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ABSTRACT. One of the fundamental properties of automorphic forms is that
their periods — integrals against certain distinguished cycles or distributions
— give special values of L-functions. The Langlands program posits that
automorphic representations for a reductive group G correspond to (general-
izations of) Galois representations into its Langlands dual group G. Periods
and L-functions are specific ways to extract numerical invariants from the
two sides of the Langlands program; in interesting cases, they match with
one another.

Relative Langlands Duality is the systematic study of the manifestations
of this matching at all “tiers” of the Langlands program (global, local, geo-
metric, arithmetic, etc.). A key point is a symmetric conceptualization of
both sides: periods arise from suitable Hamiltonian G-actions G O M and
L-functions from suitable Hamiltonian G-actions G ¢ M.
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Introduction by the Organizers

The Arbeitsgemeinschaft on Relative Langlands Duality, organized by David Ben-
Zvi (Austin), Yiannis Sakellaridis (Baltimore), and Akshay Venkatesh (Princeton)
was attended by 47 participants in addition to the organizers, with mathematical
backgrounds ranging from physics to analytic number theory.

One of the fundamental properties of automorphic forms is that their periods —
integrals against certain distinguished cycles or distributions — give special values of
L-functions. The Langlands program posits that automorphic forms for a reductive
group G correspond to Galois representations into its Langlands dual group G, and


https://creativecommons.org/licenses/by-sa/4.0/deed.en

812 Oberwolfach Report 18/2025

period formulas can be expressed as a commutative diagram:

(1) automorphic forms Galois representations

complex numbers.

That is to say, “periods” and “L-functions” are specific ways to extract numerical
invariants from the two sides of the Langlands program; and in interesting cases,
they match with one another.

Relative Langlands Duality is the systematic study of the manifestations of
this matching at all “tiers” of the Langlands program (global, local, geometric,
arithmetic, etc.). A key point is a symmetric conceptualization of both sides:
periods arise from suitable Hamiltonian G-actions G O M and L-functions from
suitable Hamiltonian G-actions G' ¢ M. Thus, (1) suggests a correspondence
between such actions.

In this workshop we explored the relative form of the Langlands correspondence
following the recent manuscript [1]. We discussed a special class of Hamiltonian
actions of reductive groups called hyperspherical varieties, including the cotangent
bundles of suitable spherical varieties, and described a duality

GOM+——MOG

between hyperspherical varieties for Langlands dual groups. The relative Lang-
lands duality has a manifestation in each tier of the Langlands program, which all
have the general form of Diagram 1: a measurement of automorphic objects for
G associated to M matches a measurement of spectral objects for G associated to
M.

In order to organize all the different structures of the relative Langlands program
in each tier and their interrelations we used the general metaphor provided by
Topological Quantum Field Theory (TQFT). A TQFT is a collection of linear
invariants attached to manifolds of different dimensions satisfying strong algebraic
interrelations which encode in particular symmetries of these invariants. A key
structure in TQFT is the notion of a boundary theory for a TQFT Z, meaning
a theory defined relative to Z, and thus producing functionals on the invariants
defined by Z. The Langlands correspondence can be thought of as an equivalence
of two TQFTs, one describing the theory of automorphic forms associated to G
and one describing the theory of Langlands parameters into G. In this language
the relative Langlands program concerns the matching of boundary theories for
the dual TQFTs, a highly structured form of the matching of functionals such as
periods and L-functions.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-2230648, “US Junior Oberwolfach Fellows”.
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Abstracts

Topological Quantum Field Theories
DMITRI WHITMORE

Topological quantum field theories (TQFTs) originated from physics as the “zero
energy” part of quantum field theories, where interesting structures still exist due
to the presence of non-trivial topologies. In mathematics, TQFT's allow one to de-
fine interesting topological invariants. Within representation theory (including the
Langlands programme), they provide a useful (albeit sometimes only metaphori-
cal) organizational framework.

The main reference we follow is [1, D.1, D.2]. In addition, more detailed expla-
nations of some definitions and examples appearing in this talk can be found in

2].

1. BASIC FRAMEWORK

The fundamental idea is to assign functorial (linear) invariants to the ((oo,n)-)
category Bord,, of oriented manifolds of dimension at most n. This category has:

e Obj(Bord,) = {oriented 0-manifolds}
e Mor(Bord,,) = {bordisms between two 0-manifolds}
e 2-Mor(Bord,,) = {bordisms between bordisms}

Examples of objects include the point and the empty set. Examples of 1-morphisms
include the interval [0, 1] € Mor(*, *) and the circle ST € Mor(), ). An example
of a 2-morphism is the ‘pair of pants’ P € Mor(S* L S, S1). All k-morphisms for
k > n are invertible, with (n 4+ 1)-morphisms given by diffeomorphisms, (n + 2)-
morphisms given by diffeomorphisms between diffeomorphisms, and so on.

Note that the manifolds comprising the data of Bord,, are manifolds with corners
and have specified ingoing and outgoing boundaries. Composition of morphisms is
defined by appropriately gluing allowing ingoing and outgoing boundaries, which
is pictorially given by concatenation of diagrams. The category Bord,, has a sym-
metric monoidal structure given by disjoint union.

Definition 1.1. A TQFT Z is a symmetric monoidal functor:
Z : Bord,, — C.

Here C is a typically a C-linear category (given by some delooping of the complex
numbers). This roughly means that (n—1)-Mor(C) has the structure of a C-vector
space, (n —2)-Mor(C) has the structure of a Vectc-linear category, and so on. The
symmetric monoidal structure then implies that

Z(0") =1 € C = End(Z(p"1))
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with C thought of as the monoidal unit in
Vecte = End(Z(0"~2)),
and so on.
Thus, evaluating Z on a compact d-manifold M? without boundary yields:

e a complex number
Z(M™) = a € C=End(Z(0"')) = End(C)

when d = n;
e a vector space

Z(M" 1) =V € Vecte = End(Z(0"~?)) = End(Vectc)
when d =n —1;
e a C-linear category
Z(M™?) € 2-Vectc
when d =n — 2.

Remark 1.1. In practice, defining a TQFT Z in all dimensions can be challeng-
ing. One therefore often restricts to defining Z only within a specific range of
dimensions.

2. LOW-DIMENSION EXAMPLES

2.1. 1D TQFTs. Let Z : Bord; — C be a 1-dimensional TQFT. Evaluating
Z on a point with a choice of orientation gives rise to a pair of vector spaces
V =ZxT)and W = Z(*7). The map Z (D) € Hom(V @ W, C) provides a perfect
pairing between V' and W, which can be seen by suitably deforming the interval
and applying ‘Zorro’s lemma’. We see that V is finite-dimensional, an example of
the general phenomenon that TQFTs impose strong finiteness and dualizability
constraints on their outputs. The complex number Z(S!) is given by the dimension
of V. If we in the non-derived setting (so that V' is an object of the abelian category
of vector spaces, instead of the derived category of vector spaces), then the data
of dim V' moreover completely classifies the TQFT up to isomorphism.

2.2. 2D TQFTs. Suppose that Z : Bords — C is a 2-dimensional TQFT. Evalu-
ating on the circle now yields a vector space

Z(S') = A € Vectc.
This vector space has a commutative algebra structure arising from the pair of
pants

Z(P): A A— A
Letting D (resp. D’) denote the half-sphere with incoming (resp. outgoing) bound-
ary a circle and empty outgoing (resp. incoming) boundary, we obtain maps

Z(D)=C— A
Z(D): AS ¢,
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with Z(D')(1) providing the unit of A. The map 0 is called the trace and gives
rise to a Frobenius algebra structure on A. The data of a 2-dimensional TQFT
(evaluated on objects of dimension 1 and 2 and assumed to take values in abelian
categories rather than the associated derived categories) turns out to be equivalent
to giving a finite dimensional commutative Frobenius algebra.

3. LAGRANGIAN TQFTS AND FINITE GROUP GAUGE THEORIES

3.1. Lagrangian TQFTs. We often wish to factor our TQFT Z as a composition
Bord,, Z C

N S

Corr,,

with Corr,, a category of spaces with morphisms given by correspondences, which
we will take to be finite orbifolds. For our purposes, we will refer the data of Z
together with such a factorization Fz as a Lagrangian TQFT (an oversimplification
by comparison to the actual definition of a Lagrangian QFT). Often we take Fz =
Map(—,T) for some target space T'. Physically, 7z represents fields on M, which
are linearized to obtain a TQFT through taking functions, sheaves, etc. Note that
Fz should not depend on the dimension of the input, while Z itself will. While
not every TQFT arises as a Lagrangian TQFT, many important examples do.
Moreover, the choice of factorization Fz may not always be unique, which can be
a source of interesting dualities in mathematics and physics.

3.2. Finite group gauge theories. A key source of examples of Lagrangian
TQFTs are those arising from linearizing the moduli of G-local systems on a
space. For a finite group G and manifold M, consider the finite orbifold

Locg(M) = Hom(m (M), G)/G = Map(M, BG).
We define a TQFT Z% (in codimensions 0 to 2) by linearizing Locg(M?):
Z&(M™) = #tLoca(M) =
z€Locg (M
Z&(M™ 1) = Fung(Locg(M™ 1)) € Vectc,
Z&(M™?) = Shve(Locg(M™?)) € 2-Vectc.

1
) #Aut(x) €C

From a manifold M with boundary OM = 0T M U &~ M, we obtain a correspon-
dence:
Locg (M)

Locg (0T M) Locg (0~ M)
Morphisms are given by push-pull along such correspondences. For instance,

ZE(M) = (77)u(n ) 2 ZEOTM) — ZE(0~ M).
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3.3. 2D Case. We now focus on the case when n = 2. We have:
Z2(pt) = Shvg(BG) = Rep(G)
Z2(8h) = ClG/q]

#{[xlyylL R [xg7yg] € G2g : [xhyl] e [x!ﬁyg] = 1}
#G ’

Z?;(Eg) =

so that, for instance,

1
Z3(57%) = #
Z3(8t x St = #G Z #Cq(x) = #{conjugacy classes}.
zeG

We saw already that Z2(S') has the structure of a Frobenius algebra. In this
example, the Frobenius algebra structure on C[G/G] is given by convolution of
class functions, with the trace (up to scalar) given by evaluating on the identity
of G. This Frobenius algebra is semisimple, with a basis given by the irreducible
characters of G. One can use the framework of 2-dimensional TQFTs to prove the
following identities for every g > O:

#9225 = Y x(1)*7%,
X irred char.
as a consequence of more general identities holding whenever the Frobenius algebra

associated to a 2D-TQFT is semisimple.

3.4. Summary Table. The following table summarises the output of Z7, for some
small values of n.

7z 7z 7&

3 #Locg(Z3) C[Locg (23)]
#Locg(3?) | ClLocg(X?)] | Vect(Locg(X?)) (e.g. S? — Repg)

S| C[G/G] | Vectq(G/G)

pt | Rep(G)

M| (1]
v
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Structures in TQFTs
SURYA RAGHAVENDRAN

We discuss two methods for extracting lower dimensional TQFTs from higher
dimensional ones: circle compactification and interval compactification.

1. CIRCLE COMPACTIFICATION
Recall that the outputs of a TQFT must satisfy a finiteness hypothesis.

Definition 1. Let C be a symmetric monoidal category. An object F' € C is
dualizable if there exists FV € C together with morphisms

ev: FR FY =k, coev:k -+ F®FY
such that (ev ® Id) o (Id ® coev) = Id

Note that for a dualizable object F' € C, we have that End(F) = F ® F".
The evaluation map then gives us a trace End(F') — 1¢, and pre-composing with
coevaluation gives us a canonical element, the dimension, dim F' € End(1¢)

Ezample 2. In the (oriented) bordism category Bord, every k-morphism M is a
dualizable object. The coevaluation and evaluation maps are given by macaroni
with M-shaped cross-sections. Composition is gluing along M LI M, which is the
same as the cartesian product with S!. Therefore we see that dim M = M x S!.
We can also consider the trace tr(f) where f : M — M is a (k + 1)-morphism.
An identical argument shows that tr(f) = M x I/((x,0) ~ (f(x),1)) the mapping
torus.

Ezxample 3. In the category of correspondences Corr, every object is dualizable
with XV = X; duality data is afforded by the diagonal maps. We see that
dim X = X xXxxx X = LX the loop space of X. Similarly, a map f: X — X de-
fines an element of Homce, (pt, X x X); the trace tr(f) computes the intersection
graph(f) X xxx X which counts the fixed points of X.

Example 4. Consider an algebra A viewed as an object in the Morita category. A is
self-dual with dualizability data coming from viewing A as a left or right A ® A°P-
module. An argument similar to example 3 tells us that dimA = A ® qg 400 A
which recovers the Hochschild homology of A.

Definition 5. Let Z be an n-dimensional TQFT. Its circle compactification
is the (n — 1)-dimensional TQFT given by Zg1(—) = Z((—) x S1).

Since TQFTs are symmetric monoidal functors, the circle compactification is a
TQFT which computes dimensions of the outputs of Z. This turns out to be a
useful organizing perspective. Recall that there is a general philosophy that for G a
reductive group, the representation theory of G(Fy) can be recovered by categorical
traces of Frobenius. Example 2 suggests a cartoon for this as the value of a TQFT
on a "mapping torus for Frobenius”. Moreover, recall from the previous talk that
many TQFTs arise by postcomposing a ”Lagrangian” TFT Bord — Corr with
a suitable choice of linearization. Assuming that this linearization is monoidal,
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we see that the trace of a linearization must agree with a linearization of a trace
computed in Corr, i.e. the fixed points. This reflects the shape of statements such
as the Grothendieck-Lefschetz trace formula.

2. INTERVAL COMPACTIFICATION

Given a way to treat an interval as if it were a closed manifold, we can mimic
definition 5 to get an (n — 1)-dimensional TQFT. Boundary theories will allow us
to do this. Recall that an n-dimensional TQFT Z will assign to a k-manifold M
with boundary, an object Z(M) € Z(OM). Morally, a boundary theory will give a
collection of objects in Z(OM) for every such M, that can be paired against Z (M)
to produce an invariant of lower category number. Moreover, these objects will
satisfy a host of compatibility conditions, similar to the outputs of Z.

Let 1 denote the unit in the monoidal category of n-dimensional C-valued
TQFTs. Its value on every k-morphism is the identity k-morphism of the monoidal
unit 1¢ € C. Also recall that for any m < n may restrict an n-dimensional TQFT Z
along the inclusion of the subcategory Bord,, — Bord,, to get a truncated TQFT
7'<mZ.

Definition 6. A (left) boundary theory for Z is an oplax natural transfor-
mation 1 — 7<,—1Z. The dual notion of a right boundary theory is defined
identitically.

The cobordism hypothesis with singularities allows us to view a boundary theory
B as providing an extension ZB of Z to manifolds with "marked boundaries”
we may formally treat certain manifolds with boundary as if they were closed by
marking the boundary. The extension is thought of as Z with the boundary theory
imposed as a boundary condition.

Ezample 7. Consider an n-dimensional Lagrangian TFT given by Map((—),Y") and
let X be a space with a map X — Y. The space X determines a boundary theory:
to any k-morphism M in Bord, the boundary theory assigns the correspondence

Map(M, X)

e

pt Map(M,Y)

To describe the corresponding extension of Map((—),Y") to bordisms with marked
boundaries, let N be a k + 1-morphism, with its boundary 0N = M marked. The
extension assigns to M, the composition of correspondences

Map(M, X) Map(N,Y)

B T <

Map(M,Y)

The fiber product is given the space of twisted maps - maps N — Y whose
restrictions to M lift to X.



Arbeitsgemeinschaft: Relative Langlands Duality 821

Ezample 8. For a finite group G, recall 2d Dijkgraaf-Witten theory Z2 from the
last lecture. This admitted a description as a linearization of a Lagrangian TFT:

M
BOI‘d ap((—),B COI‘I‘ linearize Cat

zg

Given a G-set X, we have a map X/G — BG to which we can apply the construc-
tion of example 7 - this boundary theory describes coupling the o-model into X
to G-gauge theory.

e O%(pt) € Rep(@) is obtained by linearizing the element of
Homcoyr (pt, BG) from 7 and yields the algebra of functions C[X]. Special
examples of X include the Neumann boundary theory X = pt and the
Dirichlet boundary theory X = G.

e ©%(S') € C[4] is similarly obtained by linearizing an element of
Homcopr (pt, %) and recovers the character of C[X] expressed via the
Atiyah-Bott formula.

e Consider the interval I as a 1-morphism between the empty set and ptLIpt
in Bord. Since ©% is oplax, there is a 2-cell

Vect —(0)> Vect

lw) / lzcm

Vect ﬁ Rep(G x G)

yielding a map C[X] ® C[X] — C[G]. This map recovers matrix elements
of C[X].

Given a manifold with multiple boundary components, we can imagine marking
different components of boundaries with different boundary theories. In particular,
given a TQFT Z with a pair of a left and a right boundary theory we can extend Z
to a functor ZB2-Br to a category of marked bordisms with two distinct markings
of boundaries. An important 1-morphism in this category is the interval I with
each endpoint a boundary of different color.

