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Generalized triple product p-adic L-functions and
rational points on elliptic curves

Luca Marannino

Abstract. We generalize and simplify the constructions of Darmon–Rotger (2014) and Hsieh (2021)
of an unbalanced triple product p-adic L-function attached to a triple .f ;g;h/ of p-adic families
of modular forms, allowing more flexibility for the choice of g and h.

Assuming that g and h are families of theta series of infinite p-slope, we prove a factorization
of (an improvement of) such p-adic L-function in terms of two anticyclotomic p-adic L-functions.
As a corollary, when f specializes in weight 2 to the newform attached to an elliptic curve E over
Q with multiplicative reduction at p, we relate certain Heegner points on E to certain p-adic partial
derivatives of the triple product p-adic L-function evaluated at the critical triple of weights .2; 1; 1/.

1. Introduction and statement of the main results

1.1. The generalized unbalanced triple product p-adic L-function

Let p � 3 be a rational prime. We fix an algebraic closure xQ of Q, an algebraic closure
xQp of Qp together with an embedding �pW xQ ,! xQp extending the canonical inclusion
Q ,! Qp . All algebraic extensions of Q (resp. Qp) are viewed inside the corresponding
fixed algebraic closures. We extend the p-adic absolute value j � jp on Qp (normalized
so that jpjp D 1=p) to xQp in the unique possible way. We denote by Cp the completion
of xQp with respect to this absolute value. It is well known that Cp is itself algebraically
closed. We also fix an embedding �1W xQ ,! C extending the canonical inclusion Q ,! C
and we often omit the embeddings �p and �1 from the notation.

Let L=Qp be a finite extension and let ƒ WD OLJ1 C pZpK be the corresponding
Iwasawa algebra (OL being the ring of integers of L). Consider a new, L-rational Hida
family

f D

C1X
nD1

an.f /q
n
2 Sord.Nf ; �f ; ƒ/

of tame level Nf (p − Nf ) and tame character �f of conductor dividing Nf .
Let also

g D

C1X
nD1

an.g/q
n
2 S�1.M; �g ; Rg/ and h D

C1X
nD1

an.h/q
n
2 S�2.M; �h; Rh/
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be two generalized normalized ƒ-adic eigenforms with �f � �g � �h D !2a for some
integer a, where ! denotes the Teichmüller character modulo p and Nf jM .

Our notion of generalized ƒ-adic forms takes inspiration from [15, Definition 2.16].
For a precise definition and for the explanation of the notation, we refer to Section 2.
Here, we just mention that we are not imposing any condition on p-slopes and that we
are allowing the rings of coefficients Rg and Rh to be complete local noetherian flat ƒ-
algebras (not necessarily finite as ƒ-algebras), having the same residue field as OL.

If g and h are Hida families, the works of Darmon–Rotger [15] and Hsieh [25] attach
to the triple .f ; g; h/ a so-called f -unbalanced square-root triple product p-adic L-
function. It arises as an element

Lfp .f ;g;h/ 2 Rfgh WD ƒ y̋OL Rg y̋OL Rh;

whose square interpolates the central values of the triple product L-functions attached to
the specializations of .f ;g;h/ at f -unbalanced triples of weights.

More precisely, given two primitive Hida families g# and h# of respective tame level
Ng and Nh, Hsieh associates to the triple .f ; g#; h#/ a preferred choice of test vectors
.f �;g�;h�/ of tame levelNfgh D lcm.Nf ;Ng ;Nh/ and then performs the construction
of the p-adic L-function for this choice of test vectors, which grants some control on the
non-vanishing of the local zeta-integrals at primes dividing Nfgh appearing in Ichino’s
formula (cf. [27, Theorem 1.1]). In our applications, finding the correct test vector will
not be a problem, so the reader is invited to think of our generalized families g and h
fixed above as test vectors for families of tame level dividing M .

We show in Section 3 that the construction of Lfp .f ; g; h/ can be extended to our
more general setting.

Proposition 1.1 (cf. Definition 3.2, Propositions 3.6 and 3.11). Assume that the residual
Galois representation xVf of the big Galois representation Vf attached to f is absolutely
irreducible and p-distinguished. Then there is an element Lfp .f ;g;h/ 2 Rfgh such that
for every f -unbalanced triple of meaningful weights w D .x; y; z/, the following formula
holds: �

Lfp .f ;g;h/.w/
�2
D
L�
�
fx � gy � hz ;

kClCm�2
2

�
�Q.2/2 ��

2
fx

� Iunb
w;p �

�Y
`jM

I�w;`

�
;

where:

(i) L� denotes the completed L-function (including the archimedean local factor);

(ii) �fx is a suitable period attached to fx , essentially given by its Petersson norm;

(iii) Iunb
w;p (resp. I�

w;`
) is a suitable normalized local zeta integral at p (resp. at `).

Remark 1.2. Here we group some observations elucidating the relations between our
construction of Lfp .f ;g;h/ and the existing literature on the subject.

(i) As already pointed out, we adapt Hsieh’s construction to our setting, following
a method that essentially already appears in [23, Chapters 7 and 8]. The theory
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of generalized ƒ-adic forms developed in Section 2 allows us to simplify the
construction. In particular, we show that the theory of ordinary parts carries
over in this generalized setting (cf. Proposition 2.19) and thus we do not need
to prove the equivalent of [25, Lemma 3.4].

(ii) The (only) novelty of our p-adic L-function consists in allowing g and h to be
generalized families in the sense described above. It should be noted that this is
not so surprising, since the so-called Panchishkin condition continues to hold in
families in the f -unbalanced range when f is a Hida family and the families g
and h are more general. We refer to [33] for a more detailed explanation of why
one should expect the existence of such p-adic L-functions. The f -unbalanced
triple product setting fits in this picture, as discussed briefly in [33, Section 5.3].

(iii) In [17] the author provides a similar generalization of Hsieh’s work to the case
in which g and h are not necessarily Hida families. Yet, Fukunaga’s notion
of general p-adic families of modular forms does not allow our generality for
the rings of coefficients. Moreover, in the framework of [17] one cannot view
the Fourier coefficients of such families as continuous/analytic functions on a
suitable weight space in general.

(iv) It would be interesting to find a way to extend our results to the case where f
is a Coleman family (i.e., to the finite p-slope case), adapting the techniques
of [1] (cf. also the recent preprint [19]). We refer to [33, Section 5.5] for a brief
discussion on this point.

(v) As already observed, we do not perform a general and careful level adjustment
as in [25]. It is clear that one could mimic Hsieh’s recipe to achieve more gen-
erality in the construction.

(vi) Thanks to the results of the preprint [34] (which affords a canonical choice and
an explicit interpolation formula for the so-called congruence number attached
to a Hida family), the period�fx becomes more explicit.We refer to Remark 3.13
for more details.

1.2. Factorization of triple product p-adic L-functions

In the second part of the paper, we discuss some arithmetic applications in the setting that
we now describe.

Assume that p � 5 and let f be a Hida family of tame level Nf with trivial tame
character. Fix K=Q a quadratic imaginary field of odd discriminant �dK and two ray
class characters �1 and �2 of K, that we can view as valued in L.

The following assumptions are in force:
(A) p is inert in K;
(B) Nf is squarefree, coprime to the discriminant of K and with an even number of

prime divisors which are inert in K (Heegner hypothesis);
(C) �i has conductor cprOK , with r � 1 and c 2 Z�1, .c; p � dK � Nf / D 1, c not

divisible by primes inert in K.
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(D) �1 and �2 are not induced by Dirichlet characters and the central characters of �1
and �2 are inverse to each other, so that ' D �1�2 and  D �1��2 are ring class
characters of K (here h�i D Gal.K=Q/).

A classical theorem of Hecke and Shimura attaches to the character �1 (resp. �2) a
cuspidal newform g (resp. h) of weight 1, namely the theta series attached to �1 (resp.
�2). In Section 4 we describe how to realize g (resp. h) as the weight 1 specialization
of a p-adic family g (resp. h) of theta series of tame level dK . Note that our notion of
generalized ƒ-adic form is tailored to include families such as g and h as non-trivial
examples and that the specializations of g (resp. h) will always be supercuspidal at p
(hence of infinite p-slope).

After fixing a choice of test vectors g� (resp. h�) of tame level Nf � dK � c
2, in

Section 5 we define an improved version L
f
p .f ; g; h/ of Lfp .f ; g�; h�/, satisfying a

simplified interpolation property. This relies on Hsieh’s computations of local zeta inte-
grals (and on Fukunaga’s generalizations of Hsieh’s results in [17]).

Let Hn denote the ring class field of K of conductor cpn for every n 2 Z�0 and let
H1 be the union of all the Hn’s. Let G1 WD Gal.H1=K/. We can identify the maximal
Zp-free quotient �� of G1 with the Galois group of the anticyclotomic Zp-extension of
K and there is an exact sequence 0! �c ! G1 ! �� ! 0 of abelian groups with �c
a finite group and �� Š Zp . We fix a non-canonical isomorphism G1 Š �c � �

� once
and for all.

Then ' (resp.  ) factors through G1 and we write it as .'t ; '�/ (resp. . t ;  �/)
according to the fixed isomorphism G1 Š �c � �

�.
For k 2 Z�2 \ 2Z, let Xcrit

p;k
denote the set of continuous characters y�W��! C�p such

that the associated algebraic Hecke character �WA�K=K
� ! C� has infinity type .j;�j /

with jj j < k=2.
The main result of Section 5 is the following factorization theorem for the anticyclo-

tomic projection L
f
p;ac.f ;g;h/ of L

f
p .f ;g;h/ (cf. Definition 5.24). This factorization is

a counterpart of [25, Proposition 8.1] (which assumes that p splits in K) and an upgrade
of [8, Theorem 3.1] to the case of Hecke characters with non-trivial p-part.

Theorem 1.3 (cf. Theorem 5.25). In the above setting, it holds:

Lf
p;ac.f ;g;h/ D ˙Afgh �

�
'�
�
‚Heeg
1 .f ; 't /

�
y̋  �

�
‚Heeg
1 .f ;  t /

��
:

This equality takes place in the ring

R� D .R�� y̋ƒ R��/Œ1=p�; where R�� WD ƒ y̋OL OLJ��K

and the notation is as follows.

(i) ‚
Heeg
1 .f ; 't / 2 R�� (resp.‚Heeg

1 .f ; t / 2 R�� ) is (a slight generalizations of)
the so-called big theta element constructed by Castella–Longo in [11], building
up on works by Bertolini–Darmon (cf. [3–5]) and Chida–Hsieh (cf. [12]). These
p-adic L-functions interpolate (the square root of the algebraic part of) the spe-
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cial values L.fk=K; 't�; k=2/ (resp. L.fk=K;  t�; k=2/) for k 2 Z�2 even
and y� 2 Xcrit

p;k
.

(ii) '�.�/ (resp.  �.�/) for � 2 R�� denotes the image of the element � via the
OL-linear automorphism of R�� uniquely determined by the identity on ƒ and
the assignment Œ
� 7! '�.
/Œ
� (resp. Œ
� 7!  �.
/Œ
�) on group-like elements
on OLJ��K.

(iii) The element Afgh 2 R� is defined in Proposition 5.23 and satisfies the crucial
property that, for all y�; y� 2 Xcrit

p;2, Afgh.2; y�; y�/ ¤ 0.

The proof of Theorem 1.3 follows from the decomposition arising in our setting at the
level of Galois representations (cf. Lemma 5.7) and from a careful comparison of the Euler
factors at p (or p-adic multipliers) appearing in the interpolation formulas for the various
p-adic L-functions. In particular, this requires an explicit computation of the normalized
local zeta integral at p (denoted above by Iunb

w;p), carried out in Proposition 5.14.

1.3. p-adic formulas for Heegner points

In Section 6 we apply Theorem 1.3 to the study and the construction of Heegner points
on elliptic curves. In what follows, we keep the notation as above and we let E=Q be an
elliptic curve with multiplicative reduction at p. Let fE 2 S2.�0.NE // be the cuspidal
newform of level NE attached to E via modularity. Note that this implies that NE D
p � N ıE with p − N ıE . Assume now that f denotes the unique primitive Hida family in
Sord.N ıE ;1; ƒ/ of tame level N ıE and trivial tame character, such that f2 D fE .

We also impose an extra condition on the characters �1; �2 (cf. Assumption 6.1):

(E) ' D �1�2 has conductor prime to p and  D �1��2 has non-trivial anticyclotomic
part (i.e.,  � is non-trivial).

In particular, it follows that '� is trivial and that we can identify ' D 't as a character
of the finite group�c . LetH' denote the abelian extension ofK cut out by ' and observe
that p splits completely in H' .

Upon fixing a primitive Heegner point P 2 E.H'/ ˝Q and setting ˛ WD ap.E/ 2

¹˙1º, one can define:

P' WD
X

�2Gal.H'=K/

'.�/�1P � 2
�
E.H'/˝Q

�'
;

P˙';˛ WD P' ˙ ˛ � P
Frobp
' 2 E.H'/˝Q:

One can show that P˙';˛ does not depend on the choice of prime p ofH' above p. In what
follows, we fix the choice induced by our fixed embedding �pW xQ ,! xQp and we view the
points P' and P˙';˛ as elements of E.Qp2/˝Q under such an embedding.

As E has multiplicative reduction at p, we can take advantage of Tate’s parametriza-
tion of E to define a logarithm logE WE.Qp2/˝Q! Qp2 at the level of Qp2 -rational
points.
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Relying on Theorem 1.3 and on previous results by Bertolini–Darmon (cf. [4, 5]), we
deduce the results summarized in the following statement.

Proposition 1.4 (cf. Corollaries 6.4, 6.8 and 6.9). In the above setting, assume moreover
that L.E=K;  ; 1/ ¤ 0. Then the restriction L

f
p .f ; g; h/ of L

f
p .f ; g; h/ to the line

.k; 1; 1/ vanishes at k D 2 and

d

dk
Lf
p .f ; g; h/jkD2 D

cE

2
� logE .P

C
';˛/

for some explicit constant cE 2 xQ�p .

Similarly, the restriction L
f
p;ac.fE ;gh/ of L

f
p;ac.f ;g;h/ to the line .2; y�; y�/ vanishes

at y� D 1 (the trivial character) and

d

dy�
Lf
p;ac.fE ;gh/jy�D1 D cE � logE .P

�
';˛/

for the same constant cE .
In particular, if ' is a quadratic (or genus) character, the following are equivalent:

(i) �
d

dk
Lf
p .f ; g; h/jkD2;

d

dy�
Lf
p;ac.fE ;gh/jy�D1

�
¤ .0; 0/

(ii) The point P' is of infinite order.

