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Finite conjugacy classes and split exact cochain complexes
Christian Rosendal

Abstract. We study the cohomology of isometric group actions on (super)-reflexive Banach spaces
with a focus on the relation between finite conjugacy classes and split exactness of cochain com-
plexes. In particular, we show that if a uniformly convex Banach module has no almost invariant
vectors under the FC-centre of the acting group, then the associated cochain complex is split
exact. Other similar rigidity results are established that are related to prior work of Bader, Furman,
Gelander and Monod (2007), Bader, Rosendal and Sauer (2014) and Nowak (2017).

1. Introduction

The aim of the present paper is to present a primarily algebraic approach to the study of
affine isometric group actions on Banach spaces with various convexity and reflexivity
properties. Whereas the prevailing approach in the literature is geometric or analytic, the
algebraic viewpoint presented here affords significant simplifications to proofs and also
permits one to prove results about the cohomology associated with continuous Banach
group modules in all degrees.

Let us begin by recalling that, for a group G, a Banach G-module is a pair (X, ),
where X is a Banach space and G r”w X is an action by bounded linear automorphisms.
The module is furthermore said to be isometric if every operator 7(g) is an isometry of X .
Denote by

X0 ={xeX|n(g)x =x, Vg €G)

the closed subspace of G-invariant vectors. Associated with a Banach G-module (X, ),
one has the cochain complex

al 32 83 34
C%G.X) — CYG.X) — C*G,X) = C3G,X) — -+,
where C"(G, X) is the vector space of maps [[/_; G 2) X and the coboundary operators

n+1
"G, x) X et (6, x)
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are defined by the formula

@) (g1, gnt1) = —7(g1)P(g2. - .. &nt1) + (1) P (g1, ... &n)

n
- Z(—l)l¢(g1, oo 8im1, 8i&iH1: Git2s -+ Ent1)-
i=1
Furthermore, letting Z" (G, X ) = ker 3”1 be the space of cocycles and B"(G, X ) = rgd"
the space of coboundaries, the quotient

H"(G,X) = Z"(G,X)/B"(G, X)

is defined to be the cohomology of degree n of the cochain complex. We shall return
to the interpretation of 1-cohomology in Section 10, but for now, it suffices to note that
H'(G, X) = {0} if and only if every affine isometric action G r% X with linear part &
fixes a point in X.

We also equip C”(G, X) with the topology of pointwise convergence on the discrete
group []7_; G and observe that C"(G, X) is a locally convex topological vector space.
In fact, when G is countable, C"(G, X) is a Fréchet space, that is, a locally convex,
completely metrisable topological vector space.

If F is any subgroup of G, we also let

FCg(F) = {g € G | the F-conjugacy class ¢F is finite}

and observe that FCg (F) is a subgroup of G normalised by F. Of course, FCg (F') con-
tains the centraliser of F in G but will in general be larger. Let also ® = FCg(G) denote
the FC-centre of G.

After presenting various background material on Banach modules, group algebra and
cohomology in Sections 2, 3, 4 and 5, we begin our paper in earnest in Section 6 by
providing an explicit and simple proof of P. W. Nowak’s result [11] that when (X, ) is
a uniformly convex isometric Banach G-module without almost invariant unit vectors,
then B!(G, X) is a closed complemented subspace of C!(G, X) (see Example 6.1). The
explicit formula for the associated projection onto B!(G, X) in turn allows us to give
an algebraic proof of the following result, which strengthens a theorem due to U. Bader,
A. Furman, T. Gelander and N. Monod [2] that was proved by entirely different means.
Observe that the assumption that G = F - FCg(F) generalises the case when G can be
written as a direct product G = F x M of subgroups F, M < G.

Theorem 1.1. Suppose G is a group and F is a subgroup so that G = F - FCg(F).
Assume also that (X, i) is a uniformly convex isometric Banach G-module without almost
invariant unit vectors and so that X*¢(F) = {0}. Then the restriction map

HYG,X) - HY(F,X)

is zero. In other words, if G ~, X is an affine isometric action with linear part w, then F
fixes a point on X.
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Whereas Nowak’s complementation result only requires the uniformly convex G-
module to not have almost invariant unit vectors, it also solely applies to degree 1. Never-
theless, with additional hypotheses, we can extend the complementation to all degrees.
In the result below, G’ denotes the commutant of G in the real group algebra RG,
whereas AG is the convex hull of G in RG. The action G rﬂx X is also extended lin-
early to an algebra representation RG NN £(X), where £(X) denotes the Banach algebra
of bounded operators on X .

Theorem 1.2. Suppose G is a group and (X, w) a Banach G-module. Assume that
&€ € G' N AG is chosen so that the operator I — w(§) is invertible in £(X). Then the
cochain complex

1 2 3 4
o —c'G.xSce S cenlcen..

is split exact. In other words, B" (G, X) = Z"(G, X) and B"(G, X) is complemented in
C™"(G,X) foralln > 0.

Of course, the major import of split exactness, as opposed to simply vanishing of the
cohomology, is the fact that there are continuous inverses to the coboundary operators.
Thus, for example, in the setting of Theorem 1.2, we may construct a continuous linear
operator Z2(G, X) — C (G, X) that to each cocycle ¢ € Z?(G, X) associates a cochain
V¥ = R¢ so that ¢ = 9%y.

As an immediate corollary of Theorem 1.2, we have the following result.

Theorem 1.3. Suppose G is a group and (X, ) is a uniformly convex isometric Banach
G-module. Let ® denote the FC-centre of G and assume that X has no almost invariant
unit vectors as a ®-module. Then the cochain complex

1 2 3 4
o —c'G. x5 cenS el e o ..
is split exact.

For example, this applies to all abelian or FC-groups G, in which case one simply has
d=0G.

Similar techniques also suffice to prove vanishing of cohomology under weaker
assumptions.

Theorem 1.4. Suppose G is a group and (X, 7) is a uniformly convex isometric Banach
G-module. Assume also that F is a subgroup of G so that X has no almost invariant unit
vectors as an FCg (F)-module. Then the restriction map

H"(G,X) — H"(F,X)

is zero for alln > 0.
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In contradistinction to Z” (G, X), we observe that B" (G, X) need not, in general, be
closed in C"(G, X), whereby H"(G, X)) may not be Hausdorff. To counteract this, one
often considers the reduced cohomology

H'(G,X)=2Z"(G,X)/B"(G, X),

where B"(G, X) is the closure of B"(G, X) in C"(G, X). As for unreduced cohomology,
ik (G, X) can be interpreted in terms of affine isometric actions. Namely, we have that
H" (G, X)) = {0} if and only if every affine isometric action G A X with linear part 7 has
almost fixed points in X (see Section 10 for details). The following theorem strengthens
the main result of [3].

Theorem 1.5. Suppose that G is a group and (X, ) a separable reflexive isometric
Banach G-module. Assume also that F < G is a subgroup with X 6(F) = {0}, Then
the restriction map

H'(G,X)— H'(F,X)

is zero for all n > 0. In particular, if G ~ X is an affine isometric action with linear
part 7w, then F has almost fixed points on X.

2. Convexity, reflexivity and Banach modules

In this paper, all Banach spaces will be assumed to be real, that is, they are defined over
the scalar field R. Nevertheless, most results hold for complex Banach spaces as well with
minimal changes to the proofs.

Recall that a Banach space (X, ||-||) is said to be strictly convex provided that the unit
sphere Sy = {x € X | ||x|| = 1} contains no proper line segment, or equivalently that
|| % || < 1 for all distinct x, y € Syx.

Also, (X, ||]|) is uniformly convex if, for all &£ > 0, there is some § > 0 so that

Hx+y

2
whenever x, y € Sy satisfy ||x — y|| > ¢. In this case, we define the modulus of uniform
convexity 6:[0,2] — [0, 1] by

BE

3(e) = inf{l — ”%H ‘ X,y €Sy &||lx—yl| = 8}.
Alternatively, the uniform convexity can be captured by the modulus

o(t) = sup{llx = [l | [x[. Iyl =T & llx + yl = ¢}

defined for ¢ € [0, 2]. Indeed, X is uniformly convex if and only if lim;—,,_ w(¢) = 0. For
a uniformly convex space X, let us also note that, for any fixed n and ¢ > 0, there is a
& > 0 so that

diam({x1,...,x,}) <&
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whenever x1,...,x, € Sy and ||x1+nA|| >1-46.

