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Uniqueness and .1; 2/-naturality of Yoneda

Shay Ben-Moshe

Abstract. We show that the Yoneda embedding extends to an .1; 2/-natural transformation. Fur-
thermore, as such, it is uniquely determined by its value at the trivial1-category. We also study the
naturality of the Yoneda lemma in its arguments, showing that it is an isomorphism of .1; 2/-natural
transformations.

1. Introduction

Throughout the paper, we use the term category to mean an 1-category and the term
2-category to mean an .1; 2/-category.

Given a small category C , we denote by P .C/ WD Fun.Cop; �/ the large category of
presheaves, and we denote the Yoneda embedding functor by

HWC ��! P .C/; X 7! hom.�; X/:

This construction is also characterized by a universal property: the Yoneda embedding
exhibits P .C/ as the free cocompletion of C . That is, for every large category E admitting
small colimits, pre-composition with Yoneda induces an isomorphism

H
�
WFunsmall

�
P .C/;E

�
�
��! Fun.C ;E/;

where the source denotes the category of functors P .C/! E preserving small colimits.
As we recall in Section 2, this universal property makes the construction natural in C .
Namely, let �WCat! cCat denote the inclusion of small categories into large categories,
then the Yoneda embedding extends to a natural transformation

Cat cCat:

�

P

H

In this short paper we consider 2-categorical aspects of Yoneda. Recall that small cate-
gories arrange into a 2-category Cat, and similarly for large categories bCat, and � enhances
to a 2-functor �WCat !bCat. We use the fact that the presheaves functor is symmetric
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monoidal, together with Heine’s work [6] on the relationship between enriched categories
and tensored categories, to show that the presheaves functor and the Yoneda embedding
admit a 2-categorical refinement. Furthermore, we use the 2-categorical Yoneda lemma
proven by Hinich [8] to show that as a 2-natural transformation, the Yoneda embedding is
uniquely determined by its value at the trivial category.

Theorem A (Propositions 3 and 11). The Yoneda embedding extends to a 2-natural trans-
formation

Cat bCat:
�

P

H

Furthermore, it is the unique 2-natural transformation �) P whose value at the trivial
category pt 2 Cat is the functor pt! P .pt/ ' � choosing the point.

One of the main features of the Yoneda embedding is the Yoneda lemma, typically
phrased as follows. Let C be a small category and letX 2 C , then, there is an isomorphism

hom
�
H.X/; F

�
�
��! F.X/

natural in presheaves F WCop ! � .
In Proposition 7, we show that the (1-)naturality of the Yoneda embedding implies

the Yoneda lemma. To connect the two, note that hom.H.X/;�/ is itself the Yoneda
embedding of H.X/ as an object of P .C/op. To streamline the arguments, it will be
convenient to work exclusively with copresheaves and the coYoneda embedding, namely
replace C by Cop. We denote the category of copresheaves by P c.C/ WD Fun.C ; �/ and
the coYoneda embedding by

Hc
WC ��! P c.C/op; X 7! hom.X;�/:

Similarly, for a large category D , we can consider the huge category of large copresheaves
yP c.D/ WD Fun.D ; y�/, together with its coYoneda embedding. Applying this to D D

P c.C/, we obtain
yHc
WP c.C/ ��! yP c

�
P c.C/

�op
:

In these terms, the Yoneda lemma can be rephrased as an isomorphism

yHc
�
Hc.X/

�
' X�;

and we show that this follows from the naturality of the Yoneda embedding applied to the
map X W pt! C .

As an application of the 2-naturality of the Yoneda embedding from Theorem A, we
make the Yoneda lemma natural in the other arguments. The 2-naturality allows us to vary
the map X W pt! C , making the isomorphism natural in X 2 C . Further, it allows us to
vary C , making the isomorphism natural in the category itself, namely, establishing an
isomorphism between the double coYoneda embedding and the evaluation as 2-natural
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transformations. In fact, the same uniqueness argument from Theorem A applies in this
case to show that there is a unique such 2-natural transformation, which gives an alterna-
tive proof. For the sake of completeness, we give both proofs in the body of the paper.

Theorem B (Propositions 9 and 11). The double coYoneda embedding and the evaluation
are isomorphic as 2-natural transformations filling the diagram

Cat bbCat:
y�ı�

yP c ıP c

Furthermore, they are the unique 2-natural transformation y� ı �) yP c ıP whose value
at the trivial category pt 2 Cat is the functor pt! yP c.P c.pt//' Fun.� ; y�/ choosing the
inclusion of small spaces into large spaces.

