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Well-posedness of F. John’s floating body problem
for a fixed object

David Lannes and Mei Ming

Abstract. The goal of this paper is to prove the well-posedness of F. John’s float-
ing body problem in the case of a fixed object and for unsteady waves, in horizontal
dimension d D 1 and with a possibly emerging bottom. This problem describes the
interactions of waves with a partially immersed object using the linearized Bernoulli
equations. The fluid domain � therefore has corners where the object meets the free
surface, which consists of various connected components. The energy space associ-
ated with this problem involves the space of traces on these different connected com-
ponents of all functions in the Beppo-Levi space PH1.�/; we characterize this space,
exhibiting non-local effects linking the different connected components. We prove
the well-posedness of the Laplace equation in corner domains, with mixed boundary
conditions and Dirichlet data in this trace space, and study several properties of the
associated Dirichlet–Neumann operator (self-adjointness, ellipticity properties, etc.).
This trace space being only semi-normed, we cannot use standard semi-group the-
ory to solve F. John’s problem: one has to choose a realization of the homogeneous
space (i.e., choose an adequate representative in the equivalence class) we are work-
ing with. When the fluid domain is bounded, this realization is obtained by imposing
a zero-mass condition; for unbounded fluid domains, we have to choose a space-time
realization which can be interpreted as a particular choice of the Bernoulli constant.
Well-posedness in the energy space is then proved. Conditions for higher order reg-
ularity in times are then derived, which yield some limited space regularity that can
be improved through smallness assumption on the contact angles. We finally show
that higher order regularity away from the contact points can be achieved through
weighted estimates.

1. Introduction

1.1. General setting

The interaction of waves with floating structures is obviously important for navigation
issues but also for renewable marine energies (floating wind turbines or wave energy con-
verters) or the modeling of sea-ice. From a mathematical point of view, this is a very
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complex problem, because in addition to all the difficulties met to describe ocean waves,
one must understand their interaction with the floating objects. This interaction raises new
problems, among which the (free boundary) dynamics of the contact line between the
object, the air, and the surface of the water, and the fact that the fluid domain can no
longer be assumed to be smooth since it has wedges (or corners in the two-dimensional
case). If the object is allowed to move freely, one has in addition to study its motion under
the force exerted by the fluid.

A wide range of mathematical and numerical tools are used to describe wave structure
interactions. Computational fluid dynamics (CFD) is used to get precise information such
as vortex-induced motion of floaters or global performance in extreme waves; however,
it has to be said that CFD is far less adapted for this kind of situation than it is, say, in
aeronautics or car industry. This is due to several specific difficulties identified in [37]
and that include the fact that one has to work in an open ocean environment that requires
computations of large volumes of fluid, and that one has to face a non-Gaussian stochastic
environment that requires many computations to get reliable statistics; for these reasons,
the total cost of a CFD project is comparable to the cost of physical model tests.

Faster, but of course less precise computations, can be achieved if one uses a simpler
model for the description of the fluid. Fully nonlinear potential flow (FNPF) methods [58]
for instance assume that the fluid is non-viscous, incompressible and that the flow is
irrotational. The fluid velocity therefore derives from a scalar velocity potential whose
evolution is governed by the Bernoulli equations. In the absence of any floating object, this
amounts to assuming that the flow is governed by the water waves equations (see [4, 31]
for low regularity results that allow C 3=2 interfaces). Though faster than CFD computa-
tions, the FNPF approach remains extremely costly, for the same reasons (using them to
describe the propagation of waves without floating object is already an achievement, even
for one dimensional surfaces [60]).

Another approach, proposed in [44], consists in replacing the equations for the fluid
by simpler asymptotic wave models such as the nonlinear shallow water (NSW) or the
Boussinesq equations. Such models, that couple the evolution of the free surface with the
vertically averaged horizontal velocity, have proven very efficient to describe waves in
coastal areas [45]. The presence of a floating object can be accounted for by imposing
a constraint on the surface elevation in the region where the object is located; the pres-
sure exerted by the fluid on the object can then be understood as the Lagrange multiplier
associated with this constraint. The problem can then be reduced to a non-standard initial
boundary value problem for the wave model cast in the exterior region (where the surface
is not in contact with the object); see [32], [10,11] and [46] for the 1d nonlinear, 2d radial
and 2d NSW equations, respectively, and [8, 14] for the 1d Boussinesq equations. We
refer also to [50] for the viscous 1d NSW equations and also mention the so-called “soft
congestion” approach (see the review by Perrin [59]) that relaxes the constraint on the
surface elevation, hereby allowing the use of efficient low-Mach techniques [25,26]. Such
approaches based on asymptotic wave models have been numerically implemented for
the 1d nonlinear shallow water [12,30] and Boussinesq equations [9] and are numerically
very efficient. The hope is that they can be integrated to the operational codes based on
these wave models, which would allow to study the impact of farms of floating offshore
wind turbines or wave energy converters and the wave fields, their incidence on submer-
sion risks, etc. Their drawback is of course their limited range of validity (e.g., shallow
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water models cannot be used in deep water) that must be assessed numerically and exper-
imentally.

Today, the most widely used approach to describe wave-structure interactions corre-
sponds to the linear potential flow approach. In this approach, the variations of the fluid
domain are neglected for the computation of the velocity potential. This removes in par-
ticular the difficult issue of the evolution of the contact line. This approach is used in the
commercial codes used by engineers. From a mathematical point of view, this problem
attracted a lot of interest at the middle of the 20th century, starting with a series of two
papers by F. John [34,35], who studied the interaction of waves with floating structures in
free or forced motion, assuming that the fluid is governed by the linear Bernoulli equation.
Many articles have been devoted to this since when, almost all of them focusing on time
harmonic motions and on the possible existence and properties of trapped modes [41,52];
let us mention however the early work of Ursell [70], who considered the decay of the
free motion of a floating symmetric body in a fluid initially at rest. Despite its physical
importance, the analysis of unsteady waves in the presence of obstacles is only under-
stood for completely submerged objects [41]; one of the reasons why such configurations
are easier to handle mathematically is that the fluid domain remains regular. As pointed
in [41], the analysis of the Cauchy problem for unsteady waves in the presence of a par-
tially immersed object is open. This is the problem that we address in this paper, in the
particular case where the floating object is fixed.

1.2. Statement of the problem

We consider the behavior of small perturbations of a fluid occupying at rest a two-dimen-
sional domain�with finite depth, and in the presence of one or several partially immersed
fixed solid objects. On the right and left extremities, the fluid can be delimited or not
by an emerging bottom, as shown in Figure 1. More precisely, we make the following
assumption on � and its boundary � .

Assumption 1.1. Let N � 1 be the number of partially immersed solids. The fluid do-
main � is delimited from above and from below by two open curves �.top/ and �.b/,
respectively, that do not intersect, and are such that:

(1) There exist �1 � xr
0 < x

l
1 < x

r
1 < � � � < x

l
N < xr

N < xl
NC1 � 1 such that �.top/

is a curved broken line with (possibly infinite) endpoints C0 D .xr
0; 0/ and CNC1 D

.xl
NC1; 0/ and vertices C .l/j D .x

l
j ; 0/ and C .r/j D .x

r
j ; 0/ for 1 � j � N . Moreover,

the segments .C .l/j ; C
.r/
j /, which correspond to the wetted part of the boundary of

the objects, are smooth open curves denoted by �.w/j and contained in the lower
half-plane ¹z < 0º; all the other segments of �.top/ are flat and contained in the
axis ¹z D 0º.

(2) The bottom curve �.b/ is the graph on .xr
0; x

l
NC1/ of a smooth function b such that

b.xr
0/ D 0 if �1 < xr

0 and lim supx!�1 b.x/ < 0 if xr
0 D �1, and a similar

condition holds at the other endpoint xl
NC1.

(3) At each corner, the fluid domain forms an angle strictly larger than 0 and strictly
smaller than � (no tangential contact).



D. Lannes and M. Ming 4

(a) N D 2, non-emerging bottom, �D unbounded. (b) N D 2, emerging bottom, �D bounded.

(c) N D 1, emerging bottom, �D unbounded.

Figure 1. Admissible configurations.

We denote by �D D �D � ¹0º, with �D D
SNC1
jD1 Ej , where the Ej are the intervals

defined as Ej D .x
r
j�1; x

l
j /. We also denote by �N the union of all the other open curved

segments of � D @�, and write �� D �D [ �N.

Remark 1.2. The notation �D for the portion of the surface of the fluid in contact with the
air is not natural at this point; it is due to the fact that for the elliptic problem solved by the
velocity potential in �, Dirichlet type boundary conditions are imposed on �D. Similarly,
we denote �N the portion of � where the fluid is in contact with a solid boundary because
Neumann boundary conditions are imposed on these segments.

In order to state the linear floating problem formulated by F. John [34] in the case of a
fixed object, let us first introduce some notations. Since the flow is potential, and because
the floating objects and the bottom are assumed to be impermeable and fixed, the veloc-
ity U.t; �/ in the fluid domain at time t can be written U.t; �/ D r�.t; �/, where �.t; �/
is a scalar function, harmonic in �, and such that its normal derivative satisfies @n� D 0

on �N. It is therefore fully determined by its trace on �D (see Proposition 3.2 for a pre-
cise statement), which we denote by  .t; �/. This latter quantity therefore determines also
the normal derivative @n� on �D, which we denote by G0 ; since �D is horizontal here,
we have equivalently G0 WD .@z�/j�D ; the operator G0 is called the Dirichlet–Neumann
operator. Denoting also by �.t; �/ the surface elevation above �D at time t , F. John’s float-
ing body problem can be stated as

(1.1)
²
@t� �G0 D f;

@t C g� D g; on RCt � �
D;

where g>0 is the acceleration of gravity and the functions f and g are given source terms.
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The goal of this paper is to prove the well-posedness of the Cauchy problem formed
by (1.1) and initial conditions of the form

(1.2) .�;  /jtD0 D .�
in;  in/;

for some given functions � in and  in.

1.3. Presentation of the results

In the presentation of our results, we identify four questions that can be of independent
interest. Firstly, in order to identify the energy space for (1.1), we are led to characterize
the range of the boundary trace mapping for functions in the homogeneous Beppo-Levi
space PH 1.�/. Secondly, since the energy space is not homogeneous and of critical reg-
ularity, the question of its realization is not trivial, especially when the fluid domain is
unbounded, in which case we can relate it to the choice of the Bernoulli constant; once
a good realization is found, we can prove the well-posedness of F. John’s problem in the
energy space. Since the regularity issues raised by the corners of the fluid domain play a
central role; we review the literature on this subject and try to explain the difficulties at
stake by discussing an apparent paradox related to corner singularities for water waves;
we can finally present our approach to get higher order regularity estimates for solutions
to (1.1)–(1.2) away from the corners.

1.3.1. The energy space and the boundary trace of PH 1.�/ functions. We consider in
this paper waves of finite mechanical energy, that is, we want the surface elevation � and
the velocity U D r� to be such that

E WD
1

2
�g
Z
�D
�2 C

1

2
�

Z
�

jr�j2 <1;

where � is the constant density of the fluid. Quite obviously, L2.�D/ is the natural func-
tional space for �; for  , however, the choice is much less clear. We should consider the
space of all the functions  that can be obtained as the trace on �D of an harmonic func-
tion � of finite Dirichlet energy, that is,

R
�
jr�j2 < 1. Since every function � in the

Beppo-Levi space PH 1.�/ WD ¹� 2L1loc.�/;r� 2L
2.�/º can be uniquely decomposed

as � D �1C �2, with �12H 1.�/ is such that .�1/j�D � 0 and �2 is harmonic with homo-
geneous Neumann condition on �N, the problem of finding the correct functional space
for  can be reformulated as the following question, of independent interest.

Question 1. Can we characterize the range of the mapping TrD
W � 2 PH 1.�/ 7! �j�D ?

And if so, does it admit a continuous right-inverse?

Recently, a very similar question was raised in [23, 24], but for the trace of homo-
geneous space of the form PH sC1=2.�/ with s < 1=2; the case we have to deal with
here is therefore the critical case s D 1=2. The critical case was addressed recently by
Strichartz [67] in the case where � is a flat strip and �D consisting of the union of the
two boundaries. He showed that the structure of the range of the trace mapping has some
interesting structures that led Leoni and Tice [48] to develop a general theory for screened
Sobolev spaces. The challenge here is to manage the fact that we are in a corner domain
and that �D now has boundaries.
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We answer by the affirmative to both parts of Question 1 in Section 2, and denote by
PH 1=2.�D/ the range of the trace mapping. This space is only a semi-normed space, and

its norm contains a non-local effect relating the different connected components of �D.
A rough statement of the result presented in Theorems 2.16 and 2.21 is the following.

Theorem. We characterize a homogeneous space PH 1=2.�D/ such that the trace map-
ping TrD

W PH 1.�/! PH 1=2.�D/ is well defined, continuous, onto, and admits a continuous
right-inverse.

Note that we also prove in Proposition 3.2 that the Laplace equation in�, with homo-
geneous Neumann conditions on �N and Dirichlet data on �D in PH 1=2.�D/, is well posed,
which extends the classical result where the Dirichlet data are in H 1=2.�D/; this result is
optimal since we have the equivalence of semi-norms j j PH1=2.�D/� .

R
�
jr�j2/1=2 (which

is of course false if we replace j j PH1=2.�D/ by j jH1=2.�D/).
It also follows from these considerations and the definition of the energy above, that

the natural energy space for (1.1) is the semi-normed space X defined as

X WD L2.�D/ � PH 1=2.�D/:

1.3.2. Realization of the energy space and well-posedness in the energy space. In
order to prove the well-posedness of (1.1)–(1.2) in the energy space, one has to prove that
the evolution operator in (1.1) is skew-adjoint. This is achieved via a careful analysis of
the Dirichlet–Neumann operator on corner domains, but this is not enough to conclude
by standard tools because the energy space X, being only a semi-normed space, is not a
Banach space. In such situations, it is convenient to find a realization of the semi-normed
space X, that is, a convenient choice of a particular representative of each element of the
quotient space X=K, K being the adherence of zero for the semi-norm. A well-known
example is Chemin’s space � 0

h
of homogeneous distributions [7] (see also [16]), but this

approach based on Fourier analysis is not directly applicable in our case where �D has
boundaries and more importantly, it works for homogeneous spaces of the form PH s with
s < 1=2; once again, the case s D 1=2 of interest here is critical.

Question 2. Can we find a good realization of the energy space X?

When �D is bounded, it is quite easy to answer this question by the affirmative. Indeed,
the space L2.�D/� PH1=2.�D/ consisting of all .�; / 2X such that

R
�D � D

R
�D  D 0 is

an appropriate realization of X since the equations propagate these zero mass conditions.
This realization is also a standard Hilbert space in which we can apply standard tools to
prove the well-posedness of (1.1)–(1.2).

When �D is unbounded, this realization does not apply because the integrals
R
�D �

and
R
�D  are not necessarily well defined. Our approach is then to construct a solution by

a duality method in the semi-normed space L2.Œ0; T �IX/; we then show that it is possible
to choose a realization of this homogeneous space which depends on space and time. This
realization turns to have a physical meaning: it consists in choosing the Bernoulli constant
to be zero in the second equation of (1.1). The well-posedness in the energy space can
then be established. A simplified statement of Theorems 4.2 and 4.5 is the following.

Theorem. The initial value problem (1.1)–(1.2) is well posed in the energy space.
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1.3.3. Regularity issues and the corner angle singularity paradox for water waves.
One of the difficulties one has to face with F. John’s floating body problem is that the
fluid domain has corners. Due to these singularities, the velocity potential is not necessar-
ily in H sC1.�/, with s � 0, when the Dirichlet data  belongs to H sC1=2.�D/. While
such a property is true for all s � 0 in smooth domains, there is a threshold value s0
for s above which this elliptic regularity property does not hold when � has corners, see
[20, 27, 39]. Consequently, above this threshold, the Dirichlet–Neumann operator does not
map H sC1=2.�D/ into H s�1=2.�D/ and the techniques developed to deal with the stan-
dard water waves equations become useless because they strongly use the fact that G0
is an operator of order 1. Since the regularity threshold s0 is larger when the angles of
the corners of the fluid domain are small, a way to overcome this difficulty is to assume
that the angles are small. This is the approach proposed by T. de Poyferré [21] (see also
Ming and Wang [54–56] in the presence of surface tension) to derive a priori estimates
for the nonlinear water waves equations in the presence of an emerging bottom, assum-
ing that the so-called Rayleigh–Taylor coefficient is positive, and using the geometrical
framework developed by Shatah and Zeng [62].

The role of this coefficient can be seen by writing the equations satisfied by the trace
of the horizontal velocity at the free surface, which we denote v ; in horizontal dimension
d D 1 (for the sake if simplicity), this equation is given by

@tv C v@xv C a@x� D 0;

where a WD �.@yP /j�D is the Rayleigh–Taylor coefficient. Its positiveness ensures the
hyperbolicity of the equations; Wu showed that it is always positive in infinite depth [71]
and Lannes in finite depth with a flat bottom [42] when the surface is sufficiently regular.
But in the presence of corner singularities, this coefficient could a priori vanish. Assuming
that it is positive yields some compatibility conditions that are quite obvious when one
considers water waves on a half-line delimited by a vertical wall at x D 0. As pointed out
by Alazard, Burq and Zuily [3], since v vanishes at x D 0, and if a > 0 at this point, one
must necessarily have @x� D 0 as a consequence of the equation satisfied by v; in other
words, the contact angle must necessarily be 90 degrees.

In order to have more freedom on the angle at the singularity of the fluid domain, it is
possible to relax the assumption that a > 0. This approach has been considered by several
authors interested by the existence of possible surface waves with a corner singularity. The
difficulty is then to handle the fact that the hyperbolicity of the equations degenerates if a
vanishes. Kinsey and Wu [38,72] allowed the Rayleigh–Taylor coefficient to degenerate at
the corner points and derived weighted energy estimates for angles at the crest that are less
than �=2; Wu [73] then established a local existence result for a class of initial data which
allows such singularities, and Agrawal [1] showed that for this class of solutions the corner
singularities are preserved by the evolution in time, and that the angle of the crest does not
change with time. Córdoba, Enciso and Grubic [18] were then able to establish local-well-
posedness in a class of weighted Sobolev spaces allowing corner singularities, but this
time with an angle that may vary in time; however, they had to impose several symmetries
that imposed them to work in the zero gravity case. Recently, in [17], the same authors
were able to remove the symmetry assumptions and therefore to keep the gravity term.
Similarly, for singularities caused by an emerging bottom, it is also possible to consider
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configurations where the Rayleigh–Taylor coefficient vanishes at the singularity, as done
recently by Ming [53].

Unfortunately, these approaches are not suited for our present purpose since, in the
linear case, one has aD g, which is strictly positive. We therefore potentially have to deal
with the constraints on the angle illustrated by the example of Alazard, Burq and Zuily
mentioned above, and that looks to be valid in our situation too. Indeed, if we consider a
floating object with a boundary that intersects vertically the free surface, one has @x D 0
at the contact points and it follows from (1.1) (without source term), that g@x� D 0 too.
The fact that this argument should be handled with care is well illustrated by the fact that it
raises a paradox when applied to the famous extreme Stokes wave, which is a progressive
periodic solution of the water waves equation of maximum amplitude and is known to
form an angle of 120 degrees at its crest [65,66,69]. In the frame moving at the velocity c
of the wave, the equation for the surface velocity becomes

.v � c/@xv C a@x� D 0:

It is also known since Stokes that the crest is a stagnation point, meaning that v D c at
the crest; moreover, the Rayleigh–Taylor coefficient is a D 3

4
g at the crest and therefore

positive [49]. For the same reason as above, this seems to imply that @x�D 0, and therefore
that the angle at the crest should be 2 � 90 degrees rather than 120 degrees, hence the
following question.

Question 3. How can one explain the angle corner singularity paradox, and what hap-
pens at the contact points?

For the Stokes wave, this paradox can be explained by a singular behavior near the
corner. For a Stokes wave of amplitude a, with crest located at x D 0, one has near the
crest � � a � 1p

3
jxj and v � c C .

p
3
2

g/1=2
p
jxj; one has therefore .v � c/@xv �

p
3
4

g

which is non-zero, so that @x� does not vanish, hereby explaining the paradox1.
For F. John’s floating body problem with an object intersecting vertically the free sur-

face, which is a linear problem, this nonlinear explanation does not hold, but there still
can be obstructions to apply the argument of Alazard, Burq and Zuily. Indeed, in order to
infer that @x D 0 at the contact points from the homogeneous Neumann condition on
the object, some minimal regularity on � is needed. For instance, in [68], Su, Tucsnak and
Weiss considered the linear water waves equation in a rectangular basin (so that Fourier
decomposition can be applied) with a regularity H 1=2 on � and H 1 on  ; at such reg-
ularity, the compatibility condition @x D 0 and @x� D 0 at the corners do not appear.
It is however not clear whether the compatibility conditions appear automatically if  is
smoother, since it is known that the regularity of the velocity potential � is limited by the
presence of the corner. The critical regularity for � above which compatibility conditions
arise is H 2.�/. Indeed, if � 2H 2C".�/ with " > 0, one has @x� 2H 1C".�/, and by the
trace theorem, .@x�/j� 2 H

1=2C".�/; since .@x�/j�N vanishes near the contact point, this

1Note that in the configuration considered in [3] there is no paradox since by symmetry reasons, the condi-
tion @x� D 0 at the contact point is propagated from the initial data so that the claim of the authors is of course
correct.
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implies that @x D .@x�/j�D vanishes at the contact points. It follow that in the standard
Sobolev scale H s.�D/, the critical regularity for @x should be H 1=2.�D/.

We explain in the next section that using weighted estimates one can however reach
higher order regularity.

1.3.4. Time regularity, space regularity and weighted estimates. As explained above,
we manage to prove the well-posedness of F. John’s problem (1.1)–(1.2) in C.Œ0; T �IX/.
Under appropriate assumptions on the initial data, one can prove that the solution is more
regular in time, say, C n.Œ0; T �IX/, with n2N. For the standard linear water waves equa-
tions, such an information is sufficient to deduce space regularity for the solution, using
ellipticity properties of the Dirichlet–Neumann operator. Here, this is only partially true
due to the singularities of the fluid domain. We are able to establish ellipticity prop-
erties for the Dirichlet–Neumann operator, but only up to a given regularity threshold.
As a consequence, even if we had infinite time regularity we could only deduce finite
space regularity. Without smallness assumption on the angles, one cannot get better than
� 2H 3=2.�D/ and @x 2 PH 1=2.�D/, which is consistent with the comments made above
to explain the corner singularity paradox.

Let us mention here that Guo and Tice faced the same difficulty in their study of the
stability of the contact line at smaller scales, where both viscosity and capillarity must
be taken into account [28, 29]; to handle this issue, they developed a theory based on the
functional calculus for the capillary gravity operator which, unfortunately, cannot be used
here in the absence of surface tension, and also because we work in a possibly unbounded
domain. In order to get higher order regularity in the configuration under consideration
here, one can try to use weighted derivatives of the form �@x , with � a bounded func-
tion behaving in the neighborhood of each corner as the distance to this corner. This
approach has been used for instance in [17, 18, 38, 53, 72, 73], where the authors work
in weighted Sobolev spaces, which is a natural framework for elliptic problems in cor-
ner domains, see for instance Kozlov, Maz’ya and Rossmann [39, 40]. The issue is that
the Dirichlet–Neumann operator operates on such weighted Sobolev spaces only under
smallness assumptions on the angle; typically, with the space V l�1=2

ˇ
.�D/ defined as in

Section 6.2.1 of [39] (where l is the order of derivatives and ˇ is some power of the
weight) the Dirichlet–Neumann operator is a continuous mapping from V

l�1=2

ˇ
.�D/ to

V
l�3=2

ˇ
.�D/ provided that l � 2 is an integer, ˇ 2R and that jl � ˇ � 1j < �=.2!0/,

where !0 is the largest corner angle of the domain (this is a consequence of Theorem 1.4.3
and Corollary 6.3.1 of [40]).

Question 4. Can we use weighted derivatives without making any smallness assumption
on the angles?

Here again, we answer this question by the affirmative. The strategy is to carefully
look at the structure of the commutator ŒG0; �@x �. If � were an angular sector and � D r ,
we could compute explicitly this commutator using polar coordinates; more precisely, we
would have ŒG0; �@x � D G0. Formally applying �@x to (1.1) (without source term), we
would find that .�@x�; �@x / would solve´

@t .�@x�/ �G0�@x D G0 ;

@t .�@x /C g�@x� D 0;
on RCt � �

D:
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Using the well-posedness in the energy space mentioned above, we would get a control
of .�@x�; �@x / in X provided that the source term G0 is in L2, which is equivalent
to say, by (1.1), that @t� 2L2; therefore the weighted regularity could be deduced from
the time regularity and the commutator identity ŒG0; �@x � D G0. If the domain � is as
in Assumption 1.1, then this identity is no longer true, but this commutator can still be
controlled in terms of time derivatives (and lower order terms).

For all n 2N, we can then identify a space Yn � X whose norms controls the pair
..�@x/

j �; .�@x/
j / in X for all 0 � j � n as well as .�;  / in H j=2 � PH .jC1/=2 for

0 � j � min¹2; nº, and prove the following result (we refer to Theorem 6.3 for a precise
statement).