Between these two concepts, there is the notion of locally uniformly convex spaces.
Here a space (X, ||-||) is said to be locally uniformly convex or locally uniformly rotund if,
for every x € Sy and € > 0, there is a § = §(x, &) > 0 so that

|5 <1-
2
whenever y € Sy satisfies |x — y|| > ¢. In other words, the unit sphere Sy is uniformly
curved locally at every point x € Sy.

There is a very delicate and rich interplay between notions of convexity and notions of
reflexivity, but we will just need to mention a couple of fundamental results. Recall first
that a renorming of a Banach space (X, ||-||) is @a norm ||-|| on X satisfying

1
—1I < Il < K-
2 =1 = K-l

for some constant K. In particular, this implies that the norm ||-|| is complete on X and
that the formal identity (X, ||-])) L (X, [IIl) is an isomorphism of Banach spaces. Note
that since reflexivity is invariant under isomorphism, the reflexivity of (X, ||-||) does not
change under renormings.

Secondly, a Banach space (X, ||-||) is said to be super-reflexive if every ultrapower X %
of X is reflexive. By the work of P. Enflo [6] (see also [7]), (X, ||-]|) being super-reflexive is
equivalent to (X, ||-||) admitting a uniformly convex renorming and thus super-reflexivity
is also independent of the specific choice of norm on X.

Suppose G is a group. Then a Banach G-module is a pair (X, ), where X is a Banach
space and G rjg, X is an action of G by continuous linear automorphisms on X. When
there is only one action 7 in sight, we shall often suppress it from the discussion and
simply say that X is a (Banach) G-module. Furthermore, if the action 7 is by linear
isometries of X, we will say that X is an isometric G-module.

It is a well-known fact (see, e.g., [2, Proposition 2.3] for a proof) that if X with norm
||-]| is a super-reflexive isometric G-module, then there is a uniformly convex G-invariant
renorming ||-|| of X, that is, so that (X, ||-||) is a uniformly convex isometric G-module.

Less evident is the result of G. Lancien [9] stating that if X with norm ||-|| is a separ-
able reflexive isometric G-module, then there is a locally uniformly convex G-invariant
renorming ||-|| of X. Thus, when dealing with super-reflexive or separable reflexive iso-
metric G-modules (X, ), one may after appropriate renormings of X, but without altering
the linear action r, suppose that these are actually uniformly convex and locally uniformly
convex G-modules, respectively.

One advantage of working with reflexive Banach modules as opposed to general
Banach modules is that a reflexive isometric Banach module decomposes canonically.
In fact, this even happens in a wider context that may be independent of the geometry
of the Banach space. To explain this, let us recall that an isometric Banach G-module
(X, ) is weakly almost periodic if, for every x € Sy, the orbit 7(G)x C Sy is relat-
ively weakly compact, that is, n(G)xw is compact for the weak topology on X. Note
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that since a Banach space is reflexive if and only if the closed unit ball is weakly com-
pact, every isometric reflexive Banach module is automatically weakly almost periodic.
The Alaoglu—Birkhoff decomposition theorem [1] now states that if X is a weakly almost
periodic isometric Banach G-module, then X admits a G-invariant decomposition

X=X%a Xg
into a direct sum of two closed linear subspaces, namely, the subspace of invariant vectors
X% ={xeX|n(g)x =x, Vg G}

and

X ={x € X |0econv(x(G)x)}.

Observe that if H is a normal subgroup of G and X = X# @ Xy is the corresponding
decomposition, then both X# and Xy are G-invariant. That this holds for the space of
invariant vectors is obvious and, on the other hand, if x € Xy and g € G, then

0 = 7(2)0 € m(g)[conv( (H)x)] = conv(r(g)m(H)x) = conv(r(H)m(g)x).

so also w(g)x € Xg.

3. The group algebra, affine space and simplex

Suppose G is a group. Then the group algebra of G is the free R-vector space RG over G,
that is, the vector space with basis {1, }scG. Thus, every element £ of RG has a unique
representation as a linear combination

£ = Ztglg,
geG

where, of course, only finitely many coefficients 7, € R are non-zero. Alternatively, identi-
fying 1, with the Dirac function at g, § can be viewed as a finitely supported function
G = R. Thus, elements of RG add coordinatewise

Dtgle+ Y sgly =D (tg +5g)lg.
geG geG geG
Furthermore, elements of RG multiply as follows:
(Z tglg) . ( nglg) = Y el =3 Y espln
geG geG g.feG heG gf=h

In other words, viewing § = 3 g fglg and { = ) . sglg as finitely supported
functions G —> R, the product £ - £ is just the convolution £ * ¢ defined by

E*)(h) = Y &g h).

geG
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We may define the augmentation map RG SR by
o( Seete) = S
geG geG
and note that this is a homomorphism of R-algebras. Therefore, the augmentation ideal

S £(e) = o}

MG = kera = {S e RG
geG

is a two-sided ideal in RG, that is, £ - { € MIG whenever either £ € MG or { € MG.
Consider also the set

AG = {£ € RG | a(§) = 1} = MG + 1,

where g € G is any element. Then AG is neither closed under scalar multiplication nor
under addition. On the other hand, if £, ¢ € AG, then

a-H=a-al@)=1-1=1

andso & - ¢ € AG. Similarly, if { = Y 7_, ;& is an affine combination of § € AG, that
is,sothat ) /_, #; = 1, then

a@Q) =) tiaE) =) ti-1=1
i=1

i=1

and so again ¢ € AG. This justifies denoting AG the group affine space of G.
What turns out to be of equal importance in our study is the group simplex AG, which
is the convex hull of the basis elements {1z }¢ec. In other words,

AG ={§ € AG |§(g) =0, forall g € G}.

Similarly to AG, we see that AG is closed under multiplication and convex combinations.
The group G naturally embeds into the multiplicative semigroup RG via the identific-
ation g — 1, and we shall therefore mostly ignore the difference between G and its image
in RG. Therefore, the element ) ¢eG lg lg will generally simply be written 3 ¢cG g8
If F is a subgroup of G, it is of interest to determine the commutant' of F in the
algebra RG, that is, the subalgebra

F'={§cRG| f-£=¢&-f forall f € F).

The notation F’ might unfortunately cause some confusion here, since in group theory, F’ usually
denotes the commutator subgroup or derived subgroup of F, that is, the group generated by the family of
all commutators [f, g] = f~'g~' fgfor f,g € F.
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Obviously, the centraliser Cg(F) ={g € G | gf = fg, forall f € F} or rather its image
{lg e RG | gf = fg, forall f € F} is contained in the commutant and thus so is the
linear span, span(Cg (F)). However, in general, the commutant of F' is larger than this.
Indeed, suppose that g € G has a finite F-conjugacy class

B=g" ={fef™"| feF}

Then we may define the F-class sum B = > nep B € RG and the F-class average
B = 51 heph € AG.

Lemma 3.1. Let F be a subgroup of G. Then the commutant of F in RG is
F' = span{§ | B is a finite F-conjugacy class in G}.
Furthermore, F' N AG is a multiplicative subsemigroup of RG and
F'N AG = conv{B | B is a finite F-conjugacy class in G}.
Proof. Note first that if B is a finite F'-conjugacy class, then

f.é.f—lzthf—lzzhzg

heB heB

and so B € F'. Conversely, suppose that § = > ¢eG lgg € F'and that f € F. Then
Yomh=5=f-5 "= tefef T =) tpush
heG geG heG

and so £(h) =ty =ty = E(f7Yhf) for all h € G. It follows that £ is constant on
every F-conjugacy class and therefore must be a linear combination of F-class sums.
Note that this also shows that

F' N AG = conv{B | B is a finite F-conjugacy class in G}.

Finally, because both F’ and AG are closed under multiplication, so is their intersection.
That is, F’ N A is a multiplicative subsemigroup of the algebra RG. ]

One last thing to note is that if G is a group and (X, ) a Banach G-module, then
the module action G r”\, X extends canonically to a module action of the algebra RG.
More precisely, seeing = as a map G LN £(X) into the algebra £(X) of bounded linear
operators on X, 7 extends uniquely to an algebra representation

RG 5 £(X)

simply by setting 7 (Y, t:gi) = Y_; t:i (i)
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4. Groups with finite conjugacy classes

Definition 4.1. Suppose F is a subgroup of a group G. We then let
FCg(F) = {g € G | the F-conjugacy class g¥ is finite}.

