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The topological form is the Pfaffian form
Paul-Hermann Balduf and Simone Hu

Abstract. For a given graph G, Budzik, Gaiotto, Kulp, Wang, Williams, Wu, Yu, and the first
author studied a ‘topological’ differential form o, which expresses violations of BRST-closedness
of a quantum field theory along a single topological direction. In a seemingly unrelated context,
Brown, Panzer, and the second author studied a ‘Pfaffian’ differential form ¢, which is used to
construct cohomology classes of the odd commutative graph complex and of GL,(Z). We give an
explicit combinatorial proof that «g coincides with ¢G. We also discuss the equivalence of several
properties of these forms which had been established independently for both contexts in previous
work.

1. Introduction and results

In this paper, a ‘graph G’ will always mean a connected, finite, not necessarily simple
(self-loops and multiedges are allowed) graph, with directed edges Eg = {ey,...,e|g;|}
and vertices Vg = {v1,...,v|y;|}. The labellings and the directions of edges are arbitrary,
but fixed. The notation A := B means that A is defined to be equal to B.

1.1. The main result
The authors of [22] introduced a topological differential form associated to a graph G,
1 52
oG =~ [ /\ e “eds,,
T2 RVG g

which is the parametric Feynman integrand to compute quantum corrections to BRST-
closedness in a 1-dimensional topological QFT. We will give more details and background
of the topological form in Section 1.2.

Example 1. Let G be the dunce’s cap graph, shown below. Its edges and vertices are
labelled as indicated. Each of the four edges corresponds to one Schwinger parameter d..
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The topological form of this graph has been computed in [2, Example 13],

_ —ags(da; Adaz +daz Adas) +az(day Adag +daz Aday) — (a1 +az)das Aday
8m(aras + aras + aras + azas + azag)3? '

On the other hand, the authors of [10] introduced a Pfaffian differential form

oaG

1 Pi(dAe- Ag!-dAe)
 (“2n)} Jdethe

whose integrals contain information about the cohomology of the odd graph complex GCs.
We will review background and definitions in Section 1.3.

oG :

Example 2. Using [10, Example 2.3], the Pfaffian form for the dunce’s cap graph, with

Ae = (‘“+Zi+a“ as‘fﬁ(” ), turns out to be exactly ¢ = (—4) - ag.

The main result of the present work is that the topological form and the Pfaffian form
coincide.

Theorem 1. Let G be a connected graph with loop number £ > 0, and let ¢ be its
Pfaffian form (Definition 2) and a.g its topological form (Definition 1). Then

det(€ | P)
aGg = T e

Here, (€ | P) is the concatenation of the cycle incidence matrix € (Definition 4) used to
define ¢ and a path matrix P (Definition 6). The determinant det(€ | P) € {+1,—1}
depends only on choices of labellings, edge directions, and the cycle basis of G, and is
independent of the choice of &, see Section 3.3.

The proof of the theorem requires some technical lemmas, and a new formula for the
Pfaffian form in terms of Dodgson polynomials, which will be established in Section 3. In
order to make the article accessible to a broad audience, that section also includes a rather
elementary introduction and review of the required concepts and definitions from graph
theory.

Before coming to the proof, we review the background of the topological form ag
in Section 1.2, and the background of the Pfaffian form ¢ in Section 1.3. Then, in Sec-
tion 2, we comment on the consequences that follow from Theorem 1. In particular, we
demonstrate that statements that had been proven and/or observed on either side have their
natural counterparts on the other side of the equivalence given by Theorem 1.
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1.2. The topological form a ¢

In [2,15,22,44], a differential form «g is examined, which computes quantum corrections
to a BRST-differential in a topological theory.

The BV-BRST formalism is a way to systematically handle gauge redundancies in
field theories, see, e.g., [25] for a physical or [21] for a mathematical exposition. The
idea is to construct a sequence of ‘ghost fields’ and ‘antifields’, together with a BRST
differential Q1,5 Which acts as a differential operator on fields. Q.5 turns the space
of fields into a chain complex such that physical, gauge-invariant observables Oppy, are
represented as the 0-th cohomology group, that is, QcjassOpnys = 0 and there is no O with
the property that Oppys = chassé [37,47].

Even when an observable is BRST-closed in a classical field theory, (self-) interactions
in the quantized theory can potentially lead to violations of classical BRST closedness at
the quantum level; this effect is commonly called gauge anomaly. In [22], a formalism is
developed to compute these anomalies perturbatively. Starting from a free quantum field
theory with BRST differential Qy.., one adds an interaction term I to the action. This
new interaction contributes to Feynman integrals, and the result may or may not be closed
under the original operator Qgee. If O, ..., @, are local operators (which amount to
the vertices of Feynman diagrams), the violation of Q-closedness schematically defines a

bracket
{(91’"‘?(9](}:: eree(/ 01'(9][) (11)
Rrk—1)

The first bracket, {I} = Qpee I, describes leading (i.e., classical) violation of BRST
closedness by I, and one typically only considers such I where {I} = 0, that is, which do
not break gauge symmetry at the classical level. Then, {Z,-} describes the BRST anomaly
introduced by I at leading quantum order, {I, I, -} at next order, etc. Conversely, these are
the ‘correction’ terms by which Q.. needs to be modified in order to obtain a differential
O quantum Which describes an unbroken symmetry in presence of ., schematically

QquantumX = ereeX_{I’X}_{I"IvX}_”' .

The BRST-formalism, by construction, requires that Qéuamum = 0. This amounts to an
infinite set of quadratic relations between the brackets { I, ...}, which thereby obtain the
structure of a Lo-algebra. We mention in passing that one may also view the brackets
from the perspective of factorization algebras [19], which, in the present case, amount to
the little disks operad, see, e.g., [1,4] or the appendix of [22].

Generically, operators @; depend on spacetime coordinates, and this dependence has
to be taken into account in a particular way when computing the brackets {O;, ...},
see [15, Section 5]. For the present case of a fopological theory, the only dependence
is on how many (and which) external legs a Feynman diagram has, but not their spacetime
coordinates. Let ¢; , be the external (= non Wick-contracted) fields at vertices v, then
the bracket of (1.1) corresponds to a sum of Feynman integrals /g with symmetry factor
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|Aut(G)|™!, given in [22, equation (4.11)]:
1
01,0,,...} = —1 v 1.2
{ 1, U2 } ; ‘Aut(G)| G 1_[ H%,v 1.2)
veVg i

As shown in [15], the integrals /G can be written in parametric form. One starts from a n-
dimensional topological QFT in position space, where the (free) field differential operator
is the de Rham differential

d= dx(l)ax(l) + dx(z)ax(z) + -4 dx(")ax(n).

The propagator P, (X) is defined to satisfy d P, (X) o< 8¢ (¥)dxM A --- A dx™. Up to
normalization, it is given in terms of the n-dimensional projective volume form €2,,,

Q, 27=1(—1)-ix(-i)dx(1) A dx) A dx®
- ’ , (1.3)

P = —= =
"R Yx

in particular

x@dx® — D@

Py = X = sgn(x), P, =
x|
Indeed, one computes dP,, = 0 for X # 0. If one works in spherical coordinates, the form
2, is the surface element of a (n — 1)-sphere S,—; = 9B, in R”. Stokes theorem thus
implies

x? 4 x@?

273 273
dp, =/ Pp=—r = dP, = ——8™(X)dx; A--- A dx.
/B,, " s T "TT®) ' "

This verifies that P, is a Green function of d as claimed. We will now rewrite P, as a
parametric integral. Recall the integral representation of the Euler gamma function,

1 1 /oo 1 _ﬁd (1.4)
= e ada. :
(x2): TG Jo azt!

