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Finite conjugacy classes and split exact cochain complexes

Christian Rosendal

Abstract. We study the cohomology of isometric group actions on (super)-reflexive Banach spaces
with a focus on the relation between finite conjugacy classes and split exactness of cochain com-
plexes. In particular, we show that if a uniformly convex Banach module has no almost invariant
vectors under the FC-centre of the acting group, then the associated cochain complex is split
exact. Other similar rigidity results are established that are related to prior work of Bader, Furman,
Gelander and Monod (2007), Bader, Rosendal and Sauer (2014) and Nowak (2017).

1. Introduction

The aim of the present paper is to present a primarily algebraic approach to the study of
affine isometric group actions on Banach spaces with various convexity and reflexivity
properties. Whereas the prevailing approach in the literature is geometric or analytic, the
algebraic viewpoint presented here affords significant simplifications to proofs and also
permits one to prove results about the cohomology associated with continuous Banach
group modules in all degrees.

Let us begin by recalling that, for a group G, a Banach G-module is a pair .X; �/,
where X is a Banach space and G

�Õ X is an action by bounded linear automorphisms.
The module is furthermore said to be isometric if every operator �.g/ is an isometry ofX .
Denote by

XG D ¹x 2 X j �.g/x D x; 8g 2 Gº

the closed subspace of G-invariant vectors. Associated with a Banach G-module .X; �/,
one has the cochain complex

C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! C 3.G;X/
@4

�! � � � ;

where C n.G;X/ is the vector space of maps
Qn
iD1G

�
�! X and the coboundary operators

C n.G;X/
@nC1

���! C nC1.G;X/
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are defined by the formula

.@nC1�/.g1; : : : ; gnC1/ D ��.g1/�.g2; : : : ; gnC1/C .�1/
n�.g1; : : : ; gn/

�

nX
iD1

.�1/i�.g1; : : : ; gi�1; gigiC1; giC2; : : : ; gnC1/:

Furthermore, lettingZn.G;X/D ker@nC1 be the space of cocycles andBn.G;X/D rg@n

the space of coboundaries, the quotient

Hn.G;X/ D Zn.G;X/=Bn.G;X/

is defined to be the cohomology of degree n of the cochain complex. We shall return
to the interpretation of 1-cohomology in Section 10, but for now, it suffices to note that
H 1.G; X/ D ¹0º if and only if every affine isometric action G

˛Õ X with linear part �
fixes a point in X .

We also equip C n.G;X/ with the topology of pointwise convergence on the discrete
group

Qn
iD1 G and observe that C n.G; X/ is a locally convex topological vector space.

In fact, when G is countable, C n.G; X/ is a Fréchet space, that is, a locally convex,
completely metrisable topological vector space.

If F is any subgroup of G, we also let

FCG.F / D ¹g 2 G j the F -conjugacy class gF is finiteº

and observe that FCG.F / is a subgroup of G normalised by F . Of course, FCG.F / con-
tains the centraliser of F in G but will in general be larger. Let also ˆ D FCG.G/ denote
the FC-centre of G.

After presenting various background material on Banach modules, group algebra and
cohomology in Sections 2, 3, 4 and 5, we begin our paper in earnest in Section 6 by
providing an explicit and simple proof of P. W. Nowak’s result [11] that when .X; �/ is
a uniformly convex isometric Banach G-module without almost invariant unit vectors,
then B1.G;X/ is a closed complemented subspace of C 1.G;X/ (see Example 6.1). The
explicit formula for the associated projection onto B1.G; X/ in turn allows us to give
an algebraic proof of the following result, which strengthens a theorem due to U. Bader,
A. Furman, T. Gelander and N. Monod [2] that was proved by entirely different means.
Observe that the assumption that G D F � FCG.F / generalises the case when G can be
written as a direct product G D F �M of subgroups F;M � G.

Theorem 1.1. Suppose G is a group and F is a subgroup so that G D F � FCG.F /.
Assume also that .X;�/ is a uniformly convex isometric BanachG-module without almost
invariant unit vectors and so that X FCG.F / D ¹0º. Then the restriction map

H 1.G;X/! H 1.F;X/

is zero. In other words, if G
˛Õ X is an affine isometric action with linear part � , then F

fixes a point on X .
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Whereas Nowak’s complementation result only requires the uniformly convex G-
module to not have almost invariant unit vectors, it also solely applies to degree 1. Never-
theless, with additional hypotheses, we can extend the complementation to all degrees.
In the result below, G0 denotes the commutant of G in the real group algebra RG,
whereas �G is the convex hull of G in RG. The action G

�Õ X is also extended lin-
early to an algebra representation RG

�
�!L.X/, where L.X/ denotes the Banach algebra

of bounded operators on X .

Theorem 1.2. Suppose G is a group and .X; �/ a Banach G-module. Assume that
� 2 G0 \ �G is chosen so that the operator I � �.�/ is invertible in L.X/. Then the
cochain complex

¹0º �! C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! C 3.G;X/
@4

�! � � �

is split exact. In other words, Bn.G;X/ D Zn.G;X/ and Bn.G;X/ is complemented in
C n.G;X/ for all n � 0.

Of course, the major import of split exactness, as opposed to simply vanishing of the
cohomology, is the fact that there are continuous inverses to the coboundary operators.
Thus, for example, in the setting of Theorem 1.2, we may construct a continuous linear
operatorZ2.G;X/

R
�! C 1.G;X/ that to each cocycle � 2Z2.G;X/ associates a cochain

 D R� so that � D @2 .
As an immediate corollary of Theorem 1.2, we have the following result.

Theorem 1.3. Suppose G is a group and .X; �/ is a uniformly convex isometric Banach
G-module. Let ˆ denote the FC-centre of G and assume that X has no almost invariant
unit vectors as a ˆ-module. Then the cochain complex

¹0º �! C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! C 3.G;X/
@4

�! � � �

is split exact.

For example, this applies to all abelian or FC-groups G, in which case one simply has
ˆ D G.

Similar techniques also suffice to prove vanishing of cohomology under weaker
assumptions.

Theorem 1.4. Suppose G is a group and .X; �/ is a uniformly convex isometric Banach
G-module. Assume also that F is a subgroup of G so that X has no almost invariant unit
vectors as an FCG.F /-module. Then the restriction map

Hn.G;X/! Hn.F;X/

is zero for all n � 0.
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In contradistinction to Zn.G;X/, we observe that Bn.G;X/ need not, in general, be
closed in C n.G; X/, whereby Hn.G; X/ may not be Hausdorff. To counteract this, one
often considers the reduced cohomology

H
n
.G;X/ D Zn.G;X/=Bn.G;X/;

where Bn.G;X/ is the closure of Bn.G;X/ in C n.G;X/. As for unreduced cohomology,
H
1
.G;X/ can be interpreted in terms of affine isometric actions. Namely, we have that

H
n
.G;X/D ¹0º if and only if every affine isometric actionG

˛Õ X with linear part � has
almost fixed points in X (see Section 10 for details). The following theorem strengthens
the main result of [3].

Theorem 1.5. Suppose that G is a group and .X; �/ a separable reflexive isometric
Banach G-module. Assume also that F � G is a subgroup with X FCG.F / D ¹0º. Then
the restriction map

H
n
.G;X/! H

n
.F;X/

is zero for all n � 0. In particular, if G
˛Õ X is an affine isometric action with linear

part � , then F has almost fixed points on X .

2. Convexity, reflexivity and Banach modules

In this paper, all Banach spaces will be assumed to be real, that is, they are defined over
the scalar field R. Nevertheless, most results hold for complex Banach spaces as well with
minimal changes to the proofs.

Recall that a Banach space .X; k�k/ is said to be strictly convex provided that the unit
sphere SX D ¹x 2 X j kxk D 1º contains no proper line segment, or equivalently that

xCy

2



 < 1 for all distinct x; y 2 SX .
Also, .X; k�k/ is uniformly convex if, for all " > 0, there is some ı > 0 so that


x C y

2




 � 1 � ı
whenever x; y 2 SX satisfy kx � yk � ". In this case, we define the modulus of uniform
convexity ıW Œ0; 2�! Œ0; 1� by

ı."/ D inf
°
1 �




x C y
2




 ˇ̌̌ x; y 2 SX & kx � yk � "
±
:

Alternatively, the uniform convexity can be captured by the modulus

!.t/ D sup¹kx � yk j kxk; kyk � 1 & kx C yk � tº

defined for t 2 Œ0; 2�. Indeed, X is uniformly convex if and only if limt!2� !.t/ D 0. For
a uniformly convex space X , let us also note that, for any fixed n and " > 0, there is a
ı > 0 so that

diam.¹x1; : : : ; xnº/ < "



Finite conjugacy classes and split exact cochain complexes 5

whenever x1; : : : ; xn 2 SX and


x1C���Cxn

n



 > 1 � ı.
Between these two concepts, there is the notion of locally uniformly convex spaces.

Here a space .X; k�k/ is said to be locally uniformly convex or locally uniformly rotund if,
for every x 2 SX and " > 0, there is a ı D ı.x; "/ > 0 so that


x C y

2




 � 1 � ı
whenever y 2 SX satisfies kx � yk � ". In other words, the unit sphere SX is uniformly
curved locally at every point x 2 SX .

There is a very delicate and rich interplay between notions of convexity and notions of
reflexivity, but we will just need to mention a couple of fundamental results. Recall first
that a renorming of a Banach space .X; k�k/ is a norm jjj�jjj on X satisfying

1

K
k�k � jjj�jjj � Kk�k

for some constant K. In particular, this implies that the norm jjj�jjj is complete on X and
that the formal identity .X; k�k/

id
�! .X; jjj�jjj/ is an isomorphism of Banach spaces. Note

that since reflexivity is invariant under isomorphism, the reflexivity of .X; k�k/ does not
change under renormings.

Secondly, a Banach space .X;k�k/ is said to be super-reflexive if every ultrapowerXU

ofX is reflexive. By the work of P. Enflo [6] (see also [7]), .X;k�k/ being super-reflexive is
equivalent to .X; k�k/ admitting a uniformly convex renorming and thus super-reflexivity
is also independent of the specific choice of norm on X .