Remark 1.5. In [8] (cf. also [16]) the authors study a setting similar to ours, but require
the characters �1 and �2 to have conductor coprime to p. As a consequence, the order of
vanishing of the restriction L

f
p .f ; g; h/ to the line .k; 1; 1/ of the corresponding triple

product p-adic L-function is at least 2. From a factorization in the style of Theorem 1.3,
they deduce a formula for the second derivative of L

f
p .f ;g;h/ at k D 2 in terms of the

product of logarithms of two Heegner points (respectively related to the characters that
we denoted ' and  ). Our construction allows instead to pin down a single Heegner point
from the study of L

f
p .f ;g;h/ around the triple of weights .2; 1; 1/.

Notation and conventions

If F is any field, we denote by GF the absolute Galois group of F (defined after fixing a
suitable separable closure) and we denote F ab the maximal abelian extension of F (inside
such a separable closure).

If � is a profinite group and R is a topological ring, we denote byRJ�K the completed
group algebra with coefficients in R (with the profinite topology) and we write Œ
� for

 2 � to denote the corresponding group element in the ring RJ�K.

We denote by A the ring of adèles of Q and if B is a finite separable Q-algebra we let
AB WD A˝Q B denote the corresponding ring of adèles of B .

For every number field E, we let the Artin reciprocity map

recE WA�E=E
�
! Gal.Eab=E/
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to be arithmetically normalized, i.e., if v is a finite place of E the compatible local Artin
reciprocity map

recEv WE
�
v ! Dv Š Gal.Eabv =Ev/

is the unique map such that for every uniformizer � of Ev it holds that recEv .�/ acts as
the Frobenius morphism on the maximal unramified extension of Ev (inside Eabv ). We
write Frobv to denote an arithmetic Frobenius element at the place v in GE .

If K is a quadratic imaginary field and �WGK ! R� (here R can be any ring) is a
character, we let �� denote the conjugate of �, i.e., �� .
/D �.�
��1/ for 
 2GK , where
� 2 GK is any element such that � jK generates Gal.K=Q/ (one possible explicit choice
for � is the complex conjugation induced by the fixed embedding �1).

If �WA�K=K
� ! C� is an algebraic Hecke character of K, we say that � has1-type

.a; b/ if for all z 2 C� it holds �.z ˝ 1/ D z�a Nz�b .
Given a smooth function f on the upper-half plane H WD ¹� 2 C j Im.�/ > 0º and

! D
�
a b
c d

�
2 GL2.R/C (invertible 2 � 2 matrices with positive determinant) and k 2 Z,

we set

f jk!.�/ WD det.!/k=2 � .c� C d/�k � f
�
a� C b

c� C d

�
; � 2 H :

If � � SL2.Z/ is a congruence subgroup and k 2 Z�1, we let Mk.�/ (resp. Sk.�/)
be the C-vector space of (holomorphic) modular forms (resp. cusp forms) of weight k
and level � . For � D �1.N / for some N � 1 and � a Dirichlet character modulo N , we
let Mk.N; �/ (resp. Sk.N; �/) denote the spaces of modular forms (resp. cusp forms) of
weight k, level �1.N / and nebentypus �. Unless otherwise specified, we refer to [35] for
all the basic facts concerning the analytic theory of modular forms which are mentioned
freely without proof.

2. Generalized ƒ-adic modular forms and ordinary projection

In this section, we define a generalized notion of ƒ-adic forms and we extend Hida’s
theory of the ordinary projector to this setting.

2.1. First definition and examples

Let L be (as in the introduction) a finite extension of Qp , with ring of integers OL, uni-
formizer $L, and residue field FL WD OL=$LOL.

Recall thatƒ WD OLJ1C pZpK is the completed group algebra for the profinite group
1 C pZp . It is a complete local OL algebra of Krull dimension 2, with maximal ideal
mƒ D .$L; T / and residue field FL. We fix once and for all the isomorphism

ƒ Š OLJT K

uniquely determined by sending Œ1C p� 7! 1C T and sometimes we write ƒ to denote
directly OLJT K via this identification.
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In this section, we will denote by .R; '/ a complete local noetherian ƒ-algebra (here
we also mean that 'Wƒ! R is a continuous local homomorphism of OL-algebras) with
maximal ideal mR (also denoted m when it is clear from the context) and residue field
R=mR isomorphic to FL. We let yCƒ to be the category of such ƒ-algebras, with arrows
given by (continuous) homomorphisms of ƒ-algebras. Similarly, we have a category yCOL

and, viewing ƒ as OL-algebra in the obvious way, we get a functor yCƒ ! yCOL by pull-
back.

Sometimes we just write R instead of .R; '/ to simplify the notation, although the
structure morphisms are going to play an important role in what follows.

Definition 2.1. For R 2 yCƒ and any complete subring OL � A � Cp , we write

WR.A/ WD Homcont
OL�alg.R;A/;

endowed with the topology of uniform convergence on compact sets (which is essentially
the p-adic topology). The elements of WR.A/ will be called (A-valued) R-weights (or
R-specializations).

Remark 2.2. Let L0 be a finite extension of L inside Cp with ring of integers OL0 . Then
for every w 2 Homcont

OL�alg.R; L
0/ it holds OL � w.R/ � L

0, but w.R/ cannot be a field.
This forcesw.R/�OL0 , so that we can identify WR.L

0/DWR.OL0/DHom yCOL

.R;OL0/

in our setting.

We fix an embedding Zp ,! Wƒ.L/, given by sending k 2 Zp to the unique OL-
algebra homomorphism mapping T 7! .1C p/k � 1.

Definition 2.3. An element w 2 Wƒ.Cp/ is an arithmetic weight if it is uniquely deter-
mined by the assignment T 7! ".1Cp/ � .1Cp/k � 1, where k 2Z�1 and "W1CpZp!
�p1.C

�
p / is a finite order character. In this case, we write w D .k; "/ and we denote the

set of arithmetic weights by War
ƒ .

We say that w D .k; "/ is classical if k � 2 and we denote the set of classical weights
by W cl

ƒ. Clearly, Zp \W cl
ƒ D Z�2 � W cl

ƒ via the embedding Zp ,! Wƒ.L/.

Definition 2.4. Let .R; '/ 2 yCƒ. We define the set of classical R-weights as

W cl
R WD

®
w 2 WR.Cp/ j w ı ' 2 W cl

ƒ

¯
and the set of integral classical R-weights as

W cl
R;Z WD

®
w 2 WR.Cp/ j w ı ' 2 Z�2

¯
:

For every w 2 W cl
R we define .kw ; "w/ WD w ı ' and, if w ı ' 2 W cl

R;Z, we simply write
w ı ' D kw . For any subset V � WR.Cp/ we set '�.V / D ¹w ı ' j w 2 V º.

Definition 2.5. We say that a subset � � W cl
R;Z is .ƒ; R/-admissible if the following

conditions are satisfied:
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(i) the closure of'�.�/ inside Zp�Wƒ.L/ contains a non-empty open subset of Zp;

(ii)
T
w2� Ker.w/ D ¹0º.

We will need the following result later.

Lemma 2.6. Let R 2 yCƒ and let � � W cl
R be a countable infinite set. Let B denote the

set of ideals in R that can be written as a finite intersection of pairwise different primes of
R of the form q D Ker.w/ for w 2 � . For every J 2 B, consider R=J with the quotient
topology. Let I D

T
w2� Ker.w/ and consider R=I with the quotient topology. Then the

natural map R=I ! lim
 �J2B

R=J induces an isomorphism of topological rings R=I Š
lim
 �J2B

R=J .

Proof. For every J 2 B, R=J is a complete noetherian local ring with maximal ideal
mR=I . Note that the quotient topology and the mR=J -adic topology on R=J coincide
and that the natural projection R ! R=J is open and continuous (the same applies to
R=I ).

We claim that such topology on R=J is the same as the $L-adic topology. It is clear
that for every n� 1 it holds that .$n

LRC J /=J � .m
n
R C J /=J . We are left to show that,

for every n � 1, R=.J;$n
L/ is a quotient of R=mm

R for m� 1 (in particular, it is a finite
ring). Indeed, writing J D q1 \ � � � \ qs one checks that

q
.J;$n

L/ D

vuut s\
iD1

.qi ;$
n
L/ D

s\
iD1

q
.qi ;$

n
L/ D

s\
iD1

p
.qi ;$L/ D mR:

The first equality follows from .
Ts
iD1.qi ;$

n
L//

s � .J;$n
L/�

Ts
iD1.qi ;$

n
L/. The second

and the third equalities are obvious. The last one follows from the fact that
p
.qi ;$L/ D

mR for all i D 1; : : : ; s, since R=qi is (algebraically isomorphic to) a finite extension of
OL inside xQp andR=mRDFL by assumption. In particular, it follows that mm

R � .J;$
n
L/

for some m � 1 large enough, proving our claim. Hence we have natural topological
isomorphisms for all J 2 B

R=J Š lim
 �
n

R=.J;$n
L/:

Arguing as above, it also follows that a fundamental system of open neighborhoods of
0 in R=I is given by the open ideals ¹.$n

L C J /=I ºn�1;J2B .
This shows that we can realize the natural map R=I ! lim

 �J2B
R=J as a chain of

topological isomorphisms

R=I Š lim
 �
J2B;n

R=.J;$n
L/ Š lim

 �
J2B

R=J;

concluding the proof.

We are ready to give the key definition of this section.
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Definition 2.7. Let N 2 Z�1 be an integer with p − N , let � be a Dirichlet character
modulo Npt for some t 2 Z�1 with values in O�L . We say that a generalized ƒ-adic form
of tame level N and branch character � is a couple ..R; '/; ���/ where:

(i) .R;'/ is an object of yCƒ, which is also flat asƒ-algebra and an integral domain,

(ii) ��� 2 RJqK is a formal q-expansion,

such that the set of integral weights

����;Z WD
®
w 2 W cl

R;Z j ���w 2Mkw .Np
t ; �!2�kw ;Cp/

¯
is .ƒ; R/-admissible in the sense of Definition 2.5, where ���w denotes the q-expansion
obtained by applying w to the coefficients of ���. We say that ..R; '/; ���/ is cuspidal if,
moreover, ���w is cuspidal for all w 2 ����;Z.

Given a generalized ƒ-adic form ..R; '/; ���/ and a .ƒ; R/-admissible set of integral
classical weights � � ����;Z, we say that ..R; '/; ���/ is �-compatible. Often we shorten
the notation and we simply write ��� to denote the ƒ-adic form ..R; '/; ���/.

Definition 2.8. Given a generalized ƒ-adic form of tame level N and character � with
coefficients in .R; '/, we set

���� WD
®
w 2 War

R j ���w 2Mkw .Np
ew ; �!2�kw "w ;Cp/

¯
where the exponent ew � 1 depends on the p-part of � and on w.

Definition 2.9. We let M�.N; �; .R; '// (respectively S�.N; �; .R; '//) denote the R-
modules of generalized ƒ-adic forms (resp. cuspidal generalized ƒ-adic forms) of level
N and character �, with coefficients in .R; '/ and �-compatible (where � is a .ƒ; R/-
admissible set of classical integral R-weights). When all the inputs are clear from the
context (or when it is not necessary to specify them) we simply write M and S to denote
such R-modules, which we view as submodules of RJqK in the obvious way. We endow
all such R-modules with the m-adic topology.

Remark 2.10. The noetherianity ofR implies thatRJqK is m-adically separated and com-
plete.

Remark 2.11. On M DM�.N; �; .R; '// and S D S�.N; �; .R; '// there is an action
of Hecke operators T` for ` − Np prime, U` for ` j N prime and Up . Those operators
can be defined directly on the q-expansions in such a way that the specialization maps are
Hecke-equivariant morphisms. More precisely, there is a character h�iƒWZ�p ! ƒ� given
by hsi D Œs � !�1.s/�. For .R; '/ 2 yCƒ we then let h�iRWZ�p ! R� to be the composition
of h�iƒ with '. Then, for every ��� D

P
nD0 an.���/q

n 2M and for every prime ` ¤ p the
Hecke operator T` acts as follows

T`.���/ D

C1X
nD0

an
�
T`.���/

�
qn; where an

�
T`.���/

�
D

X
d j.n;`/

hd iR � �.d/d
�1an`=d2.���/;

with the convention that �.`/D 0 if ` j N . If ` j N , we write U` to denote the T` operator.
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We are particularly interested in the Up operator, whose action on q-expansions is the
familiar one:

Up

� C1X
nD0

anq
n

�
D

C1X
nD0

anpq
n:

We end this remark recalling the action of the Vp operator on q-expansions, given by

Vp

� C1X
nD0

anq
n

�
D

C1X
nD0

apq
np:

This operator will appear later in the paper. Recall that Up ı Vp is the identity on q-
expansions, while 1 � Vp ı Up defines the so-called p-depletion operator.

Definition 2.12. Let N , �, .R; '/ and� be as above. The notation T�.N;�; .R; '// will
denote the R-subalgebra of EndR.S�.N; �; .R; '/// generated by the Hecke operators
T` for ` − Np prime, U` for ` j N prime and Up . When all the inputs are clear from the
context we simply write T or T� to denote such Hecke algebra.

Definition 2.13. An element ��� 2M is called a generalized ƒ-adic eigenform (of given
tame level N , character, branch, coefficients) if it is a simultaneous eigenvector for the
Hecke operators T` (` − Np prime) and for the Hecke operator Up .

Example 2.14. Let ���12M�1.N;�1;R1/ and ���22M�2.N;�2;R2/. SetR WDR1 y̋OLR2.
If mi � Ri denotes the respective maximal ideal for i D 1; 2, then recall that by definition

R D lim
 �
m;n

�
R1

mn
1

˝OL

R2

mm
2

�
:

R is then identified with the Qm-adic completion of R1 ˝OL R2 where

Qm D m1 ˝OL R2 CR1 ˝OL m2 � R1 ˝OL R2

is a maximal ideal of R1 ˝OL R2 such that .R1 ˝OL R2/= Qm Š FL (thanks to our strict
conditions on the residue fields of R1 and R2).

For every a 2 R1; b 2 R2 we let a y̋ b denote the image of a˝b 2 R1 ˝OL R1 inside
R via the natural map. We endow R with the following canonical ƒ-algebra structure
'Wƒ! R uniquely determined by OL-linearity and the assignment

'.T / WD '1.T / y̋ 1C 1 y̋ '2.T /C '1.T / y̋ '2.T /

where 'i are the structure morphisms for Ri , i D 1; 2 (notice that this is well defined).
We refer to [20, Section 0.7.7] for the needed properties of completed tensor products.

