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�-homomorphisms between groupoid C �-algebras

Fuyuta Komura

Abstract. In this paper, we investigate �-homomorphisms between C�-algebras associated to étale
groupoids. First, we prove that such a �-homomorphism can be described by closed invariant sub-
sets, groupoid homomorphisms and cocycles under some assumptions. Then we prove C�-rigidity
results for étale groupoids which are not necessarily effective. As another application, we investigate
certain subgroups of the automorphism groups of groupoid C�-algebras. More precisely, we show
that the groups of automorphisms that globally preserve the function algebras on the unit spaces are
isomorphic to certain semidirect product groups. As a corollary, we show that, if group actions on
groupoid C�-algebras fix the function algebras on the unit spaces, then the actions factors through
the abelianizations of the acting groups.

1. Introduction

The main subject in the present paper is C �-algebras associated with étale groupoids,
that is, groupoid C �-algebras. The theory of groupoid C �-algebras is initiated by Renault
in [16]. It is known that many C �-algebras are realized as groupoid C �-algebras (see [18],
for example). It is a natural task to characterize properties of groupoid C �-algebras in
terms of étale groupoids. For instance, see [1] for the relation between nuclearity of
groupoid C �-algebras and amenability of topological groupoids. In addition, simplicity of
full groupoidC �-algebras is investigated in [2]. Recently, the authors in [3] established the
Galois correspondence result between étale groupoids and twisted groupoid C �-algebras.
In [11], the author studied certain submodules in groupoid C �-algebras and analyzed
discrete group coactions on groupoid C �-algebras. In the present paper, we investigate
�-homomorphisms between groupoid C �-algebras. First of all, we explain our motivation
to study �-homomorphisms between groupoid C �-algebras.

For an étale groupoid G, one can construct a (reduced) groupoid C �-algebra C �r .G/
and a commutative C �-subalgebra C0.G.0// � C �r .G/. Renault proved a C �-rigidity
result in [17]. Namely, for effective étale groupoids G1 and G2, Renault proved that
G1 and G2 are isomorphic as étale groupoids if inclusions of C �-algebras C0.G

.0/
1 / �

C �r .G1/ and C0.G
.0/
2 /� C �r .G2/ are isomorphic. This result connects the bridge between

étale groupoids and C �-algebras and has various applications. Indeed, one can deduce
a C �-rigidity result for C �-algebras associated with dynamical systems from Renault’s
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result (see [13], for example). Now, assume that inclusions C0.G
.0/
1 / � C �r .G1/ and

C0.G
.0/
2 / � C �r .G2/ are isomorphic. One may wonder how many isomorphisms between

C0.G
.0/
1 / � C �r .G1/ and C0.G

.0/
2 / � C �r .G2/ exist. To solve this problem, it is sufficient

to determine the following group

Aut
C0.G

.0/
1 /

�
C �r .G1/

�
��D
®
' 2 Aut

�
C �r .G1/

�
j '
�
C0.G

.0/
1 /

�
D C0.G

.0/
1 /

¯
:

Therefore, we are motivated to investigate AutC0.G.0//.C
�
r .G// for an effective étale group-

oid G. In Corollary 3.2.2, we prove that AutC0.G.0//.C
�
r .G// is isomorphic to the semi-

direct group of Aut.G/ and Z.G;T /, where Z.G;T / is the abelian group of T -valued
1-cocycles on G. We remark that the almost same result is obtained in [14, Proposi-
tion 5.7 (1)] and we obtain a slightly more direct proof by using our main theorem, that
is, Theorem 3.1.1. In addition, we shall remark that the similar result has been already
obtained for von Neumann algebras arising from equivalence relations in [8, Theorem 3].
In the present paper, we deal with an analogue of [8, Theorem 3] for groupoid C �-
algebras.

As stated above, our purpose in this paper is to study �-homomorphisms between
groupoid C �-algebras such as elements in AutC0.G.0//.C

�
r .G//. For example, a similar

attempt succeeded in [5, Theorem 6.3] for isomorphisms between regular C �-inclusions
in terms of coordinate systems. In this paper, we begin with the study of general �-
homomorphisms between groupoid C �-algebras which need not to be isomorphisms.
Our main theorem is Theorem 3.1.1, which asserts that a �-homomorphism 'WC �r .G/!

C �r .H/ can be described in terms of underlying étale groupoids G and H under assump-
tions that H is effective and ' has some compatibility with C0.G.0// and C0.H .0//.
Taking into account that previous works like [17] relies on the effectiveness of under-
lying étale groupoids, it seems noteworthy that we do not assume the effectiveness of
G. As a direct application of Theorem 3.1.1, we prove that surjective �-homomorphisms
between groupoid C �-algebras induce quotients of étale groupoids (Corollary 3.1.11).
Corollary 3.1.11 generalizes Renault’s result in [17], which asserts that �-isomorphisms
between groupoid C �-algebras which preserve the Cartan subalgebras induce isomor-
phisms between étale groupoids. From Corollary 3.1.11, we obtain the following variant
of the rigidity results for not necessarily effective étale groupoids: for étale (not neces-
sarily effective) groupoids G which have closed Iso.G/ı and some amenability condi-
tion, the quotient groupoids G= Iso.G/ı are invariants for the inclusion of C �-algebras
.C �r .G/; C0.G

.0/// (Corollary 3.1.12). In other words, .C �r .G/; C0.G
.0/// remembers

G= Iso.G/ı even if an étale groupoid G is not effective.
As another important application of Theorem 3.1.1, we prove the structure theorem of

AutC0.G.0//.C
�
r .G// (Corollary 3.2.2). More precisely, we show that AutC0.G.0//.C

�
r .G//

is isomorphic to the semidirect product of Aut.G/ and Z.G;T /. In particular, it turns
out that Z.G;T / corresponds to a certain abelian subgroup of AutC0.G.0//.C

�
r .G//. In

Corollary 3.2.6, we prove that Z.G;T / corresponds to

FAutC0.G.0//
�
C �r .G/

�
��D
®
' 2 Aut

�
C �r .G/

�
j '.a/ D a for all a 2 C0.G.0//

¯
:
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As a corollary, we show that a group action on a groupoid C �-algebra factors through its
abelianization if the fixed point subalgebra contains C0.G.0// (Corollary 3.2.8).

This paper is organized as follows. In Section 1, we recall fundamental facts about
étale groupoids, groupoid C �-algebras and inverse semigroups. In Section 2, we prove
our main theorems about �-homomorphisms between groupoid C �-algebras. Our goal
in the first subsection, Section 3.1, is Theorem 3.1.1. Toward Theorem 3.1.1, we first
prove that �-homomorphisms between groupoid C �-algebras induce groupoid homomor-
phisms and T -valued 1 cocycles (Lemma 3.1.6 and Lemma 3.1.8). Then we prove that
every �-homomorphisms can be described by closed invariant subsets, groupoid homo-
morphisms and T -valued 1-cocycles (Proposition 3.1.9 and Proposition 3.1.10). As a
special case of Theorem 3.1.1, we observe that surjective �-homomorphisms induce quo-
tients of étale groupoids in Corollary 3.1.11. This immediately implies a variant of rigid-
ity result for not necessarily effective groupoids (Corollary 3.1.12). In Section 3.2, we
investigate AutC0.G.0//.C

�
r .G// for an effective étale groupoid G. First, we prove that

AutC0.G.0//.C
�
r .G// is isomorphic to the natural semidirect product of Aut.G/ andZ.G;T /

(Corollary 3.2.2). Then we observe that Z.G; T / corresponds to FAutC0.G.0//.C
�
r .G//

(Corollary 3.2.6). In addition, we show that an endomorphism 'WC �r .G/! C �r .G/ which
fixes C0.G.0// pointwisely becomes an automorphism automatically (Corollary 3.2.7). As
a by-product of the analysis of FAutC0.G.0//.C

�
r .G//, we show that a group action on a

groupoid C �-algebra factors through its abelianization if the fixed point algebra contains
C0.G

.0// (Corollary 3.2.8).

2. Preliminaries

In this section, we recall fundamental notions about étale groupoids, groupoidC �-algebras
and inverse semigroups.