SupposeG is a group. Then a BanachG-module is a pair .X;�/, whereX is a Banach
space and G

�Õ X is an action of G by continuous linear automorphisms on X . When
there is only one action � in sight, we shall often suppress it from the discussion and
simply say that X is a (Banach) G-module. Furthermore, if the action � is by linear
isometries of X , we will say that X is an isometric G-module.

It is a well-known fact (see, e.g., [2, Proposition 2.3] for a proof) that if X with norm
k�k is a super-reflexive isometric G-module, then there is a uniformly convex G-invariant
renorming jjj�jjj of X , that is, so that .X; jjj�jjj/ is a uniformly convex isometric G-module.

Less evident is the result of G. Lancien [9] stating that if X with norm k�k is a separ-
able reflexive isometric G-module, then there is a locally uniformly convex G-invariant
renorming jjj�jjj of X . Thus, when dealing with super-reflexive or separable reflexive iso-
metricG-modules .X;�/, one may after appropriate renormings ofX , but without altering
the linear action � , suppose that these are actually uniformly convex and locally uniformly
convex G-modules, respectively.

One advantage of working with reflexive Banach modules as opposed to general
Banach modules is that a reflexive isometric Banach module decomposes canonically.
In fact, this even happens in a wider context that may be independent of the geometry
of the Banach space. To explain this, let us recall that an isometric Banach G-module
.X; �/ is weakly almost periodic if, for every x 2 SX , the orbit �.G/x � SX is relat-
ively weakly compact, that is, �.G/x

w
is compact for the weak topology on X . Note
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that since a Banach space is reflexive if and only if the closed unit ball is weakly com-
pact, every isometric reflexive Banach module is automatically weakly almost periodic.
The Alaoglu–Birkhoff decomposition theorem [1] now states that if X is a weakly almost
periodic isometric Banach G-module, then X admits a G-invariant decomposition

X D XG ˚XG

into a direct sum of two closed linear subspaces, namely, the subspace of invariant vectors

XG D ¹x 2 X j �.g/x D x; 8g 2 Gº

and
XG D ¹x 2 X j 0 2 conv.�.G/x/º:

Observe that ifH is a normal subgroup ofG andX DXH ˚XH is the corresponding
decomposition, then both XH and XH are G-invariant. That this holds for the space of
invariant vectors is obvious and, on the other hand, if x 2 XH and g 2 G, then

0 D �.g/0 2 �.g/Œconv.�.H/x/� D conv.�.g/�.H/x/ D conv.�.H/�.g/x/;

so also �.g/x 2 XH .

3. The group algebra, affine space and simplex

SupposeG is a group. Then the group algebra ofG is the free R-vector space RG overG,
that is, the vector space with basis ¹1gºg2G . Thus, every element � of RG has a unique
representation as a linear combination

� D
X
g2G

tg1g ;

where, of course, only finitely many coefficients tg 2R are non-zero. Alternatively, identi-
fying 1g with the Dirac function at g, � can be viewed as a finitely supported function
G

�
�! R. Thus, elements of RG add coordinatewiseX

g2G

tg1g C
X
g2G

sg1g D
X
g2G

.tg C sg/1g :

Furthermore, elements of RG multiply as follows:�X
g2G

tg1g

�
�

�X
g2G

sg1g

�
D

X
g;f 2G

.tgsf /1gf D
X
h2G

X
gfDh

.tgsf /1h:

In other words, viewing � D
P
g2G tg1g and � D

P
g2G sg1g as finitely supported

functions G
�;�
��! R, the product � � � is just the convolution � � � defined by

.� � �/.h/ D
X
g2G

�.g/�.g�1h/:
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We may define the augmentation map RG
a
�! R by

a

�X
g2G

tg1g

�
D

X
g2G

tg

and note that this is a homomorphism of R-algebras. Therefore, the augmentation ideal

MG D ker a D
²
� 2 RG

ˇ̌̌̌ X
g2G

�.g/ D 0

³
is a two-sided ideal in RG, that is, � � � 2 MG whenever either � 2 MG or � 2 MG.
Consider also the set

AG D ¹� 2 RG j a.�/ D 1º DMG C 1g ;

where g 2 G is any element. Then AG is neither closed under scalar multiplication nor
under addition. On the other hand, if �; � 2 AG, then

a.� � �/ D a.�/ � a.�/ D 1 � 1 D 1

and so � � � 2 AG. Similarly, if � D
Pn
iD1 ti�i is an affine combination of �i 2 AG, that

is, so that
Pn
iD1 ti D 1, then

a.�/ D

nX
iD1

tia.�i / D

nX
iD1

ti � 1 D 1

and so again � 2 AG. This justifies denoting AG the group affine space of G.
What turns out to be of equal importance in our study is the group simplex�G, which

is the convex hull of the basis elements ¹1gºg2G . In other words,

�G D ¹� 2 AG j �.g/ � 0; for all g 2 Gº:

Similarly to AG, we see that�G is closed under multiplication and convex combinations.
The groupG naturally embeds into the multiplicative semigroup RG via the identific-

ation g 7! 1g , and we shall therefore mostly ignore the difference betweenG and its image
in RG. Therefore, the element

P
g2G tg1g will generally simply be written

P
g2G tgg.

If F is a subgroup of G, it is of interest to determine the commutant1 of F in the
algebra RG, that is, the subalgebra

F 0 D ¹� 2 RG j f � � D � � f; for all f 2 F º:

1The notation F 0 might unfortunately cause some confusion here, since in group theory, F 0 usually
denotes the commutator subgroup or derived subgroup of F , that is, the group generated by the family of
all commutators Œf; g� D f �1g�1fg for f; g 2 F .
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Obviously, the centraliser CG.F /D ¹g 2G j gf D fg; for all f 2 F º or rather its image
¹1g 2 RG j gf D fg; for all f 2 F º is contained in the commutant and thus so is the
linear span, span.CG.F //. However, in general, the commutant of F is larger than this.
Indeed, suppose that g 2 G has a finite F -conjugacy class

B D gF D ¹fgf �1 j f 2 F º:

Then we may define the F -class sum yB D
P
h2B h 2 RG and the F -class average

B D 1
jBj

P
h2B h 2 �G.

Lemma 3.1. Let F be a subgroup of G. Then the commutant of F in RG is

F 0 D span¹ yB j B is a finite F -conjugacy class in Gº:

Furthermore, F 0 \�G is a multiplicative subsemigroup of RG and

F 0 \�G D conv¹B j B is a finite F -conjugacy class in Gº:

Proof. Note first that if B is a finite F -conjugacy class, then

f � yB � f �1 D
X
h2B

f hf �1 D
X
h2B

h D yB

and so yB 2 F 0. Conversely, suppose that � D
P
g2G tgg 2 F

0 and that f 2 F . ThenX
h2G

thh D � D f � � � f
�1
D

X
g2G

tgfgf
�1
D

X
h2G

tf �1hf h

and so �.h/ D th D tf �1hf D �.f �1hf / for all h 2 G. It follows that � is constant on
every F -conjugacy class and therefore must be a linear combination of F -class sums.

Note that this also shows that

F 0 \�G D conv¹B j B is a finite F -conjugacy class in Gº:

Finally, because both F 0 and �G are closed under multiplication, so is their intersection.
That is, F 0 \� is a multiplicative subsemigroup of the algebra RG.

One last thing to note is that if G is a group and .X; �/ a Banach G-module, then
the module action G

�Õ X extends canonically to a module action of the algebra RG.
More precisely, seeing � as a map G

�
�! L.X/ into the algebra L.X/ of bounded linear

operators on X , � extends uniquely to an algebra representation

RG
�
�! L.X/

simply by setting �
�P

i tigi
�
D
P
i ti�.gi /.
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4. Groups with finite conjugacy classes

Definition 4.1. Suppose F is a subgroup of a group G. We then let

FCG.F / D ¹g 2 G j the F -conjugacy class gF is finiteº:

The basic observation in this context is that FCG.G/ is a subgroup of G that is evid-
ently normalised by F , that is, F � NG.FCG.F //. Indeed, if gF D ¹h1; : : : ; hnº, then
.g�1/F D ¹h�11 ; : : : ; h

�1
n º. Also, if g1; : : : ; gn 2 FCG.F /, then

.g1 � � �gn/
F
� gF1 � � �g

F
n ;

and the latter set is a finite product of finite sets and therefore finite. Thus, g1 � � � gn 2
FCG.F /

Observe also that FCG.F / consists exactly of the g 2 G so that the centraliser sub-
group CF .g/ D ¹f 2 F j fg D gf º has finite index in F . In particular, if H is a finitely
generated subgroup of FCG.F /, then the centraliser

CF .H/ D ¹f 2 F j f h D hf; 8h 2 H º

is also of finite index in F . If H is no longer finitely generated, this may no longer be the
case.

Recall that if G is a group, the FC-centre of G is the normal subgroup

ˆ D FCG.G/ D ¹g 2 G j g has a finite conjugacy classº

andG is called an FC-group in caseG Dˆ, that is, if every conjugacy class is finite. Note
that ifG is any group and F is a subgroup, thenK D F � FCG.F / is also a subgroup ofG,
but the FC-centre of K may in general be smaller than FCG.F /, since FCG.F / may not
itself be an FC-group.

Example 4.2. Let X1; X2; X3; : : : be a sequence of disjoint finite sets, and let F1 be the
free group on the set of generators

S
nXn. Note that

Q
n Sym.Xn/ acts by automorphisms

on F1 by permuting the generators. Hence, if � is any subgroup of
Q
n Sym.Xn/, we can

form the semidirect product G D F1 Ì � , in which F1 is normal and F1 � FCG.�/. In
particular, G D � � FCG.�/.

Lemma 4.3. Suppose that G is a group, that F is a subgroup of G and that .X; �/ is a
strictly convex isometric Banach G-module. Then

X FCG.F / D ¹x 2 X j �.�/x D x; for all � 2 F 0 \�Gº:

Proof. Suppose first that x 2 X FCG.F /. To see that �.�/x D x for all � 2 F 0 \ �G, it
suffices, by Lemma 3.1, to show that �

�
B
�
x D x for all finite F -conjugacy classes B .