The basic observation in this context is that FCg (G) is a subgroup of G that is evid-
ently normalised by F, that is, F < Ng(FCg (F)). Indeed, if g¥ = {hy,..., h,}, then
(g HF ={h7t, ... h 1) Also,if g1.....,gn € FCG(F), then

’ n
(g1---gn)F cgf - gf,

and the latter set is a finite product of finite sets and therefore finite. Thus, g1 --- g, €
FCq (F)

Observe also that FCg (F') consists exactly of the g € G so that the centraliser sub-
group Cr(g) = {f € F | fg = gf} has finite index in F. In particular, if H is a finitely
generated subgroup of FCg (F), then the centraliser

Cr(H)={f€F | fh=hf YheH

is also of finite index in F. If H is no longer finitely generated, this may no longer be the
case.
Recall that if G is a group, the FC-centre of G is the normal subgroup

® = FCg(G) = {g € G | g has a finite conjugacy class}

and G is called an FC-group in case G = @, that is, if every conjugacy class is finite. Note
that if G is any group and F is a subgroup, then K = F - FCg (F) is also a subgroup of G,
but the FC-centre of K may in general be smaller than FCg (F'), since FCg (F) may not
itself be an FC-group.

Example 4.2. Let X1, X5, X3, ... be a sequence of disjoint finite sets, and let Fo, be the
free group on the set of generators | J,, X,,. Note that [ [, Sym(X},) acts by automorphisms
on Fo, by permuting the generators. Hence, if I is any subgroup of [ [, Sym(X,,), we can
form the semidirect product G = Fo, x I', in which F, is normal and Foo < FCG(T'). In
particular, G = T" - FCg (I).

Lemma 4.3. Suppose that G is a group, that F is a subgroup of G and that (X, ) is a
strictly convex isometric Banach G-module. Then

X6F) — (x € X | n(§)x = x, forall§ € F' N AG).
Proof. Suppose first that x € XF6¢(F)_ To see that 7(§)x = x for all £ € F/ N AG, it

suffices, by Lemma 3.1, to show that N(Bx = x for all finite F-conjugacy classes B.
But such B are subsets of FCg (F') and therefore

H(F)x=|—;|2n(g)x=ﬁ2x=x.

geB geB
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Conversely, suppose x € X is a unit vector so that 7(§)x = x forall £ € F' N AG.
Assume also that 4 € FCg(F), and let B = h¥ be the F-conjugacy class of /. Then, by
Lemma 3.1, B € F' N AG and therefore

x =n(B)x = L Z m(g)x.
1Bl 7

Because || (g)x|| = 1 forall g € G and X is strictly convex, we find that x = 7(g)x for
all g € B. In particular, (h)x = x, showing that x € XF¢¢(F), n

5. Almost invariant unit vectors

Definition 5.1. Let G be a group and (X, 7) an isometric Banach G-module. We say that
(X, ) has almost invariant unit vectors if, for all finite subsets £ C G and ¢ > 0, there is
some x € Sy so that

[x —m(g)xll <e

forallg € E.

Lemma 5.2. Let G be a group and (X, w) a uniformly convex isometric Banach
G -module. Then the following conditions are equivalent:

(1) (X, ) does not have almost invariant unit vectors.

(2) The operator I — 7 (§) is invertible for some § € AG.

3) |l= &) < 1 for some & € AG.

(4) There is a finite set E € G so that |7 (§)|| < 1 forall £ € AG with E C supp(§).

Proof. Clearly, (4) = (3). That (3) = (2) follows from considering the Carl Neumann

series
o0

(I—7@E)"' =) =@,
n=0
which is valid whenever || (§)|| < 1. Similarly, that (2) = (1) is clear. Because if I — 7 (§)
is invertible, then it is bounded away from O, that is,

x =7(@x]| = (] =7@E)x|l = el x]|

for some ¢ > 0 and all x € X. So, if £ = Zf;l Aigi, then no vector x € Sy can satisfy
|lx — 7 (gi)x|| < e foralli.

Finally, to see that (1) = (4), suppose g1, ..., g, € G and ¢ > 0 are chosen so that no
unit vector x satisfies ||x — 7 (g;)x| < & for all i. This means thatif £ = {1,g1,...,8x},
then

diam({m(g)x | g € E}) > ¢
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for all x € Sy. Assume now that £ € AG satisfies £ C supp(§). Then, if x € Sy,

m(E)x =Y E(g)m(g)x

geG

is a convex combination of a subset of Sy of radius at least ¢, of cardinality at most m =
|supp(£)| and with minimal positive coefficient greater than or equal to A = min{£(g) |
£(g) > 0}. Because X is uniformly convex, it follows that there is some § = §(g,m,A) > 0
so that

[w@)x] <1-8

for all x € Sy, thatis, |7 (§)|| < 1-6. |

Lemma 5.3. Let G be a group and F a subgroup so that G = F - FCg (F). Assume also
that (X, i) is a uniformly convex isometric Banach G-module without almost invariant
unit vectors. Then

[ E)m @Ol <1
forsome £ € AF and { € F' N AG.

Proof. By Lemma 5.2, there is a finite set £ C G so that ||7(§)|| < 1 for all £ € AG with
E Csupp(§). Also,as G = F - FCg (F), we can find finite sets A C F and B C FCg(F) so
that £ € AB. Enlarging B if necessary, we may assume that B is a union of F'-conjugacy
classes. Letting £ = IT%\ D reaf €AFand{ = IT}@\ > _gep &> we find that

and so E C AB C supp(&£¢). It follows that |7 (§)7(¢)] = ||w(£¢)|| < 1. Observe also
that, by Lemma 3.1, we have § € F/ N AG. [

6. Cohomology

For the following discussion, consider a group G and a Banach G-module (X, ). This
gives rise to the standard cochain complex, which we define as follows. First, for every
n >0, let

C"(G,X)

deno(lt’e the vector space of n-cochains, that is, C"(G, X) is the collection of all maps
G" — X. Observe that, because G® = {0}, every ¢ € C°(G, X) can be identified with
its unique value ¢ (@) € X, and we can therefore identify C°(G, X) with X itself. Define
now a sequence of linear operators

90 9l 92 93
{0} - C%G,X) — CY(G,.X) = C*(G,X)— ---



C. Rosendal 12

by the formula
(8n+1¢)(g1$ o ,gn+1) = —ﬂ(g1)¢(g2, ) gn+1) + (_l)n¢(glv o 7gn)

n
- Z(—1)1¢(g1, oo 8im158i&i+ 15 Git2s -+ &nt1)-

i=1

In particular, for x € X = C%(G, X), we have

@'x)(g) = x — m(g)x,

whereas for ¢ € C1(G, X), we have

@¢)(g. ) = ¢(gf) — ()P (/) — ¢ (g).

A straightforward computation shows that 3”1 o 3" = 0. Also, when no confusion is
possible, we shall often drop the index n from 0”.
For all n > 0, let
Z"(G,X) = kerd"T!

denote the space of n-cocycles and
B"(G,X) =rgd"

the space of n-coboundaries. From the above, we note that B%(G, X) = {0} and that
Z%G, X) = XC, whereas

ZY (G, X) =1{$:G — X | ¢(gf) = n()$(f) + ¢ (g). forall g, f € G}.

For n > 0, the n-cohomology of the Banach G-module (X, rr) is defined to be the quotient
vector space
Z"(G,X)
B"(G,X)’
We shall return to its interpretation in Section 10.

Observe also that C"(G, X) can be identified with the product space [[;. X and
therefore is equipped with the corresponding Tychonoff product topology. Furthermore,
Z" (G, X) is a closed linear subspace of C"(G, X), because

H"(G,X) =

G- feellx|@ 0@ e =of.
Gn

(815---:8n+1)€G™

In particular, when G is a countable group, both C"*(G, X) and Z"(G, X) are Fréchet
spaces.
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Example 6.1 (Complementation of 1-cohomology). Observe that, for any element £ =
>, tigi € AG, the operator I — r(§) on X factors through C!(G, X) as follows:

I-n(¢) .y

CY(G,X)

X

where Rg is the operator given by
Re(d) =Y _1ip(g0).
i

Indeed, simply note that

(Re 09")(x) = Y 10" x)(g:) = Y ti(x — w(gi)x) = x — 7(E)x.

Suppose now, furthermore, that the operator I — 7 (§) is invertible. For example, if X
is uniformly convex and has no almost invariant unit vectors, then, by Lemma 5.2, we can
choose £ so that this holds. In this case,

P=03"o(I-n)"oRs

defines a continuous idempotent operator on the topological vector space C (G, X),
because

P2=d"o(I —n(§) o Reod o (I —m(E) " o Re =" o (I —7(§) " o Re = P.

