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Obstructions to prescribed Q-curvature
of complete conformal metrics on R”

Mingxiang Li

Abstract. We provide some obstructions to the prescribed Q-curvature problem for
complete conformal metrics on R” with finite total Q-curvature. One of them is a
Bonnet—Mayer type theorem with respect to Q-curvature. Others are related to the
decay rate of the prescribed functions.

1. Introduction

Given a smooth function K (x) on the standard sphere (S2, go), the well-known Nirenberg
problem is to find a conformal metric g = %% go such that its Gaussian curvature equals f .
This is equivalent to solving the following conformally invariant equation on S2:

(1.1) —Ag2u(x) + 1= K(x)e®®, xeS?,

where Agq is the Laplace—Beltrami operator. The famous Chern—Gauss—Bonnet formula
requires that sup K > 0, which is an obvious obstruction. Surprisingly, there is another
obstruction to (1.1), known as the Kazdan—Warner identity [23]. It can be stated as follows:

(1.2) / (Vx;,VK)e* dug2 =0, 1<i <3,
§2

where X; is the eigenfunction satisfying —Ag2 x; = 2x;. We refer the readers to [6, 7] for
more information about the Nirenberg problem. A direct corollary of the identity (1.2) is
that f(x) = 1 + tx;, for any ¢ # 0, cannot be the prescribed Gaussian curvature on S2.
For open surfaces, without restricting to the conformal class, some results have been
established in [24] by Kazdan and Warner. In particular, Theorem 4.1 in [24] gives a
necessary and sufficient condition for a smooth function on R? to be the prescribed Gaus-
sian curvature of a complete Riemannian metric. However, restricting to the conformal
class, the situation becomes very subtle. In this paper, we focus on the conformal met-
rics of Euclidean space R”, where n > 2 is an even integer. It is better to start from the
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two dimensional case. Given a smooth function f(x) on R?, we consider the following
conformally invariant equation:

(1.3) —Au(x) = f(x)e?® x eR2

Indeed, via the stereographic projection, equation (1.1) can be transformed into (1.3).
There are many works devoted to this equation (1.3), see, e.g., [9-12,18,25,34,36,38,39].
In particular, the case f(x) < 0 is well understood, see [9, 12,22,36,38].

In this paper, the completeness of the metrics will be taken into account. Under such
geometric restriction, Cohn—Vossen [14] and Huber [17] gave a control of the Gaussian
curvature integral. For the readers’ convenience, a simplified version of their results can be
stated as follows. Throughout this paper, ¢t and ¢~ denote the positive part and negative
part of function ¢, respectively.

Theorem 1.1 (Cohn—Vossen [14], Huber [17]). Consider a complete metric g = e**|dx|?
on R2. If the negative part of its Gaussian curvature K is integrable in (R?, e®¥|dx|?),
ie, if
K, e?* dx < 400,
R2
then there holds
Kg e dx < 2.
R2

For higher dimensional cases n > 4 and a conformal metric g = e?* |dx|?> on R”,
the Q-curvature with respect to such metric satisfies the following conformally invariant
equation:

(1.4 (—=A)"2u(x) = Qg (x) ™™, x e R™.

We say that the conformal metric g = 2 |dx|? on R” has finite total Q-curvature if

/ |Qg]e™ dx < +o0.
R?

As in the two dimensional case, equation (1.4) also comes from the standard sphere
through a stereographic projection. Concerning the prescribed Q-curvature on the stand-
ard sphere S”, one may refer to [2,8,21,31,43] for more details. From the analytic point
of view, equation (1.4) is studied in [19,25,29,33,42]. From the geometric point of view,
similar to Theorem 1.1, the Q-curvature integral is bounded from above under suitable
geometric assumptions.