2.1. Étale groupoids

We recall the basic notions on étale groupoids. See [15, 18] for more details.
A groupoid is a set G together with a distinguished subset G.0/ � G, domain and

range maps d; r WG ! G.0/ and a multiplication

G.2/ ��D
®
.˛; ˇ/ 2 G �G j d.˛/ D r.ˇ/

¯
3 .˛; ˇ/ 7! ˛ˇ 2 G

such that

(1) for all x 2 G.0/, d.x/ D x and r.x/ D x hold,

(2) for all ˛ 2 G, ˛d.˛/ D r.˛/˛ D ˛ holds,

(3) for all .˛; ˇ/ 2 G.2/, d.˛ˇ/ D d.ˇ/ and r.˛ˇ/ D r.˛/ hold,

(4) if .˛; ˇ/; .ˇ; 
/ 2 G.2/, we have .˛ˇ/
 D ˛.ˇ
/,

(5) every 
 2G, there exists 
 0 2G which satisfies .
 0; 
/; .
; 
 0/ 2G.2/ and d.
/D

 0
 and r.
/ D 

 0.
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Since the element 
 0 in (5) is uniquely determined by 
 , 
 0 is called the inverse of 

and denoted by 
�1. We call G.0/ the unit space of G. A subgroupoid of G is a subset
of G which is closed under the inversion and multiplication. For U � G.0/, we define
GU ��D d�1.U / and GU ��D r�1.U /. We define also Gx ��D G¹xº and Gx ��D G¹xº for
x 2 G.0/. A subset F � G.0/ is said to be invariant if d.˛/ 2 F implies r.˛/ 2 F for all
˛ 2 G. If F � G.0/ is invariant, GF � G is a subgroupoid and the unit space of GF is F .

A topological groupoid is a groupoid equipped with a topology where the multipli-
cation and the inverse are continuous. A topological groupoid is said to be étale if the
domain map is a local homeomorphism. Note that the range map of an étale groupoid is
also a local homeomorphism. In this paper, although there exist important étale groupoids
that are not Hausdorff, we assume that étale groupoids are always locally compact Haus-
dorff unless otherwise stated. Hence, we mean locally compact Hausdorff étale groupoids
by étale groupoids.

A subset U of an étale groupoid G is called a bisection if the restrictions d jU and r jU
is injective. It follows that d jU and r jU are homeomorphism onto their images if U is a
bisection since d and r are open maps.

An étale groupoidG is said to be effective ifG.0/ coincides with the interior of Iso.G/,
where

Iso.G/ ��D
®
˛ 2 G j d.˛/ D r.˛/

¯
is the isotropy of G. An étale groupoid G is said to be topologically principal if®

x 2 G.0/ j Gx \G
x
D ¹xº

¯
is dense in G.0/. If G is topologically principal, then G is effective. If G is second count-
able and effective, then G is topologically principal (see [17, Proposition 3.6]).

A groupoid homomorphism cWG!T is called a T-valued 1-cocycle, where T denotes
the circle group. Because we only consider a T -valued 1-cocycle in this paper, we often
simply call it a cocycle. We letZ.G;T / denote the set of all continuous cocycles cWG!T.
Then Z.G;T / is an abelian group with respect to the pointwise product.

2.2. Groupoid C �-algebras

We recall the definition of groupoid C �-algebras.
Let G be an étale groupoid. Then Cc.G/, the vector space of compactly supported

continuous C-valued functions on G, is a �-algebra with respect to the multiplication and
the involution defined by

f � g.
/ ��D
X
˛ˇD


f .˛/g.ˇ/; f �.
/ ��D f .
�1/;

where f; g 2 Cc.G/ and 
 2 G. The left regular representation �x WCc.G/! B.`2.Gx//

at x 2 G.0/ is defined by

�x.f /ı˛ ��D
X

ˇ2Gr.˛/

f .ˇ/ıˇ˛;
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where f 2 Cc.G/ and ˛ 2 Gx . The reduced norm k�kr on Cc.G/ is defined by

kf kr ��D sup
x2G.0/



�x.f /


for f 2 Cc.G/. We often omit the subscript ‘r’ of k�kr if there is no chance to confuse.
The reduced groupoid C �-algebra C �r .G/ is defined to be the completion of Cc.G/ with
respect to the reduced norm. Note that Cc.G.0//� Cc.G/ is a *-subalgebra and this inclu-
sion extends to the inclusion C0.G.0// � C �r .G/.

For a closed invariant subset F � G.0/, the closed subgroupoid GF � G is étale with
respect to the relative topology. It is well known that the restriction

Cc.G/ 3 f 7! f jGF 2 Cc.GF /

extends to the surjective �-homomorphism C �r .G/! C �r .GF /. In addition, the reduced
groupoid C �-algebra C �r .G/ can be embedded into C0.G/ as in the following, which is
originally proved by Renault in [16, Proposition II 4.2]. See also [18, Proposition 9.3.3]
for the proof.

Proposition 2.2.1 (Evaluation). Let G be an étale groupoid. For a 2 C �r .G/, j.a/ 2
C0.G/ is defined by

j.a/.˛/ ��D
˝
ı˛j�d.˛/.a/ıd.˛/

˛
for ˛ 2G.1 Then j WC �r .G/!C0.G/ is a norm decreasing injective linear map. Moreover,
j is an identity map on Cc.G/.

Remark 2.2.2. Since j WC �r .G/! C0.G
.0// is injective, we may identify j.a/ with a.

Hence, we often regard a as a function on G and simply denote j.a/ by a.

Finally, we recall facts about normalizers.

Definition 2.2.3. Let A be a C �-algebra and D � A be a C �-subalgebra. An element
n 2 A is called a normalizer for D if nDn� [ n�Dn � D holds. We denote the set of
normalizers for D by N.A;D/.

For a 2 C �r .G/, we denote the open support of a by

suppı.a/ ��D
®
˛ 2 G j a.˛/ 6D 0

¯
:

Note that suppı.a/ is open in G. Normalizers for C0.G.0// and bisections in G are inti-
mately related as follows.

Proposition 2.2.4 ([17, Proposition 4.8]). Let G be an étale groupoid and U � G be an
open set. If U is a bisection, then every elements in Cc.U / is a normalizer. Moreover, if
n 2 C �r .G/ is a normalizer and G is effective, then suppı.n/ � G is an open bisection.

1In this paper, inner products of Hilbert spaces are linear with respect to the right variables.
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2.3. Inverse semigroups

We recall the basic notions about inverse semigroups. See [12] or [15] for more details.
An inverse semigroup S is a semigroup where for every s 2 S there exists a unique
s� 2 S such that s D ss�s and s� D s�ss�. We denote the set of all idempotents in S
by E.S/ ��D ¹e 2 S j e2 D eº. It is known that E.S/ is a commutative subsemigroup of
S . An inverse semigroup which consists of idempotents is called a (meet) semilattice of
idempotents. A zero element is a unique element 0 2 S such that 0s D s0 D 0 holds for
all s 2 S . An inverse semigroup with a unit is called an inverse monoid. By a subsemi-
group of S , we mean a subset of S that is closed under the product and inverse of S . A
map 'W S ! T between inverse semigroups S and T is called a semigroup homomor-
phism if '.st/ D '.s/'.t/ holds for all s; t 2 S . Note that a semigroup homomorphism
automatically preserves generalized inverses (i.e., '.s�/ D '.s/� holds for all s 2 S ).

For a topological space X , we denote by IX the set of all homeomorphisms between
open sets inX . Then IX is an inverse semigroup with respect to the product defined by the
composition of maps. For an inverse semigroup S , an inverse semigroup action ˛WS Õ X

is a semigroup homomorphism S 3 s 7! ˛s 2 IX . In this paper, we always assume that
every action ˛ satisfies

S
e2E.S/ dom.˛e/ D X .

2.4. Inverse semigroups associated to inclusions of C �-algebras

Following [7, Proposition 13.3], we associate inverse semigroups of slices to inclusions
of C �-algebras.

Definition 2.4.1. Let D � A be an inclusion of C �-algebras. A slice is a norm closed
subspace M � A such that DM [MD �M and M � N.A;D/. The set of all slices is
denoted by �.A;D/.

Proposition 2.4.2 ([7, Proposition 13.3]). Let D � A be an inclusion of C �-algebras.
Assume that D has an approximate unit for A. For M;N 2 �.A;D/, define MN to be
the closure of the linear span of

¹xy 2 A j x 2M; y 2 N º:

Then �.A; D/ is an inverse semigroup under this operation. The generalized inverse of
M 2 �.A;D/ is M � ��D ¹x� 2 A j x 2M º.