But such B are subsets of FCG.F / and therefore

�.B/x D
1

jBj

X
g2B

�.g/x D
1

jBj

X
g2B

x D x:
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Conversely, suppose x 2 X is a unit vector so that �.�/x D x for all � 2 F 0 \�G.
Assume also that h 2 FCG.F /, and let B D hF be the F -conjugacy class of h. Then, by
Lemma 3.1, B 2 F 0 \�G and therefore

x D �.B/x D
1

jBj

X
g2B

�.g/x:

Because k�.g/xk D 1 for all g 2 G and X is strictly convex, we find that x D �.g/x for
all g 2 B . In particular, �.h/x D x, showing that x 2 X FCG.F /.

5. Almost invariant unit vectors

Definition 5.1. Let G be a group and .X;�/ an isometric Banach G-module. We say that
.X;�/ has almost invariant unit vectors if, for all finite subsets E � G and " > 0, there is
some x 2 SX so that

kx � �.g/xk < "

for all g 2 E.

Lemma 5.2. Let G be a group and .X; �/ a uniformly convex isometric Banach
G-module. Then the following conditions are equivalent:

(1) .X; �/ does not have almost invariant unit vectors.

(2) The operator I � �.�/ is invertible for some � 2 �G.

(3) k�.�/k < 1 for some � 2 �G.

(4) There is a finite set E � G so that k�.�/k < 1 for all � 2 �G with E � supp.�/.

Proof. Clearly, (4) ) (3). That (3) ) (2) follows from considering the Carl Neumann
series

.I � �.�//�1 D

1X
nD0

�.�/n;

which is valid whenever k�.�/k<1. Similarly, that (2)) (1) is clear. Because if I ��.�/
is invertible, then it is bounded away from 0, that is,

kx � �.�/xk D k.I � �.�//xk � "kxk

for some " > 0 and all x 2 X . So, if � D
Pk
iD1 �igi , then no vector x 2 SX can satisfy

kx � �.gi /xk < " for all i .
Finally, to see that (1)) (4), suppose g1; : : : ; gn 2 G and " > 0 are chosen so that no

unit vector x satisfies kx � �.gi /xk < " for all i . This means that if E D ¹1; g1; : : : ; gnº,
then

diam.¹�.g/x j g 2 Eº/ � "
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for all x 2 SX . Assume now that � 2 �G satisfies E � supp.�/. Then, if x 2 SX ,

�.�/x D
X
g2G

�.g/�.g/x

is a convex combination of a subset of SX of radius at least ", of cardinality at most m D
jsupp.�/j and with minimal positive coefficient greater than or equal to � D min¹�.g/ j
�.g/ > 0º. BecauseX is uniformly convex, it follows that there is some ıD ı.";m;�/ > 0
so that

k�.�/xk < 1 � ı

for all x 2 SX , that is, k�.�/k � 1 � ı.

Lemma 5.3. Let G be a group and F a subgroup so that G D F � FCG.F /. Assume also
that .X; �/ is a uniformly convex isometric Banach G-module without almost invariant
unit vectors. Then

k�.�/�.�/k < 1

for some � 2 �F and � 2 F 0 \�G.

Proof. By Lemma 5.2, there is a finite set E � G so that k�.�/k < 1 for all � 2 �G with
E � supp.�/. Also, asG DF � FCG.F /, we can find finite setsA�F andB � FCG.F / so
that E � AB . Enlarging B if necessary, we may assume that B is a union of F -conjugacy
classes. Letting � D 1

jAj

P
f 2A f 2 �F and � D 1

jBj

P
g2B g, we find that

�� D
1

jAj � jBj

X
f 2A

X
g2B

fg

and so E � AB � supp.��/. It follows that k�.�/�.�/k D k�.��/k < 1. Observe also
that, by Lemma 3.1, we have � 2 F 0 \�G.

6. Cohomology

For the following discussion, consider a group G and a Banach G-module .X; �/. This
gives rise to the standard cochain complex, which we define as follows. First, for every
n � 0, let

C n.G;X/

denote the vector space of n-cochains, that is, C n.G; X/ is the collection of all maps
Gn

�
�! X . Observe that, because G0 D ¹;º, every � 2 C 0.G; X/ can be identified with

its unique value �.;/ 2 X , and we can therefore identify C 0.G;X/ with X itself. Define
now a sequence of linear operators

¹0º
@0

�! C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! � � �
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by the formula

.@nC1�/.g1; : : : ; gnC1/ D ��.g1/�.g2; : : : ; gnC1/C .�1/
n�.g1; : : : ; gn/

�

nX
iD1

.�1/i�.g1; : : : ; gi�1; gigiC1; giC2; : : : ; gnC1/:

In particular, for x 2 X D C 0.G;X/, we have

.@1x/.g/ D x � �.g/x;

whereas for � 2 C 1.G;X/, we have

.@2�/.g; f / D �.gf / � �.g/�.f / � �.g/:

A straightforward computation shows that @nC1 ı @n D 0. Also, when no confusion is
possible, we shall often drop the index n from @n.

For all n � 0, let
Zn.G;X/ D ker @nC1

denote the space of n-cocycles and

Bn.G;X/ D rg @n

the space of n-coboundaries. From the above, we note that B0.G; X/ D ¹0º and that
Z0.G;X/ D XG , whereas

Z1.G;X/ D ¹�WG ! X j �.gf / D �.g/�.f /C �.g/; for all g; f 2 Gº:

For n � 0, the n-cohomology of the BanachG-module .X;�/ is defined to be the quotient
vector space

Hn.G;X/ D
Zn.G;X/

Bn.G;X/
:

We shall return to its interpretation in Section 10.
Observe also that C n.G; X/ can be identified with the product space

Q
Gn X and

therefore is equipped with the corresponding Tychonoff product topology. Furthermore,
Zn.G;X/ is a closed linear subspace of C n.G;X/, because

Zn.G;X/ D
\

.g1;:::;gnC1/2Gn

²
� 2

Y
Gn

X

ˇ̌̌̌
.@nC1�/.g1; : : : ; gnC1/ D 0

³
:

In particular, when G is a countable group, both C n.G; X/ and Zn.G; X/ are Fréchet
spaces.
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Example 6.1 (Complementation of 1-cohomology). Observe that, for any element � DP
i tigi 2 �G, the operator I � �.�/ on X factors through C 1.G;X/ as follows:

X X

C 1.G;X/

@1

I��.�/

R�

where R� is the operator given by

R�.�/ D
X
i

ti�.gi /:

Indeed, simply note that

.R� ı @
1/.x/ D

X
i

ti .@
1x/.gi / D

X
i

ti .x � �.gi /x/ D x � �.�/x:

Suppose now, furthermore, that the operator I � �.�/ is invertible. For example, if X
is uniformly convex and has no almost invariant unit vectors, then, by Lemma 5.2, we can
choose � so that this holds. In this case,

P D @1 ı .I � �.�//�1 ıR�

defines a continuous idempotent operator on the topological vector space C 1.G; X/,
because

P 2 D @1 ı .I � �.�//�1 ıR� ı @
1
ı .I � �.�//�1 ıR� D @

1
ı .I � �.�//�1 ıR� D P:

It follows that P is a continuous projection onto its image B1.G; X/ and also that
B1.G; X/ D ker.I � P / is a closed subspace of C 1.G; X/. Note also that, because
I � �.�/ is invertible, no unit vector is invariant under �.�/ and so XG D ¹0º and @1 is
injective. Therefore, kerP D kerR� and the space of cochains decomposes as a topological
direct sum

C 1.G;X/ D ker.I � P /˚ kerP D B1.G;X/˚ kerR� :

Furthermore, because B1.G;X/ � Z1.G;X/ � C 1.G;X/, we have

Z1.G;X/ D B1.G;X/˚ .Z1.G;X/ \ kerR�/;

whereby
H 1.G;X/ Š Z1.G;X/ \ kerR�

and
Z1.G;X/ Š B1.G;X/˚H 1.G;X/:

This is the main result of P. W. Nowak’s paper [11].
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7. Extension of cohomology to the group affine space

Note that, becauseG is a vector space basis for its group algebra RG, every mapGn
�
�! X

has a unique extension to an n-multilinear map

RG � � � � �RG„ ƒ‚ …
n times

z�
�! X:

Therefore, the vector space C n.G; X/ is canonically isomorphic to the vector space
C n.RG; X/ of n-multilinear maps .RG/n

 
�! X . However, the extension operations

� 7! z� fail to commute with the coboundary homomorphisms @ (see Example 7.4), and
we must therefore instead restrict the attention to a smaller space of functions on which
they do commute.2 Indeed, for a map Gn

�
�! X , let y� denote the unique extension of � to

an n-multiaffine map

AG � � � � �AG„ ƒ‚ …
n times

y�
�! X;

that is, so that

y�

�
�1; : : : ; �i�1;

kX
jD1

tj �j ; �iC1; : : : ; �n

�
D

kX
jD1

tj � y�.�1; : : : ; �i�1; �j ; �iC1; : : : ; �n/

for all �l ; �j 2AG and tl 2R with
Pk
jD1 tj D 1. Let thenC n.AG;X/ denote the collection

of all n-multiaffine maps AG � � � � �AG
 
�! X and note that C n.G;X/ and C n.AG;X/

are canonically isomorphic via the extension map � 7! y�.
Finally, define the coboundary maps

C n.AG;X/
@nC1

���! C nC1.AG;X/

by the formula

.@nC1�/.�1; : : : ; �nC1/ D ��.�1/�.�2; : : : ; �nC1/C .�1/
n�.�1; : : : ; �n/

�

nX
iD1

.�1/i�.�1; : : : ; �i�1; �i�iC1; �iC2; : : : ; �nC1/:

The following lemma now shows that, as opposed to the case of C n.RG; X/,
the identification of C n.G; X/ with C n.AG; X/ is compatible with the coboundary
homomorphism @nC1.

2It is possible to extend cohomology to all of the group algebra RG. However, this extension involves
the augmentation map and will not be pursued here.
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Lemma 7.1. For all n � 0 and � 2 C n.G;X/, we have @.y�/ D c@�, and so the diagram

C n.G;X/ C nC1.G;X/

C n.AG;X/ C nC1.AG;X/

Š

@nC1

Š

@nC1

commutes.