Relation to other work

There is a different question regarding the naturality of the Yoneda embedding which was
recently addressed in the literature. The construction of the presheaves (1-)functor dis-
cussed in this paper is based on its universal property as the free cocompletion. Yet, there
is an alternative candidate for the presheaves functor. Consider the functor Fun..�/op;�/,
sending a morphism F WC ! D to

F �WFun.Dop; �/! Fun.Cop; �/

given by pre-composition with F op. The functor F � admits a left adjoint FŠ, given by left
Kan extension along F op. Passing to the left adjoint functoriality of Fun..�/op; �/ thus
gives rise to a functor from small categories to large categories. One can show that for any
F as above, FŠ agrees with the value of P at F , namely, that the two constructions of the
presheaves functor agree on morphisms. However, since we are working in higher cate-
gory theory, it does not immediately follow that the two constructions agree coherently, or
that the Yoneda embedding is even natural with respect to this other construction. These
questions were recently raised and answered in the affirmative by Haugseng–Hebestreit–
Linskens–Nuiten [4], and were subsequently resolved by Ramzi [11] by different means.

The present paper leaves open analogous questions in the 2-categorical setting. Our
enhancement of P to a 2-functor relies on its symmetric monoidal structure, stemming
from its role as the free cocompletion. Alternatively, one can try to enhance Fun..�/op;�/

into a 2-functor, and as above, pass to the left adjoint functoriality. It is not clear to us that
the two enhancements would agree, or that the Yoneda embedding would be 2-natural for
such an enhancement.

In a previous paper [1], we have addressed the question of the naturality of the enriched
Yoneda embedding. Similarly to the present paper, this was established using the universal
property of enriched presheaves as the free cocompletion. The question of the comparison
to the other construction of enriched presheaves, originally raised in [1, Question 1.5],
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was recently answered by Heine [7, Theorem 1.5 and Corollary 1.6]. The question of the
2-naturality in the enriched setting from [1, Question 1.7] remains open.

2. The Yoneda embedding

In this section we show that the Yoneda embedding extends to a 2-natural transformation.
We begin by collecting some facts about presheaves and Yoneda. Although the following
way to handle size issues when trying to view presheaves and the Yoneda embedding as
part of an adjunction appears in [9] and is known to experts, it is not widely familiar.
Therefore, we include a brief discussion for the reader’s convenience.

In [9, Section 5.3.6], Lurie studies the operation of adjoining colimits to categories.
Given a large category C , there is another large category P .C/, together with a functor
HWC ! P .C/, exhibiting P .C/ as given by freely adjoining all small colimits to C . We
warn the reader that for a general large category, P .C/ is not a category of presheaves on
C . Rather, it is the full subcategory of the category of large presheaves Fun.Cop; y�/, given
by the closure of representables under small colimits. However, when C is small, we see
that it is the category of small presheaves Fun.Cop; �/.

The universal propertyof this construction can be phrased as follows.Consider cCatsmall,
the category of large categories admitting small colimits and functors preserving them.
Then, the inclusion ismallW cCatsmall ! cCat admits a left adjoint given point-wise by P .C/

with unit given point-wise byH.
In [10, Section 4.8.1], Lurie studies the tensor product of categories, and in particular

shows that the adjunction is symmetric monoidal, namely that P is symmetric monoidal,
ismall is lax symmetric monoidal, and the Yoneda embedding is a map of lax symmetric
monoidal functors.

We summarize these results in the following proposition.

Proposition 1. There is a symmetric monoidal adjunction

P W cCat ���! ��� cCatsmallW ismall

such that for a small category C we have P .C/ ' Fun.Cop; �/ and the unit map is given
by the Yoneda embedding.

Proof. The fact that P is left adjoint to ismall is [9, Corollary 5.3.6.10]. The description
of the value when C is small is [9, Example 5.3.6.4]. The fact that the left adjoint P

is symmetric monoidal is a consequence of [10, Proposition 4.8.1.3] (see also [10, Re-
mark 4.8.1.8]).

