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Quasiballistic transport for discrete one-dimensional
quasiperiodic Schrodinger operators

Lian Haeming

Abstract. For discrete one-dimensional quasiperiodic Schrodinger operators with frequencies
satisfying B(a) > (%) mins y, we obtain (up to logarithmic scaling) the power-law lower
bound M, (Tx) = T,él_s)p on a subsequence Ty — oo, where y is the associated Lyapunov
exponent and o is the spectrum. We achieve this by obtaining a quantitative ballistic lower
bound for the Abel-averaged entries of the time evolution operator associated with general
periodic Schrodinger operators in terms of the bandwidths. A similar result which assumes
Ba) > (%) ming ), was obtained earlier by Jitomirskaya and Zhang, for an implicit constant
C < oo.

1. Introduction

Let T = IR/Z be the unit circle. To each phase 6 € T, frequency « € R, and Lipschitz
sampling function f: T — R we associate a discrete Schrodinger operator

Hy:03(Z) — (Z),

where

(Hoo¥)(n) =¥ (n =1) + 9 (n + 1) + Voo (M) (n) (1.1)

where Vo g(n) = f(0 + na).

We are interested in the rate of spreading of the solution v, = e #*H«.0 §; of the
Schrodinger equation d,v; = —iHy g; with initial condition given by the canonical
vector Yo = 8o = (...,0,1,0,...). One way to quantify the rate of spreading is
through the Abel-averaged moments of the position operator,

nezZ

2 F .
Maop(T) = 2 [ 3 nlP1(8,. e o502 (1.2)
0
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for p > 0. The ballistic bound (see (4.5)) implies My g ,(T) < C(T? 4 1) for any
T > 0 and p > 0. Namely, the average distance from the particle to the origin ~
M;,/GI,’ , grows no faster than linearly in time.

Singular continuous spectra is encountered frequently in the quasiperiodic set-
ting, even for basic models such as the almost Mathieu operator (AMO) with cosine
sampling f(0) = 2A cos(2x6), A > 0. The direct consequences of singular continu-
ous spectra on the dynamics is not well understood, but such models can manifest
surprising dynamical behaviour such as being almost ballistic on some time-scales
while almost localised on others.

The relationship between the arithmetic properties of the frequency (i.e., how well
approximable it is by rationals) and the Lyapunov exponent (1.3) determines where
the spectral measure is continuous. In the case of Liouville frequencies, Jitomirskaya
[11] introduced the rate of exponential growth of the denominators of the canonical
continued fraction approximants S_Z of the frequency ¢ € R \ Q,

1
B(a) = limsup 08 dm+1,
m—>oo qm

It is known (see below) that the spectrum is continuous (and hence singular continuous
if the Lyapunov exponent is positive ming y > 0) in the region where () is greater
than the Lyapunov exponent

. 1
y(E) = lim f log]| Pa.0. 0.1 (E)|| d6 (13)
n—oo 1
T

0 1 0
SL,(C) is the n-step transfer matrix associated to the operator Hy ¢. See for example

for o € R\ Q, where @ g0, 1y(E) = (FVap@ D (1) (EVaa® 1)

the lecture notes of Viana [25] for the existence of the limit (1.3).

The usual approach to obtain dynamical lower bounds is by obtaining suitable
continuity properties of the spectral measure. One example is the Guarneri-Combes—
Last bound [21, Theorem 6.1] which shows (roughly speaking) that the moments
grow polynomially with order given by the upper Hausdorff dimension of the spec-
tral measure. The construction of Last [21, Theorem 7.2] shows that the supercritical
(A > 1) AMO with certain extremely Liouville frequencies (i.e., with 8(a) = co)
has purely zero Hausdorff dimensional spectrum yet the transport is almost ballistic
on some time-scales. Zero Hausdorff dimensional spectrum is a phenomena not lim-
ited to the supercritical AMO. A theorem of Simon [24] states that the support of the
spectral measure of an ergodic Schrodinger operator with positive Lyapunov expo-
nent (1.3) is of zero logarithmic capacity and therefore of zero Hausdorff dimen-
sion. The dynamical behaviour associated with quasiperiodic operators with positive
Lyapunov exponent therefore require a more nuanced description.
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In the regime of positive Lyapunov exponent, without any assumptions on the
arithmetic properties of the frequency o € R \ Q, the moments obey a sub-power-
law bound on an unbounded subsequence of times. If however, the frequency satis-
fies B(«) = 0, then the moments obey a sub-power-law bound at all times. Both of
these facts were established for trigonometric polynomials by Damanik and Tcherem-
chantsev [5]. Combined with Last’s example, these results show that the transport of
the AMO is essentially localised (at all times) for frequencies satisfying 8(a) = 0,
while for other frequencies with B(c) = oo, its transport is essentially ballistic on
some time-scales (but simultaneously, essentially localised on others). This suggests
a relationship between the size of 8(«) and the growth of the moments on such time-
scales.

Theorem 1.1. Let Hy g be as in (1.1) with associated continuous Lyapunov expo-
nent'y. Let o denote the deterministic spectrum of Hy g. There exists ¢ > 0 such that
forany 0 <8 < L if B(a) > %minga y, then there exists a sequence Ty — 00 such
that for each k > 1 we have

,7(1=8)p
ch

min M, Ty) > ———
6eT a.0.p(Tk) loglo Tk

for every p > 0.

The relationship between the exponent 8(«) and the upper transport exponent was
previously investigated by Jitomirskaya and Zhang [17, Theorem 7]. They showed
that if the potential V' is a bounded, real-valued sequence that is S-almost periodic
and, for some implicit constant C < oo and any 0 < § < 1, satisfies 8 > Cg—A, where
A is the maximal local (logarithmic) growth rate of the norm of the transfer matrices,
then the packing dimension of the spectral measure is at least 1 — §. By the result of
Guarneri and Schulz-Baldes [8], which provides a lower bound for the upper trans-
port exponent in terms of the packing dimension of the spectral measure, the upper
transport exponent is also at least 1 — § for each 8 € T and p > 0. In our setting (qua-
siperiodic with the Lyapunov exponent continuous at its minimum), the assumption in
[17, Theorem 7] translates into S(ct) > C min, %. Furthermore, in the quasiperiodic
case, with Lipschitz sampling function, [17, Theorem 3] shows that the dynamics is
quasiballistic provided B(c«) > 0 if miny y = 0. This result also follows Theorem 1.1.
Indeed, if min, y = 0, then the Lyapunov exponent is continuous at the minimum by
upper semicontinuity. Theorem 1.1 then implies that it suffice to take positive B(c) in
order for § to be taken arbitrarily small. Lower bounds on the upper transport exponent
for models with singular continuous spectrum does not provide a significant phys-
ical distinction against models with pure point spectrum in light of the example by
del Rio, Jitomirskay, Last, and Simon [6], who constructed an operator with upper
transport exponent equal to 1, despite having pure point spectrum. Our lower bound
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therefore offers a stronger characterisation of particle behaviour than that of [17], as
it is a lower bound on the moments themselves, rather than on the transport expo-
nent. Our approach requires continuity of the Lyapunov exponent at a minimum on
the spectrum and Lipschitz continuous sampling functions, whereas [17] explored a
much broader setting. However, if () is to be bounded from below by the min-
imum of the Lyapunov exponent, then [17] also requires continuity at a minimum.
Bourgain—Jitomirskaya [3, Theorem 1] show that the Lyapunov exponent associated
with quasiperiodic Schrodinger operators with real analytic f is jointly continuous in
the energy £ € R and irrational frequency @ € R \ Q.

