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More conservativity for weak Konig’s lemma
Anton Freund and Patrick Uftring

Abstract. We prove conservativity results for weak Kénig’s lemma that extend the celebrated result
of Harrington (for IT } -statements) and are somewhat orthogonal to the extension by Simpson,
Tanaka and Yamazaki (for statements of the form V X 3!Yy with arithmetical ). In particular, we
show that WKLg is conservative over RCAg for well-ordering principles. We also show that compact-
ness (which characterizes weak K&nig’s lemma) is dispensable for certain results about continuous
functions with isolated singularities.

1. Introduction

Weak Kénig’s lemma is, essentially, the statement that [0, 1] € R is compact (see [29]
for all claims in the present paragraph). The compactness of [0, 1] is ineffective in the
sense that it leads to sets X € N for which n € X cannot be decided by a computer pro-
gram. However, it turns out that all compactness proofs of sufficiently concrete theorems
can be effectivized. This can be made precise in the framework of reverse mathemat-
ics. The latter allows us to compare the logical strength of axioms and theorems about
finite and countable objects (which are coded by elements and subsets of N). We note
that the countable objects include, e.g., continuous functions on R, which are determined
by their countably many values on the rationals. Most often, the comparisons of reverse
mathematics take place over a basic axiom system RCAg, which may be identified with
effective mathematics (cum grano salis). The system WKLq results from RCAy when we
add weak K&nig’s lemma as an axiom. For the purpose at hand, a statement is sufficiently
concrete if it is H{, i.e., of the form VX C N : (X)) for arithmetical ¢ (which means
that the quantifiers in ¢ may range over elements but not over subsets of N). Now the
claim that compactness proofs can be effectivized is made precise by a celebrated result
of L. Harrington, which says that WKLo is IT}-conservative over (i.e., proves the same
H%—statements as) the system RCAg. One even has conservativity for statements of the
form ¥ X3!Y ¥ (X, Y) with arithmetical ¥ (partially even for ¥ € T1}), where 3! denotes
unique existence, as shown by S. Simpson, K. Tanaka and T. Yamazaki [30] (previously
fory € Zg by A. Fernandes [5]). Similar phenomena are important in proof mining [19],
an approach that uses methods from logic to extract concrete information from a priori
ineffective proofs.
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The present paper proves conservativity results that extend the one by Harrington and
are somewhat orthogonal to the one by Simpson, Tanaka and Yamazaki. In Section 3, we
show that WKL is conservative over RCA( for statements that have the form

VX(“X is a well-order” — 1//(X)) with ¢ € 1'[1. (1.1

We also prove a conservativity result for instances of the ascending descending sequence
principle (see Corollary 3.2). After the present paper was completed, the authors became
aware that a “pointwise” version of conservativity for statements of the form (1.1) was
given by A. Kreuzer and K. Yokoyama [20] (who label this pointwise version as folklore).
Namely, Theorem 3.2 of [20] says that the axiom system WKLy + “X is a well-order” is
I1}-conservative over RCAg + “X is a well-order” for each primitive recursive X .

Since well-foundedness is a T1}-property, statement (1.1) has complexity I1} (i.e., can
be written as VX3Yy with arithmetical ¥). An important special case is provided by
so-called well-ordering principles. These are statements of the form

VX (“X is a well-order” — “D(X) is a Well-order”), (1.2)

where D is a computable transformation of linear orders. As an example, we mention
the case where D(X) consists of the finite decreasing sequences in X, ordered lexico-
graphically (think of Cantor normal forms with exponents from X). In this case, (1.2)
is equivalent to arithmetical comprehension over RCAq (and hence unprovable in WKL),
as shown by J.-Y. Girard [14] and J. Hirst [17]. Many important principles above arith-
metical comprehension have also been characterized by well-ordering principles (see [1,
6,9, 22-26]). Indeed, any I1}-statement is equivalent to one of the form (1.2) in the
presence of arithmetical comprehension. Here one can even demand that D belongs to
a class of particularly uniform well-ordering principles that are known as dilators (see
[12, Appendix 8.E]). Well-ordering principles have found applications, e.g., in the reverse
mathematics of Fraissé’s conjecture [21] and related better-quasi-orders [7]. Below arith-
metical comprehension (and in particular in the so-called reverse mathematics zoo), Hg-
induction seems to be the only statement for which a characterization by a well-ordering
principle is known [31].

Our conservativity result entails, in particular, that weak K&nig’s lemma cannot be
characterized by a well-ordering principle. This was first shown by the second author (see
[33, Corollary 4.1.20]). The first author then used completely different methods to show
that many principles from the zoo cannot be characterized by dilators [8]. Concerning
(1.1), we note that the linearity of X is crucial. As we show in Section 3, the conservativity
result becomes false when one replaces “X is a well-order” by “X is a well-founded
relation” or “X is a well-partial-order”. This is interesting insofar as well-partial-orders
seem close to being linear (their antichains are finite). For different reasons, though, it is
still impossible to characterize weak Kénig’s lemma by a dilator on well-partial-orders
(see [33, Proposition 5.3.6] or [32, Theorem 27]).
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In Section 4, we prove results about the isolated existence quantifier that is explained

by

Y p(Y) = EiY((p(Y) A EinVZ(Y[n] =Znlrne(Z)—>Y = Z))

where we write Y[n] = (xy(0),..., yy(n — 1)) for ¥ € N with characteristic func-
tion yy . We show that WKL is conservative over RCA for statements of the form V X Fy %)
with arithmetical ¢. As we will see, this readily follows from a technical theorem of Simp-
son, Tanaka and Yamazaki [30], though it is more general than the conservativity results
that these authors state. We will obtain a new and considerably simpler proof for ¢ € X9,
which exploits the same idea as our result on well-ordering principles.

