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Isotrivial elliptic surfaces in positive characteristic

Pascal Fong and Matilde Maccan

Abstract. We study relatively minimal surfaces equipped with a strongly isotrivial elliptic fibration
in positive characteristic by means of the notion of equivariantly normal curves introduced and devel-
oped recently by Brion in [Pure Appl. Math. Q. 20 (2024), 1065–1095 and arXiv:2405.12020v1].
Such surfaces are isomorphic to a contracted product E �G X , where E is an elliptic curve, G is a
finite subgroup scheme of E and X is a G-normal curve. Using this description, we compute their
Betti numbers to determine their birational classes. This allows us to complete the classification of
maximal automorphism groups of surfaces in any characteristic, extending the result in characteris-
tic zero obtained in [Ann. Inst. Fourier (Grenoble) 74 (2024), 545–587]. When G is diagonalizable,
we compute additional invariants to study the structure of their Picard schemes.

1. Introduction
In a pioneer article [28], Kodaira classified the singular fibers of elliptic surfaces, i.e.,
smooth projective surfaces equipped with an elliptic fibration. Most of those surfaces are
of Kodaira dimension one, but may also be of negative or zero dimension. Their clas-
sification in positive characteristic, up to birational transformations, has been provided
in [7, 8]. The last reference focuses on characteristics two and three, in which the family
of quasi-hyperelliptic surfaces appears.

In this article, we study a family of smooth projective elliptic surfaces, over an alge-
braically closed field of positive characteristic, defined through the notion of equivariantly
normal curves introduced and developed recently by Brion in [10, 11]. This tool gives us
a new approach to study some elliptic surfaces.

The construction goes as follows: from a geometric point of view, we start with a rel-
atively minimal smooth projective surface S , equipped with a strongly isotrivial elliptic
fibration. To the extent of the authors’ knowledge, this notion is new, and we mean that
the generic fiber of the Jacobian is a base change of an elliptic curve over k (see Defi-
nition 3.10). To make this more concrete in terms of algebraic groups, we show that this
is actually equivalent for S to be equipped with a faithful action of an elliptic curve E.
Moreover, it is also equivalent to S being isomorphic to a contracted product

E �G X ��D .E �X/=G;

for a diagonal action ofG, whereG is a finite subgroup scheme ofE andX is aG-normal
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projective curve. By that, we mean that every finite birationalG-morphism with targetX is
an isomorphism; this notion is a remedy to the fact that in positive characteristic the action
does not lift to the normalization in general. Notice that in general, the triplet .E; G; X/
is not uniquely determined. However, if S is not an abelian surface, then the elliptic curve
E is the largest abelian subvariety of the automorphism group Aut.S/. If moreover S has
Picard rank two, then the fibers of the two contraction morphisms with source S uniquely
determine the finite subgroup scheme G � E and the G-normal curve X .

We aim to study the surfaces of this shape and determine some of their invariants. Those
surfaces are always relatively minimal, that means they do not contain any .�1/-curves.
Notice that this family of surfaces contains all the hyperelliptic and quasi-hyperelliptic
surfaces. In characteristic zero, the analogous construction provides families of surfaces
that have been studied intensively: in that case, the group G is always constant and the
curve X is always smooth. Quotients of products of curves by finite groups is a classical
topic, see, e.g., [4, 5, 15, 33, 38]. In the present work, we introduce a variant of this well-
known approach, by considering quotients by nonreduced finite group schemes in positive
characteristic, which yields new examples and a different geometric behavior. A crucial
point is that the curve Y ��D X=G is smooth and the elliptic fibration S ! Y does not
admit a section in general.

From now on, we fix an algebraically closed field k of characteristic p > 0. The first
main result is that, using the explicit description of S as a contracted product, one can
determine its Betti numbers. This allows us to locate our surfaces in the classification of
surfaces in positive characteristic.

Theorem A. Let E be an elliptic curve, G a finite subgroup scheme of E acting on a
G-normal curve X with quotient Y ��D X=G. We denote by g.Y / the genus of the smooth
projective curve Y and S ��D E �G X . Then S is a relatively minimal surface such that
�.S/ D �0.X/, where �0.X/ denotes the Iitaka dimension of the dualizing sheaf !X , and
has the following Betti numbers:

• b1.S/ D 2C 2g.Y /,

• b2.S/ D 2C 4g.Y /.

Moreover, the triples .S;X; Y / are classified as follows:

�.S/ S X g.Y / b1.S/ b2.S/

�1 (Elliptic) ruled surface P1 0 2 2

0 Quasi-hyperelliptic Rational with a cusp 0 2 2

0 Hyperelliptic Elliptic curve 0 2 2

0 Abelian surface Elliptic curve 1 4 6

1 Properly elliptic surface Any other G-normal � 0 2C 2g.Y / 2C 4g.Y /

In the case of abelian surfaces, X is an elliptic curve on which the finite subgroup
scheme G � E acts by translations. For properly elliptic surfaces, namely relatively min-
imal surfaces of Kodaira dimension one, X is any G-normal curve with arithmetic genus
pa.X/ � 2.
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Let us mention that the last row of the above table actually contains an infinite family
of examples of elliptic surfaces which are pairwise not birational to each other: indeed, as
justified in Remark 4.7, the genus g.Y / can be arbitrarily large, and pa.X/ � 2 as well.
However, it is difficult to say more as there is no classification of G-normal curves.

To fully understand these elliptic surfaces, it is useful to determine some additional
invariants. In the case of elliptic surfaces with Kodaira dimension zero, a list of possible
configurations of invariants was recently obtained in [39].

The second main result of this paper deals with the case of quotients by a diago-
nalizable group scheme G � E. Under this additional assumption, we can extract more
information on the surface S and its Picard scheme.

Theorem B. Under the assumptions of Theorem A, assume moreover that G is diago-
nalizable. Then the strongly isotrivial elliptic fibration f WS ! Y ��D X=G has only tame
fibers and the following equalities hold:

• �.OS / D 0,

• q.S/ D 1C g.Y /,

and the Picard scheme PicS is reduced. Moreover, for every y2Y , the group Pic0.f �1.y//
is isomorphic to E. Finally, the elliptic surface S has Picard rank

�.S/ D �.E �X/ D 2C rank Homgp
�
Alb.X/;E

�
:

Our article is organized as follows. In Section 2, we recall some classical definitions
concerning group scheme actions, as well as fundamental properties of G-normal curves.
In particular, in the case where G is a finite diagonalizable group scheme, Brion provides
a complete local description of G-normal curves in [11].

In Section 3, we first deal with the case of elliptic ruled surfaces, which has been
studied in [26,35,45]. An elliptic surface ruled over an elliptic curveE is either isomorphic
to P.OE ˚L/ for some line bundle L of finite order (notice that L may be trivial, in which
case the ruled surface is the product E � P1), or to one among the Atiyah ruled surfaces
A0 and A1, which are exactly the two indecomposable P1-bundles over E. The Atiyah
surface A1 is obtained as the contracted product associated to an EŒ2�-action on E � P1.
To the extent of our knowledge, this was known in characteristic p � 3, we extend it here
to the case p D 2. In order to do this, we give an explicit description of the EŒ2�-action
on P1 in the case of an ordinary elliptic curve, for which the two-torsion subgroup is
isomorphic to Z=2Z��2. In the case of a supersingular elliptic curve, the subgroup EŒ2�
is infinitesimal, and it is a nontrivial extension of ˛2 by itself. In order to get an explicit
action on the projective line, we make use of results by [20, 21].

We obtain that every elliptic ruled surface can be written as a contracted product
F �G P1, where F is an elliptic curve isogeneous to E such that F=G D E and G � F
is a finite subgroup scheme. This allows us to show that a smooth projective surface S is
isomorphic to a contracted product F �G X , where X is a G-normal curve, if and only if
S is a relatively minimal surface equipped with a strongly isotrivial elliptic fibration.
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Using the explicit description of the surface as a contracted product, we determine the
Betti numbers of S , using étale cohomology with l-adic coefficients. First, we show that S
andE�Y have the same Betti numbers. Then combining the comparison theorem, a result
of lifting to characteristic zero for curves, together with the proper base change theorem for
étale cohomology, we reduce the computation of Betti numbers to singular cohomology.

Next, we recall some generalities on the dualizing sheaf, which is a generalization of
the canonical sheaf and exists for G-normal curves. We show that the canonical ring of S ,
namely

R.S; !S / ��D

1M
nD0

H 0.S; !S
n/;

is a finitely generated k-algebra, which is isomorphic to the G-invariant part of the ring
of sections R.X; !X /. Denoting respectively by � and �0 the Kodaira dimension and the
Iitaka dimension of the dualizing sheaf, this implies the numerical equality

�.S/ D �0.X/:

This leads to Theorem A.
A natural question is to describe the automorphism groups Aut.S/. In the case of ruled

surfaces, the groups Aut.S/ have been studied by Maruyama; and the cases of (quasi)-
hyperelliptic surfaces by Bennett–Miranda over C and by Martin as group schemes; see
[6, 34, 35]. The connected component of the identity, denoted by Aut0.S/, is naturally
equipped with a structure of smooth algebraic group. Those automorphism groups play a
central role in the classification of connected algebraic subgroups of Bir.S/, particularly
those that are maximal with respect to inclusion within Bir.S/, the so-called maximal
connected algebraic subgroups of Bir.S/.

The pairs .S;Aut0.S//, where S is a relatively minimal surface and Aut0.S/ is a max-
imal connected algebraic subgroup of Bir.S/, are classified in [17] under the assumption
that �.S/<0, or that �.S/�0 and the characteristic of thebase field is zero. IfS is relatively
minimal and �.S/ � 0, then Aut.S/ D Bir.S/; thus Aut0.S/ is the unique maximal con-
nected algebraic subgroup. Moreover, Aut0.S/ is an abelian variety of dimension at most 2.

Using Theorem A, we determine the birational classes of S according to the dimen-
sion of Aut0.S/ and obtain the generalization of the above classification for �.S/ � 0 in
positive characteristic.

Corollary C. The pairs .S;Aut0.S//, where S is a relatively minimal surface with �.S/
� 0, are classified as follows:

�.S/ S Aut0.S/
0 Enriques surface Trivial
0 K3 surface Trivial
0 Quasi-hyperelliptic surface Elliptic curve
0 Hyperelliptic surface Elliptic curve
0 Abelian surface Abelian surface
1 Properly elliptic surface Elliptic curve or trivial
2 General type surface Trivial
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If S is an abelian surface, then Aut0.S/ D S acts on itself by translations. Moreover,
Aut0.S/ is an elliptic curve E if and only if S is a contracted product E �G X where E
acts on the first factor, G � E is a finite subgroup scheme and X is a G-normal curve but
not an elliptic curve on which G acts by translations.

Apart from elliptic ruled surfaces, for which we are able to consider explicit quotients
by an arbitrary finite group scheme, we restrict ourselves to the case of quotients by a
diagonalizable finite subgroup scheme G � E. In that case, we can use representation
theory tools and thus exploit the local description given by [11].

In Section 4, we assume that G is diagonalizable. Using techniques developed in [11],
in particular the formula à la Hurwitz for the quotient � WX ! Y , we describe a relation
between the Kodaira dimension of S , the genus of Y and the number of multiple fibers,
as follows.

Proposition D. Under the assumptions of Theorem A, assume moreover that G is diago-
nalizable and infinitesimal. Then �.S/ D 1, i.e., S is a properly elliptic surface, if one of
the following conditions is satisfied:

(1) either g.Y / � 2,

(2) or g.Y / D 1 and there is at least one multiple fiber,

(3) or Y D P1 and there are at least five multiple fibers (four multiple fibers if p � 3,
three multiple fibers if p � 5).