Let G be an étale groupoid and Bis.G/ denotes the set of all open bisections in G. For
U; V 2 Bis.G/, their product is defined by

UV ��D
®
˛ˇ 2 G j ˛ 2 U; ˇ 2 V; d.˛/ D r.ˇ/

¯
:

Then UV 2 Bis.G/ and Bis.G/ is an inverse semigroup with respect to this product. Note
that U � 2 Bis.G/ is given by

U�1 ��D ¹˛
�1
2 G j ˛ 2 U º:
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For U 2 Bis.G/ and f 2 Cc.U /, we have f �f 2 C0.G.0// and

kf k2r D kf
�f kr D sup

x2G.0/

ˇ̌
f �f .x/

ˇ̌
D sup
˛2U

ˇ̌
f .˛/

ˇ̌2
:

Hence the reduced norm coincides with the supremum norm on Cc.U / and we may
identify the closure of Cc.U / in C �r .G/ with C0.U /. Note that C0.U / � C �r .G/ is a
C0.G

.0//-subbimodule.
Now we associate aC0.G.0//-subbimoduleC0.U /�C �r .G/ to a bisectionU 2Bis.G/.

This gives a semigroup homomorphism as in the following.

Theorem 2.4.3 ([11, Proposition 1.4.3., Corollary 2.1.6.]). Let G be an étale groupoid.
Then the map

‰WBis.G/ 3 U 7! C0.U / 2 �
�
C �r .G/; C0.G

.0//
�

is an injective semigroup homomorphism. If G is effective, then ‰ is an isomorphism.

2.5. Étale groupoids associated to inverse semigroup actions

Many étale groupoids arise from actions of inverse semigroups to topological spaces. We
recall how to construct an étale groupoid from an inverse semigroup action.

Let X be a locally compact Hausdorff space. Recall that IX is the inverse semigroup
of homeomorphisms between open sets in X . For e 2 E.S/, we denote the domain of ˛e
by D˛

e . Then ˛s is a homeomorphism from D˛
s�s to D˛

ss� . We often omit ˛ of D˛
e if there

is no chance to confuse.
For an action ˛W S Õ X , we associate an étale groupoid S Ë˛ X as the following.

First we put the set S �X ��D ¹.s; x/ 2 S �X j x 2D˛
s�sº. Then we define an equivalence

relation � on S �X by declaring that .s; x/ � .t; y/ holds if

x D y and there exists e 2 E.S/ such that x 2 D˛
e and se D te:

Set S Ë˛ X ��D S � X=� and denote the equivalence class of .s; x/ 2 S � X by Œs; x�.
The unit space of S Ë˛ X is X , where X is identified with the subset of S Ë˛ X via the
injective map

X 3 x 7! Œe; x� 2 S Ë˛ X; x 2 D˛
e :

The domain map and range maps are defined by

d
�
Œs; x�

�
D x; r

�
Œs; x�

�
D ˛s.x/

for Œs; x� 2 S Ë˛ X . The product of Œs; ˛t .x/�; Œt; x� 2 S Ë˛ X is Œst; x�. The inverse is
Œs; x��1 D Œs�; ˛s.x/�. Then S Ë˛ X is a groupoid in these operations. For s 2 S and an
open set U � D˛

s�s , define

Œs; U � ��D
®
Œs; x� 2 S Ë˛ X j x 2 U

¯
:

These sets form an open basis of S Ë˛ X . In these structures, S Ë˛ X is a locally compact
étale groupoid, although S Ë˛ X is not necessarily Hausdorff. In this paper, we only treat
inverse semigroup actions ˛WS Õ X such that S Ë˛ X become Hausdorff.
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Example 2.5.1. Let G be an étale groupoid. For U 2 Bis.G/, put �U D r jU ı d j
�1
U .

Then �U Wd.U /! r.U / is a homeomorphism and we obtain an action � WBis.G/Õ G.0/.
We call this action the canonical action of Bis.G/. Assume that an inverse subsemigroup
S � Bis.G/ satisfies

(1) G D
S
U2S U , and

(2) for every U;V 2 S and ˛ 2U \ V , there existsW 2 S such that ˛ 2W �U \ V .

By [6, Proposition 5.4], G is isomorphic to S Ë� G.0/. Indeed, the map

ˆWS Ë˛ G.0/ 3 ŒU; x� 7! ˛ 2 G

is an isomorphism, where ˛ is the unique element in U such that d.˛/ D x.

We will use the following proposition to construct a groupoid homomorphism. The
proof is left to the readers.

Proposition 2.5.2. Let ˛W S Õ X and ˇW T Õ Y be actions of inverse semigroups S
and T on topological spaces X and Y . Assume that a continuous map � WX ! Y and a
semigroup homomorphism  WS ! T satisfies the following condition:

If x 2 X and s 2 S satisfies x 2 D˛
s�s , then �.x/ 2 Dˇ

 .s�s/
and ˇ .s/.�.x// D

�.˛s.x// hold.

Then the map
ˆWS Ë˛ X 3 Œs; x�!

�
 .s/; �.x/

�
2 T Ëˇ Y

is a continuous groupoid homomorphism. If � WX ! Y is locally homeomorphic, then ˆ
is also locally homeomorphic.

3. Main theorems

3.1. �-homomorphisms between groupoid C �-algebras

In this subsection, we investigate �-homomorphisms between groupoid C �-algebras. Our
goal in this subsection is to show the next theorem.

Theorem 3.1.1. LetG be an étale groupoid andH be an étale effective groupoid. Assume
that we are given a �-homomorphism 'W C �r .G/ ! C �r .H/ such that '.C0.G.0/// �
C0.H

.0// holds and '.C0.G.0/// is an ideal of C0.H .0//. Then there exist

(1) a closed invariant subset F � G.0/,

(2) a locally homeomorphic groupoid homomorphismˆWGF !H such thatˆjU\GF
is a homeomorphism onto its image for each U 2 Bis.G/,2 and

(3) a continuous cocycle cWGF ! T ,

which satisfy the following property.

2In particular, ˆjF is a homeomorphism onto the open subset of H .0/.
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For each U 2 Bis.G/, the following diagram is commutative:

C0.U / C0
�
ˆ.U \GF /

�

C0.U \GF /

'U

qU
'ˆ;c;U

;

where 'U WC0.U /!C0.ˆ.U\GF // is the restriction 'jC0.U /, qU WC0.U /!C0.U\GF /

is a surjective bounded linear map defined by qU .f / D f jU\GF for f 2 C0.U / and
'ˆ;c;U WC0.U \GF /! C0.ˆ.U \GF // is a linear isometric isomorphism defined by

'ˆ;c;U .f /.ı/ ��D c
�
ˆ�1.ı/

�
f
�
ˆ�1.ı/

�
for f 2 C0.U \GF / and ı 2 ˆ.U \GF /.

Moreover, assume that there exists a �-homomorphism z'WC �r .GF / ! C �r .H/ with
the following commutative diagram:3

C �r .G/ C �r .H/,

C �r .GF /

'

q
z'

where qWC �r .G/! C �r .GF / denote the �-homomorphism induced by the restriction

Cc.G/ 3 f 7! f jGF 2 Cc.GF /:

Then the formula
z'.f /.ı/ D

X
˛2ˆ�1.¹ıº/

c.˛/f .˛/

holds for all f 2 Cc.GF / and ı 2 H .

In short, the first half of Theorem 3.1.1 states that the local property of a given �-homo-
morphism ' can be described in terms of underlying étale groupoids. The latter half states
that ' itself can be described in terms of étale groupoids if there exists z'. In Exam-
ple 3.1.14 and the text above it, we will investigate the condition that z' exists.

First, we summarize standing assumptions in this subsection. In the entirety of this
subsection, we assume that G and H are étale groupoids. Moreover, we assume that

3Note that this z' is unique if it exists since q is surjective. In Example 3.1.14, we give an example such
that z' does not exist.
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H is effective except for Lemma 3.1.2 and Lemma 3.1.3. In addition, we assume that
'WC �r .G/! C �r .H/ is a �-homomorphism such that '.C0.G.0/// � C0.H .0//. Except
for Lemma 3.1.2, we assume that '.C0.G.0/// � C0.H .0// is an ideal.