In particular, it follows that R 2 yCƒ and R is an integral domain. Note that R is a flat
ƒ-algebra via '. This can be seen easily factoring ' as composition of flat morphisms as

ƒ! ƒ y̋OL ƒ
.'1;'2/
����! R;

where the first arrow sends T 7! T y̋ 1C 1 y̋ T C T y̋ T .
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By the universal property of completed tensor product, it follows that, for every com-
plete subring A of Cp containing OL, WR.A/ D WR1.A/ �WR2.A/ (also as topological
spaces) and, by our definition of ', it also follows that under this identification we get an
inclusion

W cl
R1;Z
�W cl

R2;Z
� W cl

R;Z

such that

k.w1;w2/ D .w1; w2/ ı ' D .w1 ı '1/C .w2 ı '2/ D kw1 C kw2 :

Let � D �1 � �2, viewed as a subset of W cl
R;Z as above. It is easy to see that � is

.ƒ;R/-admissible.
It follows that ���1 � ���2 2M�.N; �1�2!

2; R/, where, as usual, if

���1 D

C1X
nD0

anq
n; ���1 D

C1X
nD0

bnq
n

we let

���1 � ���2 D

C1X
nD0

� nX
jD0

aj y̋ bn�j

�
qn 2 RJqK:

Indeed it is clear that, for all .w1; w2/ 2 �1 ��2, it holds

.���1 � ���2/.w1;w2/ D ���1;w1 � ���2;w2 2Mk.w1;w2/
.Npt ; �1�2 � !

4�k.w1;w2/ ;OL/:

2.2. The ordinary projector

We want to check that also in our generalized setting one can attach to the operator Up an
idempotent operator eord obtained as

eord
D lim
n!C1

U nŠp

where the limit is taken in the m-adic topology.

Lemma 2.15. The R-modules M and S are m-adically complete and separated for the
m-adic topology.

Proof. We only give the proof for M DM� (the proof for S is identical). It is clear that
M is m-adically separated, being a submodule of RJqK (which is m-adically complete
and separated by Remark 2.10). An element .x���n/n�1 2 lim

 �n
M=mnM defines (by left

exactness of lim
 �n

) a unique element

��� 2 RJqK D lim
 �
n

RJqK=mnRJqK:

If we fix a lift ���n 2M of x���n for every n� 1, we know that for everyw 2� it holds ���n;w 2
Mkw .Np

t ; �!2�kw ;OL/, and by the continuity of the specializations and the fact that the
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OL-modules Mkw .Np
t ; �!2�kw ;OL/ is finite and free (thus complete), we deduce that

���w D lim
n!C1

���n;w 2Mkw .Np
t ; �!2�kw ;OL/;

so that indeed ��� 2M and the lemma follows.

Proposition 2.16. There exists a unique ordinary projector eord 2 EndR.M/ attached to
the Hecke operator Up , such that

(i) eord.���/ D limn!C1 U
nŠ
p .���/ (limit taken in the m-adic topology)

(ii) eord and Up commute and the module M carries a Up-stable decomposition
M D eordM˚ .1 � eord/M where Up is bijective on eordM and topologically
nilpotent on .1 � eord/M.

(iii) eord commutes with T` for all ` − Np and is compatible with every meaningful
arithmetic specialization.

(iv) the formation of eord is compatible with inclusions M� �M�0 induced by inclu-
sions �0 � � of .ƒ;R/-admissible sets of classical integral weights.

The analogue assertions for S hold.

Proof. The proof of the proposition follows well-known ideas, so we just sketch the argu-
ment. We only give the proof for M DM� (the proof for S is identical).

Condition (ii) of Definition 2.5 implies that the specialization maps give rise to an
inclusion

M� ,!
Y
w2�

Mkw .Np
t ; �!2�kw ;OL/: (2.1)

Note that, since for each w 2 � we have Ker.w/C$LR D m, the above inclusion is an
embedding for the m-adic topology on the LHS and the $L-adic topology on the RHS.
It is well known (cf. [23, Section 7.2]) that on the RHS there exists an ordinary projector
associated with the operator Up (where the limit limn!C1 U

nŠ
p is taken in the $L-adic

topology). Since the action of Up commutes with specializations and M� is m-adically
separated and complete, by restriction along (2.1) we obtain an idempotent eord on M�

which visibly satisfies all the required properties.

We are then led to the following definition.

Definition 2.17. We say that a generalized eigenform ��� 2 M�.N; �; R/ (respectively
��� 2 S�.N; �;R/) is a generalized Hida family (resp. a cuspidal generalized Hida family)
if eord.���/ D ���.

We define the R-modules Mord
� .N; �;R/ WD e

ord.M�.N; �;R// (resp. in the cuspidal
case Sord

� .N; �; R/ WD eord.S�.N; �; R//) to be the submodules of M�.N; �; R/ (resp.
S�.N; �; R/) of ordinary generalized ƒ-adic forms. When the inputs are clear from the
context we simply write Mord or Mord

� (resp. Sord or Sord
� ).

We let T ord
� .N;�;R/ to denote theR-subalgebra of EndR.Sord

� .N;�;R// generated by
the Hecke operators T` for ` − Np prime, U` for ` j N prime and Up . When all the inputs
are clear from the context, we simply write T ord or T ord

� to denote such Hecke algebra.
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Remark 2.18. Equivalently, one could define generalized Hida families asking that every
meaningful classical specialization is a p-ordinary eigenform in the usual sense.

The following proposition shows that generalized Hida families are actually essen-
tially the same as classical Hida families.

Proposition 2.19. For any R 2 yCƒ which is ƒ-flat and an integral domain and any
.ƒ;R/-admissible set of classical integral weights�, Mord

� .N;�;R/ (resp. Sord
� .N;�;R/)

is a free R-module of finite rank. Moreover (assuming that � takes values in O�L), there
are canonical isomorphisms

Mord.N; �;ƒ/˝ƒ R
Š
�!Mord

� .N; �;R/; Sord.N; �;ƒ/˝ƒ R
Š
�! Sord

� .N; �;R/:

Proof. We will omit the proof of the cuspidal case because the proof does not change.
In this proof, we write Mord

ƒ DMord.N; �;ƒ/ and Mord
R DMord.N; �;R/ to simplify the

notation. In order to prove that Mord
R is R-free of finite rank we adapt Wiles’s proof for

classical Hida theory (cf. [23, Section 7.3]). We recall the main ideas for the convenience
of the reader. Let M be a finite free R-submodule of Mord

R , with R-basis ¹���1; : : : ; ���rº.
Write

��� i D

C1X
nD0

an.��� i /q
n

for i D 1; : : : ; r . Then there is a sequence of integers 0 � n1 < n2 < � � � < nr such that
the r � r matrix .anj .��� i //i;jD1;:::;r has non-zero determinant d 2 R.

Since by assumption
T
w2� Ker.w/ D .0/, we deduce that there exists w 2 � such

that d ¤ 0 mod Ker.w/, so that the specializations ¹���1;w ; : : : ;���r;wº would still be OLŒw�-
linearly independent in M ord

kw
.Npt ; �!2�kw ;OLŒw�/. It is well known (and established

by Hida) that the rank of M ord
kw
.Npt ; �!2�kw ;OLŒw�/ is independent on w if kw � 3.

Hence there exists r� 2 Z�0 such that Mord
R admits finite free R-submodules of rank r�,

but not of rank r�C 1. Assume now that M is such a finite free R-submodule of Mord
R

of rank r�. One checks easily that, with the notation as above, d �Mord
R � M . Hence,

by the noetherianity of R, it follows that Mord
R is finitely generated as R-module. In par-

ticular, it is a compact R-module (equivalently a profinite R-module). The topological
Nakayama’s lemma (cf. [24, Lemma 3.2.6] for instance) implies that Mord

R is generated by
r WD dimFL.M

ord
R =mRMord

R / elements (a lift of an FL-basis of Mord
R =mRMord

R ).
Now note that (using the flatness of R overƒ) Mord

ƒ ˝ƒ R can be naturally seen as an
R-free submodule of Mord

R of R-rank r . We define the quotient

Q WD
Mord
R

Mord
ƒ ˝ƒ R

and we claim that Q D 0. This would conclude the proof of the proposition, since it is
well known that Mord

ƒ is a free ƒ-module of rank r�.
Picking w 2 � with kw � 3, one has Q˝R R=Ker.w/ D 0, since both Mord

ƒ ˝ƒ R

and Mord
R project onto M ord

kw
.Npt ; �!2�kw ;OLŒw�/ via w (to see this one uses the trick
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of twisting with a suitable family of Eisenstein series, cf. [23, p. 199]). Hence a fortiori
Q ˝R R=m D 0 and, since also Q is a profinite R-module, it follows again from the
topological Nakayama’s lemma that Q D 0.

Remark 2.20. Proposition 2.19 shows that the R-module Mord
� .N; �; R/ (respectively

Sord
� .N; �; R/) actually does not depend on �, hence in the ordinary setting we will omit

the .ƒ;R/-admissible set of weights from the notation from now on.

3. The unbalanced triple product p-adic L-function

In this section we carry out the construction of a generalized unbalanced triple product p-
adic L-function, closely following the method appearing in [25]. Having defined the ordi-
nary projector eord in wider generality and having proved Proposition 2.19, the construc-
tion simplifies slightly. For instance, we do not need the equivalent of [25, Lemma 3.4].

3.1. Remarks on the Atkin–Lehner involution

Recall that given � 2 Sk.M; �/, one has an Atkin–Lehner involution wM W Sk.M; �/!
Sk.M; �

�1/ given by wM .�/ D �jk. 0 �1M 0 /. For our constructions we will need a ƒ-adic
version of the Atkin–Lehner involution. This entails considering more general Atkin–
Lehner operators.

Let N be a positive integer coprime to p and t 2 Z�1. If d is an integer coprime to
Np, we write hd i D haI bi for the diamond operator corresponding to d 2 .Z=NptZ/�,
where the convention is that d � a mod N and d � b mod pt .

For � 2 Sk.Npt ; �/ we define the Atkin–Lehner operator wN on � as

wN .�/ WD h1IN i.�jk!N /; !N WD !N;pt WD

�
N �1

Nptc Nd

�
; (3.1)

where we require that det.!N /DN . Write �D �pt�N in a unique way for �pt a character
modulo pt and �N a character modulo N .

Then (cf. [2, Section 1], where they define an operator which is the inverse of ours)
wN is an operator

wN WSk.Np
t ; �/! Sk.Np

t ; �N�pt /

such that for all primes ` − N it holds that wN ı T` D �N .`/.T` ıwN / and (when t � 1)
that wN ıUp D �N .p/.Up ıwN /. One can also check that if s > r � 0, the action of wN
on Sk.�1.Npr // is the restriction of the action of wN on Sk.�1.Nps//, by our choice of
the matrices !N;pt , so that it makes sense to drop pt from the notation.

In particular, if � 2 Sk.Npt ; �/ is a normalized newform, then wN .�/ D �N .�/ � M�

where �N .�/ is an algebraic number of complex absolute value 1 (a so-called pseudo-
eigenvalue) and M� is a normalized newform such that if

� D

C1X
nD1

anq
n M� D

C1X
nD1

bnq
n
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then

b` D

´
�N .`/a` if ` − N;
�pt .`/a` if ` j N:

Moreover, if � 2 Sk.N;�/ is a p-ordinary newform with k � 2 and �˛ 2 Sk.Np;�/ is
its ordinary p-stabilization, then the form �N .�/

�1 � wN .�˛/ coincides with the ordinary
p-stabilization of the newform M�, so we will write

M�˛ WD �N .�/
�1
� wN .�˛/:

Note that in this case it is well known that M� is the modular form obtained applying com-
plex conjugation to the Fourier coefficients of �.

Now let

��� D

C1X
nD1

an.���/q
n
2 Sord.N��� ; ���� ; ƒ���/

be a classical new Hida family of tame level N��� with character ���� of conductor dividing
N��� � p, i.e., the classical specializations at integral weights of ��� are either newforms of
level N��� � p or ordinary p-stabilizations of newforms of level N��� . Here ƒ��� is a finite flat
ƒ-algebra in yCƒ and we assume thatL contains a primitiveN��� -th root of unity. We require
that ��� is normalized (i.e., a1.���/ D 1). Note that we can omit the admissible set of integral
classical weights in the notation here, since classical Hida theory shows that for classical
Hida families it always happens ����;Z D W cl

ƒ��� ;Z
.

Following [25, Section 3.3], there is a unique new Hida family M��� 2 Sord.N��� ; �
�1
���
; ƒ���/

which is characterized by the fact that, for all x 2 W cl
ƒ���

.M���/x D M.���x/ D �N .���x/
�1
� wN .���x/:

3.2. Construction of the p-adic L-function

We fix a Hida family f

f D

C1X
nD1

an.f /q
n
2 Sord.Nf ; �f ; ƒf /

primitive of tame level Nf , tame character �f of conductor dividing Nf � p.
We also let

g D

C1X
nD1

an.g/q
n
2 S�1.M; �g ; Rg/ and h D

C1X
nD1

an.h/q
n
2 S�2.M; �h; Rh/

be two generalized normalized ƒ-adic eigenforms with �f � �g � �h D !2a for some
integer a, where as usual ! denotes the Teichmüller character. Assume that Nf j M . In
the language of [25], we are implicitly thinking about g and h as test vectors for families
of tame level dividing M . We also assume that L contains a primitive M -th root of unity
from now on.
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For s 2 Z�p and R 2 yCƒ we always write hsi1=2R D hQsiR where Qs is the unique root

of the polynomial X2 � s � !�1.s/ lying in 1C pZp . We also write hsi�1=2R D hs�1i
1=2
R

(note that this does not create ambiguity).
Let Rfgh WD ƒf y̋OL Rg y̋OL Rh and set

‚fgh WD ‚ W Z
�
p ! R�fgh; ‚.s/ WD !�a�1.s/ � hsi

1=2
ƒf
y̋ hsi

�1=2
Rg

y̋ hsi
�1=2
Rh

: (3.2)

View Rfgh as ƒ-algebra via Œs� 7! hsiƒf
y̋ 1 y̋ 1 for s 2 1C pZp .

We define a ‚-twist operator on q-expansions given by

j‚WRfghJqK! RfghJqK; Z D

C1X
nD0

anq
n
7! Zj‚ D

X
p−n

‚.n/anq
n: (3.3)

Now let„„„ WD g � .hj‚/ and define

�0fgh WD
®
w D .x; y; z/ 2 �f ��g ��h j kx D ky C kz ; kz � 2

¯
:

One checks that for w D .x; y; z/ 2 �0
fgh

it holds

.hj‚/w D hz ˝  w 2 Skz .Mp
‹; �h!