Definition 9. Let Z be an n dimensional TQFT and let By, Br be left and right
boundary theories respectively. The interval compactification Z; 3, 5, is the
(n — 1)-dimensional TQFT defined by the composition

15y . 1z Brygq

Concretely, Z;1 5, 5 (N) = ZB1Br(I x N).
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Ezample 10. In the setting of example 7, suppose we have two spaces X1, Xo — Y,
each of which determines a boundary theory. For M a k morphism, the interval
compactification assigns the limit of

Map(M, X1) Map(M x [0,1],Y Map(M, Xs)

/\/\/\

Map(M,Y) Map(M,Y)

Ezample 11. We consider the interval compactification of Z2 associated to two
boundary theories Ox,, Ox,. To a point, the interval compactification assigns
the linearization of the limit in example 10. The latter is seen to be the bal-
anced product X; x& Xs, and the linearization is the space of homomorphisms
Hompgep ¢(C[X1], C[X2]). Accordingly, we see that interval compactifications
against Neumann and Dirichlet boundary theories recover familiar construction.

e Taking X; = pt, the interval compactification computes the invariants
C[X2]“. That is, compactifying against Neumann gauges the G-symmetry.

e Taking X; = G, the interval compactification recovers C[X5] as an ordi-
nary vector space. That is, compactifying against Dirichlet ungauges the
G-symmetry.

REFERENCES

[1] Freed, D.S., Moore, G.W. and Teleman, C., 2024. Topological symmetry in quantum field
theory. Quantum Topology, 15(3), pp.779-869.

[2] Johnson-Freyd, T. and Scheimbauer, C., 2017. (Op) laz natural transformations, twisted
quantum field theories, and “even higher” Morita categories. Advances in Mathematics,
307, pp.147-223.

[3] Lurie, J., 2008. On the classification of topological field theories. Current developments in
mathematics, 2008(1), pp.129-280.

[4] Stewart, W., 2024. Topological domain walls and relative field theories. Thesis. Available at:
https://repositories.lib.utexas.edu/items/dbfc86cd-79bf-4cca-867b-ae9624095740.

Unramified Langlands Duality
S1yAN DANIEL Li-HUERTA

Let G be a split reductive group (say, over Z), B be a Borel subgroup of G, and T
a maximal torus in B. This induces a based root datum (X*(T'), ®*+, X, (T), ®*).
Since (X, (T),®+, X*(T),®") is also a based root datum, it induces another split
reductive group G (called the Langlands dual of G) along with a Borel subgroup
B of G and a maximal torus T in B.

Langlands duality predicts a relationship between

“automorphic” objects associated with G
and
“Galois” objects associated with G.

In this talk, we review Langlands duality in the following four settings:
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arithmetic | geometric
local §1 §2
global 83 84
We only discuss the unramified situation. We also focus on the function field case,
where one can pass from the geometric setting to the arithmetic one via trace of
Frobenius.

1. LOCAL ARITHMETIC

Let F be a nonarchimedean local field, i.e. F,((2)) or a finite extension of Q,.
Write O for the ring of integers of F, write F, for its residue field, and write | - |
for the absolute value on F that sends uniformizers to ¢~ *.

Suppose you want to study continuous C-valued representations 7 of the topo-
logical group G(F'). Because G(F) is totally disconnected but C has the Euclidean
topology, one can show that, for every v in 7, there exists a compact open subgroup
K of G(F) such that v is fixed by K (i.e. 7 is smooth).

In general, K might need to be very small in order for 7% to be nonzero. Let
us only consider irreducible representations where 7% is nonzero for a very large
(in fact, maximall) compact open subgroup.

Definition 1. We say 7 is unramified if 7¢(©) #£ 0.

Using the Haar measure on G(F') that gives G(QO) volume 1, convolution endows
the C-vector space Hg (o) = Cc(G(O)\G(F)/G(0),C) with an algebra structure.
Similarly, convolution endows 7&(©) with an action of Hao)

Proposition 2. The assignment 7 — 1¢(©) induces a bijection
{unmmiﬁed irreducible representations w of G(F)} %’{irreducible Hg(@)—modules}.

This leads us to study the C-algebra Hg (o). What is it?

Example 3. When G =T is a torus, the commutativity of 7" implies that
T(ONT(F)/T(0) = T(F)/T(0) = X.(T),

where the isomorphism sends p in X, (7") to the image of u(z) in T'(F)/T(O) for
any uniformizer z of F. Therefore Hp(o) equals the group algebra

C[X.(T)] = ClX*(T)),
where we use that X*(T) = X, (T) by construction.

One can reduce the general case to Example 3 as follows. Write N for the
unipotent radical of B, and write 2p for the sum of elements in ®*.

Theorem 4 (Satake). The assignment f(g) — |(2p)(t)|"/? fN(F) f(tn)dn induces
an algebra isomorphism Hegoy = (Hro) YW, where W denotes the Weyl group.

One can show that W is naturally isomorphic to W. Combined with the Cheval-
ley restriction theorem and algebraic Peter—Weyl theorem, Theorem 4 implies that

(5 Hao) = (Hre)" = CITY = C[T//W] = C[G//G) = K°(Rept" G).
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Remark 5. Smoothness is a purely algebraic property of representations, and all
our integrals are actually finite sums. Hence everything here holds after replacing
C with an isomorphic field with a fixed square root of ¢ (to evaluate |(2p)(t)]'/2).

2. LOCAL GEOMETRIC

The F = Fy((2)) case of §1 suggests the following geometric analog. Let k be an
algebraically closed field. We start by geometrizing G(O) and G(F).

Definition 6. For all k-algebras R, write (L*TG)(R) for G(R[z]) and (LG)(R) for
G(R((2))-

Spec k((2)) is like a punctured disk, which deformation retracts to S*, so LG is
like a space of loops. Spec k[z] is like a disk, so LG is like the subspace of loops
that can be filled in. These loop spaces have the following geometric structure.

Proposition 7. LG is an affine scheme, LG is an ind-affine scheme, and the
étale quotient Grg = LG/L*G is an ind-projective scheme over k.

Example 8. When G = T is a torus, the isomorphism from Example 3 upgrades
to show that Grr is the constant scheme X, (7). In particular, there is a natural
map (2p, —) : Grp — Z.

According to Grothendieck’s sheaves-functions dictionary, we should consider
étale sheaves on LTG\Grg. However, in general Grg is not smooth, so we should
use perverse sheaves. We take Q, as our coefficients, where char k does not divide
¢, and we fix a square root of ¢ as in Remark 5.

We emulate the constant term integral from Theorem 4 using the maps

Grg Grr ——— Spec k.

Finally, we arrive at the following geometrization of Theorem 4. The following
theorem has a long history but was ultimately proved by Mirkovi¢—Vilonen.

Theorem 9 (Mirkovi¢-Vilonen [1]). The category of L*G-equivariant perverse
sheaves Perv(LTG\Grg, Q) has a natural symmetric monoidal structure such that
F = m(qp*F[(2p,—)]) is a fiber functor. This induces an exact tensor equivalence

S : Perv(LTG\Grg, Q) = Rep%’;‘ G.

Remark 10. When k = Fq, Theorem 9 is compatible with Theorem 4 as follows.

For all dominant p in X*(T'), write V, for the corresponding highest weight rep-

resentation of G. Then the image of [V,] in K O(Rep%r: G) under (x) equals the

function (—1)¢27# tr(Frob*; S(V},)), where we use the fact that Theorem 9 also
holds over F, to get the Frobenius map.
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3. GLOBAL ARITHMETIC

Let Xy be a geometrically connected smooth proper curve over [y, and write > for
its base change to F,. Write F' for the function field of ¥y, write A for its adele
ring, and write O for the subring of integral adeles. Write Weily,, for the Weil
group of Xy, so that there is a short exact sequence of topological groups

1 —— 7$t(8) —— Weily,, — Frob” —— 1.

Classically, Langlands duality studies L?(G(F)\G(A)/G(0)) and tries to de-
compose it as a direct integral of C.(G(0)\G(A)/G(0),C)-modules indexed by
G-valued representations of Weily,,. Since compactly supported functions are
dense in L2, we might as well study C.(G(F)\G(A)/G(0),Q,) instead. More-
over, spectral decompositions correspond to global sections of coherent sheaves, so
we should try describing C.(G(F)\G(A)/G(0),Q,) as the global sections of some

coherent sheaf on a space of G-valued representations of Weily,, instead.
We will use the following families for our moduli problem, which correspond to
“G-valued representations of Weily,, whose restrictions
to m$t (%) are Q,-locally finite and continuous”
under Tannaka duality.

Definition 11. For all derived Q,-algebras A, write LS‘gith(A) for!

{right t-exact symmetric monoidal D(Repg, G) — D(A) ®g, [Ind Diis(2, Q)] frob” }

Proposition 12 ([2]). LS?;Mrl is a derived algebraic stack locally almost of finite
type over @e-
Let v be a closed point of 3. Restricting to the decomposition group at v and
using the Tannakian description yields a map
LS%rith — Hom(*/Z,*/G) = Hom(Z,G)/G = G/G,

SO RF(G /G, 0) = Q,[G//G] acts on derived global sections of coherent sheaves on
LS%rlth by pullback.

Conjecture 13 ([2]). There is a canonical isomorphism
Co(G(F)\G(A)/G(0),Q,) = RT(LSE"™", w),

where w denotes the dualizing sheaf, that is compatible with the Hgo,) = Q [G'//G']—
action under (%) for all closed points v of L.

Remark 14. Any @Z -multiple of an isomorphism as in Conjecture 13 still satisfies
the local compatibility condition. However, there should be a canonical such
isomorphism; one could obtain it by combining Conjecture 21 for k = F,, Remark
22, and Theorem 24. This is important for normalizing the numerical predictions
of relative Langlands duality.

WWhen =g = P!, Ind Dyis(2,Q,) should be replaced by its left-completion. The same holds
for Definition 19.
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Ezample 15. When G = T is a torus, every T-valued representation of Weily,, over
Qy is irreducible, so LS%““rl has trivial derived structure. Therefore the Tannakian
description and the commutativity of 7" imply that

Ls%rith o~ Homgrp (Weﬂ%]?)’ T)/T = HOngrp(}f—'>< \AX /@X y T)/Tv

where we use the isomorphism Weilaz}z >~ FX\AX/O* from global class field theory
that sends geometric Frobenii to uniformizers. This implies that w = O, so we get

RD(LSY™, w) 2 Q[(F*\AX /0X) @5 X*(T)
= Q[(F*\A*/0*) ®z X.(T)] = Ce(T(F)\T(A)/T(0), Q).
The canonical isomorphism as in Remark 14 is the above map times 1 — gq.
We conclude with the following hint towards geometrizing this section.

Proposition 16 (Weil, Harder). There is a natural equivalence of groupoids
G(F)\G(A)/G(0) = {G-bundles on Xp}.

4. GLOBAL GEOMETRIC

Let k& be an algebraically closed field, and let 3 be a connected smooth proper curve
over k. Proposition 16 suggests the following geometrization of G(F)\G(A)/G(0).

Definition 17. For all k-algebras R, write Bung(R) for {G-bundles on Xg}.
Proposition 18. Bung is a smooth algebraic stack over k.

One interpretation of global geometric Langlands is that

“constructible sheaves on the space of nice G-equivariant coherent sheaves”
should be equivalent to

“coherent sheaves on the space of nice G-equivariant constructible sheaves.”
We will make sense of the first line using Bung. To make sense of the second line,
we will use the following space of G-local systems.

Definition 19. For all derived Q-algebras A, write LS™"(A4) for
{right t-exact symmetric monoidal D(Repg, G) — D(A) ®g, Ind Dlis(E,@Z)}.

Note that LSE™ has the same “Q,-locally finite” condition as LSgith, which
turns out to force the pointwise semisimplification of any family of G-local systems
to be locally constant. Hence this condition restricts the variation of our families.

Proposition 20 ([2]). LSE‘;Str is a disjoint union of quotients by G of affine formal
derived schemes.

Let v be a k-point of ¥. Taking fibers at v and using the Tannakian description
yields a map LSE‘;Str — x/G, so Rep%i1 G acts on Ind Coh(LSrC‘;Str) by pullback.

There is also an action of Perv(L*G\Grg,Q,) on D(Bung,Q,) by convolving
with sheaves on a Hecke stack.
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Conjecture 21 ([2]). There is a canonical equivalence

D(Bung, Qp)nip = [Ind COh(LSI&?Str)]Nin

that is compatible with the Perv(LTG\Grg, Q) = Rep%’;l G-action under Theorem
9 for all k-points v of 2. /

Remark 22. In fact, there is a recipe for the functor in Conjecture 21, and this
recipe determines the functor uniquely.

Theorem 23 (Arinkin-Beraldo-Campbell-Chen-Faergeman—Gaitsgory-Lin-Ras-
kin—Rozenblyum [4]). When k = C, Conjecture 21 is true.

Theorem 24 (Arinkin-Gaitsgory—Kazhdan—Raskin—Rozenblyum—Varshavsky [3]).
When k = Fq and ¥ is defined over F,, the categorical trace

tr(Frob,; D(Bung, Q;)xilp)

is naturally isomorphic to the Qg-vector space C.(G(F)\G(A)/G(0),Q,). Conse-
quently, Conjecture 21 implies Conjecture 13.
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Arithmetic topology and the Langlands program via TQFT
ARTHUR-CESAR LE BRAS

1. Number rings as 3-manifolds. Let F' be a global field, i.e. a number field or
a function field over a finite field IF;, with ring of integers Ox. To F' we can attach
the scheme X g, which is Xz = Spec(Ok) if K is a number field and the smooth
projective geometrically connected curve Xp over F, with field of meromorphic
functions F', when F has positive characteristic. (The formulation is not uniform,
since we are missing the archimedean places in the number field case.) It is a
well-known analogy that X, while having Krull dimension 1, behaves like a 3-
manifold from the point of view of the étale topology. This is for example justified
by the following result of Artin-Verdier [2] and Deninger [3].
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Theorem 1. ! Let F be a constructible étale sheaf of abelian groups on Xp. For
any r € Z, the Yoneda pairing

Ext, (F,Gp) @ H*"(Xp, F) — H*(XF,G,n) = Q/Z

is a perfect pairing of finite abelian groups (in particular, the cohomology of F
vanishes in degrees > 3).

We can thus, ignoring again the archimedean places in the number field case,
imagine X as a closed (i.e. compact, without boundary) non-oriented 3-manifold,
with each closed point of X giving rise to a knot in this 3-manifold. This analogy
can in fact be pushed quite far and is the subject of arithmetic topology (see e.g.
[5])-

What if we consider instead the ring of S-integers of F', for a finite set of places S
of F', containing the archimedean places when K is a number field? Geometrically,
this amounts to replacing Xz by the non-empty open subscheme Xp g obtained
by removing from Xp the closed points indexed by S. The duality result above
remains valid for constructible étale sheaves on Xr g, if one replaces cohomology by
compactly supported cohomology. The scheme X 5 now behaves like a 3-manifold
with boundary given by Spec(]],cg Fi), where for every z € S, I, denotes the
fraction field of the completed local ring O, of X at x. This boundary looks like
a surface, by local Tate duality.

2. Spaces of automorphic forms: a puzzle. If F' is a global field, S a finite
set of places of F', and G is a redutive group over OF s, one can form the C-vector
space
Ac(Xps) = lim Fun(G(K)\G(Ap)/G(O%) [ K., C)
(Ko)aes B

(the colimit running over compact open subgroups K, of G(F,)) of automorphic
functions for G unramified away from S (the precise meaning of Fun(—) entails
some analytic considerations in the number field that we ignore for simplicity). If
one takes the analogy between ring of S-integers in global fields and 3-manifolds,
it is natural to wonder what the assignement Xp g — Ag(XFg) corresponds to
on the side of 3-manifolds.

The standard way to attach vector spaces to 3-manifolds would be to consider
singular cohomology. This is however not a good analogy. First, singular cohomol-
ogy makes sense for manifolds of any dimension, while the theory of automorphic
forms is something really specific to global fields. Second, the cohomology of a
disjoint union of two 3-manifolds is the direct sum of their cohomologies. But if
F — F’ is a finite Galois extension of global fields, corresponding geometrically
to a finite étale Galois cover on rings of S-integers, for a finite set of bad places S,
then for G reductive, Ag(Xrs g) looks more like a finite tensor product of copies
of Ag(Xp,s) (think, when F' = Q and F” is a real quadratic extension, of spaces of
modular forms versus spaces of Hilbert modular forms). Finally, for fixed F' and

IThe theorem as stated is a small lie: to make it correct as written in the number field, one
needs to assume that K is totally imaginary. In general, one needs to correct the cohomology
groups to take into account the contributions of the infinite places.
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S, the cokernel of the natural map Aq(Xr) — Ag(Xrs) is not simply described
in terms of the boundary [, ¢ F%, as it would if we were looking at cohomology.
These two first objections (and the third one as well, see § below) are formally
more reminiscent of the properties of a TQFT.

3. A brief reminder on TQFT’s. The notion of TQFT has been introduced
in previous talks. Fix an integer d > 1 and a field of coefficients k. Classically,
a (non-oriented) d-dimensional TQFT is a symmetric monoidal functor from the
1-category Bord'(d) whose objects are closed (d — 1)-manifolds and morphisms
between closed (d — 1)-manifolds are bordisms up to diffeomorphisms, with sym-
metric monoidal structure given by the disjoint union, to the category of k-vector
spaces, with the tensor product of k-vector spaces. Note that if M is a closed
d-manifold, we can see M as morphism in Bord® (d) from the empty manifold of
dimension d — 1 to itself and so if Z is a d-dimensional TQFT, Z(M) is an endo-
morphism of k, i.e. an element of k. In other words, a d-dimensional TQFT
assigns numbers to closed d-manifolds, in a diffeomorphism-invariant manner,
and the axioms of a TQFT are here to tell us how to compute these numbers
by cutting M along (d — 1)-dimensional closed submanifolds: if N is a closed
(d — 1)-manifold cutting M a closed d-manifold in two pieces My, M1, Z(M) is
the image of Z(My) ® Z(M1) € Z(N) @i Z(N) by the natural evaluation pairing
Z(N) ®x Z(N) — k coming from seeing N X [0,1] as a morphism from N U N to
the empty manifold.