Making use of the dualizing sheaf of the G-normal curve, as well as the Hurwitz
formula for the quotient X ! Y , we compute the irregularity q.S/ and the Euler char-
acteristic �.OS /. Using the notions of G-linearized line bundles and of Albanese variety,
we are able to study the Picard scheme of the surface S ; in particular, we see that it is
smooth and that the Picard rank only depends on the G-normal curve X and on the ellip-
tic curve E. These results are summarized in Theorem B above.

Conventions. We work in the setting of algebraic groups over an algebraically closed
field k of characteristic p > 0: by (algebraic) group we mean a group scheme of finite
type over k, which is not necessarily reduced. If G is an algebraic group, we denote by
X�.G/ its character group, i.e., the group of homomorphisms G ! Gm. By variety, in
particular curve and surface if respectively of dimension 1 and 2, we mean a separated
integral scheme of finite type over k. We assume all of our varieties to be projective,
unless otherwise stated.

2. Preliminaries

2.1. Algebraic group actions

First, let us recall some classical definitions about algebraic group actions. For an algebraic
group G, a G-scheme is a scheme X over k equipped with a G-action

aWG �X ! X; .g; x/ 7! g � x;
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where the morphism a is also defined over k. If the group scheme G is finite, then the
action morphism a is finite and locally free. The G-action is said to be faithful if every
nontrivial subgroup acts nontrivially on X .

The stabilizer StabG of the action is the preimage of the diagonal of the graph mor-
phism

G �X ! X �X; .g; x/ 7! .x; g � x/:

For Y a closed subscheme of a scheme X , we say that Y is G-stable if G � Y D Y , i.e., if
the restriction of a toG � Y factors through Y . WhenG is finite and x 2X.k/, we denote
by StabG.x/ the projection onto G of the fiber of StabG above the point .x; x/, and by
G � x the orbit of x, which is isomorphic to G=StabG.x/ as a scheme.

We have that x is G-stable if and only if it belongs to XG.k/, the set of rational fixed
points. On the other hand, we say that the action is free at x0 2 X.k/ if

StabG.x0/ D 1:

We denote by Xfr the set of free points of X , which is a G-stable open subset of X .
We say that a morphism of G-schemes f WX ! Y is G-equivariant if

f .g � x/ D g � f .x/ on G �X:

Let us recall the following result, which is fundamental in equivariant birational geometry;
see [12, Section 4.2].

Theorem 2.1 (Blanchard’s lemma). Let gW T ! W be a proper morphism of schemes of
finite type such that g�OT DOW . Assume that T is equipped with an action of a connected
algebraic group H . Then there exists a unique H -action on W such that the morphism g

is H -equivariant.

The automorphism group Aut.X/ of a projective variety has a canonical structure of
a reduced (equivalently, smooth) group scheme, locally of finite type over k. With respect
to this structure, we denote as Aut0.X/ its connected component of the identity, which is
an algebraic group. Our focus will not be on the group scheme structure, thus we mainly
consider it simply as an abstract group.

Corollary 2.2. Under the assumptions of Theorem 2.1, the morphism gWT ! W induces
a homomorphism of algebraic groups

g�WAut0.T /! Aut0.W /;

such that for every f 2 Aut0.T /, the following diagram commutes:

T T

W W:

f

g g

g�.f /
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Now assume G to be finite over k and let jGj be its order, which is defined as being
the dimension of O.G/ as a k-vector space. Then G lies in a unique exact sequence

1! G0 ! G ! �0.G/! 1 (2.1)

where G0 is infinitesimal and �0.G/ is a finite and constant group.

Lemma 2.3. Let X be a G-scheme of finite type such that every G-orbit is contained in
an open affine subset. Then there exists a categorical quotient by G,

�WX ! Y ��D X=G;

where Y is a scheme of finite type. The morphism � is finite and surjective, having as
set-theoretic fibers the orbits of G. If in addition the action is free, � is a (left) G-torsor.
Conversely, if the categorical quotient exists and is finite, then X is covered by open affine
G-stable subsets.

The above result is [16, III.2.6.1] and guarantees the existence of quotients in our case:
if X is a G-curve, then the categorical quotient always exists.

Lemma 2.4. Let G be a finite and linearly reductive group. Then the operations of taking
quotients and of taking closed G-stable subschemes commute.

Proof. Let X be a scheme equipped with a G-action and having a quotient by G that we
denote by

� WX ! Y:

Let Z be a G-stable closed subscheme of X . The map j making the diagram below
commute

X Y

Z Z=G

�

j

is well defined; we have to prove that it is a closed immersion.
Since the map � is finite, it follows by Lemma 2.3 that we can cover X by G-stable

affine open subsets and hence assumeX D SpecA to be affine. Let I be the ideal defining
the closed subscheme Z, then we have the following short exact sequence of G-modules

0! I ! A! A=I D O.Z/! 0:

Then one can take invariants, which is exact since G is linearly reductive; this yields

0! IG ! AG D O.Y /
 
−! O.Z/G D O.Z=G/! 0;

where the map  is exactly given by the morphism j . Thus, the latter is a closed immer-
sion.
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2.2. Equivariantly normal curves

We gather here some material onG-normal curves, which can be found in [10]; the notion
of G-normality is introduced in this paper, to deal with the fact that the action of a finite
group scheme on a variety does not lift to the normalization in general.

Definition 2.5 ([10, Definition 4.1]). A G-variety X is said to be G-normal if every finite
birational morphism of G-varieties f WY ! X is an isomorphism.

By [10, Proposition 4.2], every G-variety X admits a G-normalization, i.e., a G-
normal variety X 0 together with a finite, birational, G-equivariant morphism 'WX 0 ! X ,
such that for any finite birational morphism f WZ!X ofG-varieties, there exists a unique
G-morphism  WZ ! X 0 making the following diagram commutative:

X 0

Z X:

'
 

f

By definition, the G-normalization is unique up to unique G-equivariant isomorphism.

Lemma 2.6 ([10, Lemma 4.7 and Corollary 4.8]). Let X be a G-normal variety. Then its
normalization � W zX ! X is bijective and purely inseparable; moreover, the quotient X=G
is normal.

Lemma 2.7 ([10, Corollary 4.14]). For a G-curve X , the following conditions are equiv-
alent:

• X is G-normal;

• the sheaf of ideals 	G�x is invertible for any closed point x 2 X ;

• the sheaf of ideals 	Z is invertible for any closed G-stable subscheme Z.

Moreover, every G-normal curve is a locally of complete intersection.

Definition 2.8. Let T be a right G-torsor and F a G-scheme such that every G-orbit is
contained in an open affine subset. Then the contracted product of T and F is the scheme

T �G F ��D .T � F /=G; where g � .t; x/ D .tg�1; g � x/;

which is equipped with two projections:

T �G F ! T=G; T �G F ! F=G:

The first one is a fibration, i.e., a morphism locally trivial for the fppf topology, with
fiber F .

In particular, in this text we consider the case where G is a subgroup of an algebraic
group G[. For a subgroup K � G, we denote jKj the order of K; in other words, the
dimension as a k-vector space of the corresponding Hopf algebra.
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Proposition 2.9 ([10, Proposition 4.17]). Let G be a subgroup scheme of a smooth con-
nected algebraic group G[. Then the contracted product

S D G[ �G X

exists for any G-curve X . Moreover, the curve X is G-normal if and only if S is smooth.

2.3. Local description in the diagonalizable case

Let us assume the group G to be diagonalizable in this section; the following construction
is due to [11, Section 5]. Let us consider aG-normal curveX ; then to every non-free point
x 2 X.k/ we associate the subgroup

H.x/ ��D StabG.x/ � G;

together with a weight �.x/ of G such that its restriction to H.x/ generates the character
group of H . Moreover, let n.x/ denote the order of H.x/. Then, let

U.x/ ��D Xfr [
®
z 2 X WH.z/ D H.x/ and �.z/ D �.x/

¯
:

In particular, X is the union of all such open G-stable subsets (in higher dimensions, the
equality only holds in codimension one). By [11, Theorem 1], we have the following:
the group H.x/ is cyclic; moreover, on the open G-stable subset U D U.x/, the quotient
morphism factors through

U U=H U=G
'  

where ' is a cyclic cover of degree jH j, and  is a G=H -torsor. A G-normal curve X
is said to be uniform if it can be obtained as the Zariski closure of some U.x/ as above.
Moreover, by [11, Proposition 6.5] we have the following: if the Picard group of Y has
no jGj-torsion, then there is a bijection between uniform G-curves over Y and reduced
effective divisors on Y with class divisible by jGj.

2.4. Picard groups

For a variety X , we denote by Pic.X/ the group of isomorphism classes of line bundles
over X . Let us recall a few facts concerning the Picard scheme of a projective variety;
see [27, Sections 4 and 5].

Definition 2.10. Let B be a locally Noetherian scheme: we consider the relative Picard
functor of a B-scheme Z, is defined as

PicZ=B WT 7! Pic.Z � T /=Pic.T /;

where T is a B-scheme. If the associated sheaf for the fppf topology is representable by
a scheme, we denote it as PicZ=B and call it the (relative) Picard scheme of Z over B . If
B D Spec k, we denote it simply as PicZ and call it the Picard scheme of Z.
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Theorem 2.11. If Z is projective over k, then the Picard scheme exists and it is locally
of finite type. If moreover Z is smooth, then the neutral component Pic0Z of the Picard
scheme is projective.

IfZ D C is a projective curve, then PicC is smooth. If moreover C is of genus at least
1, then there is a natural closed embedding

C ,! Pic1C
x 7! OC .x/:

The above statement can be found in [27, Corollary 4.18.4, Theorem 5.4, Remark 5.26].
We denote as Pic0.X/ the connected component of the identity of the Picard group. The
Néron–Severi group is the quotient NS.X/ ��D Pic.X/=Pic0.X/ and is a finitely generated
abelian group; its rank is called the Picard rank of X and is denoted by �.X/.

Lemma 2.12. Let X be a G-normal curve with G infinitesimal and let � W zX ! X be its
normalization. Then the map

��WPic0X ! Pic0
zX

is surjective, with kernel a unipotent group.

Proof. This is a special case of [32, Lemma 7.5.18], applied to the G-normal curve X ,
for which � is a bijective morphism by Lemma 2.6. The (reduced and projective) curve
with ordinary singularities associated to X is isomorphic to the smooth curve zX . Thus,
the kernel of �� is unipotent of dimension pa.X/ � pa. zX/.

3. Isotrivial elliptic surfaces and their Betti numbers

3.1. Elliptic ruled surfaces

Definition 3.1. Let S be a surface.

(1) We say that S is a geometrically ruled surface if there exists a surjective morphism
� WS ! C to a smooth curve C such that each fiber is isomorphic to P1.

(2) If moreover there exists a morphism S ! D to a smooth curve D such that the
generic fiber is a smooth curve of genus one, we say that S is an elliptic ruled
surface.

For every geometrically ruled surface S , there exists a rank-2 vector bundle E such
that P.E/ D S (see, e.g., [24, V. Proposition 2.2]). Therefore, the fibration � W S ! C is
locally trivial and we say that � is a P1-bundle over C .

A P1-bundle P.E/ admits two disjoint sections if and only if E is decomposable,
i.e., if and only if E is isomorphic to the sum of two line bundles. In that case, we also
say that P.E/ is decomposable; else, it is indecomposable. By [3, Theorem 11], there
exist exactly two indecomposable P1-bundles up to isomorphism over an elliptic curve E,
which we denote by A0 and A1. They are respectively obtained by the projectivization of
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the indecomposable rank-2 vector bundles E2;0 and E2;1, which are of degree zero and
one, and which fit into the short exact sequences

0! OE ! E2;0 ! OE ! 0;

0! OE ! E2;1 ! OE .z/! 0I

where z 2 E, and the isomorphism class of A1 is independent of the choice of z.