2�kz"z 
2
w ;Cp/;

where (for .n; p/ D 1) we set

 w.n/ D !
�a�1.n/ � "x

�
n!�1.n/

�1=2
� "y

�
n!�1.n/

��1=2
� "z
�
n!�1.n/

��1=2
:

It follows that

„„„w D gy � .hz ˝  w/ 2 Skx .Mp
‹; ��1f !2�kx"x ;Cp/:

Notice that by our definition of ƒ-algebra structure on Rfgh, for w D .x; y; z/ 2 �f �

�g ��h it holds kw D kx . It follows easily that �0
fgh

is a .ƒ;Rfgh/-admissible set of
classical integral weights.

Looking at integral classical weights specializations w 2 �0
fgh
\ .�f ;Z � �g;Z �

�h;Z/ it is easy to deduce that, according to our definitions, it holds

„„„ 2 S.M; ��1f ; Rfgh/:

Thanks to Proposition 2.16, we can thus consider the ordinary projection

„„„ord
WD e.„„„/ 2 Sord.M; ��1f ; Rfgh/ D Sord.M; ��1f ; ƒf /˝ƒf

Rfgh;

where the last equality follows easily from Proposition 2.19 and we emphasize (again)
that the structure of ƒf -algebra on Rfgh is given by a 7! a y̋ 1 y̋ 1 for a 2 ƒf .

We can proceed as in [25] to define the triple product p-adic L-function. We will need
an assumption on our f .

Assumption 3.1 (CR). The residual Galois representation xVf of the big Galois represen-
tation Vf attached to f is absolutely irreducible and p-distinguished.
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Let TrM=Nf
WSord.M; ��1

f
; ƒf /! Sord.Nf ; �

�1
f
; ƒf / be the usual trace map.

By the primitiveness of f and Assumption 3.1, it follows that the so-called congruence
ideal C.f / � ƒf of f is principal, generated by a non-zero element �f , called the
congruence number for f (it is unique up to units). One can prove that Mf is primitive as
well and that f and Mf have the same congruence number.

Since f is primitive, we also get an idempotent operator ef lying in T ord
mf
˝ƒf

Frac.ƒf /, where mf the maximal ideal of T ord WD T ord.Nf ; �f ; ƒf / corresponding
to f and T ord

mf
is the localization of T ord at such maximal ideal. Morally, ef plays the

role of a projection to the f -Hecke eigenspace. A similar discussion applies to Mf .
Then we can let e Mf act on Sord.Nf ; �

�1
f
; ƒf /˝ƒf

Frac.ƒf / and, by definition of
congruence number, one has that

�f � e Mf .���/ 2 Sord.Nf ; �
�1
f ; ƒf / for all ��� 2 Sord.Nf ; �

�1
f ; ƒf /:

We refer to [25, Section 3.3] and to [14, Section 3.5] for a more detailed discussion
concerning congruence numbers and idempotents attached to primitive Hida families.

Definition 3.2. With the above notation, the generalized f -unbalanced triple product p-
adic L-function L

f
p .f ;g;h/ attached to the triple .f ;g;h/ is defined as

Lfp .f ;g;h/ WD a1
�
�f � e Mf

�
TrM=Nf

.„„„ord/
��
2 Rfgh:

Remark 3.3. We view L
f
p .f ;g;h/ as a function on Wƒf

.Cp/�WRg .Cp/�WRh
.Cp/.

In particular, for w D .x; y; z/ 2 �fgh one gets that the evaluation of Lfp .f ;g;h/ at w
is given by

Lfp .f ;g;h/.w/ D �fx � a1
�
e Mf

�
TrM=Nf

.„„„ord
w /
��
:

Recall that .hj‚/w is in the image of the m D .kx � ky � kz/=2-th power of Serre’s
derivative operator d D q d

dq
acting on p-adic modular forms of weight kz , where if m is

negative one defines the m-th power of d as a p-adic limit. We can conclude that .hj‚/w
is the q-expansion of a p-adic modular form of weight kx � ky and tame levelM . Hence,
by Hida’s classicality theorem for ordinary forms, we deduce that

„„„ord
w D e

�
gy � d

m.hz ˝  w/
�
2 Sord

kx
.Mpt ; ��1f !2�kx"x ;Cp/

where  w D !�a�1�m"
1=2
x "

�1=2
y "

�1=2
z and t � 1 depends on w, �g and �h (and it is

always chosen to be large enough).

3.3. Evaluation of the p-adic L-function in terms of Petersson products

Definition 3.4. We set our conventions for the Petersson inner product on the spaces
Sk.N; �/ of complex modular forms of level N and character � to be

h�1; �2iPet WD
1

Vol
�
H=�0.N /

� Z
D0.N/

�1.�/�2.�/v
k dudv

v2

for �1; �2 2 Sk.N; �/ where we write � D uC iv 2H (the upper half-plane) and D0.N /

is a fundamental domain for the action of �0.N / on H .
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Remark 3.5. Note that by the above definition our Petersson inner product is linear in
the first variable and conjugate linear in the second variable. Moreover, it is normalized so
that it does not depend on the level N considered.

Proposition 3.6. Pick w D .x; y; z/ 2 �fgh and set

C WD CNf ;M WD
�
�0.Nf / W �0.M/

�
D

M

Nf

�

Y
`jM
`−Nf

�
1C

1

`

�
2 Z�1:

Write f D fx , Mf D . Mf /x , „ D „„„ord
w 2 S

ord
kx
.Mpt ; ��1

f
!2�kx"x ;Cp/ to simplify the

notation, so that Mf D �N .f /
�1 � wN .f / as before. Assume that t � 1 is large enough

(in particular, larger than the p-order of the exact level of f ). Then the evaluation of
L
f
p .f ;g;h/ atw can be described as follows, depending on two mutually exclusive cases.

(A) Assume f is a newform in Sk.Nf p
s; �f !

2�k"; L/. Then:

Lfp .f ;g;h/.w/ D
�f � C � p

k.t�s/

ap. Mf /t�s
�

˝
„;V t�sp . Mf /

˛
Pet

kf k2Pet
: (3.4)

(B) Assume that f is the ordinary p-stabilization of a newform f ı 2 Sk.Nf ; �
ı
f
;L/

(where �ı
f

is the Nf -part of �f ). Set f # WD wNf p.
Mf �/, where Mf � is obtained

from Mf applying complex conjugation to the Fourier coefficients. Then

Lfp .f ;g;h/.w/ D
�f � C � p

k.t�1/

ap. Mf /t�1
�

˝
„;V t�1p .f #/

˛
Pet

h Mf ; f #iPet
: (3.5)

Proof. This follows directly from [22, Proposition 4.5] (note that our conventions for
the Petersson inner product differ from those of Hida, so we have to adjust the result
accordingly).

Remark 3.7. In case .B/ of the above proposition (with the notation as above), assume
that t D 1 and that we can write

e Mf

�
TrMpt=Nf pt .„/

�
D � � ˇk�

ı
f .p/

�1
� Vp.�/

for some � 2 Sk.Nf ; .�
ı
f
/�1/. Then one can check that

h„; f #iPet

h Mf ; f #iPet
D
h�; Mf ıiPet

hf ı; f ıiPet
D
h„; Mf iPet

hf; f iPet
:

In particular, assume that g and h are classical Hida families of tame level Nf satisfying
�f �g�h D 1 and that w D .k; l; m/ 2 �fgh is a triple of classical integral weights
such that gl and hm are ordinary p-stabilizations of forms gı 2 Sl .Nf ; �

ı
g/ and hı 2

Sm.Nf ; �
ı
h
/ respectively. Then the hypothesis made on„ is verified (cf. [7, Section 4.4])

and we recover the p-adic periods which are denoted by Ip.f ı; hı; gı/ in [7, Section 1.1]
and by L

f
p .f˛; h˛; g˛/ in [9, Section 3.1]. Note that we have switched the role of g and

h in our construction, compared to what happens in [7, 9].
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3.4. Comparison with the complex L-values

In this section, we compare the values of our square-root triple product L-function with
the central values of the Garret–Rankin triple product L-function associated with a triple
of modular forms. Most of the material contained in this section is derived from [25,
Section 3].

We fix positive integers N;M coprime to p such that N jM and we consider a triple
of cuspidal modular forms

f D

C1X
nD1

an.f /q
n; g D

C1X
nD1

an.g/q
n; h D

C1X
nD1

an.h/q
n

with

f 2 Sk.Np
e1 ; �f !

2�k"1/; g 2 Sl .Mp
e2 ; �g!

2�l"2/; h 2 Sm.Mp
e3 ; �h!

2�m"3/;

where ei � 1 and "i are Dirichlet characters of p-power order for i D 1; 2; 3, while �f
(resp. �� for � 2 ¹g; hº) is a Dirichlet character defined modulo Np (resp. Mp).

Assumption 3.8. The triple of forms .f; g; h/ satisfies the following assumption.

(i) f;g; h are normalized eigenforms, i.e., for � 2 ¹f;g; hº it holds a1.�/D 1 and �
is an eigenform for all the Hecke operators T` for all primes ` − N (resp. ` −M
if � 2 ¹g; hº). We also assume that f; g; h are eigenforms for the Up operator.

(ii) The triple .f;g;h/ is tamely self-dual, i.e., �f ��g ��hD!2a for some integer a.

(iii) The triple of weights .k; l; m/ is arithmetic and f -unbalanced, i.e., � � 1 for
� 2 ¹k; l;mº, k C l Cm is even and k � l Cm.

(iv) The form f is a p-stabilized ordinary newform, i.e., it is either the ordinary
p-stabilization of a p-ordinary newform f ı of level N or an ordinary newform
of level Npe1 .

(v) The tame level N is a squarefree integer.

When f is the ordinary p-stabilization of a newform f ı of level N , we write f̨ , f̌

for the roots of the Hecke polynomial at p for f ı and we always assume that j f̨ jp D 1.
Let r D .k C l Cm/=2 and let �A be the adèlization of the Dirichlet character

� WD !a�r ."1"2"3/
1=2:

Let �1 D �f ˝ �A, �2 D �g , �3 D �h, where for � 2 ¹f; g; hº we denote by �� the
irreducible automorphic representation of GL2.A/ associated with � as in [10, Chapter 3].

It is well known that there is a decomposition �� D
N
`�1 ��;` into local representa-

tions.
Finally, let … WD �1 � �2 � �3 denote the corresponding automorphic representation

of GL2.AE / whereE DQ�Q�Q is the split cubic étale algebra over Q. Thanks to our
choices, one can verify that the central character of … is trivial, so that … is isomorphic
to its contragradient.
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We let L.…; s/ denote the triple product complex L-function attached to … (cf. for
instance [37]). It is known (cf. for instance the summary in [28, pp. 225–228] and the refer-
ences therein) that L.…; s/ is given by a suitable Euler product converging for Re.s/� 0

and that it admits analytic continuation to an entire function with a functional equation of
the form

L�.…; s/ D ".…; s/ � L�.…; 1 � s/

Here L�.…; s/ D L.…; s/ � L.…; s/1 with

L.…; s/1

D �C.sC r �3=2/ � �C.s� rCkC1=2/ � �C.sC r � l �1=2/ � �C.sC r �m�1=2/

and �C.s/D 2.2�/
�s�.s/ (�.�/ being Euler’s gamma function). This explicit description

of the archimedean L-factor is proven in [29].
Moreover,

".…; s/ D
Y
`�1

"`.…; s/

is an invertible function satisfying the property that "`.…;1=2/2 ¹˙1º and "`.…;1=2/D 1
for almost all `. In particular, it is known that:

(i) "1.…; 1=2/ D 1 in our case (this depends on the fact that the triple of weights
.k; l;m/ is unbalanced);

(ii) "`.…; 1=2/ D 1 if ` − pM .

We are then led to the following further assumption.

Assumption 3.9. In what follows, we assume that "`.…/ D 1 for all ` jM .

Definition 3.10. If � is an irreducible smooth representation of GL2.Q`/ for a rational
prime ` and V� is a realization of � , we let c.�/ denote the smallest integer (which exists,
by smoothness) such that V

U1.`
c.�//

� ¤ 0, where for all m 2 Z�0 we set

U1.`
m/ WD

²�
a b

c d

�
2 GL2.Z`/ j ord`.c/ � m; ord`.d � 1/ � m

³
:

Now we connect this discussion to the triple product p-adic L-function, assuming that
f D fx , g D gy , h D hz are suitable specializations of families of the types considered
in Section 3.2 withw D .x;y; z/ 2�fgh so that kx D k, ky D l , kz Dm (with k � l Cm
as we have assumed before). Write…w for the corresponding automorphic representation
of GL2.AE /.

Following Harris–Kudla [21] and Ichino [27], Hsieh proved in [25] the following fact.

Proposition 3.11. Under Assumptions 3.8 and 3.9, the following formula holds:�
Lfp .f ;g;h/.w/

�2
D �f;p.�1/ � .�1/

kC1
�
L�.…w ; 1=2/

�Q.2/2 ��
2
f

� Iunb
…w ;p

�

�Y
`jM

I�…w ;`

�
(3.6)
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where

(i) �f WD 2 � .�2
p
�1/kC1 � kf ık2Pet � Ep.f;Ad/ � ��1

f
� ŒSL2.Z/ W �0.Nf p

c.�f;p//�

with

f ı WD

´
f in case (A) of Prop. 3.6;

the newform of level Nf associated with f in case (B) of Prop. 3.6

and Ep.f;Ad/ D ap.f /�c.�f;p/ � pc.�f;p/.k=2�1/ � ".�f;p; 1=2/ � �f , where

�f WD

8<: 1 in case (A) of Prop. 3.6;�
1 � f̌

f̨

��
1 � f̌

p f̨

�
in case (B) of Prop. 3.6, equiv. if c.�f;p/ D 0I

(ii) Iunb
…w ;p

is the normalized local zeta integral defined as [25, equation 3.28];

(iii) I�
…w ;`

is the normalized local zeta integral defined as in [25, equation 3.29];

(iv) �Q.�/D �
�1�.�/ where �.�/ is the usual Riemann zeta function, so that �Q.2/D

�=6;

(v) �f;p denotes the p-part of the character �f .

Proof. This is essentially a restatement of [25, Proposition 3.10 and Corollary 3.13]. Note
that our normalization for the Petersson inner product is different from Hsieh’s. This
explains the appearance of the factor �Q.2/

2 in our formula and the slight changes in
the definition of the period �f .