As an application, we consider the statement that all continuous f: [0, 1] — R are
bounded, which is equivalent to weak K&nig’s lemma (i.e., to compactness) and hence
unprovable in RCAg (see [29]). As explained by Simpson, Tanaka and Yamazaki [30], this
does not contradict conservativity for statements ¥ X 3!'Y ¢ (even when we make the bound
unique by taking the supremum), since the assumption that f is defined on all of [0, 1]
introduces an existential quantifier without a unique witness. We show that, nevertheless,
our conservativity result for “isolated existence” yields meaningful information: Consider
a Z1-class F of continuous functions f: Dy — R such that [0, 1]\ Dy consists of isolated
points, provably in RCAq (e.g., think of meromorphic functions). Then RCAy proves that
all f € ¥ with Dy = [0, 1] are bounded. So even though the boundedness principle is
intimately linked to compactness, the latter is in some sense dispensable for large classes
of functions.

On a technical level, our results rely on the fact that countable models of RCAg have
hyperimmune-free w-extensions that satisfy WKLg. In fact, the forcing extensions that are
constructed in typical proofs of Harrington’s result are automatically hyperimmune-free.
In order to make our paper more accessible, we present a proof of this fact in Section 2.
Experts may skip this section if they are aware of the result, which is a straightforward
variant of the hyperimmune-free basis theorem [ 18] over non-w-models.

2. Hyperimmune-free w-extensions

In this section, we show a version of the hyperimmune-free basis theorem for non-w-
models. Our presentation of forcing follows [4, Section 7]. Experts can skip much of the
section, which we aim to keep concise but reasonably self-contained.

When M is a model of second-order arithmetic, let M denote the first-order part and
write X € M to convey that X lies in the second-order part. By a function of M, we mean
a function f: M — M with {(x,y) | f(x) = y} € M, where the Cantor codes (x, y)
are computed in M (assuming that the latter satisfies basic arithmetic). For functions f, g
of M, we say that g dominates f if we have f(x) <M g(x) for all x € M. Up to a
computable modification, this is equivalent to domination for sufficiently large x as in [4].
Let us recall that an w-extension of M is a model N with the same first-order part such
that X € M entails X € N.
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Definition 2.1. An w-extension of M into N is hyperimmune-free if each function of N
is dominated by some function of M.

Note that domination is evaluated in the shared first-order part. We recall notation
related to weak K&nig’s lemma. Let 2<% be the set of finite sequences o = (09, . . ., 0|¢|-1)
with entries g; € {0, 1} (where the empty sequence arises for length |o| = 0). We write
o [ 7 to express that ¢ is a proper initial segment of t, i.e., that we have |o| < |z| and
o;j = 1; foralli < |o|. Asubset T C 2<% iscalled atreeifo =t € T entails o € T.
Weak K6nig’s lemma is the statement that any infinite tree 7 C 2<“ admits a path, i.e.,
a function f: N — {0, 1} with the property that f[n] = (f(0),..., f(n — 1)) € T holds
foralln € N.

For most of the present section, we fix a countable model M = RCAq. Our aim is to
find a hyperimmune-free w-extension into a model of WKL¢. This is achieved by a forcing
construction that adds a path to one tree at a time. So let us also fix a T € M with

M E “T C 2<% is an infinite tree”.

We employ Jockusch—Soare forcing as described in [4], though we tighten the presentation
for the case at hand. Let P be the collection of all pairs (n,U) withn € M and U € M
such that we have

M E “U < T is an infinite tree with a single sequence of length n”.

To get a partial order on [P, we declare that (m, U) < (n, V') holds precisely when we
have m >M n and U C V. For (n,U) € P, we declare that V(n, U) € U is the unique
sequence with M F |V (n, U)| = n. It is straightforward to see that we have

p=qinP = V() TH* V(p), (2.1)

which is one of two properties that a forcing notion over a model should have according
to [4, Definition 7.6.1]. The other property requires that

allg e Pandm € M admita p < g with M E |V(p)| > m. 2.2)

To show that this holds, we write ¢ = (n, V'), where we may assume m >M oy Ttis enough
to find a 0 € V with M F || = m such that the set

UJ={t€V|rE'M00rUE‘Mt}

is M-infinite, as we can then take p = (m, U,) € P. If there was no such o, we would
have
MEVo e2"IkVre2"*ot—>1¢V),

where 2! C 2<® consists of the sequences of length /. By bounded collection in M, we
would then obtain a single k that works for all o € 2™, so that already V would be M-
finite, against the assumption that ¢ = (n, V) lies in IP. To make the crucial point more
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explicit, we only need bounded collection since being finite is E‘l) for subtrees of 2<%
(“some level of the tree is empty”) while it is Eg in general.

We write JK‘IM for the language of first-order arithmetic with (constants and predicate
symbols for) number and set parameters from M. We also write M for the obvious I‘IM-
structure. Let éC‘fl(G) be the extension of éﬁ‘{“ by a fresh predicate symbol G. We assume
that éﬁ‘f‘ (G)-formulas are built from atoms by negation and disjunction as well as bounded
and unbounded existential quantification (so that 3x < ¢y is a proper formula and not an
abbreviation for 3x —(x > ¢ v —)). The following definition coincides with one from [4].

Definition 2.2. By recursion over the height of formulas, we declare that the forcing rela-
tion p I v between a condition p € P and an SC'{“(G)-sentence ¥ holds precisely when
one of the following applies:

(i) ¢ is an atom of i‘{“ and true in M,

i) Y =Gtand M EFt <|V(p)| AV(p): =1 (where V(p); is the z-th entry of
the coded sequence V(p)),

(iii)) ¥ = Yo V ¥y and p I ; for some i < 2,

@iv) v =3x <te(x)and p I ¢(n) forsomen € M with M Fn < ¢,

(v) Y =3x¢(x)and p I ¢(n) for somen € M,

(vi) = —pand g ¥ ¢ forallg < p.
One says that p decides ¥ if we have p |- ¢ or p I- =,

It may be instructive to observe that the forcing relation has a certain preference for
negative information. Indeed, a condition forces 3 x v (x) only when a witness “forces”

it to do so, while it forces =3 x¥ (x) whenever this is compatible with the following
monotonicity property.