Theorem. For all n2N, the initial value problem (1.1)–(1.2) is well posed for data in Yn.

1.4. Organization of the paper

In Section 2, we identify the range of the mapping that takes the trace on �D of functions
in PH 1.�/. We first consider in §2.1 the case where� is a flat strip, in which case the range
of the trace mapping, can be characterized in terms of the space PH 1=2.R/, which we define
and characterize in terms of screened Sobolev spaces that are described in §2.2. We then
define in §2.3 the functional space PH 1=2.I / when I is a finite interval or a half-line; the
case of PH 1=2.�D/ is more complex because �D has several connected components; we
show in §2.4 that the corresponding semi-norm is non-local in the sense that it includes
terms relating the different connected components. We then show in §2.5 that the trace
mapping TrD

W PH 1.�/! PH 1=2.�D/ is well defined and continuous, and in §2.6 that it is
onto and admits a continuous right-inverse. Further properties of the space PH 1=2.�D/ are
then investigated in §2.7 and §2.8.

Section 3 is then devoted to the analysis of the Laplace equation in �, with homo-
geneous Neumann conditions on �D and Dirichlet data in PH 1=2.�D/ on �D. We prove
in §3.1 that this problem is well posed, which allows us to rigorously define the Dirichlet–
Neumann operator G0 in §3.2. This operator is constructed as a mapping from PH 1=2.�D/

with values in its dual but we also show that it is a continuous elliptic operator from
PH 1.�D/ to L2.�D/ and prove several other properties such as self-adjointness and ellip-

tic regularity.
Section 4 is devoted to the well-posedness of F. John’s problem in the energy space.

We prove in §4.1 that the evolution operator in (1.1) is skew-adjoint if �D is bounded
and if a zero mass assumption is made on � and  ; well-posedness for (1.1)–(1.2) then
follows from standard semi-group theory. When �D is unbounded, as explained above
for Question 2, we construct in §4.3 a solution by a duality method in a semi-normed
functional space which we realize (in the sense of [13]) through a convenient choice of
the Bernoulli constant; well-posedness is then established. Higher order time regularity
is then studied in §4.4 and we show in §4.5 how to deduce a limited amount of space
regularity from time regularity.

We then proceed in Section 5 to study commutator terms of the form Œ.�@x/
j ;G0� (see

Question 4 above). We first construct in §5.1 and §5.2 a convenient weight function �
on �, and then, in §5.3, we construct an extension T of the tangent vector t defined
on ��; this extension is used to construct an extension X D �T � r defined on �[ �� of
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the weighted derivative �@x . In §5.4, we measure the regularity of the harmonic extension
of  using the vector field X ; finally, the commutator estimates are proved in §5.5.

The final section is devoted to the proof of the well-posedness of F. John’s problem
in spaces that can measure higher order regularity. These partially weighted spaces are
introduced in §6.1. We then prove in §6.2, a key result of transfer of regularity, which
roughly states that an additional �@x derivative of the solution can be controlled at the
cost of a time derivative; this is a consequence of the commutator estimates of Section 5,
which are themselves the equivalent in � of the commutation property proved in a sector
in the comments related to Question 4 above. A well-posedness result in such partially
weighted spaces is then proved in §6.3, without smallness assumption on the angles.

1.5. Notations

We provide here some notations used throughout this article, with a particular emphasis
on the function spaces that we have to use.

1.5.1. General notations. We use C as a generic notation for a strictly positive constant
of no importance; the value of C may change from one line to another.

The notation a . b stands for a � Cb.
We denote by x and z the horizontal and vertical coordinates, and by @x or @1 and @z

or @2, the corresponding partial derivatives; we also write r D .@x ; @z/T.

1.5.2. Function spaces. Here are some notations used throughout this article for function
spaces. We first provide the notations for the function spaces on the fluid domain�. Since,
with the notations of Assumption 1.1, �D can be identified with a finite union of finite or
semi-infinite intervals Ej , we then introduce function spaces over such intervals; finally,
we introduce the function spaces on the non-connected portion �D of the boundary. Note
that when the context is clear, we often use shortened notations; for instance, k�kL2.�/
may be written k�kL2 or k�k2.

� Function spaces on �.

- We denote by L2.�/ the standard Lebesgue space, and by k � kL2.�/ its canonical
norm.

- We denote by H 1.�/ the standard non-homogeneous Sobolev space with canonical
norm k�kH1.�/ D k�kL2 C kr�kL2 .

- We denote by H 1
D.�/ the set of functions in H 1.�/ whose trace on �D vanishes,

that is, the completion of D.� [ �N/ for the H 1.�/ norm, where D.� [ �N/ is the set
of infinitely smooth functions on R2 supported in a compact set included in � [ �N.

- We denote by PH 1.�/ the homogeneous (or Beppo-Levi) Sobolev space of order 1:

PH 1.�/ D ¹� 2L1loc.�/;r� 2L
2.�/2º;

endowed with the semi-norm k�k PH1.�/ WD kr�kL2 , see (2.2).

� Function spaces on a non-empty open interval I ¨ R.

- The set of smooth functions compactly supported in I is denoted D.I /.
- We denote by

zL1loc.I / WD
®
f 2L1loc.I /; 9

Qf 2 L1loc.R/; Qf jI D f
¯
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(the notation L1loc.I / is sometimes used in the literature for these spaces); in particular, if
the interval I is bounded, zL1loc.I / D L

1.I /.
- We denote by H 1=2.I / the standard Sobolev space of order 1=2,

H 1=2.I / D ¹f 2L2.I /; jf jH1=2.I / <1º;

where

jf jH1=2.I / D jf jL2.I / C
�“

x;y2I

.f .y/ � f .x//2

.y � x/2
dy dx

�1=2
:

- We denote by H 1=2
0 .I / the completion of D.I / in H 1=2.I /. It is classical that

H
1=2
0 .I / D H 1=2.I /;

both algebraically (these two sets are the same) and topologically (their norms are equiv-
alent).

- We denote by H 1=2
00 .I / the set of functions in H 1=2.I / whose extension by zero

in RnI belongs to H 1=2.R/. This set is strictly included in H 1=2.I / D H
1=2
0 .I /.

- The homogeneous Sobolev space of order 1=2, denoted H 1=2
hom .I /, is defined as

PH
1=2
hom .I / WD

®
f 2 zL1loc.I /; jf j PH1=2

hom .I /
<1

¯
;

with

jf j PH1=2
hom .I /

WD

�“
x;y2I

.f .y/ � f .x//2

.y � x/2
dy dx

�1=2
;

so that
jf jH1=2.I / D jf jL2.I / C jf j PH1=2

hom .I /
:

- The screened homogeneous Sobolev space of order 1=2, denoted PH 1=2.I /, is defined
as

PH 1=2.I / WD
®
f 2 zL1loc.I /; jf j PH1=2.I / <1

¯
;

with

jf j PH1=2 WD

�“
x;y2I;jy�xj�1

.f .y/ � f .x//2

.y � x/2
dy dx

�1=2
:

This space is defined and studied in §2.3; in particular, one has PH 1=2.I / D H
1=2
hom .I /

when I is finite, but H 1=2
hom .I / ¨ PH 1=2.I / when I is unbounded.

- The homogeneous Sobolev space of order s � 1 is

PH s.I / WD
®
f 2 zL1loc; @xf 2H

s�1.I /
¯
;

and it is endowed with the canonical semi-norm jf j PH s D j@xf jH s�1 .
� Function spaces on �D.
- We denote by

zL1loc.�
D/ WD

®
f 2L1loc.�

D/; 9 Qf 2 L1loc.R/; QfjI�D D f
¯
I

in particular, if �D is bounded, zL1loc.�
D/ D L1.�D/.
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- We define X.�D/, with X D D , L2, H 1=2 or H 1=2
00 , as

X.�D/ D

NC1Y
jD1

X.Ej /;

with X.Ej / defined as above.
- For all s � 0, we denote classically byH s.�D/ the set of functions whose restriction

to Ej belongs to H s.Ej / for all 1 � j � N C 1; we identify therefore

H s.�D/ D

NC1Y
jD1

H s.Ej /:

- The spaces PH s.�D/with sD1=2 or s�1 coincide algebraically with
QNC1
jD1

PH s.Ej /,
with PH s.Ej / as defined above, but are topologically different as they are endowed with
the semi-norm

jf j PH s.�D/ D

NC1X
jD1

jfjEj
j PH s.Ej /

C

NX
jD1

jf jC1 � f j j;

where f j D 1
jEj j

R
Ej
f if Ej is bounded, and f j is the average of f over a finite subinterval

of Ej if this latter is unbounded. See §2.4 for details.

- We denote by L2.�D/ (respectively, PH1=2.�D/, PH1.�D/) the subspace of L2.�D/

(respectively, PH 1=2.�D/, PH 1.�D/) obtained by considering only the elements of this
space that satisfy an additional zero mass condition, see §2.8.

- We define the space zH 1=2.�D/ as

zH 1=2.�D/ D
®
f 2 zL1loc.�

D/; 9 Qf 2 PH 1=2.R/; Qfj�D D f
¯
;

endowed with its canonical semi-norm; as shown in Proposition 2.19, the space zH 1=2.�D/

coincides algebraically and topologically with PH 1=2.�D/.

2. Traces for Beppo-Levi spaces

Let � be a curved polygon and �D a portion of its boundary be defined as in Assump-
tion 1.1. The trace operator on �D, denoted TrD, is well defined on H 1.�/ even if � is as
here a corner domain [27]. More precisely, the mapping

(2.1) TrD
W F 2 H 1.�/ 7! Fj�D 2 H

1=2.�D/

is continuous and onto since the connected components of �D are not adjacent (they are
separated by a connected component of �N).
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As already mentioned in the introduction, it is relevant for the problem under consid-
eration in this article to work with velocity potentials � such that r� belongs to L2.�/
but that are not necessarily themselves in L2.�/. In such a context, it is convenient to
work with the Beppo-Levi space PH 1.�/ (or homogeneous Sobolev space), studied in a
general framework by Deny and Lions [22], and defined in this particular case as

(2.2) PH 1.�/ D
®
� 2L1loc.�/;r� 2L

2.�/2
¯
:

Remark 2.1. We can replace the condition � 2L1loc.�/ in the definition of PH 1.�/ by
� 2L2loc.�/ or � 2D 0.�/, since distributions � 2D 0.�/ whose gradient is in L2.�/ are
automatically in all Lploc for 1 � p <1 (see Theorem 2.1 in [22]).

From Remark 2.1, it follows that functions in PH 1.�/ also belong to H 1
loc.�/, so that

the mapping TrD is also well defined on PH 1.�/. In this section, we want to study the
range of this trace operator when defined on the Beppo-Levi space PH 1.�/ and to study
its continuity properties.

We first recall in §2.1 some known properties in the case where � is a horizontal
strip; we comment there on some striking differences with the inhomogeneous case (trace
of H 1.�/ functions). We then introduce screened Sobolev spaces in §2.2 and then define
in §2.3 the space PH 1=2.I / when I is a finite interval or a half-line. We then define in §2.4
the spaces PH s.�D/, with s D 1=2 and s � 1, which are algebraically the product spaces
of the PH s.Ej /, where Ej are the connected components of �D, but that are topologically
different. We then establish in §2.5 that the trace of functions of PH 1.�/ on �D belong
to PH 1=2.�D/ and that the trace mapping is continuous; we then show in §2.6 that it is onto
by constructing a continuous extension mapping. We then prove in §2.7 that D.�D/ is
dense in PH 1=2.�D/, and finally, we introduce in §2.8 the realizations PH s.�D/ of PH s.�D/,
with s D 1=2 and s � 1; the realization PH1=2.�D/ is a Banach space of distributions and
will play an important role in this article.

2.1. The case of a strip

The extension of the trace mapping TrD to PH 1.�/, was shown in [5, 43] when � is a
strip with �D being the upper boundary and �N the lower one. Considering for the sake of
clarity a flat strip of height h0 > 0, that is,�D R� .�h0; 0/, we can canonically identify
functions on �D with functions on R; the trace space PH 1=2.�D/ D PH 1=2.R/ is then also
a Beppo-Levi space in the sense of [22], and defined as

(2.3) PH 1=2.R/ WD ¹f 2L1loc.R/; @xf 2H
�1=2.R/º;

with associated semi-norm jf j PH1=2.R/ D j@xf jH�1=2.R/.
The mapping TrD was also considered by Strichartz, still in the case of a flat strip

� D R � .�h0; 0/, but this time �N D ; and �D has two connected components, �D D

¹z D 0º [ ¹z D �h0º. For all F 2C.�/, the trace Fj�D can therefore be identified with
an element .F. �; 0/; F . �;�h0// of C.R/ � C.R/. He showed that this mapping could be
extended as an onto mapping PH 1.�/! PH 1=2.�D/, where PH 1=2.�D/ is a subspace of
PH 1=2.R/ � PH 1=2.R/, namely,

(2.4) PH 1=2.�D/ D ¹.fC; f�/ 2 PH
1=2.R/ � PH 1=2.R/; fC � f� 2 L

2.R/º:
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Remark 2.2. In the standard inhomogeneous case, the trace mapping maps H 1.�/ onto
H 1=2.R/�H 1=2.R/. It is a striking difference that the mapping TrD

W PH 1.�/! PH 1=2.R/
� PH 1=2.R/ is not onto and that an additional condition must be imposed to describe its
range. This additional condition, namely, that fC � f� 2 L2.R/, is non-local inasmuch
as it involves the traces of f on the different connected components of �D.

2.2. Screened homogeneous Sobolev spaces

We recall first the standard notationm.D/ for Fourier multipliers defined for f 2� 0.R/ as

m.D/f D F �1.� 7! m.�/ yf .�//;

where yf is the Fourier transform of f , F �1 the inverse Fourier transform, and with appro-
priate assumptions on m and f ensuring that � 7! m.�/ yf .�/ is a tempered distribution.

Using this notation, for functions f that belong to the space PH 1=2.R/ defined in (2.3)
and that are in the Schwartz class � 0.R/, we have the following equivalence of semi-
norms:

(2.5) jf j PH1=2.R/ � jPf jL2.R/;

where the operator P is the Fourier multiplier

P D
jDj

.1C jDj/1=2
I

this equivalent formulation of the PH 1=2.R/ semi-norm was used in [5, 43]; note that the
operator P could equivalently be replaced by the Fourier multiplier min¹jDj; jDj1=2º, as
in [48, 67].

In particular, the Beppo-Levi space PH 1=2.R/ does not coincide with the homogeneous
Sobolev space H 1=2

hom .R/ defined as

H
1=2
hom .R/ D ¹f 2 � 0.R/; jDj1=2f 2L2.R/º;

with associated semi-norm

jf j
H
1=2
hom .R/

D jjDj1=2f jL2.R/:

We refer to [48] for counter examples showing that PH 1=2.R/ and H 1=2
hom .R/ are topo-

logically and algebraically distinct. This difference can also be observed using yet another
equivalent formulation for the semi-norms. Indeed, one has

(2.6) jf j
H
1=2
hom .R/

�

� Z
R

Z
R

jf .x/ � f .y/j2

jx � yj2
dxdy

�1=2
;

while it was shown by Strichartz [67] that

(2.7) jf j PH1=2.R/ �

� Z Z
jx�yj�1

jf .x/ � f .y/j2

jx � yj2
dxdy

�1=2
I

the observation that in this last expression, the range of the difference quotient is screened
led Leoni and Tice [48] to introduce the screened homogeneous Sobolev spaces.
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Remark 2.3. Screened homogeneous Sobolev spaces are defined in a general framework
in [48], where their properties are studied with great care. It is in particular shown that
different screening functions may define the same space (algebraically and topologically);
for instance, one has (Theorem 3.12 of [48])

jf j PH1=2.R/ �

� Z Z
jx�yj��0

jf .x/ � f .y/j2

jx � yj2
dxdy

�1=2
for any �0 > 0.

2.3. The space PH 1=2.I/ when I is a finite interval or a half-line

Since �D is a union of finite intervals and half-lines, we pay specific attention to these two
cases.

If I is a finite interval or a half line, we first define the set zL1loc.I / of L1loc.I / functions
which are the restriction of L1.R/ functions (in particular, zL1loc.I /D L

1.I / if I is finite),

zL1loc.I / WD ¹f 2L
1
loc.I /; 9

Qf 2 L1loc.R/; QfjI D f º;

and we introduce the following generalization of the homogeneous fractional Sobolev
space of order 1=2 introduced in (2.6) on the full line:

H
1=2
hom .I / D ¹f 2

zL1loc.I /; jf jH1=2
hom .I /

<1º;

with

(2.8) jf j
H
1=2
hom .I /

D

� Z
I

Z
I

jf .x/ � f .y/j2

jx � yj2
dxdy

�1=2
:

If I is bounded, then we define PH 1=2.I / as H 1=2
hom .I /, but if I is unbounded, we have

to add a screening effect, consistently with (2.7). Note that our definition differs slightly
from the one used in [48], where L1loc is used rather than zL1loc; the reason for this change
is that we later need to define the average f D 1

jI j

R
I
f when I is a finite interval.

Definition 2.4. If I is a finite interval or a half-line, then we define

PH 1=2.I / D ¹f 2 zL1loc.I /; jf j PH1=2.I / <1º;

where
• if I is a finite interval, one has jf j PH1=2.I / D jf jH1=2

hom .I /
as defined in (2.8);

• if I is half-line, one takes

jf j PH1=2.I / D

� Z
I

Z
I\B.x;1/

.f .y/ � f .x//2

.y � x/2
dy dx

�1=2
:

As in Remark 2.3, it is possible to replace the constant 1 used to impose the screening
by any constant �0 > 0. This is a consequence of the following proposition.
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Proposition 2.5. Let I be a non-empty finite interval or a half-line. Let �0 >0 and denote,
for all f 2 zL1loc.I /,

jf j PH1=2
�0
.I /
D

� Z
I

Z
I\B.x;�0/

.f .y/ � f .x//2

.y � x/2
dy dx

�1=2
:

There exists a constant C (depending on �0/ such that for all f 2 zL1loc.I /, one has

1

C
jf j PH1=2.I / � jf j PH1=2

�0
.I /
� C jf j PH1=2.I /:

Proof. Clearly, if �00 > �0 > 0, then

jf j PH1=2
�0
.I /
� jf j PH1=2

�00
.I /
:

Therefore, proceeding as in [48], it is sufficient to prove that for all �0 > 0, there exists a
constant C > 0 such that for all f 2L1loc.I /, one has jf j PH1=2

2�0
.I /
� C jf j PH1=2

�0
.I /

.

Remarking that

jf j2
PH
1=2
2�0
.I /
D jf j2

PH
1=2
�0
.I /
C

Z
I

Z
I\.B.x;2�0/nB.x;�0//

.f .y/ � f .x//2

.y � x/2
dy dx

D jf j2
PH
1=2
�0
.I /
C J;

we just need to bound J from above by jf j2
PH
1=2
�0
.I /

, up to a multiplicative constant of no
importance.

The difference with [48] is that we work on a domain with boundaries (and in partic-
ular not translation invariant). Writing I D .a; b/, the set K�0 of all x 2 I and h2R such
that y D x C h2 I \

�
B.x; 2�0/nB.x; �0/

�
can be written as

K�0 D ¹x 2 I; h2R; �0 < h < min¹2�0; b � xº or �0 < �h < min¹2�0; x � aºº:

In particular, one has K�0 D ; if b � a � �0, in which case there is nothing to prove. We
thus consider the case �0 < b � a. Let us introduce also the set zK�0=2 by .x; h/2 zK�0=2 if
and only if .x; 2h/2K�0 .

We can therefore write

J D

ZZ
K�0

.f .x C h/ � f .x//2

h2
dhdx

D
1

2

ZZ
zK�0=2

.f .x C 2h/ � f .x//2

h2
dhdx;

from which we infer that

J �

ZZ
zK�0=2

.f .x C 2h/ � f .x C h//2

h2
dhdx C

ZZ
zK�0=2

.f .x C h/ � f .x//2

h2
dhdx

DW J1 C J2:
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Let us first control J1. One has

J1 D

Z ��0=2
��0

Z b

min¹a�2h;bº

.f .x C 2h/ � f .x C h//2

h2
dxdh

C

Z �0

�0=2

Z max¹b�2h;aº

a

.f .x C 2h/ � f .x C h//2

h2
dxdh:

Remarking further that for all h 2 .��0;��0=2/ and x 2 .min¹a � 2h; bº; b/, one has
a < x C h < b, and that the same conclusion holds similarly for all h 2 .�0=2; �0/ and
x 2 .a;max¹b � 2h; aº/, one deduces after performing the change of variable x0 D x C h
that

J1 �

Z
I

Z
jhj<�0;x0Ch2 I

.f .x0 C h/ � f .x0//2

h2
dhdx0 D jf j2

PH
1=2
�0
.I /
;

which is the desired control.
For J2, we just need to remark that if .x; h/ 2 zK�0=2 then x 2 I and y D x C h is in

I \ B.x; �0/, so that the same upper bound holds. This concludes the proof.

We provide here a Poincaré inequality that will prove useful. We do not provide the
proof since it can be deduced from more general properties for screened spaces (Theo-
rem 3.5 in [48]).

Proposition 2.6. Let I � R be an open non-empty finite interval, and let  2 PH 1=2.I /.
Then one has  � 1

jI j

R
I
 2L2.I /, where jI j denotes the length of I , andˇ̌̌
 �

1

jI j

Z
I

 
ˇ̌̌
L2.I /

� C j j PH1=2.I /;

for some constant C > 0 independent of  .

Remark 2.7. It follows easily from this proposition that if I is an open finite non-empty
interval, then PH 1=2.I / D H 1=2.I /; this identity is purely algebraical in the sense that
the canonical semi-norm of PH 1=2.I / is obviously not equivalent to the canonical norm
of H 1=2.I /.

2.4. The spaces PH 1=2.�D/ and PH s.�D/ (s � 1)

We are now ready to define the topological space PH 1=2.�D/.
We recall that according to Assumption 1.1, one can write �D D �D � ¹0º, with �D DSNC1

jD1 Ej , where the Ej are either finite intervals or half-lines. It seems natural at first
sight to define PH 1=2.�D/ as the set

QNC1
jD1

PH 1=2.Ej / of functions whose restriction to the
j -th component of �D belongs to PH 1=2.Ej / for all 1 � j � N C 1 (with PH 1=2.Ej / as
defined in Definition 2.4).

However, the example a horizontal strip with Dirichlet data on both boundaries sug-
gests that there might be an additional condition relating the different connected compo-
nents of �D, see (2.4).
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This turns out to be the case; this condition involves averages of  on the various
connected components of �D, as introduced in the definition below. In the statement, we
denote by jI j the length of a finite interval I .

Generalizing the notation used on a finite interval or a half-line, we also set

zL1loc.�
D/ WD

®
f 2L1loc.�

D/; 9 Qf 2 L1loc.R/; Qfj�D D f
¯
:

Definition 2.8. Let �DD�D � ¹0º, with �DD
SNC1
jD1 Ej , be as in Assumption 1.1. For all

 2 zL1loc.�
D/, we write  D . 1; : : : ; NC1/, where for all 1� j �N C 1,  j D jEj �¹0º

is identified with a function on Ej .
(i) If Ej is finite, then we define  j WD 1

jEj j

R
Ej
 j .

(ii) If E1 D .�1; xl
1/, then we define  1 WD 1

jI1j

R
I1
 1, where I1 D .a1; b1/, with

�1 < a1 < b1 � x
l
1 .

(iii) If ENC1 D .xr
N ;1/, then we define  NC1 WD 1

jINC1j

R
INC1

 NC1, with xr
N �

aNC1 < bNC1 <1.

We can now give the definition of the space PH 1=2.�D/.

Definition 2.9. Let �D D �D � ¹0º, with �D D
SNC1
jD1 Ej , be as in Assumption 1.1. For

all  2 zL1loc.�
D/, we write  D . 1; : : : ;  NC1/, where  j D  jEj �¹0º is identified with

a function on Ej , and we also denote  j the constants introduced in Definition 2.8. We
then define PH 1=2.�D/ as

PH 1=2.�D/ D
®
 2 zL1loc.�

D/; 81 � j � N C 1;  j 2 PH
1=2.Ej /

¯
;

endowed with the semi-norm

j j PH1=2.�D/ D

NC1X
jD1

j j j PH1=2.Ej /
C

NX
jD1

j jC1 �  j j:

Remark 2.10. Recalling that Ej D .x
r
j�1; x

l
j / and introducing the interval

Hj .x/ D .max¹��0; xr
j�1 � xº;min¹�0; xl

j � xº/

for some �0>0, we deduce from Proposition 2.5 that we can use the equivalent semi-norm

j j PH1=2.�D/ D

NC1X
jD1

� Z
Ej

Z
Hj .x/

. j .x C h/ �  j .x//
2

h2
dhdx

�1=2
C

NX
jD1

j jC1 �  j j:

Remark 2.11. Note that the adherence of zero in
QNC1
jD1

PH 1=2.Ej / endowed with its
canonical semi-norm is given by those functions  which are constant in each Ej and can
therefore be identified with RNC1. Now, the adherence of zero for the PH 1=2.�D/ semi-
norm consists of those functions  which are equal to some constant which has to be the
same on each Ej ; it can therefore be identified with R. This shows that these two spaces
are topologically not the same.
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It looks like the definition of the topological space PH 1=2.�D/ depends on the choice
of the interval I on which one takes the average on unbounded connected components
of �D in Definition 2.8; the following proposition shows that this is not the case.