Theorem 1.2 (Chang—Qing—Yang [5], Fang [15], Ndiaye—Xiao [35]). Consider a com-
plete conformal metric g = e**|dx|?> on R", where n > 4 is an even integer, with finite
total Q-curvature. If the scalar curvature satisfies Ry > 0 near infinity, then

(n —D!S"|

Qgedx < ——1 1,
R 2

where |S™| denotes the volume of standard sphere S™.
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For more related results, we refer to [4,26,30,41], and references therein.

Regarding equation (1.4), a natural question is for what kind of prescribed func-
tions f(x) on R” we can find a complete conformal metric g = e%*|dx|?> on R” such
that Q, = f. Are there obstructions like the Kazdan—Warner identity (1.2)? To explore
this question, it is better to start with the famous Bonnet-Mayer theorem, which shows that
for a complete manifold (M™", gp), if the Ricci curvature is such that Ricg, > (n — 1)gp,
then (M, gp) is compact. We refer to Chapter 6 of [37] for more details. Bonnet-Mayer’s
theorem poses an obvious obstruction for n = 2.

Theorem 1.3 (Bonnet-Mayer’s theorem). Given a smooth function f(x) > 1 on R?, there
is no complete conformal metric g = e**|dx|* on R? such that its Gaussian curvature
satisfies Ko = f.

Firstly, we generalize this result to higher dimensions.

Theorem 1.4. Given a smooth function f(x)onR", where n > 2 is an even integer, such
that f(x) > 1 near infinity, there is no complete conformal metric g = e**|dx|?> on R"
with finite total Q-curvature such that its Q-curvature satisfies Qg = f.

One may ask whether f > 1 near infinity is a sharp barrier for the existence of com-
plete conformal metrics and what kind of behaviors occur if f(x) tends to zero near
infinity. More precisely, consider a function f satisfying

(1.5) @)= C(x|+ D7, s>0,

where C is a positive constant which may be different from line to line throughout the
paper. When f(x) is positive somewhere and satisfies (1.5), the existence of solutions to
the equation

(1.6) (=A)"?u(x) = f(x) ™™, x eR”,

has been established in Theorem 1 of [34] for n = 2 and in Theorem 2.1 of [3] for n > 4.
Taking the completeness of metrics into account, Aviles [1] studied equation (1.6) for
n = 2 and showed that, for f positive somewhere and s > 2 in (1.5), there exists a com-
plete conformal metric. Besides, for 0 < s < 1, if f satisfies

(1.7 | llim SO x* =1,

Aviles claimed also that there exists a complete metric (See Theorem A! in [1]). However,
Cheng and Lin constructed a family of functions f(x) satisfying (1.7) (see Theorem 1.1
in [13]) to show the non-existence of complete conformal metric, contradicting Aviles’
claim. The example of Cheng and Lin tells us that the complete conformal metric has
some obstructions, even if the given function f satisfies (1.5). Inspired by this, we shall
provide another barrier.

The Kazdan—Warner identity (1.2) establishes an obstruction for the prescribed Q-
curvature on S”. One could ask whether there are some other barriers from this perspect-
ive. The Kazdan—Warner identity on R” is known as Pohozaev’s identity, see, for instance,
[11,12,25,28,44]. We provide an obstruction for the existence of complete conformal met-
ric from this point of view.
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Theorem 1.5. Let f(x) be a positive and smooth function on R", where n > 2 is an even
integer, such that

(1.8) Lf(x) >

S T2

Then there is no complete conformal metric g = e**|dx|?* on R™ with finite total Q-cur-
vature such that its Q-curvature satisfies Qg = f(x).

Remark 1.6. We will show that condition (1.8) is sharp to a certain extent in Section 4.
For non-positive functions, we also obtain a barrier.

Theorem 1.7. Let f(x) be a non-positive and smooth function on R"*, where n > 2 is an
even integer, such that

(1.9) fO) ==Clx[™", |x[> 1
Then there is no complete conformal metric g = e**|dx|? on R™ with finite total Q-cur-
vature such that its Q-curvature satisfies Qg = f(x).

