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On the finite generation of the cohomology of abelian
extensions of Hopf algebras

Nicolás Andruskiewitsch and Sonia Natale

Abstract. A finite-dimensional Hopf algebra is called quasi-split if it is Morita equivalent to a split
abelian extension of Hopf algebras. Combining results of Schauenburg and Negron, it is shown that
every quasi-split finite-dimensional Hopf algebra satisfies the finite generation cohomology conjec-
ture of Etingof and Ostrik. This is applied to a family of pointed Hopf algebras in odd characteristic
introduced by Angiono, Heckenberger and the first author, proving that they satisfy the aforemen-
tioned conjecture.

1. Introduction
1.1. The problem

Let k be an algebraically closed field. We say that an augmented k-algebra A has finitely
generated cohomology (fgc for short) when

(a) the cohomology ring H.A;k/ D
L
n2N0

ExtnA.k;k/ is finitely generated, and

(b) for any finitely generated A-module M , H.A; M/ D
L
n2N0

ExtnA.k; M/ is a
finitely generated H.A;k/-module.

This definition was extended in [17] as follows. A finite tensor category C (with unit
object 1) has finite generation of cohomology (or fgc) when

(a) the k-algebra H.C/ D
L
n2N0

Extn.1; 1/ is finitely generated, and

(b) for any object V in C the H.C/-module H.V / D
L
n2N0

Extn.1; V / is finitely
generated.

In [17], P. Etingof and V. Ostrik, drawing on fundamental results of [1, 18, 20–23, 45],
conjectured that finite tensor categories have fgc, in particular that finite-dimensional Hopf
algebras have fgc; this was verified in many cases [5, 10, 13–15, 19, 24, 31, 34–36, 41]; see
[5, Section 1.1] for background.

1.2. Morita equivalence

Let H and U be finite-dimensional Hopf algebras. By [35, Theorem 3.4], see also [5,
Theorem 3.2.1], if the Drinfeld double D.H/ has fgc, then H has fgc. The following
argument was intensively used in [5].
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We say that H and U are Morita equivalent, denoted H �Mor U , if the finite tensor
categories repH and repU are Morita equivalent as in [16, 33]. Equivalently, H �Mor U

if there exists an equivalence of braided tensor categories between the Drinfeld centers
Z.repH/ and Z.repU/ [16]. In other words, H �Mor U iff D.H/ and D.U / are twist
equivalent quasitriangular Hopf algebras (this does not imply that H and U are Morita
equivalent as algebras). Thus to prove that H has fgc it suffices to find U such that

(i) D.U / has fgc, and

(ii) H �Mor U .

1.3. Extensions

In this paper, we consider the question of fgc for a Hopf algebra H fitting into an exact
sequence of finite-dimensional Hopf algebras

k! K ! H ! L! k: (1.1)

If H has fgc, then K has fgc by [5, Theorem 3.2.1] while it is unclear whether we could
infer that L has fgc. Thus, it is natural to ask the following question.

Question 1.1. Given an extension (1.1) such that K and L have fgc, does H also have
fgc?

For instance, ifK is semisimple and L has fgc, thenH has fgc, see [5, Lemma 3.2.5].
The proof uses a variation of the classical Hochschild–Serre spectral sequence but it is not
clear (to us) how to proceed when the semisimplicity assumption on K is dropped.

The extension (1.1) is abelian whenK is commutative andL is cocommutative. In this
case there are suitable actions of L on K and of K� on L, and a pair .�; �/ of compatible
cocycles that determine the possible extensions H . The suitable actions give rise to a
double complex E. The abelian extension (1.1) is split if the pair .�; �/ is trivial in the total
complex associated to E. Furthermore, by an argument due to P. Schauenburg, extending
previous work of G. I. Kac, there is a long exact sequence (the Kac exact sequence) in
which the pair .�; �/ is sent to a Sweedler 3-cocycle on the Hopf algebra L‰ K� with
coefficients in k as in Proposition 2.6, see [32, Remark 1.11 (3)] for details.

We shall say that an abelian extension is quasi-split if it is Morita equivalent to the
split extension (with respect to the same suitable actions); see Definition 3.1. Tautologi-
cally, split abelian extensions are quasi-split; also, abelian extensions for which the Kac
3-cocycle is trivial are quasi-split (see Corollary 3.5). The starting point of the paper is the
following result.

Theorem 1.2. If (1.1) is a quasi-split abelian extension, then H and D.H/ have fgc.

See Theorem 3.6 for a precise formulation. As a consequence, the dual, any twist and
any cocycle deformation of H have fgc. In characteristic 0, Theorem 1.2 is trivial, as a
finite-dimensional abelian extension is semisimple.
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Theorem 1.2 follows by combining the next two results due to C. Negron and P.
Schauenburg respectively.

Theorem 1.3 ([34]). If U is a cocommutative Hopf algebra, dimU <1, thenD.U / has
fgc.

Notice that Theorem 1.3 is stated in [34] in the language of finite group schemes.

Theorem 1.4 ([39]). Let (1.1) be a split abelian extension of finite-dimensional Hopf
algebras. Then there exists a cocommutative Hopf algebra U such that H �Mor U .

Observe that the Drinfeld double of a finite-dimensional cocommutative Hopf algebra
is a split abelian extension.

1.4. Pointed Hopf algebras

In the paper [4] (assuming char k D 0) Nichols algebras over abelian groups with finite
Gelfand–Kirillov dimension of a certain kind were classified. It was observed later in [3]
that many of the Nichols algebras over the analogous braided vector spaces in odd charac-
teristic have finite dimension, hence give rise to finite dimensional pointed Hopf algebras
by bosonization with group algebras of finite abelian groups. See e.g. [37, Chapter 11] for
the notion of bosonization, named there biproduct. Theorem 6.7, the main result of this
paper, shows that these pointed Hopf algebras have fgc when the groups are well chosen.