Since ker ' \ C0.G.0// is an ideal of C0.G.0//, there exists a closed subset F �
G.0/ such that C0.G.0/ n F / D ker ' \ C0.G.0// holds. By [18, Lemma 10.3.1], F is an
invariant set of G and therefore GF ��D d�1.F / is a closed subgroupoid of G.

ForU 2Bis.G/, recall that C0.U / is a C0.G.0//-subbimodule of C �r .G/ in the natural
way. We put 'U ��D 'jC0.U /.

Lemma 3.1.2. Let G andH be étale groupoids and U 2 Bis.G/. Assume that a �-homo-
morphism 'WC �r .G/! C �r .H/ satisfies '.C0.G.0/// � C0.H .0//. Then there exists an
isometric linear map f'U WC0.U \ GF /! C0.H

.0// that makes the following diagram
commutative:

C0.U / '
�
C0.U /

�
,

C0.U \GF /

'U

qU f'U
where qU WC0.U /! C0.U \GF / denotes the surjective bounded linear map defined by
the restriction. In particular, '.C0.U // � C �r .H/ is a closed linear subspace.

Proof. Recall that F � G.0/ is a closed invariant subset of G such that C0.G.0/ n F / D
ker ' \ C0.G.0//. We claim that k'.m/k D sup˛2U\GF jm.˛/j holds for all m 2 C0.U /.
Since U is a bisection, m is a normalizer for C0.G.0// by Proposition 2.2.4. Hence
'.m�m/ 2 C0.H

.0// follows from m�m 2 C0.G
.0// and '.C0.G.0/// � C0.H .0//. By

the definition of F � G.0/, there exists an injective �-homomorphism A'G.0/ WC0.F /!
C0.H

.0// that makes the following diagram commutative:

C0.G
.0// C0.H

.0//,

C0.F /

'G.0/

qG.0/ A'G.0/

where 'G.0/ is the restriction of ' to C0.G.0// and qG.0/ WC0.G
.0//! C0.F / denotes the

�-homomorphism defined by the restriction. Hence, we obtain

'.m/

2 D 

'.m�m/

 D 

qG.0/.m�m/

 D sup
x2F

ˇ̌
m�m.x/

ˇ̌
D sup
˛2U\GF

ˇ̌
m.˛/

ˇ̌2
and therefore k'.m/k D sup˛2U\GF jm.˛/j.
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Now, we obtain an isometry f'U WC0.U \GF /! '.C0.U // that makes the following
diagram commutative:

C0.U / '
�
C0.U /

�

C0.U \GF /

'U

qU f'U
;

where qU W C0.U / ! C0.U \ GF / denotes the surjective bounded linear map defined
by the restriction. Since C0.U \ GF / is complete and f'U is an isometry, '.C0.U // Df'U .C0.U \GF // is a closed linear subspace of C �r .H/.

In the rest of this subsection, we assume that '.C0.G.0/// � C0.H .0// is an ideal of
C0.H

.0//.

Lemma 3.1.3. Assume that '.C0.G.0/// � C0.H .0// is an ideal of C0.H .0//. Then

'
�
C0.U /

�
� C �r .H/

is a C0.H .0//-subbimodule and

'
�
C0.U /

�
� N

�
C �r .H/; C0.H

.0//
�

holds for all U 2 Bis.G/.

Proof. Takem 2 C0.U / and a; b 2 C0.H .0//. Let ¹eiºi2I � C0.G.0// be an approximate
identity for C �r .G/. Since we assume that '.C0.G.0/// is an ideal of C0.H .0//, a'.ei /
and '.ei /b are contained in '.C0.G.0/// for all i 2 I . There exists f; g 2 C0.G.0// such
that '.f / D a'.ei / and '.g/ D '.ei /b hold. Now we have

a'.ei /'.m/'.ei /b D '.f mg/ 2 '
�
C0.U /

�
since C0.U / � C �r .G/ is a C0.G.0//-subbimodule. Since ¹eimeiºi2I converges to m, we
obtain a'.m/b2'.C0.U //by Lemma 3.1.2. Hence, '.C0.U // is aC0.H.0//-subbimodule.

Next, we show '.C0.U //�N.C �r .H/;C0.H
.0///. Takem2C0.U / and h2C0.H .0//.

Let ¹eiºi2I�C0.G.0// be an approximate identity forC �r .G/. Since '.ei /h2'.C0.G.0///
andm 2N.C �r .G/;C0.G

.0///, we have '.m/'.ei /h'.m�/ 2 '.C0.G.0///.� C0.H .0///.
Hence we obtain '.m/h'.m/� 2 C0.H .0//. One can show '.m/�h'.m/ 2 C0.H

.0// in
the same way. Therefore, '.m/ is a normalizer for C0.H .0// and we obtain

'
�
C0.U /

�
� N

�
C �r .H/; C0.H

.0//
�
:

In the rest of this subsection, we assume that an étale groupoid H is effective.

Lemma 3.1.4. Assume that '.C0.G.0///� C0.H .0// is an ideal andH is effective. Then
there exists a semigroup homomorphism  W Bis.G/ ! Bis.H/ such that '.C0.U // D
C0. .U // holds for all U 2 Bis.G/.
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Proof. Take U 2 Bis.G/. Then '.C0.U // � C �r .H/ is a closed C0.H .0//-subbimodule
that consists of normalizers for C0.H .0// by Lemma 3.1.2 and Lemma 3.1.3. Hence, there
exists a unique .U /2Bis.H/ such that '.C0.U //DC0. .U // holds by Theorem 2.4.3.

We show the map WBis.G/!Bis.H/ is a semigroup homomorphism. TakeU1;U2 2
Bis.G/. Then we have

C0
�
 .U1/ .U2/

�
D C0

�
 .U1/

�
C0
�
 .U2/

�
D '

�
C0.U1/

�
'
�
C0.U2/

�
D '

�
C0.U1U2/

�
D C0

�
 .U1U2/

�
:

Thus, we obtain  .U1/ .U2/ D  .U1U2/ and  is a semigroup homomorphism.

We let
 WBis.G/! Bis.H/

denote the semigroup homomorphism defined in Lemma 3.1.4.

Lemma 3.1.5. Put

T ��D
®
U \GF 2 Bis.GF / j U 2 Bis.G/

¯
:

Then T is an inverse subsemigroup of Bis.GF / and there exists a subsemigroup homo-
morphism z WT ! Bis.H/ that makes the following diagram commutative:

Bis.G/ Bis.H/,

T

 

Q
z 

where QWBis.G/! T is the semigroup homomorphism defined by Q.U / D U \GF for
each U 2 Bis.G/.

Proof. One can show that T is an inverse subsemigroup of Bis.GF / by straightforward
calculations. It is sufficient to show that .U1/D .U2/ holds forU1;U2 2Bis.G/which
satisfyU1 \GF DU2 \GF . It follows thatU1 \GF DU1 \U2 \GF fromU1 \GF D

U2 \GF . By Lemma 3.1.2, there exists an isometry e'U1 WC0.U1 \GF /! '.C0.U1// that
makes the following diagram commutative:

C0.U1/ '
�
C0.U1/

�
,

C0.U1 \GF /

'U1

qU1 e'U1
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where qU1 WC0.U1/! C0.U1 \ GF / denotes the surjective bounded linear map defined
by the restriction. Now we have

'
�
C0.U1/

�
De'U1

�
C0.U1 \GF /

�
De'U1

�
C0.U1 \ U2 \GF /

�
De'U1

�
qU1

�
C0.U1 \ U2/

��
D '

�
C0.U1 \ U2/

�
:

Thus we obtain  .U1/ D  .U1 \ U2/. Replacing U1 with U2, we obtain

 .U2/ D  .U1 \ U2/

and therefore  .U1/ D  .U2/.

Since we assume that '.C0.G.0/// � C0.H .0// is an ideal, there exists an open set
V �H .0/ such that '.C0.G.0///D C0.V /. In addition, since F satisfies C0.G.0/ n F /D
ker' \ C0.G.0//, there exists a �-homomorphism A'G.0/ WC0.F /! C0.V / that makes the
following diagram commutative:

C0.G
.0// C0.V /,

C0.F /

'G.0/

qG.0/ A'G.0/

where qG.0/ denotes the �-homomorphism defined by the restriction. One can see that
A'G.0/ is indeed an �-isomorphism. By Gelfand–Naimark duality, there exists a homeo-
morphism 1'G.0/ WV ! F such that A'G.0/.f /.y/ D f .1'G.0/.y// holds for all f 2 C0.F /
and y 2 V . Put � ��D1'G.0/�1WF ! V � H .0/. We regard the range of � as H .0/ rather
than V .