If one tries to use this to simplify the geometric structure of M as much as
possible, e.g. by triangulating it, one runs into the problem that one needs to cut
M along non-closed manifolds, and thus one would like the TQFT to also assign
something to manifolds of dimension smaller than d — 1. This leads to the notion
of an extended TQFT of dimension d: a symmetric monoidal functor from the
(00, d)-category Bord(d), whose objects are 0-dimensional manifolds, 1-morphisms
bordisms between them, etc., with the symmetric monoidal structure given by
the disjoint union, to a symmetric monoidal (oo, d)-category C. (Under some
assumptions on C, the previous notion of TQFT is recovered by iterating (d — 1)-
times the process of passing to endomorphisms of the unit. From now, all TQFT’s
will be understood as extended.) In the arithmetic case, we saw manifolds of
dimension 1, 2 and 3 appear (finite, local, global fields), so the extended perspective
will be relevant.

Remark 2. As a sample illustration of functoriality for a TQFT, note that if ¢ < d,
M is a closed i-manifold, f is a diffeomorphism of M and Z is a d-dimensional
TQFT, the categorical trace of the endofunctor Z(f) of Z(M) is given by Z(Mjy),
where My is the mapping torus of f (seen as an endomorphism in Bord(d) of
the empty manifold of dimension ), an object of the category of i 4+ 1l-iterated
endomorphisms of the unit of C.

4. The (heuristic) dictionary. Let G be a split reductive group (say over Z,
for simplicity), with Langlands dual G. We will illustrate how to think of the
Langlands program as an equivalence of two 4-dimensional TQFT’s, one attached
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to G, the automorphic TQFT A, and one attached to G, the spectral TQFT Bg.
To avoid any ambiguity, let us stress that this is purely metaphorical. We first
discuss closed arithmetic manifolds, then non-closed ones. The number in front of
each item indicates the dimension.

o (3, closed) If F is a global field, Ag(XF) (with X as above) has already
been specified, while B (Xr) is not known in general, but given when F
is a function field by I'(LocSys¢ x,.,w), the space of global sections of the
dualizing sheaf on the stack of arithmetic G-local systems on Xp from [1].

e (2, closed) For X asmooth projective curve over F, or C, Ag(X) is the cat-
egory of sheaves on the stack Bung, x of G-bundles on X, where “sheaves”
refer to f-adic sheaves (¢ # p), D-modules or Betti sheaves depending on
the situation, while Bxs(X) is some modified version of the category of
quasi-coherent sheaves on LocSysa , the stack of restricted, de Rham or
Betti G-local systems on X.

e (2, closed) The same applies for a local field F, using, so to say, the
Fargues-Fontaine curve (or the twistor P!) attached to F in place of X in
the previous item.

o (1, closed) The case of a punctured formal disk D* = Spec(k((t))) over
k = C,F, is the subject of the local geometric Langlands program. It
indicates that Ag(ID*) is the 2-category of D(LG)-modules in (oo, 1)-
categories (where LG is the loop group of G) while Bs(D*) is the 2-
category of sheaves of (0o, 1)-categories over LocSyse px-

e (1, closed) Interestingly, the case of finite fields seems unknown.

e (3, non-closed) If S is a non-empty finite set of places of a global field F,
Ac(Xrs) is the vector space of automorphic functions for G unramified
away from S, with its action of [ g G(F%).

e (3, non-closed) If F is a local field with ring of integers O, Ag(Spec(F)) =
C(G(F)/G(0),C) is the universal unramified representation of G(F)
and Bx(Spec(F')) is the structure sheaf on the stack of unramified L
parameters.

e (2, non-closed) If D = Spec(k[t]) is the disk over k = C,F,, Ag(D) =
D(LG/L*@G) with its D(LG)-module structure coming from the left trans-
lation action and Bg(D) = QCoh(*/G) seen as a sheaf of categories over
LocSysg px via the natural map */G — LocSysg px given by the unram-

ified, hence trivial, G-local system.

5. Some pages of the dictionary. We finish with several remarks illustrating
the dictionnary above.

Ramification and gluing. Let F be a global field, = a place of F', S = {z}. One
can cut Xp along Spec(Fy), getting the non-closed 3-manifolds X g, Spec(Oy).
Consequently, Aq(Xp) should be the image of Ag(Xpg) ® Ag(Spec(0;)) €
Ac(Spec(F)) ® Ac(Spec(F,)) under the pairing to the category of vector spaces
coming from the self-duality of the category of smooth representations (or sheaves
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on the stack of G-bundles on the Fargues-Fontaine curve) under Bernstein—Zelevin-
sky duality. Unraveling it, this is nothing but the statement that the space of
everywhere unramified automorphic functions is the unramified subspace of the
G(F,)-representation given by the space of automorphic functions which ramify
at x.

Hecke action. In the Langlands program, the matching of objects on the Galois
side and the automorphic side is compatible with important symmetries on both
sides, the Hecke symmetries. It turns out that the compatibility with the Hecke
action is also encoded in the equivalence of TQFT’s, at least in the 2-dimensional
case. Indeed, let M be a 2-dimensional closed manifold. Pick a point € M and
consider the 3-manifold N obtained by removing from M X [0,1] a small 3-disk
around the point (z,1/2). We see N as a morphism from M U S? to M in the
bordism category. If Z is a TQFT, we thus get a functor

Z(M)® Z(8?) — Z(M),

an action of Z(S?) on Z(M). If we pick the Betti incarnation of the spectral
arithmetic TQFT B, it makes good sense to evaluate it on the 2-sphere. Since
52 = D? Ug1 D? and the 2-disk is contractible, we get?

B(8?) = QCoh(x/G x /¢ +/G) = QCoh(§[-1]/G).

On the automorphic side, we can take M to be a smooth projective complex
curve X. But it does not make sense to evaluate the automorphic TQFT Ag on
52, even in its Betti incarnation. However, we can replace S? by an algebraic
analogue: the gluing of D with itself over D*, and obtain, using that G-torsors
on the disk trivialize, the category of sheaves on LTG\LG/L"G, i.e. the derived
Satake category®, which geometric Satake shows to be equivalent to B (S2) above.
Moreover, this action of the derived Satake category on Ag(X) = D(Bung, x) is
the Hecke action at . We expect the same mechanism to apply one dimension
higher (using instead the 3-sphere), for spaces of automorphic forms and their
action of the (derived) Hecke algebra.

Categorical trace of Frobenius. Finally, we observe that in our list above, the first
example in the function field case, resp. the third example in the non-archimedean
equal characteristic case, behaves like the mapping torus of Frobenius on the sec-
ond, resp. fourth example. The TQFT perspective suggests, following Remark 2,
that the statements of the Langlands program in the former examples should be
obtained as the categorical trace of Frobenius on the categories attached to the lat-
ter examples. This has indeed been verified in some cases: cf. [4] for the function
field case, [6] for the local field case (under some tame ramification assumption,
since nothing is known about local geometric Langlands beyond the tame case).

20ne should rather consider ind-coherent sheaves, but we gloss over this point.

3We note in passing that this point of view also offers an intuitive explanation for the E3-
algebra structure on the derived Satake category: it comes from the fact that S2 is an E3-algebra
object in the bordism category (as follows from embedding small 3-disks in a bigger 3-disk).
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Introduction to the relative Langlands program
TAsHO KALETHA

1. RELATIVE LANGLANDS AS A BOUNDARY THEORY IN TQFT

Let ¥ be a smooth projective geometrically connected F,-curve, F' its field of
rational functions. Consider the adeles A = [[.[K, : O,] and the integral adeles
O =11, O..

Recall from the talk of Le Bras that, using the analogy of arithmetic topology,
¥ Xp, Fq is to be considered as a closed 2-manifold, ¥ is to be considered a closed
3-manifold, and for a place v € ||, F, is to be considered of dimension 2. Starting
with a reductive group G/Op we can get the following shadow of a 4d TQFT

¥ =Spec(Or) — C(G(F)\G(A)/G(0))
¥ xp, F; — Shv(Bung)
F, — Rep(G(Fy))

The passage from ¥ xp, F, back down to ¥ is via the descent structure, which
on the values of TQFT is expressed by taking the trace of Frobenius. That is, we
need to consider the category of Frobenius-equivariant sheaves on Bung, and for
each such sheaf we obtain a function Bung(F,) — Q.

In arithmetic topology, we get the analog of a 3-manifold with boundary by
taking a finite set of places S of ¥ and considering M = ¥ — S. Given a reductive
group G/(X — S) the space

A%([G) = <;%ESC(G(F)\G(A)/UGHSKU x G(0%))

of automorphic forms that are unramified away from .S can be seen as an object
Z(M) € Z(OM) = Q5 Z(Fy) = Q,egRep(G(Fy)) = Rep(G(Fs)), ie. a
representation of G(Fs) := [],cq G(Fy).
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Now we consider how the “relative” part of the Langlands story, introduced by
SV and BZSV, enriches the picture. It is reflected in an enrichment of TQFT by
a “boundary theory”, which formally has the following shape.

[vector in vector space] My — Z(M) € Z(01M)
[object in category] Ms +— Z(M) € Z(01 M)
[object in 2-category] Ma +— Z(M) € Z(01 M)

A shadow of such a boundary theory is obtained from the G-variety X as follows:
L= O14 €C(GIFNG(A)/G(0))
(X xp, Fg) —  (px)1Qe € Shv(Bung)
F, — C(X(F,)) € Rep(G(F,))

There is one more level we can go up: we can consider bordisms between bor-
disms. If N is a 2-manifold that is the boundary of two different 3-manifolds
M; and M, and if L is a 4-manifold whose boundary is M; U Mo, then N
will give us a category Z(N) that will contain objects Z(M;) and Z(Ms), and
Z(L): Z(My) — Z(Ms) will be a morphism in the category Z(N).

We can apply this to the following situation: Consider a finite set of places S
of F. We can let N be S, or equivalently the union of small neighborhoods of the
elements of S in the 3-manifold associated to . We can let M7 be X — S and
M be N x [0,1] with marked N x {0}. Finally, L one can try to convince oneself
that there is a bordism between M; and Ms, by deforming M;. We had already
agreed that Z(N) = Rep(G(Fs)) and Z(M;) = A%([G]) € Z(N). On the other
hand, the datum of X provides Z(Mz) = C(X(Fs)) € Z(N). Then Z(L) becomes
a morphism

C(X(Fs)) = Z(M2) = Z(My) = A5([G])
in the category Z(N) = Rep(G(Fs)). This morphism is

Js = Ofx1

xo(5)"
2. THE RIEMANN ZETA FUNCTION

Consider for a moment F' = Q. Riemann proved that the zeta function

1
((s) = —, Re(s) > 1.
n=1 3

o0

has analytic continuation to all of C, with at simple pole at s = 1, and functional
equation

7P (s/2)¢(s) = 7 TIPT((1 - 5)/2)¢(1 - ).
The classical proof goes by showing that ¢ is the Mellin transform of the theta func-
tion. Tate put Riemann’s proof on adelic footing. More precisely, for a Schwartz
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function f € S(A) and a continuous character x : Q*\A* — C* (called Hecke
character), Tate considers the global zeta integral

Z(f,x) = . f(x)x(z)d"x,

where d*z is a Haar measure on A*. Consider now the character | — | and the
adelic Gaussian ® = ¢, ® ®,®,, where

D(z) = e’
and
¢, =1z,.
It is known that $p = &, hence =0

2@ =)= [ e@hlda= [ (3 #a)llids = @ ..

AX/Q* * cox
where
Os(x) = Z D (ax)
a€Q
is the Theta-series associated to the non-homogeneous affine G,,-variety A! and
the test function ® € S(A'(A)). We have again replaced summation over Q*

with summation over Q = X(Q) and regularized the integral. As a function of
x € A* = G,,(A) we have

B4 : G (Q\G,,(A) — C,
i.e. Og is an automorphic form on G,,.

Lemma 1.
Z(®, | —[3) = 7/*T(s/2)¢(s).

Corollary 2.

m°T(s/2)¢(5) = (Oa, | — |3) a1
where G = Gy, and ® is the global Gaussian function on X (A) for the G-variety
X =A'l

We shall now consider the case of a global function field, where the analogous
function ©4 has a geometric interpretation. For this, recall that ¥ is a smooth
projective geometrically connected curve over F, and F' is the function field of X.
Let Picy denote the stack of line bundles on 3.

Lemma 3. (1) We have a bijection Pics(F,) = F*\A*/O*.
(2) If a € A* corresponds to L under this bijection, then
Oa(a) = #L(X).

where ® € S(A) is the global Gaussian from the zeta integrals in the pre-
vious subsection.
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We can now consider the stack Pic)z( classifying pairs (£, o), where £ is a line
bundle on ¥ and o is a section of L. Forgetting the section provides a morphism
PX Picg — Picyg. The function O¢ is associated by the sheaf-to-functions
correspondence to the sheaf (px)iQg. This sheaf is called the ”period sheaf’ and
plays an important role in the global duality conjecture. We refer to §1.4 of the
article of Sam Gunningham in these proceedings. For a more detailed discussion
of the relation between the function © x and the zeta function in the function-field
setting, we refer to the article of Shilin Lai.

3. THE GROSS—PRASAD PERIOD

3.1. The period integral. Let F' be a global field and let V be a quadratic F-
space, of dimension > 2, and not isomorphic to the hyperbolic plane. Consider
F as a quadratic space with the form 2. Then we can form the orthogonal sum
V @& F. We embed H = SO(V) diagonally into G = SO(V) x SO(V ¢ F).

Given a cuspidal tempered automorphic representation m C L?([G]) and ¢ € 7
we can consider

Prly) = /[H] o(h)dh.

Conjecture 4 (GP). If the automorphic representation m = my X wygpr has a
generic transfer under the standard representation of G’, the following are equiva-
lent.
(1) There exists ¢ € m such that Ppa)(¢) # 0.
(2) (a) L(]./Q,’]TV X WV@F) 7& 0, and
(b) for every place v of F the local component T, is H-distinguished, i.e.
Hompg(p,)(my, C) # 0.

3.2. The period integral and theta series in the unramified setting.

Lemma 5. For any f € S(X(A)) supported on H(A)\G(A) and any ¢ € L2, ([G])

cusp
we have

O, ¢ = / F(9)Pan) (Ry0)dg.
H(A)\G(A)

We now assume F' is a function field and that V arises as A ®¢,. F for an
Op-lattice A equipped with a quadratic form that has non-degenerate reductions
modulo all primes.

Corollary 6. Let ¢ € L2, ([G])© be an everywhere unramified cuspform, and

cusp
let f = IONOF Then
Py () = (O, )ia)-
3.3. The local Ichino-Ikeda periods. In this section F'is a local field. Consider
a tempered H-distinguished representation m = 7y M mygr of G = SO(V) x
SO(V @ F'), which we recall means that Hom g (7, C) # 0. The representation
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7 is unitary, and we fix an invariant inner product (—, —) on 7. Then we have the
sesquilinear form

P:mxm—C, Pv,w) — (m(h)v, w)dh.
H(F)

The integral converges (this is not automatic, needs an argument, in general there
is the concept of X = H\G being strongly-tempered which implies that matrix
coefficients of tempered G-representations are integrable over H). The choices of
inner product on 7 and Haar measure influence this definition, up to scalar.

Assume now that 7 is in addition unramified, i.e. 7% # 0 for some hyperspecial
maximal compact K C G(F). Pick v € 7% and normalize the scalar product so
that (v,v) = 1. Further normalize the Haar measure so that vol(K) = 1.

Proposition 7 (Ichino-Tkeda).

L(]./Q,’]TV X WVEBF)
L(1,7, Ad)
Here A is a constant defined by Ichino-Ikeda, depending only on G, but not on
7, essentially a product of values of the zeta functions at positive even integers.

Pv,v) =A-

3.4. The Ichino—Ikeda conjecture. We now return to the setting of a global
field F. We take a cuspidal automorphic representation 7 = my X mygr of
G =S0O(V) x SO(V @ F). We assume for simplicity that it is tempered (Ichino—
Ikeda state their conjecture without this assumption, but it is more complicated
to state; moreover, due to the genericity assumptions that Ichino—Ikeda do make,
the representation is expected to be tempered by the generalized Ramanujan con-
jecture). We further assume 7w occurs with multiplicity 1 in the cuspidal spectrum.

In order to state the conjecture we need to normalize the local period integrals;
not individually, but at least their product. We normalize all unramified places
as already discussed. In addition, we require that the product of the local Haar
measures is the Tamagawa measure, and the product of all the local inner products
is the Peterson inner product:

(61, ) = / 61(0)52(9)dg, D1, € 7 C Acusp([G]).
G(F)\G(A)!

where again the measure is the Tamagawa measure.