Remark 1.8. In fact, without completeness, the conclusion still holds for » = 2 by the
result of Sattinger [38]. However, for n > 4 and f(x) = —1, a result of Martinazzi [32]
showed the existence of non-complete conformal metrics.

Furthermore, if the prescribed function may change sign, another barrier is established.

Theorem 1.9. Let f(x) be a smooth function on R, where n > 2 is an even integer, such
that

(1.10) f(x) <—Cl|x|*, for|x|> lands > 0.

Then there is no complete conformal metric g = e?*|dx|? on R™ with finite total Q-curva-
ture such that its Q-curvature satisfies Qg = f(x).

Now, we briefly introduce the structure of this paper. In Section 2, some results estab-
lished in [26] are reviewed for later use. Subsequently, we prove Theorems 1.4, 1.5, 1.7
and 1.9 in Section 3. Finally, the sharpness of condition (1.8) is discussed.

2. Integral estimates and Pohozaev’s identity

Lemma 2.1. Let f(x) be a positive and smooth function on R" such that, for |x| > 1

and s €R,
x -V f(x) -
— >
S(x)
There holds
SX) = colx|’,  for|x| > 1,

where cq is a positive constant.
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Proof. By assumption, there exists #; > 0 such that, for |x| > 11,

XV
fx)

Using this, one has, for |x| > #;,

log f(x) — 10gf(| | ) /tl|x |i| vlogf( |x |)
|x]

Wy 1
= -Vlog f dr > / s —dt = slog|x| —slogty,
Jo Cpeerbg) o= [

1

which yields
fG) z i (min £0)IxP’, x> 1.
Yi=h

Thus, we finish the proof. n
Recall the conformally invariant equation
2.1) (=A)"?u(x) = f(x) ™™, xeR".

We say that a solution to (2.1) is normal if u satisfies the integral equation

2.2) u(x) = 1)‘ |S"| [

where Cy is a constant. For more details about normal solutions, see Section 2 of [26].
(R™) N L'(R™), we can define the logarithmic potential

m) dy 4 Co,

Given a function ¢(x) € L%

£V = o | e

For brevity, we define

w(y) V.

2
STl /R @(y)dy.

Further, B, (p) denotes the Euclidean ball with radius r centered at p € R” and | B, (p)|
denotes its volume respect to the standard Euclidean metric.

The following lemmas register some properties of &£ (¢) established in [26]; we include
the proofs for the readers’ convenience.

Lemma 2.2. For |x| > 1,

£(p)(x) = (—a + o(1) log x| + log —— ¢() .

2
(n—=D'S"| JB,(x)

where 0(1) — 0 as |x| — oo.
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Proof. Choose |x| big enough so that log(2log |x|) > 0, and split R” into three pieces,
Al = Bl(x), A2 = Blog\xl(o)v and A3 = Rn\(z‘ll U A2)

For y € A5 and |y| > 2, we have

‘lo Il - 1l < log(2log |x]).
x =yl

Respectively, for |y| < 2,

x .
‘logM(flloglylHC-
|x — ¥l

Thus

=

For y € A3, it is not hard to check that

<p(y)dy +log|x|/ w(y)dy‘ < Cloglog|x| + C = o(1) log |x|.

< bl <|x|+ 1.
lx[+1 7 [x =yl

With this estimate, we bound the integral over A3 as follows:

‘/; |y| (p(y)dy‘ <log(|x| + 1)/ lo|dy.

For y € By(x), one has 1 < |y| < |x| 4 1, and then
‘f loglylwdyjflog(IXIJrl)/ loldy.
A Ay

Since f € L'(R"), we have fA3UA1 || dy — 0 as |x| — oo, and thus,

2
e fA o) dy = a + o(1).

This gives, finally,

2 1
L(p)(x) = (—a + o(1)) log x| + CESIEaN e log H‘P()’) dy.