For each component x/) of the vector X, we define an auxiliary variable s¢) = % A
straightforward computation shows that

n) _ dxM Ao Adx® da A Q,

ds® A Ad : 1.5
’ ’ as 2a3+! (-
If we integrate over a, only the second term contributes and (1.4) reproduces (1.3),
© . ré) Q r¢é .
/ e FdsM A A ds® = 3) — = (Z)Pn(x). (1.6)
0 2 (x¥2)2 2

Notice that by (1.6), the integrand of a propagator of the n-dimensional theory is a n-fold
wedge product, with one factor e ™5 *ds for each dimension. A parametric Feynman integral
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is a product of these propagators, and thus factorizes as well, see, e.g., (2.1) below. There-
fore, for the rest of the article, we restrict ourselves to a single topological dimension, and
the variables x € R are scalars, not vectors. For each edge e in a Feynman diagram, we
define

Y X g (1.7)

S = ——— , .
e ,—ae

where xj ,x, € R are the positions of the end vertices of e. A closer investigation (see [15,
Section 2]) shows that the action of the BRST differential Q. in (1.1) amounts to using
first term on the right-hand side of (1.5) for exactly one of the propagators.

Definition 1 ([22, equation (3.53)]). With s, from (1.7), the topological form ag is the
parametric integrand corresponding to a single topological dimension of the integrals
Ig = fOlG Aag A---in(1.2),

1 _2
og = —— [ -+ /\ e Seds,.
Egl RIVGI-1
T2 e

eEg

This g is a differential form in Schwinger parameters {a. } of degree equal to the loop
number' of the graph. The power of 7 is chosen such that «g = 1 if G is a tree, and
the integral over parametric space, I = [ «¢, does not involve any further normalization
factors.

Despite its simple appearance, o is generally a complicated polynomial in a, and
da.. Concretely, the differential ds, in Definition 1 produces terms proportional to dx,
and terms proportional to da.. The integral over vertex positions dx, is Gaussian, with a
numerator polynomial whose terms are labeled by spanning trees of the graph. This con-
struction is carried out in detail in [2]. The Gaussian integral can then be solved using
Wick’s/Isserlis’ theorem [28, 45], and, after some further manipulations, the resulting
polynomials can be identified as Dodgson polynomials (to be introduced in Section 3.4).
One obtains the following expression for og:

Proposition 1 ([2, Theorem 1]). Let T be a spanning tree in G and denote the comple-

ment by { f1...., fo} = T, where the edges f; come in the increasing order induced by
their labelling. Then,
1 c(f).0(f) |y ofeDo(f)
i ) det (1T (D g eyl ) /\ day.
T2 (5)'WG T sp[)raer;nmg 0eCr fer

Here, 1 is the vertex incidence matrix of G (Definition 3), wg “I are edge-indexed Dodg-

son polynomials (Definition 10), and the sum goes over all permutations o of the £ edges
inT.

The loop number is the number of linearly independent cycles (equation (3.2)); a tree is a graph
without cycles.
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A Mathematica program implementing Proposition 1 has been published together
with [2] and is available from the first author’s homepage.”

Example 3. The dunce’s cap graph has five spanning trees. With edge directions and
labels as in Example 1, the contribution of the spanning tree T = {2, 4} is

(+1)
167 (aras + azaz + aras + azas + azas)®?
This produces the summand —asda; A das of the numerator in Example 1, and a sum
over all five spanning trees recovers the full o .

. (—a4 — a4)da1 A das.

1.3. The Pfaffian form ¢¢

The Pfaffian of a skew-symmetric 2n X 2n matrix M is defined as the following homo-
geneous polynomial of degree n in the entries of M:

1
PA(M) = 2 ) 5200 Moo+ Mo@n-1.0@n- (1.8)
0EGy,
where the sum is over the symmetric group &,, of permutations of {1,...,2n}. For a

square matrix of odd dimension (2n + 1) x (2n + 1), we set Pf(M) = 0. It follows that
Pf(M)? = det(M).

Definition 2. Let A¢ be the cycle Laplacian (Definition 9) of a graph and dAe its dif-
ferential with respect to Schwinger parameters {d.}ece;. The Pfaffian form (ctf. [10,
Definitions 2.1 and 5.4]) is

1 Pf(dAe- Agl -dAe)
(=273 JdetAe

As with «g, this definition includes an appropriate normalization factor such that when
integrating over Schwinger parameters, /¢ = [ ¢ does not require any further normal-
ization (cf. [10, Definition 6.2]). When G is a tree, the Pfaffian form is defined such that
¢G = +1. Recall that we demand G to be connected. For disconnected G, the Pfaffian
form factorizes, while the Definition 1 of g would need to be slightly changed to fac-

torize. Specifically, to allow for disconnected graphs, the integration domain should be
modified to RVe |_C, where c is the number of connected components of G.

O = Pre =

Example 4. The theta graph D3, or 3-edge dipole, has |Vp,| = 2 vertices, |Ep,| = 3
edges and £ = 2 loops. The cycle Laplacian for the cycle basis € = (Cy, C5) as indicated
in

2paulbalduf.com/research visited on 29 August 2025.
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in terms of the Schwinger parameters a;, a,, a3. The Pfaffian form of Dj is thus the
following projective 2-form:
1  ajdaz Adasz —axda; A daz + azda; A das

— . 1.9
¢p; 2r (araz + aras + ayaz)3/? (-9

In [10], the Pfaffian form is studied in two different contexts. On the one hand, the
definition of the Pfaffian form can be generalized to any positive definite symmetric matrix
X (in place of Ae) and in this context, ¢x is used to construct non-zero classes in the
cohomology of GL,,(Z), the group of 2n x 2n matrices over Z. On the other hand, and
more relevant to the present article, when applied to graphs and cycle Laplacian matrices,
¢ is used to construct cocycles for the odd commutative graph complex.

The commutative graph complexes GCp are combinatorially defined chain complexes
introduced by Kontsevich in [32,33]. These graph complexes, and their variants, have been
studied in numerous contexts, including Lie algebras and deformation theory [46], per-
turbative Chern—Simons theory and knot invariants [3,20], and certain moduli spaces [17].
The different variants of graph complexes arise from the types of decorations allowed on a
graph, for example graphs with hairs, ribbon graphs, pairs of graphs and spanning forests
etc., as well as the type of orientation data associated to each graph. For example, one type
of orientation is specifying an ordering of the edges of the graph. The commutative graph
complexes are the simplest versions, where the graphs come with no extra decorations.

Up to isomorphism and degree shifts, there are only two commutative graph com-
plexes denoted by GCp, differing only in the type of orientation data being considered.
Specifically, GCy is a Q-vector space spanned by isomorphism classes of oriented graphs,
graphs equipped with orientation data. The subscript N determines the degree grading of
the graphs, and its parity determines which orientation data is being used. This vector
space is turned into a chain complex by the differential 3G = ), G/e, which sums over
all ways to contract an edge in an oriented graph. It is bigraded by degree k = |Eg| — N£
and loop number £, and its dual cochain complex has the structure of a differential graded
Lie algebra (DGLA).

The odd graph complex GCs is then the (commutative) graph complex where an orient-
ation on a graph is specified by an ordering of the vertices and giving a direction to each
edge, or equivalently [18, Proposition 1], an ordering of the edges and of a chosen cycle
basis. It is taken with the degree grading k = | Eg| — 3£. Due to the relations imposed on
oriented graphs, for example, the class of a graph with a self-loop vanishes in GC3 as it
has an automorphism that only reverses the direction of the self-loop. One of the major
questions in current research is to compute the homology Hy (GC3), that is, to find linear
combinations G of oriented graphs of degree k such that 0G = 0 and there is no F' with
dF = G. Of what is currently known about H ®(GC3) (see [14,29,46]), we briefly high-
light the cohomology group H ~3(GC3). In particular, it forms a commutative algebra [20]
and many non-trivial classes are known to exist due to its role in the study of knot invari-
ants [3].
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The perspective taken in [10] is to view integrals of the form I := [ ¢ A wg as
linear functionals on the odd graph complex, where w is a canonical form [9, Section 2.6],
a differential form that is invariant under the action of the general linear group GL,(Z).
That is, for a fixed choice of w, the integral I assigns a transcendental number to each
linear combination G of oriented graphs. Under certain conditions, these integrals define
cocycles, i.e., 61 = 0, where (8])r = Isr = ), Ig/.. The idea is to use this property
to check, for a closed linear combination G of graphs, whether there exists a F' such that
G = 0F: If such F exists, the integral /g = [yF evaluates to zero. At the same time, by
pairing the integrals with such G, we can detect non-trivial cohomology classes H¥ (GC3)
of the odd graph complex.