We write S; for the centralizer of the conjectural global Arthur parameter of
the cuspidal tempered automorphic representation 7. In fact, given Arthur’s book,
one has an unconditional description of ;.

Conjecture 8 (Ichino-Ikeda, imprecise form).

P@)° = IS:I7 ][ P(90. 00)-

Given the unramified computation above, this can be expressed more precisely
as follows.
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Conjecture 9 (Ichino-Tkeda, precise form). Choose a finite set of places S away
from which all data is unramified. Then

L5(1/2
PO = 7 a5 R e T] P o)
veE

Cartan—Iwasawa decomposition for spherical varieties
THIBAUD VAN DEN HOVE

The goal of this talk was to introduce spherical varieties and some of the combina-
torial objects used to study them. Throughout, let G and H be complex reductive
groups, fix a maximal torus and Borel 7' C B C G, and let U C B be the unipotent
radical.

1. SPHERICAL VARIETIES

Definition 1. A normal connected G-variety X/C is spherical if it admits an
open B-orbit.

Example 2. Here are some examples of spherical varieties:

(1) The group case: G = H x H acts on X = H via left and right multipli-
cation, where H/C is a reductive group. This is spherical by the big open
cell.

(2) The horospherical case: X = G/S, where S C G is a subgroup containing
U. This is spherical by the Bruhat decomposition. This case also includes
the example of flag varieties.

(3) The symmetric case: X = G/S, where S = G? is the fixed points of G
under an involution 6: G = G.

(4) Normal toric varieties agree with spherical varieties when G = T is a torus.

Not all spherical varieties fit in the current framework of relative Langlands
duality. Instead, the following assumption is often introduced.

Assumption 3. [BZSV24, Proposition 3.7.4] The B-stabilizers of points in the
open B-orbit of the spherical variety X are connected.

This assumption implies that X has no roots of type N. Moreover, when X
is smooth and affine, it ensures the Hamiltonian G-space given by the cotangent
bundle M = T*X is hyperspherical.

2. SOME STRUCTURE THEORY

We now fix a complex spherical G-variety X.

Definition 4. Recall that a nonzero rational B-eigenfunction on X is an element
f € C(X) such that B acts on f via an eigencharacter xs: B — G,.

The eigencharacters that appear this way form a group Ax, called the weight
lattice of X.

Its dual will be denoted Qx := Homz(Ax,Z).
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By [GN10, p98], there exists a torus Ax C X with character lattice X*(Ax) &
Ax, and hence with cocharacter lattice X, (Ax) = Qx.

Now, let Vx denote the set of G-invariant valuations C(X) — Z which send the
constant functions to 0. Then there is a natural map

Vx = Qx: v~ (x5 v(f)).

This is well-defined as each eigencharacter x s determines the eigenfunction f up
to a scalar, since B-invariant rational functions on f are constant by the existence
of an open B-orbit.

By [Kno91, Corollary 2.8], the above map is injective, and its image is a cone
of full rank in Qx.

Definition 5. The subset Vx C Qx is called the valuation cone of X.

Example 6. Here are some examples of weight lattices and valuation cones.

(1) When X = G/B is the flag variety, it has an open U-orbit. Thus any
rational B-eigenfunction is constant, so that Ax =0 = Qx = Vx.

(2) In the horospherical case X = G/U, one can show that Ax = X*(T), and
Vx = Qx = X.(T) [Pezl0, Example 2.2.7, Corollary 3.2.1 (2)]

(3) Inthe group case G = H x H and X = H, the weight lattice Ax = X*(Tq)
is the character lattice of a maximal torus Ty C H, and the valuation cone
Vx C Qx = X.(Ty) agrees with the cone of anti-dominant cocharacters
X.«(Tg)~ (for a choice of Borel of H containing Tp) [Tim11, Theorem
26.2].

Finally, let us define embeddings of spherical varieties. We now assume that
X = G/S is a homogeneous spherical variety.

Definition 7. An embedding (or partial compactification) of X is a normal G-
variety X containing X as an open dense G-subvariety. It is said to be simple if it
has a unique closed G-orbit, and toroidal (or without colors) if no B-stable divisor
in X contains a G-orbit of X in its closure.

Now, fix a toroidal compactification X C X. Each B-stable prime divisor of X
defines a valuation vp € Vx [Kno91, Lemma 2.4 ff.]. For each G-orbit Y C X, let
Cy (X) be the cone in Qx generated by {vp|D C X a B-stable prime divisor, D D
Y}. Let F(X) be the fan in Qx defined as the union of the cones Cy (X), for all
G-orbits Y C X.

Recall that a fan F in QQx is a finite set of cones in Qx. We say it is an
allowable strictly convex fan, if each of its elements is a strictly convex cone which
is generated by finitely many elements in Vx, that each face of a cone in F belongs
to F, and that any v € Vx belongs to the interior of at most one cone in F.

Theorem 8. [GN10, Theorem 8.2.2] The map X +— F(X) induces a bijection
between isomorphism classes of toroidal embeddings of X, and the set of allowable
strictly convex fans in Qx .

This is the main ingredient in the proof of Theorem 9 below, for which we refer
to [GN10].
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3. CARTAN-IWASAWA DECOMPOSITION

Let us again assume that X = G/S is homogeneous. We moreover write K = C(t))
for the complex Laurent series, and O = C[t] for the complex power series.
Recall the torus Ax C X such that X,(Ax) = Q@x. Then we have a map

Vx CQx — Ax(K) —» X (K).
Moreover, the G-action on X induces a G(O)-action on X (K).
Theorem 9 ([GN10, Theorem 8.2.9]). The map above induces a bijection
Vx = G(O)\X(K).
This theorem generalizes well-known decompositions of reductive groups.

Example 10.
(1) In the group case G = H x H and X = H, we have

G(ON\X(K) = H(O)\H(K)/H(O)
and Vx = X, (Ty)~. Thus we recover the Cartan decomposition

HK)= || HO"H(O)

REX . (TH)™
(2) In the horospherical case X = G/U, we can rewrite
GON\X(K) = U(KN\G(K)/G(0O),
and we have Vx = X, (T). Thus we recover the Iwasawa decomposition

GK)= || UKrGco).

veX.(T)
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The notion of the unramified Plancherel formula and examples,
including the Macdonald formula

JESSICA FINTZEN

Let F be a non-archimedean local field with ring of integers O whose residue field
F, contains ¢ elements. Let G be a connected split reductive group over F', with
complex Langlands dual group G. We also view G as defined over O as split
reductive group, so that we can write G(O) for a maximal compact subgroup of
G(F). We denote by X a “nice” spherical G-variety and by C.(X (F))%(©) the
space of compactly supported complex valued functions on X (F') that are fixed
under the G(O)-action. (We keep “nice” intentionally vague here. It should be
whatever is needed for the below conjecture to hold.)

We started the talk by recalling the Plancherel formula for (split) reductive
groups, which we then restricted to spherical representations, and then re-inter-
preted in the setting where we view G as a spherical variety for the group G x
G. This was meant as a motivation and first example of the following informal
conjecture due to [1], which was the main focus of the talk:

Conjecture 1 ([1, §9]). There is an isomorphism Iso : C.(X (F))¢©) — C[Z] for
some variety Z over G |G
e that sends the characteristic function 1x o) of X(0O) in Co(X (F))¢© to
the constant function 1 on Z, i.e., the identity of C[Z],
e that preserves the inner product on the two spaces, where the inner product
on Co(X(F))%©) is given using a measure that is normalized so that the

X(F . .
volume of X(O) is % qUmG=dimX = and the inner product on C[Z]
q

of two elements f and g is given by [ fgdu for some (to be determined)
measure u on Z(C),

e such that for every finite dimensional algebraic representation V of G we
have

Iso(Tv (f)) = xv - Iso(f)  for all f € Co(X(F))E©),

where Ty denotes the element of the Hecke algebra C.(G(O)\G(F)/G(O))
attached to V' wia the Satake isomorphism that we recalled during the
talk, and xv denotes the character of V. In order to define Ty (f) as
fg(F) Tv(g) - g.fdg we normalize the action of G(F) on C.(X(F)) to be
unitary.

In summary, the conjecture predicts an isomorphism

(Ce(X(F) 1x(0), (L, ) = (CIZ],1,(, )

that intertwintes the action of Hecke operators with multiplication by the corre-
sponding characters. Moreover, Ben-Zvi, Sakellaridis and Venkatesh predict that

Z =Gx/|Gx,
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where Gx denotes the dual group of X, and

1

— (H G,
det (I = 729 1v0) (Haar measure on G')

1

where Ggp denotes a maximal compact subgroup of Gx and Vx is a certain
representation of G'x, see [1, §9] for details.
This conjecture is known in many cases due to [3, 4], see also [1, §9]
In the talk, we showed that the conjecture holds in the following three examples:
(1) G =G, and X = Ay, where Z = Gy, and p is as conjectured for Gx =G,
and Vx = T*Al. Here A(F) = F is equipped with the additive Haar
measure and, as said above, the action of G,, on it is normalized to be
unitary, i.e., g € G(F) = F* sends f € C.(F) to g.f with (g.f)(x) =
Flg~ta)lg~H2.
(2) G a split reductive group with maximal split torus A that is contained in
a Borel subgroup B whose unipotent radical is U, and X = G/U. In this
case Z = A and the realization of the Satake isomorphism via a bi-module
structure on C.(G(O)\G(F') U(F')) was used to check the conjecture.
(3) G=G x G and X = G’ for a split reductive group G’. This example is
the example we started with where Z = G’ /G’ and the measure p is the
Plancherel measure that was explicitly calculated by Macdonald, see [2].
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Unramified Plancherel formula for spherical varieties
Y1 SHAN

We recall the example of Hecke’s integral and then state the numerical unramified
Plancherel conjecture for spherical varieties. Our main reference is [1, §9]. In
this talk, F' always denotes a non-archimedean local field, with integer ring O and
uniformizer @ such that the residue field O/wO is isomorphic to F,.

1. HECKE’S INTEGRAL

Let G = PGLy and X = PGLy/G,, ~ P! x P! — A. Let B := G(O)\G(F) be the
Bruhat-Tits tree of PGLq, the left coset G(O) corresponding to vy € B, then the
F-points of X can be described as (oriented) straight lines in B.
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oo
Decompose B as a disjoint union B = || B,,, where B,, is the set of vertices

n=0
of the Bruhat-Tits tree having distance n to vg. The G(O)-orbits of X (F) are
X, n >0, where X, consists of straight lines with distance n to vg.

> = n
For any natural number n > 0, the Hecke operator T, 1G((’))(W 1)0(0) S

CX(G(O)\G(F)/G(O)) acts on the basic function 1x ) = 1x, by:

n
Tn]-Xo = 1{1ines passing through some vertex in B,} — § 1Xi .
=0

Under the normalization of the measure on X (F) as in [1, (9.3)], we normalize the
Hecke action to be unitary, i.e. T, 1x, = ¢~ ™/? i o lx,. Similarly, for m > 1 we
have T,,1x, = q "/?1x

In this case, we have (T,,1x(0), 1x(0)) = ¢~"™/?, and it can be checked that

[ (o (e N N
ST

1—q 1/22)2(1 — ¢g=1/22=1)2 2mriz 4

n4m*

= (Tnlx0), 1x(0))-

2. NUMERICAL UNRAMIFIED PLANCHEREL CONJECTURE

Let G be a split connected reductive group over F, with dual group GV defined
over k = Qp ~ C,¢ # p, and X a spherical G-variety satisfying that its cotangent
bundle T X is hyperspherical. We make some normalization:

e The G(F)-eigenmeasure on X (F') satisfies that

X(F im G—dim
VOIX(O) — ||G((}F(I;|| qd G—d X’
q

e and the action of Hecke operators is unitary.

Conjecture 2.1. [1, Proposition 9.2.1] There is an isomorphism

(e (X (), 1501~ )i ) = (€121 1, (= =)

intertwining the action of Hecke operators with multiplication, where
o G DAY is the dual group of the spherical G-variety X,
o G\ C GY is a compact form, and AY = A% N GY,
Z =Gx[/Gx ~ A [/Wx,
Vx = Sx @ [§x%x Nde] is a graded self-dual representation of G% defined in
[1, §4.5],
e and the unramified Plancherel measure is
_ dg
~det(1 — ¢g=1/2g|y, )’

I

where dg s the Haar measure on G'g?,
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Remark 2.2. Via the isomorphism GY //G% ~ AY //Wx, we can write the unram-
ified Plancherel measure p as
= 1 det(1 —t|g§(/ag()
(Wx| det(1 — q=/t|vy)

dt,
where dt is the Haar measure on Ag).

G\/
Remark 2.3. The Hamiltonian GV-space MY = GV x Vx is the dual of the
hyperspherical Hamiltonian G-space M = T*X.

Example 2.4. We now use the numerical unramified Plancherel conjecture to write
down the Plancherel measure p for each of the following aforementioned 4 cases,
which matches our calculations.
(1) (Tate’s thesis) In this case, G} = G¥Y = Gy, and Vx = Sx = T*(Std) =
Std @ Std", where Std is the standard 1-dimensional representation of Gy, .
Hence the Plancherel measure p should be
dt
(= (=g 3T
(2) (Horospherical) In this case, Gx = A" is the dual maximal torus of GV,
and Vx = Sx = aV, thus u should be some nonzero multiple of dt.
(3) (Group case) In this case, G¥ is the anti-diagonal HY in G¥ = HY x HY,
and Vx = hY with weight 2, thus p should be

1 1—aV(t 1 dt
N _L-af) L1 ,
W 1—qgta¥(t) (W e(®)[?
which recovers Macdonald’s formula for unramified Plancherel measure [2].
(4) (Hecke’s integral) In this case, G, = G¥ = SLy, and Vx = Sx = Std®Std,
where Std is the standard 2-dimensional irreducible representation of S Ls.

1-tH(a-t=?)
Hence the Plancherel measure p should be =7 17202 (=g~ /% T)2 dt.

av¥ed(HY,AY))

By a direct calculation, one has the following result:

Proposition 2.5. Let V,W be algebraic representations of GV with associated
Hecke operators Ty, Tyw. The multiplicities in the q-series

(Tv 1x0), Tw-1x(0)) = Zmi(fi/z
i>0
satisfy that m; is equal to the dimension of weight i subspace of

Home(y, | (C[Vx] ® V,C[Vx] @ W)Cx.
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Some sheaf theoretic background
JOAKIM FAERGEMAN

The goal of this talk is introduce sheaf theories on various exotic spaces. By
‘exotic’, we mean spaces that are possibly of very infinite type or very derived.
Sheaf theories on such spaces naturally occur in the local and global geometric
Langlands program.

There are two main sheaf theories, topological sheaf theory and coherent sheaf
theory. Topological sheaf theories usually appears on the geometric side of the
Langlands correspondence, while the coherent usually appears on the spectral
side.

Topological
By a topological sheaf theory on a finite type scheme over a field k, we mean one
of the following three settings:

e (Betti): Suppose k = C is the complex numbers. In this case, we can
consider the dg category of sheaves of C-vector spaces on the underlying
analytic topology of X.

e (de Rham): Suppose k has characteristic zero. In this case, we can consider
the category of D-modules on X.

e (étale): For arbitrary k and for a prime ¢ different from the characteristic
of k, we can consider the category of ¢-adic sheaves on X.

In any of these cases, we denote by Shv(X) the resulting sheaf theory. The goal is
to extend Shv(—) to spaces of ’infinite type’, such as the loop group of a reductive
group. We do this in steps.

Suppose that S is an arbitrary scheme (possibly not of finite type). We define
Shv(S) as follows:
Shv(S) := colimg_,7Shv (7).
Here, the colimit is taken over all maps S — T', where T is a scheme of finite type,
and the transition functors are given by !-pullback.
Suppose that Y is an ind-scheme. That is, Y can be written as a union of closed
subschemes Y;. Then we define:

Shv(Y) := colim;Shv(Y;).

Here, the transition functors are given by #-pushforward along the closed em-
beddings. If the ind-schemes satisfy certain nice properties (such as ’placidity’),
then the sheaf theories satisfy nice functorial properties: one has !-pullback and
s-pushforward.

Coherent

Let S = Spec(A) be an affine derived scheme (almost) of finite type. Then we may
consider two forms of coherent sheaf theories. One the one hand, we have the usual
category QCoh(S) = A—mod of quasi-coherent sheaves on S. On the other hand,
we may consider the slightly larger category IndCoh(S) := Ind(Coh(S)) of ind-
coherent sheaves. The goal is to extend these sheaf theories to derived algebraic
stacks
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Suppose that Y is a derived stack (almost) of finite type. We define:
QCoh(Y) = limg_,y QCoh(S);
IndCoh(Y) := limg_,y IndCoh(S).
Here, both limits are over all derived affine schemes mapping to Y. In the first

colimit, the transition functors are given by *-pullback, and in the second, they
are given by !-pullback.

The following example conveys the relationship between the topological and co-
herent sheaf theories. Let G,, be the multiplicative group and let BG,, be its
classifying stack. Then

Shv(BG,,) ~ k[e]—mod, |e|] = —1.

Derived geometric Satake
Ko Aok1

Consider a pinned connected reductive group G over C and a smooth projective
curve X over C. Then the (de Rham) geometric Langlands conjecture, which is
now a theorem, is an equivalence between linear presentable co-categories

DMod(Bung) >~ IndCOhnil(LSGv),

where X is implicit in the notation.

