J. Spectr. Theory 15 (2025), 15231541 © 2025 European Mathematical Society
DOI 10.4171/IST/576 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Bounds for eigenvalue sums of Schrodinger operators
with complex radial potentials

Jean-Claude Cuenin and Solomon Keedle-Isack

Abstract. We consider eigenvalue sums of Schrodinger operators —A + V on L2(R9) with
complex radial potentials V € L9 (R9), g < d. We prove quantitative bounds on the distribution
of the eigenvalues in terms of the L9 norm of V. A consequence of our bounds is that, if the
eigenvalues (z;) accumulate to a point in (0, c0), then (Im z; ) is summable. The key technical
tools are resolvent estimates in Schatten spaces. We show that these resolvent estimates follow
from spectral measure estimates by an epsilon removal argument.

1. Introduction and main results

We consider Schrodinger operators H = —A + V on L2(R¢) with complex-valued
potentials V € L4(R?), with ¢ < co. The spectrum of H consists of [0, 00) together
with a discrete set of eigenvalues z;. We are interested in quantitative bounds on the
zj that depend only on an L4 norm of the potential.

1.1. Bounds for single eigenvalues

Laptev and Safronov [22] conjectured that, in d > 2 dimensions, any non-positive
eigenvalue z of H satisfies the bound

21 < D, / V()24 (L)

R4

for 0 <y <d/2, and with D, 4 independent of V' and z. Prior to this, Abramov,
Aslanyan, and Davies [1] had shown that (1.1) holds if d = 1 and y = 1/2. For
d > 2, the Laptev—Safronov conjecture was proved for 0 < y < 1/2 by Frank [15]
and disproved for y > 1/2 by Bogli and the first author [4]. The conjecture is true
for radial potentials in the range 0 < y < d/2, as proved by Frank and Simon [20],
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and it fails for y > d/2 by a counterexample of Bogli [3]. There are some further
refinements and generalisations of (1.1) (see, e.g., [8] and references therein), and
there is by now a more-or-less complete picture of bounds of the type (1.1) for a
single eigenvalue z.

1.2. Bounds for eigenvalue sums

The situation for eigenvalue sums is considerably less well understood. The starting
point is the celebrated Lieb—Thirring inequality for real-valued potentials,

>zl = Lya / V|7 +e 2y, (12)

J R4

which holds for y > 1/2 if d = 1 and y > 0 if d > 2. Frank, Laptev, Lieb, and
Seiringer [ 18] proved that, for y > 1, inequality (1.2) holds for all eigenvalues outside
a fixed cone, |Imz;j| > k Re z;, with a constant that blows up as k — 0 at a rate
k~?~4/2 In d = 1, the blow up rate was shown to be optimal by Bogli [3]. Averaging
the bound of Frank, Laptev, Lieb, and Seiringer with respect to k, Demuth, Hansmann,
and Katriel [11] proved that

8(z;)\r+d/2+e
S (R < e [ Ivirra, (13)
J

B
R4

where §(z) := dist(z, [0, 00)), y > 1 and ¢ > 0. They also posed the question [13]
whether (1.3) is true for ¢ = 0. For d = 1, Bogli and Stampach [5] answered this
question in the negative.

A rather different set of results concerning eigenvalue sums have been established
by Frank and Sabin [19] and Frank [16]. These bounds are of the (scale-invariant)
form

B\v/a
)) gca,ﬁ,y,d/|V|V+d/2dx. (1.4)
RrRA

o (5))
(e ()

It would be too technical for this introduction to state the precise values of «, 8, y, d
for which (1.4) holds, so we will only remark some general features of these bounds.'

o If0<y<1/2(y=1/2ifd =1),then 8 = 1. This means that if the eigenvalues
accumulate in (0, co) then they are summable, i.e., (Imz;) € €.