It follows that P is a continuous projection onto its image B'(G, X) and also that
BY(G, X) = ker(I — P) is a closed subspace of C!(G, X). Note also that, because
I — 7() is invertible, no unit vector is invariant under 7 (£) and so X¢ = {0} and 9" is
injective. Therefore, ker P = ker R¢ and the space of cochains decomposes as a topological
direct sum

CY(G,X) =ker(I — P) @ ker P = B (G, X) & ker Rg.

Furthermore, because B' (G, X) € Z(G, X) € C(G, X), we have
ZY(G,X) = BY(G,X) ® (Z'(G, X) Nker R),

whereby
HY(G,X) =~ Z"(G,X) Nker R¢

and
ZY(G,X) = BY(G,X)® H'(G, X).

This is the main result of P. W. Nowak’s paper [11].
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7. Extension of cohomology to the group affine space

. . . ¢
Note that, because G is a vector space basis for its group algebra RG, every map G — X
has a unique extension to an n-multilinear map

RG x ---xRG > X.
—_—————

n times

Therefore, the vector space C"(G, X) is canonically isomorphic to the vector space
C"(RG, X) of n-multilinear maps (RG)" — X. However, the extension operations
¢ > ¢ fail to commute with the coboundary homomorphisms d (see Example 7.4), and
we must therefore instead restrict the attention to a smaller space of functions on which
they do commute.” Indeed, for a map G" — X, let $ denote the unique extension of ¢ to
an n-multiaffine map

AG x--xAG % x.
————
n times

that is, so that

k k
$(sl,...,si_l,Zr,-z,-,s,-H,...,sn) =Y - b G b )
j=1

j=1

forall §;,{; € AG andt; € R with Zle t; = 1. Letthen C" (A G, X) denote the collection
of all n-multiaffine maps AG x --- x AG — X and note that C*(G, X) and C"(AG, X)
are canonically isomorphic via the extension map ¢ +— {5

Finally, define the coboundary maps

gnt+1

C"(AG,X) — C"T1(AG, X)
by the formula

@) Er ) = —mEDD G Ear) + (D) DL En)
=Y DG Er . Er Efi Eira o Eat)

i=1

The following lemma now shows that, as opposed to the case of C"(RG, X),
the identification of C"(G, X) with C"(AG, X) is compatible with the coboundary
homomorphism 3”1,

21t is possible to extend cohomology to all of the group algebra RG. However, this extension involves
the augmentation map and will not be pursued here.
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Lemma 7.1. Foralln > 0and ¢ € C*(G, X), we have 8@) = 55, and so the diagram

(G, X) 2 cnt1(G, X)

I= =

C"(AG, X) XL cnH1(AG, X)
commutes.

Proof. Suppose that §1,...,&,41 € AG. Then we can find g1,...,8x € Gandf;; € R
with Zle ti,; = I sothat § = Zle 1;,;g; for all i. We then have

@(Elv-'-vsn+l) = Z Z‘1,j1'''l‘n+1,jn+1a¢(gj1v''-7g]‘n+1)

J1seessn+1
== Yttt M€ & Giuir)
J1seeosdn+1
- E : B, jyt Int 1, juga
J1seeesn+1

n
' Z(_l)p¢(gj1 se e 8ipe1>8p8ipt1r jprar - gjn+1)

p=1
+(_1)n Z tl,jl"'tn+1,jn+1¢(gj1»'~~»gjn)
Jlseessin+1
==Y 1t;7(g)E .. Ent1)
J1

— DY ity b E it o1 Eptan - Eng1)
p=1 jp

+ (D" Dttt 661 )

jn+1

= —n(E)PEr. - Ent1)
=Y DPPEr - Epr Epbprt Eptae - Ent1)

p=1
+ (=D, En)
=3P Ent1)

This proves the lemma. u

Remark 7.2. By this lemma, we need not worry about the difference between the two
spaces C"(G, X) and C"(AG, X). For example, if we define Z"(AG, X) = ker 3"*!
and B"(AG, X) = rgd", then the extension map ¢ — ¢ defines isomorphisms between
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ZY(G,x) and Z'(AG, X) and between B!(G, x) and B'(AG, X). Concretely, this
implies among other things that if ¢ € Z'(G, X) and £,¢ € AG, then

P(E0) = 1(E)(Q) + o (&),

because 82<$ = 8/25 =0.
Henceforth, we shall not worry about the distinction between ¢ and its extension ¢ to
an n-multiaffine map and simply denote both by ¢.

Remark 7.3. Suppose £, € AG commute, that is, £¢ = ¢£, and that ¢ € Z1(G, X).
Then

n(§)P() + ¢(§) = (§0) = ¢(£8) = w(D)P(§) + ¢(0)
and so
(I —m(@)¢E) = (I —7(§)9(0)
or equivalently

31 ($(©))(©) = 3 (PO ®).

We shall be using this simple observation repeatedly.

Example 7.4. To see that the standard formulas fail to extend the cochain complex to the
group algebra RG rather than just AG, suppose that
gn+1
C"(RG,X) — C"T(RG, X)
is given as before by the formula

@) Er .. Enrr) = —TEDP(E - Enr) + (DG Er . En)
=Y D PG Eir Ein v Enr)

i=1
Then, for x € X = C°(G,X) and g, f € G, we have
(0X)(g+ ) =—n(g+ HX+ X =x—n(gx —n(f)x,

whereas

@x)(g + ) = (0x)(g) + (x)(f) = x = 7(g)x + x — 7(f)x.
So (8/\;) # 0X whenever x # 0.

Suppose G is a group, F' is a subgroup and (X, ) is a BanacT‘h G-module. Then the
map that takes a cochain ¢ € C"(G, X) to its restriction F" 25 X s easily seen to
commute with the coboundary map 9 and therefore maps Z" (G, X) into Z"(F, X) and
B"(G, X) into B"(F, X). From this it also follows that the restriction map ¢ + ¢|F
induces a map on cohomology H'(G, X) — H(F, X).

Our first result is a refinement of [2, Theorem C], which was proved using very dif-
ferent means, namely minimal invariant closed convex sets. The proof here, based on

Example 6.1, is purely algebraic and somewhat shorter.
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Theorem 7.5. Suppose G is a group and F is a subgroup so that G = F - FCg(F).
Assume also that (X, i) is a uniformly convex isometric Banach G-module without almost
invariant unit vectors and so that X*¢(F) = {0}. Then the restriction map

HY(G.X)— H!\(F,X)
is zero.

Proof. Because X is uniformly convex and has no almost invariant unit vectors, it follows
from Lemma 5.3 that there are § € AF and ¢ € F' N AG so that |7 (§)7(¢)|| < L. It now
follows from Example 6.1 that C!(G, X) decomposes as a direct sum of closed linear
subspaces

C'(G,X)=B"(G.X)®{¢p € C'(G.X) | p(£¢) = 0}.

To prove the theorem, it thus suffices to show that ¢|r = 0 forall ¢ € Z!(G, X) satisfying

$(§¢) = 0.

So let such a ¢ be given. Then

n(E)p() + ¢ (§) = ¢(£0) = 0= ¢(Z§) = (D¢ (§) + $(D)

and so
¢ = ()P (&) = —m(O)[-7(E)P(D] = 7(EP(E).

As || (E2)| < 1, it follows that ¢(¢) = 0 and similarly ¢ (§) = 0.
Observe now that, for any 0 € AF, we have

(I =7 ()gp(0) = (I = 7(0))¢() = 0.
Thus, ()¢ (0) = $(0) and
p(0) = n(§)¢(0) + ¢(§) = n(§)¢(0) = 7 (§L)(0).
Therefore, if n € AF, we have

PE" ) = ¢(E-E"") = nEDPE" ) =0 = 2(E)"P()

and so ¢(£§"n) — 0 because |7 (£0)| < 1.
n
Assume that f € Fand 8 € F' N AG. Setn = % € AF and note that

BN = l=me Bl
z [l "M Bl
= ¢E"nB) —dE 0l
= l¢(BE"n) — "N
=l¢B)—U —=(B)E N
= llpBIl-
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It thus follows that

$B) + (NP | _
===

me Bl = lloB
and so ()P (B) = ¢(B) because X is strictly convex. Finally,

(I =ma(BN¢(f) = U =m(fN¢(B) =0

and so T(B)p(f) = ¢(f). Because B € F/ N AG was arbitrary, Lemma 4.3 implies
that ¢(f) € XF6¢(F) = {0}. In other words, ¢|r = 0 and so the restriction mapping
HY(G,X) - H'(F, X) is zero. m

The following corollary is a reformulation of [2, Theorem C].