To obtain the statement of derived geometric Satake, we take the raviolo R
instead of the curve X. Here, the “raviolo” refers to the stack D IIpx D, where
D and D* are the disk and punctured disk, i.e., the spectra of O = C[T] and
F = C((T)), respectively. On the automorphic side, Bung is the stack classifying
two principal G-bundles on D identified on D>, which is equivalent to Go\Gr/Go,
where Gp and G denote the positive loop group and loop group, respectively.
Here, the quotient Gr/Go is known as the affine Grassmannian, denoted Grg.
On the spectral side, we are led to compute the mapping stack Map(S?2,*/GY),
where S? denotes the homotopy type of the 2-sphere. It is

1\/_[341)(527 */Gv) ~ */Gv XMap(Sl,*/GV) */Gv ~ */Gv XG\//G\/ */Gv
Therefore, we expect an equivalence
Shveon (Gra)90 ~ Coh((* xgv %)/GY).

We note that, due to the renormalization issue, taking Ind does not precisely
recover the equivalence for X = R; see [1].
We then modify the right-hand side using Koszul duality. For a vector bundle V,
recall that we have
Coh(* xy *) ~ Perf(V*[2]).
Using the identification * x gv * o~ * X gv * together with this duality, the equivalence
we expect can be written as

Shveon(Gra)9© = Perf(g¥*[2]/GY).
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The derived geometric Satake equivalence of Bezrukavnikov—Finkelberg [2] says
that this is indeed an equivalence of monoidal linear co-categories. We now recall
the monoidal structures on both sides:

e On the left-hand side, since
Go\Grg ~ Go\GFr/Go ~ x/Go *X./q, *¥/Go,

we see that it has the convolution monoidal structure.

e On the right-hand side, we can use the underlying monoidal structure
of the usual tensor product operations, which is symmetric monoidal, of
perfect complexes.

We first relate this equivalence to others. First, this equivalence is compatible
with the equivalence

Shvcon(*)Go ~ Perf(g"*[2]//GY),

which comes from the identification of the group cohomology of G(C) as the ring
of symmetric functions. On the spectral side, this corresponds to restricting to
the Kostant section t//W ~gV* //GY — g¥* — gV*/GV.

Also, by taking the hearts of the t-structures on both sides, we recover the
abelian geometric Satake equivalence of Mirkovié—Vilonen [4], which we have al-
ready discussed in the previous lectures. It states the equivalence of monoidal
abelian categories

Perv(Grg)9° ~ Rep(GY).
Here, “geometric” refers to the sheaf-theoretic nature of the equivalence.

We next examine further structures in the geometric Satake equivalences. The
usual proof of derived geometric Satake uses abelian geometric Satake as an input.
So let us see how it works. We want to identify the left-hand side with the category
of representations via Tannaka duality. However, Tannaka duality is a statement
about symmetric monoidal categories. So we seek to equip the automorphic side
with a symmetric monoidal structure. Here, an additional structure comes into
play. By varying the position of the raviolo along a curve, we obtain an additional
structure known as the factorization (or fusion) structure. From this, we can show
that the convolution monoidal structure on Perv(Grg)“© naturally upgrades to a
symmetric monoidal structure. However, with this symmetric monoidal structure,
the abelian geometric Satake functor does not refine to a symmetric monoidal
equivalence. So in [4], they adjusted this symmetric monoidal structure explicitly.
(We note that on the derived level, Nocera [5] upgraded this factorization-plus-
convolution structure to an Es-monoidal structure in the Betti setting. We also
note that Campbell-Raskin [3] proved derived geometric Satake factorizably.)

Another approach to resolving the incompatibility of symmetric monoidal struc-
tures is to use shearing, which is to be explained in detail in the next lecture.
Basically, when a linear presentable co-category has an action of G,,, this oper-
ation yields another linear presentable co-category with G,,-action. We consider
the G,,-action on the stack g¥-*/G" coming from the squaring action on g¥-* and
the adjoint action via 2p: G,, — GV. Then shearing gives us the correct spectral
side. This shearing approach is also more suitable when we instead start from a
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reductive group defined over F, and consider the compatibility of geometric Sa-
take with the Frobenius action. This approach is taken in the relative Langlands
duality paper (and hence in this workshop).
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The local geometric conjecture
Tom GANNON

1. RESTATING DERIVED GEOMETRIC SATAKE VIA SHEARING

Let Vecty, denote the derived category of graded vector spaces. There’s an in-
teresting equivalence of categories (—)" : Vecty, — Vecty, called shearing: intu-
itively, if you have a complex of graded vector spaces, you have two gradings: the
actual grading and the cohomological grading. Shearing changes the cohomologi-
cal grading so that things that were in cohomological degree 0 and was in grading
d goes to things in cohomological degree d and grading d. It’s not too difficult to
show that this equivalence is monoidal:

Proposition: There is a monoidal equivalence (=) : Vecty, — Vectg,.

Let’s explain an upshot of this. First, a warm up: if we take the category of
modules for k[t] where t is placed in grading two and cohomological degree zero,
we get an equivalence:

k[t]—mod(Vect,,) — k[t]”"—mod(Vect,,)
even though if T erase the word grading there is no equivalence of categories taking
E[t] to k[t]™!

To see how this applies in our setting, let MV be an arbitrary affine Hamiltonian
GV-space. Recall that this in particular means that GV acts on MV and we
have a ‘moment map’ i.e. a GV-equivariant map M"Y — g*. Since MV is affine,
this moment map is totally determined by a GV-equivariant ring map Sym(g) —
O(MV). Thus, any affine Hamiltonian GV-space gives what’s sometimes called
an algebra object O(M") € Sym(g)—mod(Rep(G")) = QCoh(g*/G). Notice that
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this category is very close to the derived geometric Satake equivalence of the last
talk. There is just the pesky shift. However, shearing does give an equivalence
QCoh(§"/G x Gp) = Sym(g)—mod(Rep(G")g:)

=) - g

O, Sym(g[—2])-mod(Rep(GY)gr) ~ T QCOL(*[2]/G x Gyn)
so the right hand side of this equivalence, if we forget the grading, is close to a
category we actually understand like humans: it’s the category of graded Sym(g)-
modules with a compatible GV-representation on each grading. With this, we can
first restate the derived geometric Satake equivalence [1]:

Theorem: There is a monoidal equivalence of categories
Ha = QCoh(§"[2]/G) = Sym(g)” —mod(Rep(G"))

which is compatible with the natural embeddings of Rep(GV) via the geometric
Satake equivalence of [2] and the functor V +— Sym(§) ® V.

Therefore, intuitively, if you are brave enough to pretend that cohomological
degree in a derived category is a grading, you can pretend that derived geometric
Satake gives an equivalence with the category that affine Hamiltonian G"-spaces
naturally are algebra objects of.

2. LocAL GEOMETRIC LANGLANDS

Now let’s go more into what the relative Langlands duality heurstics suggest for
one dimensional objects.

2.1. Local Geometric Langlands - A Side. A heuristic motivated by the adage
that the Langlands program is an equivalence of two four dimensional arithmetic
(topological?) field theories, we feed in a circle (really, a punctured disk?) ID into
this theory onto both sides of our posed equivalence and see what comes up. The
‘Ag’ topological theory is reasonably easy to describe heuristically. Just as feeding
in something like Aq(Spec(Q,)) gives the 1-category of smooth representations
of G(Qp), we expect that Ac(D) to be a category of ‘representations’ of G(ID).
But what kind of representations? Well, in keeping with our ‘fully extended’
topological field theory philosophy, we expect Ag (]D) to be a 2-category, or more
precisely an (0o, 2)-category. Therefore, a reasonable interpretation on the A-
side is categories with an action of G(]D)) Making this precise is requires some
work (like, the foundations of sheaf theory in the setting I'm discussing below is
open) but for now I'll just say that it’s possible to define a category, which I'll

o

write as Shv(G(ID)), which can be reasonably called the category of D-modules on

1Dye to technical issues, we do not discuss here, in derived algebraic geometry, the tauto-
logical equivalence QCoh(Spec(A)) ~ A—mod only holds if A lies in nonnegative cohomological
degrees. However, we believe this heuristic equivalence is still useful; we do not know if the literal
equivalence of categories written here holds.

2At first approximation, you can take I to be the functor A — Spec(A) x Spec(C[[t]]), but
it’s not literally this: rather, as a functor Ring — Set, it’s A — A((¢)), which contains but is
usually different than Spec(C[[t]])(A) := Homging(C|[t]], A)
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o

G(D). Moreover, this category has a monoidal structure, so it makes sense to talk
about ‘module categories’ for that category. Therefore, this hypothetical /heuristic
topological field theory Ag (D) has the property that

Ag(D) = Shv(G(D))—modcat.

2.2. The Local Geometric Conjecture. Now, the philosophy of ‘relative Lang-
lands duality’ states that, to many Hamiltonian G-spaces M, one can construct
boundary conditions associated to M in both Ag and Bg and, moreover, there
should exist some Hamiltonian GY-space M such that the equivalence Ag ~ Bgv
should match the boundary conditions of M and MV. Informally, (in the sense
that the details or even definition of the sheaf theory is not defined, in general),
if M = T*(X) the boundary condition Ag--,p corresponding to G --+ M when
evaluated at D gives Shv(X (D)) € Aq (D) = Shv(G(D))—modcat. This is difficult
to define and the technical foundations of what I'm writing aren’t known. What’s
more known (but not totally known) how to define is the unramified setting:

(Aa(D), Ag--s s (D)) 2 Shv(GD)\G (D)) Qg () Shv (X (D)) = Shv @) (X (D).

Notice also that the right hand side admits a ‘convolution action’ of sheaves in the
equivariant Hecke category, defined completely analogously to the action of the
Hecke algebra on L?(G(O)\X (F)).

Under Langlands duality, the boundary condition associated to such an M
is supposed to correspond to some ?gv__,pv € Bpv (D). There are heuristic
expectations about what this is, it’s hard and people have some good sense of
what it should be but don’t have a totally precise answer. On the other hand, we
have a conjectural guess as to what the pairing of this hypothetical ‘dual boundary’
condition with B(ID) is. I do not know why this is the case (and I will need to ask
people) but the thing to write is

(Bav (D), 7Gv——sprv) =~ QCoh(M V)&~

if M = T*X. The explanation I just gave is not the most motivating, but there is
one thing about it which suggests it might be a good ‘match’ under Langlands du-
ality. Specifically, since M is a Hamiltonian GV-space, the fact that the moment
map u: MY — g is GV-equivariant gives you a monoidal functor

X}—)O(]VIV)®sym(§)X

Sym(g)—mod(Rep(G")) = O(M")-mod(Rep(G"))

= QCoh(M"/G)

but there’s one issue: the category on the left hand side of this functor is not
the derived Satake equivalence codomain. However, we know how to fix that: we
shear according to the grading of Sym(g)! The construction of MV has a grading
that we haven’t talked about much. However, it does have it, and so we can use
it to make our local geometric conjecture for M = T*(X) mostly precise, see [3,
Conjecture 7.5.1]:
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Conjecture: There is an equivalence of categories Shv@®)(X (D)) ~
QCoh(MV)¢"+7" that is equivariant with respect to the Hg = QCoh(gH)¢ -
module structure also subject to some conditions discussed in [3, Conjecture 7.5.1].

Remark: Recall that we have defined a vector space Vx and a dual group
GY, C GY so that MY = GY x%% Vx. Observe that

QCoh(M")% = QCoh(G*\M") = QCoh(G¥\(G" x“* Vx))

= QCoh(G¥ \Vx) = QCoh(Vx)®x

so this naturally gives an equivalent formulation of the above conjecture.

3. EXAMPLES AND COMPUTATIONS

3.1. Full Equivalences as Examples. Let’s now give some examples where this
equivalence is known.

Example 1: Let’s first work with G --+» M := x. In this case, GV --» MY =

GY --» T*(GY /4NV) where NV is the dual unipotent radical of the Borel. Now,

one of the foundational results about Kostant sections (see [5], say) is that the

GY-action on T*(GY/,NV) is free and that the composite map T*(GY/,NV)

moment map, 3 — §*//GY := Spec(Sym(§)¢") induces an isomorphism
GY\T*(G" /4NY) = §*//G".

On the other hand, applying M = x to an equation above gives Shvg, (x). Now,

whatever Shvg,, means, the pro-unipotence of ker(G(ID) =0, G) implies that the
forgetful functor Shvg,, (X (D)) — Shvg (X (D)) is fully faithful provided the latter
category is defined, and that if X = * this forgetful functor is in fact an equivalence
of categories. Thus

Shv®®) (%) = Shv(%/G).

Now, this category contains a constant sheaf as a generator, but this generator is
not compact, as explained in for example [4]. But this is a common ‘renormaliza-
tion’ issue in studying equivariant sheaves: our solution here will be to re-define
Shvg, to implicitly renormalize so that the constant sheaf is compact. This is
the first of many technical issues that arise in trying to make Shv precise in any
setting.

This example also explains the need for shearing: under our renormalization,
Shvg,, (x) = Shvg(x) is the category of modules for the derived ring H (*) which,
even in the case when G = G, the category of modules for Hf(x) is not equiv-
alent to the category of modules for the ordinary ring: for example, H7(*)—mod
contains no compact object which might reasonably be called the ‘skyscraper’ at
the point 1 € t* since, on all compact objects of Hi(x)—mod the action of any
object in positive cohomological degree is nilpotent. A potential fix for this is hop-
ing for a graded lift of both categories appearing in the derived geometric Satake
equivalence.
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Example 2: Recall that there is an expectation G x G --+ G has dual GY xGY --»
GV up to twisting one of the actions by the Chevalley involution. In this case, the
local conjecture reads

Shvem) (G(D)/G(D)) = Shvgo)xa()(G(D)) = QCohgy v (T*(GY))

=~ QCoh® X (GY x §) = QCoh® (GY\(GY x §7))”" = QCob%” (5*)”

so the local conjecture in this case recovers the derived geometric Satake equiva-
lence discussed above.

3.2. The Basic Object. To any G --+ X, there is a natural vector LQG(ZP) (X(Qyp)):

it’s the indicator function on X(Z,). In the heuristics given by topological field
theory, since we are viewing Spec(Z,) as a bordism from the empty set to Spec(Q,),
we can think of this indicator function as

Ac,m(Zy) € Ac,m(Qp) = L*(X(Qp)) € Ag,n(Qp) = Rep(G(Qyp))

where the first ‘inclusion’ comes from the fact that Z, is a bordism and the second
inclusion comes from the fact that Ag as is a boundary condition. There is a
categorified version of this:

Ac.u(D) € Ag.ar(D) = Shv®®) (X (D)) € Shv(G(D))—modcat
and the categorification of the indicator function is dx := i.(wx, ). Probably less

susprisingly, the corresponding ‘distinguished object’ on the B side is O(M"), and
one of the desirada of the local conjecture. Taking endomorphisms, we see that

Endgcon(avyev (O(MY)) = O(MY)
should match with

Endgp oo (x,)(0x) = Endgpyeo (x) (Wx)

= ‘equivariant Borel-Moore homology of X '

after shearing, which in practice means ‘treating cohomological degree like it’s a
grading.” Let’s check this explicitly in examples:

Conjecture: The derived geometric Satake equivalence takes dx € Shvg(p) (G(D) /
G(D)) to the shearing of O(MY) € QCoh(§*)C *Cm.

Example: The G,,-variety G,, --» T*A! is self dual. Note that O(M")¢n =
k[z1,61])%" = k[x1€_41] is a polynomial algebra in one variable. We claim that
the equivariant Borel-Moroe homology of X¢ is too. Here is a hack proof. Since
A}, is the set of loops into A, its contractible (as a G,,-space and so the equivariant
Borel-Moore homology is H§ (pt), a formal algebra which is indeed polynomials
in one variable after equipping it with a grading and shearing.

Example: It’s known that SLo --» A? is dual to PGLy --» T*(PGLy/G,,).
Observe that, by analogous arguments to the above, its equivariant Borel-Moore
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homology is Hpy i (PGL2/Gyy) = Hygi(pt). On the other hand,

O(MY)L: = O(T* (A2))12 = O(T* (A% 0))1
= O(T" (8L /U))*% = O(SLy x (g/u)")4

O((g/w)")" = Sym(g/u)"” = Sym(t)

is also a polynomial algebra; this is written so that it manifestly generalizes to
G --» T*(G/T) and GV --» Spec(O(T*(G/U)) which is a Hamiltonian G-space
that typically isn’t smooth.

Remark: In fact, there is an expected upgrade to the above Borel-Moore iso-
morphism given in [3, Conjecture 8.1.8] which, informally speaking, removes the
G -invariance of the functions on O(M"). To state it precisely, recall to any affine

Hamiltonian GV-space MY, the moment map MY £ §* gives rise to adjunctions
wr o QCoh(g*)Gv “ QCoh(Mv)Gv .

and so, in particular, you can recover the ring of functions on MV as an algebra
object of QCoh(§*)¢" via the formula i, (O(MY)). Now, since the local conjecture
respects pointings and is Hg & QCoh(g*)GV/ -linear, these properties imply that
the adjunction above corresponds to

actsy, 1 Ha < ShvG(D)(X(HD]))) : act‘sRX

where dx is the basic object, act(F) := F  dx, and act’_is its right adjoint.
The object actﬁ( (0x) is sometimes called the internal endomorphisms of ¢, the
Plancherel algebra (in the notation of [3, Definition 8.1.4], or the relative Coulomb
branch algebra. [3, Conjecture 8.1.8] states that the derived geometric Satake
functor takes the Plancharel algebra to O(MY). It’s immediately implied by the
local conjecture but is more tractible given the sheaf category isn’t really defined.
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Spherical varieties
KALYANT KANSAL

Let G be a split connected reductive group over a field k of characteristic 0. Let
B be a maximal Borel subgroup of G and A be its maximal abelian quotient. Let
X*(A) be the group of characters of A and X(A) the group of co-characters, both
written additively. We have a short exact sequence

1 N—-B—-A—1,

where N is the unipotent radical for B.