Remark 3.2. Elliptic ruled surfaces are classified in [35, Theorem 4]; see also [45, Propo-
sitions 2.10 and 2.15]. A ruled surface � WS ! E over an elliptic curve is an elliptic ruled
surface if and only if S is isomorphic to one of the following:

(1) P.OE ˚L/ for some L 2 Pic.E/ of finite order,

(2) A0,

(3) A1.

Over an algebraically closed field of characteristic 0, the ruled surface A0 is not elliptic.
The ruled surfaces P.OE ˚L/ and A0 are elliptic if and only if the neutral components
of their automorphism groups are anti-affine: see [12, Examples 1.2.3 and 4.2.4]. From
the point of view of birational geometry, this can be understood as follows. The cone of
curves of such a surface is two-dimensional: one extremal ray corresponds to the struc-
tural morphism of the P1-bundle, while the other one corresponds to the contraction of
the numerical class of a minimal section. However, every curve lying in one of these sur-
faces intersects a minimal section of self-intersection zero; see, e.g., the proof of [18,
Lemma 2.14]. This excludes the existence of a contraction from these surfaces to a curve,
other than the two structural rulings.

By the results of [45, Theorem 1.1] (see also Remark 4.4 of loc.cit.), the surfaces
considered in [26, Examples 4.7, 4.8, 4.9] are isomorphic to the elliptic ruled surfaces of
Remark 3.2 (1) and (2).

We recall the constructions of Katsura and Ueno. In case (1), when L is of order p,
the surface is isomorphic to F ��p P1, where F is an elliptic curve such that F=�p D E.
In the next lemma, we recover this construction for any line bundle L of finite order. In
case (2), the surface is isomorphic to F �G P1, with E D F=G and G D Z=pZ or p̨ ,
depending whether the base elliptic curve is ordinary or supersingular.

Lemma 3.3. Let E be an elliptic curve and L 2 Pic.E/ of order n � 2. There exists an
elliptic curve F and an action of �n on F � P1 such that

P.OE ˚L/ D F ��n P1 and E D F=�n:

Proof. Since Pic0.E/ D E admits an element of order n � 2, either E is ordinary or p
does not divide n. This implies thatEŒn�D .Z=nZ/��n, where the constant cyclic group
of order n is generated by L. We set F D E=.Z=nZ/, which is also an elliptic curve; by
construction the following is exact:

0! Z=nZ D hLi ,! E D Pic0.E/! F D Pic0.F /! 0:
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By duality, this yields a short exact sequence

0! �n ! F
�
! E ! 0:

Next, let us consider the following commutative diagram:

1 Gm GL2 PGL2 1

1 Gm f�n �n 1;

where f�n denotes the preimage of �n in GL2 and acts diagonally on F � P1 via �n.
Write nDmpr withm and p coprime. Then �n D�m ��pr and the restriction of f�n

above �m is a central extension H of �m by Gm. By [16, III, Section 6, Corollaire 4.4],
such extensions are classified by

Ext1.�m;Gm/ D Ext1.Z=mZ;Gm/ D k
�=k�

m
D 0;

since k is algebraically closed and m is coprime to p. Hence H D �m � Gm and f�n is
an extension of the infinitesimal group �pr by H . By [16, IV, Section 1, Proposition 4.5],
such extensions are classified by

Ext1.�pr ;H/ D 0I

thus f�n D �n �Gm. In particular, the group f�n is diagonalizable as well.
Without loss of generality, the embedding of f�n into GL2 can be see as a faithful

action of f�n on the two-dimensional vector space k0 ˚ k˛ . With this notation, we mean
that the action is trivial on the first copy of k, while the second factor is acted on via the
character ˛Wf�n ! Gm. The line bundle L is then isomorphic to F �e�n k˛ , where the
structural morphism is identified with the projection on F=f�n D E. This implies that

P.OF ˚L/ D F �e�n P1.k0 ˚ k˛/ D F ��n P1.k0 ˚ k˛/

and we are done.

Going back to the Atiyah surface A1, by Theorem 2.1, the structural morphism

� W A1 ! E

induces a morphism of connected algebraic groups

��WAut0.A1/! Aut0.E/ D E;

which is surjective and has a finite kernel by [35, Theorems 2 and 3]. This implies that
Aut0.A1/ is isomorphic to an elliptic curve F ; so by [10, Proposition 5.6], there exist a
finite subgroup scheme G � F and a G-normal curve Y such that A1 is isomorphic to the
contracted product F �G Y .
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If p ¤ 2, then the two torsion subgroup EŒ2� � E is isomorphic to .Z=2Z/2 and A1 is
isomorphic to the contracted product

E �EŒ2� P1;

where EŒ2� acts on P1 via z 7! ˙z˙1: see, e.g., [17, Section 3.3.3].
To the extent of our knowledge, there is no description in the literature of A1 as a

contracted product when p D 2. In that case, the two torsion subgroup scheme EŒ2� is
not constant. If E is an ordinary elliptic curve, then EŒ2� D Z=2Z � �2. Else E is a
supersingular elliptic curve and EŒ2� is an infinitesimal group scheme which is a non-
trivial extension of ˛2 by itself (an explicit description is given in [21, Lemma 4.2]).

Lemma 3.4. Let E be an elliptic curve. Assume p ¤ 2, or p D 2 and E is ordinary. Then
EŒ2� acts faithfully on P1 via the embedding

Z=2Z � �2 ! PGL2

t 2 �2 7!

�
t 0

0 1

�
1 2 Z=2Z 7!

�
0 1

1 0

�
:

This induces a diagonal action of EŒ2� on E � P1 and the contracted product E �EŒ2� P1

is isomorphic to the ruled surface A1.

Proof. In PGL2, the following equalities hold:�
t 0

0 1

��
0 1

1 0

�
D

�
0 t

1 0

�
D

�
0 1

t 0

�
D

�
0 1

1 0

��
t 0

0 1

�
;

as t 2 �2. This yields the embedding of EŒ2� in PGL2 given in the statement, and hence
an action of EŒ2� on P1. We obtain the following cartesian square:

E � P1 E �EŒ2� P1

E E=EŒ2�;

q

p1 Qp

�

where p1 denotes the projection on the first factor, Qp the projection onto the first factor
modulo EŒ2�, while q and � are the quotient maps by EŒ2�.

Now we claim that E �EŒ2� P1 is isomorphic to A1. First, assume by contradiction
that Qp admits two disjoint sections �1 and �2. Then their pullbacks ���1 and ���2 are
disjoint sections of the trivial P1-bundle p1; moreover, they are given by precomposition
by � ; hence, they are EŒ2�-invariant constant sections of the trivial bundle p1. As the
group EŒ2� acts on P1 without fixed point, the constant sections of p1 are not obtained by
pulling back sections of Qp. Hence we get a contradiction, which shows that the P1-bundle
Qp is indecomposable.
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Moreover, the P1-bundle Qp has no section of self-intersection zero (this may be seen
using the formula in [14, Proposition 1.10]). In particular, the P1-bundle Qp is not isomor-
phic to A0 ! E, as the latter admits a unique minimal section of self-intersection zero:
see, e.g., [17, Proposition 2.21].

Remark 3.5. Replacing the two-torsion subgroup scheme by its reduced structure in the
proof above does not give the ruled surface A1. Instead, this construction is similar to [26,
Example 4.7] and we obtain the ruled surface A0 over an ordinary elliptic curveE. Indeed,
set F ��D E=�2. Then the reduced component of the two torsion subgroup F Œ2�red D

Z=2Z acts on P1 via z 7! z˙1. Also, by duality,E D F=F Œ2�red. This yields the following
cartesian square

F � P1 F �F Œ2�red P1

F E ��D F=F Œ2�red:

q

pF pE

h

Since the trivial P1-bundle pF admits a unique .Z=2Z/-invariant constant section, we
obtain by the projection formula that pE has a unique minimal section of self-intersection
zero; see, e.g., [14, Proposition 1.10]. Therefore, pE is an indecomposable P1-bundle
isomorphic to A0 or A1, but the minimal sections of the ruled surfaces A0 and A1 have
respectively self-intersection zero and one (see, e.g., [17, Propositions 2.18 and 2.21]);
thus,

F �F Œ2�red P1 D A0:

In the following computation, the parameter t 2 EŒ2� is intended in a functorial sense:
for a k-algebra R, we consider t 2 EŒ2�.R/.

Lemma 3.6. Assume pD 2 and letE be a supersingular elliptic curve. Then the subgroup
scheme EŒ2� is a nontrivial extension of ˛2 by itself. Moreover, EŒ2� acts faithfully on P1

via the embedding

EŒ2�! PGL2

t 7!

�
1 t2

t 1C t3

�
:

This induces a diagonal action ofEŒ2� onE � P1, and the contracted productE �EŒ2� P1

is isomorphic to the ruled surface A1.

Remark 3.7. The morphism in the statement above, since we are dealing with infinites-
imal group schemes, needs an additional argument to be well-defined: if R is a finitely
generated k-algebra, then PGL2.R/ is not isomorphic to the quotient GL2.R/=R�; how-
ever, the natural short exact sequence describing PGL2 as a quotient of GL2 by Gm implies
there is an inclusion of GL2.R/=R� into PGL2.R/.
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The ideas of the proof below come from [20, Example 5.11] and [21]. We write here a
less technical description which avoids the formalism of Hopf algebras, suggested as well
by Gouthier and Tossici. Lemma 3.6 is due to them and is also partially contained in the
PhD thesis of Gouthier.

Proof of Lemma 3.6. Since the 2-torsion group EŒ2� is a subscheme of E of length four
with reduced subscheme a point, so it is isomorphic to

Spec
�
kŒt �=t4

�
as a scheme. By [16, III, Section 6, Corollary 7] applied to the case of an algebraically
closed base field k, there are exactly four isomorphism classes of commutative unipotent
infinitesimal groups obtained as extensions of ˛2 by itself, corresponding to the cases
.0; 0/, .1; 0/, .0; 1/ and .1; 1/ in the statement of the Corollary. In particular, these corre-
spond to ˛2 � ˛2, to ˛4, to

ker.F WW2 ! W2/ (3.1)

and finally to a fourth group which we do not need in this context. Concerning notation,
W2 denotes the ring scheme of Witt vectors of length two over k, while F is the Frobenius
homomorphism. Next, let us consider

G D ker.F � V WW2 ! W2/ D Spec
�
kŒT0; T1�=.T

2
0 ; T

2
1 � T0/

�
;

where V is the Verschiebung homomorphism. In particular, the group law is given by the
one on W2, namely

.t0; t1/� .s0; s1/ D .t0 C s0; t1 C s1 C t0s0/:

Both the groupG andEŒ2� are nontrivial extensions of ˛2 by itself. Moreover, they cannot
be isomorphic to ˛4 nor to the Frobenius kernel (3.1), since the Verschiebung morphism
of these latter groups is trivial, while the one of G and of EŒ2� are not. Hence, both are
isomorphic to the fourth group, and in particular EŒ2� D G.

Since in EŒ2� we have the equality t0 D t21 , we can just work with the second coordi-
nate and simply call it t D t1. Thus, the group scheme structure is as follows:

EŒ2� ' Spec
�
kŒt �=t4

�
; t � s D t C s C t2s2:

We can verify that the embedding into PGL2 given in the statement respects this group
law. On one hand, we have

t � s 7!
�

1 t2 C s2

t C s C t2s2 1C t3 C st2 C s2t C s3

�
: (3.2)

On the other hand,�
1 t2

t 1C t3

��
1 s2

s 1C s3

�
D

�
1C t2s s2 C t2 C t2s3

t C s C st3 ts2 C 1C t3 C s3 C t3s3

�
:
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Since we are in PGL2, we can multiply the last matrix by the nonzero scalar 1 C t2s.
Using the fact that t4 D s4 D 0, we get exactly the same thing as in (3.2).