Corollary 7.6. Suppose F and G are groups and (X, 7) is a uniformly convex iso-
metric Banach F x G-module without almost invariant unit vectors. Assume also that
XF = X% ={0}. Then
HY(F x G, X) = {0}.

Proof. For simplicity of notation, we shall identify F and G with their images in F x G.
So suppose ¢ € Z'(F x G, X). Then, by Theorem 7.5, ¢|r € B (F, X), whereas ¢|G €
B (G, X). So, for some x,y € X, we have ¢(f) = x —w(f)x and ¢(g) = y — n(g)y
forall f € Fand g € G.

We claim that x = y. For otherwise, as X = {0}, there is some f € F so that
(I — n(f))(y — x) # 0 and therefore, as X% = {0}, some g € G so that

(I —m(@)U —m(f Ny —x) #0.
Howeyver, this contradicts that

0=0¢(gf)—¢(fg)
=n()d(f) +¢(g) —n(f)(g) —d(f)
=n(@x—n@n(f)x+y—n(@y—n(f)y+x(f)n(g)y —x+n(f)x
= - —7(f)NY —x).

Thus, x = y and so, for all f € F and g € G, we have that ¢(fg) = n(f)x —
m(f)m(g)x + x — n(f)x = x — n(fg)x, which shows that ¢ € B1(F x G, X) and
therefore that H'(F x G, X) = {0}. |

8. Homotopy of cochain maps

Suppose G and F are groups and X and Y are G and F-Banach modules, respectively.
A cochain map (of degree 0) between the standard cochain complexes C*(G, X) and
C*(F.Y)isasequence T = (T");2, of continuous linear operators

"G, X)L ¢ (F.Y)
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so that the following diagram commutes:

0 ! 1 92 2 93 3 04

oG, X) -2 c1(G, X) -2 26, x) 2 36, x) 2 .
70 T! T2 T3

0l a! 1l 02 2l 93 3l 94

COF.Y) —2 CYF.Y) —2 C2(F.Y) -2 C3(F,v) 2 ...

As usual, we will most often suppress the index n and simply write 7" for the individual
operators 7". Because a cochain map 7 commutes with the boundary operator 0 or rather
as TnH19n+1 = 97 +1T" we observe that T maps Z*(G, X) into Z*(F,Y) and B*(G, X)
into B*(F,Y). It therefore follows that a cochain map 7" defines a map on cohomology,
that is,

H"(G,X) 5 H'(F,Y).

If T and S are two cochain maps from C*(G, X) to C*(F,Y), we say that T and S
are homotopic provided that there is a sequence of continuous linear operators

Rnt+1
C"t(G,X) — C"(F.Y)
RO a0
so that when letting C°(G, X) — {0} — C°(F,Y) be the 0 maps, we have that
Th — §" — §" R" 4 Rn+18n+1
for all n > 0. This gives us a non-commutative diagram as follows:

0 9! 1 a2 2 » v
oG, x) — 5 (G, x) —F— 26, x) —P

RO - Tolso R - TlJ/sl R? e Tzlsz R? -
/// 17 g k//
3° 0 3! 1 i 2 93
{0} —— C°(F,Y) —— C'(F,Y) ——— C*(F,Y) — ---

The main observation regarding homotopic cochain maps 7 and S is that they define
identical maps on cohomology

H"(G, X) 25 H(F.Y).
Indeed, if 7" — 8™ = 9"R" 4+ R"+19" L and ¢ € Z"(G, X) = ker 3" T, then
Tnd)—anb — aan¢+ Rn+lan+l¢ — aan¢ e Bn(F, Y)

Our first lemma is related to the well-known fact that conjugation in groups is
cohomologically trivial (see, e.g., [5, Proposition 8.3]).

Proposition 8.1. Suppose G is a group, F is a subgroup and (X, m) is a Banach
G -module. Assume that £ € F' N AG and define cochain maps

c* (G, x) 2L co(F, x)
by S¢p =¢|lrpand Tp = n(§) o p|f. Then S and T are homotopic.
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Proof. That the restriction map S is a cochain map, that is, it commutes with 9, is straight-
forward to see. That T is a cochain map follows from the fact that 7 (§) commutes with

7 (f) forall f € F.Define now

n+1 R
C (G,X) — C"(F, X)

forn > 0 by
n+1 )
(R™)(frv s f) = DD Do fitn & fivos fo)s
i=1

andlet R%x =0 forallx € X = C%(G, X).
Observe first that, for x € X = C%(G, X), we have

Sx—Tx=x—nE)x =R'dx =R'3'x + 3I°R.
We also claim that, for all ¢ € C*(G, X) withn > 1 and f1,..., f, € F, we have

¢(f1"'-»fn)_n(s)q&(flv"'sfn):(Rn+lan+l¢)(flv"'afn)+(aan¢)(f17"'sfn)?

whereby S — T = R0 + 0R and thus showing that S and 7" are homotopic.
To see this, we compute

(aan¢)(f19"'7fn)
= - (fOR"®)(f2, .-, fo) + (D" (RO (f1, - - 1)

n—1
= D R Y Sre s it fi St figze oo fo)

Jj=1

= )| T o S i o)
i=1

+ (_1)n1|:2(_1)i+1¢(f1’ D) ﬁ—la 57 fi* ceey fn—l):|
i=1
n+1

—Z( /> =1y

i=j+2

'¢>(f1, v Ji—u fifivn fivae o fict 6 fin oo fa)
n—1 Jj

=2 (=D Y =
j=1 i=1

cO(f1oo fimtn € i fimt fi it fiv2s oo os fu)

n+1

= —n(fl)[ Y VPSSt finnn fn)}

i=2
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n+1i-2
+ Y D DTG St fifiwn fias s fimt B fie o )
i=3j=1
n—1n—1
FY D VS fimt i i fimts i it fiv2e e S

i=1j=i

Thus,

(R™1" ) (fr.-- - fa)

n+1
DEDT@ ) (fra s fimr £ fios S
i=1

n+1

—wEfro- s S) = Y DT ()G fimt 6o fiv o)

i=2

Y DTG fin b f o fae) H CDP R0 )
i=1

n+1i-2 ) ]

=N EDTH YA i fi i S S E fi f)
i=3j=1

n—1n—1

—ZZ(—l)i+l+j+l¢(f1,--~,fi—luf»fi 77777 Si-t. fifi+1s i+ on, Jn)

i=1j=i

“ D EDTHG (L fin B fir fa)
o
=Y DT fica i fia f)
=2
n+1
(1 =@ f) + 7 S P S v )]

i=2

— (D" Y DS it £ S fam)
i=1
n+1i-2 o
= N EDT TGS i i fia firae o fio B fro o )
i=3j=1
n—li—l o
=D DTS fimt B S S [ i a2 )

i=1j=i
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+Z¢(flv"-7ﬁ—1s€ﬁvﬁ+ls-~'9fn)
i=1

n+1

= ¢Ufre fima Efimts firtseon So)
i=2
= —7ENS(fi.. . fu) = "R Q) (fr..... fu)-

SoS — T = RJ + 0R as claimed. ]

The next lemma is well known in the discrete setting (see, e.g., [5, Proposition 0.3]).
For the sake of completeness, we include a proof adapted to our setup.

Lemma 8.2. The following conditions are equivalent for a group G and a Banach
G-module (X, 1):

I
(1) The cochain identity map C*(G, X) — C*(G, X) is null-homotopic.
(2) There exists an invertible null-homotopic cochain map C*(G, X) — C*(G, X).
(3) The cochain complex

90 9l 92 33 94
{0} — C°%G, X)) — CYG, X)) — C*(G,X) — C3(G,X) — -

is split exact, that is, H" (G, X) = {0} and B"(G, X) = Z"(G, X) is complemen-
ted in C"(G, X) foralln > 0.

Before beginning the proof, observe that when the cochain complex is split exact, say
C"(G,X)=B"(G,X)dY"

for some sequence YO Y1, ... of closed linear subspaces Y” € C"(G, X), then we get
exact sequences

gntl

an
0—Y"! S BYG,X)®Y" — B""1(G,X) — 0,
an
whnere s =1rg — Ker and SO - — s 1S an 1Isomorpnism.
here B"(G, X) 9" = ker "t and so Y"! = B"(G,X)isani phi

T
Proof. (2) = (1): Suppose that C*(G, X) — C*(G, X) is an invertible null-homotopic
cochain map. This means that we can write

T =0R + R

R
for some continuous linear operators C**1(G, X) — C*(G, X). Now, as T commutes
with 9, so does 7!, whereby

I=T'T=TYR+T 'RI=00(T'R)+(T"'R)0d
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and so [ is null-homotopic too.