Now, we obtain a semigroup homomorphism z WT ! Bis.H/ and a homeomorphism
� WF ! H .0/.

Lemma 3.1.6. The above maps � WF ! H .0/ and z W T ! Bis.H/ satisfy the condition
in Proposition 2.5.2 for the canonical actions of bisections T Õ F and Bis.H/ Õ H .0/.

Proof. Take x 2 F and U 2 Bis.G/ such that x 2 d.U \GF /. First, we show that �.x/ 2
d. z .U \GF //. We have

C0
�
�
�
d.U \GF /

��
D C0

�1'G.0/�1�d.U \GF /��
DA'G.0/

�
C0
�
d.U \GF /

��
D C0

�
z 
�
d.U \GF /

��
:

Note that we use the condition that 1'G.0/ is injective to deduce the second equality.
Thus, we obtain �.d.U \ GF // D z .d.U \ GF //. Since z is a semigroup homomor-
phism, we have z .d.U \GF // D d. z .U \GF //. Therefore we obtain

�.x/ 2 �
�
d.U \GF /

�
D d

�
z .U \GF /

�
:
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Since we assume that x 2 d.U \GF /, there exists ˛ 2 U \GF such that d.˛/ D x.
In addition, since �.x/ 2 d. z .U \GF //, there exists ı 2 z .U \GF / such that d.ı/ D
�.x/. In order to complete the proof, it is sufficient to show �.r.˛// D r.ı/. Instead, we
show that r.˛/D1'G.0/.r.ı//. Take n 2 C0.U / such that n.˛/ 6D 0. For all f 2 C0.G.0//,
we haveˇ̌

n.˛/
ˇ̌2
f
�
r.˛/

�
D n�f n

�
d.˛/

�
D qG.0/.n

�f n/.x/ D qG.0/.n
�f n/

�1'G.0/�d.ı/��
DA'G.0/

�
qG.0/.n

�f n/
��
d.ı/

�
D 'G.0/.n

�f n/
�
d.ı/

�
D '.n/�'.f /'.n/

�
d.ı/

�
D '.n�n/

�
d.ı/

�
'.f /

�
r.ı/

�
D '.n�n/

�
�.x/

�A'G.0/�qG.0/.f /��r.ı/�
D n�n.x/qG.0/.f /

�1'G.0/�r.ı/�� D ˇ̌n.˛/ˇ̌2f �1'G.0/�r.ı/��:
Hence, f .r.˛//D f .1'G.0/.r.ı/// holds for all f 2C0.G.0//. Therefore we obtain r.˛/D
1'G.0/.r.ı// by Urysohn’s lemma.

By Lemma 3.1.6 and Proposition 2.5.2, we obtain the groupoid homomorphismˆWT Ë
F ! Bis.H/ Ë H .0/. Since ˆjF W F ! H .0/ is a homeomorphism onto its image, ˆ
is locally homeomorphic. Since we may apply Example 2.5.1 to the canonical actions
T Õ F and Bis.H/ Õ H .0/, T Ë F and Bis.H/ ËH .0/ are isomorphic to GF and H
respectively. Thus we obtain the groupoid homomorphism from GF to H and denote it
by ˆ again. This ˆ is given explicitly as follows. Take ˛ 2 GF and U 2 Bis.G/ with
˛ 2 U . Then there exists ˛0 2  .U / such that �.d.˛// D d.˛0/. This ˛0 is nothing but
ˆ.˛/. In the proof of Lemma 3.1.6, we obtained �.d.U \ GF // D z .d.U \ GF //. In
addition, we have z .d.U \GF //D d. z .U \GF //D d. .U //. Therefore, we have the
following commutative diagram:

U \GF  .U /

d.U \GF / d
�
 .U /

�
.

ˆ

d d

�

In particular,ˆ gives a homeomorphism from U \GF to  .U / since the vertical domain
maps and � are homeomorphisms. Note that we have ˆjF D � D1'G.0/�1.

Lemma 3.1.7. Fix ˛ 2GF . TakeU 2Bis.G/ and n 2C0.U / such that ˛ 2U and n.˛/ 6D
0 hold. Then j'.n/.ˆ.˛//j D jn.˛/j holds. Moreover, the value

'.n/
�
ˆ.˛/

�
n.˛/

2 T

is independent of the choice of U and n.
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Proof. First, we show j'.n/.ˆ.˛//j D jn.˛/j. This follows from the next calculation:ˇ̌
'.n/

�
ˆ.˛/

�ˇ̌2
D '.n�n/

�
d
�
ˆ.˛/

��
D '.n�n/

�
ˆ
�
d.˛/

��
DA'G.0/

�
qG.0/.n

�n/
��
ˆ
�
d.˛/

��
D qG.0/.n

�n/
�
d.˛/

�
D
ˇ̌
n.˛/

ˇ̌2
:

Next, we show that the value

'.n/
�
ˆ.˛/

�
n.˛/

2 T

is independent of the choice of U and n. ConsiderW 2 Bis.G/ andm 2 C0.W / such that
˛ 2 W and m.˛/ 6D 0 hold. Then we have

n�m
�
d.˛/

�
D n.˛/m.˛/

and
'.n�m/

�
ˆ
�
d.˛/

��
D '.n�m/

�
d
�
ˆ.˛/

��
D '.n/

�
ˆ.˛/

�
'.m/

�
ˆ.˛/

�
:

Take f 2 Cc.d.U \W // such that f .d.˛// D 1. Then we have nf;mf 2 Cc.U \W /
and .nf /�.mf / 2 C0.G.0//. Combining with

n�m
�
d.˛/

�
D .nf /�.mf /

�
d.˛/

�
D '

�
.nf /�.mf /

��
ˆ
�
d.˛/

��
D '.n/

�
ˆ.˛/

�
'.m/

�
ˆ.˛/

�
and '.n/.ˆ.˛//=n.˛/ 2 T , we obtain

'.m/
�
ˆ.˛/

�
m.˛/

D
n.˛/

'.n/
�
ˆ.˛/

� D '.n/
�
ˆ.˛/

�
n.˛/

:

Thus, the value
'.n/

�
ˆ.˛/

�
n.˛/

2 T

is independent of the choice of U and n.

Lemma 3.1.8. Define cWGF ! T by

c.˛/ ��D
'.n/

�
ˆ.˛/

�
n.˛/

;

where n 2 C0.U / and U 2 Bis.G/ satisfies ˛ 2 U and n.˛/ 6D 0.4 Then cWGF ! T is a
continuous groupoid homomorphism.

4Note that c is well defined by Lemma 3.1.7.
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Proof. First, we show that c is continuous. Fix ˛ 2 GF . Take U 2 Bis.G/ and n 2 C0.U /
so that ˛ 2 U and n.˛/ 6D 0 holds. Then we have

c.
/ D
'.n/

�
ˆ.
/

�
n.
/

for all 
 2 suppı.n/. Since '.n/ ıˆ and n are continuous, c is also continuous at ˛. Since
˛ 2 GF is arbitrary, c is continuous on GF .

Next, we show that c is a groupoid homomorphism. Fix ˛;ˇ 2 GF with d.˛/D r.ˇ/.
Take U1; U2 2 Bis.G/, n 2 C0.U1/ and m 2 C0.U2/ so that ˛ 2 U1, ˇ 2 U2, n.˛/ 6D 0
andm.ˇ/ 6D 0 hold. Then we have nm 2 C0.UV / and nm.˛ˇ/D n.˛/m.ˇ/ 6D 0. Hence,
we obtain

c.˛ˇ/ D
'.nm/

�
ˆ.˛ˇ/

�
nm.˛ˇ/

D
'.n/

�
ˆ.˛/

�
'.m/

�
ˆ.ˇ/

�
n.˛/m.ˇ/

D c.˛/c.ˇ/:

Here, the second equality follows from the fact that '.n/ and '.m/ are supported on
bisections that containˆ.˛/ andˆ.ˇ/ respectively. Therefore, cWGF !T is a continuous
groupoid homomorphism.