Therefore, the subgroup schemeEŒ2�� E acts diagonally on the productE � P1, and
as in the proof of Lemma 3.4, we obtain the following commutative square:

E � P1 E �EŒ2� P1

E E=EŒ2�:

q

p1 Qp

�

Since the action of EŒ2� on P1 has no fixed point, it follows that the constant sections
of p1 are not obtained by pulling back sections of Qp. Thus there is no section of Qp of
self-intersection zero, and this implies once more that E �EŒ2� P1 D A1.

Remark 3.8. The constructions of Lemmas 3.4 and 3.6 give an explicit embedding of
EŒ2� into PGL2. An alternative argument for the existence of such embedding is the fol-
lowing: EŒ2� commutes with the sign involution � on E, so EŒ2� acts faithfully on the
quotient E=� D P1.

The following proposition seems to be a folklore result, known by the experts of sur-
faces in positive characteristic, but we cannot locate any reference.

Proposition 3.9. Let S be a ruled surface. Then S is elliptic if and only if there exist
an elliptic curve F and a finite subgroup scheme G � F such that S D F �G P1. In
particular, S is equipped with a faithful action of the elliptic curve F .

Proof. By Remark 3.2, S is elliptic if and only if S is isomorphic to P.OE ˚ L/ with
L 2 Pic0.E/ n ¹OE º of finite order, or A0 or A1. Each of these surfaces can be expressed
in the form of a contracted product as in the statement, by [26, Examples 4.7 and 4.9] (see
also Remark 3.2) for the case S D A0, and Lemmas 3.3, 3.4 and 3.6 for the remaining
cases.

3.2. Strongly isotrivial elliptic fibrations

Let S be a smooth projective surface and Y be a smooth projective curve with generic
point �.

Definition 3.10. A morphism
f WS ! Y

is a strongly isotrivial elliptic fibration if there exists an elliptic curve E over k such that

.Pic0S=Y /� D E �Speck Spec k.Y /:

In particular, such fibration is automatically an elliptic fibration, i.e., the generic fiber
is a torsor under an elliptic curve.

We would like to work with a regular action of an elliptic curve on this family of
surfaces; it turns out that it is enough to assume minimality in order to have one.
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Lemma 3.11. Let S as above be relatively minimal. Then the action of E on the generic
fiber of S induces a regular faithful action of E on S .

Proof. If �.S/ < 0, the statement follows from Proposition 3.9. From now on, assume that
�.S/ � 0. Then Pic0S�=� is an elliptic curve over � and it comes equipped with a natural
action on

S�
�
−! Pic1S�=�:

By the hypothesis on f , there is an elliptic curve E (over k) such that

Pic0S�=� D E �Speck Spec k.�/:

Thus we can reformulate the above by saying that the curve E� acts on S�; by the asso-
ciativity of the fiber product, this yields a morphism

E �Speck S� ! S�: (3.3)

The last map is an action of E of S�: indeed, E� acts on S� , and all the isomorphisms
considered just above commute with taking products. Next, let us show that this action
extends to a non-empty open subset of S . Let � be the graph of (3.3) inside ofE � S � S ;
then we have the following commutative diagram, where prY is the composition of the
projection on S and the fibration f .

� E � S � S

Y E � S

� prE�S

prY

By construction, � is an isomorphism over E � S�; hence there exists an open subset

E � S � U � E � S�

such that � defines an isomorphism over U (namely, the open subset U on which the
birational inverse of � is defined). Let Z ��D .E � S/ n U ; then as underlying sets:

jZj � j.E � S/ n .E � S�/j:

Therefore, prY .Z/ � Y does not contain the generic point �; hence, it must coincide with
a finite subset W of Y . The open subset U then contains E � f �1.Y nW /; hence there
is a well-defined morphism

˛WE � f �1.Y nW /! S

i.e., a rational E-action on S . Composing ˛ with f yields an E-invariant morphism;
hence, there is a unique factorization through Y nW . Thus, E acts on f �1.Y nW /.

By the Weil regularization theorem, there exists a birational model T of S on which
E acts regularly. By [9, Corollary 3], we may assume that T is normal and projective.
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Replacing by its desingularization, which is obtained by successive blowups of the singu-
lar points and normalizations (see [31, Remark B p. 155]), we may furthermore assume
that T is smooth. Contracting successively the .�1/-curves, we arrive to a relatively min-
imal surface equipped with a regular action of E. Since �.S/ � 0 and S is relatively
minimal, it follows that the obtained surface is isomorphic to S itself; hence, the action of
E on the non-empty open subset f �1.Y nW / extends to the whole surface S , and we are
done.

Thanks to Lemma 3.11, from now on we can (and we do) place ourselves in the follow-
ing setting: let E be an elliptic curve, acting faithfully on a smooth projective surface S .
As illustrated in [10, Section 5], there exist a finite subgroup scheme G � E and a G-
normal curve X such that

S D E �G X;

where the isomorphism is E-equivariant.

Remark 3.12. Let us fix the following notation for the maps involving S .

E �X S E=G

X Y ��D X=G

prX

q

f

h

�

The quotient morphism q is a G-torsor, hence it is a finite morphism. The map h is a
surjective morphism locally trivial for the fppf topology, with fiber X , and whose target
is an elliptic curve isogenous to E. The morphism � is the quotient by the group G, it
restricts to a G-torsor

Xfr ! Yfr

over the largest open G-stable subset Xfr on which G acts freely, and Yfr is open in Y .
As noticed in the proof of [10, Proposition 5.6], the G-action is generically free (which is
not automatically implied by faithfulness of the action, since we are dealing with group
schemes) so thatXfr is non-empty. Finally, the map f is the categorical quotient byE; it is
an elliptic fibration with fiber E over Yfr, while on the complement it might have multiple
fibers; we describe these fibers in Proposition 4.3 below.

Remark 3.13. A crucial point to notice is that the elliptic fibration f W S ! Y does not
admit a section in general. Let us assume such a section � exists, then it defines a map
�WE � Y ! S , defined by the action of E and by � . Since the action of E is generically
free, i.e., it is free at the generic point �, the restriction E � �! S� is an isomorphism.
Thus, the morphism � is a birational morphism and decomposes as a product of contrac-
tions of .�1/-curves. The surfaces E � Y and S being minimal, this implies that � is an
isomorphism between S and E � Y , which is in general not the case.
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Let us now prove a kind of a converse implication to Lemma 3.11.

Lemma 3.14. Assumption as above. Then any curve on S has non-negative self-intersec-
tion; in particular, S is minimal.

Proof. Let us assume that the surface S is not minimal and let us consider a .�1/-curve
C and the morphism

gWS ! S 0

obtained by contracting C to a point s. By Theorem 2.1 applied to the E-action, the curve
C must be E-stable, hence

StabE .s/ D E:

However, the stabilizer of a point (for a faithful action of an algebraic group) must be a
linear subgroup, hence we get a contradiction.

Let us also mention that such surfaces S have few rational curves. Indeed, either X is
rational, in which case the rational curves are exactly the fibers of h, or X is not rational,
which implies that S does not contain any rational curve.

Proposition 3.15. Let S be a smooth projective surface. The following are equivalent:

(1) There exists an elliptic curve E acting faithfully on S ,

(2) There exist an elliptic curve E, a finite subgroup scheme G � E and a G-normal
curve X such that S D E �G X ,

(3) The surface S is relatively minimal and is equipped with a strongly isotrivial ellip-
tic fibration S ! Y .

Proof. (1) implies (2) is proven in [10, Proposition 5.6]; and conversely, the elliptic curve
E acts on the first coordinate of the contracted product of E �G X . The equivalence with
(3) follows from Lemma 3.11.

3.3. Betti numbers

We now compute the Betti numbers of the elliptic surface S . Let l be a prime number
distinct from p. As in [30, Section 3.2], we define the i -th Betti number of S as

bi .S/ ��D dimH i
ét.S;Ql /;

which is independent of the choice of l . It is useful to fix the following notation for a
scheme X :

H r
ét.X;Ql / D

�
lim
 −

H r
ét.X;Z=l

nZ/
�
˝Zl Ql D H

r
ét.X;Zl /˝Ql :

Let us recall a few results of étale cohomology which we are going to need in our com-
putation below. The first one is a rather fundamental property, which turns out useful
when dealing with infinitesimal group schemes. It is the topological invariance of étale
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cohomology [44, Proposition 03SI]: let j WZ ! X be a universal homeomorphism (for
example, the closed immersion defined by a nilpotent sheaf of ideals) and let F be an
abelian sheaf on X . Then

H r
ét.X;F / D H

r
ét.Z; j

�F / for all r: (3.4)

The second one is an application of the proper base change theorem stated in [44,
Lemma 0DDF]: let f WX ! S be a proper morphism of schemes, and let s be a geometric
point of S . Then for any torsion abelian sheaf F on Xét we have

.Rif�F /s D H
i
ét.Xs;Fs/ for all i: (3.5)

Let us first clarify what we mean by a G-action on the étale cohomology with coeffi-
cients in Ql . If G is a constant group, one can look at [22, Chapter 5]. By dévissage, it is
enough to define such an action for an infinitesimal group scheme, as follows.

Lemma 3.16. Let G a finite group scheme acting on a variety T . Then every étale map
U ! T has a G-equivariant refinement U 0 ! U ! T .

Proof. Since the field k is algebraically closed, there is a semidirect product decomposi-
tion G ' �0.G/ ËG0. Let f W U ! T be an étale morphism. By the infinitesimal lifting
property [19, Remark 18.4 (3)], the map f 0 W G0�U!U , .g0; u/ 7!g0 � f .u/ lifts to U :

U U

G0 � U T:

id

f

f0

By uniqueness of the lifting, this is an action of G0 on U . We extend this to an action of
G on U 0 ��D �0.G/ � U as follows. Let f 0 W U 0 ! T be defined by f 0.h; u/ D h � f .u/.
The formula

.h; k/ � .g; u/ D .hg; g�1kg � u/ for all .h; k/ 2 �0.G/ ËG0

defines a G-action on U 0 such that the map f 0 is G-equivariant. Moreover, one checks
that this action does not depend on the initial choice of a splitting.

Corollary 3.17. Let G a finite group scheme acting on a quasi-projective variety. Then
there is a natural action of G on H i

ét.T;Ql / for all i � 0. Moreover, the corresponding
G0-action is trivial.

Proof. It suffices to define a natural G-action on the groups H i
ét.T; F /, where F WD

Z=lnZ, for all n and i ; then the desired G-action is obtained by taking the inverse limit.
Since T is by assumption quasi-projective, by [37, Chapter III, Theorem 2.17], the étale
cohomology groups can be computed using Čech cohomology LH �.T;F /. By construc-
tion, the latter is defined as being the inverse limit of the Čech cohomologies LH i .U;F /,

https://stacks.math.columbia.edu/tag/03SI
https://stacks.math.columbia.edu/tag/0DDF
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where U D .Ui ! T /i ranges among all the étale covers of T . It is enough to restrict
to equivariant étale covers, because by Lemma 3.16 they form a cofinal system. Each
component of the Čech complex Cj .U;F / is now equipped with a canonical action of
G coming from the action on T . It follows that the same holds for LH i .U;F /, and we
obtain our action. Notice that, by construction, such a G-action is functorial with respect
toG-equivariant morphisms of quasi-projective varieties. We can apply this to the quotient
T ! T=G0, which is equivariant and whose G0-action on the target is trivial. Moreover,
this map is a universal homeomorphism; hence, it induces an isomorphism in étale coho-
mology as in (3.4), so this way

H i
ét.T;Ql / D H

i
ét.T=G

0;Ql /

is equipped with the trivial G0-action.