Last’s example uses the fact that the transport associated with periodic operators is
ballistic and then shows that the limit captures ballisticity on some time-scales, since
the frequency is Liouville. We draw inspiration from Last’s construction in that we
obtain a quantitative ballistic lower bound on the entries of the time evolution of gen-
eral periodic operators (see Lemma 2.3), in terms of the bandwidths. We then extend
this to the limit on a subsequence of times. The theorem then follows from Propos-
ition 3.2 which lower-bounds the bandwidths in terms of the Lyapunov exponent of
the limiting operator.

Absence of pure point spectrum for extremely Liouville frequencies f(«) = oo
was established by Gordon [7]. Avron and Simon [2] used Gordon’s theorem to show
that the supercritical AMO has singular continuous spectrum. In the regime of positive
Lyapunov exponent, Kotani [19] and Gordon [7] imply singular continuous spectrum
for extremely Liouville frequencies. By repeating the arguments of Gordon in the
usual way for finite B (c), one obtains that the spectral measure is continuous on the set
{E : B(a) > 2y(E)} — the factor of 2 arising from the fact that one has to approximate
the solution along double periods. Avila, You, and Zhou [1] showed that for 0 <
B(a) < oo, the spectrum of the AMO is purely singular continuous for all 6 € T if
1 < |A| < @ and pure point with exponentially decaying eigenfunctions for a.e.
6 eT,if |A] > eP@,

Jitomirskaya and Liu [12] established that there is an absence of pure point spec-
trum in the region { £ : B(«) > y(E)}. Although their work was tailored to the Mary-
land model, its robust argument (see the comments after [12, Theorem 1.7]) extends
to a large class of potentials. In fact, [16, Theorem 1.1] generalised the result to poten-
tials of the form é, where g is analytic and f is Lipschitz — this includes (but is not
limited to) meromorphic sampling functions. In particular, the case g = 1 covers the
setting needed for our purposes (see Lemma 4.1). See also [26] for an extension of
these results to an even larger class of sampling functions.

Various upper bounds on the transport have been established since the work of
Damanik and Tcheremchantsev [5]. Jitomirskaya and Mavi [14] extended their result
to piecewise Holder sampling functions, and subsequently, Han and Jitomirskaya [10]
extended it to a wider class of ergodic potentials in the multi-frequency setting. These
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results are limited to transport exponents. Jitomirskaya and Powell [15] derived power-
logarithmic upper bounds on the transport for any fixed 6 € T, which was later
improved by Jitomirskaya and Liu [13] to long-range operators, and then by Shamis
and Sodin [23], followed by Liu [22], to long-range operators in arbitrary dimensions,
uniformly across phase 6 € T.

2. Time evolution of periodic operators

Our general strategy for the proof of the theorem is the following. The main ingredient
is Lemma 2.3, which provides a lower bound on the Abel-average (2.2) of the sum of
two entries of the time evolution operator e ~*/f« associated with a general periodic
operator

Hy:03(Z) - 2(Z), Hy=A+V,

where V; is a periodic sequence of period ¢ > 1. Lemma 2.1 provides the explicit
expression describing the averaged entries in terms of the resolvent operator asso-
ciated with H,, which is to be lower bounded in Lemma 2.3. The expression (2.3)
contains as a factor the canonical spectral measure (2.4) associated with the Floquet
matrix. The only assumption of Lemma 2.3 is therefore a uniform (over the Floquet
number x € [O, %]) lower bound on the spectral measure evaluated at an interval. In
Section 4 we show that this assumption holds (also uniformly in phase and period) for
the Floquet matrix associated with the periodic operator Hy,, ¢ for o;; — a where
o € R\ Q satisfies the assumptions in the theorem. The proof of the theorem mainly
involves showing that a similar lower bound to Lemma 2.3 also holds for the limiting
quasiperiodic operator.

It is well known (see the proof of Lemma 2.1) that periodic operators H, are
unitarily equivalent to a multiplication operator

My L3(T, > C9) — L3(T, > C9), T, = ]R/%”Z,
which acts as a multiplication by the matrix-valued function

-h 1 e
Ay Ty —C A0 =| ! R @.1)
eiax 1 V(%)

known as the Floquet matrix.
Let A; () € R denote the j-th eigenvalue of A, (x), counting from the left A; () <
Aj+1(x). By unitary equivalence, the spectrum of the periodic operator H, is given
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by the spectrum of the multiplication operator M, which itself is the union of the
spectrum of the Floquet matrix over all x € [0, %] The spectrum of H, is the union

of g closed intervals (which are called bands) B,gj ),

q
o) =JBP. B = |Jih0)
Jj=1

x€[0,/q]

with mutually disjoint interiors. By characteristic polynomial (2.29) considerations,
the eigenvalues A; are easily seen to be monotonic as functions of x € [0, %] whose
derivatives alternate in sign according to parity of 1 < j < g. Our lower bound of
Lemma 2.3 is given in terms of the bandwidths

=ty = 1B = [3(7) -0

Most of the effort in this paper goes into estimating the right-hand side of (2.3),
which is an explicit expression for the Abel-averaged entries (2.2) in terms of the
eigen-pairs (A; (), \IJ,(/ )) of the Floquet matrix (2.1),

o0
2 . .
Pyr(n) = T [(|(5n,€_’th50)|2 + [(Bng1, e Ha sy 22/ T g, (2.2)

Note that the entries (2.2) differ from (1.2). The theorem is actually proved for the
summed entries (2.2) as opposed to as stated in (1.2). Summing the two entries (0,7 ¢)
and (1,nq + 1) allows us to express the quantum probability P, 7(ng) in terms of
the canonical spectral measure (2.4), whose support coincides with the spectrum.