Lemma 2.3. Given p -y and g < p, we get q |- .

Proof. One argues by induction over the height of . For ¥ = Gr, the claim follows
from property (2.1) of the forcing relation. When we have p |- =y and r < ¢, we get
r < p and hence r W ¥, as needed for ¢ I+ —. In the other cases, the induction step is
immediate. ]

The set of sentences that are forced by a fixed condition is not closed under logical
equivalence (e.g., because the condition will not force all tautologies Gt Vv —Gr). We will
see that this is remedied when we consider suitable sets of conditions, which are called
generic filters. The latter will also allow us to focus on conditions of the following natural
form.

Definition 2.4. Consider (n,U) € P. If we have
M FE “U contains a single sequence of length m for each m < n”,

then we say that (n, U) is nice.
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When (1, U) € PP is nice, we have (m,U) € P for all m <* n, which will be important
later. Also note that each p = (n,U) € P admits a nice p’ = (n,U’) € P with p’ < p
(where U’ is U minus some sequences of length less than n).

Recall that a non-empty set F C P is a filter if p > g € F entails p € F and every
two elements p,g € F admit a common bound r <X p,q with r € F. We do not demand
F # P, though this holds in non-trivial cases.

Definition 2.5. A filter G C P is generic if each éﬁ‘{“(G)-sentence is decided by some
condition in G, eachn € M admits a p € G with M F |V(p)| > n, and for each p € G
there is a nice p’ € G with p’ < p.

The notation is justified since G will provide a meaningful interpretation for G (but
note the different font). As one can see from [4], it suffices for our application that G
decides all £9-sentences, but we see no reason to think about formula complexity at this
point.

Proposition 2.6. Given that the model M is countable, each condition p € P admits a
generic filter G C P with p € G.

Proof. Fix an enumeration ng, ny, ... of M (not in increasing order) and an enumeration
Yo, ¥1,...ofall ii‘lM (G)-sentences. We set po = p and recursively assume that p; is given.
If possible, we pick a condition p; < p; that forces ;. If not, we set p; = p; and note

that this condition forces —; (by clause (vi) of Definition 2.2). So in either case, p; < p;

decides ;. Due to property (2.2) of the forcing relation, we find another condition p; < p;

with M E |V(p]')| = n;. Finally, as noted in the paragraph after Definition 2.4, we can
pick a p;11 < p/ that is nice. Now the set

G={qeP|p <qforsomei € N}
has the desired properties, as one readily verifies. ]

In the view of the authors, the argument is particularly transparent if we first define
the forcing extension as a first-order structure (somewhat deviating from [4]).

Definition 2.7. For a generic filter G C P, we set
G = {n € M |thereisap € G with M Fn < |V(p)|/\V(p)n = 1}.

We then define Mg as the éﬁ‘lM(G)—structure that extends the éﬁ'lM—structure M by inter-
preting G as G.

We will need the following equivalent characterization.

Lemma 2.8. When G C P is a generic filter; we have

G ={neM|all p € G validate M E n < [V(p)| = V(p)a = 1}.
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Proof. To see that the right set is included in the left, it suffices to note that any n € M
admits a p € G with M F n < |V(p)|, due to the assumption that G is generic. For the
converse inclusion, assume that p € G witnesses 1 € G according to Definition 2.7. Given
an arbitrary ¢ € G with M F n < |V(q)|, we need to show that we have M F V(g), = 1.
As G is afilter, there is an r € G with r < p,q. Due to (2.1), we get V(p), V(g) E V(r)
and thus V(q), = V(r), = V(p)n = 1 in M. [

The following is at the heart of the forcing construction.

Proposition 2.9. For any generic filter G C P and Z‘I’W(G)-sentence ¥, we have
Mg E Y < thereisa p € G with p |- .

Proof. We use induction over the height of . For ¢ = Gt, we have Mg F ¢ precisely
if t™ lies in G, i.e., if thereis a p € G with M E t < |V(p)| A V(p); = 1. The latter
is equivalent to p I v by definition of the forcing relation. In the only other interesting
case, we have ¢ = —g. First assume Mg F —¢. By induction hypothesis, we have g If- ¢
for all ¢ € G. Since G is generic, we find a p € G that decides ¢. But then we can
only have p I —¢. For the converse, consider some p € G with p |- —¢. Aiming at a
contradiction, we assume Mg F ¢. By the induction hypothesis, there is a ¢ € G such
that we have ¢g |- ¢. As G is a filter, we find an r € G with r < p, g. Due to Lemma 2.3
we get r |- ¢, which contradicts p |- —g. |

A central property of the forcing relation is that it can be defined in the ground model.
We need this fact in the following form. For the elementary but somewhat intricate proof,
we refer the reader to [4], where the result is shown as Lemma 7.7 4.

Lemma 2.10. For any bounded I‘IM(G)-formula 0(x) with a tuple x of free variables,
there is a bounded I‘IM -formula 0’ (X, z) such that all n from M validate:

(i) Ifwehave p I O(n), thereisa q < p with M E 6'(n, V(q)).

(i)  Given M E 0'(n, V(p)) with p € P, we get p I+ 6(n).

(iii) We have M E 0’'(n,0) Ao E t € 2= — 0'(n, 7).

Crucially, we can derive that induction remains valid in generic extensions. For later
reference, we present the following proof with more details than in [4].

Proposition 2.11. When G C P is a generic filter, Mg validates induction along N when-
ever the induction formula is a X1-formula of the language I‘lM (G).

Proof. Consider a ¥;-formula v of I‘IM (G) such that we have
Mg E ¥ (0) AVX(Y(x) = ¥(x +1)).

