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Loop torsors. Theory and applications
Vladimir Chernousov, Philippe Gille, and Arturo Pianzola

Abstract. Loop torsors over Laurent polynomial rings in characteristic 0 were originally introduced
in relation to infinite dimensional Lie theory. Applications to other areas require a theory that can
yields results in positive characteristic, and for group schemes that are not of finite type. The relation
between loop and so-called toral torsors, is one of the central questions in the area. The present paper
addresses this question in full generality.

1. Introduction

Kac—Moody Lie algebras, the affine ones in particular, are defined by generators and rela-
tions. This begs the question of what these algebras “look like”. One encounters this
question already in finite dimensional Lie theory. That the split Lie algebra of type G,
exists is shown by considering generators and relations a la Serre. But this Lie algebra has
a very concrete realization: The Lie algebra of derivations of the octonions.

The concept of loop torsor traces its roots to this question, that is, the characteriza-
tion of affine Kac—Moody Lie algebras over the complex numbers. More precisely, the
following classes of Lie algebras “are the same”:

(i) A Lie algebra £ obtained as the derived Lie algebra of an affine Kac—-Moody
Lie algebra modulo its centre. (The full algebra is obtained from &£ by passing to
the universal central extension £ @ Cc, and adding a canonical one dimensional
space of “degree derivations” that allows, among other things, for the existence
of an invariant non-degenerate bilinear form.)

(i) A loop algebra L(g, o) where g is a finite dimensional simple Lie algebra over
C and o an automorphism of the Coxeter—Dynkin diagram of g (viewed as an
automorphism of g).

(ili) A Lie algebra L over the Laurent polynomial ring R = C[t*!] that locally for
the fppf-topology — in fact, for the finite étale topology as defined in [6, IV.6.3]
—looks like g ® c R for some (necessarily unique) g as in (ii).

The loop algebras were independently introduced by Kac [14] and Moody (unpub-
lished) as realization of the derived algebra of the affine Lie algebras with their centres
factored out. From the definition it is not difficult to see that the infinite dimensional com-
plex Lie algebra L(g, o) is in fact an R-Lie algebra, free of rank = dim(g), such that
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under the base change to S = C[li%] it becomes
g®c S ~(g®c R)®r S.

It is thus a twisted form of g ®c R, hence corresponds to an Aut(g)-torsor over R. What
(iii) says is that the torsors arising from loop algebras are in fact up to isomorphism all
Aut(g)-torsors over R (see [17, 18]).

The Aut(g)-torsors corresponding to the loop algebras are very special. First of all,
they are isotrivial, that is, they are trivialized by a finite étale extension of the base.
They thus come from cocycles involving the algebraic fundamental group of Spec(R).
The values of these cocycles are also special: They take values on Aut(g)(C). In [11] we
introduced the general concept of a loop torsor E over a scheme X under the action of an
X -group scheme G defined over a base field k.

We looked in detail at how the concept of E being loop relates to the existence of
maximal tori on the twisted X -group g G, in which case we say that E is a toral torsor.

Loop torsors were used in [3] to provide a classification of torsors over the Laurent
polynomial ring k[t!, ..., £E1] (k of characteristic 0) under the action of a reductive
group scheme. They were already singled out in [16] and in the work of Stavrova [21,22].
Loop torsors seem to be central to the current work of R. Parimala and one of the authors,
see [10]. Their framework, however, requires that some of the key material of [11], such
as Borel-Mostow semilinear considerations and the relation between loop and toral tor-
sors, be done over fields of arbitrary characteristic and for group schemes that are not of
finite type. This is the purpose of the present work. We work with group schemes that
include the group of automorphisms of reductive groups. They are extensions of twisted
constant groups by reductive groups. The main results are that, with natural assumptions,
toral torsors are loop (Theorem 4.3), and loop torsors are toral (Theorem 5.11). The cru-
cial application to the case in which the base is a Laurent polynomial ring is given in
Theorem 6.1.

Finally, it is our belief that the techniques introduced to establish this much broader
base for the theory of loop torsors are of independent interest.

2. Generalities on the algebraic fundamental group

Throughout this section X will denote a scheme, and & a group scheme over X. We
will do a quick review of the topics and concepts that are relevant for the present work.
Accordingly, we assume that X is connected and noetherian. In particular X is quasi-
compact and quasi-separated [20, Tags 010V, 010Y]. Following [7], by a quasi-geometric
point of X we will understand a morphism x: Spec(K) — X where K is a separably closed
field.

Let Xy be the category of finite étale covers of X, and F the covariant functor from
Xt to the category of finite sets that assigns to a finite étale cover X’ of X the set

F(X') = {quasi-geometric points of X'(K) above x}.
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That is, F(X’) consists of all morphisms x’: Spec (K) — X’ for which the diagram
X/

Spec(K) —— X

commutes. The group of automorphisms of the functor F' is called the algebraic funda-
mental group of X at x, and is denoted by m1(X, x).! If X = Spec(R) is affine, then x
corresponds to a ring homomorphism R — K, and we will denote the fundamental group
by 71(R, x). The functor F is pro-representable: There exists a directed set I, objects
(Xi)ier of Xte, surjective morphisms ¢;; € Homy (X, X;) fori < j and geometric points
X; € F(X;) such that x; = ¢;; o xj,

the canonical map f: li_n>1H0mX (X;, X') — F(X') is bijective, 2.1

where the map f of (2.1) is as follows: Given ¢: X; — X' then f(¢) = ¢(x;). The
elements of h_r)nHomX (X;, X') appearing in (2.1) are by definition the morphisms in
the category of pro-objects over X (see [12, §8.13] for details). It is in this sense that
li_n)lHom(X i, —) pro-represents F.

Since the X; are finite and étale over X the morphisms g;; are affine. Thus the inverse
limit

X% = lim X,’
«—

exists in the category of schemes over X [12, §8.2]. For any finite étale scheme X’ over
X we thus have a canonical map

Hompro x (X5, X') & lim Homy (X;, X') ~ F(X') — Homy (X**, X')

obtained by considering the canonical morphisms ¢;: X* — X;. Because our scheme X
is assumed to be noetherian, this last map is bijective. More precisely.

Proposition 2.1. F is represented by X, that is, there exists a bijection
F(X') ~ Homy (X*, X")
which is functorial on the objects X' of Xg.

Proof. Because the X; are affine over X and X is noetherian, each X; is noetherian, in
particular, quasi-compact and quasi-separated. Thus, for X'/ X locally of finite presenta-
tion, in particular for X’ in X, the map

lim Homy (X;, X') — Homy (lim X;, X")
— <«—

is bijective [12, Prop. 8.13.1]. The proposition now follows from (2.1). ]

'In Grothendieck’s definition of 1 (X, x), x would be a geometric point. Just as in Galois theory,
where separable closures instead of algebraic closures are used, for the treatment of algebraic fundamental
groups it is more natural/convenient to use quasi-geometric base points.
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In computing X*¢ = lim X; we may replace (X;);cs by any cofinal family. This allows
us to assume that the X; are (connected) Galois, i.e., the X; are connected and the (left)
action of Auty (X;) on F(X;) is transitive. We then have

F(X,) ~ Hompro_X(XSC,X,-) ~ HomX(X,-,X,-) = Autx(Xi).

Thus 71 (X, x) can be identified with the group LiLnAutX (X;)°PP. Each Auty (X;) is
finite, and this endows 71 (X, x) with the structure of a profinite topological group.

The group 71 (X, x) acts on the right on X*¢ as the inverse limit of the finite groups
Auty (X;). Thus, the group 71 (X, x) acts on the left on each set

F(X/) = Homp,.x (Xsc’ X,)

for all X’ € Xg. This action is continuous since the structure morphism X’ — X “factors
at the finite level”, that is, there exists a morphism X; — X’ of X-schemes for some
i € I.Ifu: X' — X" is a morphism of Xt, then the map F(u): F(X') — F(X") clearly
commutes with the action of 1 (X, x). This construction provides an equivalence between
Xt and the category of finite sets equipped with a continuous 7 (X, x)-action.

The right action of 71(X, x) on X*¢ induces an action of 71(X, x) on &(X*) =
Mory (X%, &), namely

V(z) = f(z¥) Vyem((X,x), f e &(X*), ze X*.
Remark 2.2. Since X is connected, quasi-compact and quasi-separated, the scheme X*¢
is connected and simply connected. See [23, Prop. 3.4].
Proposition 2.3. Assume that & is locally of finite presentation over X. Then & (X*°) is
a discrete w1 (X, x)-group and the canonical map

lim A (Auty (X;), (X)) — H' (m (X, x), (X))

is bijective.

Remark 2.4. Here and elsewhere when a profinite group A acts discretely on a module
M the corresponding cohomology H (A, M) is the continuous cohomology as defined
in [19]. Similarly, if a group H acts in both A and M, then Homg (A, M) stands for the
continuous group homomorphism of A into M that commute with the action of H.