In this paper we consider Nichols algebras as braided Hopf algebras in the sense of
[44], i.e., braided vector spaces with algebra and coalgebra structures suitably compatible
with the braiding. Recall that a realization of a braided Hopf algebra R in the category
H
HYD of Yetter–Drinfeld modules over a Hopf algebra H is the data of an action and a
coaction of H on R such that R becomes a Hopf algebra in the category H

HYD , with the
initial braiding of R equal to the categorical one. The same braided Hopf algebra might
have many realizations, thus giving rise to different Hopf algebras by bosonization.

Concretely, in the notation of Section 6, we consider a family of braided vector spaces
V.q; a/, we fix a suitable finite group � such that the Nichols algebra B.V.1; a// can be
realized as a Hopf algebra in the category k�

k�YD of Yetter–Drinfeld modules over � and
proceed in two stages:

(i) we show that the bosonizationH DB.V.1;a//#k� fits into a split abelian exact
sequence, hence D.H/ and H have fgc by Theorem 1.2;

(ii) for a general q, we present B.V.q; a//#k� as a cocycle deformation of H ,
hence B.V.q; a//#k� has fgc too.

We observe:

ı Not all Nichols algebras in [3] belong to the family treated here; most of the remain-
ing ones arise from abelian extensions of Hopf superalgebras and will be dealt with
elsewhere.

ı Many realizations of B.V.1;a// fit into abelian exact sequences which are not split.

ı Many realizations of B.V.q; a// fit into exact sequences which are not abelian.
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1.5. Organization

Abelian extensions are discussed in Section 2. Section 3 is devoted to Theorem 1.4. The
analysis of the Nichols algebras B.V.q; a// is delicate as it involves a number of distinct
combinatorial features developped in [4]. For clarity, we first deal with the two simplest
examples, namely the restricted Jordan plane and the first Laestrygonian algebra, in Sec-
tions 4 and 5, respectively. In Section 6, we work out the strategy outlined above for the
general Nichols algebras B.V.q; a//.

1.6. Conventions

For ` < � 2N0, we set I`;� D ¹`;`C 1; : : : ; �º, I� D I1;� . Let GN be the group of roots of
unity of orderN in k and G0N the subset of primitive roots of orderN ; G1 D

S
N2N GN

and G01 D G1 � ¹1º. If L 2 N and q 2 k�, then .L/q WD
PL�1
jD0 q

j .
All vector spaces, algebras and tensor products are over k. We use V � to denote the

linear dual of a vector space V , V � D Homk.V; k/.
By abuse of notation, hai W i 2 I i denotes either the group, the subgroup or the vector

subspace generated by all ai for i in an indexing set I , the meaning being clear from the
context. Instead, the subalgebra generated by all ai for i 2 I is denoted by khai W i 2 I i.

The notation for Hopf algebras is standard: �, ", � denote the comultiplication, the
counit, the antipode (always assumed bijective), respectively. We use the Sweedler nota-
tion for the comultiplication and the coactions. Our reference for the theory of Hopf
algebras is [37]. Generalities on Nichols algebras can be found in [2].

2. Extensions of Hopf algebras

This section contains a crash exposition of extensions of Hopf algebras.

2.1. Exact sequences

Recall that a sequence of morphisms of Hopf algebras

k! A
�
�! C

�
�! B ! k (2.1)

is exact [7, 25, 40] if the following conditions holds:

(i) � is injective.

(ii) � is surjective.

(iii) ker� D C�.A/C.

(iv) �.A/ D C co� .

Remark 2.1. The definition has a simpler shape if we assume that A
�
,�! C is faithfully

flat. In this case, if also �.A/ is stable by the left adjoint action of C , then (i), (ii) and (iii)
imply (iv), see [7, Corollaries 1.2.5 and 1.2.14], [40]. Notice that a finite-dimensional Hopf
algebra is always free, hence faithfully flat, over any Hopf subalgebra by the Nichols–
Zöller theorem.
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The exact sequence (2.1) is abelian if A is commutative and B is cocommutative. We
shall also refer to C in (2.1) as an (abelian when it corresponds) extension of B by A.

The exact sequence (2.1) is cleft (see [7, Definition 3.2.13]) if there exist

(i) a unit preserving right B-colinear section s WB ! C of the projection � and

(ii) a counit preserving left A-linear retraction r WC ! A of the inclusion �,

both s and r being invertible with respect to the convolution product, such that the follow-
ing equivalent conditions hold, for all c 2 C :

(a) s�1.�.c// D �.c.1//r .c.2//.

(b) s.�.c// D r�1.c.1//c.2/.

(c) r�1.c/ D s.�.c.1///�.c.2//.

(d) r .c/ D c.1/s�1.�.c.2///.

(e) rs D "B1A.

The maps s and r are called cleaving maps of (2.1).

Remark 2.2 ([40]). If C is finite dimensional, then the extension (2.1) is cleft.

Definition 2.3 ([39, Definition 6.5.2]). The exact sequence (2.1) is called split if there
exist cleaving maps s and r as above, called splittings of (2.1), such that s is an algebra
map and r is a coalgebra map.

Cleft extensions can be described using suitable linear maps. A bicrossed product
datum of Hopf algebras is a collection .A;B;*;�;�;�/whereA andB are Hopf algebras,

*WB ˝ A! A; �WB ! B ˝ A; � WB ˝ B ! A and � WB ! A˝ A

are maps, called, respectively, a weak action, a weak coaction, a cocycle and a dual cocy-
cle, obeying the conditions in [7, Theorem 2.20].