We now use this to pass to the 2-categorical setting. Recall that there are various
models for 2-categories, which we choose to model by categories enriched in categories
in the sense of Gepner–Haugseng [2] or, equivalently, Hinich [8] (see [3, Section 2] for a
recent discussion of models of 2-categories).
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One source of enriched categories is tensored categories, as was initially shown in
[2, Corollary 7.4.9], and was vastly expanded by Heine [6]. We give a brief overview for
the convenience of the reader. Fix a presentably monoidal category V 2Alg.PrL/. Let C be
a category tensored over V . Assume that the action is closed, namely, that for everyX 2 C

the functor � ˝ X WV ! C admits a right adjoint, denoted homV .X;�/WC ! V . Then,
these right adjoints assemble into the structure of a V -enriched category on C . Further-
more, if C and D are closed V -tensored categories, then a lax V -linear functor F WC!D

induces a V -enriched functor between the corresponding V -enriched categories. One can
then observe that if F is (strong) V -linear and a left adjoint, its right adjoint is lax V -linear,
and thus the adjunction induces an adjunction of V -enriched categories. Using (the large
version of) this observation applied to V D cCat, we can make the passage to 2-categories.

Proposition 2. The adjunction from Proposition 1 enhances to an adjunction in the 2-
category of 2-categories

P WbCat ���! ���bCatsmallW ismall:

Proof. The symmetric monoidal structure on P from Proposition 1 makes cCatsmall into acCat-tensored category (since a commutative algebra is in particular a module), for which
P is cCat-linear. Furthermore, since the symmetric monoidal structure on cCatsmall is closed,
and P admits a right adjoint, the action of cCat on cCatsmall is closed. As explained above,
[6, Theorem 1.2] (see also [5, Theorem 1.8]1 and [1, Corollary 4.14] for a more elaborate
discussion) implies that we get an induced adjunction of cCat-enriched categories, i.e. of
2-categories.

This readily implies the existence of a 2-categorical lift of the Yoneda embedding.

Proposition 3. The Yoneda embedding extends to a 2-natural transformation

Cat bCat:
�

P

H

Proof. The unit map of the adjunction in Proposition 2 provides us with a 2-natural trans-
formation which we pre-compose with � as follows

Cat bCat bCat:

bCatsmall

idcCat�

P ismall

H

1Note that the 2-categorical enhancement of � does not appear in the published version of Heine’s
paper [6], but does appear in a newer arXiv version [5].
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3. The Yoneda lemma

In this section we show that the naturality of the Yoneda embedding implies the Yoneda
lemma. As was mentioned in the introduction, in the context of the Yoneda lemma, it is
more convenient to work consistently with copresheaves. We note that the copresheaves
functor has a contravariant 2-functoriality. Indeed, recall that the construction C 7! Cop is
a 2-equivalence

.�/op
WCat ���! Cat2-op;

and we give the following definition.

Definition 4. We define the copresheaves 2-functor to be

P c
WCat

.�/op

���! Cat2-op P
��!bCat2-op;

equipped with the coYoneda embedding 2-natural transformation

Hc
W � H) P c.�/op:

Recall that by [4, Theorem 8.1] or [11], the underlying (1-)functor of P c is given by
passing to the left adjoint functoriality of Fun.�; �/. Namely, it sends a small category C

to the large category Fun.C ;�/, and F WC!D to the left Kan extension FŠWFun.C ;�/!
Fun.D ; �/, whose right adjoint is the pre-composition F �.

Consider the functors FŠ and F �. Applying the large version of copresheaves, we
obtain two functors FŠŠ and F ��, both from yP c.P c.C// to yP c.P c.D//. We begin by
showing that they coincide.

Lemma 5. Let F WC ! D be a functor, then there is a natural isomorphism FŠŠ ' F
��

of functors yP c.P c.C//! yP c.P c.D//.

Proof. Consider the adjunctionFŠ aF �. Applying yP c , and recalling that it has contravari-
ant 2-functoriality and thus reverses the adjunction, we get an adjunction .F �/Š a FŠŠ.
Now, consider the functor F � itself, to which there is an associated adjunction .F �/Š a
F ��. The uniqueness of adjoints thus implies that FŠŠ ' F ��.

Remark 6. This can also be seen in more direct (and less coherent) terms using the for-
mula for left Kan extension. Given ' 2 yP c.P c.C// and g 2 P c.D/, we have

FŠŠ.'/.g/ ' colim
FŠ.f /!g

'.f / ' colim
f!F �.g/

'.f / ' '
�
F �.g/

�
' F ��.'/.g/:

With this in mind, we can prove the Yoneda lemma.