'We are indebted to Rupert Frank for communicating these remarks very clearly during an
online IAMP seminar [17].
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* In all known bounds, we have y/a < 1. In other words, a sum is bounded by
a power of an integral strictly greater than 1. This means that there is a loss of
locality, which is a crucial feature of the Lieb—Thirring inequality (1.2).

e One particular bound from [16] for d = 1 states that

(ZS(Zj)ﬂ)”(Zﬂ) SCﬂ[|V(x)|dx (1.5)
J

R4

holds with 8 = 1. The first-named author showed in [9] that the inequality fails
for B < 1, so the bound (1.5) is optimal.

The example of [9] also shows that one can have unexpectedly many eigenvalues
compared to the number of resonances. In higher dimensions, it is an open problem
whether there are Schrodinger operators with complex potentials that have signific-
antly more eigenvalues than their real counterparts.

1.3. Main results

Our main contribution is to improve the results of Frank [16], concerning bounds of
the type (1.4), under the assumption that V' is radial. As we already mentioned, radial
potentials satisfy better estimates in the case of individual eigenvalues. To the best of
our knowledge, such an effect has not been observed so far for sums of eigenvalues.

Theorem 1.1. Letd >2, g ((d +1)/2,d), p > (d —1)q/(d — q). Then for radial
V e L1(R?), the eigenvalues zj of H satisfy

q/p
(Do sz ra-v/eo-1)T" < ¢, , / |V|dx. (1.6)
J R4

In particular, if (z;) accumulates to a point in (0, o), then (Imz;) € €.

Remark 1. (i) Frank and Sabin [19] proved the case g € (d/2, (d + 1)/2] with the
same accumulation rate.

(ii) Frank [16] proved similar bounds for ¢ > (d + 1)/2, but with a slower accu-
mulation rate. Moreover, Frank’s bounds distinguish between eigenvalues lying in a
disk around the origin and eigenvalues lying outside this disk.

(iii) The overall powers of |z;| in the bounds of Frank and Sabin [19] and Frank
[16] are always negative, whereas ours are positive.

@iv) Since g/p < (d —q)/(d — 1) < 1, the bound (1.6) exhibits the same non-
locality as those in [16, 19]. We conjecture that the exponent ¢/ p in (1.6) cannot be
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increased, i.e., that the inequality

_ _\4/(Bp)
0(25(Zj)ﬂ|zj|ﬂp(l d/(2q) 1) <Cpus / WV |dx
J R4

fails for B < 1. We leave it as an open problem to find a counterexample.

(v) Another interesting question is whether one can dispense with the radiality
assumption and instead replace the right-hand side of (1.6) by a constant multiple of
the mixed norm

o0
/ sup |V(ro)|9riar.

weSd—1
0

Such generalizations for bounds of single eigenvalues appear in [20].

The proof of Theorem 1.1 follows the same general strategy as in [16, 19]. It is
based on the identification of eigenvalues of the Schrodinger operator H with zer-
oes of an analytic function (a regularised determinant). This method was pioneered
by Demuth and Katriel [14] and Borichev, Golinskii, and Kupin [6] and extended by
Demuth, Hansmann, and Katriel [11, 12]. The method rests upon a remarkable gen-
eralization of Jensen’s inequality for analytic functions, due to [6], for functions that
blow up at some points of the boundary. We will appeal to the quantitative version of
Frank [16, Theorem 3.1], but the special case ¢ = 0 there is essentially contained in
the proof of [19, Theorem 16]. It corresponds to a blow up at a single point (z = 0).
The main new technical ingredient in our proof is a uniform resolvent bound in trace
ideals.

Theorem 1.2. Let d/2 < g <d and p > (d — 1)q/(d — q). Then, for all z € C \
[0, 00) and for all radial functions Wy, Wy € L4(R9),

W1 (=A = 2)" Waller2@ay) < Cpaalzl? CO Wil 20 Wall 2. (1.7)

Remark 2. (i) Theorem 1.2 extends the uniform resolvent estimates of Frank and
Sabin [19, Theorem 12] from ¢ < (d + 1)/2 to ¢ < d under the assumption of radial
symmetry.