Proposition 2.12. Let �D D �D � ¹0º, with �D D
SNC1
jD1 Ej , be as in Assumption 1.1.

If E1 (respectively, ENC1/ is unbounded, then the topological space PH 1=2.�D/ introduced
in Definition 2.9 is independent of the choice of the finite interval I chosen to define  1
(respectively,  NC1/ in Definition 2.8.

Proof. Let j D 1 or N C 1, and let I1 D .a1; b1/ and I2 D .a2; b2/, with �1 < ak <

bk < x
l
1 if j D 1 and xr

N < ak < bk <1 if j D N C 1 (k D 1; 2).
The proposition is a direct consequence of the fact thatˇ̌̌ 1

jI1j

Z
I1

 �
1

jI2j

Z
I2

 
ˇ̌̌
� C j jEj

j PH1=2.Ej /
;

with C > 0 independent of  . We therefore prove that this inequality holds.
Since

1

jI1j

Z
I1

 �
1

jI2j

Z
I2

 D
1

jI1j jI2j

� Z
I2

� Z
I1

 .x/ dx
�

dy �
Z
I1

� Z
I2

 .y/ dy
�

dx
�
;

it follows thatˇ̌̌ 1
jI1j

Z
I1

 �
1

jI2j

Z
I2

 
ˇ̌̌
�

1

jI1j jI2j

Z
I1

Z
I2

j .y/ �  .x/j dxdy

�
1

jI1jjI2j

� Z
I1

Z
I2

.y � x/2 dxdy
�1=2� Z

I1

Z
I2

. j .y/ �  j .x//
2

.y � x/2
dxdy

�1=2
;

and thereforeˇ̌̌ 1
jI1j

Z
I1

 �
1

jI2j

Z
I2

 
ˇ̌̌

.
� Z

Ej

Z
jy�xj��0

. j .y/ �  j .x//
2

.y � x/2
dxdy

�1=2
;

with
�0 WD sup

x 2 I1;y2I2

jy � xj <1I

together with Remark 2.10, this proves the desired result.

We now provide a proposition that shows that the standard Sobolev space H 1=2.�D/

coincides algebraically and topologically with the space L2.�D/ \ PH 1=2.�D/ endowed
with its canonical norm.

Proposition 2.13. One hasL2.�D/\ PH 1=2.�D/DH 1=2.�D/, and moreover, there exists
a constant C > 0 such that for all function  in H 1=2.�D/, one has

1

C
j jH1=2.�D/ � j jL2.�D/ C j j PH1=2.�D/ � C j jH1=2.�D/:
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Proof. For the left side of the inequality, one has by the definition of H 1=2.�D/ that

j j2
H1=2.�D/

D

NC1X
jD1

Z
Ej

j j j
2dx C

NC1X
j;kD1

Z
Ej

Z
Ek

j j .x/ �  k.y/j
2

jx � yj2
dxdy

D

NC1X
jD1

Z
Ej

j j j
2dx C

NC1X
j¤k; j;kD1

Z
Ej

Z
Ek

j j .x/ �  k.y/j
2

jx � yj2
dxdy

C

NC1X
jD1

Z
Ej

Z
Ej\B.x;1/c

j j .x C h/ �  j .x/j
2

jhj2
dhdx

C

NC1X
jD1

Z
Ej

Z
Ej\B.x;1/

j j .x C h/ �  j .x/j
2

jhj2
dhdx:

As a result, the first three terms above can be controlled by j j2
L2.�D/

, and the last one can
be controlled directly by j j2

PH1=2.�D/
.

On the other hand, checking Definition 2.9, one knows immediately that j j PH1=2.�D/

can be controlled by j jH1=2.�D/, so the right side of the desired inequality holds.

We finally introduce, for s � 1, the homogeneous space PH s.�D/, which cannot be
identified topologically with

QNC1
jD1

PH s.Ej /, with

PH s.Ej / WD ¹ 2 zL
1
loc.Ej /; @x 2H

s�1.Ej /º;

because of the additional terms involving the  j in the definition of the semi-norm.

Definition 2.14. Let s � 1. With the assumption and notations of Definition 2.9, we define
PH s.�D/ as

PH s.�D/ D
®
 2 zL1loc.�

D/; 81 � j � N C 1;  j 2 PH
s.Ej /

¯
;

endowed with the semi-norm

j j PH s.�D/ D j@x jH s�1.�D/ C

NX
jD1

j jC1 �  j j:

We will use the following proposition, which shows that PH s.�D/ can be identified
algebraically and topologically with PH 1=2.�D/ \

�QNC1
jD1

PH s.Ej /
�
.

Proposition 2.15. Let s � 1 and �D D �D � ¹0º, with �D D
SNC1
jD1 Ej , be as in Assump-

tion 1.1. Then one has

PH s.�D/ D PH 1=2.�D/ \
�NC1Y
jD1

PH s.Ej /
�
;

and moreover, there exists a constant C > 0 such that for all  2 PH 1.�D/, one has

1

C
j j PH s.�D/ � j j PH1=2.�D/ C j@x jH s�1.�D/ � C j j PH s.�D/:
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Proof. The only thing we need to prove is that for �0 small enough and all 1� j �N C 1,
one has �“

x;y2Ej ;jy�xj��0

�
 .y/ �  .x/

�2
.y � x/2

dy dx
�1=2

. j@x jL2.Ej /;

which is a classical consequence of Hardy’s inequality.

2.5. The trace theorem on PH 1.�/

We prove here the following theorem, which shows that the trace on �D of functions
in PH 1.�/ belongs to PH 1=2.�D/, and the mapping is continuous for the corresponding
semi-norms.

Theorem 2.16. Let � and �D be as in Assumption 1.1. The trace mapping TrD defined
in (2.1) takes its values in PH 1=2.�D/. Moreover, TrD

W PH 1.�/! PH 1=2.�D/ is continuous.

Proof. Let us consider � 2 PH 1.�/. We want to show that its trace on �D, which is well
defined in L2loc.�

D/, is in PH 1=2.�D/ and that there is a constant C > 0 independent of �
such that

j�j�D j
2
PH1=2.�D/

� Ckr�k2
L2.�/

:

From Remark 2.10 and with Hj .x/ as defined there, it is equivalent to prove that for
all 1 � j � N C 1,

(2.9)
Z

Ej

Z
Hj .x/

.�.x C h; 0/ � �.x; 0//2

jhj2
dhdx � Ckr�k2

L2.�/
;

and that, furthermore,

(2.10)
NX
jD1

j�jC1 � �j j � Ckr�kL2.�/I

in addition, we need to prove that �j�D 2
zL1loc.�

D/ (and not only in L1loc.�
D/).

We start by proving (2.9). It is sufficient to prove thatZ
Ej

Z
H˙j .x/

.�.x C h; 0/ � �.x; 0//2

jhj2
dhdx � Ckr�k2

L2.�/
;

with Hj .x/˙ D Hj .x/ \R˙. We only consider the case of Hj .x/C here, since the case
of H�j .x/ is treated similarly.

Let us choose c0 > 0 small enough such that for all x 2Ej and h2Hj .x/C, the square

triangle with vertices .x; 0/, .x C h; 0/ and .x C c20
1Cc20

h;� c0
1Cc20

h/ is contained in �.

As in [48], the key point is to be able to write the difference of the values of � as
an integral of its derivative. It is possible [22, 57] to find a function P� which is almost
everywhere equal to � and that is absolutely continuous on almost every line parallel to the
orthogonal axis .Oe/ and .Oe?/, with eD c0p

1Cc20

.1;�1=c0/
T, and whose usual derivative
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coincides almost everywhere with its derivative in the sense of distributions. Identifying �
with P� for the sake of clarity, it follows that for almost all x 2Ej and h2HCj .x/, one has

�.x C h; 0/ � �.x; 0/ D

Z c1h

0

�
@x �

1

c0
@z

�
�
�
x C h0;�

1

c0
h0
�

dh0

C

Z .1�c1/h

0

.@x C c0@z/�
�
x C c1hC h

0;�
c1

c0
hC c0h

0
�

dh0;

with c1 D
c20
1Cc20

h. Therefore one obtains

.�.x C h; 0/ � �.x; 0//2

h2
.
� 1
h

Z c1h

0

e � r�
�
x C h0;�

1

c0
h0
�

dh0
�2

C

� 1
h

Z .1�c1/h

0

e? � r�
�
x C c1hC h

0;�
c1

c0
hC c0h

0
�

dh0
�2
:(2.11)

We now need the following lemma.

Lemma 2.17. Let u2L2.�/ and let c0, c1, Ej andHCj .x/ be as above. Then the follow-
ing upper bounds hold:h Z

Ej

Z
HCj .x/

�1
h

Z c1h

0

u
�
x C h0;�

1

c0
h0
�

dh0
�2

dhdx
i1=2
� CkukL2.�/;

andhZ
Ej

Z
HCj .x/

�1
h

Z .1�c1/h

0

u
�
xC c1hC h

0;�
c1

c0
hC c0h

0
�

dh0
�2

dhdx
i1=2
�CkukL2.�/;

for some constant C > 0 independent of u.

Proof. For the first point, let us first rewriteZ c1h

0

u
�
x C h0;�

1

c0
h0
�

dh0 D c1

Z h

0

u
�
x C c1h

0;�
c1

c0
h0
�

dh0I

we then integrate over h2HCj .x/ and use the fact that the mapping v 7! 1
h

R h
0
v is bounded

on L2.HCj .x// (Hardy’s inequality) to obtain that the left-hand side of the first inequality
of the lemma is bounded from above byh Z

Ej

Z
HCj .x/

u
�
x C c1h;�

c1

c0
h
�2

dhdx
i1=2

(up to a multiplicative constant of no importance), which is itself bounded from above
by kukL2.�/ since .x C c1h;� c1c0 h/ belongs to � for all x 2 Ej and h 2HCj .x/. This
completes the proof of the first point of the lemma.



D. Lannes and M. Ming 24

For the second point of the lemma, the same proof does not work because of the
dependence on h in the arguments of u. Let us remark that

1

h

Z .1�c1/h

0

u
�
x C c1hC h

0;�
c1

c0
hC c0h

0
�

dh0

D .1 � c1/

Z 1

0

u
�
x C h.c1 C .1 � c1/s/; h

c1

c0
.s � 1/

�
ds:

Using Minkowski’s inequality, we obtain therefore the following upper bound for the
left-hand side of the second inequality of the lemma:

(2.12)
Z 1

0

h Z
Ej

Z
HCj .x/

u
�
x C h.c1 C .1 � c1/s/; h

c1

c0
.s � 1/

�2
dhdx

i1=2
ds

(up to a multiplicative constant of no importance).
If we denote by Oj the open subset of R2 defined as

Oj WD ¹.x; h/ 2 R2; x 2Ej ; h2H
C

j .x/º;

one can check that the mapping

ˆs W Oj ! �;

.x; h/ 7!
�
x C h.c1 C .1 � c1/s/; h

c1

c0
.s � 1/

�
;

is well defined (in the sense that it takes its values in �) for all 0 < s < 1. Moreover, the
Jacobian determinant of ˆs is J.ˆs/ D c1

c0
.s � 1/.

By a change of variables, we can therefore rewrite (2.12) under the formZ 1

0

p
c0=c1
p
1 � s

h Z
ˆs.Oj /

u.x0; z0/2 dx0dz0
i1=2

ds:

Since ˆs.Oj / is a subset of �, one can bound this term from above by� Z 1

0

p
c0=c1
p
1 � s

ds
�
kukL2.�/;

which proves the lemma because the integral in s converges.

It is now a direct consequence of (2.11) and of the lemma thatZ
Ej

Z
HCj .x/

.�.x C h; 0/ � �.x; 0//2

h2
dhdx � Ckr�kL2.�/;

which completes the proof of (2.9).

We now turn to prove (2.10). For all 1 � j � N , let �j 2 Ej , �jC1 2 EjC1 and ` > 0
be such that:
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• there exists an open broken line Lj � � with a finite number of vertices, and with
endpoints .�j ; 0/ and .�jC1; 0/ (see fig 2);

• the horizontal translation by .0; l/ of Lj is contained in � for all 0 � l � `;
• the segments of Lj are either parallel to .1; c/ or .�c; 1/ for some c 2R (two adjacent

segments are therefore orthogonal).

Figure 2. The broken line Lj .

Owing to Proposition 2.12, in order to prove (2.10), it is enough to prove that for all
1 � j � N , one has

(2.13) j
NN�jC1 �

NN�j j � Ckr�kL2.�/;

where we define

NN�j D
1

`

Z �jC`

�j

�.x; 0/ dx and NN�jC1 D
1

`

Z �jC1C`

�jC1

�.x; 0/ dx:

For the sake of simplicity, we assume that for each 1 � j � N , the broken line Lj has
only three vertices, namely, .�j ; 0/, .�jC1=2;�hjC1=2/ and .�jC1=2; 0/, where �jC1=2 and
hjC1=2 are such that the triangle formed by these three points is rectangle at the vertex
.�jC1=2;�hjC1=2/ (handling the case of more vertices does not raise any other difficulty).

We can therefore write

NN�jC1 �
NN�j D

1

`

Z `

0

Œ�.�j C x; 0/ � �.�jC1 C x; 0/� dx

D
1

`

Z `

0

Œ�.�j C x; 0/ � �.�jC1=2 C x;�hjC1=2/� dx

C
1

`

Z `

0

Œ�.�jC1=2 C x;�hjC1=2/ � �.�jC1 C x; 0/� dx:

Using as before the fact that � is almost everywhere equal to a function that is abso-
lutely continuous on almost all parallel lines to the two orthogonal segments of Lj , we
can rewrite this expression as for (2.11) above. Since the difficulty raised by the division
by h2 in (2.11) is not present here, it is straightforward to obtain thatˇ̌

NN�jC1 �
NN�j
ˇ̌
� Ckr�k2

L2.�/
;

which proves (2.13).
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The last thing to prove is therefore that �j�D 2
zL1loc.�

D/; it is enough to prove that
if I is a finite interval with at least one endpoint coinciding with a corner, then one has
�j�D 2L

1.I /. It is possible to find a triangle T � � which has one of its sides coinciding
with I . In virtue of Theorem 6.2 in [22], T is a Nikodym set, that is, every function
in PH 1.T / is in H 1.T /. It follows that the restriction of � to T is in H 1.T / and that its
trace on I is in H 1=2.I / by the standard trace theorem. It is therefore in L2.I / � L1.I /,
so that the proof of the theorem is complete.

2.6. Surjectivity of the trace mapping TrD

We have shown in the previous section that the mapping TrD
W PH 1.�/ ! PH 1=2.�D/ is

well defined and continuous. We show in this section that it is also onto and admits a
continuous right-inverse. This relies on a characterization of PH 1=2.�D/ of independent
interest. We need to define first the space zH 1=2.�D/.

Definition 2.18. Let �D be as in Assumption 1.1. We define the space zH 1=2.�D/ as

zH 1=2.�D/ D
®
 2 zL1loc.�

D/; 9 z 2 PH 1=2.R/; z j�d D  
¯
;

endowed with the semi-norm

j j zH1=2.�D/ D inf
z 2 PH1=2.R/; z j

�dD 

j z j PH1=2.R/:

The following proposition shows that zH 1=2.�D/ coincides algebraically and topolog-
ically with PH 1=2.�D/.

Proposition 2.19. Let �D be as in Assumption 1.1, and let PH 1=2.�D/ and zH 1=2.�D/ be
as in Definitions 2.9 and 2.18, respectively. Then PH 1=2.�D/ D zH 1=2.�D/, and there is
C > 0 such that for all  2 PH 1=2.�D/, one has

1

C
j j zH1=2.�D/ � j j PH1=2.�D/ � C j j zH1=2.�D/:

Proof. Let us first prove that zH 1=2.�D/ is continuously embedded in PH 1=2.�D/. Let
therefore  2 zH 1=2.�D/. We need to prove that there is a constant C0 independent of  
such that j j PH1=2.�D/ � C j

z j zH1=2.R/, for all z 2 PH 1=2.R/ such that z j�d D  .
From the definition of the semi-norm of PH 1=2.�D/, the only non-trivial thing to prove

is that for all 1 � j � N , one has j jC1 �  j j � C j z j zH1=2.R/. Since  k D 1
jI j

R
I
z k

with I D Ek if Ek is bounded, and I is a finite subinterval of Ek if Ek is unbounded, the
result follows from a straightforward adaptation of Proposition 2.12.

The proof that PH 1=2.�D/ is continuously embedded in zH 1=2.�D/ follows from the
following lemma.

Lemma 2.20. Let �D D �D � ¹0º, with �D D
SNC1
jD1 Ej , be as in Assumption 1.1. With

the notations of Definition 2.9, there exists a constant C > 0 such that for all  D
. 1; : : : ;  NC1/ 2 PH

1=2.�D/, there exists z 2 PH 1=2.R/ such that for all 1 � j � N C 1
one has z jEj D  j , and moreover,

j z j PH1=2.R/ � C j j PH1=2.�D/:
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Proof of Lemma 2.20. For the sake of clarity, we consider here the configuration of Fig-
ure 1c, for which N D 1 and E1 D .xr

0; x
l
1/ and E2 D .xr

1;C1/ with xr
0 > �1. This

configuration contains all the difficulties (emerging bottom and unbounded domain). The
general case does not raise additional difficulty. The main idea of the proof here is to use
extension ofH 1=2 norm on finite intervals to extend the function to be defined on R, while
the part on the infinite interval of E2 is already controlled by j j PH1=2.�D/.

Step 1. We show here that there exists a function  ext
1 2

PH 1=2.R/ such that  ext
1 D  1

on E1 and such that there exists a constant C > 0 such that j ext
1 j PH1=2.R/ � C j 1j PH1=2.E1/

.

From Proposition 2.6, we know that the function  1 �  1 belongs to H 1=2.E1/;
there exists therefore an extension of this function, denoted . 1 �  1/ext, that belongs
to H 1=2.R/ and such that j. 1 �  1/extjH1=2.R/ � C j 1 �  1jH1=2.E1/

, for some con-
stant C > 0.

The function  ext
1 WD . 1 �  1/

ext C  1 is therefore an extension of  1 that belongs
to PH 1=2.R/. Moreover, one has

j ext
1 j PH1=2.R/ D j. 1 �  1/

ext
j PH1=2.R/ � j. 1 �  1/

ext
jH1=2.R/ � C j 1 �  1jH1=2.E1/

:

The result therefore follows again from Propositions 2.6 and 2.13.
Step 2. We show here that there exists a function  ext

2 2
PH 1=2.R/ such that  ext

2 D  2
on E2 and such that there exists a constant C > 0 such that j ext

2 j PH1=2.R/ � C j 2j PH1=2.E2/
.

The proof slightly differs from the previous step because E2 D .x
r
1;1/ is unbounded.

Let us denote by I D .xr
1; x

r
1 C 2/. The restriction . 2/jI belongs to PH 1=2.I /. As in

Step 1, and with the same notations, we can construct an extension .. 2/jI � . 2/jI /
ext in

H 1=2.R/ such that

j.. 2/jI � . 2/jI /
ext
jH1=2.R/ . j. 2/jI j PH1=2.I / . j 2j PH1=2.E2/

:

Let us then construct  ext
2 as follows:

 ext
2 WD �

�
.. 2/jI � . 2/jI /

ext
C . 2/jI

�
C .1 � �/ 2;

for some smooth decreasing positive function � such that �.x/D 1 if x < xr
1 and �.x/D 0

for x > xr
1 C 1. In particular, one can check that  ext

2 D  2 on E2.
One then has

j ext
2 j

2
PH1=2.R/

D

Z xr
1C1

�1

Z
jy�xj�1

j ext
2 .y/ �  

ext
2 .x/j

2

.y � x/2
dy dx

C

Z 1
xr
1C1

Z
jy�xj�1

j ext
2 .y/ �  

ext
2 .x/j

2

.y � x/2
dy dx:

Remarking that in the first integral, one can replace  ext
2 by .. 2/jI � . 2/jI /

ext, and
by  2 in the second one, we deduce that

j ext
2 j PH1=2.R/ . j.. 2/jI � . 2/jI /

ext
jH1=2.R/ C j 2j PH1=2.E2/

. j 2j PH1=2.E2/
;

which is the desired result.
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Step 3. Conclusion. Let � be a smooth decreasing compactly supported function on R
such that � � 1 on E1 and � � 0 on E2, and define

z WD �  ext
1 C .1 � �/ 

ext
2 I

in particular, one has z D  j on Ej , j D 1; 2.
Moreover, we know directly that

z D  ext
2 C �

�
. 1 �  1/

ext
� .. 2/jI � . 2/jI /

ext�
C �. 1 � . 2/jI /; when x � xr

1;

and
z D  2; when x � xr

1:

From the previous steps and the fact that j� j PH1=2.R/ <1, one obtains that

j z j PH1=2.R/ .
� Z xr

1C1

�1

Z
jy�xj�1

j z .y/ � z .x/j2

.y � x/2
dy dx

�1=2
C

� Z 1
xr
1C1

Z
jy�xj�1

j z .y/ � z .x/j2

.y � x/2
dy dx

�1=2
. j ext

2 j PH1=2.R/ C j�. 1 �  1/
ext
j PH1=2.R/ C j�.. 2/jI � . 2/jI /

ext
j PH1=2.R/

C j�. 1 � . 2/jI /j PH1=2.R/ C j 2j PH1=2.E2/

. j 1j PH1=2.E1/
C j 2j PH1=2.E2/

C j 1 � . 2/jI j:

By the definition of j � j PH1=2.�D/, this concludes the proof of the lemma thanks to Proposi-
tion 2.12.

We have therefore proved Proposition 2.19.

It is now easy to prove the surjectivity of the trace mapping and that it admits a con-
tinuous right-inverse.

Theorem 2.21. Let � and �D be as in Assumption 1.1. Then there exists a continuous
mapping E W PH 1=2.�D/! PH 1.�/ such that TrD

ı E D Id PH1=2.�D/! PH1=2.�D/.

Proof. By Proposition 2.19, functions in PH 1=2.�D/ can be continuously extended to
functions in PH 1=2.R/. Let h0 > 0 be such that � � R � .�h0; 0/. The result now sim-
ply follows from the fact that the extension theorem is known in the case of a strip,
see [43, 48, 67]; more precisely, for all  2 PH 1=2.R/, there exists � 2 PH 1.R � .�h0; 0//
such that kr�kL2.R�.�h0;0// � C j j PH1=2.R/, with a constant C > 0 independent of  .
Thanks to the lemma, it is clear that the restriction of � to � furnishes the desired exten-
sion.

Since PH 1.�/=R is a Banach space (see [22]), we directly get the following corollary
from Theorems 2.16 and 2.21.

Corollary 2.22. Let � and �D be as in Assumption 1.1. The space PH 1=2.�D/=R is a
Banach space.
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2.7. A density result

We prove here the following density result.

Proposition 2.23. Let � and �D be as in Assumption 1.1. Then D.�D/ is dense in
PH 1=2.�D/ for the norm j � j PH1=2.�D/.

Proof. Let us denote by z 2 PH 1=2.R/ the extension of  furnished by Lemma 2.20. This
extension is a tempered distribution in virtue of the following lemma.

Lemma 2.24. If f 2 PH 1=2.R/, then f 2 � 0.R/.

Proof of Lemma 2.24. Let f 2 PH 1=2.R/. If we can prove that F.x/ WD
R x
0
f is in � 0.R/,

then we can conclude that f is also in � 0.R/, since one has F 0 D f almost everywhere.
In order to prove that F 2 � 0.R/, we show that it has at most polynomial growth as

jxj ! 1. We consider the case x !1, the case of negative values of x being treated
similarly.

Let n D Œx�. Then we have jF.x/j �
Pn
jD0 cj , with cj D

R jC1
j
jf j. It follows that

jF.x/j � .nC 1/c0 C

nX
jD1

.n � j C 1/ jcj � cj�1j:

But we know from Proposition 2.12 that jcj � cj�1j � C jf j PH1=2.R/, with a constant C
that does not depend on j (this fact can easily be checked in the proof of Proposition 2.12).
Therefore

jF.x/j � .x C 1/c0 C C.1C x/
2
jf j PH1=2.R/I

the function F has therefore at most a polynomial growth at infinity and therefore belongs
to � 0.R/, which concludes the proof.

Using Lemma 2.24, we can prove the density of D.R/ in PH 1=2.R/. Note that this
result can be found in [64], where it is proved in a more general framework using involved
interpolation arguments; for the sake of completeness, we give here an elementary proof.

Lemma 2.25. The space D.R/ is dense in PH 1=2.R/ for the PH 1=2.R/ semi-norm.

Proof of Lemma 2.25. We want to prove that for all f 2 PH 1=2.R/ and all " > 0, one can
find ' 2D.R/ such that jf � 'j PH1=2.R/ � ".

From Lemma 2.24, functions in PH 1=2.R/ are tempered distributions; we can therefore
use the Fourier characterization (2.5) of PH 1=2.R/, namely that the semi-norms jP � jL2
(with P D jDj=.1C jDj/1=2) and j � j PH1=2.R/ are equivalent.