Proof. To show that & (X *°) is discrete amounts to showing that the stabilizer in 71 (X, x)
of a point of f € & (X*) is open. But if & is locally of finite presentation then

& (X*) = G(lim X;) = lim & (X;)

[12, Prop. 8.13.1], so we may assume that /' € & (X;) for some i. The result is then clear,
for the stabilizer we are after is the inverse image under the continuous map 7y (X, x) —
Auty (X;) of the stabilizer of f in Auty (X;) (which is then open since Auty (X;) is given
the discrete topology).
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By definition
H' (m1(X,x), (X)) = lim (m1(X,x)/ U, &(X*)Y),

where the limit is taken over all open normal subgroups U of 71 (X, x). Since [ is directed,
for each such U we can find U; C U so that U; = ker(mr1 (X, x) — Auty (X;)). Thus

H' (m1(X,x), &(X*)) = 11'13 H'(Auty (X;), G (X))
as desired. n

We assume now that X is a k-scheme over a field k£ such that X (k) # @ and such that
X is geometrically connected. We fix an algebraic closure k of k, and let ky the separable
closure of k in k.

Fix an element ag € X (k) and denote by a: Spec(ks) — Spec(k) 2% X the corres-
ponding quasi-geometric point of X. The point a will be our choice of base point in the
sequel.

Remark 2.5. (a) The scheme X*¢ has a natural ky-scheme structure, as we now outline.
Let £ be a finite separable extension of k, and denote X x £ by X,. There exists a unique
quasi-geometric point a;: Spec(ks) — X, such that ay + a (resp. ag +— Spec(£)) under the
projection Xy — X (resp. Xy — Spec(£)). Assume now £ is Galois. Since X is geometric-
ally connected, X is a (connected) Galois extension of X with Galois group canonically
isomorphic to that of £/ k.

The set I; ={i € I :Homy (X;, X¢) # @} is not empty. If i € I; and f; e Homy (X;, X;),
then f; is surjective and, after following f; with an element of Auty (X;) if necessary, we
may assume that f;(a;) = ag. Such an f; is unique.” If i < j and ¢;;: X; — X; is one
of our transition morphisms, then f; o ¢;; € Homy (X;, X(), so j € I;. By uniqueness
fi = fiowji.

After applying the projection X; — Spec({) to the above considerations we obtain the
existence of p;, € Homy (X*°, Spec(£)) such that py(a) = ay. This induces our desired
morphism pg: X5¢ — l(irESpec(Z) = Spec(ky).

By [7, Prop. 3.2.14] one has

nl(Spec(k),a) ~ Gal(k) = Gal(ks/ k).

The structure morphism X — Spec(k) induces a group homomorphism p: 71 (X, a) —
Gal(k,/k). One checks from the explicit construction given above that the structure morph-
ism pg: X5 — Spec(ky) is 71 (X, a)-equivariant.

2Because X,/ X is finite étale and X; is connected, f; is determined by its value at any geometric
point of X;. Indeed, let f, g € Homy (X;, X;) be such that f(a;) = g(a;) = ag. Let p;: X5 — X; be the
canonical projection. Then if /' = f o p; and g’ = g o p;, we have f’(a) = g’(a). From the bijection
Homy (X*¢, X;) ~ F(X¢) we conclude that /" = g’. Since p; is surjective we conclude that /' = g.
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(b) We claim that pg has a section. The geometric point a; corresponds to a point x;
of the underlying topological space of X;. The residue field «(x;) will for convenience
be denoted by k;. We thus have a k-scheme morphism ;: Spec(k;) — X;. A transition
morphism ¢;;: X; — X; yields the local ring morphism <p]7"i: Ox; x; = Ox; x;- This yields
a k-field extension k; — k;, hence a k-scheme morphism /;;: Spec(k;) — Spec(k;).

Since X; is a finite étale extension of X and x; — x, k; is a finite separable extension
of k. Thus 1(i£1$pec(k,-) = Spec(ks). Consider the projection 7;: Spec(ks) — Spec(k;),
and let g; = v; o ; : Spec(ks) — X;. From the above discussion we see that ¢;; 0 g; = g;.
We thus get an induced scheme morphism ay: Spec(ks) — lim X; = X*. It is clear from
the construction that ag followed by the structure morphism pg: X*¢ — Spec(ky) is the
identity.

We will denote X xx kg by X . Our point ag: Spec(k) — X gives rise by base change
to a quasi-geometric point a,: Spec(ks) — X, . By [7, Prop. 3.3.7] the sequence

1 > m(Xg,. as) — m1(X,a) 2> Gal(k) — 1 2.2)

is exact, and in fact split exact. Indeed, the existence of the rational point ag € X (k) yields
a natural choice of a section of p that can be understood as follows. Our ag: Spec(k) — X
induces by functoriality a group homomorphism ¢: 1 (Spec(k), b) — m1(X, a) where
b: Spec(ks) — Spec(k) is the natural map. Because a was also defined via ag, i.e. b is a
followed by the structure map X — Spec(k), we see that ¢ o p = Id. Finally

71 (Spec(k), b) ~ Gal(ky/k).

In concrete terms we are identifying a finite Galois extension £ of k with Galois group I'
with the Galois cover X xj £ of X.

3. Loop and toral torsors
Throughout X denotes a scheme and & a group scheme over X.

3.1. Generalities about torsors

Let E be an fppf sheaf on X equipped with a right action of &. Recall that E is said
to be a (right) &-sheaf torsor over X — or simply a &-sheaf torsor if X is understood —
if there exists a faithfully flat and locally finitely presented morphism ¥ — X, such that
E xx Y ~ & xx Y = Gy, where &y acts on itself by right translation.? In the above
situation we say that Y trivializes E. In what follows we denote by H (X, &) the pointed
set of isomorphism classes of &-sheaf torsors over X . The set H!(X, &) can be computed
in terms of cocycles a la Cech as we now briefly recall (see [8, §2] for details).

3We are viewing the ¥ -scheme &y as an fppf group sheaf on Y.
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Given a base change Y — X, we denote by H'(Y/X, &) the kernel of the base
change map H'(X, &) — H' (Y, Gy). Thus H!(Y/X, &) can be thought as the set
of isomorphism classes of &-sheaf torsors over X that are trivialized by the base change
to Y. As it is customary, and when no confusion is possible, we will denote in what follows
H(Y,&y) simply by H' (Y, &).

If the base change Y/ X is a an fppf cover of X, then H!(Y/X, &) can be computed
in terms of cocycles. More precisely

H'(Y/X.®) = Hy (Y/X. ).

The “set” of fppf covers of X is directed and by passing to the limit over all such cover-
ings Y, we have a bijection of pointed sets

: 1 1
lim H'(Y/X, &) > H'(X. ).

Recall that a sheaf torsor E over X under & is called isotrivial if it is trivialized by
some finite étale cover of X, that is,

[Ele HY(X'/X, &) Cc H' (X, ®)

for some (surjective) X’ — X in Xg. We denote by H! (X, &) the subset of H' (X, &)
consisting of classes of isotrivial torsors.

Proposition 3.1. Assume that X is connected and noetherian, and that & is locally of
finite presentation over X. Then

Hi;o(Xv 651) = ker(Hl(X, @’) — Hl(XSC, 6’))

Proof. Assume E is trivialized by X’ € Xgg. By (2.1) there exists i € I such that the set
Homy (X;, X') # 0. Then

Exxy Xi = E xyx X/XX/ X :@X/ Xx X =@Xi

so that E is trivialized by X;. The image of [E] on H!(X*°, &) is thus trivial.

Conversely assume [E] € H'(X, &) vanishes under the base change X* — X. Since
the X; are quasi-compact and quasi-separated, and & is locally of finite presentation, a
theorem of Grothendieck—Margaux [15] shows that the canonical map

S| v 1 s
h_r)anppf(Xi ) 6{) - prpf(XA s 6’)
is bijective. Thus E xx X; ~ &y, forsomei € I. [

The question of whether a given sheaf torsor E is representable by an X -scheme is
quite delicate. If this is the case, we say that E is a torsor. Representability holds if & is
ind quasi-affine (see [20, Tag 0AP6]). This covers all the cases we are interested in. For
future use, however, it is important to formulate this general material, and the definition
of loop torsors, at the level of sheaves.
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3.2. Toral torsors

Let & be an X -group which is locally of finite type. If x € X the fibre of & is an algebraic
group over k (x). Following [6] we say that a closed subgroup T of & is a maximal torus
if it is a torus (as a group scheme over X) and T is a maximal torus of & forall x € X.

