 4, 1000–1032 Zbl 1328.11065 MR 3335293

[9] B. Anglès and F. Tavares Ribeiro, Arithmetic of function field units. Math. Ann. 367 (2017),
no. 1-2, 501–579 Zbl 1382.11043 MR 3606448

https://doi.org/10.1007/978-3-540-39035-0
https://zbmath.org/?q=an:1123.05001
https://mathscinet.ams.org/mathscinet-getitem?mr=2339282
https://doi.org/10.1215/S0012-7094-86-05328-7
https://zbmath.org/?q=an:0679.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=0850546
https://doi.org/10.4007/annals.2004.160.237
https://doi.org/10.4007/annals.2004.160.237
https://zbmath.org/?q=an:1064.11055
https://mathscinet.ams.org/mathscinet-getitem?mr=2119721
https://doi.org/10.2307/1971503
https://zbmath.org/?q=an:0713.11082
https://mathscinet.ams.org/mathscinet-getitem?mr=1059938
https://doi.org/10.1016/j.aim.2020.107313
https://zbmath.org/?q=an:1458.11095
https://mathscinet.ams.org/mathscinet-getitem?mr=4128574
https://doi.org/10.1007/s00222-022-01110-3
https://doi.org/10.1007/s00222-022-01110-3
https://zbmath.org/?q=an:1501.11063
https://mathscinet.ams.org/mathscinet-getitem?mr=4448991
https://doi.org/10.1112/S0010437X15007563
https://doi.org/10.1112/S0010437X15007563
https://zbmath.org/?q=an:1336.11042
https://mathscinet.ams.org/mathscinet-getitem?mr=3453387
https://doi.org/10.1112/plms/pdu067
https://zbmath.org/?q=an:1328.11065
https://mathscinet.ams.org/mathscinet-getitem?mr=3335293
https://doi.org/10.1007/s00208-016-1405-2
https://zbmath.org/?q=an:1382.11043
https://mathscinet.ams.org/mathscinet-getitem?mr=3606448


Tensor products of Drinfeld modules and convolutions of Goss L-series 51

[10] T. Beaumont, On equivariant class formulas for Anderson modules. Res. Number Theory 9
(2023), no. 4, article no. 68 Zbl 1536.11135 MR 4646438

[11] W. D. Brownawell and M. A. Papanikolas, A rapid introduction to Drinfeld modules, t -
modules, and t -motives. In t -motives: Hodge structures, transcendence and other motivic
aspects, pp. 3–30, EMS Ser. Congr. Rep., European Mathematical Society, Berlin, 2020
Zbl 1440.14020 MR 4321964

[12] D. Bump, The Rankin–Selberg method: A survey. In Number theory, trace formulas and dis-
crete groups (Oslo, 1987), pp. 49–109, Academic Press, Boston, MA, 1989 Zbl 0668.10034
MR 0993311

[13] L. Carlitz, On certain functions connected with polynomials in a Galois field. Duke Math. J. 1
(1935), no. 2, 137–168 Zbl 61.0127.01 MR 1545872

[14] C.-Y. Chang, A. El-Guindy, and M. A. Papanikolas, Log-algebraic identities on Drinfeld mod-
ules and special L-values. J. Lond. Math. Soc. (2) 97 (2018), no. 2, 125–144 Zbl 1450.11057
MR 3789840

[15] C.-Y. Chang and M. A. Papanikolas, Algebraic independence of periods and logarithms of
Drinfeld modules. J. Amer. Math. Soc. 25 (2012), no. 1, 123–150 Zbl 1271.11079
MR 2833480

[16] Y.-T. Chen, On Furusho’s analytic continuation of Drinfeld logarithms. Math. Z. 307 (2024),
no. 3, article no. 48 Zbl 1557.11060 MR 4754368

[17] J. Coates and C.-G. Schmidt, Iwasawa theory for the symmetric square of an elliptic curve.
J. Reine Angew. Math. 375/376 (1987), 104–156 Zbl 0609.14013 MR 0882294

[18] F. Demeslay, Formules de classes en caractéristique positive. Ph.D. thesis, Université de Caen
Basse-Normandie, 2015

[19] F. Demeslay, A class formula for L-series in positive characteristic. Ann. Inst. Fourier (Greno-
ble) 72 (2022), no. 3, 1149–1183 Zbl 1507.11050 MR 4485822

[20] A. El-Guindy and M. A. Papanikolas, Identities for Anderson generating functions for Drinfeld
modules. Monatsh. Math. 173 (2014), no. 4, 471–493 Zbl 1322.11062 MR 3177942

[21] J. Fang, Special L-values of abelian t -modules. J. Number Theory 147 (2015), 300–325
Zbl 1360.11074 MR 3276327

[22] J. Ferrara, N. Green, Z. Higgins, and C. D. Popescu, An equivariant Tamagawa number for-
mula for Drinfeld modules and applications. Algebra Number Theory 16 (2022), no. 9, 2215–
2264 Zbl 1515.11056 MR 4523328

[23] M. Flach, A finiteness theorem for the symmetric square of an elliptic curve. Invent. Math. 109
(1992), no. 2, 307–327 Zbl 0781.14022 MR 1172693

[24] E.-U. Gekeler, On finite Drinfel’d modules. J. Algebra 141 (1991), no. 1, 187–203
Zbl 0731.11034 MR 1118323
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