Proof. Suppose that �1; : : : ; �nC1 2 AG. Then we can find g1; : : : ; gk 2 G and ti;j 2 R
with

Pk
jD1 ti;j D 1 so that �i D

Pk
jD1 ti;jgj for all i . We then havec@�.�1; : : : ; �nC1/ D X

j1;:::;jnC1

t1;j1 � � � tnC1;jnC1@�.gj1 ; : : : ; gjnC1/

D �

X
j1;:::;jnC1

t1;j1 � � � tnC1;jnC1�.gj1/�.gj2 ; : : : ; gjnC1/

�

X
j1;:::;jnC1

t1;j1 � � � tnC1;jnC1

�

nX
pD1

.�1/p�.gj1 ; : : : ; gjp�1 ; gjpgjpC1 ; gjpC2 ; : : : ; gjnC1/

C .�1/n
X

j1;:::;jnC1

t1;j1 � � � tnC1;jnC1�.gj1 ; : : : ; gjn/

D �

X
j1

t1;j1�.gj1/
y�.�2; : : : ; �nC1/

�

nX
pD1

.�1/p
X
jp

tp;jp
y�.�1; : : : ; �p�1; gjp�pC1; �pC2; : : : ; �nC1/

C .�1/n
X
jnC1

tnC1;jnC1
y�.�1; : : : ; �n/

D ��.�1/y�.�2; : : : ; �nC1/

�

nX
pD1

.�1/p y�.�1; : : : ; �p�1; �p�pC1; �pC2; : : : ; �nC1/

C .�1/n y�.�1; : : : ; �n/

D @.y�/.�1; : : : ; �nC1/:

This proves the lemma.

Remark 7.2. By this lemma, we need not worry about the difference between the two
spaces C n.G; X/ and C n.AG; X/. For example, if we define Zn.AG; X/ D ker @nC1

and Bn.AG;X/ D rg @n, then the extension map � 7! y� defines isomorphisms between
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Z1.G; x/ and Z1.AG; X/ and between B1.G; x/ and B1.AG; X/. Concretely, this
implies among other things that if � 2 Z1.G;X/ and �; � 2 AG, then

y�.��/ D �.�/y�.�/C y�.�/;

because @2 y� Db@2� D 0.
Henceforth, we shall not worry about the distinction between � and its extension y� to

an n-multiaffine map and simply denote both by �.

Remark 7.3. Suppose �; � 2 �G commute, that is, �� D ��, and that � 2 Z1.G; X/.
Then

�.�/�.�/C �.�/ D �.��/ D �.��/ D �.�/�.�/C �.�/

and so
.I � �.�//�.�/ D .I � �.�//�.�/

or equivalently
@1.�.�//.�/ D @1.�.�//.�/:

We shall be using this simple observation repeatedly.

Example 7.4. To see that the standard formulas fail to extend the cochain complex to the
group algebra RG rather than just AG, suppose that

C n.RG;X/
@nC1

���! C nC1.RG;X/

is given as before by the formula

.@nC1�/.�1; : : : ; �nC1/ D ��.�1/�.�2; : : : ; �nC1/C .�1/
n�.�1; : : : ; �n/

�

nX
iD1

.�1/i�.�1; : : : ; �i�1; �i�iC1; �iC2; : : : ; �nC1/:

Then, for x 2 X D C 0.G;X/ and g; f 2 G, we have

.@zx/.g C f / D ��.g C f /zx C zx D x � �.g/x � �.f /x;

whereas

e.@x/.g C f / D .@x/.g/C .@x/.f / D x � �.g/x C x � �.f /x:
So e.@x/ ¤ @zx whenever x ¤ 0.

Suppose G is a group, F is a subgroup and .X; �/ is a Banach G-module. Then the
map that takes a cochain � 2 C n.G; X/ to its restriction F n

�jF
��! X is easily seen to

commute with the coboundary map @ and therefore maps Zn.G; X/ into Zn.F; X/ and
Bn.G; X/ into Bn.F; X/. From this it also follows that the restriction map � 7! �jF
induces a map on cohomology H 1.G;X/! H 1.F;X/.

Our first result is a refinement of [2, Theorem C], which was proved using very dif-
ferent means, namely minimal invariant closed convex sets. The proof here, based on
Example 6.1, is purely algebraic and somewhat shorter.
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Theorem 7.5. Suppose G is a group and F is a subgroup so that G D F � FCG.F /.
Assume also that .X;�/ is a uniformly convex isometric BanachG-module without almost
invariant unit vectors and so that X FCG.F / D ¹0º. Then the restriction map

H 1.G;X/! H 1.F;X/

is zero.

Proof. BecauseX is uniformly convex and has no almost invariant unit vectors, it follows
from Lemma 5.3 that there are � 2 �F and � 2 F 0 \�G so that k�.�/�.�/k < 1. It now
follows from Example 6.1 that C 1.G; X/ decomposes as a direct sum of closed linear
subspaces

C 1.G;X/ D B1.G;X/˚ ¹� 2 C 1.G;X/ j �.��/ D 0º:

To prove the theorem, it thus suffices to show that �jF D 0 for all � 2Z1.G;X/ satisfying
�.��/ D 0.

So let such a � be given. Then

�.�/�.�/C �.�/ D �.��/ D 0 D �.��/ D �.�/�.�/C �.�/

and so
�.�/ D ��.�/�.�/ D ��.�/Œ��.�/�.�/� D �.��/�.�/:

As k�.��/k < 1, it follows that �.�/ D 0 and similarly �.�/ D 0.
Observe now that, for any � 2 �F , we have

.I � �.�//�.�/ D .I � �.�//�.�/ D 0:

Thus, �.�/�.�/ D �.�/ and

�.��/ D �.�/�.�/C �.�/ D �.�/�.�/ D �.��/�.�/:

Therefore, if � 2 �F , we have

�.�n�/ D �.� � �n�1�/ D �.��/�.�n�1�/ D � � � D �.��/n�.�/

and so �.�n�/ �!
n
0 because k�.��/k < 1.

Assume that f 2 F and ˇ 2 F 0 \�G. Set � D 1Cf
2
2 �F and note that

k�.ˇ/k � k�.�/�.ˇ/k

� k�.�n�/�.ˇ/k

D k�.�n�ˇ/ � �.�n�/k

D k�.ˇ�n�/ � �.�n�/k

D k�.ˇ/ � .I � �.ˇ//�.�n�/k

�!
n
k�.ˇ/k:
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It thus follows that 


�.ˇ/C �.f /�.ˇ/
2




 D k�.�/�.ˇ/k D k�.ˇ/k
and so �.f /�.ˇ/ D �.ˇ/ because X is strictly convex. Finally,

.I � �.ˇ//�.f / D .I � �.f //�.ˇ/ D 0

and so �.ˇ/�.f / D �.f /. Because ˇ 2 F 0 \ �G was arbitrary, Lemma 4.3 implies
that �.f / 2 X FCG.F / D ¹0º. In other words, �jF D 0 and so the restriction mapping
H 1.G;X/! H 1.F;X/ is zero.

The following corollary is a reformulation of [2, Theorem C].

Corollary 7.6. Suppose F and G are groups and .X; �/ is a uniformly convex iso-
metric Banach F � G-module without almost invariant unit vectors. Assume also that
XF D XG D ¹0º. Then

H 1.F �G;X/ D ¹0º:

Proof. For simplicity of notation, we shall identify F and G with their images in F �G.
So suppose � 2 Z1.F �G;X/. Then, by Theorem 7.5, �jF 2 B1.F;X/, whereas �jG 2
B1.G;X/. So, for some x; y 2 X , we have �.f / D x � �.f /x and �.g/ D y � �.g/y
for all f 2 F and g 2 G.

We claim that x D y. For otherwise, as XF D ¹0º, there is some f 2 F so that�
I � �.f /

�
.y � x/ ¤ 0 and therefore, as XG D ¹0º, some g 2 G so that

.I � �.g//.I � �.f //.y � x/ ¤ 0:

However, this contradicts that

0 D �.gf / � �.fg/

D �.g/�.f /C �.g/ � �.f /�.g/ � �.f /

D �.g/x � �.g/�.f /x C y � �.g/y � �.f /y C �.f /�.g/y � x C �.f /x

D .I � �.g//.I � �.f //.y � x/:

Thus, x D y and so, for all f 2 F and g 2 G, we have that �.fg/ D �.f /x �

�.f /�.g/x C x � �.f /x D x � �.fg/x, which shows that � 2 B1.F � G; X/ and
therefore that H 1.F �G;X/ D ¹0º.

8. Homotopy of cochain maps

Suppose G and F are groups and X and Y are G and F -Banach modules, respectively.
A cochain map (of degree 0) between the standard cochain complexes C �.G; X/ and
C �.F; Y / is a sequence T D .T n/1nD0 of continuous linear operators

C n.G;X/
T n

��! C n.F; Y /
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so that the following diagram commutes:

C 0.G;X/ C 1.G;X/ C 2.G;X/ C 3.G;X/ � � �

C 0.F; Y / C 1.F; Y / C 2.F; Y / C 3.F; Y / � � �

T 0

@1

T 1

@2

T 2

@3

T 3

@4

@1 @2 @3 @4

As usual, we will most often suppress the index n and simply write T for the individual
operators T n. Because a cochain map T commutes with the boundary operator @ or rather
as T nC1@nC1D @nC1T n, we observe that T mapsZ�.G;X/ intoZ�.F;Y / andB�.G;X/
into B�.F; Y /. It therefore follows that a cochain map T defines a map on cohomology,
that is,

Hn.G;X/
T
�! Hn.F; Y /:

If T and S are two cochain maps from C �.G; X/ to C �.F; Y /, we say that T and S
are homotopic provided that there is a sequence of continuous linear operators

C nC1.G;X/
RnC1

���! C n.F; Y /

so that when letting C 0.G;X/
R0

��! ¹0º
@0

�! C 0.F; Y / be the 0 maps, we have that

T n � Sn D @nRn CRnC1@nC1

for all n � 0. This gives us a non-commutative diagram as follows:

C 0.G;X/ C 1.G;X/ C 2.G;X/ � � �

¹0º C 0.F; Y / C 1.F; Y / C 2.F; Y / � � �

T 0 S0

@1

R0 T 1 S1

@2

R1 T 2 S2

@3

R2 R2

@0 @1 @2 @3

The main observation regarding homotopic cochain maps T and S is that they define
identical maps on cohomology

Hn.G;X/
T;S
��! Hn.F; Y /:

Indeed, if T n � Sn D @nRn CRnC1@nC1 and � 2 Zn.G;X/ D ker @nC1, then

T n� � Sn� D @nRn� CRnC1@nC1� D @nRn� 2 Bn.F; Y /:

Our first lemma is related to the well-known fact that conjugation in groups is
cohomologically trivial (see, e.g., [5, Proposition 8.3]).