Let [E] € H'(X,®). We can then consider the twisted X -group sheaf & = E A® &
We will henceforth assume that g & is representable, that is, a group scheme over X (for
example if & is ind quasi-affine over X). This X -group is fppf locally isomorphic to &,
hence locally of finite type. We say that E is a toral &-torsor if the X-group g & admits
a maximal torus.*

3.3. Loop torsors

Throughout this section k will denote a field, X a geometrically connected noetherian
scheme over k, and X% = lim X; its simply connected cover of X with respect to a
quasi-geometric point a of X arising from a rational point a¢ € X (k) as described in Sec-
tion 2. Let G be a locally algebraic k-group scheme. By Remark 2.5 we have a structure
morphism pg: X% — Spec(k;). This yields a natural group homomorphism p$: G(ks) —
G(X*). By Remark 2.5, p€ is 71 (X, a)-equivariant. More precisely, the group 71 (X, a)
acts on kg, hence on G(ky), via the group homomorphism 7 (X, a) — Gal(k) of (2.2).
This action is continuous and together with p¢ yields a map of pointed sets

H'(m1(X.a), G(ky)) — H'(m1(X,a), G(X™)).}

On the other hand, by Proposition 2.3 and basic properties of torsors trivialized by Galois
extensions, we have

H'(m1(X,a), G(X*)) = li_r)nHl(AutX(Xi), G(Xi))
— 1 1oy, 1
= h_r)nH Xi/X,G) C H' (X,G).
By means of the foregoing observations we can make the following.

Definition 3.2. A G-sheaf torsor E over X is called a loop sheaf torsor if its isomorphism
class [E]in H'(X, G) belongs to the image of the composite map

H'(m1(X.a),G(ky)) > H'(71(X,a).G(X*)) C H'(X.G).
If E is representable, then we say that it is a loop torsor.

3.4. Variations of the fundamental group

For applications of loop torsors or sheaf torsors, the fundamental group 7; (X, a) is often
too big and it suffices to work with some of its quotients. Below we define two of the most
useful cases.

4If the k-group G is algebraic and & = Gy, we recover the definition of toral G-torsor given in [11].
5We remind the reader that these H! are defined in the “continuous” sense (see Remark 2.4).



Loop torsors. Theory and applications 9

As above, k is a field and k; the separable closure of k in a fixed algebraic closure k
of k. We let p be the characteristic exponent of k and I'y = Gal(ks/k) will denote the
absolute Galois group of k.

For a profinite group &, we denote by §(? ) its maximal prime to p quotient: if p =1,
this is §; if p > 2, it is the quotient of & by the closure of the (normal) subgroup §[7]
generated by the pro- p-Sylow subgroups of §. Applying this construction to 71 (X, a) we
then get the profinite group 7y (X, a)®".

Another useful quotient of 771 (X, a) is denoted by 771 (X, a)?"2=) and is defined as fol-
lows: if p =1, then nl(X,a)(p/'geo) =m1(X,a);if p>2,since nl(XkX,a)[p] is normal and
closed in 1 (X, a), we can define the quotient 77 (X, a)?e0) = 7 (X, a)/m (Xk,. a)l?l.

Altogether we have a commutative diagram of exact sequences of profinite groups

| —— 1 (Xg,.a) ———— my(X.a) —— Gal(ks k) —— 1

| l -

1 —— 7 (Xg,, a)?) —— 71 (X, a) P2 — Gal(ky/ k) —— 1

h l l

| —— m(Xk,. )7 —— 711(X, )7 ——— Gal(ks/ k)P —— 1.

By Galois theory, we have the associated cover X se,p'-geo (resp. X s&.2"y of X called the
universal geometrical p’-cover (resp. universal p’-cover). In particular k; admits the max-
imal p’-Galois subextension k",

In what follows a Galois p’-geometric cover of X means a finite Galois cover of X
whose Galois group arises as a quotient of 71 (X, x)?" .

Definition 3.3. A G-(sheaf) torsor E over X is called a p’-geometric loop torsor if its
isomorphism class [E] in H'!(X, G) belongs to the image of the composite map

H (71 (X,a)?#) G(ky)) — H'(71(X,a), G(X*)) € H'(X,G).

Definition 3.4. A G-(sheaf) torsor E over X is called a p’-loop torsor if its isomorphism
class [E]in H!(X, G) belongs to the image of the composite map

H'(71(X,a)??,G(k'?))) - H'(71(X,a), G(X*)) € H'(X,G).
According to the definitions we thus have the inclusions of pointed sets
Hy 1005 (X, G) € H)y (X.G) C Hypop(X. G).

-geo-loop

4. The loop nature of toral torsors for extensions of locally constant
k-groups by reductive groups

Throughout this section k is a field whose characteristic exponent will be denoted by p,
and X a geometrically connected noetherian scheme over k.
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Let us begin by explaining the relevance of considering k-groups obtained by extend-
ing a locally constant group by a reductive group. If G is a reductive k-group, then Aut(G)
is a smooth k-group that fits in the exact sequence

1 - Gy — Aut(G) — Out(G) — 1,

where G = Aut(G)° = G/Z(G) is the adjoint group of G, and Out(G) is a twisted
constant group. Aut(G) is an algebraic group if G is semisimple, but in general it is
only locally algebraic. For example, if G is a two-dimensional split torus, then Aut(G) =
Out(G) is the constant k-group corresponding to the (abstract) group GL,(Z).

Up to isomorphism, reductive X -groups which are twisted forms of Gy are classified
by H'(X, Aut(G)). We may want to understand if a given reductive X -group is loop, or
if it has a maximal torus. This involves an X -torsor E under Aut(G). In [9, 10] it is shown
that the right approach to the question is through an H!(X, (~}) where, roughly speaking,
G plays the role of Aut(G) with the adjoint group replaced by G itself. This H!(X, G)
keeps track of both E and the twisted X -group g G.

In what follows we will deal with an exact sequence of k-groups®

1-G>G—=>J—>1 4.1)

where
(a) G isreductive, and

(b) J is twisted constant.
Lemma 4.1. The k-group Gis locally algebraic, smooth and ind quasi-affine.

Proof. We may assume without loss of generality that k is algebraically closed.” We claim
that then G is a disjoint union of copies of G, in particular locally algebraic, étale and, by
[20, Tag OF1U], ind quasi-affine.

To establish the claim it will suffice to show that the map (~}(k) — J(k) is surjective.
Let x € J(k). There exists a k-ring of finite type R and an element gr € (~}(R) such that
gr maps to the image xg of x in J(R). If mt is a maximal ideal of R, then by functoriality
we see that under the map G(R) — J(R/m) = J(k) the element g maps to x. L]

Remark 4.2. Tt follows from the lemma that all G-sheaf torsors over a k-scheme X are
representable, that is, they are torsors.

Since G is quasi-compact (being affine) the morphism G — G is a closed immersion
[6, VI Prop. 2.5.2]. We will henceforth identify G with a closed subgroup of G.

For details about the connected component of the identity G’ of (~} see [6, VIAg].
Since G is connected and J is a discrete topological space, we see that G =G.IfSisa

SThroughout exact sequence is meant as an exact sequence of fppf sheaves of the base scheme.
"That the property of being ind quasi-affine is stable under base change is clear; that this property
descends is a result of Gabber [20, Tag 0APK].
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k-subgroup of G that is a torus, then S is connected and therefore S C G. Thus if T is a
maximal torus of G, then T is a maximal torus of G (see Section 3.2). If follows that the
k-functor Tor((}) of maximal tori of G is a k-scheme isomorphic to Tor(G). Moreover,
Tor(G) ~ G/N(;(T) (see [6, XXII §5.8]).

Let £ be a G-torsor over X and consider the reductive X - -group G := E(GX) We
fix a maximal torus T of G and recall that N = Ng (T) is a closed k-subgroup of G (see
[6, VIg 6.2. 5]) hence locally algebralc Let £ be a G-torsor over X and consider the
X-group z ~G = E(GX) = E Abx Gy .8

By definition ~G is a twisted form (fppf) of G, hence locally of finite presentation
over X . Since G is a normal subgroup of G we can also consider the X - -group

5G = 5(Gx) := E A% Gy.

It is a twisted form of Gy, hence reductive.
Assume for the moment that [E] € Im[H ' (X,N) — H (X, G)]. We can then consider
the twisted X-torus zT := E ANX Ty . The main result of this section is the following.

Theorem 4.3. Assume that X = Spec(A) is affine, lntegral normal, has a rational point,
i.e. X(k) # Q. Let E be a G-torsor over X such that EG admits a maximal X -torus T’ (in
other words E is toral). Let Y = Spec(B) be a (connected) Galois cover of X satisfying
the following three conditions:

(a) Pic(B) =0,
(b) The B-tori Tg and Ty are split;
(c) E xx Y is trivial.

Then:

(i) The Gx-torsor E admits a reduction to an N-torsor E such that E is split by
Y/X and 7T is isomorphic to T'.

(i) Assume furthermore that the X -torus T’ is split by a finite Galois extension X'
of X of p’-degree with trivial Picard group. Then Eisa loop G-torsor.