Thus, we have obtained the locally homeomorphic groupoid homomorphismˆWGF!

H and the continuous cocycle cWGF!T. From the remark beneath Lemma 3.1.6,ˆjU\GF
is a homeomorphism onto its image for each U 2 Bis.G/. Now, we are ready to show the
first half of Theorem 3.1.1.

Proposition 3.1.9. Fix U 2 Bis.G/. Define a homeomorphism

ˆU ��D ˆjU\GF WU \GF ! ˆ.U \GF /:

In addition, define 'ˆ;c;U WC0.U \GF /! C0.ˆ.U \GF // to be

'ˆ;c;U .f /.ı/ ��D c
�
ˆ�1U .ı/

�
f
�
ˆ�1U .ı/

�
for f 2C0.U \GF / and ı 2ˆ.U \GF /. Then 'ˆ;c;U is a linear isometric isomorphism.
Moreover, 'U D 'ˆ;c;U ı qU and f'U D 'ˆ;c;U hold.

Proof. It follows that 'ˆ;c;U is a linear isometric isomorphism from the direct calculation.
Note that the inverse map of 'ˆ;c;U is given by

'�1ˆ;c;U .g/.˛/ D c.˛/g
�
ˆU .˛/

�
for g 2 C0.ˆ.U \GF // and ˛ 2 U \GF .

We show 'U D 'ˆ;c;U ı qU . Take g 2 C0.U / and ı 2 ˆ.U \ GF /. Assume that
g.ˆ�1U .ı// 6D 0. Then we have

c
�
ˆ�1U .ı/

�
D
'.g/

�
ˆ
�
ˆ�1U .ı/

��
g
�
ˆ�1U .ı/

� D
'.g/.ı/

g
�
ˆ�1U .ı/

� D 'U .g/.ı/

qU .g/
�
ˆ�1U .ı/

� :
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Thus, we obtain

'U .g/.ı/ D c
�
ˆ�1U .ı/

�
qU .g/

�
ˆ�1U .ı/

�
D 'ˆ;c;U ı qU .g/.ı/:

If g.ˆ�1U .ı// D 0, we haveˇ̌
'U .g/.ı/

ˇ̌2
D '.g�g/

�
d.ı/

�
D g�g

�
ˆ�1

�
d.ı/

��
D g�g

�
d
�
ˆ�1U .ı/

��
D
ˇ̌
g
�
ˆ�1U .ı/

�ˇ̌2
D 0

and therefore
'ˆ;c;U ı qU .g/.ı/ D c

�
ˆ�1U .ı/

�
g
�
ˆ�1U .ı/

�
D 0:

Hence, we obtain
'U .g/.ı/ D 'ˆ;c;U ı qU .g/.ı/:

for all g 2 C0.U / and ı 2 ˆ.U \ GF /. The last assertion follows from the fact that we
have 'U D f'U ı qU and qU is surjective.

Define a �-homomorphism 'ˆ;c WCc.GF /! Cc.H/ to be

'ˆ;c.f /.ı/ ��D
X

˛2ˆ�1.ı/

c.˛/f .˛/

for f 2 Cc.GF / and ı 2 H . Note that the right hand side of the above formula is a finite
sum since ˆ is locally homeomorphic and the support of f is compact. In addition, we
use the condition that ˆ is injective on F to check that 'ˆ;c preserves the multiplications.
Thus one can check that 'ˆ;c WCc.GF /!Cc.H/ is actually a �-homomorphism. We shall
remark that 'ˆ;c does not always extend to C �r .GF / if GF is not amenable. We will give
a relevant example in Example 3.1.14.

Finally, we complete the proof of Theorem 3.1.1.

Proposition 3.1.10. Assume that there exists a �-homomorphism

z'WC �r .GF /! C �r .H/

with the following commutative diagram:

C �r .G/ C �r .H/,

C �r .GF /

'

q
z'

where qWC �r .G/!C �r .GF / denote the �-homomorphism induced by the restriction. Then
z'.f / D 'ˆ;c.f / holds for all f 2 Cc.GF /. In particular, 'ˆ;c extends to C �r .GF / and
z' D 'ˆ;c holds.
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Proof. Fix U 2 Bis.G/. By Proposition 3.1.9, we have z'.f / D 'ˆ;c.f / for all f 2
Cc.U \ GF /. Since Cc.GF / is the linear span of

S
U2Bis.G/ Cc.U \ GF /, we obtain

z'.f / D 'ˆ;c.f / for all f 2 Cc.GF /.

Now, we have completed the proof of Theorem 3.1.1. In the last of this subsection,
we give some remarks about our results in this subsection. First, we present a special case
of Theorem 3.1.1. Applying Theorem 3.1.1 for surjective �-homomorphisms, we obtain
quotients of underlying étale groupoids (Corollary 3.1.11). We refer the readers to [9,
Section 3] for the quotient étale groupoids. We remark that the quotient étale groupoid
G=Iso.G/ı appearing in Corollary 3.1.11 is nothing but the groupoid of germs associated
with G in the sense of [17, Proposition 3.2].

Corollary 3.1.11. Let G be an étale groupoid and H be an étale effective groupoid.
Assume that there exists a surjective �-homomorphism 'W C �r .G/ ! C �r .H/ such that
'.C0.G

.0/// D C0.H
.0//. Then there exists a closed invariant subset F � G.0/ such

that H is isomorphic to GF =Iso.GF /ı as étale groupoids. Moreover, if ' is injective on
C0.G

.0// (and therefore C0.G.0// and C0.H .0// are isomorphic), then H is isomorphic
to G=Iso.G/ı.

Proof. Applying Theorem 3.1.1, we obtain a closed invariant F � G.0/ and a locally
homeomorphic groupoid homomorphism ˆWGF ! H . Since we assume that ' is sur-
jective, it turns out that ˆWGF ! H is also surjective. Indeed, assume that ˆWGF !
H is not surjective. Then there exists ı 2 H n ˆ.GF /. Using Proposition 2.2.1, define
evı WC �r .H/! C by

evı.a/ ��D j.a/.ı/

for a 2 C �r .H/. Then, for each U 2 Bis.G/, we have

'
�
Cc.U /

�
� C0

�
ˆ.U \GF /

�
� ker evı

by the formula 'U D 'ˆ;c;U ı qU in Theorem 3.1.1. In addition, by the linearity of '
and the partition of unity argument, we obtain '.Cc.G// � ker evı . Hence we obtain
'.C �r .G// � ker evı by the continuity of '. This contradicts to the assumption that ' is
surjective and fact that ker evı ¨ C �r .H/. Therefore, ˆWGF ! H is surjective.

Now, one can see ˆ�1.H .0// D Iso.GF /ı since H is effective. Therefore, ˆ induces
an isomorphismGF = Iso.GF /ı'H by the fundamental theorem on homomorphisms [10,
Proposition 2.2]. Now, the last assertion is obvious since F coincides with G.0/ if ' is
injective on C0.G.0//.

Combining Corollary 3.1.11 and groupoid quotients, we obtain the following rigidity
result (Corollary 3.1.12) for not necessarily effective groupoids.

Corollary 3.1.12. LetG andH be étale (not necessarily effective) groupoids andQWH!
H=Iso.H/ı be the quotient map. Assume that there exists a surjective �-homomorphism
'WC �r .G/! C �r .H/ such that ' give an isomorphism between C0.G.0// and C0.H .0//.
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In addition, assume that Iso.H/ı � H is closed and the �-homomorphism

'QWCc.H/ 3 f 7!
�
ı 7!

X
˛2Q�1.ı/

f .˛/
�
2 Cc

�
H=Iso.H/ı

�
extends to the �-homomorphism from C �r .H/ to C �r .H=Iso.H/ı/.5 Then G=Iso.G/ı is
isomorphic to H=Iso.H/ı.

Proof. First, H= Iso.H/ı is Hausdorff since we assume that Iso.H/ı � H is closed [9,
Proposition 3.11]. We denote the extension of 'Q by 'QWC �r .H/! C �r .H= Iso.H/ı/
again. Then 'Q is surjective and the restriction 'QjC0.H .0// is an isomorphism onto
C0..H= Iso.H/ı/.0// by [9, Proposition 3.13 and Lemma 3.14]. In addition, note that
H= Iso.H/ı is effective. Therefore we may apply Corollary 3.1.11 for 'Q ı 'WC �r .G/!
C �r .H= Iso.H/ı/ and this yields an isomorphism G= Iso.G/ı ' H= Iso.H/ı.