We write ¥ (x) = 3 y6(x, y) for a bounded formula 0. Let 6'(x, y, z) be a bounded éﬁ‘l’“-
formula as provided by the previous lemma. By Proposition 2.9 (together with Lemma 2.3



A. Freund and P. Uftring 8

and the fact that any two elements of the filter G have a common bound), we have a
condition ¢ = (n, U) € G that validates

gl=y(©0) and ¢ lF—=Ix=(=y(x) Vv y¥(x+ 1)).
For eachi € M, we consider

Uy={oeU|MEVy<lo|:=0'(i,y.0)} € M,
which is a tree by part (iii) of the lemma above. Let us show that we have

U; is M-infinite <= p |- =y (i) for some p < gq.

Assuming the right side, note that any k € M admits a p’ < p with M E |V(p)| > k,
due to property (2.2) of the forcing notion. For any j € M, we get p’ I 6(i, j), so that
part (ii) of the lemma yields M = —6'(i, j, V(p’)). We have thus seen that U; contains
sequences V (p’) of arbitrary length. Conversely, if U; is M-infinite, then we may consider
p := (n,U;) < ¢g. Aiming at a contradiction, we assume p |- = (i). This yieldsa p’ < p
with p’ |- 6(i, j) for some j € M. By part (i) of the lemma, we may assume M E
0'(i, j, V(p')), possibly for a different p’ < p. Changing the latter again, we may also
assume M E |V(p’)| = j, by properties (2.1) and (2.2) together with part (iii) of the
lemma. We get V(p') ¢ U;. However, writing p’ = (n’, U’), we also see that p’ < p
yields V(p') € U’ C U;.

We now use induction in M to show that all U; are M-finite. Let us note, again, that the
latter is a E?-property for subtrees of 2<“. For i = 0, the claim holds by the equivalence
above, since any p < ¢ validates p I v(0) and hence p I = (0). To establish the
induction step, we assume that U;y; is JM-infinite. This yields a condition p < g with
p I =¥ (i + 1). We must also have

PV =(=y@) vy + D).

Thus there is a p’ < p that, in view of p’ - ¥ (i + 1), must validate p’ |- —y(i). But
then already Uj; is M-infinite.

For arbitrary i € M, we now learn that p I =y (i) holds for all p < g. But ¥ (i)
must be decided by some p from G, as the latter is generic. We can assume p < ¢, as
any two elements in the filter G have a common bound. So we must have p I ¥ (). By
Proposition 2.9 we get Mg F ¥ (i), as needed to establish induction. |

We now turn M into a second-order structure.

Definition 2.12. Given a generic filter G C IP, let Sg consist of those subsets of M that are
A1-definable in the cf'{“(G)-structure M. We define M[G] as the second-order structure
with the same first-order part as M and second-order part Sg.

As in the usual proof that models of 12 can be extended into models of RCA¢ (see,
e.g., [29, Lemma IX.1.8]), Proposition 2.11 entails the following.
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Corollary 2.13. We have M[G] E RCA for any generic filter G C P.

Since any set of M is the canonical interpretation of a predicate symbol in LM, we
see that M[G] is an w-extension of M. In particular, our fixed tree T is a set of M[G]. Let
us verify the corresponding instance of weak Kénig’s lemma.

Lemma 2.14. For any generic filter G C P, we have
M[G] E “T has an infinite path” .

Proof. In Mg, the predicate G of :E‘{“(G) is interpreted by G, so that the latter is a set
of M[G]. We show that the characteristic function f: N — {0, 1} of G is the desired
path, i.e., that M[G] E f[n] € T holds for alln € M. Givenn € M, pick a p € G with
M E |V (p)| = n, which is possible as G is generic. Since we always have V(p) € T,
it suffices to note that we have M = f(i) = V(p); for every i <™ n, which holds by
Definition 2.7 and Lemma 2.8. ]

We now establish the following additional property.

Proposition 2.15. The extension of M into M[G] is hyperimmune-free, for any generic
filter G C P.

Proof. Assume f is a function of M[G]. By the construction of the latter, there is a X ;-
formula v of éﬁ'{“ (G) such that we have

M[G]E f(m) =n <<= Mg F y(m,n).

In particular, we have Mg F Vx3 yy¥(x, y). From Proposition 2.9, we know that there
must be a condition ¢ = (k, U) € G that validates

g lF—-3x-3yy(x,y).

Write ¥ (x, y) = 3z60(x, y, z) for bounded 6 and consider a bounded éﬁ'{“ -formula 6’ as
provided by Lemma 2.10. For m € M, we put

U, = {0 ceU|MEVy,z< |0|:—-9'(m,y,z,0)} € M.

If U,, was M-infinite, we would find a ¢’ < g with ¢’ = =3y (m, y), just like in the proof
of Proposition 2.11. But this would contradict the assumption on ¢. Invoking unbounded
search, we get a total function g of M with M F k < g(m) and

MFEoeU, —|o| <gim).

To establish M[G] E f(m) < g(m),picka p = (k',U’) € G with M E k' > g(m). We
may assume that we have p < g and that p is nice, as any two elements of the filter G
have a common bound. For p’ = (g(m), U’) we have p < p’ < g and thus p’ € G (in
particular p’ € P by the paragraph after Definition 2.4). Now we have V(p’) € U' C U
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but V(p') ¢ Uy, the latter due to M E |V (p')| = g(m). We thus find n,i € M with
MEn,i <gm)nb'(m,n,i,V(p).

By part (ii) of Lemma 2.10, we obtain p’ I v (m, n). We can thus use Proposition 2.9 to
infer Mg F ¥ (m,n) and then M[G] F f(m) =n < g(m). |

Finally, we derive a theorem that combines Harrington’s famous conservation result
with the hyperimmune-free basis theorem of C. Jockusch and R. Soare [18].

Theorem 2.16. Any countable model of RCAy has a hyperimmune-free w-extension that
validates WKLg.

Proof. Write My for the given model of RCAg. We recursively assume that countable w-
extensions Mg C -+ C M, with M; E RCA¢ have already been constructed. Once and for
all (i.e., independently of n), pick enumerations of all 7;; € M; with

M; E “T;; € 2= is an infinite tree”.