A bicrossed product datum .A; B; *; �; �; �/ gives rise to a Hopf algebra A#��B ,
called a bicrossed product: the underlying vector space isA˝B , while the multiplication,
comultiplication and antipode are determined by the formulas

.k#h/.t#g/ D k.h.1/ * t/�.h.2/; g.1//#h.3/g.2/;

�.k#h/ D k.1/� .1/.h.1//#�.h.2//i ˝ k.2/� .2/.h.1//�.h.2//i#h.3/;

�.a#b/ D
��

�
��
�.b/i

�
.2/

�
* �

�
�.b/i

��
#�
��
�.b/i

�
.1/

��
�.a/#1:

The natural maps �WA! A#��B and � WA#��B ! B fit into a cleft exact sequence

k! A
�
�! A#��B

�
�! B ! k;

of Hopf algebras, with cleaving maps

s WB ! A#��B; s.b/ D 1#b; r WA#��B ! A; r .a#b/ D ".b/a; a 2 A; b 2 B:
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Conversely, given a cleft exact sequence (2.1), there exists a bicrossed product datum
.A;B;*;�;�; �/ such thatC ŠA#��B; it arises from the cleaving maps s and r as follows:

b * a D s.b.1//as�1.b.2//; �.b#b0/ D s.b.1//s.b0.1//s
�1.b.2/b

0
.2//;

�
�
�.c/

�
D �.c.2//˝ r�1.c.1//r .c.3//; �

�
�.c/

�
D �

�
r�1.c.1//

�
r .c.2//˝ r .c.3//;

for all a 2 A, b 2 B , c 2 C . See [7, Theorem 3.2.14].
A special instance of a bicrossed product datum .A; B;*; �; �; �/ occurs where the

cocycle � and the dual cocycle � are trivial maps; in this case, we omit the mention of �
and � and call the bicrossed product datum .A; B;*; �/ a bismash datum. Notice that in
a bismash datum, A is a left B-module algebra and B is a right A-comodule algebra with
action * and coaction �.

Given a bismash datum .A; B; *; �/, the associated bicrossed product is denoted
A#B . The canonical cleaving maps imply that the associated exact sequence

k! A
�
�! A#B

�
�! B ! k (2.2)

is split. Conversely, if (2.1) is a split exact sequence, then the corresponding bicrossed
product datum .A; B;*; �; �; �/ is in fact a bismash datum .A; B;*; �/ such that C Š
A#B .

A bismash datum .A; B;*; �/ is called a Singer pair if A is commutative and B is
cocommutative. In this case (2.2) is a split abelian extension of Hopf algebras.

Remark 2.4. Observe that every abelian cleft exact sequence (2.1) gives rise to a Singer
pair through the actions *, �.

2.2. Matched pairs

We now present a way to produce extensions due to G. I. Kac for abelian extensions
and to S. Majid in general. We start by the definition, see [29, Section 7.2]. An exact
factorization of a Hopf algebra S consists of a pair .G;L/ of Hopf subalgebras of S such
that the restriction of the multiplication map

multWG ˝ L! S

is a linear isomorphism. Exact factorizations are classified through the following notion.

Definition 2.5 ([29, Definition 7.2.1]). A matched pair of Hopf algebras is a collection
.G;L;F;G/ where L and G Hopf algebras, G is a left L-module coalgebra with action F,
L is a right G-module coalgebra with action G such that for all `;m 2 L, x; y 2 G:

.`m/ G x D
�
` G .m.1/ F x.1//

�
.m.2/ G x.2//; (2.3)

` F .xy/ D
�
`.1/ F x.1/

��
.`.2/ G x.2// F y

�
; (2.4)

`.1/ G x.1/ ˝ `.2/ F x.2/ D `.2/ G x.2/ ˝ `.1/ F x.1/: (2.5)
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Proposition 2.6. Let G and L be Hopf algebras.

[29, Theorem 7.2.2] Given a matched pair .G;L;F;G/, the coalgebraG˝L with the
multiplication

.x ˝ `/.y ˝m/ D x.`.1/ F y.1//˝ .`.2/ G y.2//m; `;m 2 L; x; y 2 G;

is a Hopf algebra denoted G ‰ L. The natural inclusions G ,! G ‰ L - L

form an exact factorization of G ‰ L.

[29, Theorem 7.2.3] If .G;L/ is an exact factorization of a Hopf algebra S , then there
are actions F and G such that .G;L;F;G/ is a matched pair and

S ' G ‰ L:

The Hopf algebra G ‰ L is called the double crossproduct associated to the actions
G; F. Matched pairs of Hopf algebras give rise to split exact sequences in the following
way.

Proposition 2.7 ([29, Proposition 7.2.4]). If .G; L; F; G/ is a matched pair of a Hopf
algebras such that dimL <1, then .L�; G;*; �/ is a bismash datum, where * and �
are obtained by dualization; and vice versa.

In conclusion, finite-dimensional split abelian extensions are determined by exact
factorizations of cocommutative Hopf algebras (that can be thought of as finite group
schemes). We illustrate these notions with some examples, see Examples 3.7 and 3.8 for
a discussion of the fgc property.

Group algebras. The exact factorizations of a group algebra k˙ are in bijective corre-
spondence with the exact factorizations of the group ˙ , [27, 28, 43]. Also, the matched
pairs of Hopf algebras .k�;k�;F;G/ are the linearizations of the matched pairs of groups
.�;�;F;G/.

Lie algebras. The exact factorizations of an enveloping algebra U.s/ are in bijective cor-
respondence with those of the Lie algebra s; matched pairs of Hopf algebras .U.g/; U.l/;
F; G/ are in bijective correspondence with matched pairs of Lie algebras .g; l; F; G/. See
[29, Section 8.3]. More precisely,

ı an exact factorization of a Lie algebra s consists of a pair .g; l/ of Lie subalgebras
such that s D g˚ l (as vector spaces);

ı a matched pair of Lie algebras is a collection .g; l; F; G/ where g and l are Lie
algebras, F and G are left and right actions l

G
 � l � g

F
�! g satisfying (2.11) and

(2.12) below.