Remark 3.1.13. We remark that the converse of Corollary 3.1.12 does not hold. For
example, let G ��D ¹eº be the trivial group and H ��D Z. Then both of G= Iso.G/ı and
H= Iso.H/ı are trivial groups although there does not exist a surjective �-homomorphism
from C �r .G/ D C to C �r .H/ D C.T /.

From Corollary 3.1.12, we deduce that the quotient groupoids G= Iso.G/ı define an
invariant for inclusions ofC �-algebras .C �r .G/;C0.G

.0/// associated with étale amenable
groupoids G such that Iso.G/ı � G are closed. Namely, for étale amenable groupoids G
andH such that Iso.G/ı�G and Iso.H/ı�H are closed,G= Iso.G/ı andH= Iso.H/ı are
isomorphic if there exists a �-isomorphism 'WC �r .G/! C �r .H/ such that '.C0.G.0///D
C0.H

.0//. In particular, since the orbit spaces of G and G= Iso.G/ı are homeomor-
phic, the orbit spaces G.0/=G also define an invariant for inclusions of C �-algebras
.C �r .G/; C0.G

.0/// associated with étale amenable groupoids G with closed Iso.G/ı.
Note that G.0/=G is the quotient space of G.0/ with respect to the equivalence relation
defined by declaring x � y if there exists ˛ 2 G such that d.˛/ D x and r.˛/ D y.

Next, we investigate the condition that z' in Proposition 3.1.10 exists. Recall that an
étale groupoid G is said to be inner exact if the following sequence

0! C �r .GG.0/nF /
�
�! C �r .G/

q
�! C �r .GF /! 0

is exact for each closed invariant subset F � G.0/, where � is the inclusion map and q
is the restriction. If G is inner exact, then z' in Proposition 3.1.10 exists. In particular,
z' always exists for all amenable groupoids, since amenable groupoids are inner exact
(see [18, Definition 10.1.2, Theorem 10.1.4 and Proposition 10.3.2] for this fact and the
amenability of étale groupoids). In addition, if ' is injective onC0.G.0//, then z' exists and
z' is nothing but ' since F D G.0/ holds. In particular, no matter whether G is amenable
or not, every �-automorphisms on C �r .G/ that preserves C0.G.0// comes from groupoid
automorphisms and continuous cocycles on G (Corollary 3.2.2).

5This assumption holds if H is amenable. See [18, Definition 10.1.2] for the definition of amenable
groupoids.
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On the other hand, Example 3.1.14 is an example such that z' does not exist, although
the étale groupoid G in Example 3.1.14 is not effective. To our knowledge, it is an open
problem whether z' always exists or not under the assumption that G is effective.

Example 3.1.14 (HLS groupoid). We give an example where z' dose not exist.
Let G be the HLS groupoid associated with the free group � ��D F2 (see [19] for

details) and H ��D ¹eº be the trivial group. Then we have C �r .H/ D C. Recall that

G D
a

n2N[¹1º

�n � ¹nº;

where �n is a finite quotient group of � for n 2 N and �1 D � (see [19] for the precise
definition). Define a �-homomorphism 'WCc.G/! C by

'.f / ��D
X
s2�

f
�
.s;1/

�
for f 2 Cc.G/. Then ' extends to the �-homomorphism 'WC �r .G/! C since C �r .G/
coincides with the universal groupoid C �-algebra C �.G/ by [19, Theorem 1.2]. Note that
the corresponding closed invariant set is FD¹1º. Since F2 is not amenable, z'WC �r .GF/!
C dose not exist by [4, Theorem 2.6.8].

Example 3.1.15. From a �-homomorphism 'WC �r .G/!C �r .H/ such that '.C0.G.0///�
C0.H

.0// is an ideal, we have constructed a closed invariant subset F � G.0/, a locally
homeomorphic groupoid homomorphisms ˆWGF ! H such that ˆjF is injective and a
continuous cocycle cWGF ! T . If G is amenable, this construction is bijective. Indeed,
for such F �G.0/,ˆWGF !H and cWGF ! T , the �-homomorphism 'ˆ;c WCc.GF /!

C �r .H/ in Proposition 3.1.10 extends to C �r .GF / by [18, Theorems 9.2.3 and 10.1.4].
Thus, we obtain a �-homomorphism 'WC �r .G/! C �r .H/ which induces F;ˆ and c. If
G is not amenable, these constructions need not to be bijective. We give such an example.

Let � be a countably infinite discrete group and X ��D � [ ¹1º be the one point
compactification of � . The left multiplication � Õ � extends to the action on X and
we denote it by � W� Õ X . Putting G ��D � Ë� X , then G is an effective étale groupoid.
In addition, F ��D ¹1º is a closed invariant subset of G. Let H ��D ¹eº be the trivial
group,ˆWGF !H be the unique group homomorphism and c D 1. If � is not amenable,
then there dose not exist a �-homomorphism 'W C �r .G/ ! C �r .H/ that induces F , ˆ
and c. Actually, there dose not exist a nonzero �-homomorphism 'WC �r .G/! C �r .H/

if � is not amenable. If such 'WC �r .G/! C �r .H/ exists, then one obtain a nonzero �-
homomorphism C �r .�/ ! C by composing ' with the canonical inclusion C �r .�/ !
C.X/Ì� DC �r .G/. This contradicts to the non-amenability of � (see [4, Theorem 2.6.8],
for example).

3.2. Automorphism groups of C �
r .G/ that globally preserve C0.G .0//

In this subsection, we investigate automorphism groups of C �r .G/ that globally preserve
C0.G

.0//.
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Definition 3.2.1. Let D � A be an inclusion of C �-algebras. We define AutD.A/ and
FAutD.A/ to be

AutD.A/ ��D
®
' 2 Aut.A/ j '.D/ D D

¯
;

FAutD.A/ ��D
®
' 2 Aut.A/ j '.a/ D a for all a 2 D

¯
:

Note that AutD.A/ and FAutD.A/ are subgroups of Aut.A/ and we have

FAutD.A/ � AutD.A/:

For an étale groupoid G, recall that we define

Z.G;T / ��D ¹cWG ! T j c is a continuous groupoid homomorphismº:

Then Z.G; T / is an abelian group with respect to the pointwise product. In addition,
Aut.G/ naturally acts on Z.G; T /. Indeed, for ˆ 2 Aut.G/ and c 2 Z.G; T /, ˆ:c 2
Z.G;T / is defined by

ˆ:c.˛/ ��D c
�
ˆ�1.˛/

�
for ˛ 2 G. In the next corollary, we consider the semidirect product Aut.G/ Ë Z.G;T /
with respect to this action. Recall that the product of Aut.G/ ËZ.G;T / is

.ˆ1; c1/ � .ˆ2; c2/ D
�
ˆ1 ıˆ2; .ˆ

�1
2 :c1/ � c2

�
for .ˆ1; c1/; .ˆ2; c2/ 2 Aut.G/ ËZ.G;T /.

Corollary 3.2.2 ([14, Proposition 5.7]). Let G be an effective étale groupoid. For c 2
Z.G;T / and ˆ 2 Aut.G/, define 'ˆ;c WCc.G/! Cc.G/ by

'ˆ;c.f /.˛/ ��D c
�
ˆ�1.˛/

�
f
�
ˆ�1.˛/

�
for f 2Cc.G/ and ˛2G. Then the map 'ˆ;c extends to an element of AutC0.G.0//.C

�
r .G//.

Moreover, the map

‰WAut.G/ ËZ.G;T / 3 .ˆ; c/ 7! 'ˆ;c 2 AutC0.G.0//
�
C �r .G/

�
is a group isomorphism.

Remark 3.2.3. The above result is almost same as [14, Proposition 5.7 (1)]. In the proof
of [14, Proposition 5.7], Renault’s theory about Cartan C �-subalgebras [17] is used. In
this paper, we obtained the proof of Corollary 3.2.2 in a slightly more direct way without
Renault’s theory.