Remark 3.12. One can compute directly that, if we are in case (B) of Proposition 3.6, it
holds that

kf ık2Pet � �f �
.�1/k � f̨ � �

ı
f
.p/�1

�N .f / � pk=2 � .1C 1=p/
D h Mf ; f #

iPet:

We refer [14, Proposition 5.4.1] for a very similar computation, where the form denoted
h
^ there should be viewed as a constant multiple of our f #. This explains the appearance

of the factor �f and allows an even more direct comparison (in the f -unbalanced region)
between the formula given by equation (3.6) and the formulas appearing in the statement
of Proposition 3.6.

Remark 3.13. In the recent preprint [34], Maksoud has defined a canonical congruence
number attached to a Hida family f (satisfying Assumption 3.1) with precise interpolation
properties. Such congruence number is interpreted as a weight variable adjoint p-adic L-
function of f and denoted Lp.Ad f /. Fix x 2 �f and write f D fx . Assume that
the exact level of f is Nf p

r and that x lies over .k; "/ 2 Wƒ. Write Nf p
r0 for the

exact level of the newform f ı attached to f as in the statement of Proposition 3.11 (i.e.,
r0 D c.�f;p/). Then [34, theorem 2.3.7] claims that:

Lp.Adf /.x/

Dpr�1 � ap.f /
r
� �Nf p

r0 .f
ı/ � z�f �

.�2i/kC1�Q.2/ � kf
ık2Pet

�C
f ı
���

f ı

�
�
SL2.Z/ W �0.Npr0/

�
;
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where

(i)

z�f WD

8<: 1 in case (A) of Prop. 3.6;

f̨ � .p � 1/ �
�
1 � f̌

f̨

��
1 � f̌

p f̨

�
in case (B) of Prop. 3.6I

(ii) the periods �˙
f ı
2 C� are the usual complex periods attached to eigenforms,

whose definition is recalled in [34, Section 2.1].

In what follows, we fix the choice �f D Lp.Adf / 2 ƒf for the congruence number
of f . We leave to the interested reader the task of applying the interpolation formula for
Lp.Adf / in order to make the formulas involving �f more explicit.

4. Families of theta series of infinite p-slope

4.1. Setup for the interpolation

We fix an odd prime p and we let K be an imaginary quadratic field where p is inert.
Denote by NK=Q the norm morphism on fractional ideals in K. Let �dK be the dis-
criminant of K (so that p − dK) and let "K denote the central character of K, i.e., more
explicitly

"K.n/ D

�
�dK

n

�
if .n; dK/ D 1

where . �
�
/ denotes the Jacobi symbol.

Definition 4.1. For a � OK an integral ideal in OK , we let IK.a/ denote the group of
fractional ideals of K prime to a and we set

PK.a/ WD
®
.˛/ 2 IK.a/ j ˛ � 1 mod� a

¯
; ClK.a/ WD IK.a/=PK.a/:

The group ClK.a/ is the so-called ray class group modulo a.

Remark 4.2. It is well known that ClK.a/ is a finite group.

We fix a finite order character �WGK ! xQ� with conductor c (a non-trivial proper
integral ideal in OK). Via class field theory we will freely view � as a ray class character
�WClK.c/! xQ� or a finite order character �WA�K=K

� ! xQ� (note the slight abuse of
notation here). Moreover, we assume that � is not the restriction of a character of GQ.

Denote by �jQ the Dirichlet character defined modulo NK=Q.c/ and given by

�jQ.n/ WD �
�
.n/
�

for
�
n;NK=Q.c/

�
D 1:

It is then a classical theorem of Hecke and Shimura (cf. [35, Theorem 4.8.2]) that the
q-expansion (where as usual q D exp.2�i�/ for � 2 H )

g.�/ WD ��.�/ WD
X

.a;c/D1

�.a/qNK=Q.a/ (4.1)
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defines a cuspidal modular form of weight 1 (the theta series attached to the character �).
Here the sum runs over the integral ideals in OK prime to c.

More precisely, g 2 S1.dK � NK=Q.c/; "K � �jQ/ and since we assume that � is of
exact conductor c, g is also a newform of level dK � NK=Q.c/. From now on, we set
Ng WD dK �NK=Q.c/ and �g WD "K � �jQ.

The Fourier coefficients of g generate a finite extension of Q. We can thus view g as a
modular form whose q-expansion at1 has coefficients in a finite extension L of Qp (via
the embedding �p), i.e., g 2 S1.Ng ; �g ;L/. As in the previous sections, we assume that L
is large enough. In particular, here we assume that L contains the completion of K inside
Cp (which we will denote by Kp with ring of integers OK;p).

We would like to find a p-adic family of modular forms-all with complex multipli-
cation by K-of varying weights (in the sense of Hida–Coleman) having g (or a slight
modification of g) as a specialization in weight 1. We will see that this can actually be
done explicitly.

Remark 4.3. Since the fixed prime p is inert inK, prOK j c if and only if p2r jNK=Q.c/.
Hence we should distinguish two cases:

(a) .pOK ; c/ D 1, or equivalently p − Ng .

(b) ordp.Ng/ D 2r for some r 2 Z�1.

In both cases it holds that ap.g/ D 0, or equivalently that Tp.g/ D 0 in case (a) (resp.
Up.g/ D 0 in case (b)). This is usually described as g having infinite p-slope.

Remark 4.4. While case (a) can be reinterpreted in the realm of Hida theory (as in this
case g admits one or two ordinary p-stabilizations), case (b) is instead more genuinely a
problem in infinite slope. This dichotomy is also reflected in the fact that the local compo-
nent at p of the automorphic representation associated with g is a principal series in case
(a) and a supercuspidal representation in case (b).

Assumption 4.5. From now on in this section we will always assume that pOK j c and
we will write c D c0 � p

rOK with c0 coprime to pOK and r � 1.

Remark 4.6. When p splits in K one can explicitly write down families of theta series,
specializing to (p-stabilizations) of modular forms of the shape described in (4.1). See,
for instance, [6, Section 4.2] for a discussion about this construction, which – again – is
well understood within Hida theory.

In what follows, we try to adapt such construction to our setting. Notice thatKp=Qp is
the unique degree two unramified extension of Qp inside our fixed algebraic closure xQp ,
so we will identify Kp D Qp2 (with ring of integers Zp2 ). Moreover, we have a decom-
position

Z�
p2
D �p2�1 � .1C pZp2/

induced by the Teichmüller lift. Note that 1C pZp2 does not contain p-power roots of
unity.



Generalized triple product p-adic L-functions and rational points on elliptic curves 95

Let Gp be the subgroup of the idèlic class group CK WD A�K=K
� over K defined by

Gp WD K
�
�

�
C� � �p2�1 �

Y
l¤pOK

O�l

�
=K�:

Set moreover IK;1 WD K� � .C� �
Q

l O�l /=K
� and let Pic.OK/ denote the classical ideal

class group of K.
The snake lemma applied to the following diagram with exact rows

0 Gp CK CK=Gp 0

0 IK;1 CK Pic.OK/ 0

identifies 1C pZp2 Š Ker.CK=Gp/� Pic.OK/. We can thus consider the diagram

1 1C pZp2 CK=Gp Pic.OK/ 1

xQ�p

�

where the horizontal row is an exact sequence of abelian groups, � is given by �.u/ D u�1

and the dashed arrow is any (continuous) extension of � to the quotient A�K=Gp , obtained
using the divisibility of xQ�p . Finally, we let �.p/ to be the following composition:

�.p/WA�K=K
� A�K=Gp

xQ�p :

We associate to �.p/ an algebraic Hecke character of K of1-type .1; 0/ as follows:

�.1/WA�K=K
�
! C�; x D

�
.x�/�

�
7!
�
�1 ı �

�1
p

�
�.p/.x/ � xp

��
� x�11 :

Finally, writing �.1/ D ˝v�
.1/
v one gets a character at the level of fractional ideals

�W IK.pOK/! xQ
�; a 7!

Y
lja

�
.1/

l .$l/
ordl.a/;

where$l is a uniformizer at l. One can verify that �..˛//D˛ whenever ˛�1 mod� pOK .

Definition 4.7. In the above setting, we will say that �.p/ is the p-adic avatar of � and
that �.1/ is the complex avatar of �.

Remark 4.8. We will also look at �.p/ as a p-adic Galois character �.p/WGK ! xQ�p via
global class field theory.

Up to enlarging L, we can assume that �.a/ 2 L for all a 2 IK.pOK/ and �.a/ 2 L
for all a 2 IK.c/.
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Definition 4.9. We let h�iWO�L ! O�L to be the projection onto the free units (note that
now O�L might contain p-power roots of unity). By slight abuse of notation we will write
h�.a/i to denote ��1p .h�p.�.a//i/ (notice that this makes sense).

Definition 4.10. For k 2Z�1, let �k WIK.c/! xQ� be the character a 7! �.a/ � h�.a/ik�1,
so that

gk WD
X

.a;c/D1

�k.a/q
NK=Q.a/ 2 Sk.Ng ; �k/

where Ng D Ng and �k D �g � !1�k D �g � !
2�k where ! is the Teichmüller character

and clearly �g D �g � !
�1. We will also write N ıg WD Ng=p

2r in the sequel.

Remark 4.11. Note that, since p is inert inK, the p-part of the conductor of �k is at most
pr for all k � 1, so that �k will never be p-primitive as a Dirichlet character modulo Ng .
This is a typical feature for newforms of infinite p-slope and level divisible by p. It is
well known, on the other hand, that if the p-order of N and of cond.�/ of a normalized
newform f 2 Sk.N;�/ coincide, then ap.f /must have Euclidean absolute value p.k�1/=2

(cf. [35, Theorem 4.6.17]).

Remark 4.12. Recall the (unique) continuous Zp-action onU1 WD ¹z 2Cp j jz � 1jp < 1º
extending the natural structure of U1 as a multiplicative abelian group, namely

zs WD

1X
nD0

�
s

n

�
.z � 1/n z 2 U1; s 2 Zp:

We thus view U1 as a topological Zp-module. One can show that �p1.Cp/ (i.e., the sub-
group of roots of unity of p-power order) is dense inside U1. It follows that the natural
action of GQp on U1 given by the p-adic cyclotomic character ".p/cyc WGQp ! Z�p is com-
patible with the action of Z�p , in the sense that �.z/ D z"

.p/
cyc .�/ for z 2 U1; � 2 GQp .

Definition 4.13. We defineWK to be the smallest closed Zp-submodule of U1 containing
h�.a/i for all a 2 IK.pOK/.

Remark 4.14. Note that the notation WK makes sense, since different choices for � (i.e.,
different choices for the dashed arrow in the diagram above) differ by a finite order char-
acter, so that WK only depends on K and not on �.

Lemma 4.15. WK is a free Zp-module of rank 2. If a 2 Z�0 is such that

pa D #
�

ClK.pOK/˝ Zp
�
;

then wp
a
2 1C pZp2 for all w 2 WK . In particular, if p − #.Pic.OK//, we have WK D

1C pZp2 .

Proof. LetmD # ClK.pOK/. Since �..˛//D ˛ for all ˛ � 1mod� pOK we deduce that˝
�.am/

˛
2 1C pZp2 for all a 2 IK.pOK/;

whence W .m/
K D ¹wm j w 2 WKº � 1C pZp2 .
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Raising to the m=pa-th power is an automorphism of WK as Zp-module, hence

W
.pa/
K D ¹wp

a

j w 2 WKº � 1C pZp2 :

Finally, it is also clear that 1C pZp2 � WK , which proves the statement concerning the
rank of WK .

Remark 4.16. Denote by h�iWGK � WK the corresponding Galois character (given by
the composition h�i ı �.p/) and let K1 denote the (unique) Z2p-extension of K. It follows
from the construction that h�i factors through �1 WD Gal.K1=K/, inducing an isomor-
phism �1 Š WK . We will consider WK as a GQ-module via this isomorphism (and the
GQ-action on �1 by conjugation). In particular, we have �1 D �C � �� where

(i) �C is the Galois group of the cyclotomic Zp-extension of K, denoted by KC1,
where complex conjugation acts as the identity;

(ii) �� is the Galois group of the anticyclotomic Zp-extension of K, denoted by
K�1, where complex conjugation acts as taking the inverse.

We will write WK D W CK �W
�
K for the corresponding decomposition of WK .

4.2. Families of theta series as generalized ƒ-adic eigenforms

It is possible to realize p-adic families of theta series of infinite p-slope considered above
in the following way, as suggested in Hida’s blue book [23, pp. 236–237].

Definition 4.17. We define the ƒ-algebras ƒHida WD OLJWKK and OHida WD ƒHidaŒ1=p�,
with ƒ-algebra structure induced by the natural inclusion 1C pZp � WK .

Definition 4.18. We define

gHida WD
X

.a;c/D1

�.a/

h�.a/i

�˝
�.a/

˛�
� qNK=Q.a/ 2 ƒHidaJqK;

where recall that Œ�� denotes group elements in WK .

Let wWƒHida ! Cp be a continuous OL-algebra homomorphism. Assume that there
exists integers aw � 1 and kw � 1 such thatw sends group elements in Œu�21CpawZp2�
WK to ukw 2 Cp . Then

�w W IK.c/! C�p a 7!
�.a/

h�.a/i
� w
��˝
�.a/

˛��
is a primitive Hecke character of infinity type .kw � 1; 0/ with conductor pe.w;�/c for a
suitable integer e.w; �/ � 0 (depending on aw and the p-part of �), so that

gHida.w/ WD
X

.a;c/D1
�w.a/ � q

NK=Q.a/ 2 Skw
�
Nw ; �w ;OLŒw�

�
; (4.2)

where

(i) Nw D dK �NK=Q.c/ � p
2e.w;�/.
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(ii) �w D "K � �jQ � !
1�k � "w D �g � !

2�k � "w , where "w is an explicit character
valued in �p1.Cp/, depending on w.

(iii) OLŒw� is the finite extension of OL generated by the values of w (one can
assume that it is a cyclotomic extension of OL generated by a p-power root
of unity).

When w acts on group elements Œu� 2WK as w.Œu�/D uk for some k � 1, we recover
the specializations gHida.w/ D gk .

One clearly has a big Hecke character

���HidaW IK.c/! O�Hida; a 7!
�.a/

h�.a/i
�
�˝
�.a/

˛�
(4.3)

with associated Galois character ���HidaWGK ! O�Hida. Note that, by construction, ���Hida fac-
tors through the Galois group of the ray class field modulo c0p

1 over K.

Definition 4.19. We set VgHida WD IndQ
K ���Hida and we call it the big Galois representation

associated with the family gHida.

Remark 4.20. By construction, it follows that for any w as above, the 2-dimensional
(over LŒw� D Frac.OLŒw�/) GQ-representation obtained as

VgHida.w/ WD VgHida ˝OHida;w LŒw�

is the dual of the Deligne representation attached to the specialization gHida.w/.