(i1) Our Schatten exponent p coincides with that of [19] and is optimal in the range
q <(d +1)/2,as shownin [19, Theorem 6]. The resolvent bounds of Frank and Sabin
hold for arbitrary potentials, not just radial potentials. However, their counterexample
is radial and the argument remains valid for ¢ > (d + 1)/2, so the same example
shows optimality of the Schatten exponent p in Theorem 1.2.

(iii) The Schatten norm bound in Theorem 1.2 is crucial for applications involving
sums of eigenvalues. For bounds involving only individual eigenvalues, a weaker
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bound for the operator norm would suffice. By Holder’s inequality, the operator norm
bound is equivalent to an L? — L?" bound for (—A —z)~!. Inthe range d/2 < ¢ <
(d + 1)/2, this is a special case of the uniform resolvent bounds of Kenig, Ruiz, and
Sogge [21]. The idea of using uniform resolvent bounds in the context of eigenvalue
bounds for Schrédinger operators with complex potentials is due to Frank [15].

(iv) For radial potentials, Frank and Simon proved uniform L? — L?" bounds
(equivalently, bounds with the operator norm instead of a Schatten norm in the left-
hand side of (1.7)) in the optimal range d /2 < g < d. Thus, one of our main contri-
butions is to upgrade their bounds to stronger trace ideal bounds.

Notation

We write A < B for two non-negative quantities A, B > 0 to indicate that there is a
constant C > 0 such that A < CB. The dependence of the constant on fixed parameters
like d and ¢ is usually omitted.

If K: # — J’ is a compact operator between Hilbert spaces # and J#’, we denote
its singular values by s,(K). For 1 < p < oo, the Schatten norm and weak Schat-
ten norm of K order p are defined by ||K|lgrw,5 = (O _,en sp(K)P)V/P and
”K”/ r(HLH) :
and for 2 < p < oo, an equivalent norm (hence satisfying the triangle inequality) is
given by || K|l gp g 1) ‘= SUPNen N=HP 3y sn(K). We abbreviate (J, J')
by # when #’ = J{ and omit the notation entirely when the underlying spaces are
clear from context.

= sup,en 11'/Ps,(K), respectively. The latter defines a quasinorm,

The indicator function of a set E C R? is denoted by 1g. For 1 < p < oo, we
denote its Holder conjugate by p’ = (1 — 1/p)~!. An arbitrary ball of radius R
will be denoted by Bg, without specifying its center. We use the convention f &) =
Jra e ¢ f(x)dx for the Fourier transform of f.

2. Spectral measure estimate

Let E(A) = 1jo,21(v/ —A). The spectral function can be factorised as
dE(A)/dA = cg 928 (1)EN)*, 2.1

where &(1): L1 (S?~1) — L°°(R?) is the Fourier extension operator

EM)g(x) = [ §ArEg(£)dS(E). x e RY, A >0,

sd—1

and where dS denotes induced Lebesgue measure on the unit sphere SUIfA =1,
we will write & := &(1).
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The main result of this section is the following precursor to Theorem 1.2.

Theorem 2.1. Let 1 < g <d and p > (d — 1)q/(d — q). Then for all > > 0 and for
all Wy, Wy € L24(R9),

rad

dE(A) a2

We will use the following two lemmas in the proof of Theorem 2.1. The first is a
spherical harmonics decomposition of an operator that will appear in the proof. The
second concerns bounds on integrals of Bessel functions.

In the following, #; and Ay denote the k-th degree spherical harmonics and solid
spherical harmonics, respectively, and J,, denotes the Bessel function of the first kind
of order v.