In the simplest case one sets @ = 1 and the integral is over the Pfaffian form by itself.
| ¢, when restricted to graphs with loop number £ = 2, is a well-defined cocycle. As it
pairs non-trivially with the theta graph (Example 4), which is closed, this cocycle corres-
ponds to the only non-trivial class in the £ = 2 graded piece of H 3(GC3). In particular,
it is dual to the class represented by the theta graph in homology.

The crucial properties of ¢ that enabled their use in studying the cohomology of the
odd graph complex is summarized by the following.

Lemma 2 ([10, Lemma 2.2, Theorem 6.7]). The Pfaffian form ¢G of a graph G with £
loops is a smooth, closed, projective differential form on the open simplex

0G = {[ae, 1+ 2 Ay, | with all ae > O} C P(RE6), (1.10)
of positive Schwinger parameters and transforms under the action of P € GLy¢(Z) via

Prer = ¢PTA€P = Pne det(P) = £Pa, (1.11)

Sor any two cycle bases €' = € - P. Furthermore, its integral I = fGG ¢G is absolutely
convergent.

Additionally, several graph-related properties have been established in [10], including
the ones in the following lemma.

Lemma 3 ([10, Lemmas 2.2, 5.6, Corollary 5.7]). The Pfaffian form of a graph G satisfies
the following properties:
1) ¢ A pc = 0 for graphs with £ > 0,
(i) @G = 0if G, or any of its biconnected components,® has odd loop number,
(iii) ¢g is compatible with subdividing edges. More precisely, let G’ be the graph
obtained from G by subdividing an edge e into edges ¢’ and e”. This operation
is realized by a map se: R — REG, a = se(a’) on Schwinger parameters a’,
where a, = s.(a,, +a,,) anday = s¢ (a})for f #e. Then pg = s, (¢g). Here
we take the cycle basis for G' induced from G by replacing any occurrence of e
by the path e'e”.

3 A connected graph is biconnected if it remains connected when one vertex is removed. A biconnected
component is an edge-maximal biconnected subgraph. These components are necessarily 1PI (bridgeless).
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2. Discussion

2.1. Immediate algebraic properties

Corollary 4. By Theorem 1, the statements of Lemmas 2 and 3 also hold for the topolo-
gical form ag, in particular

()  «ag is smooth and projective, and the integral [ o is finite.
(ii) g is closed and the integral [ ag satisfies Stokes relations.

(ili)) «ag is compatible with subdivision of edges as in Lemma 3 (iii). More precisely,
if G' is the graph obtained by subdividing an edge e, with labels and directions
as specified in Lemma 12, then ag: = (—1)*T1s*(ag).

(iv) ag Aag = 0unless G is a tree.

Convergence of ag (Corollary 4 (1)) is clear in the operatope-formulation [22] in terms
of the variables s, (equation (1.7)), but much less obvious from the parametric integrand
in Proposition 1. Via this connection to the Pfaffian form, the constructions in [10, Sec-
tion 6.1] explicitly realize the finiteness of [ oG as an integral over positive Schwinger
parameters, as hinted at in [22, Sections 3.4 and 3.8]. As we will explain further in
Section 2.3, quadratic relations between the integrals essentially correspond to Stokes
relations (Corollary 4 (ii)).

Corollary 4 (iii) highlights one of the graph-related properties which is apparent when
viewed through the Pfaffian form, but not obvious in the «g representation. It is thus a
shortcut for computing g when G contains a 2-valent vertex. Moreover, it implies that
the integral [ ag vanishes for such graphs because the resulting ag’ has the same form
degree, but one more integration variable, compared to «g.

Example 5. As an application of Corollary 4 (iii), we can use the Pfaffian form ¢p, for
the theta graph (Example 4) to compare with the topological forms for the dunce’s cap G’
and for the double triangle G”, as computed in [2, Example 13] and [22, equation (3.56)],
respectively.

N
Uz

as

Ds

Notice that the graphs have different numbers of spanning trees, as well as different
denominators in the expansion of their topological forms via Proposition 1. The fact
that these differential forms coincide up to changes of variables is a non-trivial structural
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property of ag resp. ¢ . Explicitly, the transformations for the two cases are:
asda; A das ay(da’y + da}) A da)
(a1az + azas + aaz)3/? ” ((a] + ab)al + (a} + ab)a) + agaﬁ‘)yz
(124 + 143)(d112 + di31) A dip3
((fr2+131) 123+ (t12+131) (t2a +143) + 123 (124 + 143))

—

3/2°

for the terms corresponding to the spanning tree contributions of T = {3}, T’ € {{1, 4},
{2,4}},and T” € {{12,24,43},{31, 24, 43}}, respectively (Example 3 computes the T’ =
{2,4)} term).

The first line, splitting the edge e =1 into a; =a’| +a’, and relabelling a, =a}, a3 =a},
produces the dunce’s cap G'. By Corollary 4 (iii), the relative sign is (—1)!T! = +1 for
the transformation from «op, to o, and the result coincides with Example 1. If we work
with Pfaffian forms ¢g' = 57 (¢p,), given by (1.9), there is a factor (—4) from Theorem 1
to relate them to the topological form, so that overall agr = (—4) " ¢g' = (—4) s} (¢p,)-

The topological form g~ for the double triangle is

(t12 + t31)dt23 A (dtag + diy3)

87 ((t12 + 131)123 + (112 + 131) (f24 + 143) + 123(124 + 143)
tr3(dt12 + dt31) A (dizg + dta3)

32
87 ((t12 + 131)123 + (t12 + 131) (f24 + 143) + 123(124 + 143)) /
(24 + 143)(d12 + di31) A din3

87 ((t12 + 131)t23 + (f12 + 131) (24 + 143) + 123(t24 + 143))

oagr = — )3/2

+

3/2°

Corollary 4 (iii) with the change of variables a; = t1, + 31, a» = tr3 and a3 = t24 + 143
gives agr = (4+1)s7((4+1)s5 (ap;)). We can then compare with ¢p, from Example 4,
which verifies that indeed agr = (—4)"!s} (53 (¢D,)), as predicted by Theorem 1. Altern-
atively, starting from the dunce’s cap G’, we can subdivide edge ¢/ = 4 and swap vertex
orders to get agr = (—1) - (=1)s}(ag') = (—4) '3 (s} (¢p,)), which gives the same
result.

Note that our expression ag~ has an overall minus compared to [22, equation (3.56)]
because in the latter case, the vertex v is used as the special vertex v, while Proposition 1
uses the highest vertex, v, = v4, and we have chosen a different labelling in order to
directly apply Corollary 4 (iii). When comparing, note that the drawing in [22] shows a
different labelling of the double triangle graph than what is used in the computation.

Corollary 4 (iv) had been proved for g, with some effort, in [2, 44], whereas this
result for the Pfaffian form ¢¢ is a straightforward consequence of linear algebra in [10,
Lemma 2.2]. To understand its significance in the topological case, recall from Defini-
tion 1 that ] ag A ag A --- computes the violation of BRST-closedness of observables.
ag A ag = 0 therefore implies that a theory which has two topological directions, and
arbitrarily many more topological or holomorphic directions, is free of quantum BRST
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anomalies. The special case of just two topological directions amounts to integrals of the

form
= = (1) )
‘o= /{.ae}aG hee = /{ae} /;xgl)} /{xgz)} We ™ AWG™, 2.1

. 2
where x, = (x,(,l), x,()z)) is a 2-component real vector, and W((;’) = /\e e S dsg). If,

instead of evaluating the position integrals first, we were to compute the a, integrals first,
the integrand reproduces the 2-dimensional topological position-space propagators (equa-
tion (1.3)),

m2_ @2
—S¢ —S (1) )
e "¢ TP dsy’ Ads,

1%
=e a ( — Zae_zdae(x(z)dx(l) — x(l)dx(z)) + ae_ldx(l) A dx(z)).
The last term in the parenthesis does not contribute to an integral over a., and the first term
equals the angle differential in 2-dimensional polar coordinates, x(Vdx® — x@dx(® =
((—x@)2 4+ (x(M)2)d¢p = |¥|2d¢p. Consequently, the parametric integral of a single edge is

Wi @? . 2 B,
/ e T dsM A ds@ =/ e ae 2a; 2|72 dpe A da, = 2dg,.  (2.2)
ar.=0

a.=0
The remaining position-space integral is therefore over the angle of edge e in the plane.
These are the integrals whose vanishing, proved in [30,35], asserts the absence of obstruc-
tions to deformation quantization of Poisson manifolds (Formality theorem [34]).