(1) = (3): If (1) holds, this nl%eans that we may write / = dR + R for some continu-
ous linear operators C*(G, X) — C*~1(G, X), where we set C~1(G, X) = {0}. In that
case, the composition

oR
C*(G,X) — C*G,X)
satisfies
(0R)?> = OROR + ROR = dROR + RIIR = IR = IR,

that is, dR is a continuous linear projection onto its image. Also, if ¥ € B"(G, X), write
Y = d¢ for some ¢ € C*~1(G, X) and note that

IRY = ORIP = ORIP + RIIp = 10 = .

Therefore, rg(dR) = B*(G, X) and 0R is a linear projection of C*(G, X) onto the
closed linear subspace B*(G, X) with complementary projection / — dR = R0. Since
Z°(G, X) C ker R0, it follows that also Z°*(G, X) = B*(G, X). In other words,
H*(G, X) = {0} and the cochain complex is split exact.
(3) = (2): Suppose that the cochain complex is split exact. Then, for all n > 0, we
have Z"(G, X) = B*(G, X) and
C"(G,.X)=B"(G.X)pY"

gnt+l
for some closed linear subspace Y € C"(G, X). Furthermore, Y —— B"T1(G, X) is
an isomorphism and thus admits an inverse. So let

Rn+1
cC"tI(G, X)) — Y

be 0 on Y"*! and the inverse of 9" *! on B"t1(G, X). Also, R is the unique operator

G, x) & (0.

Then 0" R" is the continuous linear projection of C"(G, X) onto B"(G, X) along Y,
whereas R"T19"*! is the complementary projection onto Y”. That is, / = 9" R" +
R+ 1971 showing that the invertible operator / is null-homotopic. n

Theorem 8.3. Suppose G is a group and X a Banach G-module. Assume that & €
G’ N AG is chosen so that I — 7 (§) is invertible. Then the cochain complex

a0 ol 0?2 93 04
{0} — C°%G,X) — CYG,X) = C*G,X) — C3G,X) — ---
is split exact.

Proof. As & € G' N AG, we may apply Proposition 8.1 with F = G to conclude that the
cochain map

p=>U—-7()o¢
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is null-homotopic. Also, because the operator / — 7 () is invertible, so is the above
cochain map. Therefore, by Lemma 8.2, the cochain complex

a0 ol 02 93 04
{0} = C°%G,X) — CYG, X)) — C*G,X) — C3(G,X) — -
is split exact. ]

Corollary 8.4. Suppose G is a group and (X, ) is a uniformly convex isometric Banach
G-module. Let ® denote the FC-centre of G and assume that X has no almost invariant
unit vectors as a ®-module. Then the cochain complex

30 ot 02 93 04
{0} = C%G.X) — CYG, X) — C*G,X) — C3(G, X)) — -
is split exact.

Proof. Because X is uniformly convex and has no almost invariant unit vectors as a ®-
module, by Lemma 5.2, there is a finite set £ C ® so that |7 (§)| < 1 forall £ € AG with
E C supp(§). Enlarging E, we may suppose that it is a union of conjugacy classes in G,
whereby & = ﬁ deE g € G’ N AG. By Neumann’s lemma, I — 7 (§) is invertible. The
result thus follows directly from Theorem 8.3. ]

Theorem 8.5. Suppose G is a group and (X, i) is a uniformly convex isometric Banach
G -module. Assume also that F is a subgroup of G so that X has no almost invariant unit
vectors as an FCg (F)-module. Then the restriction map

H"(G,X)— H"(F,X)
is zero for alln > 0.

Proof. Because X is uniformly convex and has no almost invariant unit vectors as an
FCg (F)-module, by Lemma 5.2, there is a finite set £ C FCg(F') so that |7 (§)] < 1 for
all £ € A(FCg(F)) with E C supp(§). Enlarging E, we may suppose that it is a union
of F-conjugacy classes, whereby & = “1,,—| deE g € F' N AG. By Neumann’s lemma,
I — 7(§) is invertible. Observe now that the restriction map C"(G, X) — C"(F, X) is
the composition of the two cochain maps

"G, x) S e x) 2 cnF, x)

defined by
O@) = —nE)odlr, Q) =U—-nE) oy

By Proposition 8.1, ® is null-homotopic and hence so is the composition Q@. ]
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9. Reduced cohomology

Recall that when G is a group and (X, ) is a Banach G-module, the space C"(G, X) of
n-cochains is nothing but the product

IMx

Gn

and therefore it is naturally equipped with the Tychonoff product topology. Because
gnt1
C"(G,X) — C""(G, X)
is a continuous linear operator, the kernel Z"(G, X) = ker 9" *t1 will be closed in
C"(G, X). In contradistinction, B"(G, X) = rg d* may not be closed and thus the
cohomology H* (G, X) = Z"(G, X)/B" (G, X) may not be a Hausdorff space. For this
reason, we define the reduced cohomology of the Banach module to be the quotient space

H"(G,X)=C"(G,X)/B"(G, X).

Lemma 9.1. Suppose X is a strictly convex, reflexive Banach space and that § € £(X)
is a semigroup of contractions, that is, so that ||S| < 1 forall S € §. Assume furthermore
that (g ker(I — S) = {0}. Then, for all finite subsets E C X and & > 0, there is some
T € conv(S) so that

sup ||Tx|| < e.

x€E
Proof. Suppose first that a single vector x € X and ¢ > 0 are given. We note that
K = conv(Sx) is a closed convex §-invariant subset of X. Therefore, as X is strictly
convex and reflexive, K has a unique element z € K of minimal norm. As ||Sz| < ||z||
and Sz € K for all S € S, it follows that z € (|4 ker(/ — S) = {0}. We may thus find
some T € conv(§) so that Tx € conv(S$x) has norm less than ¢.

Now, if instead a finite set £ = {x1,...,x,} € X and ¢ > 0 are given, we pick success-

ively Tq,...,T, € conv(S) sothat | T;Ti—1 --- Ty x;|| < e,andlet T =T, --- T1 € conv(S).
It then follows that

ITxill < Tn- Tigall - 1 TiTimr -+ Taxi|| < €
forall i. [

In the context of reduced cohomology, the following result takes the place of
Lemma 5.2.

Lemma 9.2. Suppose G is a group and (X, i) is a separable reflexive isometric Banach
G -module. Assume also that F is a subgroup of G so that X 6F) = {0}. Then, for all
finite subsets E C X and ¢ > 0, there is some £ € F' N AG so that

[ @E)x| <e
forall x € E.
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Proof. Recall first that, by the previously mentioned theorem of G. Lancien [9], because
(X, |I-l) is separable reflexive, it admits an isometry-invariant locally uniformly convex
renorming (X, [|-|) and thus the module action G A (X, I-Il) remains isometric. We may
thus simply assume that X is strictly convex and reflexive.

Consider the convex semigroup of contractions

S =1{n(¥) e £(X) | £ € F' N AG)

and observe, by Lemma 4.3, that (" g¢¢ ker(I — §) = {0}. Therefore, by Lemma 9.1, we
find that, for all finite subsets E C X and ¢ > 0, there is some § € F' N AG so that

[7(E)x] <e
forall x € E. u

We are now able to obtain a strengthening of the central result of [3] for the case of
separable reflexive isometric Banach modules.

Theorem 9.3. Suppose that G is a group and (X, w) a separable reflexive isometric
Banach G-module. Assume also that F < G is a subgroup with X*6¢(F) = {0}. Then
the restriction map

H'(G,X)— H"(F,X)

is zero for alln > 0.
Proof. Suppose that ¢ € Z"(G, X). We must show that ¢p|r € B”(F, X). That is, we

must verify that for all finite subsets £ C F" and ¢ > 0, there is some ¥ € B"(F, X) so
that

l¢(f)—v (Nl <e
for all ]7 € E.Solet E and ¢ be given and pick by Lemma 9.2 some £ € F' N AG so that
&) < e

for all f € E. Then
I$(/) = (@ — 7€) 0 SNl = IS < e

whereas

(¢ —n(§)od)|lr € B"(F. X)
by Proposition 8.1. So ¥ = (¢ — 7(€) o ¢)|F is as required. ]
Proposition 9.4. Suppose G is a group with a finite generating set 3 and (X, 1) is a sep-

arable reflexive isometric Banach G-module with X¢ = {0}. Then, for all ¢ € Z'(G, X)
and ¢ > 0, there is some x € X with

1> @-m@]| <e

gex
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Proof. As in the proof of Lemma 9.2, we may assume that X is strictly convex. We set
1
o= ngez g, and let
S={n(€) e L(X) | & € conv{c” | n > 1}}.