Proposition 8.1. Suppose G is a group, F is a subgroup and .X; �/ is a Banach
G-module. Assume that � 2 F 0 \�G and define cochain maps

C �.G;X/
S;T
��! C �.F;X/

by S� D �jF and T� D �.�/ ı �jF . Then S and T are homotopic.
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Proof. That the restriction map S is a cochain map, that is, it commutes with @, is straight-
forward to see. That T is a cochain map follows from the fact that �.�/ commutes with
�.f / for all f 2 F . Define now

C nC1.G;X/
RnC1

���! C n.F;X/

for n � 0 by

.RnC1�/.f1; : : : ; fn/ D

nC1X
iD1

.�1/iC1�.f1; : : : ; fi�1; �; fi ; : : : ; fn/;

and let R0x D 0 for all x 2 X D C 0.G;X/.
Observe first that, for x 2 X D C 0.G;X/, we have

Sx � T x D x � �.�/x D R1@1x D R1@1x C @0R0x:

We also claim that, for all � 2 C n.G;X/ with n � 1 and f1; : : : ; fn 2 F , we have

�.f1; : : : ;fn/��.�/�.f1; : : : ;fn/D .R
nC1@nC1�/.f1; : : : ;fn/C .@

nRn�/.f1; : : : ;fn/;

whereby S � T D R@C @R and thus showing that S and T are homotopic.
To see this, we compute

.@nRn�/.f1; : : : ; fn/

D ��.f1/.R
n�/.f2; : : : ; fn/C .�1/

n�1.Rn�/.f1; : : : ; fn�1/

�

n�1X
jD1

.�1/j .Rn�/.f1; : : : ; fj�1; fjfjC1; fjC2; : : : ; fn/

D ��.f1/

� nX
iD1

.�1/iC1�.f2; : : : ; fi ; �; fiC1; : : : ; fn/

�
C .�1/n�1

� nX
iD1

.�1/iC1�.f1; : : : ; fi�1; �; fi ; : : : ; fn�1/

�
�

n�1X
jD1

.�1/j
nC1X
iDjC2

.�1/i

� �.f1; : : : ; fj�1; fjfjC1; fjC2; : : : ; fi�1; �; fi ; : : : ; fn/

�

n�1X
jD1

.�1/j
jX
iD1

.�1/iC1

� �.f1; : : : ; fi�1; �; fi ; : : : ; fj�1; fjfjC1; fjC2; : : : ; fn/

D ��.f1/

� nC1X
iD2

.�1/i�.f2; : : : ; fi�1; �; fi ; : : : ; fn/

�
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C .�1/n
� nX
iD1

.�1/i�.f1; : : : ; fi�1; �; fi ; : : : ; fn�1/

�
C

nC1X
iD3

i�2X
jD1

.�1/iCj�1�.f1; : : : ; fj�1; fjfjC1; fjC2; : : : ; fi�1; �; fi ; : : : ; fn/

C

n�1X
iD1

n�1X
jDi

.�1/iCj�.f1; : : : ; fi�1; �; fi ; : : : ; fj�1; fjfjC1; fjC2; : : : ; fn/:

Thus,

.RnC1@nC1�/.f1; : : : ; fn/

D

nC1X
iD1

.�1/iC1.@nC1�/.f1; : : : ; fi�1; �; fi ; : : : ; fn/

D ��.�/�.f1; : : : ; fn/ �

nC1X
iD2

.�1/iC1�.f1/�.f2; : : : ; fi�1; �; fi ; : : : ; fn/

C

nX
iD1

.�1/iC1Cn�.f1; : : : ; fi�1; �; fi ; : : : ; fn�1/C .�1/
2nC2�.f1; : : : ; fn/

�

nC1X
iD3

i�2X
jD1

.�1/iC1Cj�.f1; : : : ; fj�1; fjfjC1; fjC2; : : : ; fi�1; �; fi ; : : : ; fn/

�

n�1X
iD1

n�1X
jDi

.�1/iC1CjC1�.f1; : : : ; fi�1; �; fi ; : : : ; fj�1; fjfjC1; fjC2; : : : ; fn/

�

nX
iD1

.�1/iC1Ci�.f1; : : : ; fi�1; �fi ; fiC1; : : : ; fn/

�

nC1X
iD2

.�1/iC1Ci�1�.f1; : : : ; fi�2; fi�1�; fi ; : : : ; fn/

D .I � �.�//�.f1; : : : ; fn/C �.f1/

� nC1X
iD2

.�1/i�.f2; : : : ; fi�1; �; fi ; : : : ; fn/

�
� .�1/n

nX
iD1

.�1/i�.f1; : : : ; fi�1; �; fi ; : : : ; fn�1/

�

nC1X
iD3

i�2X
jD1

.�1/iCj�1�.f1; : : : ; fj�1; fjfjC1; fjC2; : : : ; fi�1; �; fi ; : : : ; fn/

�

n�1X
iD1

n�1X
jDi

.�1/iCj�.f1; : : : ; fi�1; �; fi ; : : : ; fj�1; fjfjC1; fjC2; : : : ; fn/
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C

nX
iD1

�.f1; : : : ; fi�1; �fi ; fiC1; : : : ; fn/

�

nC1X
iD2

�.f1; : : : ; fi�2; �fi�1; fiC1; : : : ; fn/

D .I � �.�//�.f1; : : : ; fn/ � .@
nRn�/.f1; : : : ; fn/:

So S � T D R@C @R as claimed.

The next lemma is well known in the discrete setting (see, e.g., [5, Proposition 0.3]).
For the sake of completeness, we include a proof adapted to our setup.

Lemma 8.2. The following conditions are equivalent for a group G and a Banach
G-module .X; �/:

(1) The cochain identity map C �.G;X/
I
�! C �.G;X/ is null-homotopic.

(2) There exists an invertible null-homotopic cochain map C �.G;X/! C �.G;X/.

(3) The cochain complex

¹0º
@0

�! C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! C 3.G;X/
@4

�! � � �

is split exact, that is,Hn.G;X/D ¹0º and Bn.G;X/DZn.G;X/ is complemen-
ted in C n.G;X/ for all n � 0.

Before beginning the proof, observe that when the cochain complex is split exact, say

C n.G;X/ D Bn.G;X/˚ Y n

for some sequence Y 0; Y 1; : : : of closed linear subspaces Y n � C n.G; X/, then we get
exact sequences

0 �! Y n�1
@n

�! Bn.G;X/˚ Y n
@nC1

���! BnC1.G;X/ �! 0;

where Bn.G;X/ D rg @n D ker @nC1 and so Y n�1
@n

�! Bn.G;X/ is an isomorphism.

Proof. (2)) (1): Suppose that C �.G;X/
T
�! C �.G;X/ is an invertible null-homotopic

cochain map. This means that we can write

T D @RCR@

for some continuous linear operators C �C1.G;X/
R
�! C �.G;X/. Now, as T commutes

with @, so does T �1, whereby

I D T �1T D T �1@RC T �1R@ D @ ı .T �1R/C .T �1R/ ı @
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and so I is null-homotopic too.
(1)) (3): If (1) holds, this means that we may write I D @RCR@ for some continu-

ous linear operators C �.G;X/
R
�! C ��1.G;X/, where we set C�1.G; X/ D ¹0º. In that

case, the composition

C �.G;X/
@R
�! C �.G;X/

satisfies
.@R/2 D @R@RCR0R D @R@RCR@@R D I@R D @R;

that is, @R is a continuous linear projection onto its image. Also, if  2 Bn.G;X/, write
 D @� for some � 2 C n�1.G;X/ and note that

@R D @R@� D @R@� CR@@� D I@� D  :

Therefore, rg.@R/ D B�.G; X/ and @R is a linear projection of C �.G; X/ onto the
closed linear subspace B�.G; X/ with complementary projection I � @R D R@. Since
Z�.G; X/ � ker R@, it follows that also Z�.G; X/ D B�.G; X/. In other words,
H �.G;X/ D ¹0º and the cochain complex is split exact.

(3)) (2): Suppose that the cochain complex is split exact. Then, for all n � 0, we
have Zn.G;X/ D Bn.G;X/ and

C n.G;X/ D Bn.G;X/˚ Y n

for some closed linear subspace Y n � C n.G;X/. Furthermore, Y n
@nC1

���! BnC1.G;X/ is
an isomorphism and thus admits an inverse. So let

C nC1.G;X/
RnC1

���! Y n

be 0 on Y nC1 and the inverse of @nC1 on BnC1.G;X/. Also, R0 is the unique operator

C 0.G;X/
R0

��! ¹0º:

Then @nRn is the continuous linear projection of C n.G; X/ onto Bn.G; X/ along Y n,
whereas RnC1@nC1 is the complementary projection onto Y n. That is, I D @nRn C

RnC1@nC1, showing that the invertible operator I is null-homotopic.

Theorem 8.3. Suppose G is a group and X a Banach G-module. Assume that � 2
G0 \�G is chosen so that I � �.�/ is invertible. Then the cochain complex

¹0º
@0

�! C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! C 3.G;X/
@4

�! � � �

is split exact.