Lemma 3.18. Let G be a finite constant group acting on a variety T and let � W T ! S

be the quotient by G. Assume that S exists in the category of schemes. Then

H r
ét.S;Ql / D H

r
ét.T;Ql /

G for all r:

Proof. Let s be a geometric point of S . The fiber Ts above s is finite; hence, it has coho-
mological dimension 0 by [36, Chapter VI, Theorem 1.1], i.e.,

H i
ét.Ts;Z=l

nZ/ D 0 for all i > 0:

The above vanishing, together with the equality (3.5), guarantees that the Leray spectral
sequence

E
p;q
2 D H

p
ét .S;R

q��Z=lnZ/) H
pCq
ét .T;Z=lnZ/

degenerates at the page E2. Next, taking the inverse limits to Zl and tensoring by Ql , we
obtain

H r
ét.T;Ql / D H

r
ét.S; ��Ql / for all r:

Finally, an explicit computation yields that Ql ' .��Ql /
G . Hence, by takingG-invari-

ants on both sides, since the G-action on S is trivial, we get the desired equality.

As a consequence of the above computations, we get the following result, which
implies that the Betti numbers of S are the same as those of E � Y .

Corollary 3.19. LetG be any finite group scheme acting on a variety T and let � WT ! S

be the quotient by G. Assume that S exists in the category of schemes. Then

H r
ét.S;Ql / D H

r
ét.T;Ql /

G for all r:

Proof. Thanks to the connected-étale exact sequence of G recalled in (2.1), we have a
factorization

� WT
'
−! U

 
−! S;
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where ' and are respectively the quotient byG0 and by �0.G/. Thus, it suffices to apply
Lemma 3.18 to the morphism  and then Corollary 3.17 to the morphism ' in order to
get isomorphisms

H r
ét.S;Ql / D H

r
ét.U;Ql /

�0.G/ D H r
ét.U;Ql /

G
D H r

ét.T;Ql /
G ;

and we conclude.

Lemma 3.20. Let Y be a smooth projective curve over k. There exists a smooth complex
projective curve Y0 such that

H i
ét.Y;Ql / D H

i
sing.Y0;Ql / for all i;

where H i
sing denotes the singular cohomology. In particular, g.Y / D g.Y0/.

Proof. Let A ��D W.k/ be the ring of Witt vectors. In particular, A is a discrete valuation
ring of characteristic 0 with residue field k. Let s be the closed point of SpecA; by [23,
Exposé III, Théorème 7.3], there exists a smooth proper morphism Y ! SpecA such that
Ys D Y , and the fiber Y� above the generic point � is a smooth projective curve Y0 over
FracA. By the Lefschetz principle, Y0 is defined over a subfield k0 � FracA, which can
be embedded in C. So now we can assume that Y0 is a complex smooth projective curve.
Next, by [36, VI, Corollary 4.2], it follows that

H i
ét.Y;Ql / D H

i
ét.Y0;Ql /:

Since Y0 is complex, the comparison theorem – see [1, Theorem 2] – gives that

H i
ét.Y0;Ql / D H

i
sing.Y0;Ql /:

Proposition 3.21. Let S D E �G X with G any finite subgroup scheme of E and X a
G-normal curve. Then the Betti numbers of S are as follows:

b1.S/ D 2C 2g.Y / and b2.S/ D 2C 4g.Y /:

Proof. Thanks to Corollary 3.19 applied to the map q, in order to compute the étale coho-
mology of S it is enough to compute the G-invariant part of the étale cohomology of
E � X . More precisely, we aim to compute the dimensions of H i

ét.E � X;Ql /
G . Let us

start by the computation of b1: by Künneth’s formula, together with the fact that both E
and X are connected,

H 1
ét.E �X;Ql /

G
D H 1

ét.E;Ql /
G
˚H 1

ét.X;Ql /
G :

Let us consider the first term on the right-hand side: by applying Lemma 3.20 to the
smooth curve F ��D E=G, there exists a smooth elliptic curve F0 over C such that

H 1
ét.E;Ql /

G
D H 1

ét.F;Ql / D H
1
sing.F0;Ql / ' H1;sing.F0;Ql /

_; (3.6)
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where the last isomorphism comes from Poincaré duality. The latter has dimension 2,
because F0 is a complex elliptic curve hence topologically it is a complex torus. Moving
on to the second term, let us apply Corollary 3.19 to the morphism � WX ! Y and then
apply Lemma 3.20 to the smooth curve Y . This yields that there is a smooth curve Y0
over C, with same genus as Y , such that

H 1
ét.X;Ql /

G
D H 1

ét.Y;Ql / D H
1
sing.Y0;Ql / ' H1;sing.Y0;Ql /

_: (3.7)

The last term, for the same reason as for the elliptic curve above, has dimension 2g.Y /.
Thus, we get the desired value for the first Betti number.

Moving on to b2.S/, the Künneth’s formula together with Corollary 3.19 applied to
the quotient morphism � yields

H 2
ét.E �X;Ql /

G
D H 2

ét.Y;Ql /˚
�
H 1

ét.F;Ql /˝H
1
ét.Y;Ql /

�
˚H 2

ét.F;Ql /:

Concerning the middle term, taking G-invariants commutes with the tensor product due
to the fact that G � E acts on E by translations and that E is connected, and hence the
G-action on H 1

ét.E;Ql / is trivial. Thanks to Poincaré duality, together with the isomor-
phisms (3.7) and (3.6), computing dimensions yields

b2.S/ D b2.E �X/
G
D b0.Y /C b1.F0/b1.Y0/C b0.F / D 2C 4g.Y /

and we are done.

3.4. Dualizing sheaf and Kodaira dimension

Let Y be a locally Noetherian scheme and let gWX ! Y be a quasi-projective morphism
which is a locally of complete intersection, i.e., which factors through a scheme Z into a
regular embedding i followed by a smooth morphism. Then the canonical sheaf of g is
defined as

!X=Y WD det.CX=Z/_ ˝ i�.det�1Z=Y /;

where C is the conormal sheaf. If Y is a smooth variety of dimension d over k, its canon-
ical sheaf can just be defined as being the sheaf of regular d -forms.

Since in our context we deal with non-smooth G-curves, it is convenient to use the
following object, which plays the analogous role of the canonical sheaf and generalizes it.
The r-th dualizing sheaf of a proper morphism gWX ! Y , with fibers of dimension � r ,
is a quasi-coherent sheaf !g , equipped with a canonical isomorphism

g� HomOX .F ; !g/ ' HomOY .R
rg�F ;OY /;

for all quasi-coherent OX -modules F ; for more details on this topic, see [32, Section 6.4].
When it is defined, we denote as !T the dualizing sheaf of the structure morphism

T=k, which in particular is the same as the canonical sheaf when T is smooth. The dual-
izing sheaf satisfies the following adjunction formula: for gWX ! Y a flat projective l.c.i.
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morphism of pure relative dimension r , the r-th dualizing sheaf !g is isomorphic to the
canonical sheaf !X=Y . Moreover, for Y ! Z flat, projective, of pure relative dimension r
and l.c.i., we have

!X=Z D !X=Y ˝ g
�!Y=Z : (3.8)

Remark 3.22. The following results on the dualizing sheaf can be found in [32, Sec-
tion 6] (see, e.g., Corollary 4.29 and Theorem 4.32) or in [24, III. Section 7] (see, e.g.,
Proposition 7.5, Theorem 7.6 and Corollary 7.7). For every projective variety, the dual-
izing sheaf exists. As a direct consequence of the fact that every G-normal curve X is
locally of complete intersection, see Lemma 2.7, the dualizing sheaf !X is invertible. Its
degree is defined as the integer

deg.!X / ��D �.!X / � �.OX /:

Moreover,X is Cohen–Macaulay; hence,we have the Serre dualityonX (see [24, III.Corol-
lary 7.7]); i.e., for any locally free sheaf F on X :

H1.X;F / ' H0.X;F _ ˝ !X /_:

The morphism � being flat and l.c.i., the relative dualizing sheaf of � is isomorphic
to the relative canonical sheaf !X=Y ; in particular, it is equipped with a G-linearization
(see [11, Section 7]). This implies that the dualizing sheaf !X is equipped with natural
G-action, which extends the G-action on the canonical sheaf on the smooth locus of X .

Lemma 3.23. Let S be the surface as in Remark 3.12. Then the canonical sheaf is
described in terms of the dualizing sheaf of X as follows:

!S D .q�/
GprX

�!X :

Proof. By [11, Lemma 7.1], we have that the relative canonical sheaf of q is trivial. Hence,

q�!S D !E�X D prE
�.!E /˝ prX

�.!X / D prX
�.!X /:

Taking the push-forward via q� and taking G-invariants then yields

!S D .q�/
Gq�!S D .q�/

GprX
�.!X /

and we are done.

The guiding idea of this section is to show that the Kodaira dimension of S should be
the same as the one of X ; since X is non-smooth in general we need to make use of the
notion of dualizing sheaf. If H 0.X; L/ ¤ 0, we denote by ˆjLjWXÜ PN the rational
map induced by L.

Definition 3.24. Let L be a line bundle on X and

N.L/ ��D
®
n � 1; H 0.X;Ln/ ¤ 0

¯
:
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The Iitaka dimension �.X; L/ of L on X is defined as �1 if N.L/ D ;, else as the
quantity

max
n2N.L/

�
dimˆjnLj.X/

�
:

If moreover X is smooth, then the canonical sheaf !X on X exists and the Kodaira
dimension of X is the Iitaka dimension of !X , which provides a birational invariant for
smooth varieties. For a G-normal curve X , we denote as

�0.X/ ��D �.X; !X /

the Iitaka dimension of its dualizing sheaf, which is well defined thanks to Remark 3.22.
This notion coincides with the classical one of Kodaira dimension when X is smooth, but
it can be different when X is not a normal curve; see e.g. [13, Example 2.9].

Lemma 3.25. The canonical ring

R.S; !S / ��D

1M
nD0

H 0.S; !nS /

is a finitely generated k-algebra, isomorphic to the G-invariant part of R.X; !X /. More-
over, the equality �.S/ D �0.X/ holds.

Proof. As noticed in the proof of Lemma 3.23, we have the equality q�!S D pr�X!X .
Taking on both sides the n-th tensor powers, then the direct image q� and using that q is a
G-torsor, we obtain that

!nS D q�
�
pr�X .!X /

n
�G
:

Finally, by taking the global sections, we get:

H 0.S; !nS / D H
0
�
E �X; pr�X .!

n
X /
�G
D H 0.X; !nX /

G ; for all n: (3.9)

The ring of sections R.X; !X / of the dualizing sheaf is a finitely generated k-algebra,
because X is a projective curve; moreover, it is integral over

R.S; !S / D R.X;!X /
G
� R.X;!X /:

Thus, we can conclude that R.S; !S / is also finitely generated, and that the two Iitaka
dimensions coincide.

3.5. Proofs of Theorem A and Corollary C

Proof of Theorem A. By Lemmas 3.14 and 3.25, S is a relatively minimal surface such
that �.S/ D �0.X/. The computations of the Betti numbers of S are given in Proposi-
tion 3.21.