Lemma 2.1. Let Hy be a periodic Schrodinger operator of period g > 1. Let (A (x),
lIJ,(cj )) denote the j-th eigenpair of the associated Floquet matrix (2.1). Let Py 1 be
the quantity defined in (2.2). For anyn € Z,

g T4 2
cos(ngx)p; (x) dx
Zl / k(x)—E—iT—l)n/q
0

Por(ng) = —/
J

where @; (x) = |(‘I’,(,j), eo)|? + |(‘IJ,({j), e1)|? and ex € CY is the k-th canonical basis
vector for C14.

dE 2.3)

Lemma 2.1 is obtained in the usual way (see the end of this section) by express-
ing the probabilities P, 7(nq) in terms of the corresponding entries of the resolvent
operator associated with H,, followed by diagonalizing the periodic operator H, in
the Fourier space and then changing to the eigenbasis of the Floquet matrix.
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In general, there are no suitable lower bounds on each individual function ¢; other
than the usual exponential lower bound. For our purposes, an exponential lower bound
on ¢; does not suffice. One way around this, however, is that the functions {¢; (x)};
do define the canonical spectral measure

q
Mg = Z @i ()82 ) (24
j=1

associated with the Floquet matrix A,4(x), where § 2, () 1s the Dirac measure at the
eigenvalue A; (x).

The only assumption of Lemma 2.3 is for the measures (i, 4, evaluated at an inter-
val I C R to be uniformly (in x € [O, %]) bounded from below by a positive number
n > 0.

Lemma 2.2. Ifinf, (ty q(1) > 1, then there exists 1 < j < q such that Bé'i) NIl#a
and

‘{}fi(pj(%) > cﬂ]}‘ > 27[?

In the proof of the theorem, we shall choose the interval I = B;(Ep) C R to be
the vicinity of the minimum of the Lyapunov exponent, where B.(E¢) denotes a ball
of radius ¢ > O centred at the point in the spectrum E( € o, where y(Ep) = ming,, y.

Lemma 2.3. Let H; be a periodic Schrodinger operator of period g > 1 and let
Bc(lj ) denote the J-th band in its spectrum with width £;. Let |1, 4 be the canonical
spectral measure (2.4) and Py T the probabilities (2.2). Let I C R be an interval and
suppose infy.e[o,7/q] W,g (1) > 1> 0. There exist a band B,gj) N I # & and constants
0 <c,cy,C < oo such that for T > %n_zqsﬁj_z +1,

Ci’]2

QGEJ'T

Pq,T(nQ) >

provided Cn_1q4€]-_1 <n<cing *T.

Proof. The imaginary part of the function inside the modulus in (2.3) is given by the
function =/, where

g T4
~ | L cos(ngx)gi(x)
h(E) —;0/ gi()dx, gi(x) = Ai(e)— E)2+T72

2

Since the squared modulus is at least the squared imaginary part | - |* > 32, we have

q>
w373

Pyr(ng) > / (h(E))? dE. 2.5)
R
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having factored out the coefficient nq—T of the imaginary part. Now, for an indexing set
K C N, for a certain eigenvalue A; and for a subinterval I3 C [O, 0, %] all of which
we shall define in the next paragraph, the problem is reduced to

/(h(E))2 dE > Z /(h(E))2 dE > #K mm IA;(I)]  min_ (h(E))? (2.6)
kek Eeh; k)
A (Tx)
where the set A; (Ip) = {Aj(x) s x € Iy} Btgj) is the image of the interval Iy
under A;.
The eigenvalue A; in (2.6) is chosen specifically to be the one given by Lemma 2.2,
for which B N I # @ and

‘{}{ D () > qﬂ}‘ > 27[? 2.7

The subinterval I, = [% - ;’n—”q, l;—’; + 83,,”(1

by min,, .7 |cos(ngx)| > % The indexing set K C N is the set of indices k € K for
which the interior int(I ) intersects with the set {}: t@i(e)>1 } where the subinterval

] is chosen so as to lower bound the cosine

Iy = [ na — 5 7' ng q Tt q] contains Ik which partitions the half-torus [0 ] by the

roots of the cosine: cos(nq(k” £ 50z 52-)) = 0. The idea is to place the location )Lj_l (E)
of the main peak of the j-th function g; inside the interval T where we have a lower
bound on both the cosine and on the function ¢;.

The quantities #K and |A; (Ix)| can easily be estimated using the lower bounds
(2.7) and (2.11), respectively. Therefore, the bulk of the problem lies in estimating the
factor minEeAj Jo (h(E))? in (2.6), for which the main idea is to split #( E) as in (2.8)
and estimate the three terms separately. Note that the centres of the subintervals I, I, k
were chosen so that cos(nq(%)) = (—=1), so the cosine cos(n¢x) is positive on the

even subintervals x € fzk, and negative on the odd ones. Since # is being squared, we
could either place E € A; (fzk) and bound /(E) from below or place E € A; (Ekﬂ)
and bound 4 (E) from above. The two procedures are similar, so we only consider the
former. We shall assume from now on that the energy E € A; (Tzk) is fixed, for some
2k € K. Writing

/q

h(E) = / g () dx + / g dx+ Y / gi () dx, (2.8)
i#j o

Dok IC

our aim is to show that the (positive) area obtained from the first term outweighs the
negative area obtained from the second two terms.

Let us start bounding the first term in (2.8), from below. The first task is to bound
gj (5) from below for each » € fzk. For each x € fzk, the denominator of g; () will
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be bounded from above by

A;(0) = E| = max [} ()] — A7 (E)| 2.9

x Elzk

whereas the numerator will be bounded from below by the constant % min, .z ;(%).
We shall argue, below, that

2¢q sin(gx) L
|cos(gx) 1+ /5

hence, the estimates on the derivative of the eigenvalue A; deteriorates near the edges

¢
24 sin(g) 5 < X 00)| = 1= for all x € (0, E); (2.10)
q

of the half-torus, so we deal with this issue by removing the edges of the half-torus

in the following way. Define the interval A = [W’ % -3 6q2] and its subset A =

[877, % 842 ] and impose the additional condition on the indexing set K that I C A
for each k € K and from now on assume Izk CA.In particular, there exists constants

0 < d_,dy < oo such that
d_t; <|X;(0)| <dyq’t;, forallx € A. (2.11)

The upper bound will be used on the first term in (2.8) and the lower bound on the
other two.