Given such a matched pair, g‰ l WD g˚ l with the multiplication given by (2.15) is
a Lie algebra. Up to identifications, .g; l/ is an exact factorization of g‰ l. Also, (2.15)
is equivalent to g and l being Lie subalgebras and

Œ`; y� D ` F y C ` G y; ` 2 l; y 2 g: (2.6)
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Conversely if .g; l/ is an exact factorization of a Lie algebra s, then (2.6) defines the
actions F and G, .g; l;F;G/ is a matched pair and s ' g‰ l.

Restricted Lie algebras. In this example charkD p > 0. Let s be a restricted Lie algebra
with p-operation s 7! sŒp�, see [26, (65), p. 187]. Concretely, given i 2 Ip�1, recall that
si W s � s! s is the homogeneous polynomial of degree p defined on a pair .s; t/ as the
coefficient of X i�1 in ad.Xs C t /p�1.s/, where X is a formal variable. Then

.s C t /p D sp C tp C

p�1X
iD1

si .s; t/
i

; s; t 2 s: (2.7)

By definition the p-operation satisfies for all k 2 k, s; t 2 s the identities

.ks/Œp� D kpsŒp�; (2.8)

ad.sŒp�/ D ad.s/p; (2.9)

.s C t /Œp� D sŒp� C t Œp� C

p�1X
iD1

si .s; t/
i

: (2.10)

The following definitions are natural.

ı An exact factorization of s is a pair .g; l/ of restricted Lie subalgebras such that
s D g˚ l (as vector spaces).

ı A matched pair of restricted Lie algebras is a collection .g; l; F; G/ where g and

l are restricted Lie algebras, F and G are left and right p-actions l
G
 � l � g

F
�! g

satisfying for all `;m 2 l, x; y 2 g the identities

Œ`;m� G x D Œ` G x;m�C Œ`;m G x�C ` G .m F x/ �m G .` F x/; (2.11)

` F Œx; y� D Œ` F x; y�C Œx; ` F y�C .` G x/ F y � .` G y/ F x; (2.12)

`Œp� G y D
X

1�i�p�1

.ad `/i
�
` G .`p�i F y/

�
; (2.13)

` F yŒp� D
X

1�i�p�1

.�1/p�i .ady/i
�
.` G yp�1�i / F y

�
: (2.14)

Lemma 2.8. Let g and l be restricted Lie algebras.

(i) If .g; l;F;G/ is a matched pair of restricted Lie algebras, then g‰ l WD g˚ l

is a restricted Lie algebra with the multiplication�
.x; `/; .y;m/

�
D
�
Œx; y�C ` F y �m F x; Œ`;m�C ` G y �m G x

�
(2.15)

`;m 2 l, x; y 2 g; and with p-operation extending those of g and l and

.y C `/Œp� D yŒp� C `Œp� C

p�1X
iD1

si .y; `/
i

; y 2 g; ` 2 l; (2.16)

where si Wg‰ l � g‰ l! g‰ l is defined from the Lie bracket (2.15).
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(ii) Let .g; l/ be an exact factorization of a restricted Lie algebra s. Then .g; l;F;G/
with the actions given by (2.6) is a matched pair of restricted Lie algebras and
s ' g‰ l as restricted Lie algebras.

Proof. (i): Since F; G are actions that satisfy (2.11) and (2.12), g ‰ l with the bracket
(2.15) is a Lie algebra [29, Section 8.3]. Thus the maps si are defined and we just have to
check that (2.16) gives a p-operation. (2.8) holds because si is homogeneous of degree p.
We first verify (2.9) for s D y 2 g. Since both sides are linear operators and the restriction
to g is a p-operation, it is enough to see that ad.yŒp�/.`/ ?D ad.y/p.`/ for ` 2 l. Arguing
by induction from (2.6) we prove that for every N 2 N and ` 2 l

.ad `/N .y/ D `N F y C
X

0�i�N�1

.ad `/i
�
y G .`N�1�i F y/

�
:

Taking N D p and again by (2.6), we conclude that ? holds iff (2.13) is true. Similarly
we prove that for every N 2 N, y 2 g and ` 2 l

.ady/N .`/ D
X

0�i�N�1

.�1/NCi .ady/i
�
.` G yN�1�i / F y

�
C .�1/N ` G yN :

(Here (2.6) says that .ad y/.`/ D �` F y � ` G y.) Taking N D p, we conclude that
ad.`Œp�/.y/ D ad.`/p.y/ holds iff (2.14) is true. Finally

ad.y C `/p D ad.y/p C ad.`/p C
p�1X
iD1

ad si .y; `/
i

D ad.yŒp�/C ad.`Œp�/C
p�1X
iD1

ad si .y; `/
i

D ad
�
.y C `/Œp�

�
;

where the first equality is by (2.7), the second because these are p-operations on the
subalgebras and the third is by definition. Thus (2.9) holds.

We proceed with (2.10). Let s D xC ` and t D y Cm, where x;y 2 g, `;m 2 l. Then

.s C t /Œp� D
�
.x C y/C .`Cm/

�Œp�
D .x C y/Œp� C .`Cm/Œp� C

p�1X
iD1

si
�
.x C y/; .`Cm/

�
i

D xŒp� C yŒp� C

p�1X
iD1

si .x; y/
i

C `Œp� CmŒp�

C

p�1X
iD1

si .`;m/
i

C

p�1X
iD1

si
�
.x C y/; .`Cm/

�
i

:



N. Andruskiewitsch and S. Natale 410

On the other hand,

sŒp� C t Œp� C

p�1X
iD1

si .s; t/
i
D xŒp� C `Œp� C

p�1X
iD1

si .x; `/
i

C yŒp� CmŒp� C

p�1X
iD1

si .y;m/
i

C

p�1X
iD1

si .s; t/
i

:

To show that these two expressions are equal just apply (2.7) to both sides of the equality
..x C y/C .`Cm//p D ..x C `/C .y Cm//p .