1. REVIEW OF THE FIRST TALK ON SPHERICAL VARIETIES

Recall that a spherical variety for G is a normal variety X with a G-action such
that B has a dense orbit. Let xg € X be a point of this dense B-orbit and H its
stabilizer. We assume H is connected. We set up our running example for this
talk:

Example 1.1. Consider the action of G = PGLy on P! x P! given by
b
(Z d) (1 s z2], [y1 : y2]) = [awy + bxo : cxy : dxo), [ayr + by : cyr = dys].

The stabilizer of ([1 : 0],[0 : 1]) under this action is the group H of diagonal
matrices. Let diag(P!) be the diagonal embedding of P! in P! x PL. The group
action induces an isomorphism

PGL, /H = P! x P! — diag(P').

The G-orbits in P! x Pt are P! x P! — diag(P') and diag(P'). Let B be the group
of upper triangular matrices. The B-orbits in P* x P! — diag(P') are: {[z : 1], [y :
Uz #y}, D1 =P'x[1:0]—{[1:0],[1:0]} and D2 = [1: 0] xPL—{[1:0],[1:0]}.
The B-orbit {[x : 1], [y : 1]|x # y} is dense open in P* x P! —diag(P') and P! x P*,
which are both spherical varieties.

The action of b € B on X induces an action on the rational functions k(X) of
X via f+ (p € X — f(b~1(p))). The N-invariants of k(X) admit an action by
A which results in a decomposition

E(X)N = @yexea)Vy

where each Vj, is an eigenspace for A-action with eigenvalue given by x. Each V,
is either 0 or 1-dimensional. Let x(X) C X*(A) be the group of characters x for
which Vy, # 0. Let a = Xo(A4) ®z Q and let ax = x(X)* ®z Q, where x(X)* is
the Z-linear dual of x(X). Clearly, a surjects onto ax. Finally, recall that there
exists a map

p: {valuations on k(X)} — ax
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induced by mapping a valuation v to the function on x(X) that takes x to v(fy),
where f, is any generator of V). This is well-defined because, by definition, a
valuation on k(X) restricts to 0 on k*. The map p induces an injection

{G-invariant valuations on k(X)} — ax.

Denote the cone generated by the image V.

The action of A on the GIT quotient of Bxy by IV factors through a quotient
Ax, which in turn acts faithfully on this quotient. We have X*(Ax) = x(X). Let
Px C B be the parabolic stabilizing Bz, and let Nx be the unipotent radical of
Px and Lx the Levi quotient.

2. COMBINATORIAL DATA

Our next order of business is to classify embeddings G/H < X of spherical
varieties as open dense G-orbits. Turns out, one can cover such embeddings by
finite many subembeddings G/H < X; such that X; is open in X for each ¢,
U;X; = X and each embedding G/H — X, is simple, i.e., X; has a unique
(non-empty) closed G-orbit. Thus, one can proceed by first classifying simple
embeddings (which we will do in terms of colored cones) and then combining
these to get not-necessarily-simple embeddings (in terms of colored fans).

Proposition 2.1 ([4]). Let G/H — X be a simple embedding and Y the unique
closed G-orbit of X. Let X° be the complement in X of the union of all B-stable
divisors D C X such that D does not contain Y. Then

e X°={z e X|Y C Bxg}.

e X° is an open affine in X.

e X =GX°.

Example 2.2. In our running example above, consider the embedding PGLy /H —
PGLy /H, where Y = X° = PGLy /H. For the embedding PGLy /H < P! x P!,
Y = diag(P!) and X° = {[z : 1], [y : 1]}.

The upshot of the proposition above is that for simple embeddings, describing
X is equivalent to describing the B-stable and affine X°. A regular function f on
Bz extends to X° iff for all prime divisors D C X° — Bxzg, vp(f) > 0 for the
associated valuation vp. Such prime divisors are either G-stable or B-stable but
not G-stable, and each one of the latter kind is necessarily the closure of a prime
divisor in G/H.

Definition 2.3. Let A(G/H) be the set of prime divisors of G/H that are B-stable
but not G-stable. Call such prime divisors colors.

Thus, one can verify that X° is determined by a subset D C A(G/H) along
with the set of G-stable prime divisors of X (that can be viewed as a finite subset
of V). This turns out to be equivalent to the data of a subset D C A(G/H) along
with the data of a cone in ax generated by a finite subset of V and p(D). The
term colored cone refers to pairs (C,D) with C a strictly convex cone in ax and
D C A(G/H), that can possibly come from a suitable X°. We immediately get a
bijection between the set of simple embeddings and colored cones.
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Example 2.4. In our running example, let « € X*(A) denote the simple root
given by mapping
(¢ %)
0 1 '

One has an equality a = ax = QaV. Further p(D1) = p(D2) = aV/2 and V =
Q<oa". There are only two colored cones in this setting, namely (&, D) and (V, D),
corresponding to the embeddings id: PGLy /H — PGLy /H and PGLy /H —
P! x P! respectively.

A colored fan F is a combinatorial apparatus comprising of a finite set of colored
cones {(C;, D;)}; satisfying some conditions allowing it to encode infomation on
how the simple embeddings fit together to give an embedding. An embedding
G/H — X is complete (i.e. X is proper) if for the associated fan, V C U,C;.

Next, we will construct a based root datum from a spherical variety X and use
it to construct a reductive group Gx. Here are the steps in the recipe specified in
[3]:

(1) Designate x(X) to be the weight lattice.

(2) The set V C ax is a Weyl chamber for a finite reflection group, by [1, 2].
Designate V C ax to be the antidominant Weyl chamber. (Thus, the root
datum remembers some data related to compactifications of the spherical
variety.)

(3) Use V to determine a set ¥x (not the final set) of simple roots, and use
this to construct the Weyl group Wx.

(4) We assume that “there are no roots of type N”. Renormalize ¥ x to get the
set Ax of simple roots (the final set) for the based root datum. We omit
the recipe for renormalization, but the process specifies for each v € Ax,
an associated root of G.

The based root datum abstractly gives a reductive group Gx with a choice of

Borel. We note without details that the antidominance of V and renormalization
of ¥x to get Ax is related to constructing some compatibility between Gx and

G.

3. A RELATION BETWEEN G x AND GG

Let GV, G%, AY and A, denote respectively the Langlands dual groups of G, Gx,
A and Ax. The inclusion x(X) < X*(A) induces maps A - Ay and A — AV.
(The injectivity of the second map is related to the assumption of connectedness
on H.) Let g¥% and g" denote respectively the Lie algebras of G and GV.

Definition 3.1. A map G — GV is distinguished if

e it extends the map A%, — A above, and
e for all v € Ax, the corresponding root space of g% maps into the root
space in gV corresponding to its associated root.

Let pr,, € X*(A) be half the sum of the positive roots of Lx. It can alternately
be viewed as a co-character G,, — A" via the identification X*(A4) = X4(AY).
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Theorem 3.2 ([5, 3]). There exists a map G% x SLy — G such that the restric-
tion to G is distinguished and the restriction to SLy has weight 2pyr, ., i.e. the
map SLy — GV induces a map from the diagonal torus = G,, of SLa to AY C GV
gwen by 2pr, .
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Hyperspherical varieties
DMITRY KUBRAK

The goal of this talk was to introduce hyperspherical varieties, which can be con-
sidered as a Hamiltonian version of spherical varieties. The main result discussed
during the talk was the structure theorem that identifies any hyperspherical va-
riety with the so-called Whittaker induction of a symplectic representation. The
construction of the dual hyperspherical variety in the polarized case was also out-
lined.

Throughout the talk let F be an algebraically closed field of characteristic 0.
All actions of algebraic groups on varieties will be right actions, unless stated
otherwise.

1. HAMILTONIAN INDUCTION AND REDUCTION

Let a: H — G be a map of algebraic groups over F. Given a variety X with an
action of H one can consider the corresponding induction, given by the formula

ind%(X):= X x G := (X x G)/H, where ho (z,9) = (xh,a(h) 'g).

This produces a stack (in the case H — G is a subgroup it is still a variety) with
an action of G. When the map « is given by the projection p: G — SpecF from
the trivial group, we get the quotient X /G, which one can also call the reduction

redg(X) := ind%peC]F(X) ~ X/G.

Note that ind% (X) ~ redgy (X x G).

Similar constructions make sense for Hamiltonian G-spaces. Recall that a
Hamiltonian G-space is a smooth symplectic variety X endowed with an ac-
tion of G by symplectomorphisms, and endowed with an extra datum given by
a moment map pu: X — g*. A sanity check, as usual, is that Hamiltonian in-
duction/reduction should be compatible with classical induction/reduction when
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applied to the cotangent bundle T* X of a variety X with H-action. Skipping some
details, the resulting formulas are given by

h-redg(X) := X J/oG := p~1(0)/G,
for the the Hamiltonian reduction, and
h-ind% (X) := h-redg (X x T*G) ~ (X x T*G) JJH

for the Hamiltonian induction. If X was graded®, then naturally so is h-ind% (X).

Identifying T*G ~ g* x GG, one can also rewrite h—indfl (X) ~ X xp- g* xH G in
particular there is a natural projection h-ind% (X) — G/H, which is a fiber bundle
with the fiber given by X Xy« g*. In the case X is a symplectic H-representation
this endows h-ind% (X) with the structure of an affine bundle over G/H. See [1,
Section 3.3] for more details.

2. WHITTAKER INDUCTION

We will need a slight twisted variant of the Hamiltonian induction construction,
namely the Whittaker induction. It takes as an input a homomorphism H x SLy —
G (rather than H — @) and defines an operation

wh-ind% : {(graded) Hamiltonian H-spaces} — {(graded) Hamiltonian G-spaces}.

Let H C G be a subgroup, and let H x SLy — G be a homomorphism which
extends the above embedding. Let us fix a G-equivariant identification g ~ g*.
We also have a map sl — g, providing us with elements (e, h, f) € g ~ g*.
Consider the cocharacter w given by the composition G,, — SLy — G; one has
Ad(w(t))o f =t~2f. One has that H C G is a subgroup of the centralizer of (the
image of) sly — g.

We can decompose

gioueu’ ou,
where j C g is the Lie algebra of the centralizer of sly and 1@ u® @ u is the sum of
all nontrivial sls-subrepresentations, decomposed into the sum of negative, zero,
and positive weight spaces for the left adjoint action of w; in particular f € 1.
Subspaces u and ut are Lie subalgebras graded by the G,,-action induced by w; we
put U, U := exp(u), exp(if) C G be the corresponding unipotent subgroups.

We let up C u be the Lie subalgebra spanned by elements with grading > 2.
Further, for simplicity, we will assume that u; = u (this is equivalent to —1 € SLq
being central in G) and refer to [1, Section 3.4.1] for the general definition.

We will still denote by f the image of f € g* under the restriction map g* — u*.
Given a Hamiltonian H-space X we can define a Hamiltonian HU-space X whose
underlying space is X, the action of H and the corresponding moment map are
as before, the action of U is trivial, but the corresponding moment map X — u*

1Namely, had a Ggr-action that rescales the symplectic form and moment map by the square
character, and that commutes with the H-action.



858 Oberwolfach Report 18/2025

sends everything to f € u*. The authors of [1] define Whittaker induction of
X to be
wh-ind$ (X) := h-ind%, (X).
As discussed in [1, Sections 3.4.5, 3.4.6], if X is graded, there is also a natural
grading on wh—indg(X ). In the case when X is a symplectic H-representation,
there is an explicit formula for wh-ind% (X) as a vector bundle over G/H: namely,

wheind§ (X) ~ V x? G, with V .= [X & (b N ")),

*,€e

and where g*° is the annulator of e € g. In particular, when H and X are trivial,
we can identify wh-ind% (X) ~ g*¢ x G.

3. HYPERSPHERICAL HAMILTONIAN SPACES

Definition 3.1. A (smooth) graded irreducible Hamiltonian space M is called
hyperspherical is
(1) M is affine;
(2) the field F(M)S of G-invariant rational functions on M is commutative
with respect to the Poisson bracket;
(3) the image u(M) of the moment map intersects non-trivially the nilpotent
cone of g*;
(4) the stabilizer in G of a generic point in G is connected;
(5) Ggr-action on M is “neutral”.

To explain what condition (5) means, one should first establish some conse-
quences of the other four. Namely, as shown by the authors in [1, Section 3.5],
following the work Losev [2], under the first three assumptions above, there is
a unique closed G' x Gg-orbit My in M; it’s image under the moment map is
necessarily contained in the nil-cone of g*. Let z € My(F) be a point, and
let H := Stab, C G. Let f := p(x) € g*; it is a nilpotent element. Let
S = (TyMy)* /(T My)* N T, My be the fiber of symplectic normal bundle to
the orbit My. The Gg-action on M is called neutral if

(1) one can complete f to a map a: SLy — G, so that the action of cor-
responding G,, C SLy < G agrees with Ggr-action when restricted to
Mo;
(2) the subgroup G,, = {(a(t)™',t) C G x Gy} (which fixes z) acts on the
fiber S by simple rescaling.
One can show that the map « is unique if it exists, and that it commutes with
H C G, thus giving a map H x SLy — G.
The authors prove the following important structural result for hyperspherical
varieties:

Theorem 3.2 ([1, 3.6.1]). Let M be a hyperspherical G-variety. Let © € My be
a point; let H x SLy — G and S be as above. Then there is a unique G X Gg-
isomorphism

M ~ wh-ind%(S)
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which carries the base-point of Whittaker induction to x, and is an isomorphism
on the fibers of correponding symplectic normal bundles.

To paraphrase, a hyperspherical variety is uniquely encoded by the data of a
subgroup H C G, amap H x SLy — G and a certain symplectic H-representation
S. Let us also note that if we want a Whittaker induction wh-ind%(S) to be hy-
perspherical then the quotient G/HU should be spherical (but more assumptions
are also needed).

4. POLARIZATION

Definition 4.1. In the setting of Theorem 3.2, a polarization of M is a La-
grangian H-stable decomposition

S~Staps-.

Denote X := St xHV @ where the action of U on ST is trivial. One can view
M as a so-called Whittaker-twisted cotangent bundle over X, denoted T*(X, ¥);
unfortunately we do not have time to explain this in detail, so let us refer the reader
to [1, Sections 3.2, 3.7]. Let us nevertheless mention the following addendum to
Theorem 3.2, which shows the importance of considering the variety X:

Proposition 4.2 ([1, 3.7.4]). Let M be a polarized hyperspherical variety. Then
X is a spherical G-variety and B-stabilizers of points in the open B-orbit are con-
nected. Moreover, if X satisfies these assumptions, then the Whittaker induction
wh-ind$ (S) is hyperspherical.

Now, the general idea for the construction of the dual hyperspherical variety is
to use Theorem 3.2: namely, given data H C G, H x SLy — G and S associate
to it a subgroup H C G of the Langlands dual of G, a map H x SLy — G and a
representation S of H. In the polarizable case, one can take the first two pieces
of the dual data to be the subgroup G% C G and the map GY% x SLy — G
constructed by Knopp, and which appeared in Kalyani’s talk. In [1, Sections 4.3,
4.4] the authors also provide a natural candidate for what the representation S
could be; in this construction the highest weights of S are defined explicitly by

certain “colours” of the variety X.
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Periods and L-functions
SHILIN LAI

Let = be a smooth projective curve defined over [Fy, then we can form its function
field F = Fy (=), integral adeles O, and adeles A. We fix an isomorphism of
coefficient fields C =2 Q, for convenience.

Let G be a reductive group over IF,. The classical (unramified) global Langlands
conjecture is roughly a picture of the form

{Unramiﬁed automorphic

representations of G(A) } {G-local systems on E}

In particular, there are L-functions defined on both sides, and they are supposed
to agree. The definition of L-functions on either side depends on additional data,
and one part of the relative Langlands framework is to clarify this. The picture is
now roughly

Unramified automorphic
representations of G(A)

Ix i

Period = Values of L-function

} — {G—local systems on E}

This talk will explain the constructions of period functions and L-functions. We
will also illustrate the connection in the Iwasawa—Tate case, which was explained
in Kaletha’s talk from two days ago. The following talk will categorify both sides
into sheaves.

1. AUTOMORPHIC SIDE

The A-side TQFT Ag evaluated on the 3-dimensional object = gives the vector
space of functions on Bung(F,). A boundary condition gives an element of this
space. Let X be any G-variety, then the boundary theory Ag x produces the
following element.

Definition 1.1. The theta series for X is the function ©x : Bung(F,) — C
defined by

Ox(g) == Z 1y () (z9)

z€X(F)

for all g € G(A). Here, 1x(g) is the indicator function of the open compact set
X(0) C X(A).
Remark 1.2. In general, the presence of a non-trivial Gg-action introduces an
additional twist by a square root of the canonical bundle, cf. [1, (10.6)].