We have A7 YE) = Zk” + s for some —83”q <s < ;l—”q, since )Lj_l(E) € Dy.
Moreover, by assumptlon, we have x € Izk cAcCAso (2.11) and (2.9) imply

2k

|A (%)_E| <d+(] Z X ———§
nq
therefore,
>~ ! (x) forallx el
Ad X or all » ,
ST R a?L) (= ZE 5 4 (dyq?lyT) 2 nehoy 2%
(2.12)
and thus
1 T ) 377
/gj ()dx > _d+ 2, (arctan<d+q ZjT(Tq —s))
Dk , 7
tan(dog“C; T — i .
sl 11 ) o
1 T T 4n )
g ;d+‘]2€j (3 a 37rd+q€jT) ,gglk ¢j ()
1 i
min @; (). (2.13)

4d+ q Z/ xeloy
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In the first inequality, we used oddness of the arctangent. In the second inequality, we

lower-bounded the arctangents by their minima over — 83”q <s< ;l—”q, which happens

to be minimal at the edges s = =+ 83n”q, and then we applied the lower bound in

1 1 1
%—; < arctan(x) < %———i— 353 for all x > 0. (2.14)

The third inequality follows from the upper bound assumption onn < cing~*¢; T.

Now, let us estimate the second quantity in (2.8). Indeed, first recall that the func-
tion g; is positive in the even subintervals /55 4,7 and negative in the odd subintervals
Ik 4+21—1. We shall ignore the positive area obtained over the even intervals Ipx o]
and shall only estimate all of the negative area obtained over the odd subintervals
I 4+27—1. Namely, we shall only estimate the right-hand side of

[aeax=Y [gua

IS

I _
Sk 2k+21—1

Furthermore, we shall consider only the odd subintervals /544571 to the right (/ > 1)
of I, the argument for the intervals to the left of /5% is very similar. In particular,
we shall estimate the quantity

Z /g](x) dx

Iz 112k+2l 1

from below. We have the lower bound on the derivative (2.11) when I5 4571 C A,
but do not have it when Iz 121 ¢ A, so we treat both cases separately. Let us start
with the former.

The lower bound (2.11) gives minxeleZI . |)U (2)| = d_tj,since Irg421—1 CA.

And since A YWE) < b2k where bzk = 2k” + 83” is the right edge of the subinterval

Dy = [azk,bzk], we have
A () = E| 2 | = 27 (E) min |4}, G0)| = dt;]x — ba| (2.15)
which implies

gj(x) = 2 5 I
(d—£))? (3 = boy)? + (d—{,; T)~2

for all » € 12k+21_1 (216)

for any / > 1 such that /5 42;—1 C A, having used ¢; < 2 and |cos| < 1. The upper
bound (2.16) implies

2T
[ eredx >~ oo 2.17)
d_t;

Dk 421—1
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where

Asksai—1 = arctan(% (2[ - %)) - arctan(%(zl - %))

having computed the definite integral, substituted the limits of integration, and then
simplified the resulting expression using

b4 b4 ~ 11 4\
2k +2l —1)— £ — — by = (2l — — £ - | —.
(2k + )nq 2nq 2k ( 8 S)nq

We now apply both of the estimates on the arctangent in (2.14) to Ak 42/—1, to

obtain
nq 1 nq 2 1
A _
A= 0T ((21 - B-1) * (nd_e,-T) 320 — g)3)
c1n
R(l 2.18
ard RO @18)

having substituted # < 1 (which follows from n < ¢1ng~*¢; T, where ¢; will
be explicitly chosen later on) inside the bracket (to get the rational function R(/)) and
substituted n < c;ng=*¢ ;T outside the bracket to get the coefficient in the right-hand
side. Since R(/) decays quadratically, we have ;- ; R(/) < 00, s0 (2.17) and (2.18)
give

canT
3 /g,-(x) dx > — 13"[ Co. (2.19)
1>1;12k421—1CA Dok 4211 q L
We now turn to the more straightforward case that Iogyo—1 & A for [ > 1.
Indeed, we must estimate the quantity |A;(x) — E|, from below, in an alternative way
to (2.15). Indeed, the lower bound (2.11) implies

T bid T g d_{t;m
A —E>A~(———)—A‘(———)> I forall x € Lyeyal—
|4 (2¢) | = |4 g 1642 J g 842/~ 1642 orallx € fok+21-1
(2.20)
since the eigenvalue A ; is monotonic, since )L]TI(E ) < % — # and since Ip5 4971 C

[% — 16”(12, %] (in the case that I, y5;—1 sits on the edge of A, one need only scale

(2.20), slightly); therefore,

2 16%g*

5 > -2 9 ,
o7 (d_t;n)?

gj(x) > — iw forall x € Ipgy21—1 (2.21)

( 1642

for each [ > 1 for which I5x42/—1 ¢ A, having used ¢; <2 and |cos | < 1. (2.21)
implies

162q4 _ 162q3
(d_t;m)>  “(d_t;)?n

)3 [ & 6dx > ~2nibsai L2

Izhkqo1—1 €A 1) Do)y

since there are less than n intervals satisfying Iox42/—1 & A and |Iog40/—1] = :—q.



L. Haeming 1488

For the third term in (2.8), we argue as follows. Since /\j_l(E) € Iy C A, by
monotonicity of the eigenvalues we need only compare the eigenvalue at either of the
two edges of A, A, to obtain

d_{;
min |4, (x) — E| > min(Mj(O) —E| (AJ(Z) _ ED > S0% forall x e [o, f],
i q l6g q
(2.23)
where we may indeed have equality in the first inequality since we make no assump-
tion on eigenvalue separation. Then, ¢; < 2, |cos| < 1, and (2.23) imply

6%g* b4
: 2 24 forallx e [0, —] 2.24
gi(x) > @7 or all x 7 (2.24)
for each i # j, which implies
/4 1626]4
oyl (d-tj)*m

since the sum on the left-hand side has ¢ — 1 terms.