We want to briefly mention that in [34, Section 5], Kontsevich remarked that failure of
the formality theorem would imply the non-vanishing of the cohomology group H !(GC5)
in the even graph complex.* Conversely, the formality theorem does not imply the van-
ishing, but still, H'(GC,) is conjectured to be trivial. However, the Pfaffian form ¢g
(Definition 2) is being used on the odd graph complex, therefore our result that g = ¢g
is not directly related to this question.

2.2. Dipole/multiedge graphs and the Moyal product

On both sides of the equivalence, the differential forms o resp. ¢g are of interest for
arbitrary connected graphs because we can take wedge products with further differential
forms.

When o or ¢ are considered by themselves, as they are projective forms of degree £,
their integral is only non-vanishing for connected graphs with two vertices and £ + 1
edges. Since Lemma 3 (ii) implies that these forms vanish if G has a self-loop, the only
such graphs are the dipole graphs. Let D,; 1 be the dipole graph with 2i + 1 edges, all
oriented from vg to vy; it has 2i loops. The case when i = 1 is given in Example 4. Its
Pfaffian form is [10, Corollary 5.7],

(2i)! (ar---azit1)'”!
¢D2i+1 = i 1
(4m)ti! yita

2i+1
Y (=1 taeday - Adag Avee Adagigr. (2.3)
e=1

“What is called even graph complex in our notation was called odd graph complex in [34].
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and its parametric integral was solved explicitly in [10, Example 6.2],

Ipyiyy = /¢D2i+1 =1 Vi (2.4)

Conversely, the integral of the topological form o has been computed in its position-
space formulation in [22, equation (3.28)]. The result Ip,,,, = 272 =g compatible
with Theorem 1, ag = 2 ¢, where the relative sign is 41 for this choice of edge
directions [10, Example 4.18].

In the setting of topological field theory, the sum over all dipole (Feynman-) integ-
rals amounts to the two-argument bracket (equation (1.2)). This setup is discussed in [22,
Sections 3.7.1 and 4.7.1] for the example of 1-particle bosonic topological quantum mech-
anics. In that case, the ‘fields’ are the quantum mechanical operators ¢, p, which in
ordinary quantum mechanics (in the Heisenberg picture) would be functions of time,
q(t), p(t). In a topological theory, they are independent of time. Hence, the observables
O are monomials in p and g, taken at any fixed time. The Feynman graphs /¢ are built
by Wick-contracting two such monomials. At tree-level, there is a single propagator, con-
necting one factor of p to one factor of g, and all other factors remain. Since Feynman
rules imply a sum over all choices to pick the particular p out of @; and g out of 9,, the
combinatorial prefactor is produced correctly by the derivative 3,0 and 9,0, (without
setting p = 0 nor ¢ = 0). Hence, the tree-level term corresponds to

——o = (3,01)(3,02) — (0,01)(3,02) =: 17 (3;01)(3;92),

0, 02
_ (0 -1
7= (1 . ) |

We have introduced the 2 x 2 matrix n”/ = —n’/? and vectors (9, BP)T, summation over
i and j is implied. By (1.2), this expression is weighted by the integral m, which is
unity since [ag = %1 for all tree graphs.

The next term in the series vanishes since it has odd loop order. The third term is
given by the two-loop dipole integral (Example 4), with Ip, = 272 and |Aut(D3)| = 3!.
It amounts to a sum over all ways of Wick-contracting three pairs of (p, ¢) variables.

e = (9301)(0;02) — (920,01)(030,02) % -
01 0,

= 0 gl (3 0k 0 O1)(9; 313, 05).

Continuing this way, we obtain a sum of the form

oo
1 1 .
O !(9 — o ij\2n+1 82n+1(9 82n+1(9 , 25
{01.02} §4n—(2n+1)!(n I D@"102) 25)
which is, by inspection of the terms, identified as the Moyal commutator between (0,
and O,
{01,02} = 01 % 02 — O2 x 01 = [01, O2]..
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In view of BRST cohomology (Section 1.2), the bracket expresses the violation of BRST-
closedness by arbitrary operators (1, 9. If one adds an interaction monomial I to the
action, then, setting @1 = I, the choice Q quantum = Qfree — { L, -} Would be the correspond-
ing BRST differential at quantum level. In particular, all higher-order brackets {I, I, -}
vanish.

In the world of graph complexes, the analogous sum over dipoles weighted by auto-
morphism factors® plays a special role, too. Recall from Section 1.3 that one interprets an
integral /g as an element of the dual. The fact that the integral of ¢g is non-zero only for
dipole graphs means that it can be viewed as the pairing [10, Corollary 6.3]

o0
I = (G,m) with the dipole sum wm = Z

i=1

Djitq

202i + DI 26)

Here, the pairing (-, -) is defined such that it identifies the chain complex GC3 with its dual
cochain complex, i.e., the differential d is dual to the codifferential §. On graphs, §G is
the sum of all graphs obtained by inserting an edge e € G in turn (with appropriate signs).
The cochain complex has the structure of a DGLA, where the Lie bracket [-, -] is defined
via graph insertions. It is dual to the anti-symmetrization of the map®

AG =) y®G/y. (2.7)
Y

where the sum runs over all subgraphs y where y and G/y are both in GC3. On the level
of chain complexes, the anti-symmetrization of A thus gives a map to the tensor product
GC3 ® GC3 of complexes where the differential is givenby 0 ® 1 + 1 ® 0.

The pairing (G, m) is only non-zero, and equal to +1, when G is isomorphic to a
dipole with even loop number. As first discovered combinatorially in [29], mt is a Maurer—
Cartan element for the odd graph complex and thus defines a twisted differential § + [-, m]
on GCs. Insertion of a single edge is a special case of inserting a graph, therefore, by
extending the dipole sum m to include the single edge D1 (i.e., including i = 0), which
we denote by m’, we can rewrite the twisted differential as a Lie bracket with m’,

§+ [ m] = [ w]. 2.8)

The cohomology of GC3 with respect to this differential (as opposed to the usual differen-
tial §) was completely computed in [29, Theorem 2], with the only non-trivial class being
a similar sum over dipoles, but weighted with a slightly different factor. As we will explain
in Section 2.3, this twisted differential arises naturally in the study of /.

SHere and in [10], we are viewing graphs as defined via half-edges and thus the dipole graphs (including
the single edge D) have an extra automorphism that swaps the two vertices, i.e., |Aut(Dz;4+1)| =2(2i +1)!

The reader might recognize this construction from the Hopf algebra theory of renormalization [36],
where a similar-looking renormalization coproduct describes how divergent subgraphs y are to be replaced
by counterterms. However, for the latter, the sum goes over disjoint unions of 2-connected (=1PI) subgraphs
y, which in general is not equivalent to y being in GC3 as requested in our case.
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2.3. Quadratic / Stokes relations

The operatope Ag introduced in [15, equation (2.30)] and [22, equation (3.16)] is the
integration domain of ag in terms of the variables s, (equation (1.7)). If S C Vg is a
subset of vertices, then denote by G[S] C G the corresponding induced subgraph, and by
G/ S the cograph, that is, the graph that is obtained when G[S] is contracted to a single
vertex in G. The authors of [22] observe that the holomorphic-topological integrals /g
satisfy quadratic identities, which correspond to nilpotency of the BRST differential.