Next we prove the table of classification. Assume �.S/ D �1. The surface S is not
isomorphic to the projective plane, so S is equipped with a structure of P1-bundle and
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has Picard rank two. Since the morphism f W S ! Y has general fiber E, the structural
morphism of P1-bundle is the fibration hWS !E=G. HenceX D P1, this implies Y D P1

and we deduce the invariants of S . Conversely, if X D P1, then h is a P1-bundle over the
elliptic curve E=G, which is isogenous to E, so �.S/ D �1.

Assume now that �.S/ D 0. Then X is a curve with arithmetic genus

pa.X/ � �
0.X/C 1 D 1;

where �0.X/ is the Iitaka dimension of the dualizing sheaf on X . Now notice that the
morphism X ! Y factorizes through the quotient X ! X=G0 and X=G0 is a smooth
curve with geometric genus g.X=G0/ D g.X/ (see [10, Corollary 4.8 and Remark 5.2]).
This implies that

g.Y / D pa.Y / � g.X/ � pa.X/;

where the second inequality follows from [24, IV. Exercise 1.8].
Therefore, Y DP1 or an elliptic curve, and pa.X/2 ¹0;1º. If pa.X/D 0, thenX DP1

as X is an irreducible curve (see again [24, IV. Exercise 1.8]). Then h is again a P1-
bundle, which contradicts that �.S/ D 0. Hence pa.X/ D 1, so X is either an elliptic
curve, or a rational curve with a cusp or a node (again by [24, IV. Exercise 1.8]). By [10,
Corollary 4.6], the latter case is prohibited because G-normal curves admit only cusps as
singularities. It suffices to see that the cases where X is a rational curve with a cusp or an
elliptic curve correspond to the surfaces of Kodaira dimension zero.

Now, ifX is a rational curve with a cusp, then Y D P1, so q.S/D 1, b1.S/D b2.S/D
2, and S is a quasi-hyperelliptic surface: see [8, Proposition, p. 26]. If X is an elliptic
curve, then we distinguish two cases: either G acts by translations on X , in which case Y
is an elliptic curve and S is an abelian surface; or G acts on X not only by translations,
Y D P1 and S is a hyperelliptic surface: see [8, Theorem 4]. This proves that if S is a
properly elliptic surface, then X is a G-normal curve which was not considered above
(i.e., X is not isomorphic to P1, a rational curve with a cusp or an elliptic curve); and any
of these G-normal curves gives rise to a surface of Kodaira dimension one.

Proof of Corollary C. By [17, Proposition 3.24], Aut0.S/ is an abelian variety; and if
S is an abelian surface, then Aut0.S/ D S acts on itself by translations. To extend the
classification of pairs .S;Aut0.S// in positive characteristic, where S is relatively minimal
with �.S/� 0, it suffices to determine the surfaces S for which Aut0.S/ is an elliptic curve
(see [17, Remark 3.26]). Such surfaces are isomorphic to a contracted product E �G X ,
where E is an elliptic curve, G � E a finite subgroup scheme and X a G-normal curve.

Assume that Aut0.S/ is an elliptic curve. By Theorem A, if �.S/ D 0, then S is a
quasi-hyperelliptic surface or a hyperelliptic surface. Conversely, every quasi-hyperelliptic
and hyperelliptic surface is a contracted product S D E �G X equipped with a faithful
action of E D Aut0.S/. If �.S/ D 1, then Aut0.S/ is an elliptic curve if and only if S is
also a contracted product of that form. Finally, in all remaining cases from the classifica-
tion of surfaces, we obtain that Aut0.S/ is trivial.
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4. The diagonalizable case: on the multiple fibers and the Picard
scheme

From now on, we keep the notation of Remark 3.12, and assume moreover the group G
to be a finite diagonalizable subgroup scheme of E, unless explicitly stated otherwise.
Under this assumption, the elliptic fibration f satisfies the following: all multiple fibers
are tame, and we have a Hurwitz formula for the G-normal curve X .

4.1. Multiplicity of fibers

Let us keep the notation of the diagram in Remark 3.12 and denote as

f �1.y/ D m.y/ � f �1.y/red;

the schematic fiber over the point y 2 Y , seen as a divisor in S , withm.y/ its multiplicity.
We assume in this part that E is ordinary, so thatG is a finite diagonalizable group. Let us
recall that we denote as H.x/ the stabilizer of the action at the point x 2 X and as n.x/
its order.

We distinguish two types of multiple fibers for (quasi)-elliptic surfaces.

Definition 4.1 ([8, Section 1]). A fiber above y 2 Y is called a wild fiber if

dimk O
�
f �1.y/

�
� 2:

Otherwise, it is called a tame fiber.

In order to study multiple fibers, it is useful to look at the quotient map

� WX ! Y D X=G:

Lemma 4.2. Let us keep the above assumptions and let G be a finite diagonalizable
group. Then R1f�OS D OY .

Proof. By definition OS D .q�/
GOE�X . Since G is diagonalizable and q� exact,

R1f�.OS / D R
1f�.q�/

GOE�X D
�
R1f�

�
q�.OE�X /

��G
D
�
R1.f q/�OE�X

�G
:

Let � D f q. Taking U � Y affine and V ��D ��1.U /, we get that�
R1��OE�X .U /

�G
D H 1

�
��1.U /;OE�X

�G
D H 1.E � V;OE�V /

G

D
�
H 1.E;OE /˝O.V /

�G
D O.U /:

Thus R1f�.OS / D OY and we find that there are no wild fibers.

Proposition 4.3. With the same assumption as in Lemma 4.2, the following holds: for
every x 2 X and y ��D �.x/, the multiplicity m.y/ is equal to n.x/.
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Proof. Recall that H D H.x/ is the stabilizer of G at the point x; let Z ��D X=H . Then
we get the following commutative diagram:

X Y

Z :

�

�H �G=H

First, the morphism �G=H is a G=H -torsor over an open neighborhood of y; this holds by
the local description of Section 2.3. Next, let us consider the restriction of �H to the fibers
over the point y, which gives a G-equivariant morphism

Xy WD �
�1.y/! ��1G=H .y/ ' G=H:

Thus we can write the fiber of � over y as the following contracted product:

Xy D G �
H Xz ;

where Xz is the fiber of �H over the point z D �H .x/. Taking the preimages of q on both
sides, then taking the quotient by G gives

f �1.y/ D .E �Xy/=G D E �
H Xz ; (4.1)

with reduced subscheme being E=H . Thus, the regular functions on the fiber satisfy

O
�
f �1.y/

�
D O.E �Xz/

H
D O.Xz=H/ D k;

where we use again that H is linearly reductive; this implies that every multiple fiber is
tame. The fact that the multiplicity is equal to n.x/ follows again from Section 2.3.

4.2. Dualizing sheaf formula

Theorem 4.4 (Dualizing sheaf formula). LetG be diagonalizable. Then the quotient mor-
phism � WX ! Y is flat, locally of complete intersection and we have an isomorphism of
G-linearized sheaves

!X ' .�
�!Y /˝OX

�X�
n.x/ � 1

�
G � x

�
(4.2)

where the sum is taken over the G-orbits of rational points of X .

The above fundamental result is [11, Corollary 7.1]; a way to reformulate it is as
follows:

!X ˝OX .G ��X / D �
�
�
!Y ˝OY .�Y /

�
(4.3)

where �X D X nXfr is the divisor of the non-free points and �Y D Y n Yfr is the branch
divisor.
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Corollary 4.5. The degree of the dualizing sheaf of X can be calculated as follows

deg!X D deg!Y � jGj C
X
y2Y

�
jGj �

�
GWH.x/

��
;

where ŒGWH.x/� only depends on the image y D �.x/.

Corollary 4.6. We have that �.S/D 1 if the degree of !X is positive, that �.S/D 0 if !X
is trivial, and that �.S/ < 0 if the degree of !X is negative.

Let us apply the above Corollary to deduce information on the Kodaira dimension
�.S/ from the genus of the smooth curve Y and from the number of multiple fibers of f .
Let us notice that the Kodaira dimension of S cannot be 2, since the self-intersection of
!S is never strictly positive in our context.

Higher genera. If Y is of genus at least two, then !Y is ample, hence the Kodaira dimen-
sion of S is equal to one.

Remark 4.7. Let us notice that such actions actually exist: let us fix some g � 1 and some
r � 1 and consider the action of the trivial group on a smooth projective curve of genus
g. By applying [11, Remark 9.4] to this case, we get the following: for any genus g and
for any r , there exists a �pr -normal projective curve Xg;r with geometric genus g.

Genus one. If Y is an elliptic curve, then !Y is trivial, thus there are two different cases
to deal with. In the first case, there is at least one multiple fiber, which implies that the
degree of !X is strictly positive, and thus by (3.23) we once again get �.S/ D 1. In the
second case, we have no multiple fibers which means that � is a G-torsor. In this case,
we now show that X is also an elliptic curve; for example, when G D �pr , then X is
isomorphic to the quotient of Y by the constant group Z=prZ which is the Cartier dual
of G.

Lemma 4.8. A nontrivial reduced �pr -torsor over an elliptic curve is itself an elliptic
curve.

Proof. Let Y be an elliptic curve and � WX ! Y a �pr -torsor such that X is reduced. We
denote by F r WX ! X .p

r / the r-th iterated (relative) Frobenius morphism of X . Then by
the universal property of the quotient, there exists a unique morphism 'WY ! X .p

r / such
that the following diagram commutes

zX Y

X X .p
r /

�

�ı�

'�

F r

where � W zX ! X is the normalization morphism. Since ' is a birational morphism and Y
is smooth, it follows that ' is the normalization map. In particular, the geometric genus of
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X .p
r / is equal to one; hence, the same holds for X by [24, IV, Proposition 2.5]. Then zX is

an elliptic curve. It remains to show that X is smooth. Moreover, � being an isomorphism
at the generic point, the generic fiber of the morphism � ı � is �pr . Moreover, up to
automorphism of Y , we can assume that � ı � is an isogeny of elliptic curves, i.e., has
finite kernel �pr . Thus � is an isomorphism and X is also an elliptic curve.

The following provides a family of examples (over an elliptic curve) with an arbitrarily
large number of multiple fibers, all of Kodaira dimension one.

Lemma 4.9. Let p � 5 and consider the following elliptic curve

Y D
®
g.x; y; z/ D y2z � x.x C z/.x � z/ D 0

¯
� P2x;y;z

embedded as a smooth cubic in the projective plane. Then we define the curve

�pn Õ X ��D
®
wp

n

D zh.x; z/C yp
n

; g D 0
¯
� P3x;y;z;w ! Y;

the �pn -action being by multiplication on the w-coordinate. We assume moreover that

h.x; z/ D

pnY
iD2

.aix C z/

is a homogeneous polynomial of degree pn � 1, such that ai 2 k n ¹0;1;�1º are all distinct
and such that their sum equals zero. We claim thatX is singular at exactly three points, all
belonging to Xfr, and that it is �pn -normal. The number of multiple fibers is pn and this
provides a family of examples (over an elliptic curve) with an arbitrarily large number of
multiple fibers, all of Kodaira dimension one.

Proof. We denote as .�/x , .�/y and .�/z the respective partial derivatives. Let us explic-
itly compute the singular points of X : both derivatives with respect to w vanish, while
taking derivatives with respect to x; y and z yields the conditions 2yz D 0 and

zhx D �.3x
2
� z2/;

h.x; z/C zhz D �.�y
2
� 2xz/;

for some � 2 k�. In particular, either y or z must vanish. If z D 0, then using the equations
of X we have that x also vanishes, so the point we have to consider is x0 D .x; y; z;w/D
.0W 1W 0W 1/, which is indeed singular and a free point for the �pn -action.