Finally, let us combine the estimates (2.13)—(2.25) to obtain a lower bound on
|A(E)|. First, multiply (2.19) and (2.22) by a factor of 2 to account for the subintervals
to the left of the 2k-th one. All of the estimates (2.13)—(2.25) also hold for E € A; (I)
for odd k € K, with opposite signs (as mentioned previously, we are squaring i (E)
so it makes no difference). Combining all of the lower bounds (2.13)—(2.25), we have
that, for sufficiently small ¢; > 0 (e.g., c; = m) and sufficiently large C < oo,

forany E € A;(I;) and k € K, if T > %n‘zqsﬁj_z + 1, then

Cz)?T

h(E
Ih(E)| > =

1 162 6
(4d min ¢; (x) —201C2— — q ) > (2.26)

q*l; \Ady ey dZZjT
for Cn~'q*¢;" <n < cing™¢;T. In (2.26), we used min, .7 ¢;(x) > 5=, which
follows from the lower bound assumption on n > Cn~'g*¢; f, : Indeed, recall that
maxyeys, @;j(x) > - and we shall argue below, that

Csq*
! < :
max |@; ()] < G (2.27)

thus, (2.26) follows for large C < oo:

. 7'[C3q3 7TC3T]
. _ . < |I 4 < < .
I;renlzl: @ () max @i )| < | klg{rglw,(%)l < Cq
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Recalling (2.5) and (2.6),

2
q . 7 : 2
Pyr(ng) > W#K Il;lél]t(l [Aj(Ix)] min_ (h(E))~, (2.28)

E G/lj (Ik)
then Lemma 2.2 gives

o (g0 > n/ghl = 1A n

#K >
[k 4q

and (2.11) gives
3nd_{;

4ngq

A (I)| = |Ire| min A ()| >
12 (Tl = Tl min |25 60)| =
with which the lemma follows from (2.26) and (2.28).

Sketch of the proof of estimates (2.10) and (2.11). The characteristic polynomial of
the Floquet matrix (2.1) is given by

Dy 4(E) = det(A4(x) — E) = Ag(E) + 2(—1)7"" cos(gx) (2.29)

where the discriminant A, (E) is a polynomial of degree g with real coefficients.
Last, [20, Lemma 1] proves (2.30) for the discriminant D%,q. The arguments of Last

can also be repeated for the characteristic polynomials D, 4, for each » € (0, %) By
doing so, one obtains

’

g
(1 +V3)(1 = [ cos(@0)D) = 611Dy (4 (] = €[ DGO = D (41 ))
(2.30)
which holds for every » € (0, %) and j = 1,...,q. Evaluating the characteristic

polynomial (2.29) at the eigenvalue A;(x) and then differentiating with respect to
x € T, gives

| A4 (A CIIA; GOl = 24 sin(g2)]

and since %Aq = %D,{,q for any x € Ty, (2.30) also holds for [A} (4, ())]; there-
fore, (2.10) follows. By evaluating the left-hand side and right-hand side of the estim-
ates (2.10) at the edge x = #, one obtains (2.11).

Proof of (2.27). Expressing the function ¢; as a sum of the squares of its real and ima-
ginary part, taking the derivative followed by an application of the Cauchy—Schwarz
inequality provides

¢ Go)| < 219 )1 W (0)] + 219 (1)[|%S (1)] (2.31)

where W) denotes the component-wise derivative of the eigenvector W/ ), with
respect to x.
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The eigenvalues of the Floquet matrix A, () are simple in the interior x € (0, %);

therefore, by perturbation theory one obtains the formula for the derivative

*) ; ()
L W A, (0)wd))

\1/(1)=—§:(" a x Ly 2.32
* by () = Aj(e) % (232)

The estimate (2.27) follows from (2.10)—(2.32) by an application of the Cauchy—
Schwarz inequality, followed by estimating the absolute value of the denominator
of (2.32) from below by integrating the lower bound of (2.10) from either edge 0, %
of the half-torus until the point x € (0, %) combined with (2.31), yielding

2p—1

8eq-L:
! < - J
0N = T e

the right-hand side of which is to be evaluated at the edge »x = to get (2.27).

16 1642°
Proof of Lemma 2.2. First, note that

Moeg(D) =D 0000 <D (%)

)»j(J{)GI jeJ

where J = {j : Béj )1 # }. Towards a contradiction, let us suppose that the

conclusion of the present lemma is false. Then for every j € J, we have
n g b4

%3¢‘(%)§—}‘ > — ==,

H J q qg 242

so #J < g implies

2
jeJ 247 2
Then, .
Moo= 2 < e Y60 <)
jeJ q jeJ
contradicts inf,{e[o,%] Mag(I) > 1. ]

On Lemma 2.1. For any bounded Schrodinger operator H: ¢%(Z) — £2(Z), for any
Y, ¢ € £2(Z) and T > 0, one obtains the identity

2 1
7[| —itH |2e—ﬂzt —T/|(¢,(H—E—iT_1)_1w)|2dE
0 R
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by applying Plancherel’s theorem,

[12@Pas= [lsoPar. where g = [ g@e> ar,
R R

R

forany g € L' (R) N L2(R) to the function g(1) = (¢, e " ~1T""4) y10 00 (1), while
applying the identity (for a more precise definition of the spectral measures, see,
e.g., (3.1), below)

(e HT ity /e—itl—tTl_zintSd/L¢w(A)
R

and scaling & appropriately.

The periodic operator H, is diagonalizable in the Fourier space L?(T, > CY,
(U, ®);2) where Ty =R/ Z and (¥, @) > =3¢ [, W, (1) Dy (1) 32 Indeed,
let Uy 4:€%(Z) — €*(Z + C7) be the unitary operator taking blocks (of length ¢) of
the sequence of Fourier coefficients ¥ € £2(Z) to a single component ¥, € C¥ of a
vector-valued sequence U e {%(Z > C9) of Fourier coefficients. Namely,

Ug¥ = ¥ = (B (D)) y<gnez = (F(ng + D)yjj<gInez

where U, ()= tﬁ(nq + [) € C denotes the [-th component of the vector U, € CY,
which is itself the n-th component of the sequence T e (2 (Z — C9).

Let Us 4: {*(Z + C9) — L*(T, + C9) be the Fourier transform taking the
vector-valued sequence of Fourier coefficients U e {%(Z + C9) to its correspond-
ing function in the vector-valued Fourier space L?(T, +> C%). Namely,

Upg¥ =W =" Upen,.

nez

The function W € L2(T, + C7) is vector-valued. We adopt the notation W,, to mean
the function W evaluated at the point » € T,. W, is a vector in C¢ which has com-
ponents which we denote by W, (/) and satisfy W, (/) = ), <z U, (I)einax,

The unitary operator Uy = U, 4Uy 4:€*(Z) — L?*(T, > C9) satisfies

UgHy = MyUq

where U, is referred to as the block Fourier transform and M, the multiplication
operator acting as a point-wise (in » € T,) multiplication by the Floquet matrix (2.1).

For eg = (0,...,1,...,0) € C4, unitary equivalence and U;8,4 = €penq €
L?(T4 + C9) imply

<8nq’ (Hq —E - iT_l)_180) = (eOen,q’ (Mq —E - iT_l)_leOeO,q),
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where e, 4(x) = e'™9* is the n-th canonical basis vector for the Fourier space
L?(T, + C). Then, expressing the vector ey in terms of the orthonormal eigenvectors
(Y )}?:1 of the Floquet matrix gives

7
—ingx \If(]) d
<€0€nq (M —FE—iT™ 1) eOeO’q :Z[(e I{ >| ) X

AiG)—E—iT71/2x/q
]=1()
m/q
i / cos(ngx)|( ‘1’5:]),@0”2) dx
Aj(x) —E—iT7' /g
j=1 0

since (A; (—x), oY )) = (A (%), \IJ(] )) seen by transposing the Floquet matrix.