Now we are ready to prove that the families of the form gHida fit in the framework of
generalized ƒ-adic modular forms, as defined in Section 2.

Lemma 4.21. The family gHida constructed as in equation (4.18) satisfies (with the nota-
tion introduced in Section 2 and above)

gHida 2 S�Hida.N
ı
g ; �g ; ƒHida/;

where �Hida WD �gHida;Z. Moreover, gHida is a generalized ƒ-adic eigenform, lying in the
kernel of Up .

Proof. It is enough to check that �gHida;Z is .ƒ;ƒHida/-admissible. Condition (i) of Def-
inition 2.5 is clearly satisfied. For condition (ii), for every k � 2 let wk WƒHida ! Cp
denote the weight uniquely determined by the assignment wk.Œu�/ D uk � 1 on group
elements. We know that wk 2 �gHida;Z and we claim that I WD

T
k�2 Ker.wk/ D .0/.

Since$L … Ker.wk/ for every k � 2, one can prove the assertion working inƒHidaŒ1=p�,
where it is easy to show that

Tm
kD2 Ker.wk/Œ1=p� D

Qm
kD2 Ker.wk/Œ1=p� for all m � 2.

Using that ƒHidaŒ1=p� is a UFD (since ƒHida is such), one concludes that indeed it must
be I D .0/.

Remark 4.22. The families of the form gHida are examples of ƒ-adic forms admitting
classical specializations also for arithmetic weights w with kw D 1.
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5. Factorization of triple product p-adic L-functions

5.1. Remarks on the relevant complex L-functions

In this section we recollect some facts concerning HeckeL-functions and Rankin–Selberg
convolution that will be needed in the sequel.

FixK=Q a quadratic imaginary field and let �CWA�K=K
�!C� be an algebraic Hecke

character of1-type .a; b/. Let j � jAK denote the adèlic norm. Then �C D �0 � j � j
.aCb/=2
AK

is a unitary Hecke character (i.e., taking values in ¹z 2C� j jzj D 1º) and the completedL-
function L�.�0; s/ attached to �0 has meromorphic continuation and functional equation
with center s D 1=2 (cf. Tate’s thesis). Note that L�.�0; s/ is actually an entire function
if �0 is not of the form �0 D � ıNK=Q for some Dirichlet character �.

As explained in [31, Theorem 11.3 and Proposition 12.1], one can attach to �C an
automorphic representation �.�/ of GL2.AQ/ such that L�.�.�/; s/ D L�.�0; s/. Note
that if b D 0 and a � 0, then �.�/ is the automorphic representation attached to the theta
series �� and L�.��; s/ D L�.�.�/; s C a=2/.

Given two automorphic representations �1 and �2 of GL2.A/ with central characters
!1 and !2, one can construct - via the so-called Rankin–Selberg method - an L-function
L�.�1 � �2; s/, prove its meromorphic continuation and functional equation of the form

L�.�1 � �2; s/ D ".�1 � �2; s/ � L
�. Q�1 � Q�2; 1 � s/

where Q� denotes the contragradient representation of � . The poles of L�.�1 � �2; s/ are
those of L.!1!2; 2s � 1/. Moreover, the "-factor ".�1 � �2; s/ is an invertible function.

We refer to the standard reference [30] for this construction and for the definition
of the local L-factors and "-factors of such L-functions. The local theory is also nicely
summarized in [18, Section 1]. For the definition of the local "-factors we always use the
standard additive character of the corresponding local field and the self-dual Haar measure
with respect to the standard character.

Starting from two cuspidal eigenforms f 2 Sk.Nf ; �f / and g 2 Sl .Ng ; �g/, one can
also define the L-function L.f � g; s/ more classically via an Euler product expansion
(cf. [32, Section 7]). If f and g are newforms and k � l , it holds

L.f � g; s/ � �C.s/ � �C.s � l C 1/ D L
�

�
�f � �g ; s �

k C l � 2

2

�
:

Finally, if f 2 Sk.Nf ; �f / and  WA�K=K
� ! C� is an algebraic Hecke character of

1-type .a; b/, we set

L�.f =K; ; s/ WD L�
�
�f � �. /; s �

k � 1C aC b

2

�
:

One can write L�.f =K;  ; s/ D L1.f =K;  ; s/ � L.f=K;  ; s/ with archimedean L-
factor given by

L1.f =K; ; s/ D �C

�
s �min¹a; bº

�
� �C

�
s �min

®
k � 1; ja � bj

¯
�min¹a; bº

�
:
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Assume now that we are given f 2 Sk.Nf ; �f / a Hecke eigenform and two Hecke
characters  1,  2 ofK of1-type .l�1; 0/ and .m�1; 0/ respectively (here l�1, m�1),
which are not induced by Dirichlet characters. Then g D � 1 and h D � 2 are cuspidal
newforms, say g 2 Sl .Nl ; �g/ and h 2 Sm.Nh; �h/. Assume that �f � �g � �h D 1 and
consider the Garret–Rankin triple product L-function

L�.f � g � h; s/ D L�
�
�f � �. 1/ � �. 2/; s �

k C l Cm � 3

2

�
:

If one looks at the corresponding `-adic Galois representations for ` any rational
prime, one easily deduces the following decomposition

V`.f /˝ V`.g/˝ V`.h/ Š V`.f /˝
�

IndQ
K  1 2 ˚ IndQ

K  1 
�
2

�
Š
�
V`.f /˝ IndQ

K  1 2
�
˚
�
V`.f /˝ IndQ

K  1 
�
2

�
: (5.1)

For the sake of precision, here V`.�/ denotes the dual of the Deligne representation
attached to � and we look at  1 and  2 as Galois characters attached to the `-adic avatars
of  1 and  2 via class field theory.

The decomposition (5.1) corresponds to the following factorization of L-functions

L�.f � g � h; s/ D L�.f =K; 1 2; s/ � L
�.f =K; 1 

�
2 ; s/: (5.2)

5.2. Study of the big Galois representations

As usual, we let L denote a (large enough) finite extension of Qp , containing all the
needed coefficients.

Setting 5.1. We work in the following setting (cf. Section 1.2).

(i) We fix f 2 Sord.Nf ;1;ƒf / a primitive Hida family with trivial tame character,
squarefree tame level Nf and coefficients in ƒf (a ring in yCƒ, which is also
finite flat over ƒ D OLJ1C pZpK), satisfying Assumption 3.1.

(ii) We let K=Q denote a quadratic imaginary field of odd discriminant �dK (i.e.,
we have dK � 3 mod 4) coprime to pNf such that the fixed odd prime p is inert
inK and does not divide the class number ofK. WritingNf DN

C

f
�N�

f
where

NC
f

is the product of prime factors of Nf which are split in K, we assume that
N�

f
is the product of an odd number of prime factors (Heegner hypothesis).

(iii) We fix two ray class characters �1 and �2 of GK , both of conductor cprOK
with c a positive integer with .c; pNf / D 1 and r � 1. We then let g and
(respectively) h denote the generalized ƒ-adic eigenforms attached to �1 and
(respectively) �2 via the construction explained in Section 4.2.

(iv) We assume that the central characters of �1 and �2 are inverse to each other
(self-duality condition).

(v) We assume that the prime divisors of the integer c are all split in K.
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Remark 5.2. Let h"cyciWGQ ! 1 C pZp be the character g 7! "cyc.g/ � !."cyc.g//
�1,

where "cycWGQ! Z�p is p-adic cyclotomic character. We then get automatically a univer-
sal weight character (cf. Remark 2.11 for the notation):

h"cyciƒWGQ ! ƒ�; g 7!
�˝
"cyc.g/

˛�
D h�iƒ ı "cyc.g/

and, for .R; '/ 2 yCƒ, we set h"cyciR D ' ı h"cyciƒ D h�iR ı "cycWGQ ! R�.
Since we assume that p does not divide the class number of K, we have WK D 1C

pZp2 (cf. Lemma 4.15) and moreover (with the notation of Remark 4.16)

h"cycijGK D h�i � h�i
� : (5.3)

By the work of Hida and Wiles, it is known that one can attach to f a big Galois rep-
resentation Vf , which can be realized as a free module of rank 2 over ƒf Œ1=p� equipped
with a continuous action of GQ, specializing for all x 2 W cl

ƒf
to the dual Vp.fx/ of the

p-adic Deligne representation attached to fx (or, in case fx is the p-stabilization of a
newform of level Nf , to the dual of the representation attached to such newform). In par-
ticular, it holds that det.Vf / D !cyc � h"cyciƒf

. We refer to [9, Section 5] for a detailed
discussion concerning such Galois modules.

We defined a big Galois representation Vg (resp. Vh) attached to g (resp. h) as

Vg D IndQ
K ���1 .resp.Vh D IndQ

K ���2/;

where ���1 (resp. ���2) is the big Galois character valued in ƒHidaŒ1=p� constructed as in
Section 4.2.

Notation 5.3. We will write RK WD ƒHida in what follows, to simplify the notation. We
will also write h�iRK WGK ! R�K for the big Galois character given by g 7! Œh�.g/i�.

Lemma 5.4. We have

det.Vg/ D "K � �
cen
1 � h"cyci � h"cyciRK ; det.Vh/ D "K � �

cen
2 � h"cyci � h"cyciRK :

Proof. It follows easily from equation (5.3).

Consider the Galois representation V WDVf y̋LVg y̋LVh. It is a free R WDRfghŒ1=p�-
module of rank 2 and it follows immediately from the above discussion and our assump-
tions that

det.V / D !6cyc � "
�3
cyc �

�
h"cyciƒf

y̋ h"cyciRK y̋ h"cyciRK

�
:

Since p is odd, there exists a character���fgh D���WGQ!R� such that "cyc ����
2 D det.V /,

i.e., we can write

��� D !cyc � h"cyci
�2
�
�
h"cyciƒf

y̋ h"cyciRK y̋ h"cyciRK

�1=2
:

If we define
V �
WD V ˝R R.����1/;
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then one checks easily that this representation is Kummer self-dual, i.e.,

.V �/_.1/ D HomR.V
�;R/.1/ Š V �:

We want to study the specializations V �.w/ for a suitable w 2 �fgh.

Definition 5.5. We define the following big Galois characters

''' WD �1�2h�i
�
h�i�1 � ���ac and    WD �1�

�
2 � ���ac; (5.4)

where
���acWGK ! R�K ���ac WD h�i

1=2
RK
�
�
h�i�RK

��1=2
:

Remark 5.6. Note that WRK .Cp/ Š Homcont
grp .WK ;C

�
p / has a natural group structure, so

it makes sense to multiply or invert weights.

Lemma 5.7. Let w D .x; y; z/ 2 �fgh with k D kx even and let f ı be the newform
associated with fx (as in Proposition 3.6). Then there is a decomposition

V �.w/ Š
��
Vp. Qf ı/˝LŒw� IndQ

K '''y�z
�
˚
�
Vp. Qf ı/˝LŒw� IndQ

K    y=z
���
�
k

2

�
;

where Qf ı WD f ı ˝ !k=2�1"�1=2x .
Moreover, setting l D ky andmD kz , the Hecke character ofK attached to'''y�z (resp.

to   y=z) is anticyclotomic and has1-type . lCm�2
2

; 2�l�m
2

/ (resp. . l�m
2
; m�l
2
/).

Proof. This is an easy computation, which follows easily noting that for a GK-character
� and a GQ-character � it holds .IndQ

K .�//.�/ D IndQ
K .� � �jGK /.

5.3. Improvement of the triple product p-adic L-function in our setting

We let M WD c2 � dK �Nf in what follows.
Inspired by the level adjustment performed by Hsieh in [25, Section 3.4], we are led

to consider the following test vectors associated with our families g and h, namely we set

g� WD g.qNf / 2 S�Hida.M; �g ; RK/; h� WD h.qNf / 2 S�Hida.M; �h; RK/: (5.5)

One can check that our adjustment matches Hsieh’s more general version, in view of
the following facts concerning the local automorphic types for the specializations of the
families f , g and h.

Proposition 5.8. Let ` be a prime different from p. Let w D .x; y; z/ 2 �fgh and write
.f; g; h/ D .fx ; gy ; hz/. Denote by ��;` the local component at ` of the automorphic
representation �� attached to � 2 ¹f; g; hº. Then the following facts hold.

(i) The automorphic type of ��;` does not depend on the chosen specialization for
� 2 ¹f; g; hº (rigidity of automorphic types).

(ii) If ` −M , then ��;` is an unramified principal series for � 2 ¹f; g; hº.
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(iii) If ` jNf , then �f;` is special, while �g;` and �h;` are unramified principal series.

(iv) If ` j c2dK , then �f;` is an unramified principal series, while �g;` and �h;` are
ramified principal series.

Proof. All the assertions regarding �f;` are well known for Hida families and for the
choice of squarefree tame level Nf and trivial character in our setting. The assertions
regarding �g;` and �h;` follow from the explicit description of the Weil–Deligne repre-
sentations which correspond to them via the local Langlands correspondence. Here we use
the assumption that dK is odd and that the prime divisors of c split in K to grant that the
restriction of Vp.g/ and Vp.h/ to a decomposition group at ` is reducible when ` j dK .

Along the lines of [25, Proposition 6.12], we can thus define the so-called fudge factors
at the primes dividing M .

Proposition 5.9. For each ` j M , there exists a unique element ffgh;` 2 R
�
fgh

such that
for all w 2 �fgh it holds

.ffgh;`/w D I�…w ;`;

with I�
…w ;`

as in Proposition 3.6.

Proof. This is proven (adapting Hsieh’s methods) in the same way as in [17, Section 5.1].

Definition 5.10. We define the element

Lf
p .f ;g;h/ WD Lfp .f ;g

�;h�/ �
Y
`jM

f
�1=2

fgh;`
2 Rfgh

and call it the square-root f -unbalanced p-adic triple product L-function attached to our
triple .f ;g;h/.

Corollary 5.11. With the above notation, for all w 2 �fgh lying in the f -unbalanced
region, it holds �

Lf
p .f ;g;h/.w/

�2
D
L�.…; 1=2/

�Q.2/2 ��
2
f

� Iunb
…w ;p

: (5.6)

Proof. Obvious from the formula (3.6) and the definition of L
f
p .f ;g;h/.

We are left to find a more explicit description of the local integral Iunb
…w ;p

. We will fix
a triple of weights w D .x; y; z/ 2 �fgh which is f -unbalanced. Write k D kx , l D ky ,
m D kz as usual, so that k � l Cm. Assume furthermore that k is even.

Let .f; g; h/ D .fx ;gy ;hz/ as above and, only for this section, set

�1 WD �f;p ˝ z�1; �2 WD �g;p; �3 WD �h;p;

where
z�1 D !