Note that being an infinite tree is arithmetical, so that satisfaction is essentially indepen-
dent of M;. For the recursion step, let n be the Cantor code of the pair (i, j), where we
have i < n. We use the previous results of this section with .M, and T;; at the place of M
and T'. This yields a hyperimmune-free w-extension of M, into a model M, +1 = M,[G]
such that we have

Mp1 F RCAg + “T;; has an infinite path”.

Having completed the recursion, we put My, = |, c,, Mn. i.€., we take the union of the
second-order parts and declare that M, has the same first-order part as the models M.
It is straightforward to see that M, satisfies WKL¢ (as the relevant statements are Hé and
hence preserved under chains of w-extensions). We inductively learn that each M, is a
hyperimmune-free extension of My, which entails that the same holds for M,,. ]

3. Conservativity for well-ordering principles

In this section, we prove that WKLy is conservative over RCAq for well-ordering principles.
We also show that conservativity fails when we replace linear orders by the somewhat
more general well-quasi-orders. We note that there is a substantial body of results on
the reverse mathematics of well-ordering principles, which was briefly reviewed in the
introduction.

To be specific, we declare that a partial order is given as a set X € N of coded pairs
such that the relation <y € N2 with m <y n for (m,n) € X is transitive and antisymmetric
with field {n € N | n <x n}. For the following result we stress that well-orders are, in
particular, linear. As mentioned in the introduction, a pointwise version of the result was
given by Kreuzer and Yokoyama (see [20, Theorem 3.2]).
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Theorem 3.1. If WKLg proves a statement of the form
VX (“X is a well-order” — (X)) with y € T},
then RCAq proves the same statement.

Proof. We derive that our statement holds in all countable models M F RCAg, which suf-
fices due to completeness and the downward Lowenheim—Skolem theorem (see, e.g., [4,
Section 5.1] for a discussion of these results in the context of second-order arithmetic). By
Theorem 2.16, we have a hyperimmune-free w-extension of M into a model N F WKL.
Consider an X € M with

M E “X is alinear order” A =y (X).

The same statement holds in N, as it is Zi. Given that WKL( proves the statement from
the theorem, we have a function f of N such that &N F f(n + 1) <y f(n) holds for
alln € M, where we write M for the shared first-order part of our models. Let us consider
a function g of M that dominates f, which exists since the extension is hyperimmune-
free. By primitive recursion, we get a function 4 of M that has start value h(0) = f(0)
and satisfies

M E “h(n + 1) is the <y-maximal x <y g(n + 1) with x <x h(n)”.

To ensure that there is an x with the indicated property, we show N E f(n) <x h(n) by
induction in V. In the induction step, we learn that x = f(n + 1) satisfies both x <y
gn+ 1 and x <x f(n) <x h(n), so that we get f(n + 1) <y h(n + 1) by maximality
(all in the sense of our models). Now A witnesses that X is ill-founded according to M.
Hence the latter satisfies the statement from the theorem. ]

As a corollary to the proof, we record the following conservativity result for instances
of the ascending descending sequence principle (introduced in [16]).

Corollary 3.2. If WKLy proves a statement of the form
vX (go(X) A “X is a linear order” — “there is a strictly monotone f:N — X ”)
with ¢ € X1, then RCAg proves the same statement.

Proof. The previous proof with ¢ at the place of = covers the case where f is descend-
ing. It is straightforward to adapt the argument to the ascending case. ]

Theorem 3.1 becomes false when we drop linearity, as the statement
VX (“X is well-founded” — “X is not an infinite subtree of 2<“)

is a reformulation of weak Ké&nig’s lemma (with the partial order = on X). To prove a
stronger result, we recall that X is a well-partial-order if any infinite sequence xg, X1,... <
X admits i < j with x; <x x; (see Remark 3.4 about alternative definitions over RCAy).
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Theorem 3.3. Over RCAq, weak Konig’s lemma is equivalent to
VX(“X is a well-partial-order” — “W(X) is a well-partial-order”)

for some computable transformation W (which is given as the code of a program that
decides m <wx n with oracle X).

Proof. We use the result that weak Ko6nig’s lemma is equivalent to E‘l’—separation (see
[29, Lemma IV.4.4]). For two disjoint 9-collections ¥; = {m | 3n6; (m,n)}, this principle
asserts that there is a set S with ¥y C S and ¥; € N\S. By coding the data into a single
set Y = {{(i,m,n) | 6;(m,n)}, we reach the equivalent principle that any set Y with

(0,m,n) eY A{l,m/,n'y €Y > m #m’ 3.1
admits a set S such that we have
(0,m,n)eY >meS and (I,m,n)eY —>m¢S. (3.2)

Let S(Y) be the partial order with underlying set 2=“ such that o <s(y) t holds precisely
if we have |o| < |t| and there are m < |o| and n < |t| with (0, m,n) € Y and 6,,, = O or
with (1,m,n) € Y and 0, = 1.

Claim. An S that validates (3.2) exists precisely if S(Y) is not a well-partial-order.

If (3.2) holds, the sequence S[0], S1], ... admits no m < n with S[m] <sy) S[n].
For the converse, assume that we have an infinite sequence 6%, o1, ... € 2= such that
o™ Zsyy 0™ holds for all m < n. We may assume 0 < |0°| < |o!| < --- by passing to a
subsequence. Let us put S = {m € N | o} = 1} (where q/’f is the j-th entry of %). If we
have (0,m,n) € Y, then 6™ Zqvy) ol for N = max(m + 1, n) forces o} = 1. Thus we
getm € S, as required for (3.2). Similarly, (1,m,n) € Y impliesm ¢ S.