Let G be a connected graph with |Vg| = 3 vertices,’ then [22, equation (3.20)]

> sen(G.S)Agis) x Agys = 0. 2.9)
SCG, |Vs|=2

In the present topological case, as the integral /g = [ ¢ is independent of kinematic data,
this identity directly corresponds to an equivalent factorization on the integrals themselves,
namely of /¢ into the integrals /gs] X Ig/s. The zero on the right-hand side of (2.9)
reflects that /¢ = O for a graph on three vertices. More concretely, the connected graphs
with |Vg| = 3 are triangles with multiple edges. Their induced subgraphs are dipoles, so
(2.9) asserts that the integrals Ip,,,, of the 2i-loop dipole graphs are related for different
values of i.

On the other hand, for a suitable compactification of the simplex og (equation (1.10))
called the Feynman polytope G [6, 8], the boundary components are in bijection with,
and factorize into,

Gy X 0G/y
for all bridgeless (1PI) subgraphs y of G and single edges y = {e} (in which case the
polytope G, is a point). Based on the closedness (d¢g = 0) of the Pfaffian form and how
it factorizes at the boundary of G, Stokes’ theorem gives [10, Section 6.2]

1 1
0=SIG+§[Ig,m] =8m+§[m,m], (2.10)

which is equivalent to the Maurer—Cartan equation for the dipole sum m of (2.6). That
is, the twisted differential § + [-, m] of (2.8) manifests geometrically due to the boundary
structure of 6.

We thereby see that in the case of the Pfaffian/topological form, the quadratic identity
for I resulting from (2.9) for the operatope directly corresponds to the Stokes relation
0=246lg + %[1 G, Ig]. In both cases, this identity only gives non-trivial relations when
applied to graphs with 3 vertices, and the relations in both cases lead to the identity
Ip, ., = (ID3)i (see [10, Example 6.9] and [22, Section 3.7.1]).

7[15,22] consider a more general case of T topological and H holomorphic directions, then the cor-
responding subgraphs S are (H + T')-Laman [26,38,41]. In our case, H = 0 and T = 1, a Laman graph
has |[Vg| = 2.
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2.4. Outlook

The proof of the equivalence of the Pfaffian form ¢¢ and the topological form ag given
in the present work is an explicit combinatorial construction, based on their respective
definitions.

As pointed out above, the BRST-brackets and the topological form «g are intimately
related to the formality theorem [35] for topological field theory [16], and the graph com-
plex GC3 where the form ¢ operates, has originally been introduced in [32] in a related
context. Conversely, in the path integral formulation of Chern Simons theory, the sign
computed by a Pfaffian of the field differential operator is crucial to relate the QFT picture
to Donaldson invariants, as discussed extensively in [47, Section 3]. Of course, a priori
the latter Pfaffian is a totally different object from our Pfaffian form ¢g. Nevertheless,
one can speculate whether it would be possible to track the appearance of Pfaffians all the
way from path integrals in TQFT to their series expansion in terms of Feynman diagrams
to their role in the graph complex.

Secondly, the sum of dipole Feynman integrals (equation (2.5)) represents the only
quantum correction {7, -} to the BRST differential for the case of topological quantum
mechanics. Moreover, it follows from the cohomology of the Poisson operad that (d > 1)-
dimensional topological quantum field theory has no non-trivial higher brackets either [4,
Section 3.3]. At the same time, the dipole sum 1 defines a twisted differential in (2.8),
and the entire cohomology of GC3 with respect to this differential is itself given by a sum
of dipoles. It would be interesting to understand if there is any relation between these
observations (cf. [29, Remark 2, Appendix A]).

Thirdly, the topological form o arises from integrals where Qp.. acts on a product
of propagators. The free BRST operator Q.. satisfies descent relations [4,22]

eree(g = _d(gv

where d is the free-field differential operator. On the other hand, the Feynman propagator
P(x) is by definition a solution of dP(x) = w§(x). The integrals /g therefore consist of
a sum of terms where one propagator in turn is ‘contracted’, up to regularization. Having
made the explicit relation with the graph complex GC3, a natural question is to what extent
this contraction of propagators corresponds to the differential d in the graph complex,
which is defined as the signed sum of all ways to contract one edge of G. One approach
would be to construct an explicit position-space representation of o that carefully takes
into account regularization.

Lastly, as alluded to earlier, in the context of graph complexes one often wants to take
products of ¢ with further differential forms wg [10], whose integrals could then pair
with graphs outside of the dipole family. Similarly, in [22], a second class of differential
forms, pg, has been introduced to study the analogous corrections in theories with holo-
morphic directions. In an upcoming article, we will give a description of the holomorphic
form pg in terms of graph matrices.
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3. Definitions and proofs

The remainder of the paper is devoted to explaining all graph-theoretic notions that appear
in the formulas of Pfaffian and topological differential forms, and to establishing the lem-
mas that ultimately lead to a proof of Theorem 1.

3.1. Incidence and path matrices

We first recall some standard definitions of graph theory. We will often have to fix one
special vertex v,. This choice is arbitrary, but we usually take v« = vy,;| in order to have
a natural labelling on the remaining vertices Vg = Vg \ {v4}.

Definition 3. The reduced vertex incidence matrix I of G is a |Eg| x (|Vg| — 1) matrix
where rows are indexed by edges e € E¢ and the columns are indexed by vertices v € Vg,
and the entries are

—1 if e starts at v, that s, tail () = v,
(Ie,y =91 ifeendsatv, thatis, head (e) = v,

0 else.

We introduce one formal parameter a, for every edge e. In physics, these are the
Schwinger parameters. From these parameters, we define the edge variable matrix

ai
D := diag(a) = . 3.1

4d|Eg|

Powers of the matrix D are understood in terms of the corresponding power of the diagonal
entries. In particular, we often use

D! = diag ({a;'}).

A path from v to w is a connected sequence of edges that does not visit any vertex
more than once. A cycle is a closed path, i.e., a path where v = w. The number of linearly
independent cycles in a connected graph G is, by Euler’s formula,

t=|Eg|— Vel +1, (3.2)

it is called the loop number of the graph. As a cycle can be identified with the set of edges
it contains, we can denote them by a column vector C; with | Eg| entries, where the entry
(Cj)k is (+1) if the cycle j passes through edge k in positive direction, (—1) if cycle j
passes through edge k in negative direction, and zero otherwise. The set of cycles form a
vector space over Z of dimension £ called cycle space Hy and any set of £ independent
cycles forms a basis of Hj.
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Definition 4. Let G be a connected graph and let {Cy, ..., C;} be an ordered cycle basis
of G. The corresponding cycle incidence matrix € is an |Eg| x £ matrix whose columns
are these edge vectors C;.

A tree is a connected graph without cycles. A spanning tree T C G is a tree that is
incident to all vertices Vi of G. A choice of spanning tree 7" C G induces a choice of cycle
basis since, by (3.2), there are exactly £ edges e € Eg which are not in 7. Adding one
of these edges to T forms a cycle, and these cycles are necessarily linearly independent
since the defining edge e is only contained in the cycle it defines. The so-obtained set of
cycles is called the fundamental cycle basis induced by T .

Definition 5. We denote by T the cycle incidence matrix (Definition 4) corresponding to
a fundamental cycle basis induced by a spanning tree 7. The cycles are taken in the order
induced by the defining edges in £ \ 7.

A graph typically allows for several distinct choices of paths between two given ver-
tices. Choosing one path to each vertex gives rise to a path matrix.

Definition 6. A path matrix P is a |Eg| X (|Vg| — 1) matrix where the column j repres-
ents a (directed) path from v, to v;. Thatis, . ; = +1 if the edge e appears in the path
in its natural direction, —1 when it is used in reverse direction, and & ; = 0 when e is
not part of the path j.

The columns of a path matrix are linearly independent, and they span a subspace of
edge space of dimension |Vg| — 1, and the columns of & are linearly independent of the
columns of €.

Lemma 5. Let 1 be the vertex incidence matrix (Definition 3), € any choice of cycle
incidence matrix (Definition 4), and & any choice of path matrix. Then

@ P = Lvgl-nx(vel-1»
() I'e = O(ve|-1)xe» and equivalently €T = Oex (Vg |—1)-

Proof. We only show point 1, the second point follows from an analogous argument.

The matrix product P'T is the dot product between columns of I and rows of PT.
Column i of T consists of the edges incident to vertex i. Row j of £ is column j of P,
it consists of edges that form a path from v, to v;.