.kClCm�6/=2
� ."x"y"z/

�1=2:
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Let �1D f̨;p � z�1, where f̨;p denotes the unramified character of Q�p such that f̨;p.p/D

ap.f /p
.1�k/=2.

Then �i is an irreducible smooth representations of GL2.Qp/ for i D 1; 2; 3 and, by
our assumptions, we know the following.

Lemma 5.12. The representations �2 and �3 are always supercuspidal. The representa-
tion �1 satisfies one of the following:

(a) �1 is the principal series �1 D �1 � �1 with �1 D !f;p�
�1
1 where !f;p is the

p-component of the central character of �f;p;

(b) �1 is the special representation �1 D �1j � j�1=2St.

The latter case happens if and only if x D 2 and f D f2 is p-new.

Proof. All the assertions concerning �1 are well known for Hida families. The fact that
�2 and �3 are always supercuspidal follows from the fact that g and h are theta series
attached to a Hecke character of K ramified at p (recall that the prime p is inert in K by
assumption).

Proposition 5.13. In the above setting, we have that

Iunb
…w ;p

D
L.�2 ˝ �3 ˝ �1; 1=2/

".�2 ˝ �3 ˝ �1; 1=2/ � L.�2 ˝ �3 ˝ �1; 1=2/ � L.�1 ˝ �2 ˝ �3; 1=2/
:

Proof. This follows adapting [25, Proposition 5.4] in the same way as it is suggested
in [17, Remark 3.4.7]. With the notation of [25, Section 5.3.2], this means that for the
calculation of Iunb

…w ;p
we choose as test vector

��p D .f
ord
1 /0 ˝W2 ˝ �

k
p W3;

where, for i D 2; 3, Wi is the local Whittaker newform for �i , as defined in [25, Sec-
tion 2.4.5] (instead of the normalized ordinary Whittaker function chosen for the compu-
tation in [25, Proposition 5.4]). Since for i D 2; 3 it still holds that

Wi

��
a 0

0 1

��
D 1Z�p .a/ for every a 2 Q�p ;

the same calculation of [25, p. 488] for the local Rankin–Selberg integral (denoted‰.W2;
�k
p W3; �.tn/f

ord
1 / in [25]) yields the desired formula.

We can give an even more explicit description of Iunb
…w ;p

. Write ' (resp.  ) to denote –
again only in this section – the p-component of '''y�z (resp.   y=z) seen as Hecke character
of K. Let also �1 and �2 denote the characters of Qp2 given by

�1 D
�
f̨;p � !

�1=2

f;p

�
ıNQp2=Qp

; �2 D
�
˛�1f;p � !

�1=2

f;p

�
ıNQp2=Qp

and set � 01 D �f;p ˝ !
�1=2

f;p
.
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Proposition 5.14. With the above notation, it holds Iunb
…w ;p

D I';w � I ;w , where for � 2
¹'; º we set

I�;w WD
L.�.��1/; 1=2/

".�.��1/; 1=2/ � L.�.��2/; 1=2/ � L.�
0
1 ˝ �.�/; 1=2/

: (5.7)

Moreover, one can compute I�;w as follows.

(1) Assume that we are in case (a) of Lemma 5.12 and that the character ��1 is
unramified, then

I�;w D

�
1 �

pk�2

ap.f /2

�2
:

(2) Assume that we are in case (b) of Lemma 5.12 and that the character ��1 of Q�
p2

is unramified, then

I�;w D 1 �
pk�2

ap.f /2
D 1 � ap.f /

�2:

(3) Assume that the character ��1 of Q�
p2

is ramified of level n, then

I�;w D

�
p

ap.f /2

�n
�
pn.k�2/

W.z�/
;

where z� is the unitary character of Qp2 given by ��1 on Z�
p2

and such that z�.p/D
1 and W.z�/ denotes the root number of z�, defined as

W.z�/ D ".z�; 1=2/;

which is an algebraic integer of complex absolute value 1.

Proof. The factorization Iunb
…w ;p

D I';w � I ;w follows directly from the corresponding
factorization at the level of Galois representations given in Lemma 5.7 and the local Lang-
lands correspondence for GL2.Qp/. Hence we know that

I�;w D
L.��1; 1=2/

".��1; 1=2/ � L.��2; 1=2/ � L
�
� 01 ˝ �.�/; 1=2

� :
Now note that for � 2 ¹';  º we have that ��1 is a unitary character Q�

p2
! C�, since

'''y�z and    y=z are anticyclotomic and �i is unitary for i D 1; 2. The fact that '''y�z and
   y=z are anticyclotomic also implies that �.p/ D 1.

We can proceed depending on the three cases, applying the known facts from Tate’s
thesis for the definition local L-factors and "-factors attached to Hecke characters.

(1) If ��1 is unramified, then ".��1; 1=2/D 1. Moreover, if � 01 is the unramified prin-
cipal series � 01 D f̨;p �!

�1=2

f;p
� ˛�1

f;p
�!
�1=2

f;p
, then L.� 01 � �.�/; s/D L.��1; s/ �

L.��2; s/. Hence

I�;w D L.��2; 1=2/
�2
D
�
1 � ��2.p/p

�1
�2
D

�
1 �

pk�2

ap.f /2

�2
:
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(2) If � 01 D f̨;p � !
�1=2

f;p
j � j�1=2St, then L.� 01 � �.�/; s/ D L.��1; s/. Hence

I�;w D L.��2; 1=2/
�1
D 1 � ��2.p/p

�1
D 1 � ap.f /

�2;

where we used that this situation can only occur with x D k D 2.

(3) If ��1 is ramified of level n (so that necessarily also ��2 is ramified), all the L-
factors involved are equal to 1, so that I�;w D ".��1; 1=2/�1 and by Tate’s thesis
we know ".��1; 1=2/ D ��1.p/

n � ".z�; 1=2/. Hence

I�;w D ".��1; 1=2/
�1
D ��1.p/

�n
�W.z�/�1 D

�
p

ap.f /2

�n
�
pn.k�2/

W.z�/
:

Remark 5.15. We observe that the results of the above computation match perfectly the
shape of the modification of the Euler factor at p (for the Galois theoretic side) described
in [13, pp. 162–163], also in the cases of bad reduction at p.

We have some control on the root numbers appearing in Proposition 5.14 (case (3)).

Lemma 5.16. With the notation introduced above, if x D k � 2 mod .p � 1/ and the
character � 2 ¹';  º is ramified, then W.z�/ D W.�/ 2 ¹˙1º. Moreover, the sign W.'/
(resp. W. /) depends only on the parity of j1 D .l Cm � 2/=2 (resp. j2 D .l �m/=2).

Proof. Note that under our assumptions the character denoted �1 above is unramified and
� D z� is of finite order and trivial on Q�p . We can thus apply [36, Proposition 3.7] to a
suitable twist of � to deduce thatW.�/D ��1.˛/, where ˛ 2Q�

p2
is a primitive 2.p� 1/-th

root of unit, so that 1 D �.�1/ D �.˛/�2. In particular, this shows that W.�/ 2 ¹˙1º.
Recall that Z�

p2
D �p2�1 � .1 C pZp2/. Thus the only way one can affect the sign

W.�/ is changing the weights l; m. More precisely, one can check (cf. Remark 5.2) that

'j�p2�1 D �1�2j�p2�1 � .�/
.p�1/.lCm�2/

2 ;  j�p2�1 D �1�
�
2 j�p2�1

� .�/
.p�1/.l�m/

2 :

Writing ˛ D �.pC1/=2 for � a primitive .p2 � 1/-th root of 1, we see that the sign W.'/
(resp.W. /) depends only on the parity of j1D .l Cm� 2/=2 (resp. j2D .l �m/=2).

5.4. Anticyclotomic p-adic L-functions

As in the introduction, letHn denote the ring class field ofK of conductor cpn and letH1
be the union of all the Hn’s. It follows that the big characters ''' and    (defined in equa-
tion (5.4)) factor through G1 WD Gal.H1=K/. With the same notation as in Remark 4.16,
we can identify �� D Gal.K�1=K/ (the Galois group of the anticyclotomic Zp-extension
of K) with the maximal Zp-free quotient of G1, i.e., there is an exact sequence

0! �c ! G1 ! �� ! 0

of abelian groups with �c a finite group and �� Š Zp . We fix a non-canonical isomor-
phism G1 Š �c � �

� once and for all. Notice that ���ac will factor through ��.
As in Lemma 5.16, set j1 WD lCm�2

2
and j2 WD l�m

2
. If we assume moreover that the

triple of weightswD .k;y;z/ is f -unbalanced (i.e., k � l Cm), then jji j< k
2

for i D 1;2.
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Building up on previous work of Bertolini–Darmon [3, 4] and Chida–Hsieh [12],
Castella and Longo in [11] have constructed so-called big theta elements, denoted

‚Heeg
1 .f / 2 Rf ;�� WD ƒf y̋OL OLJ��K (5.8)

attached to the Hida family f and the quadratic imaginary field K (satisfying a suitable
Heegner hypothesis relative to the tame level of f ). The two variables are given by the
weight specializations for f and by continuous characters y�W �� ! C�p such that the
associated algebraic Hecke character �WA�K=K

� ! C� has infinity type .j;�j / with
jj j < k=2. We let Xcrit

p;k
to denote the set of characters y� satisfying such requirement for a

fixed k. The specializations of the square of ‚Heeg
1 .f / at .k; y�/ with k � 2 even integer

and y� 2 Xcrit
p;k

interpolate the (algebraic part of the) special values L.f ık=K; �; k=2/.
Following the strategy of Castella and Longo applied to the more general construction

of Hung [26], one can construct a big theta element ‚Heeg
1 .f ; �t / 2 Rf ;�� associated

with the Hida family f and a branch character �t of conductor c (i.e., a character of the
finite group �c).

Remark 5.17. The construction of ‚Heeg
1 .f ; �t / depends on the following choices that

we fix from now on:

(a) a factorization NC
f

OK D NC �NC, where recall that NC
f

is the product of the
prime divisors of Nf that split in K;

(b) a family of quaternionic modular forms ˆ associated with f , with the property
that there exists an open neighborhood Uf of 2 in Wƒf

.OL/ such that for all
k 2 Uf \ Z�2 it holds

ˆk D �B;k � 'k ;

where �B;k2L� and 'k corresponds to f ık via a version of the Jacquet–Langlands
correspondence.

We can (and will) choose the following normalizations for ˆ:

(i) �B;2 D 1;

(ii) �f ık ;N
� D 1 for k 2 Uf \ Z>2.

The period �f ık ;N
� (appearing in the following proposition) is defined as a suitable Peters-

son norm of 'k , which we can normalize to be 1 (this will determine 'k up to sign).
We refer to [5, Theorem 2.5] for the existence of ˆ and its properties and to [12, equa-
tions (3.9) and (4.3)] for the description of �f ık ;N

� as Petersson norm (Chida–Hsieh’s
notation is hf� 0 ; f� 0iR).

Proposition 5.18. Fix an even integer k 2 Uf \ Z�2 and a character y� 2 Xcrit
p;k

of con-
ductor pn. Write f D fk and f ı D f ık (with the usual conventions). Then:�

‚Heeg
1 .f =K; �t /

�2
.k; y�/

D �B.k/
2
� Cp.f; �t�/ � ep.f; �t�/ �

L.f ı=K; �t�; k=2/

�f ı;N�
(5.9)
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where

(i) setting uK D
#O�K
2

and ıK WD
p
dK , one has

Cp.f; �t�/ D .�1/
2C2j�k

2 � �.k=2C j / � �.k=2 � j / � c � ık�1K � u2K

� ".�f;p; 1=2/ � �t�.N
C/I

(ii) the p-adic multiplier ep.f; �t�/ is given by

ep.f; �t�/ D

8̂̂̂<̂
ˆ̂:
�

p

ap.f /2

�n
� pn.k�2/ if n > 0;�

1 � pk�2

ap.f /2

�2 if n D 0 and f is p-old;

1 � pk�2

ap.f /2
if n D 0 and f is p-newI

(iii) �f ı;N� is Gross’s period, that we can write as

�f ı;N� D
.4�/k � kf ık2Pet � �Q.2/ � ŒSL2.Z/ W �0.Nf /�

�f ı;N�
: (5.10)

Proof. This follows from the work of Chida–Hsieh [12], Hung [26] and Castella–Longo
[11]. We refer to [11, Section 4.2] and to [26, Theorem 5.6] for the interpolation formula.
Gross’s period is defined as in [26, equation (5.2)] (translated into our notation).

Remark 5.19. We keep the notation of Proposition 5.18. The Heegner hypothesis (iii) on
Nf in Assumption 5.1 implies that the sign of the functional equation for L.f ı=K; �; s/
is C1 for every anticyclotomic Hecke character � of K of conductor coprime to Nf �

dK (unless k D 2, f2 is p-new and � is unramified at p), i.e., we are in the so-called
definite setting. One of the main results of [26] (namely theorem C in the introduction),
generalizing work of Vatsal [38] and Chida–Hsieh [12], implies that in our setting it holds
L.f ı=K; �t�; k=2/ ¤ 0 for all but finitely many y� 2 Xcrit

p;k
.

5.5. Factorization of the triple product p-adic L-function

We consider the automorphism s of RK y̋OL RK in yCOL given by the assignment

Œ
�˝ Œı� 7! Œ
1=2ı1=2�˝ Œ
1=2ı�1=2�

on group-like elements (note that again it is important that p ¤ 2 for this to be a well-
defined automorphism).

Let again K1 denote the (unique) Z2p-extension of K. Recall (Remark 4.16) that the
character h�i induces an isomorphism �1 Š WK . The natural projection �1� �� can
be described as 
 7! 
1=2.
� /�1=2. Accordingly, we get a morphism

� WRK� OLJ��K: (5.11)

Notation 5.20. We set 't WD �1�2j�c and  t WD �1�
�
2 j�c . With respect to the chosen

isomorphism G1Š�c ��
�, we also define the characters of �� given by '� WD �1�2j��

and  � WD �1��2 j�� .
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Note that the assignments Œ
� 7! '�.
/Œ
� (resp. Œ
� 7!  �.
/Œ
�) define OL-linear
automorphisms

'�WOLJ��K Š OLJ��K
�
resp.  �WOLJ��K Š OLJ��K

�
;

since j'�.
/� 1jp < 1 (resp. j �.
/� 1jp < 1) for 
 2 ��. By slight abuse of denote by
'� (resp.  �) the automorphism of Rf ;�� given by the identity on ƒ and '� (resp.  �)
on OLJ��K.