Proof. As � 2 G0 \�G, we may apply Proposition 8.1 with F D G to conclude that the
cochain map

� 7! .I � �.�// ı �
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is null-homotopic. Also, because the operator I � �.�/ is invertible, so is the above
cochain map. Therefore, by Lemma 8.2, the cochain complex

¹0º
@0

�! C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! C 3.G;X/
@4

�! � � �

is split exact.

Corollary 8.4. Suppose G is a group and .X; �/ is a uniformly convex isometric Banach
G-module. Let ˆ denote the FC-centre of G and assume that X has no almost invariant
unit vectors as a ˆ-module. Then the cochain complex

¹0º
@0

�! C 0.G;X/
@1

�! C 1.G;X/
@2

�! C 2.G;X/
@3

�! C 3.G;X/
@4

�! � � �

is split exact.

Proof. Because X is uniformly convex and has no almost invariant unit vectors as a ˆ-
module, by Lemma 5.2, there is a finite set E �ˆ so that k�.�/k < 1 for all � 2�G with
E � supp.�/. Enlarging E, we may suppose that it is a union of conjugacy classes in G,
whereby � D 1

jE j

P
g2E g 2G

0 \�G. By Neumann’s lemma, I � �.�/ is invertible. The
result thus follows directly from Theorem 8.3.

Theorem 8.5. Suppose G is a group and .X; �/ is a uniformly convex isometric Banach
G-module. Assume also that F is a subgroup of G so that X has no almost invariant unit
vectors as an FCG.F /-module. Then the restriction map

Hn.G;X/! Hn.F;X/

is zero for all n � 0.

Proof. Because X is uniformly convex and has no almost invariant unit vectors as an
FCG.F /-module, by Lemma 5.2, there is a finite set E � FCG.F / so that k�.�/k < 1 for
all � 2 �.FCG.F // with E � supp.�/. Enlarging E, we may suppose that it is a union
of F -conjugacy classes, whereby � D 1

jE j

P
g2E g 2 F

0 \ �G. By Neumann’s lemma,
I � �.�/ is invertible. Observe now that the restriction map C n.G; X/! C n.F; X/ is
the composition of the two cochain maps

C n.G;X/
‚
�! C n.F;X/

�
�! C n.F;X/

defined by
‚.�/ D .I � �.�// ı �jF ; �. / D .I � �.�//�1 ı  :

By Proposition 8.1, ‚ is null-homotopic and hence so is the composition �‚.
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9. Reduced cohomology

Recall that when G is a group and .X; �/ is a Banach G-module, the space C n.G;X/ of
n-cochains is nothing but the product Y

Gn

X;

and therefore it is naturally equipped with the Tychonoff product topology. Because

C n.G;X/
@nC1

���! C nC1.G;X/

is a continuous linear operator, the kernel Zn.G; X/ D ker @nC1 will be closed in
C n.G; X/. In contradistinction, Bn.G; X/ D rg @n may not be closed and thus the
cohomology Hn.G; X/ D Zn.G; X/=Bn.G; X/ may not be a Hausdorff space. For this
reason, we define the reduced cohomology of the Banach module to be the quotient space

H
n
.G;X/ D C n.G;X/=Bn.G;X/:

Lemma 9.1. Suppose X is a strictly convex, reflexive Banach space and that � � L.X/

is a semigroup of contractions, that is, so that kSk � 1 for all S 2 � . Assume furthermore
that

T
� ker.I � S/ D ¹0º. Then, for all finite subsets E � X and " > 0, there is some

T 2 conv.�/ so that
sup
x2E

kT xk < ":

Proof. Suppose first that a single vector x 2 X and " > 0 are given. We note that
K D conv.�x/ is a closed convex �-invariant subset of X . Therefore, as X is strictly
convex and reflexive, K has a unique element z 2 K of minimal norm. As kSzk � kzk
and Sz 2 K for all S 2 � , it follows that z 2

T
� ker.I � S/ D ¹0º. We may thus find

some T 2 conv.�/ so that T x 2 conv.�x/ has norm less than ".
Now, if instead a finite setE D ¹x1; : : : ; xnº �X and " > 0 are given, we pick success-

ively T1; : : : ; Tn 2 conv.�/ so that kTiTi�1 � � �T1xik< ", and let T D Tn � � �T1 2 conv.�/.
It then follows that

kT xik � kTn � � �TiC1k � kTiTi�1 � � �T1xik < "

for all i .

In the context of reduced cohomology, the following result takes the place of
Lemma 5.2.

Lemma 9.2. Suppose G is a group and .X; �/ is a separable reflexive isometric Banach
G-module. Assume also that F is a subgroup of G so that X FCG.F / D ¹0º. Then, for all
finite subsets E � X and " > 0, there is some � 2 F 0 \�G so that

k�.�/xk < "

for all x 2 E.
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Proof. Recall first that, by the previously mentioned theorem of G. Lancien [9], because
.X; k�k/ is separable reflexive, it admits an isometry-invariant locally uniformly convex
renorming .X; jjj�jjj/ and thus the module action G

�Õ .X; jjj�jjj/ remains isometric. We may
thus simply assume that X is strictly convex and reflexive.

Consider the convex semigroup of contractions

� D ¹�.�/ 2 L.X/ j � 2 F 0 \�Gº

and observe, by Lemma 4.3, that
T
S2� ker.I � S/ D ¹0º. Therefore, by Lemma 9.1, we

find that, for all finite subsets E � X and " > 0, there is some � 2 F 0 \�G so that

k�.�/xk < "

for all x 2 E.

We are now able to obtain a strengthening of the central result of [3] for the case of
separable reflexive isometric Banach modules.

Theorem 9.3. Suppose that G is a group and .X; �/ a separable reflexive isometric
Banach G-module. Assume also that F � G is a subgroup with X FCG.F / D ¹0º. Then
the restriction map

H
n
.G;X/! H

n
.F;X/

is zero for all n � 0.

Proof. Suppose that � 2 Zn.G; X/. We must show that �jF 2 Bn.F;X/. That is, we
must verify that for all finite subsets E � F n and " > 0, there is some  2 Bn.F;X/ so
that

k�. Ef / �  . Ef /k < "

for all Ef 2 E. So let E and " be given and pick by Lemma 9.2 some � 2 F 0 \�G so that

k�.�/�. Ef /k < "

for all Ef 2 E. Then

k�. Ef / � .� � �.�/ ı �/. Ef /k D k�.�/�. Ef /k < ";

whereas
.� � �.�/ ı �/jF 2 B

n.F;X/

by Proposition 8.1. So  D .� � �.�/ ı �/jF is as required.

Proposition 9.4. Suppose G is a group with a finite generating set† and .X;�/ is a sep-
arable reflexive isometric Banach G-module with XG D ¹0º. Then, for all � 2 Z1.G;X/
and " > 0, there is some x 2 X with


X

g2†

.� � @x/.g/



 < ":
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Proof. As in the proof of Lemma 9.2, we may assume that X is strictly convex. We set
� D 1

j†j

P
g2† g, and let

� D ¹�.�/ 2 L.X/ j � 2 conv¹�n j n � 1ºº:

Because XG D ¹0º, the operator �.�/ has no non-zero invariant vectors and hence � is a
convex semigroup of contractions with

T
� ker.I � S/ D ¹0º. Therefore, by Lemma 9.1,

we may find some � 2 conv¹�n j n � 1º so that

k�.�/�.�/k <
"

j†j
:

However, �� D �� and thus for x D �.�/

@x.�/ D .I � �.�//�.�/ D .I � �.�//�.�/;

whereby 


X
g2†

.� � @x/.g/



 D j†j � k�.�/ � @x.�/k D j†j � k�.�/�.�/k < ":

10. Affine actions

Recall that, by the Mazur–Ulam theorem, every surjective isometry X
A
�! X of a Banach

space is affine, that is, satisfies

A

� nX
iD1

tixi

�
D

nX
iD1

tiA.xi /

for all ti 2 R and xi 2 X so that
Pn
iD1 ti D 1. Also, if X

A
�! X is any continuous affine

map, there is a unique bounded linear operator X
T
�! X and a vector a 2 X so that

Ax D T x C a

for all x 2 X . Furthermore, if B is another affine map given by Bx D Sx C b for some
operator S and vector b, then one sees that

ABx D TSx C .T b C a/:

Therefore, if G
˛Õ X is a continuous affine action by a group G, we obtain a continuous

linear action G
�Õ X along with a map G

�
�! X so that

˛.g/x D �.g/x C �.g/

and
�.gf / D �.g/�.f /C �.g/
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for all g; f 2 G and x 2 X . In other words, � is nothing but a 1-cocycle associated with
the Banach G-module .X; �/.

Observe also that, as

@x.g/ � �.g/ D x � �.g/x � �.g/ D x � ˛.g/x;

we have that � D @x if and only if x is fixed by the action G
˛Õ X .

Similarly, the cocycle � belongs to B1.G;X/ if and only if, for every finite subset
E � G and " > 0, there is an x 2 X so that

sup
g2E

kx � ˛.g/xk D sup
g2E

k@x.g/ � �.g/k < ":

These computations show that, for a fixed Banach G-module .X; �/, there is a
bijective correspondence

¹Affine actions with linear part �º! Z1.G;X/

between the collection of affine actions G
˛Õ X whose linear part is � and then the space

Z1.G; X/ of 1-cocycles � given by �.g/ D ˛.g/0. Furthermore, under this correspond-
ence, the space B1.G; X/ of coboundaries corresponds exactly to actions fixing a point
in X , whereas the space B1.G;X/ of almost coboundaries corresponds to actions having
almost fixed points in the following sense.

Definition 10.1. An affine isometric group actionG
˛Õ X on a Banach space almost fixes

a point if and only if, for all finite subsets E � G and " > 0, there is some x 2 X so that

kx � ˛.g/xk < "

for all g 2 E.

Suppose now that .X; �/ is an isometric Banach G-module and � 2 Z1.G; X/ is a
cocycle with associated affine isometric action G

˛Õ X . Then because

im� D ¹˛.g/0 j g 2 Gº;

we find that the cocycle � is bounded if and only if the orbit of 0 and therefore every orbit
is bounded. In this case, conv.im �/ is a norm-bounded closed convex ˛.G/-invariant
set. In particular, if X is reflexive, this implies by the Ryll-Nardzewski fixed-point the-
orem [12] (see also [10]) that there is a fixed point for G

˛Õ X . In other words, when X
is reflexive, 1-coboundaries are simply the bounded 1-cocycles.