Notice that the path to v; contains exactly one edge adjacent to v;, with sign +1 if the
edge points towards v;. If i = j, this edge is the only one that simultaneously appears in
column i of I, and it appears with the same sign. Therefore, the diagonal entries of the
matrix product are +1. If i £ j, there are two possibilities: Either none, or exactly two,
of the edges in the path to v; is contained in column i. In the first case, the dot product
vanishes. In the second case, the two edges appear with opposite relative signs, and the
sum is zero. ]
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3.2. Laplacians

We will often consider minors of graph matrices. Let M be an n x m matrix and consider
sets A and B corresponding to subsets of rows and columns of M, respectively. We define
two types of submatrices:

M (A, B) := M where rows A and columns B have been removed, 3.3
3)
MIJA, B] := M where only rows A and columns B are present.

If |A| = | B|, then these matrices are square and it makes sense to compute their determ-
inant. We use ‘—’ in place of 4 or B to denote all rows or all columns of M and use the
shorthand

M[A] .= M[A, -] 34

for the submatrix obtained by taking the rows of M corresponding to A.
We need two different notions of Laplacian matrices. In both cases, they are reduced
in the sense that they do not involve the removed vertex v.,.

Definition 7. The expanded vertex Laplacianisa (|Eg|+ |Vg|—1) X (|[Eg| + |[Va| —1)
matrix consisting of the reduced incidence matrix I (Definition 3) and the edge matrix

(equation (3.1)):
D I
(2]

The vertex Laplacian of G is the (|Vg| — 1) x (|Vg| — 1) matrix
L:=1D'T=L"

By construction, the determinants of the Laplacian and of the expanded Laplacian
coincide up to a factor.

Definition 8. The Symanzik polynomial of the graph G is

Ve = detM = detL - 1_[ de.

ecEg

The following statement about determinants of minors of incidence matrices goes back
to Kirchhoff [31]. The cycle incidence version we attribute to Tutte [43].

Lemma 6 ([31], [43, Theorem 5.6]). Let U denote a subset of edges of G such that
|U| = |Vg| — 1. Let 1[U] and €[U] denote the square submatrices as in (3.4), where the
complement U := Eg \ U. Then

+1 ifU is a spanning tree, +1 ifU is a spanning tree,

detI[U] = { det€[U] = {

0 otherwise, 0 otherwise.
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The (weighted) matrix tree theorem is the well-known consequence of Lemma 6
(cf. [39,40]) that the Symanzik polynomial is given by a sum over all spanning trees

of the graph,
1
detl = — = . .
>, Il ve= X Tl (3.5)
T ecT T edT
spanning tree spanning tree

We can also consider another version of a Laplacian matrix, this time defined via a
cycle incidence matrix.

Definition 9. The cycle Laplacian® of a graph G, with respect to a basis € = (Cy, ..., Cy)
of the cycle space H;(G) (Definition 4), is the symmetric £ x £ matrix

Ae = €DE.

The cycle Laplacian has an analogue of (3.5). As this statement is much less known in
the literature, we give an explicit proof.

Lemma 7. For any choice of cycle incidence matrix € of the graph G,

detAe = Y [[ae=ve

T egT
spanning tree
coincides with the Symanzik polynomial (Definition 8.)
Proof. Expanding the determinant of Ae via the Cauchy—Binet formula,
det Ae = det(€DE)
= Y det(€'-.U]) - det (DE)[U. -])

[
= Y det(€[U])-det(€[U])- [ ] a
I‘JUEIEE; ecU

Z HanWG
T e¢T

spanning tree
where the second to last equality follows from Lemma 6, and the last equality is (3.5). =

It might appear that the properties of the cycle Laplacian (Definition 9) could depend
on the particular choice of cycle incidence matrix € used in its definition. Indeed, choosing
a different €’ amounts to choosing a different basis in cycle space, hence a transformation

8This matrix is called dual Laplacian in [10], whereas in [9] it is just Laplacian and IL is called dual
Laplacian. We use the names ‘cycle Laplacian’ and ‘vertex Laplacian’ to avoid any potential confusion.
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€’ = € P for some invertible matrix P € GL¢(Z). This implies a change of the corres-
ponding cycle Laplacian by conjugation,

Ae = PTAeP. (3.6)
The determinant of the cycle Laplacian then changes according to
det(Aer) = det(P)? - det(Ae).

The fact that both € and €’ have integer entries +1, and that P is invertible, means
that det(P) = £1. Consequently, the determinant of the cycle Laplacian, which is the
Symanzik polynomial (Definition 8), does not depend on the choice of €.

As every non-empty connected graph has a spanning tree, when all the Schwinger
parameters are strictly positive @, > 0 by (3.5) we have that the Symanzik polynomial is
non-zero and thus both Laplacian matrices are invertible. This is also easy to see from the
fact that, by definition or as a corollary of Lemma 6, I has rank (|Vg| — 1) and € has
rank £.

Proposition 8. The inverses of the vertex Laplacian 1L (Definition 7) and the cycle Lapla-
cian Ne (Definition 9), regardless of the choice of €, are related via

D —IL7'I" = DeA €.
Proof. Consider the following two matrix products:
Pp:=D7'IL'T, Py, :=CAL'€D.
Pr hasrank (|Vg| — 1) and Py, has rank £. From Definition 7, one finds
P:=D UL I'D UL =D "ILI" = PF.

Likewise, it follows from Definition 9 and Lemma 5 that PIZI,1 = Py, and Pr Py, =
0 = Py, Pr. This certifies that Pr and Py, are orthogonal projection operators onto
subspaces of edge space. Moreover, by (3.2), the sum of the two projectors has rank |Eg|,
and therefore Pr + Py, = 1)g). Multiplying from the left by D! yields the claimed
equation. [ ]

3.3. Concatenated matrices and signs

We now consider square matrices which arise from concatenating pairs of the matrices
defined in Section 3.1. These combined matrices have size |Eg| X |Eg|, and they have
full rank.

Lemma9. Let I be the vertex incidence matrix and € the cycle incidence matrix. Then

(i) det(€ | D) =92 [, a.%
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(i) Let R be any matrix such that R = 1ys|—1. Then

det(€ | Rydet(€ | D7'T) = yg [ [a;".

In particular, by (1), det(€ | R) = 1.
(ili) Let S be any matrix such that STD€ = 1. Then

det(S | D7) det(€ | D7) = yig [ [az >

In particular; by (1), det(S | D™'I) = £ ], a_ .

Proof. By the orthogonality of € and I (Lemma 5), the following matrix product is block
diagonal:

ehe 0 Ae 0
—17\Ty -1 €
e | D'ID(E | D }1)—_( 0 HTD—IH) —_(® ]L)_

Likewise

€De €l Ae 0
T -1y — _ €
€1 R)D(E|D H)_(RT]D)‘G RT]D)]D)‘l]I)_(RTD‘é 11)’

sDe ST 1 ST
—17\Tj —1
(§ 1D HD(e | D) (]IT]D)—I]D‘G JITD—IDD—IH) (@ ]L)'

On the left-hand side, taking the determinant gives the product of the determinants of the
three block matrices. Since the determinant is invariant under transposition, the claim fol-
lows. Identify the Symanzik polynomials according to det(L) = ¥ []a, ! (Definition 8)
and det(A¢) = ¥¢ (Lemma 7). |

The statements of Lemma 9 have useful corollaries when they are evaluated at D = 1,
that is, when a, = 1 for all e. In that case, by (3.5) ¥ is the number of spanning trees
of G, which, in particular, is a positive integer. We will need the following.

Corollary 10. For any choice of |Eg| x (|Vg| — 1) matrix R such that Rl = Livs-1,
det(€ | I) = det(€ | R) x (# of spanning trees in G),

where det(€ | R) = £1.

Note that such matrix R always exists, since by Lemma 5 the path matrix # (Defini-
tion 6) satisfies PTI = 1y4)-1. Corollary 10 is nice on its own, but most importantly, it
allows us to fix an alternating sign in the main proof and relates the minors of I and €.