3. Proof of the theorem

Lemma 3.1, below, verifies the assumption of Lemma 2.3 by ensuring that the canon-
ical spectral measures of the Floquet matrix evaluated at the vicinity of a minimum of
the Lyapunov exponent on the spectrum are uniformly bounded from below in both
the period and the phase. The general idea is to approximate the canonical spectral
measure [iq,¢ associated with the limiting quasiperiodic Schrijdinger operator Hy g
by the canonical spectral measures of the Floquet matrix Mg, () ") where o, = ;’T’: -«
and combine this with the fact that the topological support of the canonical spectral
measure coincides with the spectrum of the operator supp(ity,9) = 0.

The spectral measure associated with a discrete self-adjoint one-dimensional
bounded Schrédinger operator H: {%(Z) — {*(Z) is the complex Borel measure jiy y

for which
(. g(H)Y) = / ¢ ditg.y (V) 3.1)
R

holds for all compactly supported, bounded Borel measurable functions g: R — C.
The spectral measures g,y are positive probability measures in the case that = ¢.
The topological support of a Borel measure & on the real line is defined as

supp(u) = {A eR:u((A—e,A+¢)) >0 forall e > 0}.

Let §; € £2(Z) denote the k-th canonical basis vector of £2(Z). In general, it is not true
that supp(us, 5, ) = o (H), but indeed the canonical spectral measure jt = g, s, +
s, .8, associated with H satisfies

o(H) = supp(u).
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Lemma 3.1. Let Hy ¢ be as in (1.1) with associated continuous Lyapunov exponent
y. Let ay, = Z—;” — « be a sequence of rationals and let B;(Ey) C R denote a ball
of radius ¢ > 0 centred at Eg € R. Fix ¢ > 0, Eg € 0, let B > supgep, (g, ¥ and
suppose |t — | < e B9 for everym > 1, then

() 1My 00 SUPgeT SUPefo.n/gm] e 6 (Be(Eo)) — oo (Be(Eo))| = 0;
(ii)  fa,0(Bs(Eo)) is continuous in 6 € T.

The proof of Lemma 3.1 requires upgrading weak convergence to convergence on
intervals. This requires that the limiting measure be non-atomic on the boundary of
the interval (see Lemma 4.1). The proof of Lemma 3.1 is provided in Section 4.

Another key ingredient in the proof of the theorem is Proposition 3.2, which
bounds the bandwidths of the periodic operator H,,, g, from below, in terms of the
Lyapunov exponent associated with the limiting quasiperiodic operator Hy g.

Proposition 3.2 ([9]). Let Hy g be a bounded discrete one-dimensional Schrodinger
operator (1.1) with 8 € T, a € R \ Q and associated continuous Lyapunov expo-
nent y. Let oy, = Z—;l" — « be a sequence of rationals. Let B;{n) g denote the j-th
band in the spectrum of the periodic operator Hy,, g. We have

liminf  min  (g,,' log |B;Q ol + y(b(j) 9) =0,

m—00 je[l,qm],0€T om

where bgrz g Is the centre of the band B;{n) o

Proof of Theorem 1.1. Let us first show that Lemma 3.1 implies the conclusion of
the Lemma 2.3 in the current setting. Let o, = ;’T’Z be the sequence of canonical
convergents associated with @ € R \ Q. Fix a point in the spectrum Eg € 0, which
minimises the Lyapunov exponent yo = y(Eo) = ming, y. If B(e) > 367 1yp, then
% = §"(yo + 2¢’) (for sufficiently small ¢’ > 0) satisfies B() > B > 3871y, and
there exists a subsequence mjy, for which q;}c log gm; +1 > B and hence |00 — oy, | <

1
dmy dmy +1
sufficiently small ¢ > 0, by continuity of the Lyapunov exponent y. It follows from

Lemma 3.1 (i) that there exists ko(Eqg, €) such that for all k > kg,

< e~?%P for all sufficiently large k. Note also that 8 > sup B.(Eg) V> for

. . [
inf _inf g o(Bo(Eo)) > 2 min jua(Be(Eo)):

6eT }{G[O,ﬁ]

then, Eg € 0 and Lemma 3.1 (ii) imply that g ¢(B¢(Ep)) is a strictly positive con-
tinuous function of 6 € T so for every ¢ > 0 there exists n = 1(e, Eg) > 0 such that
minger Ha,9(Be(Eo0)) > 2, hence

inf  inf Mg’zkﬁ(Bg(Eo)) > (3.2)

PeT xe[O,ﬁ]
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for k > ko. Assuming k > kg, the uniform lower bound (3.2) is precisely the assump-
tion of Lemma 2.3 so for 0 < ¢, cl,'C < 00 as in the conclusion of Lemma 2.3: For
each 0 € T, there exists a band B;sz’e N B¢(Ep) # @ with length £y = |B‘§ﬁ’z’6|,

c
such that for T > =n~2qy, €52 + 1,

2

cn
Py, 0.7 (qmn) > 616—’

) for Cn_lquﬁg <n< clnqm4K9T 3.3)

where Pamk 6,7 1sasin (2.2).

The term £g can be controlled uniformly by Proposition 3.2 and continuity of the
Lyapunov exponent. Indeed, the index jg is chosen so that the j-th band B, Ue)
intersects with the ball B,(Eo). Then, max; |B(J ) ol < 2” (see, e.g., [9]) 1mpllies
that for all sufficiently large k, we have B (j 6) ) C Bzg(Eo) for all @ € T, and con-
]9) , we have |b(j") — Eg| < 2¢&. By

continuity of the Lyapunov exponent, the d1fference |y(bgj )0) — y(Ep)| can be made

sequently, denoting the centre of this band by b

arbitrarily small. Proposition 3.2 then implies

1

o+&")gm,
< k., 34
infolg € (3.4)

where we ensure that 0 < &” < &',
—1
We shall show below that on the subsequence 7,,, = el (”0+‘9/)qu, we have,
forany 0 € T,

2
cn
P, > - 3.5
@,0,Tm (qun) Zankﬁeka (3.5a)
_ 1 _ _
Cnlgm bg' < Eclnqm‘k‘ZQka <n < C1NGpilo Ty (3.5b)

from which the conclusion of the theorem follows, for sufficiently large k:

min M, T,
9eT a,@,p( mk)

~ 012’]%“ Z (qun)pPoc,O,ka (qun)
c1namy o Tmy [2<n<cindmy Lo Ty

cien?