Consider now a continuous affine group action G
˛Õ X , and let � and � denote the

associated linear part and associated cocycle, respectively. As before, we canonically
extend these to an algebra representation RG

�
�! L.X/ and an affine map AG

�
�! X ,

respectively. By Remark 7.2, we have �.��/ D �.�/�.�/C �.�/ for all �; � 2 AG and
therefore ˛ extends to an action

AG
˛Õ X
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of the multiplicative semigroup AG by continuous affine transformations of X by setting

˛.�/x D �.�/x C �.�/

for all � 2 AG and x 2 X .
Observe then that, because both � and � are affine mappings, we have that

˛

� nX
iD1

ti�i

�
.x/ D

nX
iD1

ti˛.�i /x

whenever x 2 X , �i 2 AG, ti 2 R and
Pn
iD1 ti D 1. In particular, this implies that the

convex hull of the orbit ˛.G/x of x under the affine action by G can be written as

conv.˛.G/x/ D ˛.�G/x:

Note that another way of expressing these facts is to say that the action mapping

AG �X
˛
�! X

is biaffine.

A. Quotients, complementation and property (T)

Thus far, we have freely used the assumption that X FCG.F / D ¹0º for some subgroup F
of G, and it is therefore useful to pause to consider the import of this hypothesis. A
good deal of the material presented here is well known and implicit in the literature in
various forms. In particular, this applies to the case of isometric reflexive Banach G-
modules, where some of the arguments below can be significantly simplified by using the
Alaoglu–Birkhoff decomposition X D XG ˚XG . It may be of value however to observe
that reflexivity or weak almost periodicity is not essential for the results that follow.

Example A.1 (Decompositions along FCG.F / for reflexive Banach modules). Assume
first that .X; �/ is a reflexive isometric Banach G-module and F � G a subgroup so
that G D F � FCG.F /. Observe that, because FCG.F / is normalised by F and G D
F � FCG.F /, we have that FCG.F / is normal in G and therefore that the Alaoglu–Birkhoff
decomposition

X D X FCG.F / ˚XFCG.F /

is G-invariant. From this we obtain similar decompositions of C n.G;X/, Zn.G;X/ and
Bn.G;X/, which in turn induce a decomposition

Hn.G;X/ D Hn.G;X FCG.F //˚Hn.G;XFCG.F //:

Working with the second summand Hn.G; XFCG.F // thus essentially corresponds to an
initial assumption that X FCG.F / D ¹0º.
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We now focus on the general case of isometric Banach modules where Alaoglu–
Birkhoff decompositions may no longer be available. So, suppose .X; �/ is a general
isometric Banach G-module and let �WX ! X=XG be the natural quotient map, that is,
x D x CXG . Then we obtain an isometric Banach G-module .X=XG ; �/ by letting

�.g/x D �.g/x;

that is, �.g/
�
x C XG

�
D �.g/x C XG , for x 2 X and g 2 G. Indeed, because XG is

G-invariant, the action is well defined. Furthermore,

k�.g/xkX=XG D inf
y2XG

k�.g/x C yk

D inf
y2XG

k�.g/x C �.g/yk

D inf
y2XG

k�.g/.x C y/k

D inf
y2XG

kx C yk

D kxkX=XG ;

showing that the action is isometric. With this definition, �WX!X=XG is aG-equivariant
map, and we therefore obtain a cochain map

�WC �.G;X/! C �.G;X=XG/

by setting
�.g1; : : : ; gn/ D �.g1; : : : ; gn/

for � 2 C n.G;X/.

Lemma A.2. Suppose G is a group and .X; �/ is an isometric Banach G-module. Let
g 2 G and x 2 X . Then

1

2
� kx � �.g/xk � kx � �.g/xkX=XG � kx � �.g/xk:

Also, if � 2 Z1.G;X/ satisfies limn
�.gn/
n
D 0, then

1

2
� k�.g/k � k�.g/kX=XG � k�.g/k:

Proof. Let g 2 G, x 2 X and � 2 Z1.G; X/ be given, and set ın D 1
n

Pn�1
iD0 g

i 2 �G.
Then

�.ın/.x � �.g/x/ D
1

n

n�1X
iD0

�.g/i .x � �.g/x/ D
x � �.g/nx

n
�!
n
0;
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whereas

�.ın/�.g/ D
1

n
.�.gn�1/�.g/C � � � C �.g3/�.g/C �.g2/�.g/C �.g/�.g/C �.g//

D
1

n
.�.gn�1/�.g/C � � � C �.g3/�.g/C �.g2/�.g/C �.g2//

D
1

n
.�.gn�1/�.g/C � � � C �.g3/�.g/C �.g3//

D � � �

D
�.gn/

n
:

To prove the result, it thus suffices to show that kyk � 2kykX=XG for all y 2 X
satisfying

0 2 �.�G/y
k�k
:

To see this, suppose such a y is given and find ˇn 2 �G so that �.ˇn/y ! 0. Then, for
all z 2 XG ,

kzk D lim
n
kz C �.ˇn/yk D lim

n
k�.ˇn/.z C y/k � kz C yk

and so

kyk � kz C yk C kzk � 2kz C yk:

This shows that kyk � 2 � infz2XGkz C yk D 2kykX=XG .

Lemma A.3. Suppose G is a group and .X; �/ is an isometric Banach G-module. Then
the cochain map � 7! � restricts to a topological isomorphism between the topological
vector spaces B1.G;X/ and B1.G;X=XG/ and also maps B1.G;X/ isomorphically
onto B1.G;X=XG/.

Proof. Because @1xD x ��.�/x, Lemma A.2 implies that the continuous linear map � 7!
� defines a uniform homeomorphism between the topological vector spacesB1.G;X/ and
B1.G;X=XG/. It therefore follows that it extends to a topological isomorphism between
B1.G;X/ and B1.G;X=XG/.

Observe that Lemma A.3 in particular implies that B1.G;X/ is closed in Z1.G;X/ if
and only if B1.G;X=XG/ is closed in Z1.G;X=XG/.

Proposition A.4. Suppose G is a group with no non-trivial homomorphisms to R and
.X; �/ is an isometric Banach G-module.

(1) If H 1.G;X=XG/ D ¹0º, then also H 1.G;X/ D ¹0º.

(2) If H
1
.G;X=XG/ D ¹0º, then also H

1
.G;X/ D ¹0º.
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Proof. By Lemma A.3, it suffices to show that � 7! � is injective on Z1.G; X/. So,
assume � 2 Z1.G;X/ and � D 0. Then �ŒG� � XG and so

�.gf / D �.g/�.f /C �.g/ D �.g/C �.f /

for all g;f 2G. In other words, such a � is a homomorphism fromG to the additive group
ofX and thus, composing with a linear functional, one obtains a homomorphism to R. By
the assumption on G, it follows that � D 0 implies that � D 0 for all � 2 Z1.G; X/. In
other words, the mapping � 7! � is injective on Z1.G;X/.

The next result applies, in particular, to f.g. groups generated by a set of elements of
finite order such as the infinite dihedral group D1.

Proposition A.5. SupposeG is a group with a symmetric finite generating set† and asso-
ciated length function `. Assume also that limn

`.gn/
n
D 0 for all g 2 † and that .X; �/ is

an isometric Banach G-module. Then the map � 7! � defines an isomorphic embedding
of H

1
.G;X/ into H

1
.G;X=XG/.

Proof. Recall that ` is defined by `.g/ D min.k j g D f1 � � � fk ; fi 2 †/. Also, for
� 2 Z1.G;X/ and fi 2 G,

k�.f1 � � � fn/k

D


�.f1/C �.f1/�.f2/C �.f1f2/�.f3/C � � � C �.f1 � � � fn�1/�.fn/



�

nX
iD1

k�.fi /k:

It thus follows that k�.g/k � maxf 2†k�.f /k � `.g/ for all g 2 G and, in particular, that

lim
n

k�.gn/k

n
� max
f 2†
k�.f /k � lim

n

`.gn/

n
D 0

for all g 2 †. Applying Lemma A.2, we find that, for g 2 †,

1

2
� k�.g/k � k�.g/kX=XG � k�.g/k:

Now, if limi �i D 0 for some sequence �i 2 Z1.G; X/, then, for all g 2 †, we have
limi �i .g/D 0 and thus limi �i .g/D 0, whereby limi �i D 0. In other words, the Fréchet
spaceZ1.G;X/ isomorphically embeds into the Fréchet spaceZ1.G;X=XG/ via � 7! �.
As B1.G;X/ is mapped onto B1.G;X=XG/, we find that � 7! � induces an isomorphic
embedding of the quotient H

1
.G;X/ into H

1
.G;X=XG/.

The next lemma is now a simple adaptation of the corresponding result for Hilbert
spaces due to A. Guichardet [8].
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Lemma A.6. SupposeG is a countable group and .X;�/ an isometric BanachG-module.
Then the following conditions are equivalent:

(1) The space of 1-coboundaries B1.G;X/ is closed in Z1.G;X/.

(2) The isometric Banach G-module .X=XG ; �/ does not have almost invariant unit
vectors.

Proof. (1)) (2): Observe first that X
@1

�! B1.G;X/ factors through a continuous linear
bijection

X=XG
e@1
�! B1.G;X/:

Suppose now that B1.G;X/ is closed inZ1.G;X/ and therefore is a Fréchet space. Then,
by the open mapping theorem, e@1 has a continuous inverse

B1.G;X/
T
�! X=XG :

In particular, there is an identity neighbourhood U � B1.G; X/ so that kT�kX=XG � 1
for all � 2 U . By shrinking U , we can suppose that

U D
°
� 2 B1.G;X/

ˇ̌̌
max
g2E
k�.g/k � "

±
for some finite set E � G and some " > 0. It therefore follows that, for all x 2 X ,

max
g2E
kx � �.g/xk � " ) kxkX=XG � 1:

By Lemma A.2, we conclude that

kxkX=XG �
1

"
�max
g2E
kx � �.g/xk �

2

"
�max
g2E
kx � �.g/xkX=XG

and thus .X=XG ; �/ does not have almost invariant unit vectors.
(2)) (1): Suppose conversely that .X=XG ; �/ does not have almost invariant unit

vectors. This means that there is some finite set E � G and some K so that

kxkX=XG � K �max
g2E
kx � �.g/xkX=XG � K �max

g2E
kx � �.g/xk

for all x 2 X . To see that B1.G; X/ is closed in Z1.G; X/, assume that @1xn �!
n
�

in Z1.G; X/. By the above inequality, we see that .xn/ is Cauchy in X=XG and thus
converges to some x 2 X=XG , whereby � D @1x 2 B1.G;X/.