Proof of Corollary 3.2.2. We show that ‰ is a group homomorphism. Take

.ˆ1; c1/; .ˆ2; c2/ 2 Aut.G/ ËZ.G;T /:
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For f 2 Cc.G/ and 
 2 G, we have

'ˆ1;c1 ı 'ˆ2;c2.f /.
/

D 'ˆ1;c1
�
'ˆ2;c2.f /

�
.
/

D c1
�
ˆ�11 .
/

�
'ˆ2;c2.f /

�
ˆ�11 .
/

�
D c1

�
ˆ�11 .
/

�
c2
�
ˆ�12

�
ˆ�11 .
/

��
f
�
ˆ�12

�
ˆ�11 .
/

��
D .ˆ�12 :c1/

�
.ˆ1 ıˆ2/

�1.
/
�
c2
�
.ˆ1 ıˆ2/

�1.
/
�
f
�
.ˆ1 ıˆ2/

�1.
/
�

D 'ˆ1ıˆ2;.ˆ�12 :c/�c2
.f /.
/

D '.ˆ1;c1/.ˆ2;c2/.f /.
/:

Thus ‰ is a group homomorphism. By Theorem 3.1.1, ‰ is surjective. Remark that, if
' in Theorem 3.1.1 is an automorphism, then the corresponding invariant closed subset
F � G.0/ is the whole set G.0/ since ' is injective on C0.G.0// and F is given by

C0.G
.0/
n F / D ker' \ C0.G.0//:

To show that ‰ is injective, take .ˆ1; c1/, .ˆ2; c2/ 2 Aut.G/ Ë Z.G; T / and assume
'ˆ1;c1 D 'ˆ2;c2 . Ifˆ1 6Dˆ2, thenˆ�11 .
/ 6Dˆ

�1
2 .
/ holds for some 
 2G. By Urysohn’s

lemma, there exists f 2 Cc.G/ such that f .ˆ�11 .
// 6D 0 and f .ˆ�12 .
// D 0 hold. It
follows that 'ˆ1;c1.f /.
/ 6D 0 and 'ˆ2;c2.f /.
/ D 0, which contradicts to 'ˆ1;c1 D
'ˆ2;c2 . Hence we obtain ˆ1 D ˆ2. To show c1 D c2, take 
 2 G and f 2 Cc.G/ so
that f .ˆ�11 .
// D 1. Then we have

c1.
/ D 'ˆ1;c1.f /.
/ D 'ˆ1;c2.f /.
/ D c2.
/:

Thus we obtain c1 D c2. Therefore we have shown that ‰ is injective. In conclusion, ‰ is
a group isomorphism.

Finally, we investigate FAutC0.G.0//.C
�
r .G//. In the following propositions, we assume

that an étale groupoidG is topologically principal. Recall that an étale Hausdorff groupoid
G is effective ifG is topologically principal. The converse is true ifG is second countable.

Proposition 3.2.4. LetG be a topologically principal étale groupoid andˆWG! G be a
continuous groupoid automorphism. Assume that ˆ.x/ D x holds for all x 2 G.0/. Then
ˆ D id.

Proof. Put A D ¹x 2 G.0/ j d�1.x/ \ r�1.x/ D ¹xºº. Then A � G.0/ is dense. Since
d WG ! G.0/ is an open map, d�1.A/ � G is dense. We show that ˆ.˛/ D ˛ holds for
all ˛ 2 d�1.A/. Note that we have

d
�
ˆ.˛/

�
D ˆ

�
d.˛/

�
D d.˛/

and r.ˆ.˛// D r.˛/. Thus .ˆ.˛/�1; ˛/ is a composable pair and we have ˆ.˛/�1˛ 2
Gd.˛/ \ G

d.˛/. Since d.˛/ 2 A, we obtain ˆ.˛/ D ˛. Since d�1.A/ � G is dense, it
follows that ˆ.˛/ D ˛ holds for all ˛ 2 G.

Corollary 3.2.5. Let G be a topologically principal étale groupoid and ˆ1; ˆ2WG ! G

be continuous groupoid automorphisms. If ˆ1jG.0/ D ˆ2jG.0/ , then ˆ1 D ˆ2 holds.
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Proof. Sinceˆ1 ıˆ�12 .x/D x holds for all x 2G.0/, we obtainˆ1 ıˆ�12 D id by Propo-
sition 3.2.4. Hence we obtain ˆ1 D ˆ2.

Corollary 3.2.6. LetG be a topologically principal étale groupoid. Fix .ˆ;c/2Aut.G/Ë
Z.G;T /. Then ˆ D idG holds if and only if 'ˆ;c 2 FAutC0.G.0//.C

�
r .G// holds. In par-

ticular, the restriction of ‰ in Corollary 3.2.2 gives a group isomorphism

‰jZ.G;T/WZ.G;T /! FAutC0.G.0//
�
C �r .G/

�
and FAutC0.G.0//.C

�
r .G// is an abelian group.

Proof. It is clear that 'ˆ;c 2 FAutC0.G.0//.C
�
r .G// holds if ˆ D idG . Assume 'ˆ;c 2

FAutC0.G.0//.C
�
r .G//. Then we have

f
�
ˆ�1.x/

�
D 'ˆ;c.f /.x/ D f .x/

for all f 2C0.G.0// and x2G.0/. Hence, we obtainˆ�1jG.0/DidG.0/ and thereforeˆjG.0/
D idG.0/ . By Proposition 3.2.4, we obtain ˆ D idG . Now, the last assertion is clear.

A �-homomorphism 'WC �r .G/! C �r .G/ automatically becomes an automorphism if
' fixes C0.G.0// pointwisely as follows.

Corollary 3.2.7. Let G be a topologically principal étale groupoid and 'W C �r .G/ !
C �r .G/ be a �-homomorphism. Assume that '.f / D f holds for all f 2 C0.G.0//. Then
' 2 FAutC0.G.0// C

�
r .G/.

Proof. By Theorem 3.1.1, there exists a locally homeomorphic groupoid homomorphism
ˆWG ! G and c 2 Z.G;T / such that

'.f /.ı/ D
X

˛2ˆ�1.¹ıº/

c.˛/f .˛/

holds for all f 2Cc.G/ and ı 2H . Here, in this situation, the corresponding closed invari-
ant subset F � G.0/ is the whole set G.0/ since ' is injective on C0.G.0//. In addition,
note that ˆjG.0/ WG

.0/ ! G.0/ is injective. Since G is effective and ˆjG.0/ WG
.0/ ! G.0/

is injective, ˆWG ! G is injective by the fundamental theorem on homomorphisms [10,
Proposition 2.2]. Now, for all f 2 C0.G.0// and x 2 G.0/, we have

f
�
ˆ.x/

�
D '.f /

�
ˆ.x/

�
D f .x/:

Hence we obtain ˆjG.0/ D idG.0/ and therefore ˆ D idG by Proposition 3.2.4. Thus, for
all f 2 Cc.G/ and ˛ 2 G, we obtain

'.f /.˛/ D c.˛/f .˛/

and therefore ' 2 FAutC0.G.0//.C
�
r .G//.

For a topological groupH , we denote the abelianization ofH byH ab. Recall thatH ab

is the quotient group of H by the closure of commutator subgroup ŒH;H�. In addition,
we denote the quotient map by � WH ! H ab in the next corollary.
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Corollary 3.2.8. Let G be a topologically principal étale groupoid, H be a topological
group and � WH Õ C �r .G/ be an action such that

ker � ��D ¹s 2 H j ˛s D idC�r .G/º

is closed in H . Assume that the fixed point algebra

C �r .G/
� ��D

\
s2H

®
x 2 C �r .G/ j �s.x/ D x

¯
contains C0.G.0//. Then there exists an action z� WH ab Õ C �r .G/ such that �s D z��.s/
holds for all s 2 H .

Proof. Since we assume C0.G.0// � C �r .G/
� , we have

�s 2 FAutC0.G.0//
�
C �r .G/

�
for all s 2 H . Hence, it follows ŒH;H� � ker � since FAutC0.G.0//.C

�
r .G// is an abelian

group by Corollary 3.2.6. Since we assume ker � is closed, we obtain ŒH;H� � ker � .
Now, the existence of z� follows from the fundamental group theory.

The assumption that ker � � H is closed in Corollary 3.2.8 holds if we assume some
continuity of � . For example, if � is a strongly continuous action, then ker � � H is
closed.
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