Let us decompose f D flow C fhigh, with

flow D 1jDj�1f and fhigh D 1jDj�1f;

where 1jDj�1 and 1jDj�1 are Fourier multipliers associated to the projection on frequen-
cies smaller and greater than 1 respectively. One has flow 2 PH

1.R/ and fhigh 2H
1=2.R/.

Indeed, ˇ̌
jDjflowjL2.R/ C j.1C jDj

2/1=4fhigh
ˇ̌
L2.R/

.
ˇ̌̌

jDj

.1C jDj/1=2
f
ˇ̌̌
L2.R/

:
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It is also known that D.R/ is dense in PH 1.R/ (see [63]) and in H 1=2.R/, so that we
can find '1 and '2 in D.R/ such that jflow � '1j PH1.R/ < "=2 and jfhigh � '2jH1=2.R/ <

"=2. Setting ' D '1 C '2, we have

jf � 'j PH1=2.R/ � jflow � '1j PH1=2.R/ C jfhigh � '2j PH1=2.R/

� jflow � '1j PH1.R/ C jfhigh � '2jH1=2.R/:

Therefore, jf � 'j PH1=2.R/ � ", and since ' 2D.R/, this proves the result.

The lemma below shows the density of D.I / in PH 1=2.I / when I is finite.

Lemma 2.26. Let I be a finite non-empty interval. Then D.I / is dense in PH 1=2.I / for
the PH 1=2.I / semi-norm.

Proof of Lemma 2.26. We want to prove that for all f 2 PH 1=2.I /, there is a function
' 2D.I / such that jf � 'j PH1=2.I / � ". Functions that are in PH 1=2.I / also belong to
H 1=2.I / (see Remark 2.7). Since smooth functions compactly supported in I are dense
in H 1=2.I /, one can find ' 2D.I / satisfying jf � 'jH1=2.I / < ", and therefore jf �
'j PH1=2.I / < ", which proves the result.

Remark 2.27. With the notations used in the proof, it also follows that

1

jI j

Z
I

jf � 'j �
1

jI j1=2
jf � 'jL2.I / <

1

jI j1=2
";

which shows that one can approximate functions of PH 1=2.I / at arbitrary precision by
functions in D.I / whose average over I is arbitrarily close to the average of f .

With this lemma, we can conclude the proof of the density of D.�D/ in PH 1=2.�D/.
Let f 2 PH 1=2.�D/. By Proposition 2.19 and Lemma 2.25, for all " > 0, one can find
' 2D.R/ such that

j'j�D � f j PH1=2.�D/ < ":

Now, by Lemma 2.26 and Remark 2.27, one can find z' 2D.�D/ such that j'j�D �

z'j PH1=2.�D/ < ". This shows that f can be approximated at any precision in PH 1=2.�D/ by
some function in D.�D/, which is the desired result.

2.8. The spaces PH 1=2.�D/ and PH 1.�D/

Defining 1; : : : ; NC1 as in Definition 2.8, we can therefore define the subspace PH s.�D/

of PH s.�D/, with s D 1=2 or 1, as follows:

(2.14) PH s.�D/ D
°
 2 PH s.�D/;

NC1X
jD1

jIj j j D 0
±

.s D 1=2; 1/;

where Ij D Ej if Ej is bounded and, as in Definition 2.8, Ij a non-empty subinterval of Ej
if it is unbounded.
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Remark 2.28. If �D is bounded, then 2 PH s.�D/ is in PH s.�D/ if and only if
R
�D  D 0.

The following proposition shows that PH1=2.�D/ is a realization of PH 1=2.�D/ in the
sense of [13] (that is, a convenient choice of a particular representative in each class
of PH 1=2.�D/).

Proposition 2.29. Let � and �D be as in Assumption 1.1. Then the space PH1=2.�D/

endowed with j � j PH1=2.�D/ is a Banach space of distributions.

Proof. The fact that . PH1=2.�D/; j � j PH1=2.�D// is a distribution space is a consequence of
the following lemma.

Lemma 2.30. If a sequence . n/n2N is such that for all n 2N,  n 2 PH1=2.�D/ and
j nj PH1=2.�D/ ! 0 as n!1 then, for all ' 2 D.�D/,

R
�D  

n' !n!1 0.

Proof of Lemma 2.30. We can decomposeZ
�D
 n' D

NC1X
jD1

� Z
Ej

�
 nj �  

n
j / ' C  

n
j

Z
Ej

'
�
:

If Ej is bounded, then we can writeˇ̌̌ Z
Ej

�
 nj �  

n
j /'

ˇ̌̌
� j nj �  

n
j jL2.Ej / j'jL2.Ej / . j nj j PH1=2.Ej /

j'jL2.Ej /;

the last inequality being a consequence of the Poincaré inequality of Proposition 2.6.
If Ej is unbounded, then letK � Ej be a compact interval that contains the intersection

of the support of ' with Ej . Denoting by  nj D 1
jKj

R
K
 nj , we haveZ

Ej

�
 nj �  

n
j /' D

Z
K

�
 nj �  

n
j / ' D

Z
K

�
 nj �  

n
j /' C . 

n
j �  

n
j /

Z
K

'I

the first term in the right-hand side can be handled as for the case when Ej is bounded,
while we can use Proposition 2.12 to control the second one.

In the end, we getˇ̌̌ Z
�D
 n'

ˇ̌̌
� C.'/

NC1X
jD1

.j nj j PH1=2.Ej /
C j nj j/;

where C.'/ is some finite constant depending on '.
We can moreover write

 nj D
�NC1X
kD1

jIkj
��1 �NC1X

kD1

jIkj 
n
k
C

NC1X
kD1

jIkj. 
n
j �  

n
k
/
�
;

and use the fact that
PNC1
kD1 jIkj 

n
k
D 0 by assumption to deduce the upper bound

j nj j .
NX
1

j nj �  
n
jC1j:
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These observations, together with the definition of the semi-norm j � j PH1=2.�D/, imply thatˇ̌̌ Z
�D
 n'

ˇ̌̌
� C.'/ j nj PH1=2.�D/;

where we still denote by C.'/ a finite constant depending on '. The result follows imme-
diately.

We have seen that PH 1=2.�D/=R is a Banach space. For all  � 2 PH 1=2.�D/=R, it
follows easily from Proposition 2.8 that there exists a unique representative .0/2 � such
that

PNC1
jD1 jIj j 

.0/
j D 0, that is, such that .0/ 2 PH1=2.�D/. Denoting by �. �/D .0/,

the mapping � W PH 1=2.�D/=R ! PH1=2.�D/ is bijective, so that PH1=2.�D/ inherits the
structure of Banach space of PH 1=2.�D/=R.

3. The Laplace equation and the Dirichlet–Neumann operator in
corner domains

It is a well known fact that, for all Dirichlet data  in the inhomogeneous Sobolev
space H 1=2.�D/, one can construct a unique velocity potential which is harmonic in �,
whose trace on �D coincides with and with homogeneous Neumann boundary condition
on �N. We shall denote by  h this velocity potential, and will refer to it as the harmonic
extension of  . Moreover, the mapping  2H 1=2.�D/ 7!  h 2H 1.�/ is continuous.

We prove in §3.1 that this classical result can be extended to the homogeneous case,
that is, that the mapping  2 PH 1=2.�D/ 7!  h 2 PH 1.�/ is well defined and continuous.
This result, of independent interest, is optimal inasmuch as the trace on �D of any velocity
potential of finite kinetic energy belongs to PH 1=2.�D/.

Once this is done, we rigorously construct in §3.2 the Dirichlet–Neumann operator
G0W 7! .@z 

h/j�D as a mapping from PH 1=2.�D/ with values in its dual. Using Rel-
lich type identities, we also prove that it is a continuous elliptic operator from PH 1.�D/

to L2.�D/. Other properties (self-adjointness and elliptic regularity) are also investigated.

3.1. The harmonic extension on PH 1=2.�D/

It is well known that if  2H 1=2.�D/, there is a unique harmonic function in H 1.�/,
denoted by  h, such that  h

j�D
D  and with homogeneous Neumman boundary condi-

tions on �N. We show here that this result can be extended to functions in PH 1=2.�D/.
Let us first note that if u2 PH 1.�/ is a harmonic function, its outward normal derivative

.@nu/j�N on �N can be defined in weak sense as follows:

(3.1) 8v 2 H 1
D.�/; h.@nu/j�N ; vj�N i D

Z
�

ru � rv;

where we recall that H 1
D.�/ denotes the subspace of H 1.�/ of functions that vanish

on �D, and where the brackets in (3.1) therefore stand for theH 1=2
00 .�

N/0-H 1=2
00 .�

N/ dual-
ity bracket, with H 1=2

00 .�
N/ D H 1=2.�N/ \ �1=2L2.�N/, see the remark below.
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Remark 3.1. Since the distance of every point of � to �D is uniformly bounded in �
under Assumption 1.1, the Poincaré inequality implies that H 1

D.�/ and ker TrD are alge-
braically and topologically the same. Thus, one could replace the condition v 2H 1

D.�/

in (3.1) by v 2 PH 1.�/ such that TrDv D 0. From the standard trace theorem on corner
domains [27], we know that the trace mapping TrN

Wu2H 1
D.�/ 7! uj�N takes its values in

H
1=2
00 .�

N/ and is onto, this is why (3.1) defines .@nu/j�N in H 1=2
00 .�

N/0.

Proposition 3.2. Let�, �D and �N be as in Assumption 1.1. Then for all  2 PH 1=2.�D/,
there exists a unique function in PH 1.�/, denoted by  h, that solves the boundary value
problem 8̂<̂

:
� h D 0 in �;
 h D  on �D;

@n 
h D 0 on �NI

moreover,  h minimizes the Dirichlet energy,

kr h
k
2
L2.�/

D min
� 2 PH1.�/;TrD�D 

Z
�

jr�j2:

Remark 3.3. As shown in Proposition 3.6 below, one has kr hkL2.�/ � j j PH1=2.�D/,
which shows the optimality of Proposition 3.2 (this equivalence is of course wrong if we
work with  2H 1=2.�D/ rather than PH 1=2.�D/).

Proof. We have now the tools to adapt the standard proof [22]. Denote by H 1
D.�/

� the
image ofHD.�/ in PH 1.�/=R by the canonical mapping � 2 PH 1.�/ 7! �� 2 PH 1.�/=R,
where u� denotes the class of u in PH 1.�/=R.

Then PH 1.�/=R can be written as the direct sum of two orthogonal (for the PH 1.�/=R-
scalar product) spaces,

PH 1.�/=R D H 1
D.�/

�
˚H �;

where H � is the class of all distributions � 2 PH 1.�/ with�� D 0 in� and .@n�/j�N D 0.
Indeed, if ��2 PH 1.�/=R is orthogonal toH 1

D.�/
�, then for all �2�� and v2H 1

D.�/,
one has Z

�

r� � rv D 0:

By considering v compactly supported in �, this implies that �� D 0, and we can
then use (3.1) to deduce that .@n�/j�N D 0.

It follows that any � 2 PH 1.�/ can be decomposed in a unique way under the form

� D �1 C �2;

where �1 2H 1
D.�/ and �2 2 PH 1.�/ is such that��2 D 0 with .@n�2/j�N D 0, and more-

over,
k�k PH1.�/ D k�1k PH1.�/ C k�2k PH1.�/:

For any 2 PH 1=2.�D/, we can take � to be the extension constructed in Theorem 2.21
and apply the above decomposition to obtain the result, with  h D �2.
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3.2. The Dirichlet–Neumann operator

For all  2 PH 1=2.�D/, the previous section provides an harmonic extension  h 2 PH 1.�/;
its outwards normal derivative on �D is then given in the weak sense by

(3.2) 8 0 2 PH 1=2.�D/; h.@n 
h/�D ;  0i D

Z
�

r h
� r. 0/h;

where the brackets here stand for the PH 1=2.�D/0 � PH 1=2.�D/ duality brackets.
We can now provide the following definition of the Dirichlet–Neumann operator on

corner domains.

Definition 3.4. Let �, �D and �N be as in Assumption 1.1. The Dirichlet–Neumann
operator G0 is defined as

G0 W PH
1=2.�D/! PH 1=2.�D/0;

 7! .@n 
h/j�D ;

where  h is given by Proposition 3.2 and the normal derivative .@n 
h/j�D is defined in

the sense of (3.2). In particular,

8 ; 0 2 PH 1=2.�D/; hG0 ; 
0
i D

Z
�

r h
� r. 0/h:

Remark 3.5. According to Proposition 3.2, the Dirichlet energy kr hkL2.�/ that often
appears in the computations can be written in terms of G0 and  only, namely,

(3.3) kr h
k
2
L2.�/

D hG0 ; iI

if  and G0 are in L2.�D/, then hG0 ;  i D .G0 ;  /, where . � ; �/ stands for the
standard L2.�D/-scalar product. By abuse of notations, we often write .G0 ; / instead
of hG0 ; i.

We can now prove that hG0 ; i1=2 defines on PH 1=2.�D/ a semi-norm that is equiv-
alent to j � j PH1=2.�d/.

Proposition 3.6. Let �, �D and �N be as in Assumption 1.1. There exists a constant
C > 0 such that for all  2 PH 1=2.�D/, one has

1

C
j j2

PH1=2.�D/
� hG0 ; i � C j j

2
PH1=2.�D/

:

Proof. The function  h is in PH 1.�/ and has trace  on �D, so that we can use the
continuity of the trace mapping proved in Theorem 2.16 to get the first inequality. Remark
now that there exists an extension of  with finite Dirichlet energy bounded from above
by C j j PH1=2.�D/ (Theorem 2.21). The second inequality follows from the minimization
property stated in Proposition 3.2.

Since the angles between �N and �D at each corner are strictly less than � , it is
possible to show that for " > 0 small enough, one has  h 2H 3=2C".�/ if  2H 1C".�D/,
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see [20,21]. By the trace theorem, one deduces thatG0 D .@z h/j�D belongs toH ".�D/,
and therefore, the Dirichlet–Neumann operator is well defined as a continuous operator
G0 WH

1C".�D/! H ".�D/.
The following proposition shows that this remains true in the endpoint case " D 0

(and with a homogeneous Sobolev space), which is the one we shall need in this paper.
It is based on a Rellich identity, in the spirit of [2], where the same identity is used to
obtain refined estimates on the Dirichlet–Neumann operator for the Dirichlet problem in
a half-domain delimited by the graph of a C 1-function.

In the statement below, @tan 
h stands for the tangential derivative of  h on the bound-

ary, @tan 
h D zn? � r h, where zn denotes the outward unit normal vector on each point

of �� (note that as the normal derivative, the tangential derivative can be defined in a weak
sense). We also recall that the semi-norm j j PH1.�D/, defined in Definition 2.14 is larger
and not equivalent to the semi-norm j@x jL2.�D/.

Proposition 3.7. Let �, �D and �N be as in Assumption 1.1. Then for all  2 PH 1.�D/,
one has G0 2L2.�D/ and .@tan 

h/j�N 2L
2.�N/, and moreover,

jG0 jL2.�D/ C j.@tan 
h/j�N jL2.�N/ � C j j PH1.�D/;

for some constant C > 0 that depends only on the geometry of �.

Proof. From the assumption on the angles at the boundaries, it is possible to find a smooth
vector field ˛ D .˛1; ˛2/T and a constant ı > 0 such that´

˛ � zn � �ı on �D;

˛ � zn � ı on �N;

where zn is the outwards unit normal vector on �D [ �N.
We now use the fact that it is possible to define the non-tangential trace at the boundary

of solutions of mixed problems of the type

(3.4)

´
�u D f in �;
uj�D D g; .@nu/j�N D h;

provided that f 2L2.�/, g 2 PH 1.�D/ and h2L2.�N/.
We refer to [15], where this is proved for a class of bounded domains that includes

curvilinear polygons with angles smaller than � , and to [47], where it is proved for un-
bounded domains that are the epigraph of a class of Lipschitz functions that includes
curvilinear broken lines with angles smaller than � ; these two references (which are gen-
eralizations to mixed boundary conditions of classical results for the purely Dirichlet or
purely Neumann cases [19,33,36]) allow us to cover the configurations of Assumption 1.1.

It is also proved in [15, 47] that under this regularity, it is possible to derive a Rellich
identity which reads

(3.5)
Z
�

jruj2 ˛ � zn � 2
Z
�

.zn � ru/.˛ � ru/ D F;
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with

F D

Z
�

.r � ˛/jruj2 � 2

Z
�

�
.r˛1/@xuC .r˛2/@zu

�
� ru � 2

Z
�

.˛ � ru/f:

(this stems easily from Gauss’ divergence theorem).
Applying this identity to  h (that is, taking f D 0, g D  and h D 0, we obtainZ

�

jr h
j
2 ˛ � zn � 2

Z
�D
@z 

h.˛ � r h/ D F;

while F takes the form

F D

Z
�

.r � ˛/jr h
j
2
� 2

Z
�

�
.r˛1/@x 

h
C .r˛2/@z 

h
�
� r h:

Decomposing jr hj2 D .@tan 
h/2 C .@n 

h/2 on �D [ �N, this can be rewritten asZ
�D
.@z 

h/2˛2 C

Z
�N
.@tan 

h/2 ˛ � zn � 2
Z
�D
@z 

h.˛ � r h/ D F �

Z
�D
.@x /

2˛2:

Decomposing ˛ � r h D ˛1@x C ˛2@z 
h in the third boundary integral, we get

(3.6) �
Z
�D
.@z 

h/2˛2 C

Z
�N
.@tan 

h/2˛ � znD F �
Z
�D
.@x /

2˛2C 2

Z
�D
˛1@z 

h@x ;

from which, using the properties of ˛ and Young’s inequality to control the last term, we
obtain that there is a constant C > 0 such thatZ

�D
.@z 

h/2 C

Z
�N
.@tan 

h/2 � C
� Z

�D
.@x /

2
C

Z
�

jr h
j
2
�
:

The result then follows from the estimates of Propositions 3.6 and 2.15.

Using similar tools, it is also possible to prove an ellipticity result on G0. More pre-
cisely, the proposition below shows that if  2 PH 1=2.�D/ and G0 2L2.�D/ (and not
only in PH 1=2.�D/0), then  2 PH 1.�D/.

Proposition 3.8. Let �, �D and �N be as in Assumption 1.1. Then if  2 PH 1=2.�D/ and
G0 2L

2.�D/, one has  2 PH 1.�D/, and moreover,

j j PH1.�D/ � C
�
j j PH1=2.�D/ C jG0 jL2.�D/

�
;

for some constant C > 0 that depends only on the geometry of �.

Proof. We proceed as in the proof of the previous proposition, but construct the vector
field ˛ in such a way that ˛ � zn D 0 on �N. The identity (3.6) then becomes

�

Z
�D
.@x /

2˛2 D F �

Z
�D
.@z 

h/2˛2 C 2

Z
�D
˛1@z 

h@x :
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As in the proof of the previous proposition, we can use Young’s inequality to obtain
that there is a constant C > 0 such that

j@x j
2
L2.�D/

� C
�
kr h

k
2
L2.�/

C jG0 j
2
L2.�D/

�
� C

�
j j PH1=2.�D/ C jG0 j

2
L2.�D/

�
;

where we used Proposition 2.5 to derive the second inequality. The result then follows
directly from Proposition 2.15.

As a corollary, we can prove the fact that the operator G0 is self-adjoint. Such a result
is well known when � is bounded and when Dirichlet boundary conditions are imposed
on the whole boundary of � (i.e., �N D ;), even if the boundary of � is rough (see
for instance [6]); for unbounded domains, it is proved in [43, 61] in the context of water
waves (the Dirichlet data is given on the surface of a strip of fluid, which is assumed to be
a smooth graph).

Proposition 3.8 allows us to simplify this proof and to generalize it to the present case
of corner domains with mixed boundary conditions. We will not use this result in the rest
of this article, but we state it for its independent interest. It is stated in the framework of
standard non-homogeneous Sobolev spaces.

Corollary 3.9. Let �, �D and �N be as in Assumption 1.1. The Dirichlet–Neumann
operator G0 defined in Definition 3.4 admits a self-adjoint realization on L2.�D/ with
domain H 1.�D/.

Proof. The operator G0 WD.G0/! L2.�D/ is obviously symmetric since for all  ; 0 2
D.G0/, one has

.G0 ; 
0/L2.�D/ D

Z
�

r h
� r. 0/h D . ;G0 

0/L2.�D/I

moreover, the domain D.G0/ is dense in L2.�D/ since by Proposition 3.7, it contains
H 1.�D/.

The operator G0 is therefore closable; by abuse of notation, we still denote by G0
its closure, which is also symmetric, so that D.G0/ � D.G�0 /, where the domain of the
adjoint operator D.G�0 / is by definition given by

D.G�0 / D
®
 2L2.�D/; 9C > 0;8 0 2D.G0/; j. ;G0 

0/j � C j 0jL2.�D/º:

For  2L2.�D/, one can define G0 2H�1.�D/ by hG0 ; 0iH�1�H1
0
D . ;G0 

0/ for
all  0 2H 1

0 .�
D/.

Therefore, if  2D.G�0 /, one actually has G0 2L2.�D/; by Proposition 3.8, this
implies that  2H 1.�D/. To summarize, we have proved the inclusions H 1.�D/ �

D.G0/ � D.G
�
0 / � H

1.�D/. It follows that all these inclusions are equalities, which
proves the corollary.

We finally prove the following higher order ellipticity result, stating basically that
if G0 is in H 1=2.�D/, it remains true that  is one order more regular. Note that in the
case where� is unbounded, we must consider 2H 1=2.�D/ rather than its homogeneous
version PH 1=2.�D/.
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Proposition 3.10. Let �, �D and �N be as in Assumption 1.1.

• If the domain � is bounded, then if  2 PH 1=2.�D/ and G0 2H 1=2.�D/, one has
@x 2H

1=2.�D/, and moreover,

j@x jH1=2.�D/ � C
�
j j PH1=2.�D/ C jG0 jH1=2.�D/

�
;

for some constant C independent of  .

• If the domain � is unbounded, then if  2H 1=2.�D/ and G0 2H 1=2.�D/, one has
 2H 3=2.�D/, and moreover,

j jH3=2.�D/ � C
�
j jH1=2.�D/ C jG0 jH1=2.�D/

�
;

for some constant C independent of  .

Proof. We first prove the result in the case where � is bounded. By Proposition 3.8, we
have

j@x jL2.�D/ � C
�
j j PH1=2.�D/ C jG0 jL2.�D/

�
;

so that, by Proposition 2.13, it is enough to prove that

j@x j PH1=2.�D/ � C
�
j j PH1=2.�D/ C jG0 jH1=2.�D/

�
to get the result.

An important step is to get estimate for the Neumann problem. This is done in the
following lemma, where we use the following functional spaces:

PH 2.�/ WD ¹u2 PH 1.�/; kuk PH2.�/ WD krukH1.�/ <1º

and, in the case where � is bounded and identifying functions g on �D as an .N C 1/-
uplet of functions defined on the intervals Ej associated with the connected components
of �D (see Assumption 1.1 for the notations),

H WD
°
f 2L2.�/; g D .g1; : : : ; gNC1/ 2

NC1Y
jD1

H 1=2.Ej /;

Z
�

f D

Z
�D
g
±
;

endowed with the canonical norm of L2.�/ �
QNC1
jD1 H

1=2.Ej /.

Lemma 3.11. Let � be as in Assumption 1.1, and assume moreover that � is bounded.
For all .f; g/ 2 H, there exists a solution u 2 PH 2.�/, unique up to a constant, to the
boundary value problem 8̂<̂

:
�u D f in �;
@nu D 0 on �N;

@nu D g on �D;

and there exists a constant C > 0, independent of f and g, such that

kuk PH2.�/ � Ck.f; g/kH:
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Proof of Lemma 3.11. The existence and uniqueness up to a constant of a variational solu-
tion u2 PH 1.�/ to the boundary value problem stated in the lemma is classical.

Since � is bounded and because the angles at the corners of � are assumed to be
smaller than � , we know that u 2 H 2.�/ (see for instance Theorem 14.6 in [20], Exam-
ple 6.6.2 in [39], or Section 3.4 in [21]).

The mapping

PH 2.�/nR! L2.�/ �

NC1Y
jD1

H 1=2.Ej /;(3.7)

u 7! .�u; .@nu/jE1�¹0º
; : : : ; .@nu/jENC1�¹0º

/;

is therefore an isomorphism of Banach spaces.
Since it is continuous, the bounded inverse theorem implies that its inverse is also con-

tinuous, so that there exists a constant C > 0 such that for all .f;g/2H, the corresponding
solution u2 PH 2.�/ to the boundary value problem (defined up to a constant), satisfies

kuk PH2.�/ � Ck.f; g/kH:

We can now prove the proposition when � is bounded. Indeed, the harmonic exten-
sion  h solves a boundary value problem belonging to the class considered in the lemma,
namely, with f D 0 and g D G0 . We therefore have under the assumptions of the
proposition that k hk PH2.�/ . jG0 jH1=2 . In particular, k@x hk PH1.�/ . jG0 jH1=2 . By
the trace Theorem 2.16, and because the trace of @x h on �D is @x , this implies that
j@x j PH1=2.�D/ . jG0 jH1=2 which, as explained above, is enough to get the result.

Let us now consider the case where � is unbounded. As in the proof of Lemma 2.20,
we consider for the sake of clarity the reference configuration of Figure 1c, for which
N D 1 and E1 D .x

r
0; x

l
1/ and E2 D .x

r
1;C1/ with xr

0 > �1. The general case does not
raise additional difficulty.