(iii)  Assume furthermore that Y / X is a p’-geometric cover and that the X -torus T’
is split by aﬁmte Galois extension X' of X of p’-degree with trivial Picard
group. Then Eisa p’-geometric loop G-torsor:

The proof, which will be given at the end of the section, involves some preliminary
results and considerations.
4.1. Torsors under locally constant groups

Lemma 4.4. Let K be a twisted contant k-group. Then K is étale and Ky = K xj, kg is
constant.

8 A priori Eé is a group sheaf over X. That it is representable — i.e., that it is a group scheme over

X — follows from [9, Lem. 2.7] and [20, Tag OAPK], given that (~}X is an ind quasi-affine scheme over X
(Lemma 4.1 and [20, Tag 0AP7]).
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Proof. That K; is constant is shown in [5, I §4.6.2]. A constant group is clearly étale. By
fpqc descent K is étale. ]

Lemma 4.5. Let J be a twisted constant k-group and E a J-torsor over X. If E is iso-
trivial, then E is a loop torsor.

Proof. Let Js = J X ks. By the last lemma J; is constant. In particular J is locally of
finite presentation (by fpqc descent). Observe that:

(a) Since [E] is isotrivial and X is noetherian, by Proposition 3.1 [E] becomes trivial
after passage to X *°. We can thus view [E] as an element of H!(m1(X,a), J(X*%)).

(b) The canonical map J(ks) — J(X*°) is bijective and, because of Remark 2.5 (a),
an isomorphism of 71 (X)-modules.

It follows from (a) and (b) that [E] € H!(m;(X), J(ky)). Thus E is by definition a loop
torsor. |

Corollary 4.6. Assume that X is normal. Then every X -torsor under a twisted constant
k-group J is loop.

Proof. Indeed, any such torsor is isotrivial by [9, Lem. 2.14]. [

Lemma 4.7. Let
i h
1 >Fp>F>F,

be an exact sequence of locally algebraic k-groups. Assume that ¥y and ¥y are twisted
constant k-groups. Then F is a twisted constant k-group.

Proof. We may assume without loss of generality that k is separably closed. Thus Fy
and F; are constant by Lemma 4.4. Let F° (resp. Fj, F]) be the connected component
of the identity of F (resp. Fo, F1), see [0, VI 2.3]. Since F] = {ep, } [5, II §5.1.4] and
h is continuous, we have i(F°) = F]. It follows that F° is a k-subgroup of ker 4. The
morphism j:F° — kerh >~ Fy is in fact a monomorphism [6, VIg 1.4.2], hence injective
on points. But j maps F° into F = {eg,}. Thus F° = {eg}. By [5, IT §5.1.4] F is étale,
hence constant [5, I §4.6.2]. [

4.2. Proof of Theorem 4.3 (i)

Let £ be a G-torsor over X and consider the reductive X -group 5G := 5(Gx). Recall
that T is a maximal torus of G which is fixed in our discussion. By means of the above
considerations we view T as a maximal torus of G. As already shown the normalizer
Ng(T), which we denote by N, is a closed k-subgroup of G.

We begin by establishing the following auxiliary statement.

Lemma 4.8. Let R be a ring satisfying Pic(R) = 0. Let $ be a reductive R-group scheme.
Assume that $ admits a maximal torus T which is split. Then $ is split with respect to
a Killing couple (T, B). Furthermore split maximal tori (resp. Killing couples) of $ are
H(R)-conjugate to T (resp. (T,B)).
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Proof. In view of [6, XXII.5.5.1], $ admits a Borel subgroup B containing T. The fact
that $ is split is [4, Ex. 5.1.4]. For establishing the assertion regarding conjugacy, it is
enough to show $(R)-conjugacy for Borel subgroups of $ and B(R)-conjugacy for max-
imal tori of 8. The last fact is general [6, XXVI.1.8]. As for the first, in view of [6,
XXI11.5.8.3], the R-scheme $ /B represents the R-functor of Borel subgroup schemes of
$. We have an exact sequence of pointed sets

H(R) — ($/B)(R) — H' (R, D).

According to [6, XXVI.2.3], the map HY(R,T) - HY(R, D) is bijective; since T =
G/, g, wehave HY(R,T) =Pic(R)" = 0. The map H(R) — ($/B)(R) is thus onto and
therefore $(R) acts transitively on the set of Borel subgroups of . |

We now return to the proof of Theorem 4.3 (i). The fact that E admits reduction £
such that 2T is isomorphic to T’ follows immediately from [8, Lem. 2.6.2]. But we need
a little bit more, namely that we can choose E such that it is splitby Y/X.

By our condition there is an isomorphism of group schemes ¢«: Gy = 5Gy. Then
Ty and ¢, ' (T}) are split maximal of Gy. According to Lemma 4.8, Ty and oy 1(’3 )
are G(Y)-conjugated, i.e., 8Ty = Ty for some g € G(Y). A fortiori they are G(Y)
con]ugated Inspectlon of the proof of [8 Lem. 2.6.2] shows that g defines a reduction of
E to an N-torsor £ which is split by ¥ and such that X -torus 5T is isomorphic to T".

4.3. Proof of Theorem 4.3 (ii)

The quotient N/T exists in the category of locally algebraic k-groups [6,VI4 3.3.2 and 5.2],
and will be denoted by W. The kernel of the induced k-group morphism N/T = W — ]
is Ng(T)/T, a finite étale, in particular twisted constant, k-group that we will denote by
Wy [6].

Lemma 4.9. The k-group W is twisted constant.

Proof. We have seen that W is locally algebraic. We have the exact sequence
i h
1->Wy—> W=
We can now conclude with the aid of Lemma 4.7. ]

Remark 4.10. By [10, Lem. 3.1] the map #: W — J is surjective.

Recall that by Remark 2.5 (a), X5 comes equipped with ks-scheme structure. This
yields a natural homomorphism N(ks) — N(X*¢) which is 71 (X)-equivariant since the
action of 71 (X) on these two groups is given by precomposition with the right action of
1(X) on kg and X5 respectively. For example, if « € 71(X) and

f € N(X*) := Homge/ x (X, Nx),
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then (* f)(x) = f(x*) for all x € X*¢. This yields a map of pointed sets
Sn: H' (m1(X),N(ks)) — H' (m1(X), N(X*)).
Similar considerations apply to T, and we have a map of pointed sets
o H' (m1(X), T(ky)) — H'(m1(X), T(X*)).
The foregoing discussion and the exact sequence of k-groups
l1>T>N->W-—1

yields the commutative diagram of pointed sets with exact rows

H' (71 (X), T(ky)) —— H'(m(X),N(ky)) —— H(m1(X), W(ky))

gl | |

H'(m1(X), T(X*)) LAy 55| (71 (X),N(X*)) * .m Y (X), W(X*)).

The last vertical arrow is the equality/identification given by Corollary 4.6.

By Theorem 4.3 (i) the torsor [E ] is isotrivial. By Proposition 2.3 we henceforth view
[E] as an element of H! (711 (X),N(X*°)). To establish Theorem 4.3 (ii), it will thus suffice
to show that [E ] is in the image of dx. We remind that we assume that the X -torus T’ is
split by a finite Galois extension X’ of X of p’-degree with trivial Picard group.

Consider the image [F'] € H'(1(X), W(X*)) of [E] under 1/, and let

[F] € H' (m1(X), W(ks))
be the element corresponding to [F’] under the bijection/identification
H' (71(X), W(ky)) ~ H'(m1(X), W) = H' (71(X), W(X*)).
We divide the proof into two pieces.
Step 1. [F] has a preimage [E] € H' (71 (X),N(ky)).
Step 2. If [F] has a preimage [E] € H!(m;(X),N(ky)), then Theorem 4.3 (ii) holds.

Proof of Step 1. By [19, Ch. I §5.6 Prop. 4] the obstacle to the existence of [E] is an ele-
ment [b] € H?(71(X), pT(ks)). The structure map ps: Spec(A%¢) — Spec(k;) we have
constructed in Remark 2.5 (a) is a 1 (X )-equivariant map, hence the natural group homo-
morphism gT(ks) — rT(A%) induces a group homomorphism

n: H?(m1(X), pT(ky)) — H?(m1(X), pT(A®)).

Since [F'] has a lift, we see that [b] belongs to the kernel of . It will thus suffice to show
that 7 is injective.
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By Remark 2.5 (b) ps admits a section ¢ that is 771 (X)-equivariant. This yields a group
homomorphism

p: H (1 (X), pT(A%)) = H?(m1(X). pT(ky)).