Lemma 11. Let G be a connected graph where all labellings are arbitrary but fixed. Let
€ be any choice of a cycle incidence matrix and let P be any path matrix. Then, for all
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sets T C Eg of |Vg| — 1 edges with T := Eg \ T

L+1)
2

det (I[T]) = (-1)

L+1)
2

det(€ | P) - (—1)Xee7 € det (€[T]), (3.7)

where the sign (—1) det(€ | P) is independent of the choice of T. In particular, both
sides of the equation are zero unless T is a spanning tree in G.

Proof. First, for any subset T € Eg of |Vg| — 1 edges that contains a cycle, we have that
by Lemma 6, det(I[T']) = det(€[T]) = 0. As det(€ | #) can never be 0 by Corollary 10,
equation (3.7) holds trivially for such 7" and thus both sides are non-zero if and only if T
is a spanning tree.

Fix T C E¢ to be some spanning tree of G. As det(€ | #) is invariant under the choice
of #, let & be the path matrix such that column P; corresponds to the unique directed
path from v, to v; contained in 7. In particular, P[T] = 0 and thus Lys -1 = P =
(P[TD[T], immediately obtaining that det(P[T]) = det(I[T]).

Thus we can rearrange the rows of (€ | #), which correspond to the edges Eg, to
compute

Py — f: i—1 B[T] 0
det(€ | ) = (—1)Zi=1 /17 det (E’[T] ?[T])
= (=1)Xi=1 /i~ det (€[T]) - det (P[T))

L(£+1)

= (—1)Zesr¢(=1) 2 det (€[T]) - det (I[T]),

where T = {f; <--- < f;} are taken in increasing order and the sign in the first equality
comes from rearranging the rows such that the edges in 7' come before the edgesin 7. m

Note that the sign det(€ | &) is not unexpected and can be interpreted as exactly the
sign needed to relate the two notions of orientation data on the graph G required to define
the vertex and cycle incidence matrices. Namely, given a fixed ordering of the edges Eg,
the signs tells us how to translate from an ordering of the vertices Vg and fixing directions
of edges, which is needed to define I, to an ordering of a given cycle basis, which is
needed to define €. See [10, Section 4.4] for further discussion; there, the matrix denoted
A amounts to our matrix (€ | &), but with a different choice of special vertex (v, = v1).

Finally, we give the proof for the change of sign claimed in Corollary 4 (iii).

Lemma 12. Let G’ be the graph obtained from G by subdividing the edge e into edges
e’ and e". We take the new edges e', ¢ in the same direction as e, let e’ inherit the label
of e and let ¢’ have the label e + 1, shifting all subsequent edge labels by one unit. Let
the newly added vertex be labelled v, where all existing vertices are shifted by one unit.
Then, the sign of the topological form changes by (—1)¢T1,

Proof. All we need to show is that we have the relation det(€’ | £’) = (—1)¢*! det(€ | P)
between the matrices for G’ and G. Then by Theorem 1 and Lemma 3 (iii), we immedi-
ately obtain

_ det (€| ')
=

det (€ | P)

Y 52 (@6) = (=117 (@)

ag: gor = (~1)*!
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Suppose the edge e = v — w is directed from vertex v to vertex w. The subdivided
edges in G’ are thus directed ¢/ = v — v; and ¢” = v; — w. Recall that in the Pfaffian
case (Lemma 3 (iii)), the cycle basis defining €’ is induced from € by replacing the edge
e with the path e’e”. As we can choose any path matrix &’ for G’, similarly, we can take
P’ to be induced from P by replacing the edge e with the path e¢’e” in any path that
contains e. We further need to specify a path from v, to the newly created vertex v;. Here
we can take the path v, — v used in & and add the edge +¢’.

Translating into matrices, (€’ | #’) is obtained from (€ | £) by adding a new row
¢” in position e + 1 and a new column v; in position £ + 1. Row e” coincides with row
e (which corresponds to edge e’) everywhere except in column vy of $’, where row e
has a +1 while row e” has a 0. Similarly, columns v; and v coincide everywhere except
in row e. Thus, expanding the determinant of (€’ | ) along column v; leaves only
one non-zero contribution, which is exactly (—1)¢t¢*1 det(€ | £), as all other terms
involve matrices with two coinciding rows. As £ is even, we find that det(€’ | P’) =
(=1etldet(€ | P). (]

3.4. Dodgson polynomials

Consider sets A and B of integers between 1 and (|Eg| + |Vg| — 1), not necessarily
disjoint. These sets correspond to sets of rows and columns of M (Definition 7), and using
the notation of (3.3), we are interested in the following minors of M as defined in [13].

Definition 10. Let |A| = |B|. The Dodgson polynomial of a graph G is the determinant
of the submatrix of M (Definition 7) where rows A and columns B have been removed,

ve? == detM(4, B).

A closely related set of polynomials can be defined in terms of spanning forests [12,
24]. Dodgson/spanning forest polynomials have been used, e.g., in the study of period
invariants [11,42] and for the manipulation of parametric Feynman integrands [5,7,23,42].
These two types of graph polynomials are related via the following expansion for Dodgson
polynomials, which has appeared up to sign in [12, 13], and can further be expressed as a
signed sum of spanning forest polynomials.

Lemma 13. Let A, B C Eg be sets of edges with |A| = |B|. Let U be the set of subsets
U of edgesin Eg \ (AU B) such that |U| = £ — | A|. Then the Dodgson polynomial is an
alternating sum over edges not in spanning trees,

va? = D (- keevlAelmIBeel det (1(U U A,9)) det (1(U U B.9)) [ ] ae.
UelU ecU

where A<, = {a € Ala < e} and similarly for B<,. In particular, the only terms that con-
tribute are those such that both U U A and U U B are spanning tree complements in G.
In the special case A = B = @, we recover (3.5).
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Proof. Expanding the determinant 1//’G‘1 ‘B via the Leibniz formula, and based on the struc-
ture of M((A, B), the only non-zero terms come from permutations that factor the determ-
inant as such:

0 I(UUA,9
yaE = z: dm@MJmaUnw{qm@UUm ( . ))

UCEG\(AUB) ’
= Y det(OU)( I1 ae)(_1)|vc|—1+(|vc\—1)(|Ec|—e)

UCEG\(AUB) ecU

T
det (V@ U UB) 0
0 I(U U A, 9)

=3 det(au)( I1 ae> det (I(U U A, 9)) det (L(U U B.0)).

UeU ecU

Here, since D (A, B)[U, U] may no longer be diagonal, its determinant induces a sign
det(oy) for some permutation matrix oy. For the last equality, I(U U A, @) is an
(|Eg| — |U| = |A]) x (|Vg| — 1) matrix, which by Euler’s formula (equation (3.2)) is
square and has non-zero determinant when |U| = £ — |A| (recall I is of rank |Vg| — 1),
similarly for I"(@, U U B). In particular when |U| = £ — |A|, Lemma 6 tells us that the
product of det(I(U U A, @)) and det(I(U U B, @)) is non-zero, and furthermore equal
to =1, if and only if both U U A and U U B are spanning tree complements.

Finally to determine det(oy ), we just need to count the number of transpositions it
takes to bring a. to the diagonal of ID(A, B)[U, U] for e € U. This count is exactly the
difference between the number of rows removed from D above row e and the number of
columns removed from D before column e, which is given by

la € Ala < e}| — |{b € Blb < e} -

Recall that the matrix Ml (Definition 7) has edge and vertex indices, where the top left
block is indexed by edges. The cycle Laplacian Ae (Definition 9) is indexed by cycles, and
the mapping between cycles and edges is done by €. Analogously, the vertex Laplacian IL
(Definition 7) is indexed by vertices, and the incidence matrix I maps between edges and
vertices.

Proposition 14. The entries of the inverse vertex Laplacian and of the inverse cycle
Laplacian are given by Dodgson polynomials,

B (_1)i+jw2i7“j

-1
LDy =
_ (=) yg
(CAL Ny ey = ———F—,
' (¢}
(D" agyg

(D_IH]L_l]IT)ei,e]' = Se,-,ej- - vfG

In the last equation, the diagonal entry e; = e; can equivalently be written as %
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Proof. The Dodgson polynomials with single-element indices are just the cofactors of M,
therefore, they are entries of the inverse,

Y

At the same time, thanks to the block form of M, one can compute the inverse in block
form:

(D I 1 (D'=DULD! -D7ULT!
M= (—]IT @) = M _( LD~ L-! '

M)y = (=)'

The third equation of the proposition follows from taking coefficients of the top-left block
D~! — D 'IL'I"™D~! and multiplying by I. The top-left block can further be written
as ‘C’AEI‘C’ using Proposition 8. Taking coefficients of the diagonal blocks thus gives the
first two equations.