We denote as usual by h the harmonic extension of ; since belongs toH 1=2.�D/,
we have h2H 1.�/ and moreover k hkH1.�/ . j jH1=2.�D/. We also know from Propo-
sition 3.8 that  2H 1.�D/ and j jH1.�D/ . C.j jH1=2.�D/ C jG0 jL2.�D// (we use the
fact proved in Proposition 2.13 thatL2.�D/\ PH 1=2.�D/ can be identified withH 1=2.�D//.

Introduce M > xr
1 and �M , a smooth positive cutoff function defined on �, such that

�M � 0 on � \ ¹x < M º and �M � 1 on � \ ¹x > M C 1º, and satisfying @n�M D 0

on �D [ �N.
We further decompose

 h
D �l C �r with �l D .1 � �M / 

h and �r D �M 
h:

Since by definition G0 D .@z h/j�D , we get that

.@n�l/j�D D .1 � �M /G0 and .@n�r/j�D D �MG0 :

Let us first examine �l and then �r.
Let z�b be a smooth curve parametrized by a function Qb defined on .xr

0;M C 2/, coin-
ciding with the bottom parametrization b on .xr

0;M C 1/, increasing on .M C 1;M C 2/
and such that limx!MC2

Qb.x/ D 0.
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The restriction of �.top/ and the adherence of z�b enclose a bounded domain �l which
satisfies Assumption 1.1. Moreover, the function �l solves a boundary value problem that
belongs to the class considered in Lemma 3.11, with f D �.��M / h � 2r�M � r 

h

and g D .1 � �M /G0 .
Since kf kL2.�l/ . k hkH1.�/, we easily deduce from the lemma and the trace theo-

rem that .�l/j�D\¹x<MC2º
2 H 3=2.�D \ ¹x < M C 2º/ and that its norm is bounded, up to

a multiplicative constant, by jG0 jH1=2.�D/ C j jH1=2.�D/.
By definition of �l and because .1 � �M / vanishes for x �M C 1, this implies that

(3.8) j.1 � �M / jH3=2.�D/ . jG0 jH1=2.�D/ C j jH1=2.�D/:

Let us turn now to investigate �r. We consider here a smooth extension Qb of b, which is
defined on R and such that Qb D b on ¹x > M º and infR

Qb > �1, supR
Qb < 0. We remark

that the extension of �r by 0 on the strip � Qb WD ¹.x; z/ 2 R2; Qb.x/ < z < 0º, denoted by z�r
solves 8̂<̂

:
� z�r D � Qf in � Qb;

@n z�r D �M eG0 on ¹z D 0º;
@n z�r D 0 on ¹z D Qbº;

where Qf denotes the extension of f by zero on � Qb and eG0 the extension by zero ofG0 
to R.

The classical variational estimate yields kr z�rkL2.� Qb/
. k hkH1.�/. If Qb is constant,

then applying @x to the equation (we actually should use a mollified version of @x , or
differential quotients and then pass to the limit in order to manipulate only meaningful
quantities, but we omit these classical technicalities for the sake of clarity and refer for
instance to the proof of Lemma 2.38 in [43] for the details), we obtain8̂<̂

:
�@x z�r D @x Qf in � Qb;

@n @x z�r D @x.�M eG0 / on ¹z D 0º;
@n @x z�r D 0 on ¹z D Qbº:

We therefore get the variational estimate

kr@x z�rk
2
L2.� Qb/

�

ˇ̌̌ Z
¹zD0º

@x.�M eG0 /@x z�r

ˇ̌̌
C

ˇ̌̌ Z
� Qb

@x Qf @x z�r

ˇ̌̌
.
�
jG0 jH1=2.�D/ C k

Qf kL2.� Qb/
�
k@x z�rkH1.� Qb/

;

where we used the trace theorem to control the first term of the right-hand side in the first
inequality, and integrate by parts to control the second one.

We can therefore conclude that

k@x z�rkH1.� Qb/
. .k h

kH1.�/ C jG0 jH1=2.�D// . .j jH1=2.�/ C jG0 jH1=2.�D//:

We then deduce from the trace theorem and the definition of z�r that

(3.9) j�M jH3=2.�D/ . jG0 jH1=2.�D/ C j jH1=2.�D/:
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When Qb is not constant, then one can go back to the case of a flat strip using a dif-
feomorphism as in Chapter 2 of [43] and show without difficulty that this estimates still
holds.

The result is then a consequence of (3.8) and (3.9).

4. Well-posedness in the energy space and consequences

We show in this section that the evolution equation

(4.1)

´
@t� �G0 D f;

@t C g� D g;
on RC � �D;

with initial condition

(4.2) .�;  /jtD0 D .�
in;  in/;

is well posed for data in the energy space, and regular in time under additional assump-
tions.

We will often write (4.1) in the abstract form

(4.3) @tU C AU D F;

with U D .�;  /T, F D .f; g/T and

A D
�
0 �G0
g 0

�
:

A difficulty when dealing with the Cauchy problem (4.1)–(4.2) is that the natural
energy space L2.�D/ � PH 1=2.�D/ associated with the equations is only a semi-normed
space.

When �D is bounded, it is possible to remove this difficulty by working with  in
the realization PH1=2.�D/ of PH 1=2.�D/ introduced in §2.8; indeed, we know by Proposi-
tion 2.29 that PH1=2.�D/ is a Banach space. Imposing in addition a zero mass condition
on � (i.e.,

R
�D � D 0), we can show in §4.1 that the operator A is skew-adjoint, from which

the well-posedness of (4.1)–(4.2) is deduced in §4.2 using semi-group theory.
When �D is unbounded, this approach no longer works since the zero mass conditionR

�D � D 0 does not make sense anymore. We therefore construct a solution by a dual-
ity method in a semi-normed functional space of function of space and time. Instead of
working simply with a realization of PH 1=2.�D/, we need to introduce a realization of this
functional space that involves also the time variable. We show that this realization can be
physically interpreted as a convenient choice of the Bernoulli constant. A well-posedness
result is established in this framework in §4.3.

Under additional assumptions on the data, we show in §4.4 that it is possible to con-
struct solutions that are more regular in time. We then investigate in §4.5 whether it is
possible to deduce space regularity from this time regularity; we show in particular that
proceeding like this, one can reach the H 1.�D/ � PH 3=2.�D/ regularity but going above
this threshold requires smallness assumptions on the angles at the corners of the fluid
domain.
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4.1. Skew-adjointness of the evolution operator when �D is bounded

When �D is bounded, then we recall that PH1=2.�D/ consists of all the f 2 PH 1=2.�D/ such
that

R
�D f D 0. We define similarly

(4.4)

´
L2.�D/ D ¹f 2L2.�D/;

R
�D f D 0º;

H s.�D/ D ¹f 2H s.�D/;
R
�D f D 0º; .s D 0; 1=2/:

Let us define also
X D L2.�D/ � PH1=2.�D/I

it forms a Hilbert space for the scalar product

h.�1;  1/; .�2;  2/iX D g.�1; �2/L2.�D/ C hG0 1;  2i;

where we recall that by definition,

hG0 1;  2i D

Z
�

r 
h
1 � r 

h
2 I

indeed, by Proposition 3.6, hG0 ; i defined a semi-norm equivalent to j � j PH1=2.�D/, and
by Proposition 2.29, is therefore a norm on PH1=2.�D/, and PH1=2.�D/ is a Hilbert space
for the scalar product hG0 1;  2i.

The following proposition shows that A is skew-adjoint for this scalar product.

Proposition 4.1. Let �, �D and �N be as in Assumption 1.1. If �D is bounded, then the
operator A admits a skew-adjoint realization on X with domain H1=2.�D/ � PH1.�D/.

Proof. The operator A WD.A/ ! X is obviously skew-symmetric, since for all U1 D
.�1;  1/ and U2 D .�2;  2/ in D.A/, one has

hU1;AU2iX D �g.�1; G0 2/C g. 1; G0�2/:

This shows that
hU1;AU2iX D �hU2;AU1iX;

and therefore that A is skew-symmetric.
Moreover, the domain D.A/ is given by

D.A/ D
�
L2.�D/ \ PH1=2.�D/

�
� ¹ 2 PH1=2.�D/; G0 2L2.�D/ºI

since
R
�D G0 D 0 for all  2 PH 1=2.�D/ by Green’s identity, and using Proposition 2.13,

we can rewrite

D.A/ D H1=2.�D/
�
� ¹ 2 PH1=2.�D/; G0 2L

2.�D/º:

By Propositions 3.7 and 3.8, we get that

¹ 2 PH1=2.�D/; G0 2L
2.�D/º D PH1=2.�D/ \ PH 1.�D/;
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and therefore thatD.A/DH1=2.�D/
�
� PH1.�D/. SinceD.A/ contains D.�D/�D.�D/,

it is dense in X by Proposition 2.23. The operator A is therefore closable; by abuse of nota-
tion, we still denote by A its closure, which is also symmetric, so that D.A/ � D.A�/,
where the domain of the adjoint operator D.A�/ is by definition given by

D.A�/ D ¹U 2X; 9C > 0;8U 0 2D.A/; jhU;AU 0iXj � C jU 0jXº:

In particular, if U2D.A�/, then � 2L2.�D/ and  0 2 PH1.�D/ 7! .�; G0 
0/ can be

extended as a continuous linear form on PH1=2.�D/; by the Riesz theorem, there exists a
unique g 2 PH1=2.�D/ such that .�;G0 0/D hg;G0 0i, for all  0 2 PH1=2.�D/. It follows
that � D g and therefore � 2H1=2.�D/.

One also has that  2 PH1=2.�D/ and that

8�0 2H1=2.�D/; hG0 ; �
0
i � C j�0jL2.�D/:

If �0 2H 1=2.�D/, then denoting

h�0i WD
1

j�Dj

Z
�D
�0;

we have �0 � h�0i 2 H1=2.�D/, and therefore

hG0 ; .�
0
� h�0i/i � C j�0 � h�0ijL2.�D/:

Since moreover hG0 ; h�0iiD0 and because j�0 � h�0ij2
L2.�D/

� 2j�0j2
L2.�D/

, we deduce
that

8�0 2H 1=2.�D/; hG0 ; �
0
i � 2C j�0jL2.�D/:

This shows that G0 , which is well defined in PH1=2.�D/0, is actually in L2.�D/. By
Proposition 3.8, this implies that  2 PH1.�D/.

We have therefore proved the inclusions

H1=2.�D/ � PH1.�D/ � D.A/ � D.A�/ � H1=2.�D/ � PH1.�D/:

It follows that all these inclusions are equalities, which proves the proposition.

4.2. Well-posedness theorem when �D is bounded

We can now prove that the Cauchy problem (4.1)–(4.2) is well posed, in the weak sense
in the energy space L2.�D/ � PH1=2.�D/ and classically in H1=2.�D/ � PH1.�D/.

Let us first recall the definition of the Hilbert space X and introduce the space X1:

(4.5) X D L2.�D/ � PH1=2.�D/ and X1 D H1=2.�D/ � PH1.�D/;

where we recall that for U D .�;  /T, one has

jU j2X D hU;U iX D g j�j2
L2.�D/

C hG0 ; iI

we also recall the fact that j � jX is equivalent to the canonical norm of L2.�D/� PH1=2.�D/

stemming from Proposition 3.6. We also endow X1 with its canonical norm.
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Theorem 4.2. Let �, �D and �N be as in Assumption 1.1, let X and X1 be as defined
in (4.5), and assume moreover that �D is bounded. Let F D .f; g/T 2 C.RCIX/. For
all U D .� in;  in/ 2 X, there is a unique weak solution U2 C.RCIX/ to (4.1)–(4.2).
Moreover, one has that

8t � 0; jU.t/jX � jU
in
jX C

Z t

0

jF.t 0/jX dt 0;

with equality if F D 0.
If in addition .� in;  in/ 2 X1 and F 2 C 1.RCIX/ then the solution U belongs to

C.RCIX1/ \ C 1.RCIX/.

Remark 4.3. The zero mass assumption is not restrictive. Indeed, if

c1 D

Z
�D
� in and c2 D

Z
�D
 in

are such that jc1j C jc2j > 0, one can look for .�;  / under the form � D c1 C Q� and
 D c2 � gc1t C Q ; then . Q�; Q / solves the same equation, but with initial data that satisfy
the zero mass assumption.

Proof of Theorem 4.2. Since A is skew-adjoint on X, it generates a unitary group on X;
this proves the first part of the theorem when F D 0 since the conservation of energy is a
consequence of the fact that the group generated by A is unitary. Moreover, if U0 2D.A/,
then there is a unique solution U2C.RCIX1/\C 1.RCIX/ to the equation PU CAU D 0
such that U.t D 0/D U0, and where X1 denotesD.A/ equipped with the graph norm. As
seen in the proof of Proposition 4.1, X1 can be identified with H1=2 � PH1.�D/. This com-
pletes the proof in the case F D 0. The general case classically follows from Duhamel’s
formula.

4.3. Well-posedness theorem when �D is possibly unbounded

The proof of Theorem 4.2 relied on the fact that it was possible to work with the realiza-
tion PH1=2.�D/ of PH 1=2.�D/ provided that we imposed the zero mass condition

R
�D � D 0

on �.
In the unbounded case, this is no longer possible because the integral

R
�D � might

not be defined. It is however possible to state the following result, but with the spaces X
and X1 now defined as

(4.6) X D L2.�D/ � PH 1=2.�D/ and X1 D H 1=2.�D/ � PH 1.�D/I

note that contrary to the definition (4.5) of these spaces in the bounded case, X and X1 are
now only semi-normed spaces.

Remark 4.4. Let us consider the homogeneous problem @tU CAU D 0 with initial con-
dition UjtD0 D 0. The fact that X is a semi-norm space implies that uniqueness cannot be
deduced from energy conservation. Indeed, any couple of the form .�; /.t;x/D .0; .t//

has zero energy. However among those functions, only those for which  .t/ �  is time
independent satisfy @tU C AU D 0 almost everywhere on �D, and among those, there is
only one, corresponding to D 0 that solves the initial conditionUjtD0 D 0. In the theorem
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below, when we say that there is a unique solution U2C.RCIX/ to (4.1)–(4.2), we under-
stand that the equation and the initial condition on  are not only satisfied in PH 1=2.�D/

but also almost everywhere.

In the statement below, compared to Theorem 4.2, the assumptions that �D is bounded
is removed, and no zero mass assumption is made on the data.

Theorem 4.5. Let�, �D and �N be as in Assumption 1.1, and let X and X1 be as defined
in (4.6). Let F D .f; g/T 2 C.RCIX/. For all U in D .� in;  in/ 2 X, there is a unique
solution U2C.RCIX/ to (4.1)–(4.2). Moreover, one has

8t � 0; jU.t/j2X � jU
in
j
2
X C

Z t

0

jF.t 0/j2X dt 0;

with equality if F D 0.
If in addition .� in;  in/ 2 X1 and F 2 C 1.RCIX/ then the solution U belongs to

C.RCIX1/ \ C 1.RCIX/.

Remark 4.6. In the bounded case, we defined the space X as XD L2.�D/ � PH1=2.�D/,
where we recall that PH1=2.�D/ is the realization of the semi-normed space PH 1=2.�D/

consisting of its elements that have zero mean on �D. In order to solve (4.1)–(4.2), we had
to impose a similar zero mean condition on �; it was crucial in the proof of Theorem 4.2
that these zero mean conditions were propagated by the equations.

In the unbounded case, one can also define a realization PH1=2.�D/ of PH1=2.�D/

(see §2.8); unfortunately, this realization is not compatible with the equations in the
sense that the constraint used in (2.14) to define this realization is not propagated any-
more by the equations. As we show below, instead of working with a realization of the
space PH 1=2.�D/, which is a homogeneous space of functions of the space variable, we
need to work with a realization of the space L2.Œ0; T �I PH 1=2.�D/, which is a homoge-
neous space of functions of the space and time variables. The idea is the following: we
construct a solution by a duality method in L2.Œ0; T �IX/; with X now defined by (4.6);
since this space is only semi-normed, the equations (4.1) are only satisfied up to some ele-
ment of the adherence of 0 in L2.Œ0; T �IX/. This can be physically interpreted as the fact
that the Bernoulli equation (the second equation in (4.1)) is satisfied only up to a constant
in time. Setting this constant equal to 0 (and imposing that the initial condition is satisfied
almost everywhere) provides us with the relevant realization of L2.Œ0; T �IX/.

Remark 4.7. When �D is bounded, one can apply Theorem 4.5 if the zero mass assump-
tion does not hold, instead of proceeding as in Remark 4.3.

Proof of Theorem 4.5. The structure of the proof is the following: we first show a priori
estimates for regular enough solutions; by a duality argument, we then construct a weak
solution. In order to prove that it is unique, we use a mollification in time of the equations
to approximate this weak solution by a convergent sequence of more regular solutions
when the initial data is equal to zero. The energy estimate applies to these approximations
and passing to the limit, we deduce that the weak solution also satisfies it; it is therefore
unique. We then extend the result to the case of non-zero initial data, and prove the higher
order regularity stated in the second part of the theorem. The a priori energy estimate is
provided by the following lemma.
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Lemma 4.8. Let T > 0. There exists a constant C > 0 such that, for all V 2H 1.Œ0;T �IX/
\L2.Œ0; T �IX1/ one has, for all 0 � t � T ,

jV.t/j2X � C
�
jV.0/j2X C

Z t

0

j.@t C A/V j2X
�
:

Proof of Lemma 4.8. Let us write G D .@t C A/V . Taking the X (non-definite) scalar
product of this equation with V , and since hAU;U iX is well defined and equal to 0 when
U2X1, we get

1

2

d
dt
jV j2X D hG;V iX;

from which the result follows easily.

Remark 4.9. Reversing in time, we also get that for 8V 2H 1.Œ0;T �IX/\L2.Œ0;T �IX1/
one has, for all 0 � t � T ,

jV.t/j2X � C
�
jV.T /j2X C

Z T

t

j.@t C A/V j2X
�
:

This a priori estimate can be used to run a duality argument and establish the existence
of a weak solution. Special attention must be paid to the fact that we work with a semi-
normed space. Taking the quotient of this space by the adherence of zero for the semi-norm
makes it a Banach space; the proof shows that setting the Bernoulli constant equal to zero
in the second equation of (4.1) is equivalent to choosing a particular representative of the
solution in this quotient space.

Lemma 4.10. There exists a weak solution U2L2.Œ0; T �IX/ to the initial value problem
(4.1)–(4.2).

Proof of Lemma 4.10. Let us introduce the space

E D ¹V 2H 1.Œ0; T �IX/ \ L2.Œ0; T �IX1/; V .T / D 0ºI

from Remark 4.9, we get that for all V 2E and 0 � t � T , one has

jV.t/j2X � C

Z T

0

j.@t C A/V j2XI

the operator .�@t � A/ is therefore one-to-one on E and we can therefore define a linear
form ` on .�@t � A/E by

`..�@t � A/V / D
Z T

0

hF.t/; V .t/iX dt C hU in; V .0/iX:

Using the above estimate, we easily get that

`..�@t � A/V /2 � C
�
jF j2

L2.Œ0;T �IX/ C jU.0/j
2
X

�
j.�@t � A/V j2

L2.Œ0;T �IX/;

so that ` is continuous for the semi-norm j � j2
L2.Œ0;T �IX/

.
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By the Hahn–Banach theorem on semi-normed spaces, ` can be extended as a lin-
ear continuous form on L2.Œ0; T �IX/. We can canonically associate to ` a continuous
linear form, denoted by `�, on the Hilbert space L2.Œ0; T �IX/=K, where K is the adher-
ence of 0 in L2.Œ0; T �IX/, which consists in all functions V 2 L2.Œ0; T �IX/ such thatR T
0
jV.t/j2X dt D 0, that is, K D ¹0º � L2.Œ0; T �IR/.
SinceL2.Œ0;T �IX/=K is a Hilbert space, one can use the Riesz representation theorem

to deduce that there exists U � 2 L2.Œ0; T �IX/=K such that

`�
�
..�@t � A/V /�

�
D hU �; .�@t � A/V iL2.Œ0;T �IX/; for all V 2 E ,

and where ..�@t � A/V /� denotes the class of .�@t � A/V in L2.Œ0; T �IX/=K.
Since by definition `�...�@t �A/V /�/D `..�@t �A/V /, this means by the definition

of ` that

(4.7)
Z T

0

hF.t/; V .t/iX dt C hU in; V .0/iX D

Z T

0

h zU.t/; .�@t � A/V .t/iX dt;

where zU D .z�; z /T 2 L2.Œ0; T �IX/ is any representative of U �.
For all V 2D.�D/2, we haveZ T

0

hF.t/; V .t/iX dt D
Z T

0

h.@t C A/ zU.t/; V .t/iX dt:

This implies that .@t C A/ zU � F belongs to K; in particular, there exists a function c 2
L2.Œ0; T �IR/ such that ´

@tz� �G0 z D f;

@t z C gz� D cC g

is satisfied almost-everywhere. It is possible to take c D 0 by taking a different represen-
tative of U �, namely, U D .�; / with � D z� and  D z �

R t
0

c.t 0/dt 0; this representative
is still defined up to a time independent constant. We can then use the equation to get
that @tU 2 L2.Œ0; T �I . PH 1=2.�D/0 C L2.�D// � .L2.�D/ C PH 1=2.�D// and therefore
U 2C.Œ0; T �I . PH 1=2.�D/0 C L2.�D// � .L2.�D/C PH 1=2.�D//, and we get from (4.7)
that U.0/ D U in C .0; c0/

T, for some c0 2R. Since  is defined up to a constant, we can
choose in such a way that c0 D 0.

We can now show that the weak solution constructed above can be approximated by a
sequence of strong solutions.

Lemma 4.11. Let F 2L2.Œ0; T �IX/. The Cauchy problem (4.1)–(4.2) with initial data
U inD 0 has a unique weak solutionU . Moreover,U 2C.Œ0;T �IX/ and satisfies the energy
estimate of Lemma 4.8, and it is a limit inC.Œ0;T �IX/ of a sequenceU "2H 1.Œ0;T �IX/\
L2.Œ0; T �IX1/ such that U ".0/ D 0 and .@t C A/U " ! F in L2.Œ0; T �IX/ as "! 0.

Proof of Lemma 4.11. In order to construct the sequence .U "/", we need to introduce
mollifiers in time.

If u2L2..�1; T /, then we define, for all " > 0 and 0 � t � T ,

J"u.t/ D "
�1

Z t

�1

e.s�t/="u.s/ ds D "�1
Z 1
0

e�s="u.t � s/ ds:
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The operators J" and "@tJ" are uniformly bounded on L2..�1; T / and we have that
jJ"u� ujL2.Œ0;T �/! 0 as "! 0. Notice also that if u2H 1.�1; T /, then @tJ"uD J"@tu.

If U in D 0 and U an associated weak solution (as provided by Lemma 4.10), then we
can extend U by zero for negative times; this extension, still denoted by U , is a weak
solution to (4.1) on .�1; T /.

Denoting U" D J"U and F" D J"F , we get after applying the mollifier J" to (4.1)
that @tU" C AU" D F" in the weak sense. Since @tU" D @tJ"U , we get from the afore-
mentioned properties of J" that @tU" and F" are in L2..�1; T /IX/. From the equations,
this impliesG0 " 2 L2..�1; T /IL2.�D// and �" 2 L2..�1; T /I PH 1=2.�D//. Together
with the fact that U " 2 L2..�1; T /IX/, this implies that U " 2 L2..�1; T /IX1/.

We have thus constructed a sequence of functionsU "2H 1.Œ0;T �IX/\L2.Œ0;T �IX1/
that converges to U in L2.Œ0; T �IX/ and such that F " D .@t C A/U " converges to F
in L2.Œ0; T �IX/ as "! 0. Since we have enough regularity to apply Lemma 4.10, we
can apply the energy estimate to U" � U"0 , and get that the sequence .U"/" is a Cauchy
sequence in C.Œ0; T �IX/ and therefore converges in this space as " ! 0. Its limit U
therefore belongs to C.Œ0; T �IX/ and satisfies the energy estimate. Uniqueness follows
directly, up to a time depending constant for  ; as above, uniqueness follows from the
fact that the equation and the initial data must be satisfied almost everywhere.

In order to prove the first point of Theorem 4.5, we need to consider the case U in ¤ 0.
By density of X1 in X, it is enough to consider U in 2 X1.

In this case, QU WD U � U0 solves

.@t C A/ QU D QF ;

with QF D F � AU in 2 L2.Œ0; T �IX/.
Since QU.0/ D 0, we can apply Lemma 4.11 and denote by QU " the approximated

sequence furnished by the lemma. The sequence .U "/" defined by U " D U in C QU " is
therefore an approximating sequence of U that has enough regularity to apply the energy
estimate of Lemma 4.8. As in the proof of Lemma 4.11, we can deduce that the weak
solution to (4.1)–(4.2) is unique, belongs to C.Œ0; T �IX/ and satisfies the energy estimate.