To define W(X), we write Y for the underlying set of X. Let ey: Y — 2<% be a
canonical injection that is bijective in case Y is infinite (compose ¥ =~ ] € N =~ 2=¢
for an initial segment / of N). Let us consider the initial segment J € N such that we
have N e J precisely if the following holds:

(i) forallm,neY N{0,...,N — 1} we have
m <y n < ey(m) <sx) ey (n),

(i)  condition (3.1) holds for all m,m’,n,n’ < N.

We now define W(X) as the linear order on Y that inverts <y on J and keeps it unchanged
on Y\ J, i.e., with

m>nn ifmnelJnNny,
m=<wx)n < m<nyn ifm,ne¥Y\J, (3.3)
0=0 ifmeJNYandn € Y\J.
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Let us show that E(l)-separation is equivalent to the implication from the theorem. To estab-
lish the latter, assume that W(X) is no well-partial-order. Then J N Y must be infinite.
It follows that ey is an order isomorphism X = S(Y') and that (3.1) is always satisfied.
Using E?-separation, we can validate (3.2). Now the claim above tells us that X is no
well-partial-order either. Conversely, we derive separation for a set Y that satisfies (3.1).
We may assume that Y is infinite (e.g., extend Y by all tuples (0, m, n’) such that we have
(0,m,n) € Y for some n < n'). Let X be the order with underlying set Y such that ey is
an isomorphism X =~ S(Y'). We then have J = N, so that W(X) is no well-partial-order.
By the implication from the theorem, we learn that S(Y') is no well-partial-order either.
Finally, the claim above tells us that (3.2) can be satisfied. ]

As mentioned in the introduction, many important principles from reverse mathemat-
ics have been characterized by well-ordering principles, i.e., by transformations of linear
orders that preserve well-foundedness. The literature also contains characterizations by
transformations of well-partial-orders, which are often even easier to state (though not eas-
ier to prove). As an example, RCA¢ proves that arithmetical comprehension is equivalent
to Higman’s lemma [28], which asserts that the finite sequences over a well-partial-order
can again be equipped with a natural well-partial-ordering. In light of such a result, the
transformation W from the proof of Theorem 3.3 seems rather unsatisfactory, not least
because W(X) heavily depends on the underlying set of X (and not just on its order type).
The second author has indeed shown (see [33, Proposition 5.3.6] or [32, Theorem 27])
that Theorem 3.3 cannot hold for any W that is natural in a certain sense. Specifically,
the theorem becomes false when we demand that W is a dilator on well-partial-orders
(see [10] for this notion and [13] for Girard’s original dilators on linear orders).

Remark 3.4. It is known that the following conditions on a partial order X are equivalent
over relatively weak theories but not all over RCA¢ (see [2]):
(i)  Any infinite sequence f:N — X admits i < j with f(i) <x f(j)-
(ii)) Whenever B is a subset of the underlying set of X, there is a finite By B such
that each x € B admits an xoy € By with xo <y x.
(iii) There is no infinitely descending sequence and no infinite antichain in X.
@iv) Every linear extension of X is a well-order.

(v) Forany f:N — X, there is an infinite set P C N such that /(i) <y f(j) holds
foralli < j in P.

We have taken (i) as our definition of well-partial-orders. Let us now show:

(a) Theorem 3.3 remains valid when we adopt (ii), (iii) or (iv) as the definition of
well-partial-orders.
(b) Our theorem also remains valid when we adopt (v) and extend the base the-
ory RCAg by the infinite pigeonhole principle (which holds in w-models).
Over RCAy, condition (i) is equivalent to (ii) and implies (iii) and (iv). To obtain (a), we
show that RCA¢ proves the converse implications for the orders S(Y) and W(X) from the



A. Freund and P. Uftring 14

previous proof (while a stronger base theory is needed for general orders). For orders of
the form W (X)), this is true since these orders are linear. Let us now assume that (i) fails for
an order of the form S(Y). We derive that (iii) and (iv) fail as well. Given 0% ol ... with
o' #s) 0/ fori < j, we may assume that we have |0°| < |o!| < ---, as in the previous
proof. This immediately yields o Zs(v) o/ fori < j, so that we have an antichain that
violates (iii). We can also conclude that ¥ = {¢* | i € N} exists as a set. Crucially, we
get o' #£syy 7 for any T (since otherwise 0% <gy) o/ when |07/| > |z]). Let <o be any
linear extension of <s(y) on the set S(Y)\ X (see [3, Observation 6.1] for a construction
in RCAp). To get a linearization on all of S(Y'), we can now set

either p, 7 € S(Y)\X and p < T,
p=<T < jJorpeS(Y)\Xandt € X,

orp=o0/andt = o withi < .

Clearly, the o' witness that < is ill-founded, so that (iv) fails. To establish (b), we need to
show that (i) implies (v) for the orders S(Y') and W(X), using the pigeonhole principle.
The latter ensures that (v) holds for any sequence with finite range. Given a sequence
ng,ni,...in W(X), we may thus assume that n; <y 7;+1 holds for all i € N. If (v) fails,
the set J from (3.3) must thus be equal to N. But then (i) fails as well. Similarly, it suffices
to consider a sequence 0°,01,... € S(Y) with |o’| < |0 *!| foralli € N. Assuming (i),
we find indices i (0) < j(0) < i(1) < j(1) < ---such thatall k € N validate o) <s(v)
o/ We get o) <s(v) o!®+1 due to the definition of S(Y). This yields the infinitely
ascending sequence required by (v).

4. Conservativity for isolated existence

This section is devoted to a proof and an application of the following theorem. A definition
of the isolated existence quantifier 3 can be found in the introduction of the present paper.

Theorem 4.1. The axiom system WKL is conservative over RCAq for statements that have
the form Y X(p(X) — FY Y(X,Y)) with ¢ € X1 and arithmetical .

Proof. Letus assume WKLo -V X (¢(X) — 3'Y v (X,Y)). We consider a countable model
M E RCAg. For a given X € M with M F ¢(X), we invoke [30, Corollary 5.16] to find
two w-extensions N; E WKLq of M such that

(i) M contains all sets that lie in both Ny and N,

(i) Mo and N satisfy the same second-order sentences with number and set param-
eters from M.