Lemma 2.3. For 0 < r; < 1 fixed and |x| > 1,

1
1By ()] L(p)(y)dy = (—a + o(1)) log |x|.
|Br1|x(x)|,/3r1x(x) (@) (y)dy = (—a +o(1)) log | x|
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Proof. By direct computations and Fubini’s theorem, one has

/ ‘/ log
B Iy 12— By @) JBi(2) |7 — yl

1
< / f lo(y)dydz < / Iw(y)I/ dzdy
Br1|x|(x) Brllx|+1(x) |Z - y| rl\xH»l(x) Brllxl(x) |Z - y|

5/ o) Ldzdy < .
r1|x|+1(x) BZr1|x\+](0 | |

w(y)dy\ i< | o] dy dz

Thus

2.3 dvds — O .
(2.3) IBr1|x(x)|[r1x(x) /Bl(z) Iz — |<P(y) ydz = O(]x|™).

For y € B, |x|(x), there holds

2.4) ‘log |y|‘ < log + log(1+r) <C.

Using (2.3), (2.4) and Lemma 2.2, we conclude that

1
1By, 11 (0)] £ dy = (—a + o(1)) log |x|.
|Br1|x\(x)| '/Brlx(x) (p)(y)dy (—a + o(1)) log|x| |

Lemma 2.4. If ¢ > 0 near infinity, we have, for |x| > 1,
£(p)(x) =z —alog |x| —
Proof. By a direct computation, we have

- Ds”
=D (2 p) ) + atog e

x|-(y|+ 1)
=[ log—|| o w(y)dy+/ log o e(y)dy
n lx — yl |yl +
|-

1
lx|- (|y| + 1) [x[-(ly[+1) _
=/ log—<p+(y)dy—/ log—fp (»)dy
n lx — vl R” [x =yl

[y
+/ log @(y)dy.
re |y +1

For |x| > 1, it is easy to check that

Xyl +1)
lx =y
and thus,
. 1
g LW+ D o

[x =yl
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Immediately, one has

lx| - (Jy] + 1)
/ log —————¢*(y)dy > 0.
n lx — ¥l

By assumption, ¢~ has compact support, and thus there exists Ry > 0 such that
supp(¢~) C Bg,(0). And for |x| > 2R;, we have

[ 0D gy [ gD

|x =yl Bg, (0) Ix =yl

< log@|Ry| +2) / o~ (n)dy < C.
Bpg,(0)

where we use the fact that |x|/|x — y| <2 for |x| > 2R; and y € Bg, (0).
Since ¢ € L2 (R™) N L'(R™), one has

loc

[yl
log w(y)dy‘
)/R [yl +1
[y

|yl
< )/ log w(y)dy( +‘/ log w(y)dy‘
B0 Iyl +1 mB0) |y +1

3
sc[ oglyllay+c [ jogdyl+nidy+oes [ jetlay <c.
B>(0) B>(0) R™\B>(0)
Combining these estimates, for |x| > 1, we obtain that
L(p)(x) > —alog|x| —C. L]

Lemma 2.5. For R > 1,
/ 1£(p)(0)] dx = O((log R) - R").
Br(0)

Proof. A direct computation and Fubini’s theorem yield that

[ zenar=c [ [ g L pmarar
Br(0) Br© JR\Byr@) | X =Y

[y
+ Cf / ‘log ‘-Isa(y)ldy dx
Br(0) B2z (0) lx — yl
|y
= C/ / ‘log (-Isﬂ(y)ldy dx
BR(0) JR"\ B, (0) lx — vl
+C/ / | og [y]] - [p(y)] dy dx
Br(0) JB,yr(0)

+C/ / log|x — Il - I dy dx.
Br(0) JByg(0)
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We deal with these three terms one by one. For |x| < R and y € R"\ B,g(0), it is easy to
verify that

|y <2
lx — vl

Thus, the first term can be controlled as follows:

[y]
/ / )log ’-Iqﬂ(y)ldy dx <log2 lp(y)|dy dx
Br(0) JR"\ B1g(0) |x =yl Br(0) JR"\ B, (0)

< CR".