Since T 0 0 = Idgpec(k,) We conclude that p o 7 is the identity map of H?(m1(X), rT(ky)).
In particular, 7 is injective. ]

Proof of Step 2. Just like [E], the image [E’] := Sn([E]) € H! (1 (X),N(X*%)) also maps
to [F’] under u’. To take advantage of this situation we will twist our relevant exact
sequence of H's by E and E’ as we now explain. ]

In addition to the “constant” action of 771 (X) on N(X*°) described above, there is also
a twisted action by E’ of 71 (X) on N(X*°) which, following Serre we denote by ¢’ f for
a€m(X)and f € N(X*).Itis defined as follows: E” is acocyclein Z! (1 (X),N(X*))
and as usual we denote E’(«r) by EJ,. Being a cocycle means that E,;,g = E&"‘E}} for all
a, B € w1(X). The twisted action is then given by @' f = E/, (% f)E|_,. The group N(X*)
viewed with this twisted action will be denoted by g/N(X*). Thus g/N(X*°) is the group
N(X*°) with a different 771 (X )-action.” The twisted action is also continuous and one then
defines H (71 (X), g/N(X*%)) in the standard fashion.

Since T is a normal subgroup of N conjugation by an E/, leaves T(X*) stable. This
allows us to define on the group T(X*) a twisted action of 7r1(X) that is denoted by
£'T(X*), and corresponding cohomology H!(m1(X), g/T(X*°)). Similarly considera-
tions apply to W and F’.

All the above considerations apply to T, N and W if we replace E' by E, F' by F,
and X*° by k;.

We thus get a twisted version of the above diagram, namely

PE 23

HY(m1(X), gT(ks)) —— H'(m1(X), gN(ks)) —— H'(m1(X), PW(ky))
o | i | H
HY (1 (X), pT(X)) 25 H'(m1(X), pN(X®)) =5 H (m1(X), prW(X™)).

Remark 4.11. As maps of sets, the maps of this diagram are the same as before: pg = p,
Sf = dr,.... The subscript E is used to indicate that they are being applied to classes of
cocycles with respect to the twisted action of 3 (X).

There exists a twisting bijection

te H' (11 (X)), N(X*)) ~ H' (71 (X), pN(X*))

Recall that there is a twisted X-group g/N defined by the contracted product E’ AN Ny. Ignoring
71 (X)-actions, the X *°-points of this X -group is the (abstract) group N(X*°). Our notation is thus unam-
biguous.
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defined as follows: let [Y] € H'(m;(X), N(X*)), where Y € Z!(m1(X),N(X*)) is a
cocycle. We define tg (V) :=Y":m1(X) > N(X*) bya > Y, := Ya(E(’x)_l. One checks
that this is a cocycle with respect to the twisted action, namely Y, 5= Y OQ“’Y/;. That tg-
is a bijection is easy to show. Note that tg:: [E’] ~ [1].!” Similarly, we have a twisting
bijection tg: H (1 (X), N(ks)) ~ H(71(X), EN(ky)).

Since ME/(TE/([E])) = 1, there exists a class [Y'] € H'(7r1(X), g'T(X*)) such that
ee'([Y']) = ‘L’E/([E]). We claim that if there exists [Y] € H!(m(X), gT(ky)) such that
SE([Y]) = [Y], then Theorem 4.3 (ii) holds, that is, E is an N-loop torsor. Indeed, we
need to show that, up to equivalence, Eq € N(ks) forall ¢ € 71 (X). Let [Z] = pe([Y]).
Then [E] = rE/_l(rE/(E)) = 1 1 (85([Z])). Since Zy E, € N(ky), the claim holds.

We are thus reduced to showing that [Y] as in the claim exists. By construction [Y'] €
H(m1(X), g'T(X*%)). Recall that by assumption the X -torus 5T is split by a Galois
extension X’ of X of degree m coprime to p. But then the same is true for the X -torus
g'T. Indeed forall @ € 71 (X), E, = Eo,ta for some (unique) element ¢, € T(X*). Thus,
conjugating T(X*°) by E,, or Ey is the same.

Lemma 4.12. One has m[Y'] = 0.

Proof of the lemma. Let 7 be the kernel of the canonical group homomorphism 71 (X) —
Gal(X’/X)."" We have the exact sequence of groups

H' (m(X), pT(X*)) 5 HY(7, pT(X*)) 5 H (7,(X), £ T(XX))
with cor o res being equal to scalar multiplication by m. The lemma will follow if we can
show that [Y’] is killed by the restriction map to X'. To see that this holds observe that the
X-torus g/T is split by X', hence (g/T)x is the product of n-copies of G, x’. But then
since by assumption X’ has trivial Picard group, we have

H' (7, g T(X*) c H' (X', (g T)x/) = 0.
The proof is complete. u
Assume that X = Spec(A) and let X*¢ = Spec(A4*®). We make some relevant obser-
vations:

(i)  Since X is normal the finite Galois extensions X; = Spec(A4;) used to define
X, namely A% = l'i)nAi, are integral domains. Thus A% is an integral domain.

(i) The m-th power map e: AT > AT g surjective. Indeed, if a € A% then
B = A%°[t]/ < t™ — a > is a finite étale extension of A%, hence trivial (Spec(B)
is the disjoint union of m copies of X*°). Thus a € (A4%*)™.

(iii) Let KC A% be the kernel of e. Then K = Wm(ks) since A% is an integral domain.

10The nature of the twisting bijection tg: H'(X,N) — H'(X, g/N) is given in [5, Ch. III, §4, 3.4]
(where the inverse of our map is described is terms of contracted products). We are describing explicitly
how this bijection looks like, in term of cocycles, when restricted to isotrivial torsors.

Since X' is connected we can view X*° as the simply connected cover of X’. Then 7 = 71 (X', a).
See [6, IX Rem. 5.8].
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Recall that the 71 (X)-module g/T(X*) is the group T(X*¢) with the twisted action
of 1 (X). Since T xj X*¢is split, g/ T(X*¢) = AT x o x A% the product of n-copies
of A*” where n = dimg (T). We will denote this Galois module by N. Let us denote
also by e the m-power map of T(X*°) (the m-th power in each component). Since the
twisted action of 1 (X) on T(X*) is by group automorphisms, we get an exact sequence
of 71(X)-modules

1>M—>N5SN 1.

where M is the 71 (X)-module ,,, T(X*).
Passing to cohomology yields
H'(m1(X), M) - H' (7, (X),N) <> H'(m1(X), N).

By the last lemma [Y’] is in the kernel of e¢*, hence it comes from an element [Y] €
HY(m1(X), M). But M = pu,,(ks)" and the group pu,,(ks)" with the twisted action of
m1(X) is precisely the m-torsion submodule of gT(ks). Thus [Y] € H' (71 (X), g T(ks))
and 8%5 ([Y]) = [Y’] as desired. This completes the proof of Step 2.

4.4. Proof of Theorem 4.3 (iii)

The argument is analogous to the one given above if we replace the universal cover X * —
. . . /
X by its universal p’-geometric cover X %7 €° — X

Remark 4.13. The assumption on the degree of the Galois extension X’/ X cannot be
removed. We give two examples below. In the first example G = G = T is a torus and in
the second one G = G = PGL,, is semisimple. Throughout X = Spec(k [££1)).

Example 1. Assume char(k) = p > 0 and k admits a Galois extension £ of degree p
whose Galois group we denote by I". We fix a generator o € I'. Let Ty = R/ (Gn)/Gm.

Claim1. T ~ Ré})k (Gsm). Indeed, the map Ry /x (Gpm) — :Ré})k (Gp) given by x — x17°
is surjective by Hilbert’s theorem 90 and its kernel is G,.

Claim 2. One has H' (X, T) = k*/Ny/x(k*) ® Z/pZ. To prove the claim we first
observe that {Ré})k (Gm) (and hence T) is split over X; = Spec(£[t*1]), and that Pic(X,) =
1. It follows that

H'(X.T) = H' (X. R (Gm)) = H' (T R, (G) (X0).
hence that
H'(X.T) = H' (D=7 @z X (R}, (Gm)),)
= H'(I.(¢* ® Z) ®z2 X (R{)}(Gm)),)
= H' (N0 @z X (R{)(Gm)),) & H' (I X (R()),(Gm)),)
=k*/Nyju(k*) ® Z/ pZ.

We let [E] be a generator of the second summand Z/ pZ.
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Claim 3. [E]is not a loop torsor. Assume that [ E] is loop. Then it comes from an element
a € H'(m;(X), T(kg)) under a natural map p : H'(71(X), T(ks)) — H'(X,T). Passing
from k to k = k=2 we can assume without loss of generality that k and k; are perfect.
This implies that the p-power map k; 2 kg is bijective, hence that H (1 (X), T(ks)) has
no elements of order p. In particular, o has order, say m, prime to p. On the other hand,
by construction, @ (o) = [E]. But this cannot happen, because () has order dividing m
and [E] has order p.

Example 2. We keep the same notation as in Example 1. Let G = PGL,. We have a
canonical embedding T < G. Consider the above constructed class [E] € H'(X, T) and
as usual we denote its image in (X, G) by [Eg]. The exact sequence

-Gy —>GL, -G —1

gives rise to a commutative diagram

HY(11(X). Gky)) ——>  H2(m1(X). G (ks))

al |
H'(X,G)  —— H2(X,Gp) = Br(X).