Let u.s/ be the restricted enveloping algebra of the restricted Lie algebra s; it has a
PBW-basis with the powers of the generators truncated at p.

Lemma 2.9. Let s be a restricted Lie algebra. The following are equivalent:

(i) Exact factorizations of the Hopf algebra u.s/.

(ii) Exact factorizations of the restricted Lie algebra s.

Proof. (i))(ii). If .G;L/ is an exact factorization of u.s/, then take g D P .G/, l D

P .L/. As a consequence of [42, Proposition 13.2.3], G ' u.g/, L ' u.l/, and by the
PBW theorem, .g; l/ is an exact factorization of s.

(i)((ii). If .g; l/ is an exact factorization of s, then the multiplication u.g/˝ u.l/!

u.s/ is a linear isomorphism–apply the PBW-theorem to the union of bases of g and l.

Here are some concrete examples of factorizations of restricted Lie algebras.

Restricted Lie bialgebras. Let us say that a finite-dimensional Lie bialgebra b is re-
stricted if and only if its Manin triple .p; b; b�/ is restricted, meaning that p is restricted
and b, b� are restricted subalgebras. In particular .b;b�/ is an exact factorization of p.

Restricted Lie algebras with triangular decompositions. A triangular decomposition
of a Lie algebra a is a collection .a0; aC; a�; . j // where a0; a�; aC are subalgebras of a

and . j / W a � a! k is a non-degenerate symmetric a-invariant bilinear form such that a0
is abelian,

aD a� ˚ a0 ˚ aC; Œa˙;a0� � a˙; and .aCjaC/D .a�ja�/D .aCja0/D .a0ja�/D 0:

A triangular decomposition gives rise to a Manin triple .p;p1;p2/ defined by

p D a � a; p1 D diag a; and p2 D
®
.a� C a0; aC � a0/W a? 2 a?; ? 2 ¹C; 0;�º

¯
:

If a is restricted and a0;a�;aC are restricted subalgebras, then p is restricted and .p1;p2/
is an exact factorization. There are other factorizations:

• .a˙; a0 ˚ a�/ are exact factorizations of a;

• .a� ˚ a0; a0 ˚ aC/ is an exact factorization of a � a0.
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Restricted Z-graded Lie algebras. A finite-dimensional Z-graded Lie algebra s DLt
iD�r si (where r; t 2 N0) is restricted if the underlying Lie algebra s is restricted

and s
Œp�
i � spi for all i . Then sC WD

Lt
iD1 si and s�0 WD

L0
iD�r si form an exact fac-

torization of s.

3. Quasi-split extensions
3.1. Morita equivalence

Two finite-dimensional Hopf algebras H and U are Morita equivalent (H �Mor U ) iff
there exists an equivalence of braided tensor categories between the Drinfeld centers
Z.repH/ and Z.repU/, iff D.H/ and D.U / are twist equivalent quasitriangular Hopf
algebras.1

In other words, H �Mor U if the tensor categories repH and repU are Morita equiv-
alent. Notice that our defining condition is in fact a characterization of the original defini-
tion of Morita equivalence of tensor categories in [16, 33].

Instances of situations when two Hopf algebras H and U are Morita equivalent occur
when U ' H�, or when U ' HJ is obtained from H by twisting the comultiplication
by J 2 H ˝H , or when U ' H� is obtained from H by twisting the multiplication by
� WH ˝H ! k.

From now on, we assume that all Hopf algebras in (2.1) are finite-dimensional. In this
section, we study the following notion.

Definition 3.1. We shall say that a cleft abelian exact sequence (2.1) is quasi-split if,
for any choice of cleaving maps, the Hopf algebra C is Morita equivalent to the bismash
product A#B associated to the induced Singer pair (see Remark 2.4).

3.2. Coquasi-Hopf algebras

Recall that quasi-Hopf algebras were introduced by Drinfeld as generalizations of Hopf
algebras, where the main difference is that the coassociativity of the comultiplication holds
up to a 3-tensor called the associator [12]. Dually, a coquasi-bialgebra or coquasi-Hopf
algebraH is a generalization of a bialgebra or a Hopf algebra where the main difference is
that the associativity of the multiplication holds up to a dual 3-tensor 'WH ˝H ˝H!k,
called the coassociator. See e.g. [39] for details.

Here is the starting point of our analysis.

Definition 3.2 ([39]). Let K and Q be Hopf algebras. A generalized product coquasi-
Hopf algebra of K and Q is a co-quasi Hopf algebra H together with coquasi-Hopf
algebra maps

i WK ! H and j WQ! H such that mult.i ˝ j /WK ˝Q! H

is a linear isomorphism.

1Observe that this differs from [5], where it was claimed that H �Mor U , D.H/ ' D.U / as quasi-
triangular Hopf algebras; we point out that this discrepancy does not affect the results of loc. cit.
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Let us say that a finite-dimensional Hopf algebra L and a coquasi-Hopf algebra U
are Morita equivalent iff there exists an equivalence of braided tensor categories between
Z.corepL/ and Z.corepU/ or equivalently that the quantum doubles D.L/ and D.U /
are twist-equivalent. This extends the notion introduced at the beginning of Section 3.1;
also in this case we have that L and U are Morita equivalent if and only if their tensor
categories of finite dimensional corepresentations are Morita equivalent.