In order to prove the second point, we now consider U in 2 X1, so that

U in
1 WD �AU in

C F.0/ 2 X:

By the first point of the theorem, there exists therefore a unique solution U1 2 C.Œ0;T �IX/
to (4.1) with initial data U in

1 and source term @tF .
We then define zU 2C 1.RCIX/ by

zU D U in
C

Z t

0

U1I

in particular, we have @t zU D U1 and therefore

@2t
zU C A@t zU D @tF

and
.@t zU/jtD0 D U

in
1 ;

zUjtD0 D U
in:
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Integrating in time, we therefore get

@t zU C A zU D F;

so that zU and U solve (4.1) with the same initial data U in. By uniqueness, we deduce
that U D zU , so that U 2 C 1.Œ0; T �IX/. Using the equation, this implies that AU 2
C.Œ0; T �IX/, and therefore that U2 C.Œ0; T �IX1/. This concludes the proof of Theo-
rem 4.5.

4.4. Higher order time regularity

We have seen in Theorems 4.2 and 4.5 that if U in 2 X1 D ¹U2X; .�A/U 2 Xº endowed
with the graph norm and F 2 C 1.RCIX/, then the solution U to equation (4.3) belongs
to C 1.RCIX/ \ C.RCIX1/, with X defined by (4.5), when �D is bounded and by (4.6)
otherwise. In order to study time regularity or order n2N, we need to introduce Xn as

Xn D ¹U2X; 80 � j � n; .�A/jU 2 Xº;

endowed with the semi-norm jU jXn WD
Pn
jD0 j.�A/jU jX; for time depending function,

we also define the space V n
T for T > 0 by

(4.8) V n
T WD

®
U2C n.Œ0; T �IX/; 80 � j � n; .�A/jU 2 C n�j .Œ0; T �IX

¯
I

for all t 2 Œ0; T � and U2V n
T , we also use the notation

jjjU.t/jjjn WD

nX
jD0

j@
j
t U.t/jXn�j :

We show here that if F 2 V n
T and U in are such that jjjU.0/jjjn as defined above is finite,

then the solutionU provided by Theorem 4.2 or 4.5 (depending on whether �D is bounded
or not) belongs to V j

T .

Corollary 4.12. Let �, �D and �N be as in Assumption 1.1. Let T > 0 and n 2N�. If
U in 2 Xn and F 2 V n

T then the solution U to (4.1)–(4.2) furnished by Theorem 4.2 if �D

is bounded or Theorem 4.5 if �D is unbounded belongs to V n
T and for all t 2 Œ0; T �,

jjjU.t/jjjn � jjjU.0/jjjn C

Z t

0

jjjF.t 0/jjjn dt 0:

Remark 4.13. We can of course use the equation to write

.@
j
t U/jtD0 D .�A/jU in

C

j�1X
kD0

.�A/k.@j�1�kt F /jtD0 ;

so that jjjU.0/jjjn can be bounded from above in terms of U in and F , namely,

jjjU.0/jjjn . jU in
jXn C jjjF.0/jjjn�1:
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Proof of Corollary 4.12. The proof is the same in the bounded and unbounded case. One
just has to apply the method used in the proof of the second point of Theorem 4.5 to get
that U2C n.Œ0; T �IX/ and that for all 0 � j C k � n, .�A/j @kt U is a strong solution to
the initial boundary value problem

@t Œ.�A/j @kt U �C AŒ.�A/j @kt U � D .�A/j @kt F on RC � �D;

with initial condition Œ.�A/j @kt U �jtD0 , so that we can apply the energy estimate of Theo-
rem 4.5 and obtain

j.�A/j @kt U.t/jX � j.�A/j @kt U.0/jX C
Z t

0

j.�A/j @kt F.t
0/jX dt 0;

from which the result follows easily.

4.5. Consequences on the space regularity

When nD 2, we show that it is possible to deduce space regularity from the time regularity
of the previous section. For higher values of n, this is still possible, but one has to impose
smallness conditions on the corners of the fluid domain. Let us start with the case n D 2.

Corollary 4.14. Let �, �D and �N be as in Assumption 1.1. Let T > 0 and U in 2 X2,
F 2 V 2

T . Let also U 2 V 2
T be the solution to (4.1)–(4.2) furnished by Corollary 4.12.

• If �D is bounded, then U also belongs to C.Œ0; T �IH 1.�D/ � PH 3=2.�D// and there
exists some constant C > 0 independent of U such that for all 0 � t � T ,

jU.t/jH1.�D/� PH3=2.�D/ � C
�
jU in
jX2 C jjjF.0/jjj1 C

Z t

0

jjjF.t 0/jjj2 dt 0
�
:

• If �D is unbounded, and if moreover  in 2 L2.�D/ and g 2 L1.Œ0; T �IL2.�D//,
thenU also belongs toC.Œ0;T �IH 1.�D/�H 3=2.�D// and there exists some constant
C > 0 independent of U such that for all 0 � t � T ,

jU.t/jH1.�D/�H3=2.�D/ � C
�
j in
jL2.�D/ C jU

in
jX2 C jjjF.0/jjj1

C

Z t

0

�
jg.t 0/jL2.�D/ C jjjF.t

0/jjj2
�

dt 0
�
:

Remark 4.15. In the unbounded case, if the initial data  in is not in L2.�D/, then one
can write U D U ] C U [, with U [ WD .0; .1CG0/�1 in/T and U ] solving

@tU
]
C AU ] D F ]; with F ] WD F C

�
G0.1CG0/

�1 in

0

�
and initial condition

U
]

jtD0
D .� in; G0.1CG0/

�1 in/T:

Since G0.1CG0/�1 in 2 L2.�D/, .1CG0/�1 in 2 PH 1=2.�D/ and

jG0.1CG0/
�1 in

jL2 C j.1CG0/
�1 in

j PH1=2 . j in
j PH1=2 ;
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we can apply the second point of the corollary to U ]. The solution U can therefore be
represented as the sum of a time independent function U [ 2 X2 and a perturbation U ] 2
C.Œ0; T �IH 1.�D/ �H 3=2.�D//.

Remark 4.16. As commented in §1.3.3 of the introduction, we are here at the critical
regularity threshold for  , namely @x 2H 1=2.�D/. It is therefore worth considering
whether the assumption U in 2X2 hides some compatibility condition on  . This assump-
tion implies in particular that G0 in 2H 1=2.�D/, which in turns implies, as we saw
in Proposition 3.10 , that . in/h 2H 2.�/, and therefore that .@x. in/h/j� 2H

1=2.�/.
Since .@x. in/h/j�N vanishes in the vicinity of the contact point, this implies that @x D
.@x. 

in/h/j�D belongs �1=2L2 (see Theorem 1.5.2.3 in [27]), which can be viewed as
weak form of the compatibility condition @x D 0 that arises, as we saw in the intro-
duction, when .. in/h/2H 2C".�/, with " > 0. Finally, since Corollary 4.12 implies that
G0 2C.Œ0; T �IH

1=2.�D/, this compatibility condition is propagated by the flow.

Proof of Corollary 4.14. Applying Corollary 4.12 with nD 2 shows directly that the solu-
tion U.t/2V 2

T satisfies

2X
jD0

j.�A/jU.t/jX � C
�
jU in
jX2 C jjjF.0/jjj1 C

Z t

0

jjjF.t 0/jjj2 dt 0
�
;

with some constant C . Consequently, using this estimate, and omitting the dependence on
time for the sake of clarity, we know that

� 2H 1=2.�D/;  2 PH 1.�D/; G0� 2L
2.�D/ and G0 2H

1=2.�D/;

and that they can all be controlled by the right side above.
When �D is bounded, and thanks to Proposition 3.10, we know immediately that

 2 PH 3=2.�D/ with the desired estimate. Moreover, we also know from Proposition 3.8
that � 2H 1.�D/ with the desired estimate.

When �D is unbounded, the additional assumptions imply that  D  inC
R t
0
.g � g�/

is in C.Œ0; T �IL2/ and that for some C > 0,

80 � t � T; j .t/jL2.�D/ � C
�
j in
jL2 C

Z t

0

j�.t 0/jL2/ C jg.t
0/jL2

�
dt 0I

we can therefore use the second point of Proposition 3.10 to complete the proof of the
corollary.

When n � 3, it is still possible to infer space regularity from the time regularity, but
this requires a smallness assumption on the angles of the corners of the fluid domain.

Corollary 4.17. Let n 2N� and �, �D and �N be as in Assumption 1.1, and assume
moreover that the angles at each corner point between �N and �D are strictly less than
2�=n. Let T > 0 and U in 2Xn, F 2V n

T . Let also U 2V n
T be the solution to (4.1)–(4.2)

furnished by Corollary 4.12.
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• If �D is bounded, then U also belongs to C.Œ0; T �IHn=2.�D/ � PH .nC1/=2.�D// and
there exists some constant C > 0 independent of U such that for all 0 � t � T ,

jU.t/jHn=2.�D/� PH .nC1/=2.�D/ � C
�
jU in
jXn C jjjF.0/jjjn�1 C

Z t

0

jjjF.t 0/jjjn dt 0
�
:

• If �D is unbounded, and if moreover  in 2 L2.�D/ and g 2 L1.Œ0; T �I L2.�D//,
then U also belongs to C.Œ0; T �IHn=2.�D/ �H .nC1/=2.�D// and there exists some
constant C > 0 independent of U such that for all 0 � t � T ,

jU.t/jHn=2.�D/�H .nC1/=2.�D/ � C
�
j in
jL2.�D/ C jU

in
jXn C jjjF.0/jjjn�1

C

Z t

0

.jg.t 0/jL2.�D/ C jjjF.t
0/jjjn/ dt 0

�
:

Remark 4.18. For n D 3, the assumption that the angle is smaller than 120 degrees
still allows a perpendicular contact. With the better regularity enjoyed by the solution,
the compatibility condition at the contact point now holds in the strong sense for  ,
namely, @x D 0; moreover, we also have now a compatibility condition on �, but only in
weak form, namely, @x� 2 �1=2L2 near the contact point. With the same arguments as in
Remark 4.16, if U in 2 X3, then one necessarily has @x in D 0 and @x� in 2 �1=2L2.�D/

and these conditions are propagated by the equations. The contact angle remains therefore
equal to �=2 consistently with the arguments of [3]. On the contrary, initial data, even if
they are very smooth, cannot be in Xn with n > 2 if the initial contact angle is not �=2,
that is, if @x� in ¤ 0 at the contact point. In this situation, further regularity far from the
corner can be obtained with weighted estimates as in Sections 5 and 6. Let us mention
however that, as shown by the example of the Stokes wave given in the introduction, the
most relevant possible obstruction to the argument of [3] comes from the nonlinear terms
not considered in this article.

Proof of Corollary 4.17. Proceeding as in the proof of Corollary 4.14, the result follows
easily if we can establish that the solution u to the elliptic boundary value problem8̂<̂

:
�u D f in �;
@nu D 0 on �N;

@nu D g on �D;

belongs toH j=2C1.�/ for all 0 � j � n if g belongs toH .n�1/=2.�D/. If� is a bounded
domain, this is established as in the proof of Lemma 3.11 since the fact that the map-
ping (3.7) is an isomorphism of Banach spaces if the angles at the corners of� are smaller
than � , is a special case (corresponding to n D 2) of a more general theorem stating that

PHn=2C1.�/nR! Hn=2�1.�/ �

NC1Y
jD1

H .n�1/=2.Ej /;

u 7! .�u; .@nu/jE1�¹0º
; : : : ; .@nu/jENC1�¹0º

/;

provided that the angles are all strictly smaller than 2�=n. The generalization to the case
where � is unbounded is then obtained as in the proof of Proposition 3.10.



Well-posedness of F. John’s floating body problem for a fixed object 53

5. Commutator estimates with weighted derivatives

We have so far constructed, in Corollary 4.12, solutions that are regular in time, more pre-
cisely, that belong to V n

T , with V n
T defined in (4.8). We have also shown in Corollary 4.14

that for n � 2, this time regularity could be used to obtain space regularity, namely that
the solution U D .�; /T belongs to C.Œ0;T �IHn=2.�D/� PH ..nC1/=2.�D//. We then have
proved in Corollary 4.17 that in order to extend this result to n� 3, one has to make small-
ness assumptions on the angles at corners of the fluid domain due to the limited elliptic
regularity in corner domains.

In order to obtain space regularity without making any smallness assumption on the
angles, we can use weighted estimates. Such estimates are obtained by deriving energy
estimates for weighted derivatives of the solution, the weighted derivatives being of the
form �@x , where � is a bounded function that behaves, near each boundary point of �D,
as the distance function to this boundary point.

This allows to get high order regularity estimates of the solution in the interior of �D,
even if the regularity near the boundaries is no larger thanH 1.�D/� PH 3=2.�D/. Applying
.�@x/

j to (4.3), one obtains formally

@t .�@x/
jU C A.�@x/jU D .�@x/jF C

�
Œ.�@x/

j ; G0� 

0

�
;

so that one can expect to recover an estimate on j.�@x/jU jX from Theorem 4.2 or 4.5
provided that the commutator estimate Œ.�@x/j ; G0� can be controlled. This section is
devoted to derive estimates for this commutator.

We introduce several notations in §5.1 and then construct in §5.2 the weight function �
which is defined on�. In §5.3, we construct an extension T of the tangent vector t defined
on ��; this extension is used to construct an extension X D �T � r defined on �[ �� of
the weighted derivative �@x used to measure space regularity on �D. This vector field X
is then used in §5.4 to measure regularity of the harmonic extension  h; more precisely,
we show that Xn h is well defined in PH 1.�/ if .�@x/j 2 PH 1=2.�D/ for 0 � j � n;
moreover, we show that Xn h is equal to ..�@x/ /h up to lower order terms in PH 1.�/.
Estimates for the commutators Œ.�@x/j ; G0� are then derived in §5.5.

To simplify the computations, we assume from now on that the immersed objects and
the bottom are not curved near the contact points with the surface of the water.

Assumption 5.1. Assumption 1.1 is satisfied, and moreover, �N is flat in the vicinity of
each corner.

5.1. Notations

We use the notations of Assumption 1.1. On each point of ��, we denote by t the right-
wards unit tangent vectors (on �w

j , this means that it is oriented from C
.l/
j to C .r/j ), while

n D t? stands for the normal vector. Let us denote by C the set of all finite corners of � ,
which is the union of the set of left finite corners C l and right finite corners C r,

(5.1) C D C l
[ C r with

´
C l D ¹C

.l/
j .1 � j � N/; CNC1 if it is finiteº;

C r D ¹C
.r/
j .1 � j � N/; C0 if it is finiteº:
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For c2C , we denote by .r .c/.x;z/;� .c/.x;z// the polar coordinates of the pointM.x;z/ in
the polar frame centered at the corner c and with � .c/ D 0 corresponding to the horizontal
half-line starting from c and unbounded in the right-direction. For all M 2�, we also
denote by e.c/r .M/ the unit radial vector,

e.c/r .M/ D
1

jcM j
�!
cM:

According to Assumption 5.1, in the neighborhood of each corner, the fluid domain
is a portion of half-cone with interior angle !.c/; more precisely, there exist positive real
numbers R.c/ > 0 such that �.c/ WD � \ B.c; R.c// are given by

�.c/ D ¹.X; z/; 0 < r .c/.x; z/ < R.c/; �!.c/ < � .c/.x; z/ < 0º if c2C r;

�.c/ D ¹.X; z/; 0 < r .c/.x; z/ < R.c/; �� < � .c/.x; z/ < �!.c/º if c2C l;

and where 0 < !.c/ < 2� . The numbers R.c/ > 0 are chosen small enough, in order for
the sets �.c/ to be disjoint.

Figure 3. The sectors and the tubular neighborhoods.

Let us now denote by �WRC ! RC a smooth positive function, compactly supported
in Œ0; 1/, equal to 1 on Œ0; 1=2/ and with values in Œ0; 1�. We then introduce

(5.2) �.c/.x; z/ D �‘
�r .c/.x; z/

R.c/

�
;

with R.c/ as in the previous section; taking the R.c/ smaller if necessary, we can suppose
that

(5.3) �.c/ � 0 on Supp�.c’/ if c ¤ c’ .c; c’2C/:

For all 0 < �0 < R.c/, we also denote by �.c/�0 � �
.c/ the domain

�.c/�0 WD �
.c/
\ B.c; �0/ if c2C I

if C0 or CNC1 is infinite, we then define

�.C0/�0
D � \ ¹.x; z/ 2 R2; x < �1=�0º if C0 is infinite;

�
.CNC1/
�0 D � \ ¹.x; z/ 2 R2; x > 1=�0º if CNC1 is infiniteI

we choose �0 > 0 small enough in order for the sets �.c/�0 to be disjoint.
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Finally, we introduce a partition of unity .‚.c//c2C1 , where C1 consists of the union
of C and C0 and CNC1 if they are infinite. More precisely, the ‚.c/ are smooth func-
tions ‚.c/ such that 0 � ‚.c/ � 1 and

P
c2C1

‚.c/ D 1 on �, and we also take it in such
a way that

(5.4) ‚.c/ � 1 on �.c/; and ‚.c/ � 0 on �.c
0/ if c0 ¤ c

(with the convention that �.c/ WD �.c/�0 if c is infinite), and

(5.5) 8c 2 C1; @n‚
.c/
D 0 on ��:

We can also choose these functions in such a way that if �.s/ is a connected component
of �� and if c is not a finite or infinite endpoint of �.s/, then ‚c � 0 on �.s/.

5.2. Construction of the weight function

The following lemma provides a weight function that behaves near each corner C .c/ as
the distance r .c/ to this corner, that is bounded in � and that satisfies a homogeneous
Neumann boundary condition on ��.

Lemma 5.2. Under Assumption 5.1 and with the notations of Section 5.1, there exist a
function � 2 C1.� [ ��/ \ C.�/ and a constant 0 < �0 � 1

2
minc2C R

.c/ such that

(1) one has 0 < � � 2�0 on �;

(2) for all c2C , one has � D r .c/ in �.c/�0 , while � D �0 in �n
�S

c2C �
.c/
�
;

(3) one has .@n�/j�� D 0.

Proof. If �0 > 0 satisfies the smallness properties of Section 5.1, and if in addition �0 D
1
2

minc2C R
.c/, we define

� D
X
c2C

‚.c/
h
r .c/�

� r .c/
2�0

�
C �0

�
1 � �

� r .c/
2�0

��i
;

with the same function � as the one used for (5.3) and with‚.c/ as in (5.4) and (5.5). This
choice of �0 and this function satisfy all the requirements of the lemma.

5.3. Construction of the extensions of the tangent and normal vector fields

The following lemma provides a vector field T whose restriction to �� coincides with the
unit tangent vector t, that coincides with the local unit radial vector near each corner, and
such that T � r preserves homogeneous boundary conditions on �N. Note that the reason
we introduce the coefficient �.l/ D �1 in the second point of the lemma is because e.l/r is
pointing leftwards in �.l/.

Lemma 5.3. Under Assumption 5.1 and with �0 as in Lemma 5.2, there exist two vector
fields T;N 2C1.� [ ��IR2/ that satisfy the following properties:
(1) T D t and N D n on ��.
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(2) T D �.c/ e.c/r in �.c/�0 , with �.c/ D �1 if c2C l, and �.c/ D 1 if c2C r.

(3) For all � 2C1.� [ �N/ such that .@n�/j�N D 0, one has .@n.T � r�//j�N D 0.

(4) One has T 2L1.�/ and, for all n2N, �n@nT 2L1.�/, where @n stands for any
spatial derivative of order n.

Proof. For each connected component �.s/ of ��, we denote by .n.s/; t.s// the restriction
to �.s/ of the normal and tangential vectors n and t defined on ��. There exist a tubular
neighborhood T .s/ of �.s/ and a smooth extension .N .s/; T .s// of .n.s/; t.s// to� such that

(5.6) N .s/
� T .s/ D 0; jN .s/

j D 1 and ŒN .s/
� r; T .s/ � r� D 0 on T .s/

\�;

with the neighborhoods T .s/ chosen small enough to have

(5.7) 8s0 ¤ s; N .s/
� 0; T .s/ � 0 on .T .s0/

\�/n
[
c2C

�.c/�0 :

This can be achieved by taking a compactly supported extension of the normal and
tangent vectors classically used to define normal-tangential coordinates near the boundary.
In particular, we can further assume that T .s/ and N .s/ are constant in T .s/ \�.c/ if c is a
finite endpoint of �.s/.

We then define

T D
X
c2C

‚.c/
�
�.c/�.c/ e.c/r C .1 � �

.c//
X

s

T .s/
�
C

� X
c2C1nC

‚.c/
��X

s

T .s/
�
;

with �.c/ as in the statement of the lemma, ‚.c/ as in (5.4) and (5.5), and with the sum-
mation on s being taken over all the connected components of ��; for later use, we define,
similarly,

N D
X
c2C

‚.c/
�
�.c/�.c/.e.c/r /? C .1 � �.c//

X
s

N .s/
�
C

� X
c2C1nC

‚.c/
��X

s

N .s/
�
:

Let us prove the first assertion of the lemma. Let us consider a bounded connected
component �.s/ of �� (the case where it is unbounded is treated similarly). Let cs; c0s 2 C

be the two endpoints of �.s/. Since ‚.cs/ D �.cs/ D 1 on �.s/ \ �.cs/
�0 , we obtain that

T D �.cs/ e.cs/
r D t.s/ on �.s/ \�.cs/

�0 . The same result holds similarly on �.s/ \�.c
0
s/

�0 .

Finally, on �.s/n.�.cs/
�0 [�

.c0s/
�0 / we obtain using (5.7) that

T D ‚.cs/
�
�.cs/�

.cs/ e.cs/
r C .1 � �.cs//T .s/

�
C‚.c

0
s/
�
�.c0s/�

.c0s/ e.c
0
s/

r C .1 � �.c
0
s//T .s/

�
:

Since T .s/ D t.s/ on �.s/ and �.cs/e.cs/
r D t.s/ on �.s/ \ Supp.�.cs//, and proceeding sim-

ilarly at s0, we deduce that

T D .‚.cs/ C‚.c
0
s/
�

t.s/D t.s/;

where we used the fact that ‚.c/ D 0 on �.s/ if c 62 ¹cs; c0sº. This concludes the proof of
the first assertion.
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Let us turn to the proof of the second one. Since �.c/ � 0 on �.c’/ if c0 ¤ c, and
�.c/ � 1 in �.c/�0 , and using (5.4), we obtain that

T D �.c/ e.c/r C

�X
c0¤c

‚.c
0/
��X

s

T .s/
�

on �.c/�0 I

since
P

c0 ‚
.c0/ D 1 on � and ‚.c/ D 1 on �.c/�0 , we deduce that

P
c0¤c‚

.c0/ D 0 on �.c/�0 ,
from which one deduces the first assertion of the lemma.

For the third point, we prove here that if .@n�/j
�.b/
D 0 then Œ@n..T � r/�/�j

�.b/
D 0.

The results for the other components of �N is established in the same way. We consider
the case where the left endpoint C0 of �.b/ is finite, while the right one CNC1 is infinite
(the adaptation to treat the other possible configurations is straightforward). We want to
prove that, if @n� D 0 on �.b/, then

(5.8)
�
.N � r/.T � r/�

�
j
�.b/
D 0:

In �.b/ \ B.C0; �0/, and using the second point of the lemma, one has�
.N � r/.T � r/�

�
j
�.b/
D

h1
r
@�@r�

i
j
�.b/

;

where for the sake of clarity, we wrote .r; �/ instead of .r .C0/; � .C0//. It follows that�
.N � r/.T � r/�

�
j
�.b/
D
1

r
@r Œ@���j

�.b/
D 0;

where we used the fact that by Assumption 5.1, � D�!.C0/ is constant on �.b/\B.C0;�0/
and that @�� D r@n� D 0 on this portion of the boundary.

On �.b/ \ ¹x > 1=�0º, we deduce from the properties of the family .‚.c//c that
T D T .b/ and N D N .b/, so that the result stems from (5.6).

We are therefore left to prove (5.8) on the portion of �.b/ far from the endpoints C0
and CNC1, namely, on �.b/n.B.C0; �0/[ ¹x > 1=�0º/. From the properties of .‚.c//c, we
know that T .b/ can be chosen thin enough so that in this region‚.c/ � 0 if c¤ C0;CNC1.

One then has, using also (5.7),

T D ‚.C0/
�
�.C0/ e.C0/r C .1 � �.C0//T .b/

�
C‚.CNC1/T .b/I

moreover, one has T D .‚.C0/ C‚.CNC1//T .b/ D T .b/ and, similarly, N D N .b/ outside
Supp�.C0/, so this case is also done.

Remarking further that on Supp�.C0/ one has‚.C0/ � 1 and‚.CNC1/ � 0, we deduce
that

T D �.C0/ e.C0/r C .1 � �.C0//T .b/ in �.b/n.B.C0; �0/ [ ¹x > 1=�0º/;

and that similarly, N D .e.C0/r /? C .1 � �.C0//N .b/.
Since by construction

@n�
.C0/ D 0 on �.b/ \ Supp�.C0/;
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we can infer that on �.b/n.B.C0; �0/ [ ¹x > 1=�0º/, one has

.N � r/.T � r/� D .�.C0//2..e.C0/r /? � r/.e.C0/r � r/�

C .1��.C0//�.C0/
�
.N .b/

�r/.e.C0/r �r/�C..e.C0/r /? � r/.T .b/ �r/�
�

C .1 � �.C0//2 .N .b/
� r/.T .b/ � r/�I

the first term of the right-hand side is similar to the one handled in �.b/ \ B.C0; �0/ and
vanishes for the same reasons; the third one also vanishes because of the commutation
property (5.6) in T .b/.