Tracing through the construction of the connecting homomorphism § one can easily
see that under the natural embedding Br(X) < Br(K) where K = k(¢) the image of
38([E]g) in Br(K) is the class of the cyclic algebra A = (£/k, t). If v is the discrete
valuation of K related to the variable 7, one can see that Ak, has nontrivial residue. Hence
[A] # 1 and so §([Eg]) # 1. Thus, §([Eg]) has order p.

On the other hand, assume [Eg] is loop. Let o € H!(m;(X), G(kg)) be such that
() = [Eg]. Arguing as above we conclude that §'(«) has order prime to p. Therefore
p(8'(a)) = 8(JEg]) also has order prime to p — a contradiction.

5. The toral nature of loop torsors for extensions of locally constant
k-groups by reductive groups

Throughout this section k is a field, and p its characteristic exponent. We let k&’ be a finite
Galois extension of k. Its Galois group will be denoted by I'.

5.1. Semilinear actions

Let + be a k’-algebra (not necessarily associative, ...). A semilinear automorphism of
s is an automorphism o of the underlying abelian group structure of #4 such that for all
a,be Aand A € k’

(SL1) o(ab) = o(a)a(b), and
(SL2) there exists & € I" such that 0(Aa) = 1 o (a).
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From now on we assume that + is commutative associative and unital, and we also
require that o (1) = 1. In this case # contains a canonical copy of k’. In view of (SL2) we
then have

(SL2") o(A) =% forall A € k'.

The element & of (SL2) is unique and is called the fype of o. It is clear that the set
Autr(+A) of semilinear automorphisms of «# is a group under composition, and that the
type of a product is the product of the types.

Let H be an (abstract) group. A I'-semilinear action of H on #4 is a group homo-
morphism ¢: H — Autr(A). If h € H, we denote the type of ¢ (h) by h; it is an element
of I'. The map h — hisa group homomorphism $: H — T'. We denote the kernel of gb
by H.Thus h € H if and only if the action of ¢ (k) in # is k’-linear or, what is equivalent,
if ¢ (h) is an automorphism of the k’-algebra 4.

The concept of semilinearity extends to coalgebras. We define it explicitly for the
case that matters to us. Let G an algebraic group over k. We denote for convenience the
coordinate ring k’[G] of G by A. Then A is endowed with a Hopf algebra structure whose
comultiplication we denote by A.

Let o be a semilinear automorphism of the associative commutative unital k’-algebra
A. Tt is simple to verify that there is a unique additive map o0 R 0: A Qp A — A Qi A
satisfying 0 ® o(a ® b) = o(a) ® o(b). Moreover, o0 ® o is a semilinear automorphism
of type & of the k’-algebra A ®;, A. We say that ¢ is a semilinear automorphism of A (as
a Hopf-algebra) if

(HSL) Aoco =0®o0 o A.

We denote the group of such automorphisms by Autr(A4). Let H be a group. A T'-
semi-linear action H by automorphisms of G is a group homomorphism H — Autr(A4).

Remark 5.1. If H acts I"-semilinearly as automorphism of an algebra +4, then the action
is by k-linear maps, so it is an action by automorphisms of # viewed as a k-algebra. This
observation does not work for semilinear actions on our Hopf algebras A : There is in
general no natural k-Hopf algebra structure on A. Condition (HSL) is the right assumption
to use.

Remark 5.2. Let 0 € Autr(A), and let & be the type of . Recall that o acts on k¥’ C 4
like & (see (SL2')). We extend this action naturally to the ring of dual k’-numbers k’[¢] =
k[e] ®x k', €2 = 0. Note that the natural maps k’[¢] — k’ and k¥’ — k’[¢] commute with
the action of 0.

Lemma 5.3. Let k'/k, T and G be as above. Let H be a group. A T -semilinear action
of H by automorphisms of G induces in a natural way a I'-semilinear action of H by
automorphisms of the Lie algebra g of G.

Proof. We begin by recalling, not just for the proof of the lemma but for future reference,
the definition of g in terms of dual numbers. Let eg: A = k’[G] — k' denote the counit
map. As k’-spaces we have A = k’ @ Ig where I is the kernel of &g.



V. Chernousov, P. Gille, and A. Pianzola 20

An gg-derivation of A is an element of Dery: (A4, k') where k' is viewed as a A-module
via the counit map &¢. In other words, an gg-derivation of A is a k’-linear map §: A — k’
satisfying §(ab) = eg(a)8(b) + eg(b)é(a) forall a,b € A.

Consider the ring of dual k’-numbers k’[¢]. The ring homomorphism k’[¢] — k’ given
by & — 0 induces a group epimorphism G(k'[¢]) — G(k’). The kernel of this morphism
is by definition g. It consists of all elements of G(k’[¢]) of the form

a > egla) + 8(a)e,

where a € A and § is an gg-derivation of A. We denote by 8, the gg-derivation corres-
ponding to x € g, thatis x = gg + 8x&. The k’-space structure is such that Ax corresponds
to Ady.

The bracket of eg-derivations is defined by

[61,82] = a0 (81 ® 82 — 82 ® 81) 0 A,

where (14 is the multiplication of the k’-algebra A. In terms of groups, if x; = g + 8;¢&;,
i = 1,2, thenin G(k'[e1, &2]) we have

-1.-1
X1X2X] X5 = &g + [01,82]e182.

We now turn to the proof of the lemma. If § is an eg-derivation and o € Autr(A4), it is
straightforward to verify that °§ := & o § o 0~ ! is an gg-derivation. If x € g we let ° x be
the element of g that corresponds to ? (§x). Thus “x = eg + % (6x).

It is clear that ° (61 + 82) = 981 + %62, and that % [§1, §2] = [? 81, % 62]. Furthermore,
if A € k/, x € g, we have

(°(A8))(a) = F(A8(0 (@) = TA8(a).

This translates, under our identification of g with gg-derivations of A, into a semilinear
action of I" by automorphism of g.

We have thus shown that the elements of Autr(A4) can be naturally seen as elements
of Autr(g). Since this process is visibly a group homomorphism, the lemma follows. m

Remark 5.4. A slightly different proof of this lemma is given in [11, Cor. 4.7]. The above
argument is more direct and sufficient for our purposes. It also makes some of the notation
and argument in subsequent proofs easy to follow.

Let ¢ be a I'-semilinear action of H (on an algebra or an algebraic group, as described
above). Following Winter, we say that ¢ (or H by abuse of language) is supersolvable, or
simply of type (S), if there exists a finite family of subgroups Hy D Hg—; D --- D H1 D
Hy = 0 of H satisfying the following condition:

S ker([ﬁ) = H, = H. Furthermore, each H; is normal in H and the quotients H; /H;_4
are cyclic.
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Remark 5.5. Recall that H is the subgroup of H consisting of elements of trivial type.
The condition Hy = H then says that, in the case of algebras, the elements of Hy act
as k’-linear transformations. In other words, they act as automorphisms of the k’-algebra
under consideration.

Remark 5.6. Leto € Autr(A). Let T be a k’-subgroup of G. Then k'[T] = A/ for some
(unique) Hopf ideal I of A. View ¢ as an automorphism of Spec(k’). By base change we
get anew k’-group °T.

By definition k'[°T] = k'[T] ®x k' = (A/I) Q' k' where k' is viewed as a ring
extension of k' via the ring (iso)morphism o: k" — k’; thatis, Aa + )@l =(a+ 1) ®
F)foralla € Aand A € k.

One easily verifies that o(I) is a Hopf ideal of A, and that the map (4/1) x k' —
AJo(I) given by (a + I,1) — Ao (a) + o(I) induces a k’-Hopf algebra isomorphism
k'[°T] ~ A/o(I). It follows that we can canonically identify °T with a k’-subgroup of
G. Furthermore, o is a k’-group isomorphisms between T and °T. In particular, if T is a
maximal torus of G sois °T.

5.2. A semilinear version of a theorem of Borel-Mostow and Winter

If g is a Lie algebra over a field extension K of k and d € Derg(g), then d? (viewed
as a K-linear endomorphism of g) is, by Leibnitz rule, actually an element of Derg (g).
Following [24] we say that g is w-restricted if the p-th power of all inner derivations is
inner: if x € g, there exists y € g such that (adq x)? = adq(y)."”

Theorem 5.7 (Semilinear Borel-Mostow—Winter). Let g be a w-restricted k'-Lie algebra
of finite dimension. Let ¢ be a I'-semilinear action of a group H by automorphisms of g.
Assume that:

(a) H isof type (S).

(b) Each element of Hy acts semisimply on g.">
Then there exists a Cartan subalgebra of g which is stable under the action of H.
Proof. Observe for future reference that if  is a Lie subalgebra of g that is stable under
the action of H, then we have a natural induced semilinear action of H by automorphisms
of f with the desired properties, namely (a) and (b) above.