By the results of [39, Section 6], a cleft exact sequence of Hopf algebras (2.1) gives
rise to a generalized product coquasi-Hopf algebra H of A� and B , where

ı H D B ˝ A� as a coalgebra;

ı the multiplication is given by

.x ˝ `/.y ˝m/ D x.`.1/ G y.1//˝ .`.2/ F y.2//m; `;m 2 A�; x; y 2 B;

where the maps GWA� ˝B ! A� and FWA� ˝B ! B are determined by the asso-
ciated weak action * and the weak coaction � by

.` G x/.a/ D `.x * a/; ` F x D �.x/i`
�
�.x/i

�
; ` 2 A�; x 2 BI

ı the coassociator 'WH ˝H ˝H ! k is determined by the cocycle � and the dual
cocycle � in the form

'.x ˝ `˝ y ˝m˝ z ˝ r/

D ".x/ `
�
y * � .1/.z.1//�

�
y.2/; �.z.2//i

�
m
�
� .1/.z.1//�.z.2//

i
��
".r/:

Proposition 3.3. Given a cleft exact sequence of Hopf algebras (2.1), the Hopf algebra
C is Morita equivalent to the coquasi-Hopf algebra H .

Proof. The main result of [39] implies the existence of an equivalence of monoidal cate-
gories

A.corepC/A ' corepH;

which amounts to the Morita equivalence of the categories corepC , corepH , and a fortiori
of C and H . Indeed, an equivalence of braided tensor categories between the Drinfeld
centers of corepC and corepH was established in [38].

Combining Propositions 2.7 and 3.3, we obtain the following result.

Corollary 3.4. Let S be a finite-dimensional Hopf algebra and suppose that S is a double
crossproduct of its Hopf subalgebras G and L. Then S is Morita equivalent to a bismash
product L�#G. In particular, if D.S/ has fgc so does L�#G.

Proof. By Proposition 2.7, the matched pair defining S gives rise to a bismash datum
.L�;G;*;�/ hence to a cleft exact sequence of Hopf algebras k!L�

�
�!L�#G

�
�!G!

k, which is split. Let H be the coquasi-Hopf algebra described just before Proposition
3.3; then by this Proposition, L�#G is Morita equivalent to H . But by definition H is
isomorphic in this case to the double crossproduct S .
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3.3. Abelian extensions

Suppose now that the exact sequence (2.1) is abelian. Then the coquasi-Hopf algebra
H described above turns out to be the double crossproduct associated to the Singer pair
.A; B/ with a possibly nontrivial coassociator determined by the cocycles � and � . How-
ever, the coalgebra H is cocommutative in this case.

Corollary 3.5. An abelian extension of B by A is quasi-split provided that the coassoci-
ator ' is trivial.

Proof. It follows from the fact that the split extension A#B is Morita equivalent to A� ‰
B (with trivial associator) by Proposition 3.3.

Exactness of the Kac sequence of [39] implies that, since A is finite-dimensional,H is
isomorphic as a coquasi-Hopf algebra to the double crossproduct A�‰ B (as generalized
products of A� and B) if and only if (2.1) is isomorphic (as a B-extension of A) to a
twisting .A#B/J� of the bismash product, where

ı J 2 A˝ A is a twist in A, and

ı �WB ˝ B is a 2-cocycle on B ,

regarded respectively as a twist in C and a 2-cocycle on C , see [39, Theorem 6.3.6].
The next theorem is the main result of this section.

Theorem 3.6. Let .A; B/ be a Singer pair of finite-dimensional Hopf algebras. Given a
quasi-split abelian extension C of B by A, the double D.C/ and a fortiori C have fgc. In
particular, A#B has fgc.

Proof. We have that C is Morita equivalent to the cocommutative Hopf algebra A� ‰ B .
Whence D.C/ is twist equivalent to D.A� ‰ B/, which has fgc by the main result of
[34]. Hence D.C/ and therefore also C have fgc.

Example 3.7. Let� and � be finite groups. Consider an exact sequence of Hopf algebras

k! k� ! C ! k� ! k

where k� is the algebra of functions on �. Then C ' k�#��k� is a bicrossed product.
The relevant (weak) actions in this case are determined by actions by permutations F W
� � � ! � and GW � � � ! � that make .�; �; F; G/ into a matched pair of finite
groups. Let ˙ D � ‰ � be the associated double crossproduct group.

The Hopf algebra C is Morita equivalent to a quasi-Hopf algebra .k˙; !/, where
! 2 H 3.˙;k�/ is the 3-cocycle attached to the class of C under the Kac exact sequence
(hence in particular, the restriction of ! to � and � is trivial). It follows from [34] that C
has fgc whenever ! is trivial.

For instance, we have k˙ �Mor k�#k� , hence k�#k� has fgc. This is evident if
char k is 0 or coprime to j˙ j; otherwise it follows alternatively from [5, Lemma 3.2.5]
since k� is semisimple.
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Example 3.8. Let .g; l;F;G/ be a matched pair of restricted Lie algebras and s D g‰ l.
The corresponding matched pair of Hopf algebras .u.g/;u.l/;F;G/ gives rise to an exact
sequence

k! u.l/� ! u.l/�#u.g/! u.g/! k:

We have u.s/ �Mor u.l/�#u.g/, hence u.l/�#u.g/ has fgc by [34].

4. The restricted Jordan plane

In this section and the next two, char kD p is an odd prime (except when explicitly stated
otherwise). In Section 6, we consider a subclass of the finite-dimensional Nichols algebras
introduced in [3] and show that their bosonizations with suitable group algebras are split
abelian extensions, therefore they have fgc. In this section and in the next, we work out
the two simplest examples for illustration.

4.1. The property fgc for bosonizations

In this subsection, char k is arbitrary. We record a useful result, a variation of [5, Theo-
rem 3.1.6].

Theorem 4.1. Let F be a finite group.

(i) Assume that kF is semisimple. If R is a finite-dimensional Hopf algebra in
kF
kF YD that has fgc, then R#kF has fgc.

(ii) If R is a finite-dimensional Hopf algebra in kF

kF
YD that has fgc, then R#kF has

fgc.

Proof. We sketch the proof for the reader’s convenience. Let K be either kF as in (i) or
kF as in (ii), so clearly K is semisimple. Let R be as in (i) or (ii) accordingly.