Finally, for the second term, assuming without loss of generality that � is supported in
the tubular neighborhood T .b/, where N .b/ and T .b/ are constant (because the boundary
is flat in that region), we can rewrite the term between brackets as

(5.9) @r ..N
.b/
� r/�/C

1

r
.T .b/ � @�r/�:

The first term obviously vanishes on the flat portion of �.b/ near C0. For the second term,
we remark that

@�r� D e.b/r

�
�
1

r
@�� C @r@��

�
C .e.b/r /?

�
@r C

1

r
@2�

�
/�:

The first component vanishes on this flat portion of the boundary for the same reason
as above. The second component does not vanish but it is orthogonal to Tb on �.b/ \
B.C0; �0/ so that its corresponding contribution in (5.9) also cancels at the boundary.
This concludes the proof of the third point of the lemma.

In the end, the forth point of the lemma is a consequence of the fact that near each
corner c, one has .r .c//n@ne.c/r 2 L

1.�.c//. This completes the proof of Lemma 5.3.

5.4. Higher order weighted estimates for the harmonic extension in corner domains

Recall that � is the function constructed in Lemma 5.2 and which behaves, near each
corner, as the distance to the corner. We know by Proposition 3.2 that if  2 PH 1.�.D//,
then it is possible to construct its harmonic extension  h 2 PH 1.�/; if the Dirichlet data  
is more regular in the sense that .�@x/i 2 PH 1=2.�D/ for 0� i � n, then one can construct
the extensions ..�@x/i /h 2H 1.�/.

In order to compare these extensions to derivatives of  h, we need to introduce an
extension of the weighted derivative �@x , namely, we introduce the vector field X as

X D �T � rI

on �.D/, X coincides with �@x , and it is also tangential to all the connected compo-
nents �.s/ of ��.

The following proposition shows that Xn h is also well defined in H 1.�/, and pro-
vides an upper bound for its norm. It also shows that the difference �n WD Xn h �

..�@x/
n /h can be controlled by lower order terms.
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Proposition 5.4. Let Assumption 5.1 be satisfied, let n 2Nn¹0º, and assume that one
has .�@x/i 2 PH 1=2.�D/ for all 0 � i � n. Then Xn h 2 PH 1.�/ and there exists a
constant C > 0, independent of  , such that

kr.Xn h/kL2.�/ � C

nX
iD0

j.�@x/
i j PH1=2.�D/:

Moreover, at leading order, Xn h behaves like ..�@x/n /h in the sense that

kr.Xn h
� ..�@x/

n /h/kL2.�/ � C

n�1X
iD0

j.�@x/
i j PH1=2.�D/:

Proof. Let us denote �n D Xn h � ..�@x/
n /h, so that �n solves the elliptic boundary

value problem

(5.10)

8̂<̂
:
��n D Œ�;X

n� h in �;
� D 0 on �D;

@n� D 0 on �N

(the fact that @n� D 0 on �N stems from the third point of Lemma 5.3).
We want to prove that �n 2H 1

D.�/ and that r�n satisfies the estimate above. A key
step is the following control on the source term in (5.10). Note that in the left-hand side
of the estimate of the lemma below, the integral over � must be understood as a H 1

D.�/
0-

H
1=2
D .�/ duality product. For the sake of clarity, we often use this abuse of notation.

Lemma 5.5. Let Assumption 5.1 be satisfied and let n2N, n¤ 0. If r.Xj h/ 2 L2.�/

for all 0 � j � n � 1, then Œ�;Xn� h 2H 1
D.�/

0 and for all � 2H 1
D.�/, one hasZ

�

Œ�;Xn� h� � C
� n�1X
iD0

kr.X i h/kL2.�/

�
kr�k2:

Proof of Lemma 5.5. Recalling that if A and B are two operators, one can decompose

ŒA; Bn� D

n�1X
iD0

B i ŒA; B�Bn�i�1;

and remarking that

Œ�; �T � � r D .�.�T // � r C 2
X
jDx;z

@j .�T / � @jr;

one can decompose the source term in (5.10) as

Œ�;Xn� h
D

n�1X
iD0

X i
�
Œ�; �T � � rXn�1�i h

�
DW

n�1X
iD0

.S1i C S
2
i /;(5.11)
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with

S1i D X
i
�
�.�T / � rXn�1�i h

�
and S2i D 2

X
jDx;z

X i
�
@j .�T / � @jrX

n�1�i h
�
:

It is therefore enough to prove that for all � 2H 1
D.�/, one has

(5.12)
Z
�

S �i;k� � C
� n�1X
iD0

kr.X i h/kL2.�/
�
kr�k2

for � D 1; 2 and 0 � k � i , and where S1
i;k

and S2
i;k

are defined as

S1i;k D .X
i�k�.�T // �XkrXn�1�i h

�
and S2i;k DX

i�k@.�T / �Xk@rXn�1�i h;

where, in each occurrence, @ can be replaced by either @x or @z .
(a) Control of S1

i;k
.

Let us show first that �S1
i;k
2L2.�/ and

(5.13) k�S1i;kkL2.�/ � C

n�1X
iD0

kr.X i h/kL2.�/:

We can notice that for any smooth enough function u, the commutator ŒXk ; @�u is a sum
of terms of the form

(5.14) Xk1@.�Tˇ1/ � � � � �X
km@.�Tˇm/ � @X

k0u;

for some m 2 N, with ˇ1; : : : ; ˇl 2 ¹1; 2º, k0 C � � � C km D k � 1.
Since X l@.�T / belongs to L1.�/ for all l 2N, the fact that S1

i;k
satisfies (5.13) can

be deduced from the fact that for all 0 � k0 � k, one has

k�X i�k.@2.�T //@.Xn�1�iCk
0

 h/kL2.�/ � Ckr.X
n�1�iCk0 h/kL2.�/;

which is a direct consequence of the fact that �X i�k.@2.�T // is bounded in L1.�/.
We now show that the weighted estimate (5.13) implies that S1

i;k
2H 1

D.�/
0 and satis-

fies (5.12). For all � 2H 1
D.�/, one has indeedZ
�

S1i;k� � k�S
1
i;kkL2.�/




1
�
�




L2.�/

I

the result follows therefore from (5.13) and Hardy’s inequality (see, for instance, Theo-
rem 1.4.4.4 in [27]), which implies that k 1

�
�kL2.�/ � Ckr�kL2.�/ for all � 2H 1

D.�/.

(b) Control of S2
j;k

.

Using twice the fact that the commutator ŒXk ; @�u is a sum of terms of the form (5.14),
the control of S2

i;k
is reduced, up to terms that can be treated as S1

i;k
, to the control of terms

of the form F@rXj h, with 0 � j � n � 1 and F a bounded function in � with values
in R2 such that �@F is also bounded, we have for all � 2H 1

D.�/,

(5.15)
Z
�

F � @rXj h� D �

Z
�

@.Xj h/r � .F�/C

Z
�N
F � zn @.Xj h/�;

where zn stands for the outwards normal vector on � (so that zn D �n on �.b/).
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Using the assumption that �@F is bounded and Hardy’s inequality as above, we have
kr � .F�/kL2.�/ � Ckr�kL2.�/ and the first term of the right-hand side satisfies the
estimate (5.12). We therefore focus on the boundary integral.

Since we know by Lemma 5.3 that @nX
j h D 0 on �N, we can replace @ D e � r

by .e � zn?/zn? � r in this boundary integral. Writing Qf D .e � N?/F � N , where N is the
extension of n provided by Lemma 5.3, we must therefore control

(5.16)
Z
�N

Qf zn? � r.Xj h/� D

Z
�

r.Xj h/ � r?. Qf �/;

the right-hand side stemming from Green’s identity.
Again, since f and �r Qf are in L1.�/, Hardy’s inequality implies that

kr
?. Qf �/kL2.�/ � Ckr�kL2.�/;

so that it follows easily that the boundary integral also satisfies the upper bound (5.12),
which concludes the proof of Lemma 5.5.

If r.X i h/ 2L2.�/ for 0 � i � n � 1, then the variational inequality associated
with (5.10) and Lemma 5.5 yield

kr�nk
2
L2.�/

�

ˇ̌̌ Z
�

Œ�;Xn� h�n

ˇ̌̌
� C

n�1X
iD0

krX i h
kL2.�/ kr�nkL2.�/;

and therefore

(5.17) kr�nkL2.�/ � C

n�1X
iD0

krX i h
kL2.�/:

We can now prove the following lemma.

Lemma 5.6. Under the assumptions of Proposition 5.4, one has for all 0 � j � n that
r.Xj h/ 2 L2.�/ with

kr.Xj h/kL2.�/ � C

jX
kD0

j.�@x/
k j PH1=2.�D/;

for some constant C independent of  .

Proof of Lemma 5.6. The proof is done by induction. The result is obviously true for
jD0. We assume that it is true for all 0 � j 0 � j � n � 1 and show that it also holds for
j C 1. One has XjC1 h D ..�@x/

jC1 /h C �jC1; since (5.17) holds for �jC1 with n
replaced by j C 1 � n, the result follows directly since by (3.3) and Proposition 3.6 one
has kr hkL2.�/ � j j PH1=2.�D/.

Plugging the estimate of Lemma 5.6 into (5.17) ends the proof of Proposition 5.4.

5.5. Commutator estimates for the Dirichlet–Neumann operator

We derive in this section two commutator estimates that will be crucial to obtain space
regularity on the solutions to the Cauchy problem (4.1)–(4.2). The first one is stated in the
following proposition.
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Proposition 5.7. Let Assumption 5.1 be satisfied and let n2N, n¤ 0. Let  2 PH 1=2.�D/

be such that .�@x/j 2 PH 1=2.�D/ for 0 � j � n. Then there is a constant C > 0, inde-
pendent of  , such that for all z 2 PH 1=2.�D/, one hasZ

�D
Œ.�@x/

n; G0� �@x z � C �
� nX
jD0

j.�@x/
j //hj PH1=2.�D/

�
j z j PH1=2.�D/:

Proof. Thanks to Proposition 2.23, it is enough to prove this estimate for z 2D.�D/ (in
which case the integral of the left-hand side is well defined). The strategy of the proof
is to decompose the commutator Œ.�@x/n; G0� into a sum of terms involving .@z�j /j�D

(0 � j � n) and G0..�@x/j / (0 � j � n � 1).
Using Green’s identity, we can write

(5.18)
Z
�D
@z�j�@x z D

Z
�

��j .�@x z /
h
C

Z
�

r�j � r.�@x z /
h;

for all z 2D.�D/.
We first give in Lemma 5.8 a variant of Lemma 5.5 that allows one to control the first

term of the right-hand side. The control of .@z�j /j�D is then deduced in Lemma 5.9, while
the control of G0..�@x/j / is established in Lemma 5.10. Finally, the afore mentioned
decomposition of the commutator is given in Lemma 5.11 after which the end of the proof
follows easily.

The following lemma is a variant of Lemma 5.5, in which we derived an upper bound
for
R
�
��j� when �2H 1

D.�/. In the lemma below, � is replaced byX z h, which does not
belong toH 1

D.�/, so that the proof needs to be modified. The assumption that � 2H 1
D.�/

was crucial in two places in the proof of Lemma 5.5. The first place was that it allowed to
use Hardy’s inequality 


1

�
�




L2.�/

� Ckr�kL2.�/:

This step is replaced by the observation that, from the definition of X D �T � r, one has


1
�
X z h





L2.�/

� Ckr z h
kL2.�/:

The second place was that since � vanishes on �D, there was no boundary integral on
this portion of the boundary in (5.15). The adaptation requires an analysis of this new
boundary integral whose control exploits the specific structure of X z h.

Lemma 5.8. Under the assumptions of Proposition 5.7, let 0� j � n, and 2 PH 1=2.�D/

be such that for all 0� k � j , one has .�@x/k 2 PH 1=2.�D/. Then, for all z 2 PH 1=2.�D/,Z
�

��jX z 
h
� C �

� jX
kD0

j.�@x/
k /j PH1=2.�D/

�
j z j PH1=2.�D/;

where we recall that �j D Xj h � ..�@x/
j /h.
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Proof of Lemma 5.8. As above, it is sufficient to prove the estimate for z 2D.�D/. We
actually prove a slightly more general result, namely, that for all 0 � j � n and all
f 2L1.�/ such that �rf 2L1.�/, one has

(5.19)
Z
�

f��jX z 
h
�C.kf kL1.�/; k�rf kL1.�//

� jX
kD0

kr..�@x/
k //hk2

�
kr z h

k2:

Since �0 D 0, the claim (5.19) is satisfied for j D 0. In order to prove that it holds for
all 1 � j � n, we proceed by a finite induction. Let us assume that (5.19) is satisfied for
0 � i � j � 1, and let us prove that it holds for j also.

Decomposing��j D Œ�;Xj � z h as in (5.11), we are led to prove that the upper bound
of (5.19) holds for Z

�

fS �i;kX
z h;

with � D 1; 2 and 0 � k � i � j � 1, and where we recall that

S1i;k D .X
i�k�.�T // �XkrXj�1�i h

�
and S2i;k D X

i�k@.�T / �Xk@rXj�1�i h:

When � D 1, we writeZ
�

fS1i;kX
z h
D

Z
�

f .�S1i;k/T � r
z h;

so that the upper bound (5.19) stems from the Cauchy–Schwarz inequality and the upper
bound (5.13) on k�S1

i;k
kL2.�/.

For � D 2 and proceeding as in the proof of Lemma 5.5, one sees that it is enough to
establish the desired upper bound for terms of the form

Il WD

Z
�

F � .r@X l h/X z h .0 � l � j � 1/;

where
kF kL1.�/ C k�rF kL1.�/ � C

�
kf kL1.�/ C k�rf kL1.�//:

Integrating by parts, and using the fact that zn D n on �D, we get

Il D �

Z
�

.@X l h/r � .FX z h/C

Z
�N
F � zn @X l hX z h

C

Z
�D
F � n @X l hX z h

(note that the boundary integral on �D was not present in the computations of the proof of
Lemma 5.5 because � vanished on �D). We use the notation A� B if jA�Bj is bounded
from above by a term of the same type as the right-hand side (5.19).

For the first term in the right-hand side of Il , one hasZ
�

.@X l h/r � .FX z h/ D

Z
�

.@X l h/
X
mD1;2

r � .F�Tm/@m z 
h
C

Z
�

F.@X l h/ �Xr z h

�

Z
�

F.@X l h/ �Xr z h;

where we used Lemma 5.6 to bound k@X l hk2 from above.
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Integrating by parts on the last integral leads to

(5.20)
Z
�

.@X l h/r � .FX z h/ �

Z
�

X�
�
F.@X l h/

�
� r z h

�

Z
�

F.@X lC1 h/ � r z h;

which is controlled by the desired upper bound owing to Lemma 5.6.
The second term of the right-hand side of I1 is controlled exactly as the boundary

integral in (5.15). It remains therefore to control the third term, that is, the integral on the
component �D of the boundary. We need to distinguish whether @ D @x or @ D @z .

Case @ D @x .
Since on �D, one has @x D �n? � r, we get by Green’s identity that

(5.21)
Z
�D
F � zn@xX l hX z h

D �

Z
�

r.X l h/ � r?
�
gX z h

�
;

where g D .F � N/�D and �D 2 C
1.� [ ��/ \ L1.�/ is a cutoff function such that

�D D 1 on �D and �N D 0 on �N and satisfying �r�D 2 L
1.�/. The right-hand side in

the above equality satisfies therefore

�

Z
�

r.X l h/ � r?
�
gX z h

�
D �

Z
�

r.X l h/ � .�r?g/T � r z h
�

Z
�

r.X l h/ �
�
gr?.X z h/

�
� �

Z
�

r.X l h/ �
�
gXr? z h

�
;

where we used the control on kr.X l h/kL2.�/ provided by Proposition 5.4 for the first
integral and also used the fact that X commutes with r? in the second integral, up to
terms that satisfy the upper bound stated in the lemma.

We can now conclude by observing thatZ
�

r.X l h/ � .gXr? z h/ D

Z
�

X�.gr.X l h// � r? z h(5.22)

�

Z
�

.gr.X lC1 h// � r? z h:

Since l � j � 1, this last term also satisfies the desired upper bound.
Case @ D @z .
Since on �D one has @z D n � r, and using the fact that @n.X

l h/ D 0 on �N by the
third point of Lemma 5.3, Green’s identity gives this timeZ
�D
F � n @zX l hX z h

D

Z
�

�.X l h/.F �N/X z h
C

Z
�

r.X l h/ � r
�
.F �N/X z h

�
:

The first term of the right-hand side is of the form considered in the claim (5.19)
(with F �N playing the role of f ); since l � j � 1, the induction assumption ensures
that it satisfies the upper bound of the claim. The second term is treated exactly as the
right-hand side of (5.21) above.

The induction is therefore complete and (5.19) is proved. The lemma follows by tak-
ing f D 1.
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We can now provide a control for the left-hand side of (5.18).

Lemma 5.9. Under the assumptions of Proposition 5.7, let 0� j � n, and 2 PH 1=2.�D/

be such that for all 0� k � j , one has .�@x/k 2 PH 1=2.�D/. Then there exists a constant
C > 0, independent of  , such that for all z 2 PH 1=2.�D/,Z

�D
@z�j�@x z � C

� jX
kD0

j.�@x/
k /j PH1=2.�D/

�
j z j PH1=2.�D/:

Proof of Lemma 5.9. As above, we can work with z 2D.�D/. We recall that by (5.18)
we haveZ

�D
@z�j�@x z D

Z
�

��j .�@x z /
h
C

Z
�

r�j � r.�@x z /
h
DW K1 CK2;

for all z 2 D.�D/. We now turn to control K1 and K2.
Control of K1. We can decompose

K1 D �

Z
�

��j z�1 C

Z
�

.��j /X z 
h;

with z�1 D �..�@x/ z /h CX z h. The first term can be controlled by Lemma 5.5 because
z�1 2 H

1
D.�/, while the second one is controlled by its variant Lemma 5.8.

Control of K2. We have

K2 D

Z
�

r�j � r
�
.�@x z /

h
�X z h

�
C

Z
�

r�j � rX z 
h

D

Z
�

r�j � r
�
.�@x z /

h
�X z h

�
C

Z
�

r�j � Œr; X� z 
h
C

Z
�

X�r�j � r z 
h;

so that the desired upper bound easily follows from Proposition 5.4 and the equivalence
of norms kr z hkL2.�/ � j

z j PH1=2.�D/.
This completes the proof of the lemma.

To complement Lemma 5.9, we provide a similar control for G0..�@x/j / (note,
however, that the sum on the right-hand side takes its range in 0 � k � j C 1 rather than
0 � k � j ).

Lemma 5.10. Under the assumptions of Proposition 5.7, let 0 � j � n � 1, and let
 2 PH 1=2.�D/ be such that for all 0 � k � j C 1, one has .�@x/k 2 PH 1=2.�D/. Then
there exists a constant C > 0, independent of  , such that for all z 2 PH 1=2.�D/,Z

�D
G0..�@x/

j /.�@x z / � C
� jC1X
kD0

j.�@x/
k /j PH1=2.�D/

�
j z j PH1=2.�D/:

Proof of Lemma 5.10. As above, we can work with z 2D.�D/. Throughout this proof,
we write A � B if jA � Bj is bounded from above by the right-hand side of the estimate
stated in the lemma.
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From the variational definition of the Dirichlet–Neumann operator, we haveZ
�D
G0..�@x/

j /.�@x z / D

Z
�

r..�@x/
j /h � r.�@x z /

h

�

Z
�

r..�@x/
j /h �Xr z h;

the second line stemming as usual from Proposition 5.4. Integrating by parts and recalling
that X� D �X � r � .�T /, it follows thatZ

�D
G0..�@x/

j /.�@x z / � �

Z
�

Xr..�@x/
j /h � r z h

� �

Z
�

r..�@x/
jC1 /h � r z h:

The result then easily follows from the Cauchy–Schwarz inequality.

The following lemma now provides a decomposition of the commutator Œ.�@x/n;G0� 
into several terms that can be controlled using the above results.

Lemma 5.11. Under the assumptions of Proposition 5.7, let n2N, and assume  is such
that .�@x/i 2 PH 1=2.�D/ for all 0 � i � n. Then there are functions F .n/i 2W

1;1.�D/

.0 � i � n � 1/ that do not depend on  and such that

Œ.�@x/
n; G0� D .@z�n/j�D C

n�1X
iD0

F
.n/
i

�
G0..�@x/

i /C .@z�i /j�D

�
:

Proof of Lemma 5.11. Since by definition ofG0 we haveG0 D .@z h/j�D , and because

X h
D �T � r h

D �@x 
h on �D,

we can write

Œ.�@x/
n; G0� D

�
Xn@z 

h
�
j�D
�
�
@z..�@x/

n /h
�
j�D

D .ŒXn; @z � 
h/j�D C

�
@z�n

�
j�D
:(5.23)

In order to understand the structure of the commutator in the right-hand side, let us
recall that X D �T � r, so that we have for all ' 2D.� [ ��/,

X@z' D @z.�T � r'/ � @z.�T / � r':

Since @z� vanishes on �D, we deduce that�
ŒX; @z �'

�
j�D
D ��.@zT � r'

�
j�D
:

Choosing T as in the proof of Lemma 5.3 and using the fact that

@z�
.c/
D 0 and @z.�.c/ e.c/r / D

1

r .c/
ez on �D,

one gets that

.@zT /j�D D

�X
c2C

�.c/

r .c/

�
ez ;
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so that we can conclude that�
ŒX; @z �'

�
j�D
D F

.1/
0 .@z'/j�D ; with F

.1/
0 D �

�X
c2C

�.c/
�

r .c/

�
j�D
:

Using this identity repeatedly, one can prove by a finite induction that for all n2N,
n � 1, one has �

ŒXn; @z �'
�
j�D
D

n�1X
iD0

F
.n/
i .@zX

i'/j�D ;

where the functions F .j /i belong to W 1;1.�D/. Since

.@zX
i h/j�D D G0..�@x/

i /C .@z�i /j�D ;

the above formula applied with ' D  h yields

.ŒXn; @z � 
h/j

�.D/
D

n�1X
iD0

F
.n/
i

�
G0..�@x/

i /C .@z�i /j�D

�
:

Together with (5.23), this directly implies the result.

Proposition 5.7 is now a direct consequence of Lemmas 5.9, 5.10 and 5.11.

When n D 1, a variant of the commutator estimate given in Proposition 5.7 is the
following (it requires a control of �@x z in H 1=2.�D/ instead of �@x 2 PH 1=2.�D/).

Proposition 5.12. Let Assumption 5.1 be satisfied. There exists C > 0 such that for all
 2 PH 1=2.�D/ and all z 2 PH 1=2.�D/ such that �@x z 2H 1=2.�D/, one hasZ

�D
Œ�@x ; G0� �@x z � C j j PH1=2

�
j z j PH1=2 C j�@x z jH1=2

�
:

Remark 5.13. Remarking that

.Œ@x.�
2@x �/; G0� ; z /L2 D .�@x ; Œ�@x ; G0� z /L2 � .Œ�@x ; G0� ; �@x z /L2 ;

we can combine Propositions 5.7 and 5.12 to obtain�
Œ@x.�

2@x �/; G0� ; z 
�
L2.�D/

.
�
j j PH1=2.�D/ C j�@x jH1=2.�D/

�
j z j PH1=2.�D/:

Proof of Proposition 5.12. By Lemma 5.11, we can decompose

Œ�@x ; G0� D .@z�1/j�D C FG0 ;

with F 2W 1;1.�D/ and �1 D X h � .�@x /
h.

Since ˇ̌̌ Z
�D
FG0 �@x z 

ˇ̌̌
. j j PH1=2.�D/ j�@x

z jH1=2.�D/;

we are left to control the contribution of .@z�1/j�D .
The proof is very similar to that of Lemma 5.8 (it is actually simpler, since it consists

in skipping the integration by parts of (5.20) and (5.22)), and is therefore omitted.
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6. Well-posedness in partially weighted spaces

We have seen that Corollary 4.12 allows us to construct solutions in U2 V n
T , with V n

T

defined in (4.8) and n2N, to the evolution equation

(6.1) @tU C AU D F;

with U D .�;  /T, F D .f; g/T and A D
�
0 �G0
g 0

�
, with initial condition

(6.2) UjtD0 D U
in:

This implies that for all 0 � j � n, one has .�A/jU 2 C.Œ0; T �IX/, where we recall
that X is the energy space defined as X D L2.�D/ � PH1=2.�D/ if �D is bounded, and
X D L2.�D/ � PH 1=2.�D/ otherwise.

From this, it is possible to deduce that U D .�;  /T belongs to C.Œ0; T �IHn=2.�D/ �
PH ..nC1/=2.�D// if n � 2, as shown in Corollary 4.14, and for n � 3 under an additional

smallness assumption on the angles at the corners of the fluid domain, as shown in Corol-
lary 4.17.

We also derived in Section 5 some estimates on the commutators Œ.�@x/j ; G0� of
the Dirichlet–Neumann operator with weighted derivatives which are classically used in
the analysis of elliptic PDEs in corner domains [20, 27, 51]. The motivation to derive
these commutator estimates was to use them to control .�@x/jU , and more generally
.�@x/

j .�A/kU , with 0 � j C k � n, in C.Œ0; T �IX/ and without any smallness assump-
tion on the angles.