To prove the alternative formula for the diagonal entry, recall that setting a, = 0 in
¥ means to contract the edge e in the graph. When e = s — ¢ is any edge, a determinant
expansion of M along row e yields

V6/e = VGlag=0 = detM|q,—o = (=1)'THElg y g’ — (—1)"TF1Elg,y &
Consequently, for the case f = e, we have that

t ,
AL e = (—l)t+e+|E|ael//g — (_1)s+e+\Elae¢2s _ aeI/f(;/e. 38)

(Z¢ (7€
The diagonal Dodgson edge polynomial amounts to deletion of an edge, wé’e =VG\e, and
the Symanzik polynomial satisfies the contraction-deletion identity Y6 = a.¥G\e + ¥ G/e-
Consequently, the last term of (3.8) can be rewritten as

2, e.e
aewG/e - — agl/fG\e —a — ael//G
=a, =d, .
[ ¢}

Ve Y

Noticing that (—1)¢T¢ = (—1)2¢ = 1, this has the same form as the off-diagonal form,
up to a Kronecker delta. Finally, the factor a, in both expressions gets cancelled when we
multiply by D! from the left. m

Proposition 14 and its proof are also of interest as we obtain several (new) linear rela-
tions between edge and vertex Dodgson polynomials as a consequence. By taking other
coefficients of M~! analogously to the proof of Proposition 14, for example, this results in
an alternative proof of [2, Lemmas 11 and 12]. The last equation in Proposition 14 implies
the following new identities.

Corollary 15. Dodgson polynomials satisfy the following graph-related identities:

(i) Foranyedgee = s — t where s and t are distinct vertices,

aYere =vg + Vg — 2=y
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(i1) By the orthogonality of € and 1, for any cycle C identified with its edge incid-
ence vector (c;) and for any edge e;,
cive— Y, (=) Hejanyg @ =0.
ej eEg
Finally, for the special case where € is defined in terms of a fundamental cycle basis,
we can directly express the entries of AEI in terms of edge Dodgson polynomials.

Corollary 16. Let T be the cycle incidence matrix corresponding to a fundamental cycle
basis {C1, ..., Cy} defined via a spanning tree T (see Definition 5), where each cycle C;
corresponds to an edge f; ¢ T. Then the (i, j)-entry of Agl is given by edge Dodgson
polynomials (which, by Definition 10, are independent of the choice of cycle basis),

Jirfi

-1 _ fi+fi wG '

(AF)c.c; = ()T —2—.
(e

Proof. f; being the defining edge of the cycle C; implies that C; is the only cycle that
contains f;, and the directions of C; and f; coincide. Therefore, the entry 77, ¢, = +1 is
the only non-zero entry in the row f; of 7. Phrased differently, if f; is one of the defining
edges, then the vector 77[—, £;] is a unit basis vector for C;. Now consider the equation

(_1)i+_i wé’ »€j
Ve

from Proposition 14. It holds for arbitrary edges. However, if € is defined in terms of a
fundamental cycle basis, and f;, f; are defining edges of fundamental cycles, then

(TAE'ITT)fi,fj = (A}I)Cigcj' u

= (CAL ey e,

3.5. Dodgson representation of the Pfaffian form
Recall from Definition 2 that the Pfaffian form ¢ for the graph G is defined as
1 Pf(dAe - AEI -dAe)
C(2m)t? N ’
where A is the cycle Laplacian (Definition 9) corresponding to an ordered cycle basis €
(and its cycle incidence matrix). ¢g is only non-zero when G has even loop number £.
To express the Pfaffian form in terms of Dodgson polynomials, we will need the fol-

lowing minor summation formula of Pfaffians, which is an analogue of the Cauchy—Binet
formula for determinants.

(ofe] (3.9)

Lemma 17 ([27, Theorem 1]). Let A be an m x n matrix and B be an n x n skew-
symmetric matrix such that the entries of B commute with the entries of A. Suppose m <n
and m is even. Then

PR(ABAT) = " det(A[-. U])Pf(B[U.U]).
ve(i)

where the sum is over all subsets of size m of [n] = {1,...,n}.
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Theorem 2. For a connected graph G with even loop number { and any ordered cycle
basis €, ¢ is a sum over spanning trees,

1
¢ £+1
(=m) 22436’
Z (— 1)Ze¢re det f[T] ( Z 1'”U(fl) 0 (f2) ”wg(fz—ﬂ,tf(fe)) /\dae,

T 0EGE e¢T
spanning tree

¢c =

where for each tree T, the edges { fi,..., fi} =T = Eg \ T and the da, are taken in
the increasing order corresponding to the edge orderings.

Proof. Notice that we can rewrite
dAe - Ag! -dAe = €D - €ALET- dD)E.

Letting X :=dD - ‘C’AE“@T- dD), the minor summation formula (Lemma 17) and the mat-
rix tree theorem (Lemma 6) immediately expands the Pfaffian of this matrix as a sum over
spanning trees of G,
Pf(dAe - Ag' -dAe) = Y det(€'[- U]) Pf(X[U.U])
Ue("0)

> det(€[T]) Pf(X[T.T]). (3.10)

spanning tree

where the first sum runs over all subsets U C Eg such that |U| =£and T = Eg \ T.
Using Proposition 14, we can identify the entries of the |Eg| X | Eg| matrix X as

=Dy

v G daei/\daej.
G

In particular, the square £ x £ submatrix X [T, T] consists of only the rows and columns
corresponding to the edges in 7', ordered in increasing order. Denote the ordered edges of
T by {f1 <--- < f¢}. Then expanding the Pfaffian of X [T, T'] via (1.8) gives

X;; =[dD-eAg' e’ -dD); ; =

Pf (X[T, T])
S o) 1#O(ﬁ) ,0(f2) wg(fl—l):a(fl)
= sgno(—1)&i=194i - da ---da
2%(5) U;_ wG wG O’(fl) U(fZ)
1
— g( l)ze¢7~e( Z I//0'(](1) ,0(f2) ”wg(f(—l)ag(fé)> /\ dae, (311)
2 ( )'1//G 0EGH edT
where the sum runs over all permutations of the edges { fi, ..., f¢}. The second equal-

ity follows as sgn o is exactly the sign needed to rearrange dag(f) A -++ A dag(y,) into
increasing order.
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As this holds for every spanning tree 7', plugging (3.11) and (3.10) into (3.9) gives the
result. ]

Note that using Corollary 16 and pulling in some prefactors, ¢ can also be written as

1 — _
b= Camprgge o (AT A\ dee

1 e¢T
spanning tree
where T is the fundamental cycle basis (Definition 5) corresponding to the spanning tree
T and haf(M) denotes the hafnian of an even 2n x 2n-dimensional symmetric matrix M
defined as

1
haf(M) =~ > Moo Mo@n—1).02n)-
' 0eB,

Thus, the hafnian is for the Pfaffian (equation (1.8)) what the permanent is for the determ-
inant.

3.6. Proof of the main result

With Theorem 2 and the constructions that lead to it, we have established all the ingredi-
ents needed for the proof of our main result, Theorem 1. Consequences of these results
have been discussed already in Section 2.

Proof. By Proposition 1, the form «¢ is a sum of terms, each of which is indexed by one
of the spanning trees 7 € Eg, where the term corresponding to 7" is a certain sum of
Dodgson polynomials. On the other hand, by Theorem 2, the form ¢¢ is given by a very
similar sum, up to two differences. Firstly, the overall scaling factor is different. Secondly,
in place of det(I[T]), we have (—I)ZeéT ¢ det(€[T]). By Lemma 11, these two quantities
coincide up to the overall sign det(€ | ) which is independent of T'. |
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