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Short note Generalizations of the Gandhi formula
for prime numbers
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In memory of my mother Marta Bértiz (1945-2022)

1 Introduction

We shall need the Mobius function p(n), which is one of the more important arithmetic
functions. The Mobius function is defined as follows: (1) = 1; if n is the product of r
distinct primes, then p(n) = (—1)”, and if the square of a prime divides #, then p(n) = 0.
We shall need the following well-known property of the Mobius function:

1 ifn=1,
Y o) = { :
0 ifn>1.
din

Let P,—1 = p1p2-+ pn—1- In 1971 [1] ([3, pages 182—183]), Gandhi proved the fol-

lowing formula for p, in terms of the former primes pi, p2,..., pn—1:
! p(d)
=|[1-1 —— . 1
Pn L og2(2+22d_1 )
d‘Pnfl

Gandhi also proved that p,, is the only integer such that
1 p(d)

1 < 2P| —= <2. 2

(-3+ = #2 @)

In 1972 [4] ([3, pages 182—-183]), a short and simple proof of Gandhi’s formula was given
by Vanden Eynden.

In 1974 [2] ([3, pages 184-185]), Golomb gave another short and simple proof of
Gandhi’s formula. He described it as being the sieve of Eratosthenes performed on the
binary expansion of 1, namely 1 =0, I1111....

In this note, we generalize Gandhi’s formula replacing 2 by any positive integer k > 2.
In our main Theorem 2, we follow Vanden Eynden’s proof.

Golomb’s proof also works in this generalization if we assign to each positive integer
n the weight W(n) = k=". Golomb in his proof used the weight W(n) = 27", since he
worked with k = 2.
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2 Main results

An almost direct consequence of Gandhi’s formula is following theorem.

Theorem 1. Let d, = p, — pn—1 andn > 2. Then d,, is the even number between the two
numbers | A| and | A| + 1, where

2oa|p f&

A= —log2<l - ) 3)
—2 + Xaips 51

Proof. Gandhi’s formula (1) can be written in the form

d dpn
po=|1-l0m(—5+ 3 £ > ;ﬁ,ﬁ,fl_”)J

d|Py 2

n(d)
1 u(d) Zlen 2 2dpn—1—1
= | 1 —log, (—— + E 7 —log,| 1 — 4 .
\; 2 len—Z 2 B 1 _5 + ZdIPn—Z M( )
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Therefore, p, + &1 = ppn—1 + 62 + A, where 0 < e; <1 and 0 < g, < 1. Itis well known
that [x| + |y] < |x + y] < |x] + |y] + 1. Hence we have

Pn-1+ Al < pn < pua1 + 4] + 1,

that is,
|_AJ <d, = Pn— Pn—1 = |_AJ + 1.

This concludes the proof of the theorem. ]

The following theorem is our main result. The proof follows very closely the proof of
Vanden Eynden.

Theorem 2. Let k > 2 be a positive integer. Then the following formulas hold:

an! p(d)
1<k1’(—%+2m <2, 4)
d‘Pn—l
1 d
Pn = \‘long—logk (—z + Z kl;(—)l)J’ (5)
dlpn—l
1 p(d)
i (" (——+ Yy D), ®)
k—o00 k d\Pry k¢ —1
. 1 p(d)
pn = lim (—logk (—— + Z = 1) (7)
k—o00 k d\Pr ke —1
. Yy )
dy = pn = pn-1 = lim (—logk(l— s kel ), ®)
ko0 &+ Xaps ko
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Proof. Weput Q = P,_1 = p1p2++* Pn—1, Pn = p and

w(d)
s=3 rat
dlo
Therefore, we get
k2 —1
k€ =1)S =3 p(d) 7
d|o
0-1
=Y ud(A+ kT + K2+ 4k = "k,

d|o t=0

where a;, = Zdlgcd(t,Q) u(d); in particular, for ¢ = 0, this is equal to Zd‘Q u(d). Conse-
quently, by well-known properties of the function u, we have

0-1
ke —1S=>"ak' = Y k' +k%!
t=0 1<t<Q-p
ged(t,0)=1

and consequently

k(kQ—l)(—%+S)=—(kQ—1)—|- Yo kT k=14 Y kT

1<t<Q-p 1<t<Q-p
ged(2,0)=1 gcd(2,0)=1
Hence
k@—p+1 1 kP
— [P p__ — t+1
L= kP <k? (=1 +5) k(kQ_l)(1+ Sk )
1<t<Q-p
gcd(,0)=1
- kpl +k4+k2 4. k9 ptl B kP(kQ—Pt2 1)
k(k2 —1) (k= Dk(k2 —1)
< k <2
=r_1 ="
that is,
1 k
p(__ _—
1<k(k+S)<k_1§2. 9)

This proves equation (4). Equation (5) is an easy consequence of equation (4). Equation (6)
is an easy consequence of equation (9), since kle — 1 as k — oo. Equation (7) is an easy
consequence of equation (6). Equation (8) can be proved as in Theorem 1 and by using
equation (7). [
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