This suggests that a functional space containing all the functions V 2X such that all the
partially weighted quantities .�@x/j .�A/kV , with 0 � j C k � n, are in X is appropriate
for a good well-posedness theory for the initial value problem (6.1)–(6.2). Such partially
weighted functional spaces are introduced in §6.1.

In §6.2, we then use the commutator estimates of Section 5 to establish a key result of
transfer of regularity, namely, that a control of .�@x/j .�A/kC1U in C.Œ0; T �IX/ allows
one to control .�@x/jC1.�A/kU in the same space. Starting from Corollary 4.12, that
provides a control of .�A/nU , this transfer property allows one to control all the par-
tially weighted norm of order n and to prove, in §6.3, a well-posedness result in partially
weighted functional spaces. This result allows one to go beyond theH 1 � PH 3=2 regularity
threshold in the interior of �D, without any smallness assumption on the angles.

6.1. The spaces Y n and W n
T

Recalling that X is defined by (4.5) if �D is bounded and by (4.6) otherwise, we introduce
the spaces Yn defined for all n2N as

(6.3) Yn
WD ¹U2X; jU jYn <1º;

with
jU jYn WD

X
0�jCk�n

j.�@x/
j .�A/kU jX:
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For time dependent functions, we also need to introduce the spaces W n
T for T > 0 by

(6.4) W n
T WD

n\
lD0

C l .Œ0; T �IYn�l /;

endowed with the norm kU kW n
T
WD supt2Œ0;T � N

n.U.t// < 0, where

(6.5) N n.U.t// WD

nX
lD0

j@ltU.t/jYn�l :

Throughout this section, we use the following notation:

Uj;k WD .�@x/
j .�A/kU:

6.2. A key proposition

The following proposition shows that one can control .�@x/jC1.�A/kU in terms of
.�@x/

j .�A/kC1U , which is the key step to deduce our main result from Theorem 4.2
or 4.5. Thanks to this property, it will be possible to deduce weighted estimates from the
time regularity provided by Corollary 4.12.

Proposition 6.1. Let Assumption 5.1 be satisfied. Let T > 0, n2N and U2C.Œ0;T �IYn/

solve (6.1)–(6.2). Let also 0 � j; k � n be such that j C k D n. If moreover Uj;kC1 2
C.Œ0; T �IX/, U in

jC1;k
2X and FjC1;k 2C.Œ0; T �IX/, then one has UjC1;k 2C.Œ0; T �IX/,

and the following energy estimate holds:

jUjC1;k.t/j
2
X � e

t
jU in
jC1;kj

2
X

C C

Z t

0

et�s
�
jFjC1;k.s; �/j

2
X C jU.s; �/j

2
Yn C jUj;kC1.s; �/j

2
X

�
ds;

for some constant C > 0 independent of U and F .

Proof. We first establish in Step 1 the energy estimate stated in the lemma for more reg-
ular solutions U . In order to show that the energy estimate remains valid at the level of
regularity assumed in the statement of the proposition, we approximate UjC1;k by a reg-
ularizing sequence .V"/, where the V" satisfy the energy estimate, and then pass to the
limit. The regularization process is studied in Step 2, and the energy estimates for V",
which involve additional commutator estimates compared to the computations of Step 1
due to the presence of smoothing operators, are performed in Step 3. The convergence
step and conclusion is then done in Step 4.

Step 1. A priori estimates for more regular solutions.
Under the assumption U2C.Œ0; T �IYn/, we know that Uj;k 2C.Œ0; T �IX/. The idea

is to write the system satisfied by �@xUj;k and to perform energy estimates, assuming that
we have enough regularity on Uj;k to do so.

Applying .�@x/jC1.�A/k to (6.1), one gets

@t .�@xUj;k/C A.�@xUj;k/ D FjC1;k C
�
Œ.�@x/

jC1; G0� 0;k
0

�
:
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Note that if �@xUj;k 2C 1.Œ0; T �IX/, then

h@t .�@xUj;k/; �@xUj;kiX D
1

2

d
dt
j�@xUj;kj

2
X;

and that if �@xUj;k 2C.Œ0; T �IH 1=2 � PH 1=2/, then we have

h�@xUj;k ; .�A/�@xUj;kiX D 0:

Therefore, if we assume the additional regularity

�@xUj;k 2 C
1.Œ0; T �IX/ \ C.Œ0; T �IH 1=2

� PH 1=2/;

one gets by taking the scalar product of the above equation with �@xUj;k ,

d
dt
1

2
j.�@x/Uj;kj

2
X D hFjC1;k ; �@xUj;kiX C

�
Œ.�@x/

jC1; G0� 0;k ; �@x�j;k
�
L2.�D/

:

Using Proposition 5.7, we get that

�
Œ.�@x/

jC1; G0� 0;k ; �@x�j;k
�
L2.�D/

� C
� jC1X
lD0

j.�@x/
l 0;kj PH1=2

�
j�j;kj PH1=2

� C
�
jU jYn C j�@xUj;kjX

�
jUj;kC1jX;

where we used the fact that .�@x/l 0;k is the second component of Ul;k and g�j;k is the
second component of Uj;kC1 D .�@x/j .�A/U0;k . We deduce that

d
dt
1

2
j.�@x/Uj;kj

2
X .

�
jFjC1;kjX C jUj;kC1jX

�
j�@xUj;kjX C jU jYn jUj;kC1jX;

and therefore,

jUjC1;k.t/j
2
X � e

t
jU in
jC1;kj

2
X

C C

Z t

0

et�s
�
jFjC1;k.s; �/j

2
X C jU.s; �/j

2
Yn C jUj;kC1.s; �/j

2
X

�
ds:

Step 2. Regularization of Uj;k .
Since, under the assumptions of the proposition, Uj;k does not have the required regu-

larity to apply the computations of the previous steps, we consider the regularization U "
j;k

defined for " > 0 as

U "j;k WD K"Uj;k with K" WD .1 � "@x.�
2@x �//

�1
I

the smoothing operatorK" is well defined and acts on L2.�D/, as proved in the following
lemma, which gathers several properties of K" that we shall need throughout this proof.

Lemma 6.2. (i) There is a constant C > 0 such that for all f 2L2.�D/, one has

jK"f jL2.�D/ C
p
" j�@x.K"f /jL2.�D/ � C jf jL2.�D/:
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(ii) There are "0>0 and a constantC >0 such that for all 0<"<"0 and f 2 PH 1=2.�D/,
one has

jK"f j PH1=2.�D/ C
p
" j�@x.K"f /j PH1=2.�D/ � C jf j PH1=2.�D/:

(iii) Let j 2N�. There exists a constant C > 0 such that, for all V 2 X such that
.�@x/

lV 2X for l � j � 1, one has

jŒ.�@x/
j ; K"�V jX C

p
" j�@x Œ.�@x/

j ; K"�V jX � C
p
"

j�1X
lD0

j.�@x/
lV jX:

(iv) For all f 2L2.�D/, K"f converges to f in L2.�D/ as "! 0.

(v) For all f 2 PH 1=2.�D/, K"f converges to f in PH 1=2.�D/ as "! 0.

Proof of Lemma 6.2. (i) The result is a simple consequence of the variational estimates
associated with the identity

.1 � "@x.�
2@x �//K"f D f:

(ii) Taking theL2-scalar product of .1� "@x.�2@x �//K"f D f withG0K"f , one gets

jK"f j
2
PH1=2
C"j�@xK"f j

2
PH1=2

. jf j PH1=2.�D/jK"f j PH1=2C"
ˇ̌
.�@xK"f; Œ�@x ;G0�K"f /L2

ˇ̌
:

Using Proposition 5.7, this implies that

jK"f j
2
PH1=2
C " j�@xK"f j

2
PH1=2

. jf j PH1=2.�D/ jK"f j PH1=2

C " jK"f j PH1=2

�
jK"f j PH1=2 C j�@xK"f j PH1=2

�
;

from which the result follows by Young’s inequality if " is mall enough.
(iii) We need to prove that the estimate of the lemma holds with X replaced byL2.�D/

and PH 1=2.�D/. We start with f 2L2.�D/.
We observe that wj WD ŒK"; .�@x/j �f solves the elliptic system

(6.6) .1 � "@x.�
2@x �//wj D �"Œ.�@x/

j ; @x���@xK"f I

multiplying by wj , integrating by parts and using Young’s inequality, we deduce that

jwj j
2
L2
C " j�@xwj j

2
L2

.
j�1X
lD0

"2 j�@x.�@x/
lK"f j

2
L2
:

If j D 1, then we can use the first point of the lemma to bound the right-hand side
from above by jf j2

L2
; for j > 1, we write .�@x/lK"f D K".�@x/lf �wl and apply the

second point proved above to obtain

jwj j
2
L2
C " j�@xwj j

2
L2

. "

j�1X
lD0

�
j.�@x/

lf j2
L2
C
p
" j�@xwl j

2
L2

�
;
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so that a simple induction yields

jŒ.�@x/
j ; K"�f jL2 C

p
" j�@x Œ.�@x/

j ; K"�f jL2 � C
p
"

j�1X
lD0

j.�@x/
lf jL2 ;

which is the desired result.
In order to prove that a similar results holds in PH 1=2.�D/, we multiply (6.6) by G0wj

and proceed as in the case f 2L2.�D/ and point (ii) of the lemma. We omit the details.
(iv) The result stems directly from functional calculus since the operator �@x.�2@x �/

is positive self-adjoint on the Hilbert space ¹f 2L2.�D/; �@xf 2L
2.�D/º (endowed with

its canonical scalar product).
(v) We first prove that if @xf 2L2.�D/ then j@xK"f jL2.�D/ �C j@xf jL2.�D/ for some

constant C > 0 independent of f .
Applying @x to the equation .1 � @x.�2@x//K"f D f , we get

.1 � "@x.�
2@x//.@xK"f / D @xf C 2"@x.�.@x�/.@xK"f //:

Multiplying by .@xK"f / and integrating by parts easily yields, for " small enough,

(6.7) j.@xK"f /jL2.�D/ C
p
" j�@x.@xK"f /jL2.�D/ . j@xf jL2.�D/;

from which the desired inequality follows.
Let us now prove the result stated in the lemma, namely, that for all " > 0 and all

f 2 PH 1=2.�D/, one has jK"f � f j PH1=2 . " for " small enough. By density of D.�D/ in
PH 1=2.�D/, we can find Qf 2D.�D/ such that jf � Qf j PH1=2 < "=M for someM > 0 to be

fixed below.
We then write

jK"f � f j PH1=2 � jK" Qf � Qf j PH1=2 C jK".f � Qf /j PH1=2 C jf � Qf j PH1=2

� jK" Qf � Qf j PH1=2 C "=2;(6.8)

provided thatM � 2
�
1C jK"j PH1=2! PH1=2/. Since moreover, we have by interpolation that

jK" Qf � Qf j PH1=2 . jK" Qf � Qf j1=2L2 jK" Qf � Qf j
1=2

H1

(this interpolation makes sense by using Proposition 2.13 and a standard interpolation) and
because we can infer from the bound on @xK" proved above that jK" Qf � Qf jH1 . j Qf jH1 ,
we obtain that

jK" Qf � Qf j PH1=2 . jK" Qf � Qf j1=2L2 j Qf j
1=2

H1 :

Since we have seen that K"f converges to f in L2.�D/, we can bound the right-hand
side of this inequality by "=2 for " small enough. Plugging this into (6.8) then yields the
desired result.

Let us note that under the assumptions Uj;kC1 2 C.Œ0; T �IX/ and Fj;k 2 C.Œ0; T �IX/,
and remarking that @tUj;k D �Uj;kC1 C Fj;k , we deduce that Uj;k 2C 1.Œ0; T �IX/. Since
by the first two points of Lemma 6.2, �@xK" is bounded on X, this implies that V" D
�@xK"Uj;k 2C

1.Œ0; T �IX/.
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In order to justify the computations leading to the energy estimates, we still need
to prove that V" 2 C.Œ0; T �IH 1=2 � PH 1=2/; using the fact that �@xK" is bounded on
H 1=2.�D/ � PH 1=2.�D/, it is enough to check that Uj;k 2C.Œ0; T �IH 1=2 � PH 1=2/. Since
Uj;k 2C.Œ0; T �IX/, the only thing to prove is that �j;k 2 PH 1=2.�D/. This is a consequence
of the assumption that Uj;kC1 D .�A/Uj;k 2C.Œ0; T �IX/ since the second component of
.�A/Uj;k is equal to �g�j;k .

We have therefore enough regularity on V" to justify the computations leading to the
energy estimates; the difficulty is now to control the additional commutator terms with the
smoothing operator K".

Step 3. Energy estimates for V" WD �@xK"Uj;k .
Since Uj;k solves

@tUj;k C AUj;k D Fj;k C
�
Œ.�@x/

j ; G0� 0;k
0

�
;

we get that

(6.9) @tV" C AV" D �@xK"Fj;k C
�
C1 C C2 C C3

0

�
;

with

C1 D �@xK"Œ.�@x/
j ;G0� 0;k ; C2 D �@x ŒK";G0� j;k and C3 D Œ�@x ;G0�K" j;k :

Taking the scalar product in X of (6.9) with V" yields, as above,

d
dt
1

2
jV"j

2
X � j�@xK"Fj;kjX jV"jX C

3X
mD1

.Cm; �@xK" �j;k/L2

. jFjC1;kjX jV"jX C
3X

mD1

.Cm; �@xK" �j;k/L2 ;(6.10)

where we used the first three points of the lemma.
We now turn to control the three commutator terms. More precisely, we prove below

that for m D 1; 2; 3, we have

(6.11)
ˇ̌
.Cm; �@xK" �j;k/L2

ˇ̌
. jU j2Yn C jV"j

2
X C jUj;kC1j

2
X:

� Contribution of C1.
We decompose C1 D C11 C C12 C C13 with

C11 D .�@x/Œ.�@x/
j ; G0�K" 0;k ;

C12 D .�@x/
jC1ŒK"; G0� 0;k � .�@x/ŒK"; G0�.�@x/

j 0;k ;

C13 D .�@x/ŒK"; .�@x/
j �G0 0;k � .�@x/G0ŒK"; .�@x/

j � 0;k ;

and consider these components separately. For C11, we notice that

C11 D Œ.�@x/
jC1; G0�K" 0;k � Œ�@x ; G0�.�@x/

jK" 0;k ;
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so that we get, from Proposition 5.7,

ˇ̌
.C11; �@xK" �j;k/L2

ˇ̌
.
� jC1X
lD0

j.�@x/
lK" 0;kj PH1=2

�
jK" �j;kj PH1=2

. .jU jYn C jV"jX/ jUj;kC1jX;(6.12)

which shows that C11 satisfies the upper bound (6.11).
For C12, we introduce the notation E D �@x.�2@x �/; since

ŒK"; G0� D �"K" ŒE; G0�K";

we deduce that
.C12; �@xK" �j;k/L2 D A1 C A2;

with

A1 D "
�
EŒ.�@x/j ; K"� ŒE; G0�K" 0;k ; K" �j;k

�
L2

C "
�
EK".�@x/j ŒE; G0�K" 0;k ; K" �j;k

�
L2
;

A2 D �"
�
EK" ŒE; G0�K".�@x/j 0;k ; K" �j;k

�
L2
:

Since moreover
"EK" D "K"E D 1 �K";

we can write

A1 D "
�
Œ.�@x/

j ; K"� ŒE; G0�K" 0;k ; .1 �K"/K" �j;k
�
L2

C "
�
.�@x/

j ŒE; G0�K" 0;k ; .1 �K"/K" �j;k
�
L2
;

and
A2 D �"

�
ŒE; G0�K" j;k ; .1 �K"/K" �j;k

�
L2
:

For A1, we remark that if j D 0, then the first component of the right-hand side van-
ishes, while for the second one gets, using Proposition 5.12 and Remark 5.13, that

jA1j .
�
jK" 0;kj PH1=2 C j�@xK" 0;kjH1=2

�
j.1 �K"/K" �0;kj PH1=2

.
�
jU jYn C jV"jX C j�@xK" 0;kjL2

�
jU0;kC1jX:

Since � is bounded, one can use (6.7) and Proposition 3.8 to obtain that for any smooth
enough function f , one has

(6.13) j�@xK"f jL2 . jG0f jL2 C jf j PH1=2 ;

so that
jA1j .

�
jU jYn C jV"jX C jU0;kC1jX

�
jU0;kC1jX;

so that jA1j can be bounded from above by the right-hand side of (6.11).
For j � 1, we notice that since

Œ.�@x/
j ; K"�f D �"K"Œ.�@x/

j ; @x���@xK"f;
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the first component consists of lower order terms so that we can focus on the second one;
using also the fact that E D �.�@x/2 � .@x�/�@x we obtain

A1 � "
�
Œ.�@x/

j�1; G0�.�@x/
2K" 0;k ; �@x..1 �K"/K" �j;k/

�
L2

C "
�
Œ.�@x/

jC1; G0�K" 0;k ; �@x..1 �K"/K" �j;k/
�
L2
;

where the notation�means equality up to lower order terms that can be controlled by the
right-hand side of (6.11).

It then follows from Proposition 5.7 and the first two points of Lemma 6.2 that A1 sat-
isfies the same upper bound as (6.11). This is also the case for A2 as a direct consequence
of Proposition 5.12 and Remark 5.13, and (6.13). We can therefore conclude that C12
satisfies the upper bound (6.11).

For C13, we write .C13; �@xK" �j;k/L2 D B1 C B2, with

B1 D
�
.�@x/ ŒK"; .�@x/

j �G0 0;k ; �@xK" �j;k
�
L2
;

B2 D �
�
.�@x/G0ŒK"; .�@x/

j � 0;k ; �@xK" �j;k
�
L2
:

We directly get from the Cauchy–Schwarz inequality and the third point of Lemma 6.2
that

jB1j .
� j�1X
lD0

j.�@x/
lG0 0;kjL2

�
j�@xK" �j;kj2 . jU jYn jV"jX:

For B2, we decompose

B2 D�
�
G0�@x ŒK"; .�@x/

j � 0;k ; �@xK" �j;k
�
L2

�
�
Œ�@x ; G0� ŒK"; .�@x/

j � 0;k ; �@xK" �j;k
�
L2
;

so that

jB2j .
1
p
"
j�@x ŒK"; .�@x/

j � 0;kj PH1=2 �
p
" j�@xK" �j;kj PH1=2

C

� jX
lD0

j.�@x/
l 0;kj PH1=2

�
jK" �j;kj PH1=2 ;

the second line being a consequence of Proposition 5.7 and Lemma 6.2. Decomposing
�@x ŒK"; .�@x/

j � D �Œ.�@x/
jC1; K"�C Œ�@x ; K"�.�@x/

j , we can therefore deduce from
the first and third point of Lemma 6.2 that

jB2j . jU jYn jUj;kC1jX;

and we can conclude that C13, and therefore C1, satisfy the upper bound (6.11).
� Contribution of C2.
Using again the relation ŒK"; G0� D �"K"ŒE; G0�K", we have

.C2; �@xK" �j;k/L2 D �"
�
�@xK"ŒE; G0�K" j;k ; �@xK" �j;k

�
L2.�D/

D �
�
ŒE; G0�K" j;k ; "EK2" �j;k

�
L2.�D/

:
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Since "EK"D 1�K", it follows from Proposition 5.12 and Remark 5.13, as well as (6.13),
that

.C2; �@xK" �j;k/L2 .
�
jK" j;kj PH1=2 C j�@xK" j;kjH1=2

�
� j.1 �K"/K" �j;kj PH1=2

.
�
jU jYn C jV"jX C jUj;kC1jX

�
jUj;kC1jX;

so that C2 satisfies the upper bound (6.11).
� Contribution of C3.
We directly get from Proposition 5.7 that C3 satisfies the upper bound (6.11).
We can then conclude from (6.10) and (6.11) that

jV".t/j
2
X � e

t
jU in
jC1;kj

2
X C C

Z t

0

et�s
�
jFjC1;k.s; �/j

2
X C jU.s; �/j

2
Yn C jUj;kC1.s; �/j

2
X

�
ds:

Step 4. Conclusion.
The energy estimate of Step 3, together with the last two points of Lemma 6.2, can

be used to show that V" is a Cauchy sequence in C.Œ0; T �IX/ and therefore converges in
this space (up to a constant for the second component). Since this limit coincides (up to a
constant) with �@xUj;k , this proves the result.

6.3. Main result

We recall that the spaces Yn and W n
T are defined in (6.3) and (6.4), while N n.U.t// is

defined in (6.5).

Theorem 6.3. Let �, �D and �N be as in Assumption 1.1 and Assumption 5.1. Let also
n 2N, T > 0, and U in 2 Yn and F 2 W n

T . Then there is a unique solution U2W n
T

to (6.1)–(6.2). Moreover, there exist two continuous functions of times c1 and c2 such that

8t � 0; N n.U.t// � .1C tc1.t//N
n.U.0//C c2.t/

Z t

0

N n.F.t 0// dt 0:

Remark 6.4. Similarly to Remark 4.13, we can use the equation to bound N n.U.0//

from above in terms of U in and F , namely,

N n.U.0// � jU in
jYn CN n�1.F.0//:

Remark 6.5. For the order nD 2, the quantity N n.U.t// controls � inH 1.�D/ and @x 
inH 1=2.�D/ as in Corollary 4.17, but also .�@x/2� inL2.�D/ and .�@x/2 in PH 1=2.�D/,
that is, away from the corners, we control one derivative more than in Corollary 4.17. For
n D 3 and angles smaller than 2�=3, we get as for Corollary 4.17 that N n.U.t// con-
trols � in H 3=2.�D/ and @x in H 1.�D/, but also .�@x/3� in L2.�D/ and .�@x/3 in
PH 1=2.�D/, that is, 3=2 more derivatives away from the boundary. In de Poyferré’s non-

linear a priori estimates (see [21]) for the case of the emerging bottom, the author had to
assume that the contact angle was smaller than �=3 to get @x 2H s , with s > 3=2. Here,
such a control is obtained away from the boundary for nD 3; according to Corollary 4.17,
we get a control of @x in H 2.�D/ for n D 5 (and hence also .�@x/5 in PH 1=2.�D/),
provided that the angle is smaller than 2�=5 > �=3.
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Remark 6.6. We have characterized the domain D.A/ D H 1=2.�D/ � PH 1.�D/ and we
have proved thatD.A/DH 1.�D/� PH

3=2
� .�D/, whereH 3=2

� .�D/ is subset of PH 3=2
� .�D/

(we have seen that in the case of a vertical contact at least, the inclusion is strict). The
characterization of D.An/ for all n2N� requires the characterization of D.Gn0 /, which
is a difficult open problem.

Remark 6.7. When the domain � is bounded, we can define the Neumann–Dirichlet
map H0 WL2.�D/! H1.�D/ (recall that we use calligraphic letters to denote spaces of
functions whose integral over �D vanishes); we have of course G0H0 D Id. Defining on
X D L2.�D/ �H1=2.�D/ the operator B by the matricial formula

B D
�

0 1=g
�H0 0

�
;

so that AB D Id, and by zXn D ¹U2X; .�@x/jU 2 X; 0 � j � nº, one has Bn zXn � Yn.

Proof of Theorem 6.3. The first step is to prove the property P .n0/ for n0 D n, where
P .n0/ states that Uj;k 2 C.Œ0; T �IX/ for all 0 � j C k � n0, where we recall the notation
Uj;k D .�@x/

j .�A/kU . This is done by a finite induction on 0 � n0 � n.
For n0 D 0, this is a direct consequence of Theorem 4.2 or 4.5. For 1 � n0 � n� 1, we

assume that P .n00/ is proved for 0 � n00 � n0 and show that this implies that P .n0 C 1/

holds.
Under the assumptions of the theorem, we know by Corollary 4.12 that U0;n0 and

U0;n0C1 are inC.Œ0;T �IX/. Since the assumptions of the theorem also imply thatU in
1;n0 2X

and F1;n0 2C.Œ0; T �IX/, we can use Proposition 6.1 to deduce that U1;n0 2C.Œ0; T �IX/.
Since by P .n0 � 1/ we know that U1;n0�1 2C.Œ0; T �IX/ and that the assumptions of the
theorem imply that U in

2;n0�1 and F2;n0�1 are in C.Œ0; T �IX/, we use Proposition 6.1 again
to get thatU2;n0�12C.Œ0;T �IX/. By a finite induction, we thus get thatUj;k 2C.Œ0;T �IX/
for all j C kD n0C 1, hereby proving P .n0C 1/. The induction step is therefore complete
and P .n/ follows.

Since we now know that @ltUjCk 2 C.Œ0; T �IX/ for l D 0 and 0 � j C k � n, we just
need to extend this properties to j � 1 such that 0 � l C j C k � n.

For such a j , we can write, using the equation

@ltU D .�A/lU C
l�1X
l 0D0

.�A/l�l
0

@l
0

t F;

and therefore,

@ltUj;k D Uj;kCl C

l�1X
l 0D0

@l
0

t Fj;kCl�l 0 :

The first component of the right-hand side belongs to C.Œ0; T �IX/ from the case l D 0
proved above, and the second component is also in this space by assumption. This proves
that U2W n

T ; the energy estimates easily follows from the energy estimates of Corol-
lary 4.12 and Proposition 6.1.
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