Because X ¢ = {0}, the operator 7(c) has no non-zero invariant vectors and hence § is a
convex semigroup of contractions with (g ker(/ — S) = {0}. Therefore, by Lemma 9.1,
we may find some § € conv{c” | n > 1} so that

&

lz(E)p (o)l < Bk

However, 0§ = £o0 and thus for x = ¢(§)

dx(0) = (I =7(0)p(§) = (I —n(§))$(0).

whereby

1> -6 -0 = 121 19— 9x@) =[] 7 @s@)] <e.  m
gex

10. Affine actions

e A
Recall that, by the Mazur-Ulam theorem, every surjective isometry X — X of a Banach
space is affine, that is, satisfies

A(Ztix,-) = ZtiA(xi)
i=1 i=1

. A . .
forall; € Rand x; € X sothat } 7_, #; = 1. Also, if X — X is any continuous affine
map, there is a unique bounded linear operator X — X and a vector a € X so that

Ax =Tx +a

for all x € X. Furthermore, if B is another affine map given by Bx = Sx + b for some
operator S and vector b, then one sees that

ABx =TSx + (Th + a).

Therefore, if G & X is a continuous affine action by a group G, we obtain a continuous
. . N .
linear action G ~, X along with amap G — X so that

a(g)x = m(g)x + ¢(g)

and

P(ef) =n(@e(f) + ¢(g)
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forall g, f € G and x € X. In other words, ¢ is nothing but a 1-cocycle associated with
the Banach G-module (X, ).
Observe also that, as

0x(g) —p(g) = x —m(g)x —p(g) = x —a(g)x,

we have that ¢ = dx if and only if x is fixed by the action G (% X.
Similarly, the cocycle ¢ belongs to B1(G, X) if and only if, for every finite subset
E C G and € > 0, there is an x € X so that

sup [lx —a(g)x| = sup[dx(g) — P ()| <e.
geE geE
These computations show that, for a fixed Banach G-module (X, ), there is a
bijective correspondence

{Affine actions with linear part 7} «w> Z1(G, X)

between the collection of affine actions G & X whose linear part is 7 and then the space
Z1(G, X) of 1-cocycles ¢ given by ¢(g) = a(g)0. Furthermore, under this correspond-
ence, the space B'(G, X) of coboundaries corresponds exactly to actions fixing a point
in X, whereas the space B1(G, X) of almost coboundaries corresponds to actions having
almost fixed points in the following sense.

Definition 10.1. An affine isometric group action G roﬁ, X on a Banach space almost fixes
a point if and only if, for all finite subsets £ C G and ¢ > 0, there is some x € X so that

x —a(g)x] <e
forallg € E.

Suppose now that (X, ) is an isometric Banach G-module and ¢ € Z!(G, X) is a
cocycle with associated affine isometric action G % X . Then because

im¢ ={a(g)0 | g € G},

we find that the cocycle ¢ is bounded if and only if the orbit of 0 and therefore every orbit
is bounded. In this case, conv(im ¢) is a norm-bounded closed convex «(G)-invariant
set. In particular, if X is reflexive, this implies by the Ryll-Nardzewski fixed-point the-
orem [12] (see also [10]) that there is a fixed point for G raq, X. In other words, when X
is reflexive, 1-coboundaries are simply the bounded 1-cocycles.

Consider now a continuous affine group action G & X, and let = and ¢ denote the
associated linear part and associated cocycle, respectively. As before, we canonically
extend these to an algebra representation RG 5 £(X) and an affine map AG — X,
respectively. By Remark 7.2, we have ¢(£¢) = m(§)p(¢) + ¢(&) for all £, € AG and
therefore o extends to an action

o

AG~ X
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of the multiplicative semigroup AG by continuous affine transformations of X by setting

a@)x =n(E)x +¢(©)

forall £ € AG and x € X.
Observe then that, because both 7 and ¢ are affine mappings, we have that

n n
a(zz,-si)(x) = 3 o
i=1 i=1
whenever x € X, & € AG, t; € R and Y /_, #; = 1. In particular, this implies that the
convex hull of the orbit «(G)x of x under the affine action by G can be written as

conv(a(G)x) = a(AG)x.
Note that another way of expressing these facts is to say that the action mapping
AGXxX S X

is biaffine.

A. Quotients, complementation and property (T)

Thus far, we have freely used the assumption that X "¢ (F) = {0} for some subgroup F
of G, and it is therefore useful to pause to consider the import of this hypothesis. A
good deal of the material presented here is well known and implicit in the literature in
various forms. In particular, this applies to the case of isometric reflexive Banach G-
modules, where some of the arguments below can be significantly simplified by using the
Alaoglu-Birkhoff decomposition X = X% @ Xg. It may be of value however to observe
that reflexivity or weak almost periodicity is not essential for the results that follow.

Example A.1 (Decompositions along FCg (F') for reflexive Banach modules). Assume
first that (X, ) is a reflexive isometric Banach G-module and F < G a subgroup so
that G = F - FCg(F'). Observe that, because FCg(F) is normalised by F and G =
F -FCg(F), we have that FCg (F') is normal in G and therefore that the Alaoglu-Birkhoff
decomposition

X =X @ X oy

is G-invariant. From this we obtain similar decompositions of C"(G, X), Z"(G, X) and
B"(G, X), which in turn induce a decomposition

H"(G,X) = H"(G, X" ¢y @ H™(G, Xecy(r))-

Working with the second summand H" (G, Xec;(F)) thus essentially corresponds to an
initial assumption that X "¢ (F) = (0},
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We now focus on the general case of isometric Banach modules where Alaoglu—
Birkhoff decompositions may no longer be available. So, suppose (X, ) is a general
isometric Banach G-module and let = X — X /X G be the natural quotient map, that is,
X = x + X Y. Then we obtain an isometric Banach G-module (X /X ¢, 7) by letting

7(g)x = m(g)x,

that is, 7 (g) (x + XG) = 7(g)x + X9, for x € X and g € G. Indeed, because X is
G -invariant, the action is well defined. Furthermore,

I7(&)Xllx/xe = inf [|7w(g)x + yll
yeXxo

= inf |m(g)x + m(g)y|
yeXG

inf [|7(g)(x + )|
yeXG

inf ||x + y]||
yeXo
= |IXllx/x6»

showing that the action is isometric. With this definition, = X — X /X € is a G-equivariant
map, and we therefore obtain a cochain map

=C*G,X)—> C*(G,X/X%)

by setting
P(g1.---.8n) = ¢(g1.---. &n)
forp € C"(G, X).

Lemma A.2. Suppose G is a group and (X, m) is an isometric Banach G-module. Let
geGandx € X. Then

1 — =
5 = m(@xl = ¥ = T(@)¥lx/xo = ¥ — 7(g)x]l.

Also, if ¢ € Z1(G, X) satisfies lim, Mﬁn) =0, then

1 —_
5 9@ = 116(@llx/xe = 6.

Proof. Letg € G, x € X and ¢ € Z'(G, X) be given, and set §, = %Z:’;& g\ € AG.
Then

= x —m(g)"x

T (x— m(g)0) = 2 3 () (x — m(g)e) = T

. n n
i=0
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whereas

1
ﬂ&W@)=;@@“UM@+~~+ﬂ@5ﬂ@+ﬂ@%ﬂ@+n@W@%+M@)

1
;gﬂy*w@y%~+n@%w@+nwﬁww+¢@5)

L(e(g"p(9) + o+ 7(8)0(0) + 9(&")

_ 9"
==

To prove the result, it thus suffices to show that [|y| < 2|y|lx/xc for all y € X

satisfying

0ex(AG)y "

To see this, suppose such a y is given and find 8, € AG so that 7(8,)y — 0. Then, for
allz € X6,

Izl = lim[|z + 7 (Ba)y || = lim|[z(Ba)(z + 2)| < Iz + ¥
and so
Iylh <1z +yl+lzll < 2lz + yl.
This shows that ||y|| <2-inf,excllz + y|| = 2V |x,x6- L]

Lemma A.3. Suppose G is a group and (X, i) is an isometric Banach G-module. Then
the cochain map ¢ — ¢ restricts to a topological isomorphism between the topological
vector spaces B1(G,X) and BY(G,X/X%) and also maps B'(G, X) isomorphically
onto BY(G, X/ X©).