If s = 0 we can by mean of condition (S) identify H with a subgroup 'y of T" via the
type: T'o = ¢(H). Thus, if h € H and ¢(h) = y, then

h(ax) :=7(Ax) =" A"x (5.1

forallx € g, A € k.

12The terminology stands for weakly restricted. The concept of restricted Lie algebra over a field of
positive characteristic is due to Jacobson (see [13]). Restricted Lie algebras are w-restricted.

3Because Hy = H (see Remark 5.5), the action of each elements of H on g is k’-linear. The assump-
tion is that this action is semisimple as a k’-linear endomorphism of g.
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Let ko = k'T0. This yields a k’/ ko-semilinear action of I'y by automorphisms of g. By
Galois descent the fixed point gg := g'¢ is a Lie algebra over k¢ for which the canonical
map p: go ®k, k' ~ g is a k’-Lie algebra isomorphism. It is easy to see by Galois descent
that go is w-restricted (see also [13, p. 192]). By [24, §6] the k¢-Lie algebra g admits a
Cartan subalgebra . Then p(ho ®x, k') is a Cartan subalgebra of g which is H-stable
as one can easily see from (5.1).

Assume henceforth that s > 1. We will reason by induction on £ = dim(g). The result
holds if £ = 0. Assume £ > 1 and that the result holds for all w-restricted Lie algebras
of dimension less than £ equipped with a semilinear action of H satisfying conditions (a)
and (b) of the theorem.

If n is a nilpotent subalgebra of g we will denote by g°(n) the null-space of n acting
on g via the adjoint representation, that is

g’(m) = {y € g: ¥x € n, (adx)"(y) = O for n large enough}.

Consider a generator 6 of the cyclic group H;. We may assume that 6 # 1 (we can
delete all the H; for which H; = H;_; and produce a new SLD with smaller s). As we
have already observed, the action of € on g is k’-linear. The fixed point k’-Lie subal-
gebra g = ge of g is w-restricted [24, §6, second lemma following Cor. 4]. Let j; be a
Cartan subalgebra of q; stable under H. Then g, = g°(5) is w-restricted [24, Thm. 5].
Moreover, g, is a solvable Lie algebra by [24, Thm. 2]. It is clear that g5 is H -stable.

Case 1 (g2 # g). By induction there is an H -stable Cartan subalgebra §), of g,. Then
b := q°(9,) is H-stable, and it is a Cartan subalgebra of g by [24, Thm. 5].

Case 2 (g2 = g). Let a be the last non-zero term of the derived series of g. It is an abelian
ideal that is H-stable. Let § = g/a. Being a quotient of a w-restricted Lie algebra, § is
w-restricted. Since a is H -stable there is a naturally induced semilinear action of H on
g. Moreover, the canonical surjective Lie algebra morphism ~: ¢ — g is H-equivariant.
Since dim(§) < dim(g) there exists an H-stable Cartan subalgebra b of §. Let b be the
preimage of b in g. Itis H -stable, hence has an induced semilinear action.

Claim. b is w-restricted

Proof of the claim. Let x € b and chose y € g such that (adg x)? = adg y. Then [y, b] C
b. Since b is a Cartan subalgebra of g it follows that y € b, hence that y € b. Thus
(adp x)? = adp y. |

Case 2(i) (dim(b) < dim(g)). Let ) be an H -stable Cartan subalgebra b. We claim that
§) is a Cartan subalgebra of g. By [2, Ch. 7, §2, Cor. 4], b is a Cartan subalgebra of b. But
b is its own Cartan subalgebra, so § = b. We need to show that § is self-normalized in
g. Assume x € g is such that [x, b] C b. Then [X, §] C . Since h = b and b is a Cartan
subalgebra of §, we get that ¥ € b. Then x € b and therefore x € § since § is a Cartan
subalgebra of b.
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Case 2(ii) (b = g). This can only happen if b = §, so g is nilpotent. Let h be a Cartan
subalgebra of g. As we saw b is a Cartan subalgebra of g, hence equal to g since g is
nilpotent. It follows that g = b + a.

View a as an )-module. By Engel’s theorem there exists a non-zero element z € a
such [x, z] = 0 for all x € . Since a is abelian we see that the centre 3 of g is not trivial.
Note that since 3 is H -stable, g/3 and has an induced semilinear action of H. By induction
there exists an H -stable Cartan subalgebra f of q/3. The preimage § of  in g is H -stable.
It is also a Cartan subalgebra of g by the reasoning of Case 2(i). ]

Remark 5.8. If H = H; the theorem reduces to the “Main result (B)” of Borel and
Mostow [1] for g (in characteristic 0), and [24, Thm. 6] (in arbitrary characteristic).

5.3. An application to reductive k-groups

We want to use the last theorem to prove the existence of H -stable tori on reductive k’-
groups. We maintain the previous notation. Thus, G is an algebraic group over k’. As
before we denote its coordinate ring k’[G] by A, and the comultiplication of the Hopf
algebra structure of 4 by A.

Let ¢: H — Autr(A) be a I'-semilinear action of H on G. If T is a k’-subgroup of G
we say that T is H -invariant, or stable under H,if °T = T forall o € ¢(H).

Lemma 5.9. Let T be a maximal k'-torus of G. Let o € Autr(A) and consider the max-
imal torus °T of G defined in Remark 5.6. The map x + °x ;=G o x o 0~ is a group
isomorphism between T (k') and °T(k’). The analogous map applied to ey-derivations
yields an isomorphism between the Lie algebra of T and that of ° T.

Proof. We have seen in Remark 5.6 that o is a k’-group isomorphism between T and
9T. We look at the explicit nature of this isomorphism at the level of k’-points. Let
x € T(k") = Hom(A, k’). Note that 0! induces a k-algebra isomorphism, also denoted
by 67!, between A/o(I) and A/I. Thus f :=x oo~ ':A/o(I) — k' is a ring homo-
morphism satisfying f(Aa +o(1)) = E_IAf(a + o([1)). Since the action of 0 on k' C A
is given by & (see (SL2')), we see that

?x € Hom (A/o(1).k") = " T(K').

Assume next that §: A/I — k’ is an ep-derivation. One easily checks that °§ := & o
o0 1:A/o(I) — k' is an gop-derivation (see Remark 5.2). The map

1

er+8er—>Go(er+8s)oo  =sep+ %8¢

is the desired Lie algebra isomorphism. ]

Proposition 5.10. Let G be a reductive k'-group and A = k'[G] its ring of regular func-
tions. Let ¢: H — Autr(A) be a I'-semilinear action of H on G. Assume that H is of
type (S) and that under the induced action of H on the Lie algebra g of G the elements of
the kernel of ¢ act semisimply. Then there exists a maximal torus T of G that is H -stable.
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Proof. We denote the Lie algebra of G by g. We claim that g is a w-restricted Lie algebra
over k’. By definition, w-restricted means that the derivation (adgq x)? of g is inner for all
x € g. Since g is a restricted Lie algebra [5, II §7.3.4], g has a p-map x > x[P] which
satisfies (adgq x)? = adgq x[Pl,

By Theorem 5.7 there exists a Cartan subalgebra t of g that is H -stable.

Assume first that G is semisimple of adjoint type. By [6, XIV Thms. 3.9 and 3.18]
there exists a unique maximal torus T of G whose Lie algebra is t. Because of the
uniquenes, to show that T is H -invariant it will suffice to show that for all 0 € Autr(A)
the Lie algebra t, of T coincides with t. But this is clear from Lemma 5.9. Indeed, if
y €ty C g, then y = 9 x for some x € t. We have [y, t] = ["x.1] = °[x,9 '] =[x.1] C
9t = t. Since since t C g is self-normalized we conclude that y € t.

Assume next that G is arbitrary. The centre Z of G is H -stable and we get an induced
H -semilinear action of H on G/Z = Gy. Since Gy is of adjoint type there exists a max-
imal torus Ty of G¢ that is H -stable. Let T be the unique maximal torus of G that maps
to Ty under the quotient map g: G — Gy. Since ¢q is H -equivariant we conclude that T is
H -stable. ]

5.4. An application to extensions of constant k-groups by reductive k-groups

As we have pointed out already, if k is a field of characteristic zero the Laurent polyno-
mial ring R = k[lljEl - l,fcl] satisfies the following property: every finite étale covering
Y — Spec(R) has trivial Picard group. This fact combined with a (characteristic 0) Pro-
position 5.10 is used in [1 1] to show that loop reductive R-groups admit maximal tori. We
will now establish the analogue of that result in our present setting for more general base
schemes and groups.