Lemma 2.2. Fork € Ng, s > 0, let
Pr(s) = (27T)d/zi_kJ(d+2k—2)/2(s)sl_d/2-

Then for all H € ¥y and fy € (L' N L?)(R4, r¢~'dr), we have

€m© = Dfeeeh (). @3
* x
& (x> ol H (7))@ = ok ol ram1an H@). @24

Proof. Let H € #y and fy € (L' N L?)(R,, r?~1dr). We set

P(x)::|x|kH(i), f(x)::f0(|x|)H( ) o) i= 17 fo(r).

x|

by
|x|

Then we can write f(x) = ﬁ;(|x|)P(x). Since P € sy and f € (L' N L?)(RY), it
follows from [23, Theorem 1V.3.10] that

/ e £(x)dx = Fo(IE) P (&),

R4

[e.e]
ﬁ,(r) = Zni_kr_(d+2k_2)/2/ﬁ;(s)J(d+2k_2)/2(ans)s(de)/zds.
0
Replacing fo(r) by fo(27r) and changing variables, we can also write this as
—ix- X1
/ S DH/IxDdx = Fo) H (127). 2.5)
R4

o0
Fo(r) i= Q)22 [ 1)y ars)s s
0
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In particular,

X

&*(x = folxDH () )@) = Fo(WH@) = {0k fo) 2y pa-tan H(@).

|x|
This proves (2.4). Taking fo(r) in (2.5) to be an approximation of §(r — 1), a limiting
argument yields

[t r@se = ¢k<|s|)H(%).

Sd_l

Since P(§) = |&|*H(£/|£|) and P is a homogeneous polynomial of degree k, we
have H(—w) = (—1)¥ H(w) and hence

(EH)(§) = / et H(w)dS(w) = (—1)* / et H(w)dS(w)
Sd*l Sd*l
Y §
= (0¥ H (17)-
This proves (2.3). [ ]

The following lemma is a special case of a result of Barcelo et al. [2]. The specific
bound we require is stated below and can be inferred from [20, Lemma A.3].

Lemma2.3. Foroe Rand p >0+ 1,2p/3 > 0+ 1/3, we have

o]

/ |/ 27s)[?Ps@ ds < max{u~PTetl m2p/3Fet1/3y
1

SJorall uw > 1/2, p # 2. If p = 2 then the bound has an extra factor of log (L.

Proof of Theorem 2.1. By scaling, we may assume without loss of generality that
A = 1. By Holder’s inequality and a T T* argument, we have

IW188*Wallgr(L2®dy)

< ” W] & ||6217(L2(Sd_1),L2(]Rd)) ||8* W2||621’(L2(Rd),L2(Sd_l))

o nl/2 o nl/2
= [WEE* WilILS 12y W2 EE WAL o e
1/2 1/2
= 6" WiIPE I s ga-r IE* WP E N7 gamr -

Thus, by (2.1), it suffices to prove

(RY),

rad

IZvllgri-1y < CpgallVlre forall V e L]
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where
Ty = &*VE: LS4 — L*(s97Y).

Since V is spherically symmetric, Lemma 2.2 implies that Xy is reduced by the
decomposition L2(S?~!) = P>, #x and decomposes into an orthogonal sum

o0
Sy =@ Zvk. ZvaH = (-DFAyiH. forall H € ¥y,
k=0

where
Avg = (—1)k( / |¢k(s)|2v(s)sd—1ds), v(lx]) = V(o).
0

Hence, Xy is a multiple of the identity 1, , with eigenvalue Ay of multiplicity
dim #), ~ k?~2. By Holder,

o0
el < 2y / | Taaatsy2(6)Po(s)lsds
0

1/q

o0 l/q/ o0
< (zn)d( / |J<d+2k_2)/2<s>|24’sd—1+4’<2—d>ds) ( / |v(s)|qsd—1ds)
0 0

If weseto =d — 1+ ¢’(2 — d), then the conditions of Lemma 2.3 below are satisfied
ford > 2 and

, d d
q>maxd = = g <d.

Hence, for ¢ < d, we obtain
Ak < max{k—4’+9+17k—2q’/3+9+1/3}1/q’”V”Lq_

By orthogonality, we then have

o0 o0 o0

. d—2

IZI2, = > IZvkll, = Y dim A, S > k47200 S VL,
k=0 k=0 k=0

provided that ¢ < d and

2 1 d—1
d—2+max(—q/+g+l,—gq’+Q+§)§<—1 = p>u.