Proof. Because NMx=%— 7 (-)X, Lemma A.2 implies that the continuous linear map ¢ —
¢ defines a uniform homeomorphism between the topological vector spaces B! (G, X) and
BY(G, X/ X6). It therefore follows that it extends to a topological isomorphism between
BY(G, X) and BY(G, X/ X ). n

Observe that Lemma A.3 in particular implies that B! (G, X) is closed in Z' (G, X) if
and only if B1(G, X/X %) is closedin Z1(G, X/ X 9).

Proposition A.4. Suppose G is a group with no non-trivial homomorphisms to R and
(X, ) is an isometric Banach G-module.

(1) IFHY (G, X/X%) = {0}, then also H' (G, X) = {0}.
@ IFH'(G. X/ XC) = {0}, then also H'(G. X) = {0},
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Proof. By Lemma A.3, it suffices to show that ¢ — ¢ is injective on Z'(G, X). So,
assume ¢ € Z'(G, X) and ¢ = 0. Then ¢[G] € X and so

P(ef) = (@¢(f) +d(g) = ¢(g) +o(f)

forall g, f € G. In other words, such a ¢ is a homomorphism from G to the additive group
of X and thus, composing with a linear functional, one obtains a homomorphism to R. By
the assumption on G, it follows that ¢ = 0 implies that ¢ = 0 for all ¢ € Z(G, X). In
other words, the mapping ¢ — ¢ is injective on Z1(G, X). |

The next result applies, in particular, to f.g. groups generated by a set of elements of
finite order such as the infinite dihedral group De.

Proposition A.5. Suppose G is a group with a symmetric finite generating set ¥ and asso-
ciated length function £. Assume also that lim, 4(5_'0 = 0forall g € X and that (X, ) is

an is?metric Banach 1G-module. Then the map ¢ — ¢ defines an isomorphic embedding
of H (G,X) into H (G, X/X9).

Proof. Recall that £ is defined by £(g) = min(k | g = f1 -+ fx, fi € Z). Also, for
¢ ZY(G,X)and f; € G,
loCSf1-- fa)ll
= [¢(f1) + ()P (f2) + 7(fi 2)¢(f3) + -+ 7 (fi-++ fa—1)(f) ||

<Y I ()l

i=1
It thus follows that ||¢(g)|| < maxsex||¢(f)| - £(g) forall g € G and, in particular, that

o 9l g™ _
im-—-—-- =
n n n

0

< i
< i,nggllsb(f)ll im
for all g € X. Applying Lemma A.2, we find that, for g € X,

1 —_
5 16@I = 116@llx/xe = 6.

Now, if lim; ¢; = 0 for some sequence ¢; € Z'(G, X), then, for all g € X, we have
lim; ¢; (g) = 0 and thus lim; ¢; (g) = 0, whereby lim; ¢; = 0. In other words, the Fréchet
space Z(G, X) isomorphically embeds into the Fréchet space Z!(G, X/ X Y) via¢ — ¢.
As B1(G, X) is mapped onto B1(G, X/ X C), we find that ¢ — ¢ induces an isomorphic
embedding of the quotient H' (G, X) into H (G, X/ X©). "

The next lemma is now a simple adaptation of the corresponding result for Hilbert
spaces due to A. Guichardet [8].
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Lemma A.6. Suppose G is a countable group and (X, ) an isometric Banach G-module.
Then the following conditions are equivalent:

(1) The space of 1-coboundaries B' (G, X) is closed in Z'(G, X).

(2) The isometric Banach G-module (X /X G 7) does not have almost invariant unit
vectors.

31
Proof. (1) = (2): Observe first that X — B 1 (G, X) factors through a continuous linear
bijection
31
X/X% = BYG, X).

Suppose now that B(G, X) is closedin Z 1(G, X) and therefore is a Fréchet space. Then,
by the open mapping theorem, 8! has a continuous inverse

BY(G.x) 5 x/xC.

In particular, there is an identity neighbourhood U € B!(G, X) so that | T¢|x /x6 <1
for all ¢ € U. By shrinking U, we can suppose that

U ={¢cB'G.X) | maxlg(g)] = e}
g€eE
for some finite set E C G and some ¢ > 0. It therefore follows that, for all x € X,

max|lx —w(g)x|| <& = [Xllx/x¢ < 1.
g€E
By Lemma A.2, we conclude that
_ 1 2 o
[Xllx/x6 < = -max|lx —7w(g)x]| < - -max||x —7(g)X|x/xc
£ ge€E £ ge€E

and thus (X/X ¢, 7) does not have almost invariant unit vectors.
(2) = (1): Suppose conversely that (X/X ¢, 7) does not have almost invariant unit
vectors. This means that there is some finite set £ € G and some K so that

IXllx/xe = K -max|x —7(g)X]x/x¢ < K -max|x —m(g)x]
g€E geE

for all x € X. To see that B!(G, X) is closed in Z'(G, X), assume that d'x, — ¢
n

in Z1(G, X). By the above inequality, we see that (X,) is Cauchy in X/Xg and thus

converges to some X € X/X ¢, whereby ¢ = d'x € B'(G, X). n

Recall that a group G is said to have property (T) if every isometric Hilbert G-module
with almost invariant unit vectors also has actual invariant unit vectors. There are various
ways of generalising this to other classes of Banach spaces. We shall be following the
formulation given in [2], which however merits some clarification.
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Definition A.7. Let B be a class of Banach spaces. A group G is said to have prop-
erty (Tg) if, for every isometric Banach G-module (X, ) with X € 8B, the isometric
Banach G-module (X/X ¢, 7) does not have almost invariant unit vectors.

The central observation regarding this definition is that, due to Lemma A.6, a count-
able group G has property (Tg) if and only if B!(G, X) is closed in Z'(G, X) for all
isometric Banach G-modules (X, ) with X € 8.

The next result is a partial generalisation to the setting of uniformly convex Banach
spaces of an earlier result due to Y. Shalom [13] (see also [4, Theorem 3.2.1]).

Proposition A.8. The following conditions are equivalent for a finitely generated group G
without 7. as a quotient:

(1) For every uniformly convex isometric Banach G-module (X, i), we have
H' (G, X) = {0}.

(2) For every uniformly convex isometric Banach G-module (X, 1) so that X ¢ = {0},
we have )
H (G,X) ={0}.
Furthermore, these conditions imply that G has property (Tye), where UE is the class

of uniformly convex Banach spaces.

Proof. That (1) implies (2) is obvious, so let us consider the converse. Assume that (X, )
is a uniformly convex Banach G-module so that H (G, X) # {0}. Then we may pick some
¢ € Z'(G, X) so that the affine isometric action G A X given by a(g)x = 7(g)x — ¢(g)
has no fixed points on X. Fix also a finite generating set X for G. Using a construc-
tion of M. Gromov and R. Schoen (see, e.g., [14] for details), we may produce another
(necessarily affine) isometric action

Ay
on a uniformly convex Banach space so that

max|ly — B(g)y[l > 1
gex

forall y € Y. Let o and ¥ denote, respectively, the linear and translation parts of 8, and
let Y = Y% @ Yg be the associated Alaoglu-Birkhoff decomposition. Let also

P
Y > v
be the associated projection. Because P is G-equivariant, we find that

Py(gf) = Plo(@V(f) +¥(@) =0(@PV(f)+ Py(g) = PY(f)+ Py(g).
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that is, P is a homomorphism from G into the additive group of the Banach space Y .
However, as G is finitely generated and does not have Z as a quotient, it follows that Py
is constantly O and therefore that ¥/ (g) € Y for all g € G. This implies that Y is invari-
ant under the action G ~, Y and that (Yg, o) is a uniformly convex isometric Banach
G-module without invariant unit vectors. Also, because the affine action B has no almost
fixed points on Y, the associated cocycle ¥ cannot lie in B' (G, Yi), which implies that

H' (G, Y6) # {0},

So (2) = (1).

Finally, if, for every uniformly convex isometric Banach G-module (X, ), we have
H'(G,X) = {0}, then B1(G, X) is closed in Z'(G, X), which, by Lemma A.6, implies
that G has property (Tye). [
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