1
- <
5=

As for the second term, one has

[ [ log [yl - [ ()] dy dx
Br(0) /B,g(0)

5/ / [Tog [¥][ - [(y)]dy dx + / [Tog [¥][ - l¢(y)|dy dx
BR(0) /B1(0) BR(0) / B>z (0)\B1(0)

< CR"/ log Iy]l - ()| dy + CR"/ log|y]| - l¢(»)] dy
B1(0) B,r(0)\B1(0)

< CR" + CR"log(2R) le(¥)|dy < CR"logR.
B>r(0)\B1(0)

Finally, the last term can be dealt with using Fubini’s theorem:

/ / |log|x—y||-|<o(y>|dydxs/ |<p<y)|dy/ |og 2] dz
BR(0) /Byg(0) B, r(0) B3r(0)

< CR"logR.

Combining these estimates, one has
[ iz@ear= oo R &Y .
Br(0)

We say the conformal metric g = e?*|dx|?> on R” with finite total Q-curvature is
a normal metric if ¥ is a normal solution to (1.4). To characterize the normal metric, a
volume entropy t(g) was introduced in [26]; it is defined as

log e dx
7(g) := limsup %'
R—oo  10g|BRr(0)|

Theorem 2.6 (Theorem 1.1 in [26]). Consider a complete metric g = e**|dx|? with finite
total Q-curvature on R", where n > 2 is an even integer. The metric g is normal if and
only if t©(g) is finite. Moreover, if T(g) is finite, then

Qge™dx.

MO =1 G e
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In [26], the following geodesic distance dg (-, -) comparison identity was established;
it will be used in Section 4 to show some metrics are complete.

Theorem 2.7 (Theorem 1.4 in [26]). Consider a conformal metric g = e**|dx|* on R"
with finite total Q-curvature, where n > 2 is an even integer. Assume that the metric g is
normal. Then, for each fixed point p,

lim

logdg(x,p) (1 2
Ix|—>o00 log|x — p|

+
nu
S dx)
=157 Jan 2€ x)

+

where, for a constant ¢, ¢ is equal to ¢ if ¢ > 0, and is equal to 0 otherwise.

The following Pohozaev-type inequality is inspired by the work of Xu (see The-
orem 2.1 in [44]). One may also refer to [25] and Lemma 3.1 in [28].

Lemma 2.8. Suppose that u(x) is a smooth solution to the integral equation

u(x) = 1)| |S™| / |y| Q(y) et dy + Co,

where Cy is a constant, Q e™* € L' (R") and the smooth function Q(x) does not change
sign near infinity. Then there exists a sequence R; — oo such that

lim sup x-VQe™dx < ag(ap —2),

i—>00 I’l!|S”| Bg, (0)

where g denotes the normalized Q-curvature integral:

2 nu
=— dx.
O e e O
Proof. A direct computation gives
Vu) = nu(y) 4
9 = =i ey 2O

Multiplying by Q ¢"*®*) and integrating over the ball Bg(0) for any R > 0, we obtain

2 (x,x —y)
Qe ™| — Q(y)e™ dy | dx
/BR(O) [ (n—=D'S"| Jrn |x —y|? ]

2.5)
_ / 0™ (x. Viu(x)) dx.
Br(0)

Using x = %((x + ¥) + (x — y)), for the left-hand side of (2.5), one has the following
identity:

1 2
Lh.s of 2.5) = -/ Qe [— = | g dy] dx
2 JBr(0) (n—D'S"| Jgn

1 [ 2 (x+y,x—y)
+ - Qenu(x) [ . Qenu(y) dy:| dx
2 JBr(0) (n=DS"| Jrn |x —y|?