This completes the proof of Theorem 2.1. |
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3. Resolvent estimates

3.1. Naive bound and simplifications

In the following, we use the abbreviation Ry(z) := (—A —z)7!, z € C \ [0, o0).
To prove the resolvent estimate (1.7), we can assume |z| = 1 (by scaling). We only
consider the case Re z > 0, since the case Re z < 0 is much easier. We split Ro(z) =
Ro(z)Me" + Ry (z)°%, where Ry (z)°" has Fourier multiplier (§2 — z)~! y(§/+/Re 2)
and y is a smooth, radial function on R¢ that equals 1 on B(0, 2) and is supported on
B(0, 4). Again, we only consider Ro(z)"°" since the estimate for Ro(z)"2" is much
easier. Observing that

o A

WFA=)  dEQ

W1R0(2)1°WW2=/ Az: Wi d/(\ )Wzdx (3.1)
0

and using the spectral measure bound (2.2), we find
IW1Ro(2) " Wallgr2@ay < 11og | Imz|[[WillL2a W2l L2a-

This is almost the desired bound, up to a logarithm. In the remainder of this section,
we will remove the logarithm. We start with some simplifications regarding Wy, W.

First simplification. The resolvent, unlike the spectral measure, is not a T'T™* oper-
ator. However, since our proof only uses the spectral measure estimate, we are free
to use T T* arguments. Specifically, by the beginning of the proof of Theorem 2.1,
we may assume without loss of generality that W, = W,. Nevertheless, for clarity
and consistency, we continue to write W, and W, except where we revert to this sim-
plification. As in the proof of Theorem 2.1, we will sometimes adopt the notation
V = |Wi|? in this case. We warn the reader that this V' is non-negative and thus dif-
fers from the one in the eigenvalue bounds (Theorem 1.1) by a modulus. However, no
confusion should arise since we are solely concerned with resolvent estimates in this
section.

Second simplification. Due to the spectral localization y, we may also assume that
Wi, W5 are constant on unit cubes. In the remainder of Section 3.1, we detail the
argument (essentially an instance of the uncertainty principle) leading to this simpli-
fication. Since this may be of independent interest, we first explain the idea without
the radial symmetry assumption.

Consider a cover {Q} of R4 by axis-parallel unit cubes, and define the family of
weights

wo (x) := (1 +dist(x, 0))71%%  x e R4,
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Given V € L'(wg) (non-negative, but not necessarily radially symmetric), set

AW) = VLt we)lo-
0

By construction, A(}V) is constant on each cube Q. Adopting the first simplification,
it suffices to show

(g.6*VEg) < (g.6*A(V)Eg), forallg € L2(S?™1). (3.2)
Indeed, by the variational principle, (3.2) implies
16*VEgllerqaisi-1y < 16*AV)EGlgr@2(sa-1y)-

Proof of (3.2). Since §*V & is an integral operator with kernel 17(5 —n), for&, ne
S?=1 we have §*V & = &*(¢ * V)&, whenever ¢ € § is such that = 1 on B(0,2).
Thus, we may assume from the beginning that Vis supported on B(0, 2). It is then
easy to show that V' is locally constant on unit cubes, in the sense that

1VllLeec@) £ 1V lILt o)
see, e.g., [10, Lemma 15]. This implies that, for g € L%(S¢~1),

5.6V Eg) = / V()€ g () Pdx
Rd

-3 / V()€ g(0)Pdx
Q9

< IVt ) / €(x)Pdx
0 0

~ [ Z IVl lomleglx

re ¢
= (8. 67 A(V)€g).

where we used Fubini’s theorem in the third equality. ]

The modification for spherically symmetric V(x) = v(|x]|) is straightforward.
Instead of unit cubes in R¥, one uses unit intervals in R4 and applies the same argu-
ment to v(r).
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3.2. Smoothing

The first step is to trade the logarithmic loss in | Im z| into a logarithmic loss involving
the size of the supports of W;, W,. Hence, we will temporarily assume supp(W}),
supp(W») C Bg, where By is a ball in R with radius R > 1 (the center of the
ball will not be important). The spatial localization to Br smooths off the integrand
in (3.1) on the 1/R scale, i.e., when using the triangle inequality, [A> — z| may be
replaced by |A2 — z| + 1/R. To make this rigorous, observe that, by the convolution
theorem,