3
cien’ /1 _ . P _s
(31702 Ty infts)” > TP forall p > 0.
qu

A

having used (3.4) on the final inequality.
We now return to (3.5). Indeed, first note that for any bounded self-adjoint oper-
ators Hy, H,

118, €77 H180) [ — (8, €77 H1280) 1P| < 21(8n, €771 80) — (8n, €T H280)|. (3.6)
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Let L denote the Lipschitz constant of f; we show that the right-hand side of (3.6)
is bounded above by

{8, n» (e 1HHao — g7 Ham 0)5y]

qmy N>

< &1(t) = C'Li2e Pt 4 2C o3 max(amycnl0) (3.7)
and in particular,
|<8quna e—itHa_950)|2 > |(8qun7 e—itHamk.950)|2 _ 281(l). (3.8)

Indeed, for any bounded Schrodinger operator H: {%(Z) — €*(Z), there exist
constants C’, Cy, c3, depending only on the norm || H || such that if N = C’t, then

|8, e 7T 80) — (8, e TN 80V | < e3>l foralln € Z, 1 >0 (3.9)

where Hy denotes the restriction of the operator H to the finite interval [-N, N| C Z,
with Dirichlet boundary condition. The proof of (3.9) is standard and we provide it
Section 4, for completeness. It follows from the triangle inequality as well as (3.9),
that

{8, n» (€7 1Hao — 7 Hami0ygy)

qmn>

< (5

—itH, —itH, O.N —c p n|,t
qun’(e a6.N _ o amy, )80)| + 2Ce 3 max(lgmy nlt)

For Hermitian matrices 4 and B, one obtains ||e 7’4 — ¢~/*B|| < min(2, t||4 — B||)
by computing %(1 — el'Beit4) (¢ g by series expansion one shows %e”B =
iBe''B = je¢!"B B) and subsequently applying the fundamental theorem of calcu-
lus. (3.7) follows from the Cauchy—Schwarz inequality and || Hy ¢ v — Hy,, 6.N I =
1Varo¥ = Vi 08 || = maxiajen | f(ne + 0) = (1, + 0)] < LNe P4
(3.8) also holds for the entry (1, gm,n + 1). Summing the entries and Abel-

averaging then gives

oo

2 _
Poo,7(Gmcn) > P, 6,7 (@men) — 7/481(1)8 2T gy, (3.10)
0

By direct computation of the integral in (3.10) and assuming n > %cl nq,;iﬁg T, we
obtain

Pa,@,T(‘]mk n) > Pamk,O,T(ka”) —&x(T),

1 -3
62(T) = C3¢ P T2 4 Cse seine3dmtoT
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In order to get (3.5), we need to show that the error ¢, is less than half of our
lower bound (3.3) on Pamk 0,7 (qm; ), uniformly in 6 € T, on the subsequence 75, ,

namely,
2

1
sup €2(Tm,) < = inf n

-1t (3.11)
0eT 2 6eT qgkengk

We shall first show that the second term of &, (75, ) is less than the first term, then we
show that the first term is bounded by the infimum in (3.11).
Rewrite

- -3 i loT,
&2(Tmy) = Cse Bmy Tfik + Cze™ 26113 mp 20 fmy

we claim that (3.11) follows from the fact that the subsequence T, = 37 o team,
satisfies

2B qu T (cnzeﬂlhnk )%
k

3.12
cic3n infg £y 4C3q5,, (3.12)

Indeed, the lower bound in (3.12) implies that the second term of &5 (7}, ) is less than

the first. The upper bound in (3.12) is the second inequality in
sup £2(Tpm, ) < 2Cze Pami T2 L 1 L
0eT "k Mk 2q,6nk Ty, 2 ger 45, Lo Tmy

Now, let us obtain the bounds (3.12), on the subsequence T}y, . For the upper
“Lyo+ea cnePimk \1/3 e B
bound, we need to check that el 0 Mg < (W) ,» which requires 5 >
871 (yo + ¢’) (and sufficiently large k). This holds automatlcally since we had 1n1t1a11y
qm
cl 0371 infg IEQ
1
e (y°+8 )4mi Indeed, (3.4) states that — Z < eo+emy g comparing the expo-
iy o

nents, we require &’ < &’ (which we have already fixed) and § < 1, which follows

fixed ’3 = 87 !(yo + 2¢’). For the lower bound, we need to check that

automatic from our assumption that § < % in the statement of the theorem.

For (3.5) to hold, we must also ensure that Cn~ quﬁ —clnq;‘iﬁngk,

which simply follows from § < = and < eoteNamy [

infg If

4. Proof of Lemma 3.1

Gordon’s lemma (see e.g., [4, Theorem 10.3]) rules out £2-solutions to the eigenvalue
equation of H, g for any energy E € oy in the case that the frequency o € R \ Q is

extremely Liouville, in the sense that there exists a sequence of rationals o, = Z_:Z

for which o — a,,| < Ce™P4m where B = B,, = log(m) — oo (and hence f(x) =
+00). Their proof can be modified to show that Hy ¥ = E has no {2-solution if
2y(E) < B. This fact was later refined by Jitomirskaya and Liu [12] who established
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that there is an absence of pure point spectrum in the region {E : f(«) > y(E)}, for
a broad class of potentials. We state a corollary of [16, Theorem 1.1].

Lemma 4.1. Let Hy g be a bounded discrete one-dimensional Schrodinger oper-
ator (1.1)with0 € T, @ € R\ Q and associated continuous Lyapunov exponent y. Let
Uy = fI’T’Z — « be a sequence of rationals. Fix B > 0 and assume |o — | < e~ Pm

forallm > 1. If y(E) < B, then supget too({E}) = 0.