Obstructions to prescribed Q-curvature of complete conformal metrics on R” 11

Now, we deal with the last term of above equation by changing variables x and y:

0(x) e[ / DAY X=T) 5 ) me) ay]ax
Br(0) R X —y?

_ / 0(x) ™| / B2 X ) oy em ay ] ax
Br(0) R"\Bg(0) |*— Yl

- / 0(x) e[ / BEPTD) oy gy ax
Brj>(0) R\Br(0) X =

+f oeyer @ [ BEIEZI gy e gy ax
BR(0)\Bg/2(0) R™\Byr(0) X —

+/ 0(x) e""(X)[/ " +—y’x_2y> 0(y)e™® dy] dx
Br(0)\Bg/2(0) Bar@)\Br(®) X — I

For x € Bg/2(0) and y € R"\ Bg(0), one has

‘(x—l—y,x—y))E lx + y| .

¥ —yf? x =y

and thus,

nwi=3 [ jowle@ar [ jog)|eneay.
Bgr;»(0) R”\Bg(0)
Similarly,
[12(R)| = 3[ |0 (x)] ") dx/ |0(y)] e"® dy.
BR(0)\Br/2(0) R"\B32(0)

Then both |11 (R)| and |I,(R)| tend to zero as R — oo, because Qe"* € L' (R").
For the term /3(R), and since Q does not change sign near infinity, for R > 1, one
has

2 2
) = [ owem | | 0 ay]ax <o
BR(0)\Bg/2(0) Baroy\Br(0) X — Y|

As for the right-hand side of (2.5), by using the divergence theorem, we have

1
rh.sof (2.5) = _/ 0 (x)(x, venu(x)> dox
n JBR(0)

= —/ (Q(X) + ! (x, VQ()C))) e ™) dy + l/ 0(x) "™ R do.
Br(0) n dBR(0)

n

Since Q(x) e"*®) e L1(R"), there exist a sequence R; — oo such that

i—>00

lim R,-f |Q|e™ do = 0.
9Bz, (0)
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Therefore,
1 nu
— (x-VQ)e™ dx
1 JBg, (0)
_ nu l . nu Ol_() nu(x)
= Qe""dx + — R; Qe""do + Qe dx
B, (0) n JoBg,(0) 2 JBr,0
+ I1(Ri) + I2(R;) + I3(R;)
1
5—/ Qe”"dx—i——Ri/ Qe""d0+a—0 Q™™ dx
By, (0) n JoBg,(0) 2 JBr, 0
+ I (Ri) + I2(Ri),
which yields
4
limsup ——— x-VQe™ dx < ag(ag — 2). [
imoo N![S"| JBg (0)
3. Proofs

Throughout our proofs, we will argue by contradiction and suppose that there exists a
complete conformal metric
g = e |dx|?

with finite total Q-curvature such that Q, = f which satisfies
(_A)n/zu — fenu
with fe™* € L'(R"). For brevity, set

2

P == S

fe™ dx.

Proof of Theorem 1.4. Since f > 1 near infinity and fe"* € L'(R"), one has e ¢
L'(R™), from which we deduce that 7(g) = 0. Thanks to Theorem 2.6, we have that
the metric g is normal and

2
3.1) ——— | fe"™dx=1
(n = DS"| Jrn

Since u is normal and f > 1 near infinity, Lemma 2.4 and (3.1) yield that, for |y| > 1,

u(y) = £(fe")(y) + € = —log|y| - C.

In particular, for |x| 3> 1 and any y € Bjy|/2(x), there holds

3
(3.2) M(y)2—10g<5 |x|)—C = —log|x| —C.
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For |x| > 1, Jensen’s inequality, the estimate (3.2) and the fact that f > 1 near infinity
show that

/ fenu dy 2 / enu dy
By /2(x) Bx/2(x)

Z |B\xl/2(x)|exp( nu(y) dy) > Clx|" - x| > C,

|Bix|/2()| By (x)
which contradicts fe* € L'(R"). This finishes the proof. |
Proof of Theorem 1.5. Due to the condition (1.8), Lemma 2.1 yields

(3.3) J@) = Cla| ™2, x| > 1.