1g,m(D)1p, = 1g,mp(D)1p,

whenever m(D) is a Fourier multiplier, where mg = @gr * m, pr(£) := R?@(RE)
and ¢ is a spherically symmetric Schwartz function such that ¢ = 1 on B(0, 2). The
argument of the previous subsection then yields

IWi Ro(2)' ™ Wallgr 2y S (log R)IWillL2q [Wall2a- (3.3)

We refer to [10, Section 6.2] for full details.

3.3. Removal of the logarithm

To remove the log R factor, we partly follow the strategy of the first-named author
and Merz [10, Section 7.2]. The idea is reminiscent of an “epsilon removal lemma”
of Tao [25] in the context of Fourier restriction theory. Compared to [10], the strategy
is easier to explain in our setting since the potential is not random. Thus, we will only
need to deal with the bilinear operator (Wy, W>) — Wi Ry (2)'°" W>, as opposed to
multilinear operators with more than one factor of Ro(z)"°", which had to be con-
sidered in [10]. On the other hand, we work with Schatten norms, whereas [10] deals
with operator norms.

To illustrate the method, we will first prove a version without the radial symmetry
assumption.

Proposition 3.1. Letd > 2, 1 < po, qo < 00, and assume that the estimate
IWEE*W || gror2®ay) < CUog R)*[IW]3 54, (34

holds for all W € L299(R?) supported in a ball of radius R and constant on unit
cubes, for some s > 0. Then, for 1 < q < qoand1 < p < pg satisfying

Q= =

L
<2 (3.5)
0
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there exists a constant Cp, 4 ¢ g such that
W1 Ro(2) ™ Wallgrr2®ay) < Cpgus.dIWillz2a | Wallr2q (3.6)

for all Wy, W, € L*4(R?) and for all z € C \ [0, o0) with |z| = 1.

Remark 3. By [19, Theorem 2], the assumed bound (3.4) is satisfied if and only if
qo < (d +1)/2 and pg < (d — 1)q/(d — gq). The resolvent bound (3.6), including
the endpoint g = g, follows from [19, Theorem 12]. The Schatten exponent in both
theorems there is p = (d — 1)q/(d — q). Using only [19, Theorem 2], Proposition 3.1
asserts that (3.6) holds for all ¢ < (d + 1)/2, with a slightly worse Schatten exponent
p strictly greater than, but arbitrarily close to, (d — 1)q/(d — q) (note that the latter is
an increasing function of ¢). Thus, in practice, Proposition 3.1 does not give anything
new. What is important is the technique, which will be used to prove Theorem 1.2.

To free up notation, we will use W, W' instead of Wy, W, in the proof of Propos-
ition 3.1. We will perform several decompositions of W, W', and we start explaining
these for a non-negative simple function W, supported on a finite union of c-cubes
contained in a ball Bg.

* Horizontal dyadic decomposition: we write W =), .y W;, where
Wi = Wlg,swen,,,. Hi=inf{t>0:|{W >1}| <27},
then
1H: 2" r 2y < W |Lawr,
where L?°" denotes a Lorentz space (see e.g., [26, Theorem 6.6]). Also note that
L?9 =19,
* Sparse decomposition: we write

Ki N;

Wi=3 "> Wik (3.7)

j=1k=1

where, for fixed i, j, the functions W;;y are supported on a “sparse collection” of
balls {B(x, Ri)}liv;l. By this, we mean that the support of W;; is contained in
B(xx, R;) and that the following definition is satisfied (cf. [25, Definition 3.1])
for some sufficiently large y (to be fixed later).

Definition 1. A collection {B(xg, R)},ICVZ | 18 y-sparse if the centers xi are (RN)”
separated.
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For fixed y > 0 and K > 1, [25, Lemma 3.3] asserts that (3.7) holds with
K: = O(K2/K), N, =0@), R =0@27"). (3.8)

To apply the result of [25], we need the assumption that W is constant on unit cubes
(it is clear that W} are also constant on the same cubes).
We will also need the following estimate.