Next, assuming y D 0 gives the three points x D .0W 0W 1W 1/, x0 D .1W 0W 1W ˛/ and
x00 D .1W 0W �1Wˇ/, with ˛, ˇ 2 k� determined by the equation involving w. All three are
free points for the �pn -action, because the non-free points have the first and third coordi-
nates corresponding to zeros of the polynomial zh.x; z/. At the first point, computing the
derivatives with respect to x gives hx.0; 1/¤ 0, which is a contradiction with the assump-
tion that the sum of the ai vanishes; hence, x is not a singular point. Next, computing
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derivatives at the second and third point yields that they are singular respectively if and
only if

hx.1; 1/C h.1; 1/C hz.1; 1/ D 0 and hx.1;�1/C h.1;�1/ � hz.1;�1/ D 0 (4.4)

An explicit computation yields that

h.1; 1/ D

pnY
iD2

.ai C 1/;

hx.1; 1/ D

pnX
iD2

ai
Y
j¤i

.aj C 1/ D �

pnY
iD2

.ai C 1/

�
1C

pnX
jD2

1

aj C 1

�
;

hz.1; 1/ D

pnY
iD2

.ai C 1/

pnX
jD2

1

aj C 1
;

which means that the first equality of (4.4) is satisfied and thus that x0 is a singular point.
An analogous computation shows that the same holds for x00. Since the quotient Y is
smooth, and since all the singular points are free for the �pn -action, by Lemma 2.7 the
curve X is indeed �pn -normal.

Genus zero. Finally, let us assume that we are over Y D P1.

Lemma 4.10. If G is infinitesimal, then there must be at least two multiple fibers.

Proof. First, let us show that � WX!Y cannot be aG-torsor. Let us recall that by Kummer
theory, the following

0! �n ! Gm
.�/n

−−! Gm ! 0

is a short exact sequence for the fppf topology, over any schemeZ. This can be interpreted
by saying that the data of a �n-torsor over Z is the same as the data of a line bundle
L over Z, together with a section � WL˝n �−! OZ trivializing its n-th power. Hence, a
�pr -torsor over the projective line is a line bundle over P1 whose pr -th tensor power is
trivial. The only line bundle satisfying this condition is the trivial one; however, since by
assumption X is reduced, it cannot be the trivial G-torsor over Y . Next, we also want to
exclude that there is only one multiple fiber. By assuming the action to be generically free,
one has thatG D�pr for some r ; in particular, again by the Kummer sequence, this would
give a G-torsor over the affine line A1. The latter is affine and its invertible functions are
non-zero constants; thus, it does not admit any non-trivial G-torsor.

When considering elliptic surfaces over P1, in negative Kodaira dimension we have
ruled surfaces, discussed in Section 3.1, while if p � 3, the class of quasi-hyperelliptic
surfaces provides examples of Kodaira dimension zero. Thus, we now focus on showing
that we very often get a surface of Kodaira dimension one, namely as soon as the number
of multiple fibers is big enough.
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Lemma 4.11. Assumption as above; let G be infinitesimal and Y D P1. If one of the
following conditions is satisfied, then �.S/ D 1:

• p � 5 and there are at least 3 multiple fibers;

• p � 3 and there are at least 4 multiple fibers;

• there are at least 5 multiple fibers.

Proof. We can assume that G D �pr for some r � 1; hence for any non-free point x 2 X
we can denote as ps.x/ D n.x/ the order of the stabilizer H.x/. Let N be the number of
multiple fibers. Then

deg!X D �2pr C
X

x2XnXfr

.pr � pr�s.x//

D �2pr C
X
s.x/�1

.pr � pr�s.x//

� �2pr CN.pr � pr�1/

D pr�1
�
p.N � 2/ �N

�
is strictly positive if one of the three above conditions are satisfied. Thus we can conclude
by Corollary 4.6.

Example 4.12. Let us consider any p and the action of �p on X D P1 by multiplication
on the first homogeneous coordinate. This action has two fixed points, namely x D 0 and
x D 1 such that s.0/ D s.1/ D 1, where ps.x/ D n.x/ is the order of the stabilizer at
the point x. Then we get

deg!X D �2p C .p � p1�s.0//C .p � p1�s.1// D �2p C 2.p � 1/ D �2

which gives a negative Kodaira dimension.

Example 4.13. The following class of examples is already mentioned in [10]: let us
consider the group G D �pr acting on the projective plane by multiplication on the z-
coordinate. This action stabilizes the curve

X D
®
zp

r

D f .x; y/
¯
� P2;

where f is a homogeneous polynomial of degree pr with pairwise distinct roots. The
curve X has then exactly pr fixed points. In particular, if pr � 5, by Lemma 4.11 this
provides an infinite family (with arbitrary large number of fibers) of elliptic fibrations
with target P1 and with Kodaira dimension 1. All of them, as we will see in Theorem A,
are properly elliptic surfaces. On the other hand, a case in which we get trivial Kodaira
dimension is when pr D 3, in characteristic three, for which

deg!X D �2 � 3C 3.3 � 1/ D 0;

Let us also notice that, if p D 3 and there are at least three multiple fibers, by the compu-
tation of Lemma 4.11 we have that �.S/ cannot be strictly negative.
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Example 4.14. Let p D 2 and consider the action of G D �2 on the curve

X D
®
z4 D g.x; y/

¯
� P2;

where g is a homogeneous polynomial of degree 4 with four distinct roots and G acts on
P2 by multiplication on the z-coordinate again. This action has exactly four fixed points,
which yields a zero Kodaira dimension. Notice that, for the same reason as in Exam-
ple 4.13, the Kodaira dimension can never be strictly negative if there are at least four
multiple fibers.

Let us note that when p D 2, every �2-normal variety is uniform, since (with the
notation of Section 2.3) there is only one possible choice both for the subgroupH DH.x/
and for the weight � D �.x/; see [11, Remark 6.5] for a more detailed explanation. On the
other hand, in Example 4.12 we have a non-uniform �p-curve for any p � 3. Moreover,
by [11, Section 5], there is a bijection between uniform �n-normal curves over P1 and
reduced effective divisors � in P1 of degree divisible by n. The divisor � corresponds to
the divisor of the branch points. In particular, a �2-normal curve over the projective line,
being necessarily uniform, always has an even number of non-free points.

4.3. Irregularity and Euler characteristic

In this section, we focus on computing some invariants of the surface S , mainly coming
from the study of the G-module

H 0.X; !X / D
M

�2X�.G/

H 0.X; !X /�;

which decomposes into its G-weight spaces. We compute the irregularity h1.S;OS / of
the elliptic surface S , as well as its Euler characteristic. Let us fix the following notation
for the dimension of the weight spaces:

h0.!X /� ��D dimH 0.X; !X /�; for � 2 X�.G/:

Let apply once again a result of [11] concerning the above integers. Let G be diagonal-
izable and � be a character of G. If � is nonzero, for any y 2 Y n Yfr, let n.y/ be the
order of the stabilizer H.y/ at some x 2 ��1.y/. Moreover, let �.y/ be the associated
weight, as in the local description recalled in Section 2.3 and let m.y; �/ be the integer
such that 1 � m.y; �/ � n.y/ � 1 and the character � � m.y; �/�.y/ restricts trivially
to H.y/. Then [11, Proposition 8.2] specializes to the following statement (since here we
work over an algebraically closed field k).

Lemma 4.15. Assumptions as above. Then h0.!X /0 D g.Y / and

h0.!X /� D g.Y / � 1C
X

y2Y nYfr

�
1 �

m.y; �/

n.y/

�
for � ¤ 0:
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Let us emphasize that a key ingredient in order to make the computation of Lemma 4.15
is the dualizing sheaf formula of (4.3).

Corollary 4.16. Let G be diagonalizable. Then the following hold:

h0.!S / D h
2.OS / D g.Y /; and h1.OS / D h

1.!S / D g.Y /C 1:

In particular, the Euler characteristic of S satisfies �.OS / D 0.

Proof. First, let us compute h0.!S /. By (3.9), we have that

H 0.X; !X /
G
D H 0.S; !S /I

hence it suffices to compute the dimension of the left-hand side term. By Lemma 4.15, we
have

h0.!S / D dim
�
H 0.!X /

G
�
D h0.!X /0 D g.Y /:

Next, let us move on to the computation of h1.OS /. Since E � X ! S is a G-torsor,
we have

H i .S;OS / D H
i .E �X;OE�X /

G for all i:

Applying this to i D 1 and using Künneth’s formula, we get

H 1.OS / D H
1.OE�X /

G
D
�
H 0.OE /˝H

1.OX /
�G
˚
�
H 1.OE /˝H

0.OX /
�G

D
�
H 0.X; !X /

_
�G
˚ k:

By taking dimensions on both sides, we get the desired equality.

4.4. Picard group and Albanese variety

For a smooth projective surface S , the Picard scheme PicS can be non-reduced in positive
characteristic. For elliptic fibrations, this phenomenon is related to the existence of wild
fibers, as explained in [29]. In the case where G is diagonalizable, the surfaces E �G X
have only tame fibers, as we showed in Proposition 4.3. The computations of the irregu-
larity and of the Betti numbers give the following result.

Corollary 4.17. Let G be diagonalizable. Then the Picard scheme of S D E �G X is
reduced.

Proof. The vector spaceH 1.S;OS / can be seen as the Lie algebra of PicS , while b1.S/=2
is the dimension of PicS . By Corollary 4.16 and Proposition 3.21,

h1.S;OS / D 1C g.Y / D b1.S/=2:

Therefore, the group scheme PicS is reduced (see, e.g., [30, Section 3.3]).

Since we are interested in G-varieties, when G is a finite group scheme, let us intro-
duce an equivariant version of the Picard group: for a G-variety X and � WL! X a line
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bundle overX , aG-linearization ofL is aG-action onL such that � isG-equivariant and
which commutes with the Gm-action by multiplication on the fibers. The tensor product
of two G-linearized line bundles is also G-linearized, and the analogous property holds
for the dual; thus we can define the following.

Definition 4.18. The equivariant Picard group PicG.X/ of a G-variety X is the abelian
group of G-linearized line bundles up to isomorphism; it comes with a homomorphism

�WPicG.X/! Pic.X/ (4.5)

which forgets the linearization.

Lemma 4.19. Assume G is finite (not necessarily diagonalizable). Then the kernel of �
is of jGj-torsion.

Proof. The kernel of � can be seen as all the G-linearizations of the trivial line bundle on
X up to isomorphism. Since all regular functions on X are constant, such linearizations
are Zariski-locally all of the form

G Õ X � A1; g � .x; z/ D
�
g � x; f .g/z

�
(4.6)

where f is a character of G. Now, the group G is obtained as an extension of �0.G/ by
G0, as in (2.1). Since G0 is infinitesimal, the ring O.G0/ is local and we can write its
invertible elements as k� Cm, where m is the maximal ideal, satisfying

hjG
0j
D 0 for all h 2 m:

This yields that f jG
0j 2 X�.�0.G//. Next, the characters of �0.G/ form a finite abelian

group of j�0.G/j-torsion, and hence we can conclude that

f jGj D .f jG
0j/j�0.G/j D 1

and we are done.

Lemma 4.20. Let �WT !W WD T=G be either aG-torsor, or assume thatW is a smooth
curve. If G acts generically freely on T , then the kernel and cokernel of

��WPic.W /! Pic.T /

are of jGj-torsion.