Since fe™* € L'(R™), the estimate (3.3) shows that for R > 1,

/ e™dx < / e"™dx + / e™ dx
Br(0) B1(0) Br(0)\B1(0)

<C+ C/ F(x) |x|"/2 e dx
Br(0)\B1(0)

<C + CR”/Z/ f(x) "X 4y < CRM2,
Br(0)\B1(0)

which gives that X
T(g) = 5
Theorem 2.6 shows that u is normal and
(3.4) p=1-1(g) =1,
where we have used the fact t(g) > 0. By the definition of 7(g), one has

log [3, () €"" dx

3.5 > lim inf
(3-5) t(e) = Jim it BR(O)]
By condition (1.8), one has
4 n
—_— x-Vfe"™dx > —= fe"dx
n![S*| JBg(0) n!|S" Jro) 2
2
= fe™ dx.

(n = DS"| Jpg ()
Thanks to Lemma 2.8 and choosing a suitable sequence, we get
BB —2) = =5,

which yields
ﬂ Z 15

where we have used the fact 8 > 0 since f > 0.
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If the equality holds, one must have

x-Vfx) = —% f(x), ae.,
which is impossible by choosing sufficiently small § > 0 such that
x-Vf(x)~|—%f(x)>O
for x € Bs(0). Hence we obtain that
B>1,

which contradicts (3.4). The proof is complete. ]

Proof of Theorem 1.7. By assumption (1.9), there exists Ry > 0 such that for |x| > R;,
| /()] = Clx[™".

For R > R; + 1, there holds

/ e™Mdx = / e dx + / e™ dx
Br(0) Bg, (0) Br(0)\Bg, (0)

SC—C/ f(x)|x|"e™ dx

Br(0)\Bg, (0)

§C—CR”/ f(x)e™dx < CR",
Br(0)\Bg, (0)

which yields that t(g) is finite. Using Theorem 2.6, we show that 1 (x) is normal satisfying
u(x) = £(fe") + C.

Now, by Jensen’s inequality and Lemma 2.3, for |x| 3> 1, one has

/ [fD)le™ P dy = € Iy ™) dy
Bix)/2(x) Biayj2(x)

> Clx|™" / METEG) g,
Bx|/2(x)

> CIx[ ™" Blayj2 () exp ( nL(fe")(r)dy)

|B|x|/2(x)| Bx/2(x)
> C|X|_n X |x|n . |X|_nﬂ+o(l).

From fe™* e L'(R"), we deduce that

(3.6) B> 0.

However, since f < 0 satisfies (1.9), we must have 8 < 0, which contradicts (3.6). ]
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Proof of Theorem 1.9. By the assumption (1.10) and the fact that fe* € L'(R"), and as
in the proof of Theorem 1.7, one has t(g) is finite and then u(x) is normal.
Jensen’s inequality and Lemma 2.3 yield, for |x| > 1,

[ ymieayze [ premayz e [ e
B\x|/2(x) B\x\/Z(x) B\x\/Z(x)

> Cxl* By ()] exp ( nE(fe)(y) dy)

1
|B\x|/2(x)| Bix)/2(x)
> Clx|* - [x|" - x| HoD),

which yields
B>1+ 2 > 1.
n

However, from Theorem 2.6, one deduces that 8 < 1 due to (3.5), which is the desired
contradiction. -

4. Sharp decay rate for f

With help of Lemma 2.1, the condition (1.8) deduces that
f&) = Clx|™2, |x| > 1.
For n = 2, the results in [13, 18,34,40] ensure that for a positive function f(x) satisfying
f@) = Clx|™ x> 1. 1> 0.

the solutions to equation (1.3) exist. We state now a simplified version of McOwen’s
result [34].