Lemma 3.2. There exists a constant such that for all z € C \ [0, 00), |z| = 1, for all
W, W’ e L1(R?) supported in balls of radius R with dist(supp(W), supp(W')) > 0,
and for all § € [0, 1], we have

IWRo(2) W' || g1+
< C(log R) dist(supp(W), supp(W') @D /AT ||| | W' | . (3.9)

Proof. The result will follow from interpolation between the two estimates
IWRo(2)W'|lg2 < dist(supp(W), supp(W)) @~V 2| W |2 [ Wl|2  (3.10)
and
IWRo(2)™W'|lg1 < (log R)|W | L2 | W[l 2 (311
The first estimate follows from the kernel bound
[Ro(2) ™ (x = )| S (1 + [x = y)~“7V/2,

which in turn is a consequence of a standard stationary phase argument (see e.g.,
[7,24]). The second estimate follows from

IWEE*W g1 < W2 W, (3.12)

together with the smoothing argument leading to (3.3). Since S?~! is compact, we
have the obvious Hilbert—Schmidt bounds

IWéle2 S 1WlL2.  N1€*Wllez < WL,

which immediately imply (3.12). Interpolating (3.10) and (3.11) yields, for any p €
[1,2],

[WRo(2)™W'||r
< (log R)* P~ dist(supp(W), supp(W'))~@=DA=12) 1w || o [ W[ 2.

Setting p = 1 4 § and recalling that R >> 1 yields the claim. ]
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Proof of Proposition 3.1. We write W, W' instead of Wy, W, and apply the above
decomposition:

W=> We. W =)W,
o o

where « = (i, j, k), &' = (', j k') and i,i’ € Zy, 1 < j <K;, 1 <j <Ky,
1<k<N;and1 <k’ < N;.Set

Loo := 1+ dist(supp(Wy), supp(W,,,)),

Oa,0/ ‘= 2(1 + La,a’ + R; + Ri’)-

In the following, we simply write R instead of Ry(z)"°". By (3.3), and using that
©p, C B

po’°
Sn(WaROWo;’) < n~1/po (log Qa,a/)s+l W ll 1240 ||W(;/||L240v
whereas (3.9) implies
— —(d-1)§ §
sn(WaRoWy) < 0™V 4D 10g (000 ) Ly CHNW 21 W N2 (3.13)

Interpolating the last two displays yields, for any 6 € (0, 1),

Sn(WotROWOZ/) 59 n—@/(l+8)_(1—9)/170L_g(d_l)s/(2(1+8))

oo’

x log*t1(2 + R; + Ri")H; Hi//z(i+i/)(9/2+(1—9)/240),
where we used the fact that

L2008/ H) o5 o 1=0 < ~@=DSCO) 0os+1(3 | R, 4 Ry).

o, a,o’

Summing (3.13) first over k, then k’,

Z sn(WaRo Wo;/)
k,k’

<4 n~0/(+8)—(1-6)/po log®*'(2 + R; + Ri/)H; Hl{/z(i+i')(9/2+(1—9)/2£ﬂ))'
(3.14)

Here we have used the fact that, for o = (i, j, k), o' = (i’, j'. k'), and i, j,i’, j'. k'
fixed, the sum over k is bounded,

> (1 +dist(B(xg., Ri). B(xpr, Rir)))~0@=D8/0+)
k<N;
< 1 4 2N;(N; R;)"70@d=D8/0+8) <
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uniformly in i, j,i’, j/,k’, provided y6(d — 1)§/(2(1 + §)) > 1. We will momentarily
fix 6, 8, and then fix y such that y6(d — 1)6/(2(1 4+ §)) = 1. Note that, even though
the balls in the last display may belong to different sparse families, we have

1
dist(B(xg, R;), B(xxs, Ri’)) > E(Ni R;)”

for all but at most one k (and fixed xz/, R;, R;/). Indeed, suppose for contradiction
that there exist two distinct values k1, k, such that

1
dist(B(xkn, R;)), B(xyr, Ri7)) < E(Nl Ri)y, n=12.