We get N; E ¢(X) since ¢ is 1. Consider a Yo € Ny with Ny F ¥ (X, Yo) that is isolated

by a coded sequence o € 2= in the shared first-order part of our models. The latter means

that we have
NEOCCYoAYZ(o T ZAY(X.Z)—> Yy = Z). 4.1
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where o C Y amounts to 0 = Y [|o|]. For n in the first-order part, we get
neYy < MFEIV(cCY AY(X.Y)AneY). 4.2)

In view of (ii), there must also be a Y; € N; with N F ¥ (X, Y1) that is isolated by the
same 0, i.e., such that (4.1) and (4.2) hold with index 1 at the place of 0. The two versions
of (4.2) together with (ii) ensure Yy = Y;. We thus get Yy € M due to (i). Downward
absoluteness yields M F ¥ (X, Yp). Let us note that we obtain

RCAo F VX (¢(X) — IYy(X.Y))

even when ¥ is H{. When it is arithmetical, the statement in (4.1) is H{ and hence down-
ward absolute, so that 3 may be strengthened to 3. ]

The previous proof is similar to the proof of Theorem 5.17 in [30] but adapts it to the
case of isolated rather than unique existence. It relies on a forcing construction from [30]
that is much more difficult than the one in Section 2 above. This makes it worthwhile to
give a new proof of the following case by our methods.

Alternative proof of Theorem 4.1 for ¢ € Eg. By the Kleene normal form theorem, we
find a bounded formula 8 with

RCA) F ¥ (X,Y) <« 3k VmEInG(k,m,X, Y[n])

We may assume that 6(k,m, X,0) and 0 C 7 € 2<% entail 6(k, m, X, 7).

Assume that WKLq proves ¢(X) — 3 Y (X, Y). Given a countable M F RCAg and
some X € M with M F ¢(X), our task is to establish M F 3 Y (X, Y). Due to Theo-
rem 2.16, we get a hyperimmune-free w-extension N F WKLy of M. Pick aset Y € N
with N E ¥ (X, Y) and a sequence o that isolates it, as in (4.1) from the previous proof.
For a suitable k from the shared first-order part, we thus have

N|=VZ(Y =Z<—>0|:Z/\VmEIn9(k,m,X,Y[n])). 4.3)

Within the model M, we define T as the tree that consists of all sequences (0°, ..., 0™ 1)
witho T p° C --- C p" ! € 2<% such that all i < m validate the following:

(i) wehave (k,i, X, p'),

(i) we have —=0(k,i, X, p) when p'~' C p C p' (read p~!

=0).

Throughout this proof, we write i — 7’ for the function in A that is recursively defined
by the condition that 7! is shortest with ™! = 7 = Y and O0k,i, X, ri). Note that 7!
exists by the forward direction of (4.3). It is clear that i — 7’ is a path through 7. To
see that it is the only path (in N'), we consider an arbitrary sequence z°, £1, ... such that
(2%,...,2™71) € T holds for all m € N. Take Z such that all i € N validate ' C Z.
Then (i) witnesses Vm3n6(k, m, X, Z[n]). We can thus conclude Y = Z due to (4.3). In
view of (i), we inductively get 7% = 7.
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As our w-extension is hyperimmune-free, we have an f € M with t/ <y f(i). Con-
sider the bounded tree

To={(p"....0" ") €T |p <n f(i)foralli <m} € M.

Essentially, the result now follows from the fact that unique paths are computable. To give
a more explicit argument, we consider the function g: N — Tp in M that traverses 7y by
depth-first search, moving to the right first. In terms of the Kleene—Brouwer order <g,
this means that g is a descending enumeration of an end segment. We want to show that
the path i — ' is computable from g and hence contained in M. For the time being,
however, we mostly argue in &', where we already know that the path i — 7’ is available.
Let us first note that g does not move to the left of our path, i.e., that we have

(% . Y < 2(0). 4.4)

This remains true if we pass to a subsequence (still in M) with |g(i)]| > i.
For m < i, let g(i,m) C g(i) be the initial segment with length |g(i, m)| = m. We
say i is m-true if no p € Ty of height i lies to the left of g(m, i), i.e., if we have

p <we gi,m) and |p|=i = g(i,m)LC p. 4.5)

Note that this condition is A with parameters in M, since Ty is bounded. Now working
in N, we show that we have

m=1y " when i is m-true.

glim) = (% ...t
In view of (4.4), we at least get >g at the place of the desired equality. If we had a strict
inequality >xg, then p = (z°,..., 7'~1) would validate the premise of (4.5). Due to the
conclusion of the latter, we would get our equality after all.
To compute i > 7! from g within M, it is now enough to search for true stages.
In other words, we only need to show that each m admits an i that is m-true. Since the
latter is an arithmetical statement, we may as well work in the w-extension /', where
weak Ko6nig’s lemma holds. In our depth-first search, we clearly encounter an iy such that
g(i,m)=g(ig,m) holds for all i >iq. In particular, the bounded tree {p € Ty | g(ip, m)C p}
is infinite and must thus have a path in . Since the path i — 7’ is unique, we thus get
g(ip.m) = (¢°, ..., ™). Hence the tree
T'={peT|pC glio.m)}U{peTol|p<we glio.m)and g(io.m) Z p}

must be finite, again by weak Konig’s lemma in . Now take an index i > iy such that
p € T’ implies |p| < i. One can conclude that this validates (4.5), i.e., that i is m-true.
We have established that i +> ' lies in M. Since t° C ¢! C --- C Y holds by con-
struction, this yields ¥ € M. The statement that Y is isolated by o is H} (see the previous
proof). We can thus conclude M F 3 Y/ (X, Y), as desired. |
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The fact that unique paths in bounded trees are computable is one central ingredient of
the previous proof. This yields an interesting contrast with a comment of D. Hirschfeldt,
who mentions the computability of unique paths as an example for “a result of computable
mathematics [that does not have] a reverse mathematical analog” (see [15, Section 4.7]).
As pointed out by a referee, there are some parallels between our proof and constructive
arguments due to M. Fujiwara [11] and H. Schwichtenberg [27].