We maintain all the notation of Section 4. In particular we have our exact sequence
4.1,

1-G6G-G-J— 1

Let X = Spec(R) be an affine geometrically connected k-scheme admitting a rational
point. Let [E] e H(R, (~}) be a loop torsor, and consider the twisted R-group E’G Since
loop torsors are isotrivial there exists a (finite) Galois extensions R’ of R that trivializes

G that is EG xg R ~ G x R’. Since G is a normal subgroup of G we have a natural
group homomorphisms G(ks) — Aut(G)(ks) which is visibly 1 (R)-equivariant. This
yields a map of pointed sets

H'(71(R), G(ks)) — H'(1(R), Aut(G) (ky)). (5.2)

We denote by [E] € H'(71(R), Aut(G)(ky)) the image of [E] under this map, and con-
sider the reductive R-group gG. We observe for future reference that R’ also trivializes
the R-group gG.

Letu € Z' (71 (R), Aut(G)(k;)) be a cocycle representing [ E]. We know that u factors
through the Galois extension R’ of R, whose Galois group we will denote by I''. The
image of I'" on Gal(k) under the map p: 71 (R) — Gal(k) of (2.2) corresponds to a finite
Galois extension k” of k whose Galois group we denote by I'.
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Let us denote by G’ the k’-group G = G x; k’. The cocycle u takes values in
Aut(G) (k") and we will henceforth (anti)identify Aut(G)(k’) with the automorphisms
of the k’-Hopf algebra k’'[G'] of G'.

We denote the kernel of the induced map p: " — T by T". For convenience if y’ € T/
we denote p(y’) simply by y. This is the type of y’. The group I'’ will play the role of the
group H of Theorem 5.7 as we now explain.

Recall that G’ = G xj k' and that k'[G] = k[G] ®; k’. Consider for each y’ € T the
map ¢(y'): k’'[G'] — k’[G'] defined by

¢(y) = uy o (id®y).

Since each u,/ is an automorphism of the k’-Hopf algebra k’[G'], it follows that via ¢ we
obtain an action of I'V on k’'[G’] by I'-semilinear Hopf algebra automorphisms. We thus
get an induced I'-semilinear action of I’ on the k’-Lie algebra g’ of G'.

Theorem 5.11. Let X =Spec(R) be an affine geometrically connected noetherian scheme
over k such that X(k) # 0. Let [E] € H' (X, G) be a loop torsor and T’ the Galois group
of a Galois extension R’ of R (as described above) that trivializes E, hence also E and u.
Assume that:
(1)  The group T is of type (S).
(ii)  The elements of T (the kernel of the type map) act on g’ as semisimple k'-linear
transformations.

Then the R-group Eé admits a maximal torus that splits over R’ ® k.

Proof. The R-group Eé is a twisted from of G, hence locally of finite presentation. The
concept of maximal tori of G is defined in Section 3.2. The R-group g G defined via (5.2)
is precisely the group zG. It follows that to establish the theorem it will suffice to show
that the reductive R-group gG admits a maximal torus.

Consider the reductive R’-group & = G x; R’. The coordinate ring of the R-group
EG is obtained from that of R’[&] by Galois descent, namely

RG] = {x € R[G)uy ' x =x Vy eT'}.

Note that R'[®] = k[G] ®, R’ and that, under this identification, the action of I on
R’[®] is given by
"a®s)=uy(a®@1)(1®7s) (5.3)
for all y’ € T/, a € k[G] and s € R’. The right-hand side of (5.3) is the product of two
elements of k[G] ®; R’, and the equality holds because, since u,- is R’-linear,
uy@®Vs) =uy (@@ ®(1®"s)) =uy@@ )1 ®"s).
As we shall see, it is necessary for us to understand this action in terms of the coordin-

ate ring k'[G’] = k[G] ®y k' of the k’-group G/, that is, under the identification
k[G] ®x R’ ~ k[G] ® k' ®)' R' = K'[G'] @ R’. (5.4)
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Lemma 5.12. Under the identification (5.4) the action (5.3) is given by
V@ ®s) =90 )d)®"s
foralla' € kK'[G'lands € R'.

Proof of the lemma. Since k'[G’] = k[G] ®; k’ the element a’ is a sum of elements of
the form ¢ @ z with a € k[G] and z € k’. By definition ¢(y")(x ® z) = uy(a ® Vz) =
uy(a ® 1)(1 ® ¥z). On the other hand if we view z as an element of R’, then Vg =7z
sothat Vz¥'s = ¥'z¥'s = ¥'(zs). The lemma follows. |

By Proposition 5.10 there exists a maximal torus T’ of G’ that is stable under the
action of T"". The coordinate ring k'[T’] of T’ is of the form k’[G’]/I for some Hopf
ideal I of k'[G’] that is stable under the action of I (see Remark 5.6). It follows that
the reductive R’-group G’ Xz R’ admits the maximal torus T = T’ Xz R’. But since
G X R =G xi k' X R = G x; R = &, we see that T is a maximal torus of &.
We show that £ G has a maximal torus by showing that T descends, namely it is stable
under the action of T". More precisely, T corresponds to the ideal I ®; R’ of the R’-
Hopf algebra k'[G’] ® R’, and we need to show that this ideal is stable under the action
of I''. That this is the case follows from Lemma 5.12 since [ is stable under the semilinear
action of T". It remains to note that since T’ is split over k; the constructed maximal torus
in g G is split over R’ ® ks. This completes the proof of the theorem. |

Remark 5.13. If T is a finite group of order prime to p then its elements automatically
act on g’ as semisimple k’-linear transformations.

6. The Laurent polynomial case

+1
ot

In this section we consider the ring R, = k[tlil, ] for n > 1. We remind the reader

that the p’-geometric simply connected cover RZ e of R, is the inductive limit of the
/ [tlﬂE Vm_ ., t,it 1 ™ for 1/ k running over the finite Galois subextensions of ks and m
coprime to p such that p, (1) = wm(ks) [9, Rem. 4.2]. Such an extension is Galois and

Gal(I[6EV™ . EY™/Ry) = pum (D)™ x Gal(l/ k).

Theorem 6.1. Let 1 — G — G — J — 1 be an exact sequence of k-groups where J is
twisted constant and G is reductive. Then:

(i) Let E be a p’-geometric loop G-torsor over R,,. Then the twisted R,-group
scheme gG admits a maximal torus which is split by a p'-geometric Galois
cover of R,.

(i1) Let E be a toral G-torsor over Ry, which is split by R,’f/'geo. Assume that the
twisted Ry-group scheme G admits a maximal torus which is split by a finite
Galois p'-extension of R,,. Then E is a p’-geometric loop torsor.



Loop torsors. Theory and applications 27

Proof. (i) Our assumption implies that the G-torsor E is split by a Galois extension R’/ R,
whose Galois group is of the form I' = Gal(R'/R) = j;» (1)" x Gal(l/ k). Clearly, T is of
type (S) and the kernel of the type map is ()", a finite commutative p’-group. Hence
the assertion follows from Theorem 5.11 and Remark 5.13.

(ii) The strategy is to apply Theorem 4.3 (iii). Let T be a maximal k-torus of GandN =
Ng(T). There exists a Galois cover R’/ R as above which splits the G-torsor £ and which
splits the k-torus T. We have Pic(R’) = 0. Since all assumptions of Theorem 4.3 (iii) are
satisfied, we conclude that E is a p’-geometric loop torsor. ]

To summarize, we have the following implications for a G-torsor E that is split by a
p’-geometric Galois cover of R,

= X # G admits a maximal
E is p’-geometric 100p |===|  torus that is split by a

” p’-geometric Galois cover

# G admits a maximal torus
that is split by a p’-Galois cover

Remark 6.2. We claim that the converse of the top implication fails already for n = 1.
Let a field k of characteristic p > 0 admitting a cyclic field extension £ of degree p (e.g.
k =TF,). InRemark 4.13 (2), we have constructed an embedding i: T = R¢/x(Gn)/Gm —
PGL, = G and a T-torsor E over X = Spec(k [t%1]) such that i, E is not a loop G-torsor
and, a fortioti, not a p’-geometric loop G-torsor. By construction the semisimple X -group
scheme ;, g Gy admits the maximal X -torus Tx which is split by the cover X,/ X. Since
that cover is a p’-geometric Galois cover, the claim is established.

If the Galois group of k is a p’-profinite group, we have a necessary and sufficient
condition for characterizing p’-loop torsors.

Corollary 6.3. Under the assumptlons of Theorem 6.1, assume furthermore that the group
Gal(ks/ k) is a profinite p’-group. Let E be a G-torsor over Ry, which is split by Rp 8o,
Then the following assertions are equivalent:

(@ Eisa p’-loop torsor.
(b) The twisted R,-group scheme Eé admits a maximal torus which is split by a
finite Galois p'-extension of Ry,.

Proof. The assumption implies that RZ % is a limit of Galois extensions of the ring
R, of p’-degree. In other words, p’-geometric Galois covers of R, are also p’-covers.
Theorem 6.1 (i) yields the implication (a)=>(b) and the converse is given by (ii). [
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