Example 1.3. In the Iwasawa-Tate case, G = G,, acts on X = A! by scaling, so
Ox(a) = Z 1o(az) = #{x € F |z € a~*0}.
zeF
This is exactly the number of global sections of the line bundle attached to a.
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This example is a part of the following geometric reinterpretation of the theta
series, which follows by the same type of computation.

Lemma 1.4. Let G be the G-bundle attached to g € G(A), then Ox(g) counts the
number of X -sections of the X -bundle associated to G.

Given a function ¢ : Bung(F,) — C, we can pair it against the theta series

1
©xa= [ exged= Y grex@el)

z€Bung (Fy)

We call this the period of ¢. In other words, (©x,—) is the period functional on
automoprhic forms.

Example 1.5. If X = H\G is homogeneous, then in our everywhere unramified
setting, an easy computation shows that

@mw=/ (1) dh
H(F)\H(A)

is the usual period.

2. SPECTRAL SIDE

Let = be a G-local system. Its L-function depends on the additional datum of an
algebraic representation
r:G— GL,.

This determines a rank n local system r o = on =.

Definition 2.1. Let £ be a local system on =. Its L-function is defined to be
L(s, £) = det (1 — ¢"*Frob|RI'(E 5, £)) '

The determinant is graded, namely the odd degree terms carry an exponent of —1.

Since = is a smooth curve, the cohomology is supported in degrees [0, 2], and
really the only interesting degreeis 1. Let V = H!(Z JFa L), then the corresponding
term in the above product is

det(1 — ¢~ °Frob|V) = Tr(q™ °*Frob| A®* V).

Again, the trace is a graded trace.

Classically, L-functions are usually defined as an Euler product over the places
of a global field. In the function field case, this connection is given by the
Grothendieck—Lefschetz trace formula.

Theorem 2.2. There is a factorization
L(s,£) = [] L(s L),
vE|E|
where each term is defined by

L(s, £,) = det(1 — (¢~ *Frob)deev|L,)~ 1.



862 Oberwolfach Report 18/2025

Example 2.3. Let 1 be the constant local system of rank 1, then for each v,

1

L(s,1,) = 1 — gsdegv’

The global L-function is equal to

Pla™) B
(]. — q*S)(]_ — qlfs) - H L(57 11))7

ve|Z|

L(s,1) =

where P(T') is some polynomial of degree 2¢g, g = genus(Z). Note that this is a
meromorphic function of s € C, and it has simple poles at s = 0 and s = 1. In
this case, Poincaré duality implies the functional equation L(s,1) = L(1 — s,1).

3. NUMERICAL RELATIONS

In the Tate-Iwasawa setting of G = G, acting on X = Al, we will compute the
period
<@X; q—s deg>,
where deg : Picz(F,) — Z is the degree function. This was exactly the compu-
tation in Tate’s thesis that Kaletha explained previously, but we will say it in a
slightly different way.
By definition,

<®X7qfsdeg> _ Z qfsdeg(L)@X(L)

LEPics (Fy)
_ Z qfs deg(L)#HO(E)
LEPics (F,)
“_» Z q—s degD.
DeDivt =

For the final equality, the zero section contributes a divergent term, which also
appeared in Tate’s thesis. It can be handled by a suitable regulariation procedure.

An effective divisor is a formal linear combination of closed points of = with
non-negative integer coeflicients, so the final sum above factors

Z q—sdegD — H Zq—sm,degv

DeDivt = vE|E| n>0
I
- 1— —sdegv ’
vE|E| q

The final expression is the Euler product of an L-function, so we get an equality
(©x,q7°9) = L(s,1).
In the remaining talks, we will see a categorified version of this numerical equality.

Remark 3.1. We now make two important remarks about the above example.
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(1) A better formulation of the equality is that
(©x,47°%) = L(0,| - *)

for any fixed s € C. Here, the point of evaluation on the right hand side
is determined by the Gg-action on the dual variety M = T*A"', and it is
independent of the automorphic representation.

We get an equality of L-functions since we are allowed to twist the
automorphic form by central character. This is not possible in the Gross—
Prasad case, and the period integral only sees one particular L-value
(namely the central one) instead of the entire L-function.

(2) The Riemann—Roch theorem gives the identity

Ox(z) =q V|2t Ox (227,

where 0 is the canonical divisor. Replacing x by 9%z removes the ex-
tra 0 from the formula, and this is exactly the correction alluded to in
Remark 1.2 if we used the scaling G4,-action.

The Riemann—Roch theorem can be derived from the Poisson sum-
mation formula. The Fourier transform can be interpreted as switching
between the two different ways of polarizing the Hamiltonian G-space
M = T*X, and the above identity states that the theta series attached to
both polarizations agree. In Kaletha’s talk, we saw that this additional
symmetry (of M) leads to the functional equation.

Periods and L-sheaves
Rok GREGORIC

If the Langlands conjecture is concisely expressed as the equivalence between two 4-
dimensional topological quantum field theories Ag and B, the relative Langlands
conjecture concerns the induced duality between boundary theories

Ag x € Ag, Be x € Bgs

for certain G-stacks X and G-stacks X. The unramifield global setting corresponds
to evaluating these field theories on a “2-manifold” — a fixed connected smooth
algebraic curve ¥ over the base field F — which produces pairs of categories' and
objects

AG,X(E) S AG(Z), BG,X(E) S BG(E)
The goal of this talk is to specify these objects more explicitly.

IWe will always understand categories to mean (0o, 1)-categories, or more precisely k-linear
(00, 1)-categories, often referred to as DG categories in the Geometric Langlands literature.
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1. THE CATEGORIES — NON-LINEAR SIGMA MODELS

The field theories Ag and B are obtained roughly as non-linear sigma models.
That is to say, they may be factored as the composite functors

Map(—,T in.
Corr M Stacks LN Cat

of the mapping stack into a fixed “target stack” T', followed up by a linearization
functor — usually some flavor of sheaf theory. Specifically we have?

Ag(X) ~ SHV(Bung), Bs(X) ~ QC'(Locy),
where the mapping stack and linearization are given on the automorphic side by

(Lin) Bung, the classifying stack of algebraic G-bundles on X.

(Stk) SHV, a “topological” sheaf theory: D-modules, topological sheaves, or
étale sheaves respectively, depending on whether we are considering the
de Rham, Betti, or étale version of Langlands.

and on the spectral side by
(Lin) Locg, the classifying stack of local systems of G-bundles on ¥, separately
defined in each of the de Rham, Betti, or étale settings.
(Stk) QC', the ind-coherent sheaves in the sense of Gaitsgory-Rosenblyum.

To see that these are indeed instances of the sigma-model construction, we can
express the stacks in question as mapping stacks

(1.1) Bung ~ Map(Z, BG), Locg =~ Map(Ziop, BG),

where the “target stacks” are the classifying stacks BG and BG, and the stack
Ytop is a “topological realization” of the algebraic curve X, taken to mean the
de Rham space Ygr in the de Rham setting and the Betti space X in the Betti
setting. In the étale setting, we do not define Locx as a mapping stack, but rather
take it to be the moduli stack of tempered G-local systems on ¥ of [AGKRRV].

2. THE BOUNDARY THEORY OBJECTS — PERIOD AND L-SHEAVES

For a Hamiltonian G-space M with a mirror G-space M, the relative Langlands
conjecture posits the existence of corresponding boundary theories to Ag and
B¢ which are exchanged under Langlands duality. We restrict® to the untwisted
polarized case, which is to say we assume that M = T*X and M = T*X for an
affine G-scheme X and affine G-scheme X. In this case, the output of boundary
theories Ag x € Ag and Bé’ % € B consist of the respective objects

Px € SHV(Bung), Lz € QC'(Locgy),

20utisde the de Rham setting, the automorphic side needs to be further corrected to certain
kind of “automorphic sheaves” AUT(Bung) C SHV(Bung), which admit a spectral decompo-
sition with respect to the Hecke action. But we ignore such finer points here. This, and the
spectral Beilinson projector, will be discussed in future lectures.

3This is to simplify the discussion, but is rather restrictive, since a Hamiltonian space and its
mirror are seldom both polarized. See the paper for discussion of how to extend the constructions
discussed here beyond the untwisted polarized case.



Arbeitsgemeinschaft: Relative Langlands Duality 865

which we wish to specify. Recall that the data of the G-variety X and G-variety
X is equivalent to quotient stack mapsX/G — BG and X /G — BG.Using these,
we look to (1.1) define auxiliary stacks

Bung := Map(2, X/G), Locé( := Map(Ziop, X/G),

along with canonical mapsBung L Bung and Locé KN Locg.These give rise to
pushforward functors in each respective “linearizing” sheaf theory, and we define
the period sheaf of X and L-sheaf of X as

Px = kauné’ Ly = ﬁ*wLoc’G:(
where the constant sheaf kBuné and the dualizing sheaf WrocX re the respective

monoidal units of SHV (Bung ) and QC!(Locg ) for ®; and ®' respectively.
As a first example, consider a homogeneous G-space X = G/H. We have

G/H
Bung/H ~ Map(%, %) ~ Map(%, pt/H) ~ Buny,

and likewise on the spectral side for a homogeneous G-space X = G / H

G/H _
Locs' ™ ~ Locy

In the étale setting, where we have so far refrained from describing the stack Locg ,

we take this as the definition. That is to say, the stack Locé is, in the étale setting,
only considered?® in the homogeneous case X = G / H.

Remark 2.1. In the above discussion, we are suppressing a number of finer points
which are required to make everything correct. These omissions, which we continue
to suppress after this remark, are of three sorts:

e On the automorphic side, the definition of the stack Bung needs to be
modified slightly to take into account a choice of spin structure on the
curve X. This uses an auxiliary G,,-action on X that had implicitly been
part of the data.

e On the spectral side, the definition of the L-sheaf £ should be sheared,
with respect to a grading induced from an auxiliary G,,-action on X.

4Though the paper indeed only defines the auxiliary stack Locg in the homogeneous case,
the author of this note would like to suggest a Tannakian definition that may at least be stated
without such a restriction. We suggest that the functor of points Locg : CAlg;, — Grpd,,
should send a k-algebra R to the co-groupoid of right t-exact symmetric monoidal small colimit
preserving k-linear functors QC(X/G) — QLisse(E) ®vect,, Modg, where QLisse(X) denotes the

quasi-lisse sheaves on 3 in the sense of [AGKRRV]. For X = G/H, this recovers the definition of

tempered H-local systems on X from [AGKRRV], and thus agrees with Locg/ 7~ Loc - In fact,
this Tannakian approach could also work to define the stack of twisted Langlands parameters
Loc)Gf in the de Rham and Betti contexts as well, by replacing QLisse(X) with the respective

categories of D-modules and Betti sheaves on ¥ respectively.
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e Even then, the sheaves Px and Ly obtained in this way are the un-
normalized versions. Before the relative Langlands conjecture can pos-
sibly be suggested to interchange them, additional renormalizations are
required, producing variants called PX°" and L7 .

All this is carefully discussed in [BZSV24]; see there for details.

3. UNPACKING THE STACKS Bung AND Locj,

To better understand the stacks Bungy and Locg , let us describe the fibers of the
structure maps m and 7 to Bung and Locgx respectively. On the automorphic
side, an R-point of Bung corresponds to a G-bundle E over the base-change ¥ =
¥ Xgpec(r) Spec(R). The fiber of the map 7 then fits into the pullback square

Buny «+——I'(Xg; E x¢ X)

| |

Bung ¢——— Spec(R),

exhibiting its fiber over this R-point of Bung with the sections of the associated
X-bundle of the G-bundle £ — Y. If we similarly identify on the spectral side
an R-point of Locs with a G-local system p over Y, then we find a Cartesian
square as before

Locg ——Tv(Sg:p xC X)

| l

Locg ¢——— Spec(R),

where I'y denotes the “flat sections” of the associated X-bundle of the G-local
system p.
e In the de Rham case, where a local system is given by an algebraic bundle
E — Y together with a flat connection V, this can be understood as
the “horizontal sections” of the associated bundle E x¢ X, i.e. X-valued
solutions s of the “parallel transport equation” Vs = 0 over Xp.
e In the Betti case, we may conversely identify a G-local system on ¥ with
its monodromy representation, that is to say, with (the conjugacy class
of) a group homomorphism p : m;(X) — Gr. Through the G-action on X,
this defines a 7 (X)-action on the base-change Xr. The flat sections are
identified with the derived fixed-points of this action

Py (Sg;p xC X) o (Xp)™ ).

The latter fixed-point perspective can be used to obtain an explicit quotient stack
expression for Locg in the Betti case.Note that the affine scheme

HomGrP(ﬂ-l (E)v G) = SpeC(Runi)
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supports the universal representation p : m(3) — Gg,.,, in terms of which the

classifying stack of G-local systems on X is expressed as
Locy o~ Spec(Runi)/é.

When combined with pullback square above, this exhibits the stack of X-twisted
Langlands parameters as a global quotient stack

Locé( ~ ()V(R“m)’”(z)/é.

If the genus g of ¥ is > 2 and the reductive group G is semisimple, then the
presentation for 71 (X) as the quotient of the free group on 2g generators along a
single commutator relation allows us to identify the base-change with the fiber

Xp,,; = fib(X? — X),

showing that Locé( is quite an explicit and well-behaved algebraic stack.

4. PERIOD SHEAVES AND PERIOD FUNCTIONS

Let us now specialize to the finite case, i.e. étale Langlands over F = Fq and with
coeflicients in k = Q,. We assume that the algebraic curve in question is base-
changed as E— from a curve X over the finite field F,. Let F' denote the function

field of X. Under the Beauville-Laszlo-type adelic debCI‘lpthD of the groupoid of
G-bundles on ¥

Bung(Fy) ~ G(F)\G(A)/G(0),
the sheaf-function-correspondence allows us to extract an automorphic function
[#] € C.(G(F)\G(A)/G(Q), k) from a Weil sheaf of k-vector spaces .# on Bung.

Its value at a point [g] € G(F)\G(A)/G(O), corresponding to a G-bundle E — X,
is given by the trace of the Frobenius endomorphism on the geometric fiber

[Z1(lg]) = te(npT =2 3. 7),

where 7 : Spec(F) — Bung classifies the base-changed G-bundle Efq — EE.By a
base-change formula for étale sheaves and the identification of the fiber of m over
nE with the sections of the associated X-bundle E x¢ X over EE, we find the
relevant geometric fiber of the period sheaf Px to be

15Px = npm(kpunx) = Le(D(Sg,; Bg, X X); k).

Its Weil sheaf structure amounts to the Frobenius action on this space of sections,
and so the value of the corresponding automorphic function is the cardinality

(4.1) [Px](lg]) = #T(S; E x€ X).

By unpacking how the coset [g] € G(F)\G(A)/G(0) encodes the G-bundle E over
3., we can identify the global sections of the associated X-bundle of E with the
intersection

IS Ex9X)~X(F)Nng 'X(0)
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inside the adelic values X (A). In particular, we have

[Px)(lg) = #(X(F)Ng'X(0)) = Y 1x((wg) = Ox(l9)),

zeX(F)

recovering the definition of the theta-function © x associated to X. That is to say,
the image of the period sheaf Px under the sheaf-function-correspondence is the
Theta function © x. In this sense, Px categorifies O x.

Finally, let us specialize this to the Iwasawa-Tate case. That is to say, take
G = G,, and X = A! with its scaling action. In that case there is a canonical
identification

Bung,, (Fy) ~ Pic(%)

with the Picard group of line bundles on ¥, which sends a G,,-bundle £ — ¥ to
the associated Al-bundle L := E xS= A! over ¥. The formula (4.1) therefore
expresses the value of the function, corresponding to the period sheaf, at the coset
[g] € F*\A*/O* corresponding to the line bundle L € Pic(X), with

[Parl(g]) = #T(S5 L) = ¢ 58,

Just as we have seen that period sheaves are related to theta functions, later talks
will discuss how L-sheaves are related to L-functions.
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Global Geometric Duality
SAM GUNNINGHAM

The goal of this talk was to understand the following conjecture.

Conjecture 1 (Global Geometric Duality, [BZSV24] Conjecture 12.1.1). The
spectral projection of the period sheaf and the L-sheaf are exchanged under the
geometric Langlands correspondence:

AUT (Bung) «—— QC'(Locgv)

('P}gm)sPec — L‘vav
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1. GENERALITIES

1.1. The setup. For concreteness we will work exclusively in the Betti setting
of geometric Langlands in this note (the de Rham and étale settings are largely
analogous). Let G and GV be Langlands dual complex reductive groups, and
M =T*(X,¥) and MY = T*(XV,¥") be dual polarized hyperspherical varieties
for G and GV. Let ¥ be a compact Riemann surface of genus g equipped with a
choice of spin structure K 3,

Throughout this note, we work in the setting of derived categories (that is,
differential-graded, or C-linear stable co-cateogories), suppressing the derived na-
ture for the sake of brevity. For example, a “vector space” really means a cochain
complex, a “sheaf” really a complex of sheaves, etc.

1.2. The automorphic category. Let Bung denote the analytic stack of holo-
morphic G-bundles on ¥. The automorphic category AUT(Bung) consists of
sheaves of C-vector spaces (in the complex analytic topology) whose microsup-
port is contained inside the global nilpotent cone N/ C T* Bung. Informally, the
microsupport (also known as singular support) of a sheaf is a subset of the cotan-
gent bundle which measures the directions in which the sheaf is locally constant
(slightly more precisely: the codirections in which the sheaf is not locally con-
stant). For example, a sheaf has microsupport contained in the zero-section if and
only if it is locally constant.
The Betti spectral projection functor

(—)°P¢¢ : SHV(Bung) — AUT(Bung)

is the left adjoint to the inclusion of automorphic sheaves into the category of all
Betti sheaves.