Since the proofs of [31, Corollary 3.13] and [5, Lemma 3.1.4] just require that k is
a field, we conclude that the algebra H.R;k/ is Noetherian. Now [5, Lemma 3.1.1] also
holds for any field, hence H.R;k/K is finitely generated.

On the other hand, there is an isomorphism H.R#K;k/ ' H.R;k/K , see [41, Theo-
rem 2.17]. Hence H.R#K;k/ is finitely generated.

Next, given a finitely generated R#K-module M , one can prove that H.R#K;M/

is finitely generated as an H.R#K; k/-module repeating word-by-word the proof of the
analogous fact in [5, Theorem 3.1.6].

For further developments, it would be useful to extend Theorem 4.1 to an arbitrary
semisimple Hopf algebra K.

Lemma 4.2. Let A be a finite-dimensional Hopf algebra and U 2 AAYD such that B.U /
is finite-dimensional. If B.U /#A has fgc, then so does the Nichols algebra B.U /.

Proof. Since B.U /#A is free over B.U /, [5, Theorem 3.2.1] implies the claim.
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4.2. The minimal bosonization

We begin with the following basic example. The block V.1; 2/ is the braided vector space
with a basis ¹x; yº such that

c.x ˝ x/ D x ˝ x; c.y ˝ x/ D x ˝ y;

c.x ˝ y/ D .y C x/˝ x; c.y ˝ y/ D .y C x/˝ y:
(4.1)

The Nichols algebra B.V.1; 2// is called the restricted Jordan plane.

Lemma 4.3 ([11]). The restricted Jordan plane is generated by x, y with relations

yx � xy C 1
2
x2; xp; yp: (4.2)

The set ¹xayb W 0 � a; b < pº is a basis of B.V.1; 2//, so dimB.V.1; 2// D p2.

The minimal bosonization of V.1;2/ arises as follows. Let � DZ=pDhgi. We realize
V.1; 2/ in k�

k�YD by

g � x D x; g � y D y C x; deg x D degy D g:

Thus the Hopf algebraH D B.V.1; 2//#k� has dimension p3. We get a presentation
of H by generators x; y; g, where we identify x D x ˝ 1; y D y ˝ 1; g D 1˝ g 2 H ,
with defining relations

xp D yp D 0; gp D 1; gx D xg; gy D yg C xg; yx D xy � 1
2
x2:

The comultiplication of H is determined by

�.g/ D g ˝ g; �.x/ D x ˝ 1C g ˝ x; �.y/ D y ˝ 1C g ˝ y:

In addition, the monomials gixjy`, 0 � i; j; ` � p � 1, form a basis of H .
Let K D khx; gi � H and L D kŒ��=.�p/ with � primitive.

Lemma 4.4. The Hopf algebraH fits into a split abelian extension k!K
�
�!H

�
�!L!

k, where � is the inclusion and � is defined by �.x/ D 0, �.g/ D 1 and �.y/ D �.

Proof. The defining relations of H imply that K is commutative. Furthermore L is gen-
erated by the primitive element �, whence cocommutative. Clearly � is well-defined and
ker� D HKC. We thus obtain an abelian exact sequence k! K

�
�! H

�
�! L! k.

Since yp D 0D��.y/p , there exists a unique algebra map s WL!H such that s.�/D
��.y/ D g�1y. Clearly, �s D idL. Being an algebra map, s is automatically invertible
for the convolution product. The L-colinearity of s follows from the relation

.s ˝ id/�.�/ D g�1y ˝ 1C 1˝ � D .id˝ �/�s.�/

D .id˝ �/.g�1y ˝ g�1 C 1˝ g�1y/:

Dually, let r WH ! K be the linear map defined by

r .gixjy`/ D gixj if ` D 0; and r .gixjy`/ D 0 if ` > 0:
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It is clear that r is K-linear, r � D idK and rs D "L1K . We next show that r is a coalgebra
map. Since r jK D idK , we have�r .x/D .r ˝ r /�.x/, for all x 2 K. Let I D ker r �H ,
in other words, I is the linear span of all monomials gixjy` with ` > 0. The relation
�.y/D y˝ 1C g˝ y implies that�.I/� I ˝H CH ˝ I . Therefore .r ˝ r /�.I /D 0,
implying that r is a coalgebra map. This shows that .s; r / is a splitting and finishes the
proof of the lemma.

Remark 4.5 ([8]). The Drinfeld double of H fits into an abelian exact sequence

k! R! D.H/! u
�
sl2.k/

�
! k;

where R is a local commutative Hopf algebra.

The following result appeared already in [36] with a different proof.

Proposition 4.6. The Hopf algebra B.V.1; 2//#k� and the Nichols algebra B.V.1; 2//

have fgc.

Proof. By Lemma 4.4, we may apply Theorem 1.2 and Lemma 4.2.

4.3. More bosonizations

To deal with different realizations of the Jordan plane, we recall the notions of YD-pairs
and YD-triples that are available in any characteristic. Let A be a Hopf algebra; as usual
G.A/ denotes the group of group-like elements of A.

ı A pair .g; �/ 2 G.A/ � Alg.A;k/ is called a YD-pair for A if

�.h/ g D �.h.2//h.1/ g �.h.3//; h 2 A: (4.3)

A YD-pair .g; �/ gives rise to k�g 2 AAYD of dimension 1, with action and coaction
given by � and g, respectively. Any one-dimensional object in AAYD is like this.

ı A collection .g;�; �/ where .g;�/ is a YD-pair forA and � 2Der�;�.A;k/ is called
a YD-triple for A if

�.h/g D �.h.2//h.1/g�.h.3//; h 2 A; (4.4)

and �.g/ D �.g/ D 1: (4.5)

Notice that the existence of a YD-triple for A when dimA <1 forces that char k > 0,
since � 2 A� is a non-zero .�; �/- primitive.