Then, by the triangle inequality,

2
dist(B(xk,, Ri), B(xk,, Ri)) < Y dist(B(x,, Ri), B(xir, Rir)) < (Ni R;)?,

n=1

which contradicts the sparsity of the collection { B(xg, Ri)},iV;l.
Summing (3.14) over j then j' (recall j < K;, j' < Kj1),

DY sn(WaRoWy)

J.J’ k,k’
59 KiKi/n_e/(l+8)_(l_0)/p0 logs+l(2+ Ri + Ri/)HiHi//z(i+i/)(0/2+(1_9)/2q0)-

Finally, summing over i, i’ and using (3.8),

> su(WoRoW,,) S n=?/0FD=0=0/20 g2 % "5 (2 + R; + Ry)
o, i,i/
% HiH-,/Z(i+i/)(9/2+(1_9)/2q0+1/K)
i
<0 s n—@/(1+8)—(1—9)/p0 Z Hl_2i(9/2+(1—9)/(d+1)+2/K)

i

x 3 )28 612+ 0=0)/200+2/K)

i ,

l'/

where we estimated logsJrl Ri <k 21/K in the second line. We now fix 6,8 > 0 and
K > 11in such a way that
0 n 1-6 n 2 1
2 240 K 2¢q
0 1-6 1

+ <
1496 Do p
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This is always possible since g < go and p satisfies (3.5). Set
1 0 1-46

Then

> suWaRoWy) <g 0278 W |20t [ W 201,

o,

and for any N € N, by Fubini,

N
3 saWaRoWS) Sg N'TVP7 W |20 [W |20
o’ n=1
Set

1
= —+e
p

Then, by the triangle inequality and (3.15),

N | =

1538

(3.15)

N
IWRW llgy, < sup N7 S 6, (Wo RoWS) Sq IW Il 2t [W/ 201

NeN

a0’ n=1
In particular, since r < p,
IWRoW'ler <q IWllL2a W' llL2a.

where we used that &), C &” and L' C L?4.

3.4. Proof of Theorem 1.2

The proof is similar to that of Proposition 3.1. The difference is that we use (2.2),

which only holds for radial functions, instead of (3.4) as input. Again, we write W, W’

instead of Wy, W, and decompose

w:E Wy, w’:E W,
o o

where W(x) = w(|x|) and W'(x) = w’(]x|). The balls in the sparse collections (in
the proof of Proposition 3.1) are now intervals, but (3.8) still holds (this is just the
one-dimensional case in [25, Lemma 3.3]). The remainder of the proof is the same as

before.
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4. Eigenvalue sums

4.1. Proof of Theorem 1.1

A special case (o0 = 0) of [16, Theorem 3.1] states that if p > 1, 0 > 0 and if K(z),
z € C\ [0, 00), is an analytic family of operators satisfying

|K(z)|lgr < M|z|7° forallz € C\ [0, 00), 4.1)
then the finite-type eigenvalues z; of 1 4+ K satisfy

Zg(zj)|zj|—%+%(2pa—l+s)+ < Cp,ossMﬁ(l-‘r(Zpa—l-i-a)_;_) (4.2)
J

for any ¢ > 0. We use this with K(z) = \/mRo(z)«/V, in which case the z; are
the eigenvalues of H = —A + V (see [16] for details). By Theorem 1.2, since V is
assumed to be radial, (4.1) holds with M = Cp, 4 4[|V ||Le, 0 = 1 —d/(2q) and any
p > (d —1)q/(d — q). Since this implies that p > q/(2q —d), we have 2po — 1 > 0,
and hence we can omit the notation for the positive part, (...)y, in (4.2). Since we
are imposing an open condition for p, we can absorb ¢ into p and omit it from the
inequality. The result is (1.6), so the proof of Theorem 1.1 is complete.
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