Proof. In both assumptions, the OW -module ��OT is finite and locally free of rank jGj.
This guarantees the existence of a canonical norm homomorphism of abelian groups

N�WPic.T /! Pic.W /

such that N�.��.L// ' L˝jGj for all invertible OW -modules. From this we can conclude
that the cokernel of �� is of jGj-torsion.
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Moving on to the kernel, let us consider the group PicG.T / defined in Definition 4.18.
Next we see that �� factorizes through PicG.T / and we get the following commutative
diagram

Pic.W / Pic.T /:

PicG.T /

��

��G �

By Lemma 4.19, it suffices to see that the induced morphism ��G W Pic.W /! PicG.T / is
injective. Let L be a line bundle over W such that ��G.L/ D OT equipped with the trivial
action of G. Then ��.L/ D OT and applying ��, we obtain by the projection formula

��.OT / D ���
�.L/ D L˝ ��.OT /;

as G-linearized sheaves. Taking the G-invariants, we get that L D OW .

Remark 4.21. Notice that, in the case where � is a G-torsor, the map ��G is an isomor-
phism. This is because a G-linearization of a line bundle on T is exactly a descent datum
for the finite and faithfully flat map �W T ! T=G. However, in general ��G is not surjec-
tive, even when the target W is a smooth curve. To see this, let T be an elliptic curve and
G D Z=2Z acting by multiplication by ˙1 on T ; then the quotient map � is a ramified
covering of the projective lineW D P1. In this example, the invertible sheaf OT .t/, where
t 2 T Œ2� is a ramification point, is G-linearized but is not in the image of ��.

Remark 4.22. More precisely, we have just showed that for a line bundle L on W such
that ��.L/ D OT , we have a G-invariant section

sWOT
�
−! ��.L/˝jGj:

Taking the pushforward by � and taking invariants on both sides yields a section

s0 D �G� sWOW
�
−! L˝jGj

trivializing the jGj-th power of L as wanted.

Corollary 4.23. The kernel and cokernel of

q�WPic.S/! Pic.E �X/ and ��WPic.Y /! Pic.X/

are of jGj-torsion.

Let us mention the following result, which seems to be a folklore statement known by
experts but for which the authors could not find any explicit reference in the literature.

Lemma 4.24. The functor Pic0 is multiplicative on projective varieties. More precisely,
let Z and W be projective varieties, then Pic0Z�W D Pic0Z � Pic0W .
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Proof. Let us fix z 2 Z.k/ and w 2 W.k/; this gives the following two natural maps
between the Picard schemes

˛WPicZ � PicW ! PicZ�W ; .L;M/ 7! pr�ZL˝ pr�WM

where prZ and prW denote the two projections, and

ˇWPicZ�W ! PicZ � PicW ; N 7! .NjZ�¹wº; Nj¹zº�W /:

By construction, the composite map ˇ ı ˛ is the identity, so in particular ker.˛/ is trivial.
Moreover, the induced map of ˛ on the Lie algebras is

d˛ D H 1.Z;OZ/˚H
1.W;OW /! H 1.Z �W;OZ�W /:

Since both varieties are projective by assumption, it follows by the Künneth formula
that d˛ is an isomorphism. The injectivity of ˛ implies that PicZ�W is the product of
im.˛/ and of ker.ˇ/. Since d˛ is an isomorphism, we have moreover that ker.ˇ/ is a con-
stant group, so its neutral component is trivial. In conclusion, ˛ induces an isomorphism
between the neutral components which are given by the functors Pic0, as wanted.

Corollary 4.25. The equality

Pic0E�X D E � Pic0X

holds. Moreover, by Lemma 2.12, the right-hand side is the extension of an abelian variety
by a unipotent group.

In order to compute more explicitly the Picard rank of S , we make use of the notion
of Albanese variety.

Definition 4.26. Let Z be a projective variety and let us fix a base point z0 2 Z.k/. Its
Albanese variety is the abelian variety Alb.Z/, equipped with a morphism

albZ WZ ! Alb.Z/; z0 7! 0

satisfying the following universal property. For any abelian variety A and any morphism
gWZ ! A sending z0 to the neutral element of A, there is a unique factorization as

Z Alb.Z/

A

g

albZ

Qg

where Qg is a group homomorphism.

Proposition 4.27. The Néron–Severi groups of S and of E �X have same rank, equal to

�.E �X/ D 2C rank Homgp
�
Alb.X/;E

�
For instance, if X is rational then S has Picard rank two, and the two contraction mor-
phisms f; h are respectively with targets Y D P1 and E=G.
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Proof. By Theorem 2.11, the Picard functor PicE is representable. The projection

prX WE �X ! X

induces an inclusion
pr�X WPic.X/ ,! Pic.E �X/;

which comes with a natural section given by the restriction over ¹0E º �X . This yields

Pic.E �X/ D Pic.X/˚ PicE .X/: (4.7)

By Theorem 2.11 again, together with the fact that E is an elliptic curve, we have the
following short exact sequence of group schemes:

0! Pic0E ! PicE ! NS.E/! 0;

where the map from the Picard scheme of E to the constant scheme NS.E/ D Z is given
by the degree. The following morphism

Z ! PicE ; m 7! OE .m � 0E /

is a section of the degree map. Moreover, there is a natural isomorphism E ' Pic0E , send-
ing a point x 2 E to OE .x � 0E /. Hence applying the Picard functor of E to X we get

Pic.E �X/D Pic.X/˚ PicE .X/' Pic.X/˚ .E �Z/.X/D Pic.X/˚Hom.X;E/˚Z:

Moreover, for every x0 2 X.k/, recall that we have

Hom.X;E/ D E ˚ Hom.X;EI x0 7! 0E /;

where Hom.X; EI x0 7! 0E / is the group of morphisms from X to E sending x0 to the
neutral element 0E . By the rigidity lemma of abelian varieties, the latter group equals
Homgp.Alb.X/; E/ which is of finite rank by [40, IV.19, Theorem 3]. We conclude by
taking the quotient by Pic0 and then taking the rank, on both sides of the equality.

The next natural question arising from the study of the Picard group of S would be
to understand the relative Picard functor of S=Y . A general result by Deligne, illus-
trated in [27, Remark 5.27], is that the relative Picard functor Pic0S=Y is represented by
a scheme if the morphism f is proper and flat, with geometric fibers which are connected
and reduced. In our situation, these assumption are rarely satisfied because the elliptic
fibrations often have nonreduced fibers. The results collected in [41, Théorème 1.5.1] give
an answer to the representability in more general situations. In our context, S=Y is flat,
projective and of finite presentation, and its fibers are all irreducible varieties: by the the-
orem of J. P. Murre, this implies that the relative Picard functor of S=Y is an algebraic
group over k, that is possibly non-reduced. However, its reduced structure can be easily
described, as we show in the following lemma.
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Lemma 4.28. Let y 2 Y n Yfr be a branch point and let f �1.y/� S be the corresponding
fiber. Then the Picard group Pic0.f �1.y//, seen as an abstract group, is isomorphic to
E.k/.

In particular, this excludes the possibility of a multiplicative or additive reduction, i.e.,
some fiber over a branch point y 2 Y n Yfr being isomorphic to Gm or to Ga respectively,
as illustrated in the survey paper [42, Section 4.2] on elliptic surfaces with sections.

Proof. We make use of the local structure of Proposition 4.3. Let x 2 X such that �.x/D
y and let H D �n be the stabilizer of the G-action at the point x. Then the fiber of f
above y, as described in (4.1), satisfies

f �1.y/ D E �H F; where F D ��1.y/ ' Spec
�
kŒT �=.T n/

�
: (4.8)

In particular, the variable T has weight equal to 1 2 X�.H/. Let prE W E � F ! E

denote the projection on E. Since O.F / is a local ring, its invertible elements are those in
k� Cm, where m is generated by T . In particular, this yields

.prE /�O
�
E�F D

�
OE ŒT �=.T

n/
��
' O�E ˚On�1

E :

Next, we claim that
R1.prE /�O

�
E�F D 0:

Taking higher direct images commutes with taking stalks (see [2, Exposé VIII, Theo-
rem 5.2]) and over any point of E, the fiber is isomorphic to the local scheme F . Hence,
we can use that H 1.F;Gm/ D 0 to conclude that the above direct image is trivial. When
putting together the two equalities that we just proved, we get

Pic.E � F / D H 1.E � F;O�E�F /

D H 1.E;O�E ˚On�1
E /

D Pic.E/ �H 1.E;OE /
n�1

D Pic.E/ � kn�1:

Now, in order to get back to the Picard group of f �1.y/, let us consider the map

Pic
�
f �1.y/

�
D Pic.E �H F / D PicH .E � F /! Pic.E � F /:

The second equality is due to the fact that the map E � F ! E �H F is anH -torsor (see
Remark 4.21). The image of the above map is given by Pic.E/, because the H -invariant
part of O.F / is just k, since T; : : : ; T n�1 have all nontrivial weights. In particular, con-
sidering the degree 0 part, we get that it is given simply by the group E.

4.5. The unipotent case: an example

At the moment we are unable to deal with more general classes of groups, such as linearly
reductive or unipotent ones. This is due to the fact that the methods used for diagonalizable
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groups clearly do not apply. We set up here some notation and treat one example, and
leave the more general case as an open question. Similar problems, involving wild Z=pZ
singularities, have been recently dealt with in works such as [25, 33, 38].

Let us consider a finite and constant group G of arbitrary order. Let L and K be the
function field of X and Y respectively, so that G is the Galois group of the field extension
L=K. Let x 2 X be some non-free point and y 2 Y its image. Then the local rings OX;x
and OY;y are discrete valuation rings; let v.x/ be the valuation at x. If Lx and Ky denote
the respective completions of L and K, then

H.x/ ��D StabG.x/ D Gal.Lx=Ky/:

Let t be a local uniformizer at x, and let us consider the following integer (coming from
the so-called Artin representation of G):

a.x/ D
�
GWH.x/

� X
g2H.x/n¹1º

ix.g/; where ix.g/ WD v.x/.g � t � t /:

Following [43, Chapter VI, Proposition 7], the Hurwitz formula becomes

deg!X D jGj � deg!Y C
X

x2XnXfr

a.x/: (4.9)

Unlike in the diagonalizable case, the ramification factors a.x/ can be strictly bigger than
jH.x/j � 1; for instance in Example 4.29 below, where a factor 2 appears.

Example 4.29. Let us assume that the characteristic is any prime number p > 0 and
consider the action of G D Z=pZ on P1 given on the local chart A1 with coordinate t by

g � t D t C g; for g 2 Z=pZ;

so that the only fixed point is x D 1 with local uniformizer u D 1=t . By the Hasse–Arf
theorem, there exists a unique integer m D m0 such that

v.x/.g � t � t / D 1Cm0 for all g ¤ 0:

Let us compute it for g D 1: locally around x we have

1 � u D
1

1C t
D u

1

1C u
D u

X
i

.�u/i D u � u2 C u3 C � � � :

In particular any g 2 G distinct from 0 satisfies ix.g/ D 2, and hence we get m0 D 1 and

a.x/ D 2.p � 1/:

Let us notice that this corresponds exactly to the realization of the surface A0 for an ordi-
nary elliptic curve E, which is described in Remark 3.5.



Isotrivial elliptic surfaces in positive characteristic 351

4.6. Proofs of Theorem B and Proposition D

Proof of Theorem B. By Lemma 4.2, the elliptic fibration f has only tame fibers. The
equality �.S/ D �0.X/ follows from (3.25), the computations of �.OS / and the irregular-
ity q.S/ are done in Corollary 4.16. The neutral component of the Picard group (seen as
an abstract group) of each fiber f �1.y/ is isomorphic to E thanks to Lemma 4.28, while
the fact that the Picard scheme of S is reduced is shown Corollary 4.17. Finally, the Picard
rank of S is computed in Proposition 4.27.

Proof of Proposition D. The Kodaira dimension is determined by the degree of the dual-
izing sheaf, as illustrated in Corollary 4.6. The different cases are analyzed in Section 3.4,
the case where Y is the projective line being formulated in Lemma 4.11.
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