In the rest of this section, we discuss an application to continuous functions with
isolated singularities. To handle continuous functions f: Dy — R with Dy C R in the
context of RCAg, we use the standard encoding from [29, Definition I1.6.1]. Let us recall
that codes are sets ® € N x Q* of tuples with strictly positive third and fifth component.
The idea is that f is coded by ® if we have f(Bs(a)) C B¢(b) whenever there is an n
with (n,a,8,b,¢) € ® (where Bsg(a) = {x : |x —a| < §}). For any O that satisfies suitable
coherence conditions, we put

Do = {x € R | each & > 0in Q admits n,a.,8,b
with (n,a,8,b,e) € ®and |x —a| < 8}.

Here, real numbers are given via the standard encoding as fast converging Cauchy se-
quences (see [29, Definition I1.4.4]). Within RCA¢, one shows that each x € D¢ admits a
unique value fo(x) € R that is characterized by

[x —al <8 and (n,a,8,b,e) € ® forsomen,a,§ — |f¢,(x)—b|§8.

Concerning the use of < and <, we recall that strict and weak comparisons in R are Z(l’
and 1'[(1’, respectively. This means that fe(x) = y isa H?—formula. When we refer to a
continuous function f: Dy — R in the sequel, we assume that it is given via a ® with
f = fo, though we usually leave ® implicit.

Weak K&nig’s lemma is equivalent to the principle that any continuous f: [0, 1] - R
is bounded, over RCAg. Simpson, Tanaka and Yamazaki [30] are careful to explain why
this does not contradict their conservativity result for unique existence, even though one
has the supremum as a unique upper bound. In fact, one can already make the point for
Harrington’s result, as we can demand an upper bound from Q (so that we have a number
quantifier). In any case, no contradiction arises, since we get another existential quantifier
from the universal premise that every x € [0, 1] lies in the domain of f. For a suitable
class of functions that are guaranteed to be total, on the other hand, Harrington’s result
does yield the boundedness principle over RCAy. In the following, we use Theorem 4.1 to
extend this observation to functions with the following property.

Definition 4.2. Consider a continuous function f: Dy — R. Elements of R\ Dy will be
called singularities of f. We say that a singularity x of f is isolated if there is an ¢ > 0
such that [x — y| € (0, ¢) implies y € Dy.

We can now make the promised result precise.
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Theorem 4.3. For a 1 -formula ¢ with
RCAg = “every continuous f: Dy — R with ¢(f) has only isolated singularities”,

we also obtain

RCAp = “every continuous f: Dy — R with ¢(f') is bounded on closed intervals

that are contained in Dy ”.
Proof. Let ¢'(f) express that “f: Dy — R is a continuous function with ¢(f) that is
unbounded on [a, b] N Dy (with free variables a and b). Given weak K&nig’s lemma,
¢'(f) entails that we have [a, b] € Dy, i.e., that f has a singularity in [a, b]. The assump-
tion of the theorem guarantees that all singularities are isolated. We thus get

WKLo =V f(¢'(f) — *f has an isolated singularity in [a, b]”).

We cannot apply Theorem 4.1 immediately, because the same singularity is represented
by different Cauchy sequences, so that the representations are not isolated in the required
sense. This obstacle can be overcome via binary expansions. For convenience, let [a, b] =
[0,1]. Each ¥ C N determines a real r¥ € [0, 1] that is given as the fast Cauchy sequence

rY = (r,f) with r,f, = Z 271 - xy ().
i<n

One proves in RCAg that any real x € [0, 1] is equal to one of the form rY . Indeed, this
is straightforward when x is rational. When it is not, one can decide in which rational
intervals x is contained (since < and < on R are Z(l) and H(l), respectively). This makes it
possible to compute the desired Y. Let us observe

rY —r?|>27" = Y[n] # Zn].

To see that ¥ € N is isolated when the same holds for ¥ , we must also consider the case

where r¥ = rZ holds for some Z # Y. There must then be an N € N (which depends
only on Y) such that yy (n) = yy (N) holds for all n > N. It is straightforward to see that
we must have Y[N] # Z[N]. We thus get

WKLo =V £ (¢'(f) — 'Y : r¥ ¢ Dy).

In order to apply Theorem 4.1, we must check that ¢’ is £}. The crucial condition that f
is unbounded on [0, 1] N Dy is equivalent to the arithmetical statement

VN eN3geQ(g<€[0.11NnDsA|f(g)=N).

For the crucial direction of this equivalence, we assume that we have f(x) > N for some
real x € [0, 1] N Dy. Pick a rational ¢ < (f(x) — N)/2. In terms of the representation
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f = fo that was discussed above, we obtain a tuple (n,a,8,b,¢) € ® with |x —a| < §
and | f(x) — b| < e. Take positive ¢, n € Q with B;(q) € Bs(a) N [0, 1]. As the sin-
gularities of f are isolated, we may assume g € Dy. By the coherence conditions (see
[29, Definition I1.6.1]), there is an n’ with (n’, q,n, b, ¢) € . We get

|f(@)— f@)| = |f@—b|+|b— f(x)| =26 < f(x) =N

and hence f(q) > f(x) —|f(q) — f(x)] > N. Let us also observe that r¥ ¢ Dy is a
X9-statement. By Theorem 4.1 (even by the special case for which we have given a new
proof), we thus obtain

RCAo -V f(¢'(f) — FY : ¥ ¢ Dy).

By contraposition, RCAg proves that any continuous function f: Dy — R with ¢(f)
and [0, 1] € Dy is bounded on [0, 1]. Apart from the fact that we have focused on the
interval [0, 1] for convenience, this is the conclusion of the theorem. [
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