Theorem 4.1 McOwen, [34]). Let f be a smooth function which is positive somewhere
and satisfies

f(x) = 0(x™).
where | > 0, |x| > 1 and C is a positive constant. Then for any o € (max{0,2 — [}, 2),
there exist a solution u(x) to the equation

—Au = fe*™, onR?

satisfying

1
a=— fe? dx.
2 R2

Theorem 4.2. Consider a positive and smooth function f on R? satisfying
.1 ClxI™ < fx) < x|,

where | > 1, |x| > 1 and where C is a positive constant. Then there exists a complete
metric g = e**|dx|* on R? with finite total curvature such that its Gaussian curvature
satisfies Ko = f.



M. Li

16

Proof. Thanks to Theorem 4.1 and the fact that [ > 1, we can find a solution u(x) to the

equation
4.2) —Au = fe*
satisfying
1
4.3) — | fe*dx < 1.

27 R2

By (4.1) and (4.3), one has, for R > 1,

/ e dx < CR'.
Br(0)

Now, using that

2 ut < eriav
I+4 —
and Holder’s inequality, one has
I +4
/ ut(x)dx < e ersat dx
BR(0) 2 JBro
1/d+4
< I+ 4 (/ o2 dx) /a+ )|BR(O)|5¢7‘3‘ - CRH%RZEZJ‘?) _ CR3_I+L4,
2 N Bro
which yields
44) 1 Tdx =o(R)
. _ u" dx = o(R).
|BR(O)| JBR(0)
Set |
v(x) = —/ log Lf(y)ezu(y) dy and P(x):=u-—v
2r Jr2 o |x =yl
satisfying
(4.5) AP =0.

Using Lemma 2.5, there holds, for R > 1,

1
|BR(O)| JBR(0)

Combing the estimate (4.4) with (4.6), one has

(4.6)

|lv(x)|dx = O(log R) = o(R).

—_— Pt(x)dx <
[Br(O)| JBR(0) [Br(O)| JBR(0)

By Liouville’s theorem, (4.5) and (4.7), we deduce that

4.7

P(x)=C.

(ut(x) + |v(x)]) dx = o(R).
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Thus u(x) is a normal solution to (4.2). By Theorem 2.7,

logdg(x, 1
Og g(x p) =1__ erudx>0,
Ix|—oo log|x — p| 27 Jr2
which yields that the conformal metric g is complete (see Theorem 5.7.1 in [37]). |

For n > 4, a result analogous to Theorem 4.1 might still hold by using methods
from [34] or [3]. A crucial ingredient would be Proposition 1 in [34], which is a singu-
lar type Moser—Trudinger inequality, also established in Theorem 6 of [40]. For higher
dimensional cases, such a singular type Adams—Moser-Trudinger inequality has been
established in Theorem 4.6 of [16] and Theorem 2.4 of [20]. With the help of such inequal-
ity, one may consider a suitable functional and find its minimizer, which would be a normal
solution with finite total Q-curvature less than (n — 1)! |S"|/2. Finally, using Theorem 2.7,
one may show that such normal metric is complete.

However, this is only the general idea; implementing it and refining it is no easy task.
We leave it as an open question.

Question 1. Let f(x) be a smooth function positive somewhere on R", where n > 2 is an
even integer, such that

f0 = 0(x7). 5> 3

Is it true that there is a complete conformal metric g = e**|dx|?> on R" with finite total
Q-curvature such that its Q-curvature satisfies Qg = f(x)?

Remark 4.3. After submitting this work, this question has been answered by the author
in a joint work with Biao Ma, see [27].

Acknowledgements. The author would like to thank Professor Xingwang Xu, Dong Ye,
Xia Huang, and Biao Ma for helpful discussions. The author is also deeply grateful to the
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