Recall that a group G is said to have property (T) if every isometric Hilbert G-module
with almost invariant unit vectors also has actual invariant unit vectors. There are various
ways of generalising this to other classes of Banach spaces. We shall be following the
formulation given in [2], which however merits some clarification.
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Definition A.7. Let B be a class of Banach spaces. A group G is said to have prop-
erty .TB/ if, for every isometric Banach G-module .X; �/ with X 2 B, the isometric
Banach G-module .X=XG ; �/ does not have almost invariant unit vectors.

The central observation regarding this definition is that, due to Lemma A.6, a count-
able group G has property (TB) if and only if B1.G; X/ is closed in Z1.G; X/ for all
isometric Banach G-modules .X; �/ with X 2 B.

The next result is a partial generalisation to the setting of uniformly convex Banach
spaces of an earlier result due to Y. Shalom [13] (see also [4, Theorem 3.2.1]).

Proposition A.8. The following conditions are equivalent for a finitely generated groupG
without Z as a quotient:

(1) For every uniformly convex isometric Banach G-module .X; �/, we have

H 1.G;X/ D ¹0º:

(2) For every uniformly convex isometric BanachG-module .X;�/ so thatXG D ¹0º,
we have

H
1
.G;X/ D ¹0º:

Furthermore, these conditions imply that G has property .TUC /, where UC is the class
of uniformly convex Banach spaces.

Proof. That (1) implies (2) is obvious, so let us consider the converse. Assume that .X;�/
is a uniformly convex BanachG-module so thatH 1.G;X/¤¹0º. Then we may pick some
� 2Z1.G;X/ so that the affine isometric actionG

˛Õ X given by ˛.g/xD �.g/x � �.g/
has no fixed points on X . Fix also a finite generating set † for G. Using a construc-
tion of M. Gromov and R. Schoen (see, e.g., [14] for details), we may produce another
(necessarily affine) isometric action

G
ˇ
Õ Y

on a uniformly convex Banach space so that

max
g2†
ky � ˇ.g/yk � 1

for all y 2 Y . Let � and  denote, respectively, the linear and translation parts of ˇ, and
let Y D Y G ˚ YG be the associated Alaoglu–Birkhoff decomposition. Let also

Y
P
�! Y G

be the associated projection. Because P is G-equivariant, we find that

P .gf / D P.�.g/ .f /C  .g// D �.g/P .f /C P .g/ D P .f /C P .g/;



Finite conjugacy classes and split exact cochain complexes 35

that is, P is a homomorphism from G into the additive group of the Banach space Y G .
However, as G is finitely generated and does not have Z as a quotient, it follows that P 
is constantly 0 and therefore that  .g/ 2 YG for all g 2 G. This implies that YG is invari-
ant under the action G

ˇ
Õ Y and that .YG ; �/ is a uniformly convex isometric Banach

G-module without invariant unit vectors. Also, because the affine action ˇ has no almost
fixed points on YG , the associated cocycle  cannot lie in B

1
.G; YG/, which implies that

H
1
.G; YG/ ¤ ¹0º:

So (2)) (1).
Finally, if, for every uniformly convex isometric Banach G-module .X; �/, we have

H 1.G;X/ D ¹0º, then B1.G;X/ is closed in Z1.G;X/, which, by Lemma A.6, implies
that G has property (TUC ).

Acknowledgements. The author is grateful for a number of helpful comments by
N. Monod, R. Sauer and the anonymous referee.

Funding. The author was partially supported by the NSF through awards DMS 2204849
and DMS 2246986.

References

[1] L. Alaoglu and G. Birkhoff, General ergodic theorems. Ann. of Math. (2) 41 (1940), no. 2,
293–309 Zbl 0024.12402 MR 0002026

[2] U. Bader, A. Furman, T. Gelander, and N. Monod, Property (T ) and rigidity for actions on
Banach spaces. Acta Math. 198 (2007), no. 1, 57–105 Zbl 1162.22005 MR 2316269

[3] U. Bader, C. Rosendal, and R. Sauer, On the cohomology of weakly almost periodic group
representations. J. Topol. Anal. 6 (2014), no. 2, 153–165 Zbl 1298.22005 MR 3191647

[4] B. Bekka, P. de la Harpe, and A. Valette, Kazhdan’s property (T). New Math. Monogr. 11,
Cambridge University Press, Cambridge, 2008, 472 pp. Zbl 1146.22009 MR 2415834

[5] K. S. Brown, Cohomology of groups. Grad. Texts in Math. 87, Springer, New York, 1994,
309 pp. Zbl 0584.20036 MR 1324339

[6] P. Enflo, Banach spaces which can be given an equivalent uniformly convex norm. Israel J.
Math. 13 (1972), no. 3–4, 281–288 Zbl 0259.46012 MR 0336297

[7] M. Fabian, P. Habala, P. Hájek, V. Montesinos, and V. Zizler, Banach space theory. The basis
for linear and nonlinear analysis. CMS Books Math., Springer, New York, 2011, 820 pp.
Zbl 1229.46001 MR 2766381

[8] A. Guichardet, Sur la cohomologie des groupes topologiques. II. Bull. Sci. Math. (2) 96 (1972),
305–332 Zbl 0243.57024 MR 0340464

[9] G. Lancien, Dentability indices and locally uniformly convex renormings. Rocky Mountain J.
Math. 23 (1993), no. 2, 635–647 Zbl 0801.46010 MR 1226193

[10] I. Namioka and E. Asplund, A geometric proof of Ryll–Nardzewski’s fixed point theorem.
Bull. Amer. Math. Soc. 73 (1967), no. 3, 443–445 Zbl 0177.40404 MR 0209904

[11] P. W. Nowak, Group 1-cohomology is complemented. Bull. Lond. Math. Soc. 49 (2017), no. 2,
216–219 Zbl 1430.22008 MR 3656290

https://doi.org/10.2307/1969004
https://zbmath.org/?q=an:0024.12402
https://mathscinet.ams.org/mathscinet-getitem?mr=0002026
https://doi.org/10.1007/s11511-007-0013-0
https://doi.org/10.1007/s11511-007-0013-0
https://zbmath.org/?q=an:1162.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=2316269
https://doi.org/10.1142/S1793525314500125
https://doi.org/10.1142/S1793525314500125
https://zbmath.org/?q=an:1298.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=3191647
https://doi.org/10.1017/CBO9780511542749
https://zbmath.org/?q=an:1146.22009
https://mathscinet.ams.org/mathscinet-getitem?mr=2415834
https://doi.org/10.1007/978-1-4684-9327-6
https://zbmath.org/?q=an:0584.20036
https://mathscinet.ams.org/mathscinet-getitem?mr=1324339
https://doi.org/10.1007/BF02762802
https://zbmath.org/?q=an:0259.46012
https://mathscinet.ams.org/mathscinet-getitem?mr=0336297
https://doi.org/10.1007/978-1-4419-7515-7
https://doi.org/10.1007/978-1-4419-7515-7
https://zbmath.org/?q=an:1229.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=2766381
https://zbmath.org/?q=an:0243.57024
https://mathscinet.ams.org/mathscinet-getitem?mr=0340464
https://doi.org/10.1216/rmjm/1181072581
https://zbmath.org/?q=an:0801.46010
https://mathscinet.ams.org/mathscinet-getitem?mr=1226193
https://doi.org/10.1090/S0002-9904-1967-11779-8
https://zbmath.org/?q=an:0177.40404
https://mathscinet.ams.org/mathscinet-getitem?mr=0209904
https://doi.org/10.1112/blms.12018
https://zbmath.org/?q=an:1430.22008
https://mathscinet.ams.org/mathscinet-getitem?mr=3656290


C. Rosendal 36

[12] C. Ryll-Nardzewski, Generalized random ergodic theorems and weakly almost periodic
functions. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 10 (1962), 271–275
Zbl 0123.34901 MR 0169984

[13] Y. Shalom, Rigidity of commensurators and irreducible lattices. Invent. Math. 141 (2000),
no. 1, 1–54 Zbl 0978.22010 MR 1767270

[14] Y. Stalder, Fixed point properties in the space of marked groups. In G. Arzhantseva and
A. Valette (eds.), Limits of graphs in group theory and computer science. (Proc. special
semester at Centre Bernoulli (Lausanne), Jan–Jun 2007), pp. 171–182, Presses Polytechniques
et Universitaires Romandes, Switzerland, 2007 Zbl 1220.20040 MR 2562144

Received 3 January 2023.

Christian Rosendal
Department of Mathematics, University of Maryland, William E. Kirwan Hall, 4176 Campus
Drive, College Park, MD 20742-4015, USA; rosendal@umd.edu

https://zbmath.org/?q=an:0123.34901
https://mathscinet.ams.org/mathscinet-getitem?mr=0169984
https://doi.org/10.1007/s002220000064
https://zbmath.org/?q=an:0978.22010
https://mathscinet.ams.org/mathscinet-getitem?mr=1767270
https://zbmath.org/?q=an:1220.20040
https://mathscinet.ams.org/mathscinet-getitem?mr=2562144
mailto:rosendal@umd.edu

	1. Introduction
	2. Convexity, reflexivity and Banach modules
	3. The group algebra, affine space and simplex
	4. Groups with finite conjugacy classes
	5. Almost invariant unit vectors
	6. Cohomology
	7. Extension of cohomology to the group affine space
	8. Homotopy of cochain maps
	9. Reduced cohomology
	10. Affine actions
	A. Quotients, complementation and property (T)
	References