Proof of Lemma 3.1. Let Cp(R) denote the set of bounded continuous functions
g:R — C. For simplicity of notation, denote B, = B.(FEy). For any [ > 1, define
the set F; = {E e R : dist(E, B;) > %} and

dist(E, F))
dist(E, B,) + dist(E, F})

gi(E) =

which coincides with the characteristic function y g, on the set B, U Fj and coincides
with linear functions on both the left and the right interval of the set B; N F. Define
the triangle functions

g1.+(E) = (1 —I|E = (Eo £ &) 1By, (Egxe)(E)

centred at either edge E¢ =+ ¢ of the ball. Clearly, g;, g7+ € Cp(R). For any g €
Cp(R), we have

el/igle gdige = f gdiia (4.1a)
R R

/gdui’jj,g —/gdua,e
R

R

and

lim sup sup =0 (4.1b)

m—o00 €T x€[0,7/qm]

the proof of weak convergence (4.1) is standard and is provided at the end of this
section.
It follows from |xp, — g1| < g1,— + 81,4, that

|6 (Be) — tao (Be)| < /gl,— + g1+ d(fa,p + M) + /gl d(fa,p — Ha,6)
R R

and by weak convergence that

li;n sup | a6 (Be) — fo0r (Be)| < 2 / 81—+ 8+ dia,s
/—
R
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and

limsup sup  sup S o (Be) — pra,o(Be)| < 2 sup / 8l+ + 81— dpta,g-

m—oo 0€T x€[0,7/qm] 0eT R
So the claim follows from

lim sup sup / 81+ dugp =0. 4.2)

l—oco 0T

Let us show that Lemma 4.1 implies (4.2). Indeed, if not, then there exists 8 € T
and [; — oo, ; — 6 € T such that

/glj,i die,e, >8>0
R

forall j > 1. Since / < [j implies g, + > gi; ., it follows that for any / < oo there
exists jo = jo(I) < oo such that; >/ forall j > jo and hence [ g1+ disg, > 8
forall j > jo. Weak convergence implies

§ < lim /gl,:lz dlap;, = /gl,i dite,g
J—>00
R R

for every / < oo, yet since by continuity we have y(Eo + ¢) < B, Lemma 4.1 implies

lim sup / ¢4 djtag < limsup oo (B1/1 (Eo £ £)) = pag(Eo £ 8)) = 0

l—>o0 l—>o0

since [ty ¢ 18 finite. ]

Weak convergence, ballistic bound and (3.9). All of which follow from the Com-
bes—Thomas estimate (see e.g., [18, Theorem 11.2]); there exists ¢ > 0 such that for
any bounded Schrodinger operator H: (%(Z) — (*(Z),

2

< —c min(dist(z,0 (H)),1)|n—m| 4.3
= dist(z,0(H)) @

|{8n, (H — Z)_18m>

forany n,m € Z and z € C \ o(H), which also holds true for the restrictions of the
operator H to a finite interval with Dirichlet boundary conditions. This version (4.3)
of the Combes—Thomas estimate is not written in the most general or optimal way.
The constant ¢ > 0 is universal in the sense that it does not depend on the potential.
Let us briefly comment on the weak convergence of the spectral measures stated
in (4.1). For the first statement of (4.1), we need to check that the spectral measure of
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the infinite volume operator Hy g/ (with phase 6" € T') converges weakly to the spec-
tral measure of the infinite volume operator H, ¢ (with phase 6 € T)as 8’ — 6.1Itisa
standard fact from the theory of weak convergence of measures that weak convergence
is equivalent to the pointwise convergence of the associated characteristic functions.
Namely, it suffice to show that (8o, e!*He.6’§y) — (8¢, e!*He.6§y) as ' — 6 for each
t € R. For similar reasons to (4.7), it suffice to show convergence of the (0, 0)-entry
of the resolvents, via the second resolvent identity and the Combes—Thomas estim-
ate (4.3).

Let us turn to the proof of the second limit in (4.1) in which we require the weak
convergence of the spectral measure of the Floquet matrix uniformly in 8 € T and
x €0, ﬁ]. By the Stone—Weierstrass theorem, it is enough to check that the uniform
limit holds for the function g,(E) = (E — z)~! for any fixed z € C outside of the
real line J(z) # 0. Take J(z) # 0 and denote

Rup,: = (Ha,G —z)” "and RS‘) 0,z (Aotmﬁ(%) - Z)_l'
The second resolvent identity gives

(R, . — Ra9.2)(0.0)|

< Y IRY (0. )[(Hao — Aay000) (. 1) Re,z (. 0)],
ne€Z;ljl<gm/2

which is bounded by C,q2, (e_cZ + e7B9m) Indeed, first use |RS‘3,9,Z(O, D <
w5ty then split ez 1< = Ypuj g 12 + Linj<sge—1:171<25 and apply
the Combes—Thomas estimate to the term | Ry ¢ - (1, 0)], and for the second sum note
that [(Hg,9 — Ag,,,0(%))(j,n)| is the difference between the two potentials.

The ballistic bound follows from the Combes—Thomas estimate (4.3) and ensures
that the moments (1.2) exist. Indeed, by applying the spectral theorem (3.1) followed

by the Cauchy integral formula, we get

(S, —th(g — __¢ —itz (8n, (H —2)~ 150) “4.4)

where the contour € encircles the spectrum counterclockwise. To obtain the ballistic
bound, let us take the contour € to be the boundary of the rectangle with |J(z)| < 1
and |M(z)| < |H| + 1. The Combes—Thomas implies |(8,, (H — z)~'8¢)| < 2e~¢I"l
for any z € €. Formula (4.4) then gives |(8,, e ""H§y)| < et_c|”|% ¢ |dz| which
implies the ballistic bound

(8, eI §0)] < Ce™ 2N forall n| > 2¢7 1t 4.5)
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where 7C = 4(||H || + 2) is the circumference of the rectangle €. The ballistic
bound (4.5) also holds for the restriction of H to a finite interval with Dirichlet bound-
ary conditions.

Proof of (3.9). Let € denote the same rectangle as above. Let Hy denote the mat-
rix given by the restriction of H to the finite interval [-N, N] C Z for N > 0. To
obtain (3.9), we split the problem into two separate cases, |n| > 2c~!t and |n| <
2¢7 1.

The first case follows from the ballistic bound. Indeed, the ballistic bound (4.5)
also holds for the matrix Hy: |(8,, e 1N §o)| < CeIM1/2_ for every |n| > 2¢7'¢
and N > 0, with the same constants ¢ > 0 and 7 C = 4(||H|| + 2), since we have
|Hxnl|l < ||H]| for every N > 0. The triangle inequality then gives

|(8ns e T H 80) — (8. €7 HHN 80)| < 2Ce™ 3¢ = 2CemmGelnlD  (4.6)

for every N > 0.
In the second case, we use (4.4) again to deduce
|(8n,€_itH80> _ (8n,€_iZHN80>|
Ce’ -1 -1
< TmaXI(&u (H —z)""80) — (8n, (HN —2)™ d0)l; 4.7
ze€

then, the second resolvent identity and the Combes—Thomas estimate show that the
maximum is bounded by Cie?! =N = C;e1=¢C gince N = C’t. For sufficiently
large C’,

|<8na e_itH80> _ (Sn,e—itHNSOH < Cze—clt — Cze_c] max(c|n|/2,t)

which, combined with (4.6), implies (3.9). [
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