Example 1 (G = G,, - running example). The stack Bung
product:

decomposes as a

m

Bung,, = Z x Pic’ x BG,y,.
Moreover, as the global nilpotent cone is just the zero section, the automorphic

category consists of locally constant sheaves. Thus the automorphic category is a
tensor product

AUT(Bung,,) = SHV(Z) ® SHV(Picy) ® SHV(BG,).

Each tensor factor can be computed explicitly:

e SHV(Z) = Vecty, the category of Z-graded vector spaces;
e SHV((Pic") = C[r; (Pic®)] — mod (note that m (Pic®) = H,(%;Z));
e SHV(BG,,) 2 H*(BG,,;C) —mod = C[f] — mod, where 3 is in degree 2;

1.3. The spectral category. Let Locgv denote the derived moduli stack of Betti
GV-local systems on ¥. On the spectral side of the geometric Langlands corre-
spondence, we have the category QC!(Loch) of category of ind-coherent sheaves.

Example 2 (G = G,, - running example). We have an isomorphism

Locg,, = BG,, x H'(%;G,,) x Al[-1]

m
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Thus, as on automorphic side, the spectral category splits as a tensor product (note
that the first two factors are smooth, so QC! =QC):

(L1)  QC'(Locs,,) = QC(BGp) ® QO(H' (3;Gm)) ® QT (A'[-1]).
As before each factor can be computed explicitly:
e QC(BG,,) = Rep(G,,) = Vecty =2 SHV(Z);
e QC(H'Y(%;G,,)) = C[H(Z;Z)] — mod = SHV(Pic?);
e QC'(A'[-1]) = C[f] — mod = SHV(BG,,).
These observations yield the geometric Langlands correspondence in this case (Betti
geometric class field theory): AUT(Bung, ) = QC'(Locg, ).

1.4. Periods and L-sheaves. Recall that we have stacks 7 : Bung — Bung
and ¥ : Locgy — Locgv. A point of Bunyy (respectively Locg, ) is given by a
G-bundle (respectively GV-local system) together with a section of the associated
X-bundle (respectively, a flat section of the associated XV-bundle). Then we
define:
N vV
Px w = m (QBuné) Lxv gv = ﬂ'X(wLocévv)/.

Here, @gung is just the constant sheaf in the case when ¥ is non-trivial, and
in general is twisted by a suitable version of the Artin—Schreier local system.

Similarly, wgovc «v is the (Grothendieck-Serre) dualizing complex when when ¥V is
GV

trivial, and otherwise must be suitably twisted. The symbol J/ denotes shearing
with respect to a certain grading (see [BZSV24], 6.1).

1.5. Periods of automorphic sheaves and L-values. The purpose of this sec-
tion is to explain the geometric analogue of the idea that period integrals corre-
spond to values of L-functions.

By adjunction, for any automorphic sheaf 7 € AUT(Bung), we have

HomAUT(Bunc)(PE(p,E\)IJC7 ]:) = HomSHV(Bung) (PX,\IM ]:) ~H* (Bung}’(; W'(F))

This can be thought of as the geometric avatar of a period integral.

Now suppose that F = F, is a Hecke eigensheaf associated to a GV local
system p € Locgv. By definition, F, corresponds to the object 0, := 4,.(Ops) in
QC!(Loch) under the global geometric Langlands correspondence. In nice cases
(say, p is a smooth point of Locgv and there is an isolated fixed point {z} = XV,
we can understand this hom space explicitly as a certain (suitably twisted and
sheared) symmetric algebra on H'(X; (T, X"),). This can be understood as the
geometric avatar of the corresponding L-value. The nice conditions mentioned
above correspond to cases where the L-function has no poles.

2. SPECIAL CASES OF THE CONJECTURE

2.1. The Whittaker Case. Let X = G/U and ¥ — X the G,-bundle associated
to a generic additive character ¥ : U — G,. The associated period sheaf W :=
Pgu,w is called the Whittaker sheaf.
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In this case, the dual hyperspherical variety is simply M = pt = T*(pt,0). It
follows that the L-sheaf is given by the (Grothendieck-Serre) dualizing complex
w € QC!(Loch). In this case, as Locgv is a quasi-smooth symplectic stack of
dimension 0, there is an isomorphism wrec,, = Z(OLoc,y ) (here, E is the natural
fully faithful functor from quasi-coherent to ind-coherent sheaves). In other words,
the functor Homsyr(Bung) (W, —) corresponds to the global sections functor on the
spectral side. In particular, if 7, is a Hecke-eigensheaf corresponding to p € Locgv,
we have Hom(W, F,) = RT'(i,.O,) = C.

Example 3 (G = G,, (running example)). . Here G/U = G and ¥ is trivial.
Thus, the Whittaker sheaf is given by i,(gpt) where ¢ : pt — Bung,, corresponds to
the trivial bundle. In this case, we can compute the spectral projection explicitly.
Indeed, the map pt — Pic® is homotopy equivalent to the universal cover Pic® =
HY(¥; Ox) — Pico, and the compactly supported pushforward of the constant sheaf
under this map is identified with the reqular local system, that is C[r1(Pic?)] as
a module over itself. As expected, this indeed corresponds to the structure sheaf

under the identification SHVy(Pic®) = QC(H(Z; G,y)).

2.2. The spectral Whittaker/Atiyah—Bott case. Reversing the roles from
the previous case, we consider M = pt and MY = T*(GV/UY,¥V). As Buné =
Bung, we see that the period sheaf is identified with the constant sheaf Cp,,, . €
AUT(Bung). The L-sheaf in this case is referred to as the spectral Whittaker sheaf,
sW e QC (Locgv). The spectral Whittaker sheaf knows about the cohomology of
Bung (famously computed by Atiyah and Bott [AB83]):

H*(Bung) = Endsnay(Bung) (Cpune) = Endge (sW).

Example 4 (G = G,, - running example). In this case, the spectral Whittaker
sheaf is given by the skyscraper sheaf 1,Opt, where i : pt — Locg,, corresponds to
the trivial local system. As usual, this object splits as a pure tensor with respect
to the decomposition (1.1), and the middle tensor factor is given by the skyscraper
sheaf at the identity element 1 € HY(X;G,,). As expected, this object indeed
corresponds to the trivial local system under the identification QC(H' (2, G,,)) =
SHV (Pic”).

2.3. Tate’s thesis. Let G = G¥ = G, and X = XV = Al (and ¥, UV trivial).
The fiber of 7 : Bunﬁél — Bung,, over a line bundle L € Bung,, is the space of
sections H(L® K2 ). By Riemann-Roch, dim HO(L® K?) = 0 if deg(L) < —g+1
and dim HO(L®K%) =dif d > g—1. It follows that the period sheaf is just a shift

of the constant sheaf on the connected components Buném ford ¢ [—(¢g—1),9—1].

On the other hand, if d € [—(g — 1), g — 1], dim H°(L ® K?) varies locally in L,
and thus the the period sheaf to the those components is not locally constant. To
compute the spectral projection explicitly appears to be much more involved.

On the spectral side, the fiber of 7V over a local system p € Locg,, is given by
the cohomology H*(X;C,). If p is non-trivial, then H°(3;C,) = H*(%;C,) = 0,
and H'(X;C,) = C*~2 (note that every local system is trivial if g = 0). It
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follows that the restriction of the L-sheaf to the locus of non-trivial local systems
is straightforward to compute (this corresponds to the “nice” cases mentioned in
1.5, where the L-function has no poles). In general, it is a more involved problem
to understand the behavior of the L-sheaf in a neighborhood of the trivial local
system. These questions have been explored more thoroughly in [FW24].

2.4. Functoriality via relative Langlands. Finally, we mention one further
class of examples. Suppose that G = G1 x G5 is a product of reductive groups
(and thus G¥Y = GY x GY). Via the theory of integral transforms for sheaves,
objects of the automorphic category for G = G; x G2 may be regarded as func-
tors AUT(Bung,) - AUT(Bung,), and there is an analogous interpretation the
spectral side. In this way, period and L-sheaves give rise to instances of Langlands
functoriality. Some particular examples of this phenomenon:

e The group case: G; = G2 = X. Conjecture 1 in this case implies the
miraculous duality of Drinfeld—-Gaitsgory [DG11].

e The Eisenstein case: G3 = M, Go = L, and X = M/Up, where P is a
parabolic subgroup of M with unipotent radical Up, and L = P/Up. This
does not quite fit into the theory of hyperspherical duality as M /Up is not
affine; nevertheless, the expectation is that the dual boundary condition
should be given by the analogous data for the dual parabolic PV of MV.
Then Conjecture 1 should correspond to the identification of Eisenstein
and constant term functors under Langlands duality.

o Gan—Gross—Prasad-type examples. Let G; = SOa,,, G2 = SO2y,11, and
X = G/SO3,. The dual data here is: GY = SOa,, Gy = Spa, and
XV = std ® std, the tensor product of the standard representations of
the two factors. On the one side, we the corresponding integral transform
is associated to the inclusion SOs, < SOs,11, whereas there is no such
homomorphism between SOs,, and Sps, on the dual side.
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Global Conjectures
CHEN-WEI (MILTON) LIN

Fix a smooth projective curve X /g, of genus g, with function field F' = F,(X). Let
k = Q¢ and write SHV(—) for ind-constructible I-adic sheaves. Throughout, we
work with distinguished split forms of hyperspherical dual pairs [2, Ch. 5.3]

(M O G % Gy)r, and (G x Gy O M)
We will also denote bg := (g — 1) dim G, a constant which appears throughout.

1. OVERVIEW

We have discussed how hyperspherical dual pairs induce boundary theories (at
dimension 2) by defining period and L-sheaves. Now we discuss numerical conjec-
tures coming out of the framework, which bears the shape:

“M-period of Fy4/ fs = L-function é4/¢ on M

where Fy and 04 are corresponding test objects under the geometric Langlands
correspondence. In section 2, we spell this out by supposing matching bound-
ary theories and taking trace. This yields the Geometric Numerical Conjecture,
Conjecture 1. We picture this process as:

dim A-side B-side

2:%5, Pm €SHV(Bungp,) Ly €1IndCohy(Locg )

Lo

3:%p, Py €Fct(Bung(F,)) Ly € D(Locy™", wmer)

See [1] for further explanation of objects on the right-hand side, and the meaning of
the subscript NV. In section 3 we state a parallel' Tempered Numerical Conjecture,
Conjecture 2, and show how this unifies three classical examples.

2. GEOMETRIC NUMERICAL CONJECTURE

Our test objects are cuspidal Hecke eigensheaves: sheaves Fy, € SHV »/(Bung) that
satisfy Hecke equivariance properties with respect to a parameter ¢; see [4, Ch.
3], [5], and whose geometric constant term all vanishes. In particular, the corre-
sponding trace f, := tr Fy is compactly supported, [3, Ch. 4]. Under the geometric
Langlands correspondence F corresponds to a ¢ sheaf, §;5 € Ind CohN(Locg’}q).
Our geometric objects thus live in the following diagram:

Px € SHV(Bungr, )

T |

Fp € SHVy(Bungp,) ~L Ind CohN(LochFq) 3 dg

LAt the moment, this is not a consequence of the geometric version.
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where a) IL is the conjectured geometric Langlands equivalence in [1, Conj. 21.2.7],
and b) (—)3%P¢ is Beilinson’s spectral projector, conjecturally right adjoint of inclu-
sion of nilpotent sheaves. Granted both conjectures, and matching of spectrally
projected period sheaf (P5°™)*Pe¢ with L-sheaf, Ly, [2, Conj 12.1.1] we have

HO_mSHv(BunG)(]:@P?(mm) = HO—mSHVN’(BunG’Fq)(}-@ (PXT™)P)
= H:O—mlnd Coh/\/(Loc‘G?SF )(5¢’ ’anorm)
By lemma [2, Lem 2.6.1], which computes the trace of a hom complex, we have

Conjecture 1. [2, 14.31] Geometric Numerical Conjecture. Under the above
notations, for a cuspidal Hecke eigensheaf Fy with trace fy:

Z fd)(x)P;;,norm(x) _ q—bG/Q Z Lnorm(l7 ¢d’ (T\/)ﬂ)
z€Bung (Fq) constant T€X®

A few new terms are appearing in this equation, which we elaborate: Py"*™ is
the trace of x-period sheaf - the (naive) Verdier dual of the !-period sheaf. It differs
from P°™ in Conjecture 2, see [2, 14.8] for a fascinating discussion.
Next, following [8]: d is an involution of pinning of G, characterized by:

(1) negating the pinning on the simple roots

(2) acting on torus by t — wg(t~1), where wg is a lift of the longest Weyl

element which takes B to B~.

In the case of SL,, the duality involution is given by
g~ ad(we)("g™")

¢¢ thus denotes the induced Galois representation where action I'y on X via
G x Gg precomposed by (—)<.

Lastly, the sheared L-function can be computed as follows: Given V a I'r x G,
module under action ¢, with V = @,_, V¥ where V() are sub I' p-modules of
weight ¢ under G, action, we define

Lnorm(&qb7 Vﬂ) — HLnorm(&V(i))

€L

the latter terms are Artin L-function of I'p normalized according to [2, Ch. 11].

3. TEMPERED NUMERICAL CONJECTURE

We choose k ~ C to make statements of automorphic forms. We encourage readers
to omit the “norm” decoration in first reading.
Conjecture 2. [2, 14.2.1] Our input:

e an everywhere unramified tempered automorphic representation 7, with
corresponding extended L-parameter of [2, Ch. 2.6] provided by [6]

¢:Tp—GxGpy
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from Weil group I'r to extended dual group whose projection onto G, is
a square root of cyclotomic character, w'/?2.
e The classical scheme of fixed points
X?:={zeX :é(y)r=aVyecTr}
is a finite set and reduced.
We can choose f € 7 a spherical vector such that f¢ = f 3 such that for all
hyperspherical pair with (twisted) polarizations,
(GaM:T*(qu/)/Fq (éaM:T*X)/k
such that if f is cupsidal,
PRy = gt N Lm0, T XY) bg = (g —1)dimG
S~—— =
constant term TE€X?

Here PR (f) = [, oo PR (9)F(9) dg, where

P)l}orm(g) _ \C,/ Z n(g)|81/2|7 1X(©)(x . (g’a\lﬁ))’ (g’al/2) € G x Gy

constant z€ X (F') torus

volume character
For the explanation of the under-braced normalizing terms, see [2, 10.3-10.4]. Here

02 € G,,(A) is a torus element tracking Gy action® Without the torus action,
constant, and character coming from volume form, this has the more familiar form:

Px(g) = Z 1x(0)(zg),
zeX(F)
which would be helpful and sufficient to keep in mind for the upcoming discussion.

Remark 1. The conjecture has many extensions by relaxing various hypotheses;
we choose the simplest case here to illustrate the basic aspects.

Example 1. For any GG, we can plug in the Whittaker pair.
THN\G) OG GO x

where ¢ : N — G, a non-degenerate character of N.

On the A-side: By unfolding,

(= e [ s g )i

~—
constant torus

where ag € T'(A) is an explicit torus element encoding G, action.

On the B-side: X? = {x}, and the L-value is 1. The right hand is
q_bG/2
N——

constant

That the two sides coincide normalizes our choice of f.

2This is fixed upon the identification of square root of ¢ from k& ~ C.
Swhere f@is f precomposed by the duality involution of G.

2 . . .
4one can take §1/2 = I, @"/? where >, Nw = 29 — 2, where @y, is uniformizer.
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Example 2. G = G,,. 7 is equivalent to an everywhere unramified unitary idele
class character, x. We input dual Iwasawa-Tate pair

(T*Al o Gm)/]Fq’ (Gm O T*Al)/k

We choose f € 1 corresponding ¢—°¢/2y, as forced by normalization in Example
1.

On the A-side:

PEm(f) = e / @2 Px(g)x(g)dg
gEG(F)\G(A)

——
constant volume character
_ 1/2
— o [ el
~~ Jan) ~——
constant volume character

where the second equality follows by unfolding, as done in Tate’s thesis.

On the B-side: X¢ = {0} and the tangent space has weight 1 under Gg,. The
right-hand side is

q oL (1/2, )
The two sides match by Tate’s thesis: factoring the global expression locally.

Example 3. G = H x H. Let m x m* be a cupsidal automorphic representation
of G(A). Its corresponding L-parameter has the shape

(¢,6%) :Tp — (H x H) x Gy

v (6(7), 0% (7), @ 2(7))

In this example, the right-hand side admits multiple fixed points. We input dual
group-case pair

HOHxH HxHOH

he(z,y)=x""hy, (z.y)-h=zh(y™)?
On the A-side: By unfolding, Fubini’s theorem, and the fact that f is unramified,

Prom () = /[H] 1 (@)? de

On the B-side: X¢ := {z e H: (y,7%) = Tz(yy )4} = Zs(H). Thus, as b
has weight 2 under the Gg, action, the right hand side is

| ZsH||L*™ (0, ad, b)) = | Z,H| - L™ (1, ad, b)

That the two sides match is equivalent to the conjecture of Lapid-Mao, [7].
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