Proposition 7. For a small category C and X 2 C , there is a natural isomorphism

hom
�
Hc.X/;�

�
' X�

of functors Fun.C ; �/! � .
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Proof. By the (1-)naturality of the Yoneda embedding, we have the following commuta-
tive diagram

pt P c.pt/op yP c
�

P c.pt/
�

C P c.C/op yP c
�

P c.C/
�
:

Hc

X

yHc

XŠ XŠŠ

Hc yHc

Recall thatHc.pt/ 2 P c.pt/ ' � is the point, thus

yHc
�
Hc.pt/

�
2 yP c

�
P c.pt/

�
' Fun.� ; y�/

is the inclusion �� W� ,! y� . By Lemma 5, we haveXŠŠ 'X��. Thus, by the commutativity
of the diagram we get

yHc
�
Hc.X/

�
' XŠŠ

�
yHc
�
Hc.pt/

��
' XŠŠ.�� / ' X

��.�� / ' X
�:

We move on to showing the 2-naturality of the Yoneda lemma. To that end, we first
need to make the evaluation into a 2-natural transformation.

Definition 8. We define the evaluation 2-natural transformation evalWy� ı �) yP c ıP c to
be the composition

y�
�
�.�/

�
�
��! Fun.pt;�/

��! Fun
�
yP c
�

P c.pt/
�
; yP c

�
P c.�/

��
��! Fun

�
pt; yP c

�
P c.�/

��
�
��! yP c

�
P c.�/

�
;

where the second map is applying the copresheaves functor twice and the third is by pre-
composing with the double coYoneda embedding of the point yHc ıHc Wpt! yP c.P c.pt//.

We now extend the proof of Proposition 7 to include the 2-naturality.

Proposition 9. There is an isomorphism

yHc
ıHc

' eval

of 2-natural transformations y� ı � H) yP c ıP c .

Proof. The small and large versions of the 2-naturality of the Yoneda embedding from
Proposition 3 compose as follows

Cat bCat bbCat:
�

P c.�/op

y�

yP c.�/op

Hc yHc
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The 2-naturality of the composition yHc ıHc Wy� ı �) yP c ıP c gives the commutativity
of the square

Fun
�
y�
�
�.pt/

�
;y�
�
�.�/

��
Fun.pt;�/ Fun

�
y�
�
�.pt/

�
; yP c

�
P c.�/

��
Fun

�
yP c
�
P c.pt/

�
; yP c

�
P c.�/

��
of 2-functors from Cat to bbCat. Observe that the 2-functor on the left is equivalent to
y�.�.�//, and the 2-functor on the right is equivalent to yP c.P c.�//. Moreover, by construc-
tion, the upper composition is yHc ıHc while the lower composition is eval, concluding
the proof.

4. Uniqueness

We conclude by establishing the uniqueness of the 2-natural Yoneda embedding, and the
alternative proof for the identification of the double coYoneda embedding with the evalu-
ation 2-natural transformation.

Definition 10. Given two 2-functors F; GWA! B, we denote by Nat2.F; G/ the cate-
gory of 2-natural transformations between them, defined to be the category of morphisms
between them in the 2-category of 2-functors Fun2.A;B/.

Note that the following proposition is stated for bCat and �, but the same holds withbbCat and y� ı � in their place.

Proposition 11. Let F WCat!bCat be a 2-functor, then there is an equivalence of cate-
gories

Nat2.�; F /
�
��! F.pt/ 2bCat:

Proof. Recall from [8, 6.2.7] (see also [1, Theorem 2.10 (1)] for a reformulation closer
to our context) that the 2-Yoneda lemma for large categories says that for a large 2-
category A, an object X 2 A and a 2-functor F WA !bCat, evaluation at idX induces
an equivalence

Nat2
�

hom.X;�/; F
�
�
��! F.X/ 2bCat:

The claim then follows by taking A D Cat and noting that � is corepresented by pt 2
Cat.

Remark 12. This result can also be seen as a consequence of the fact that the 2-category
of categories is freely generated under oplax colimits from the trivial category pt. We do
not give a complete proof, but sketch the main idea. Let ˛W �) F be a 2-natural transfor-
mation. Any C 2 Cat can be written as the constant oplax colimit C ' oplaxcolimC .pt/.
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Using the assembly map for oplax colimits, and the fact that � commutes with oplax col-
imits, we get the following commutative diagram:

oplaxcolimC

�
�.pt/

�
oplaxcolimC

�
F.pt/

�
�
�

oplaxcolimC .pt/
�

F
�

oplaxcolimC .pt/
�

�.C/ F.C/:

˛oplaxcolimC .pt/

o

oplaxcolimC .˛pt/

o

˛C

o

This expresses ˛C as the composition of oplaxcolimC .˛pt/ and the assembly map of F ,
showing that ˛ is determined by ˛pt.
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