Lemma 5.21. Consider the composition

pracWRfgh

1˝s
��!
Š

Rfgh

1˝�˝�
�����! ƒf y̋OL OLJ��K y̋OL OLJ��K:

Given a specialization .k; y�; y�/ 2 W cl
ƒf ;Z

� Xcrit
p;k
� Xcrit

p;k
(with k � 2 even integer), then

the specializations in �fgh which lift .k; y�; y�/ are f -unbalanced triples w D .k; y; z/
with the property that

y� D .yz/j�� � h�i
�
h�i�1; y� D .y=z/j�� : (5.12)

Moreover, we can always find such y 2 �g and z 2 �h for given y� and y� such that
w D .k; y; z/ is f -unbalanced.

Proof. This is an easy exercise.

Notation 5.22. Now let �NC 2 G1 denote the projection to G1 of the element of GK
corresponding to NC by class field theory. We write .�c ; 
�2NC

/ WD �NC 2�c � �
� Š G1

to denote the components of �NC according to the fixed isomorphism �c � �
� Š G1

(note that such 
NC 2 �
� is well defined). We also choose an element ˛c 2 xQ such that

˛�2c D 't .�c/ �  t .�c/. We will also write

R� WD
�
ƒf y̋OL OLJ��K y̋OL OLJ��K

�
Œ1=p�

in what follows.

Proposition 5.23. There exists an element Afgh 2 R� such that

(i) for infinitely many k 2 Uf \Z>2 and for all y�; y� 2Xcrit
p;k

, it holds (with f D fk
as usual)

Afgh.k; y�; y�/ D
�f

�B.k/ � Ep.f;Ad/ � ık�1K

� '�y�.
NC/ �  
�
y�.
NC/ �

˛c

c � u2K
;

(ii) for all y�; y� 2 Xcrit
p;2, Afgh.2; y�; y�/ ¤ 0.

Proof. It follows from [8, Lemma 3.3] that there exists an element Af 2 ƒf Œ1=p� such
that for infinitely many k 2 Uf \ Z>2 it holds

Afk D
�f

�B.k/ � Ep.f;Ad/ � ık�1K

:
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and such that Af .2/ ¤ 0. We now set

u WD
˛c � '

�.
NC/ �  
�.
NC/

c � u2K
2 L�:

Then the element

Afgh WD u �
�
Af y̋ Œ
NC � y̋ Œ
NC �

�
2 R�

visibly satisfies the required interpolation property (cf. Notation 5.22).

Definition 5.24. In Setting 5.1, the image ofL
f
p.f;g;h/under the map prac of Lemma 5.21

is denoted by L
f
p;ac.f;g;h/ and called the anticyclotomic projection of L

f
p .f;g;h/.

Theorem 5.25. Under the natural identification

R� D
�
ƒf y̋OL OLJ��K y̋OL OLJ��K

�
Œ1=p� Š .Rf ;�� y̋ƒf

Rf ;��/Œ1=p�;

we have that

Lf
p;ac.f ;g;h/ D ˙Afgh �

�
'�
�
‚Heeg
1 .f ; 't /

�
y̋  �

�
‚Heeg
1 .f ;  t /

��
(5.13)

as elements of R�.

Proof. It is enough to check that the squares of both sides of equation (5.13) agree, when
specialized to .k; y�; y�/ for infinitely many k 2 Uf \ Z>2 and for every y� and y� finite
order characters of �� (so that '�y� and  � y� lie in Xcrit

p;k
for every such k).

We have

Lf
p;ac.f ;g;h/.k; y�; y�/ D Lf

p .f ;g;h/.k; y; z/

for any y; z satisfying condition (5.12).
On the other hand we have that

'�
�
‚Heeg
1 .f ; 't /

�
.k; y�/ D ‚Heeg

1 .f ; 't /.k; '
�
y�/

and
 �

�
‚Heeg
1 .f ;  t /

�
.k; y�/ D ‚Heeg

1 .f ;  t /.k;  
�
y�/:

The result follows putting together the following ingredients:

(i) the factorization of the corresponding complex L-functions (cf. equation (5.2)
and Lemma 5.7);

(ii) the comparison formulas (5.6) and (5.9);

(iii) our explicit computations for the local factor Iunb
…w ;p

(cf. Proposition 5.14 and
Lemma 5.16);

(iv) the control on the factor Afgh, as described in Proposition 5.23.
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6. Derivatives of triple product p-adic L-functions and Heegner
points

In this section, we describe some applications of Theorem 5.25. We keep the notation as
in the previous section (cf. Setting 5.1).

6.1. Heegner points and Tate’s parametrization

Let p > 3 denote our fixed prime and let E=Q be an elliptic curve with multiplicative
reduction at p. This means that the conductor of E is of the form NE D N ıE � p with
p − N ıE . We let fE 2 S2.�0.NE // to denote the cuspidal newform associated with E via
modularity, whose q-expansion at1 will be denoted

fE D

C1X
nD1

an.E/q
n:

In particular, we have an.E/ 2 Z for all n � 1 and ap.E/ D 1 (resp. ap.E/ D �1) if E
has split (resp. non-split) multiplicative reduction at p. We write ˛ WD ap.E/ 2 ¹˙1º in
the sequel.

Hida theory shows that there exists a unique primitive Hida family

f 2 Sord.Nf ;1; ƒf /

of tame level Nf WD N
ı
E and trivial tame character, such that f2 D fE .

This family will play the role of the Hida family f of the previous section. As for
the rest, we keep working in the Setting 5.1 and, possibly, add further restrictions. In
particular, the conductor NE of our elliptic curve E is squarefree and satisfies a suitable
Heegner hypothesis with respect to the fixed quadratic imaginary field K.

For our applications, we are led to impose one further condition throughout this sec-
tion.

Assumption 6.1. ' D �1�2 has conductor prime to p and  D �1��2 has non-trivial anti-
cyclotomic part  �.

With the notation of Section 5, it follows that '� is trivial and that we can identify
't D '.

Following the discussion in [5, Section 4.3], one can define a Heegner point

P' 2

´
E.H'/

' if ' ¤ 1;

E.K/˝Q if ' D 1
(6.1)

associated with ', essentially coming from a (minimal) parametrization of E in terms of
the Jacobian of a suitable Shimura curve. Here H' is the field cut out by '. Note that,
since p is inert in K and H' is contained in the Hilbert class field of K, it follows that p



L. Marannino 112

splits completely in H' , so that we can fix an embedding H' � Qp2 and view the point
P' as a point in E.Qp2/˝Q. Under this identification, the Galois actions on P' of the
Frobenius (as generator of Gal.Qp2=Qp/) and of any Frobenius element for the abelian
extension H'=Q coincide. It follows that the points

P˙';˛ WD P' ˙ ˛ � P
Frobp
' 2 E.H'/˝Q:

do not depend on the choice of prime p ofH' above p. In what follows, we fix the choice
induced by our fixed embedding �pW xQ ,! xQp and we view the points P' and P˙';˛ as
elements of E.Qp2/˝Q under such an embedding.

Since E has multiplicative reduction at p, it admits a Tate parametrization, i.e., there
is an isomorphism of rigid analytic varieties

ˆTateWG
rig
m;Qp2

=qZ
E

Š
�! E

rig
Qp2

: (6.2)

One can define the branch logqE WC
�
p ! Cp of the p-adic logarithm, uniquely deter-

mined by the condition logqE .qE /D 0, where qE 2pZp is Tate’s p-adic period associated
with E. This yields a logarithm

logE WD logqE ıˆ
�1
TateWE.Qp2/! Qp2 (6.3)

at the level of Qp2 -rational points.

6.2. Restriction to the line .k; 1; 1/

We now restrict our attention to the line .k; 1; 1/. Recall that y D 1 (or z D 1) means
that we consider the specializations given by y.Œu�/ D z.Œu�/ D u on group-like ele-
ments u 2 WK . For the first variable, we let k vary in Uf \ Z�2 (same notation as in
Remark 5.17). The corresponding characters of �� via equation (5.12) are clearly both
the trivial character 1�� .

An easy check shows that, with this choice of specializations, the square of the element

Lp.f =K; '/ WD ‚
Heeg
1 .f ; 't /.�; 1��/ 2 ƒ

interpolates the algebraic part of the special valuesL.f ık=K;';k=2/, at least when k > 2.
For k D 2 the p-adic multiplier ep.fE ; '/ (cf. Proposition 5.18) vanishes, as a manifesta-
tion of a so-called exceptional zero for our p-adic L-function.

Moreover, we see that the element Lp.f =K; '/ coincides with the square-root Hida–
Rankin p-adic L-function attached to f and ' in [5]. This follows comparing the above
stated interpolation formula (5.9) and the one of [5, Theorem 3.8].

We can now state one of the main results of [5] (extended to the case of not necessarily
quadratic characters ' D �1�2).

Theorem 6.2 ([5, Theorem 4.9]). In the setting described above, it holds

d

dk
Lp.f =K; '/jkD2 D

logE .P
C
';˛/

2
:
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Definition 6.3. We set Lp.f =K; / WD  
�.‚

Heeg
1 .f ;  t //.�; 1��/ 2 ƒf and we define

the restriction to the line .k; 1; 1/ of L
f
p .f ;g;h/ as

Lf
p .f ; g; h/ WD Lf

p .f ;g;h/.�; 1; 1/ D Lf
p;ac.f ;g;h/.�; 1�� ; 1��/ 2 ƒf :

Corollary 6.4. In the above setting (in particular, under Assumption 6.1), assume that
L.fE=K; ; 1/ ¤ 0. Then L

f
p .f ; g; h/.2/ D 0 and

d

dk
Lf
p .f ; g; h/jkD2 D

cE

2
� logE .P

C
';˛/;

where cE D ˙Afgh.2; y�1;1; y�1;1/ �Lp.f =K; /.2/ 2 xQ�p .

In particular, d
dk

L
f
p .f ; g; h/jkD2 D 0 if and only if the point PC';˛ is of infinite order.

Proof. This follows immediately from the above Theorem 6.2, the running hypothesis,
Lemma 5.23 and the factorization proven in Theorem 5.25. Note that

Lp.f =K; /.2/ D ‚
Heeg
1 .f ;  t /.2;  

�/ ¤ 0:

Indeed, by Assumption 6.1, we have that  � is non-trivial, so that the p-adic multiplier
ep.fk ;  t 

�/ of the interpolation formula (5.9) never vanishes for k 2 U \ Z�2.

Remark 6.5. Note that (cf. Remark 5.19) the conditionL.fE=K; ;1/¤ 0 is generically
expected to be satisfied.

6.3. Restriction to the line .2 ; �; �/

In this section we fix the weight k D 2 and we let the anticyclotomic twists vary along the
diagonal of Xcrit

p;2 � Xcrit
p;2. In this situation, Xcrit

p;2 is given by finite order characters of ��.

Definition 6.6. We define the restriction of L
f
p .f ;g;h/ to the line .2; �; �/ as

Lf
p;ac.fE ;gh/ WD Lf

p;ac.f ;g;h/jkD2;y�Dy� 2 OLJ��K:

We also set
�1.E=K; '/ WD ‚

Heeg
1 .f ; 't /jkD2 2 OLJ��K

and
�1.E=K; / WD  

�
�
‚Heeg
1 .f ;  t /

�
jkD2
2 OLJ��K:

One can check that, under our assumptions, the element �1.E=K; '/ coincides with
the theta-element defined by Bertolini–Darmon (cf. [3, Section 2.7]) in the case of trivial
tame character and in more generality by Chida–Hsieh [12] and Hung [26]. Similarly, the
element �1.E=K; / is essentially a shift a such a theta-element.

Any choice of topological generator 
0 2 �� gives rise to a topological isomorphism

OLJ��K Š OLJT K (6.4)

sending 
0 to 1C T . One of the main results of [4] can be stated as follows.
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Theorem 6.7 (cf. [4, Theorem B]). The element �1.E=K; '/ lies in the augmentation
ideal of OLJ��K. Equivalently, viewing �1.E=K; '/ as an element of OLJT K via the
above identification (6.4), we have

�1.E=K; '/ 2 T �OLJT K:

Moreover, taking the first derivative, we obtain

d

dT
�1.E=K; '/jTD0 D logE .P

�
';˛/;

This formula does not depend on the choice of a topological generator of ��.

This leads to the following result concerning our triple product p-adic L-function.

Corollary 6.8. In the above setting (in particular, under Assumption 6.1), assume that
L.fE=K; ; 1/ ¤ 0. View L

f
p;ac.fE ;gh/ as an element of OLJT K via (6.4).

Then L
f
p;ac.fE ;gh/jTD0 D 0 and

d

dT
Lf
p;ac.fE ;gh/jTD0 D cE � logE .P

�
';˛/;

where cE 2 xQ�p is the same explicit constant as in Corollary 6.4.

Proof. This follows essentially from the above Theorem 6.7, the factorization of Theo-
rem 5.25 and the running hypothesis, in the same way as Corollary 6.4.

6.4. A corollary

Keeping the same setting as in the previous sections (in particular, Assumption 6.1), we
impose moreover that ' D 't is a quadratic (or genus) character of K.

As explained in [5, Section 3.1], if the quadratic character ' is non-trivial, it cuts out
a biquadratic extension H' D Q.

p
d1;
p
d2/ where di is a fundamental discriminant for

i D 1; 2 and d1d2 D �dK . If we define 'i to be the Dirichlet character attached to the
quadratic extension Q.

p
di / for i D 1; 2, one sees that '1'2 D "K . In particular, we get

'1.�NE /'2.�NE / D "K.�NE / D �1

where the last equality follows from our Heegner assumption.
When ' is trivial, one sets H' D K (this situation corresponds to the case ¹d1; d2º D

¹1;�dKº).
If �E 2 ¹˙1º denotes the eigenvalue relative to fE for the Atkin–Lehner involution

wNE , we can always assume (up to reordering) that

'1.�NE / D �NE ; '2.�NE / D ��NE :

Moreover, it follows from [5, Corollary 4.8] that

P
Frobp
' D '1.p/P' : (6.5)

Here is a corollary combining the discussion of the previous sections.
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Corollary 6.9. In the setting described by Assumptions 5.1 and 6.1, assume that ' D 't
is quadratic and that L.fE=K; ; 1/ ¤ 0. Then the following facts are equivalent:

(i) �
d

dk
Lf
p .f ; g; h/jkD2;

d

dT
Lf
p;ac.fE ;gh/jTD0

�
¤ .0; 0/:

(ii) The point P' is of infinite order.

Proof. Equation (6.5) shows that, under our assumptions,

P˙';˛ D

´
2 � P' if '1.p/˛ D ˙1;

0 if '1.p/˛ D �1:

Then the result follows immediately from Corollaries 6.4 and 6.8 and the fact that the
kernel of logE is given by finite order points in E.Qp2/.
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