A YD-triple .g; �; �/ gives rise to Vg.�; �/ 2
A
AYD , defined as the vector space with

a basis ¹x; yº, whose A-action and A-coaction are given by

h � x D �.h/x; h � y D �.h/y C �.h/x; h 2 AI ı.x/ D g ˝ x; ı.y/ D g ˝ y:

By assumption (4.5), Vg.�; �/ ' V.1; 2/ as a braided vector space.
We now turn back to the assumption that char k D p > 2.
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Question 4.7. Let .g;�; �/ be a YD-triple for A where dimA <1. Does B.Vg.�; �//#A
have fgc?

We point out that Theorem 4.1 does not apply in the present situation, by the following
observation.

Remark 4.8. LetA be a finite-dimensional Hopf algebra that admits a YD-triple .g;�;�/.
Then A is not semisimple.

Proof. Observe that the restriction �W hgi ! k is a morphism of abelian groups, hence
�.gp/ D 0, which implies that p divides the order of g. Thus khgi is not semisimple, and
a fortiori A is not semisimple by [37, Proposition 10.3.4].

There are examples fitting into abelian exact sequences that are not necessarily split.

Remark 4.9. Let F be a finite group and let .g; �; �/ be a YD-triple for kF . It con-
sists of g 2 Z.F /, � 2 yF WD Homgps.F; k�/ and � 2 Der�;�.kF; k/ such that �.g/ D
�.g/ D 1. Let N WD ker � \ Z.F / C F . On one hand we consider the subalgebra of
H D B.Vg.�; �//#kF :

K WD khx; 
 W 
 2 N i ' khxi#kN:

Here K is commutative but not necessarily cocommutative. On the other hand, � induces
a character x� of F=N . Let k� 2 k.F=N/

k.F=N/YD corresponding to the YD-pair .e; x�/. Then

L WD B.�/#k.F=N/ ' kŒ��=.�p/#k.F=N/I

here � is primitive. Clearly L is cocommutative but not necessarily commutative.
Let �WK ! H be the inclusion and let � WH ! L be the map defined by �.x/ D 0,

�.y/ D � and �.
/ D the class of 
 in F=N . ThenH fits into the abelian exact sequence
k ! K

�
�! H

�
�! L ! k, which is not split, for instance, when the exact sequence of

groups 1! N ! F ! F=N ! 1 is not split.

In the setting of the previous remark, the Hopf algebra H� has fgc.

Proposition 4.10. Let H D B.Vg.�; �//#kF , where F is a finite group and .g; �; �/ is
a YD-triple for kF . Then H� has fgc.

Proof. Arguing as in [8, Lemma 1.5], we see that H� ' R#kF , where R ' B.W / is
isomorphic to B.V.1; 2// as algebras (although not as braided Hopf algebras). Anyway,
R has fgc by Proposition 4.6, hence H� has fgc by Theorem 4.1.

5. The first Laestrygonian algebra B.Lq.1;G//

5.1. The Nichols algebra B.Lq.1;G//

The next example of interest to us depends on the data: q 2 k� and a 2 Fp
�. Let

r 2 ¹1 � p; 2 � p; : : : ;�2;�1º such that r � 2a mod p:
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The ghost is the integer G WD �r 2 Ip�1; since p is odd, G determines a. To this data, we
attach the braided vector space Lq.1;G/ with basis b D ¹x1; y1; x2º and braiding given by

�
c.b ˝ b0/

�
b;b02b D

0@ x1 ˝ x1 .y1 C x1/˝ x1 q x2 ˝ x1
x1 ˝ y1 .y1 C x1/˝ y1 q x2 ˝ y1

q�1x1 ˝ x2 q�1.y1 C ax1/˝ x2 x2 ˝ x2

1A : (5.1)

Thus V1 WDkx1Cky1'V.1;2/ and V2 WDkx2 satisfy cWVi ˝Vj DVj ˝Vi , i;j 2 ¹1;2º;
in particular V1 and V2 are braided subspaces of V . We introduce

z0 WD x2; znC1 WD y1zn � qzny1; n > 0: (5.2)

Lemma 5.1 ([3, Section 4.3.1]). The algebra B.Lq.1; G// is presented by generators
x1; y1; x2 and relations (4.2), and, in the notation (5.2),

x1x2 D q x2x1; (5.3)

z1CG D 0; (5.4)

ztztC1 D q
�1 ztC1zt ; 0 � t < G; (5.5)

z
p
t D 0; 0 � t � G: (5.6)

The algebra B.Lq.1;G// has a PBW-basis

B D
®
x
m1
1 y

m2
1 z

nG
G � � � z

n1
1 z

n0
0 Wmi ; nj 2 I0;p

¯
; (5.7)

hence dimB.Lq.1;G// D p
GC3.

5.2. A suitable realization

In order to realize Lq.1;G/ in k�
k�YD for some finite group � , we need to assume that q

is a root of 1. Set d WD ord q; then d is coprime to p D char k. Fix a positive integer f
which is a multiple of pd . A suitable choice of group is

� D Z=f � Z=f D hg1i ˚ hg2i; where ordg1 D ordg2 D f:

It is not difficult to see that Lq.1;G/ can be realized in k�
k�YD by

g1 � x1 D x1; g1 � y1 D y1 C x1; g1 � x2 D qx2;

g2 � x1 D q
�1x1; g2 � y1 D q

�1.y1 C ax1/; g2 � x2 D x2;

deg x1 D g1; degy1 D g1; deg x2 D g2:

(5.8)

Therefore the Hopf algebra zH WD B.Lq.1;G//#k� is presented by generators x1, y1,
x2, g1, g2, with relations (4.2), (5.3), (5.4), (5.5), (5.6), and

g
f
1 D 1; g

f
2 D 1; g1g2 D g2g1; (5.9)

g1x1 D x1g1; g1y1 D y1g1 C g1x1; g1x2 D qx2g1; (5.10)

g2x1 D q
�1x1g2; g2y1 D q

�1.y1g2 C ax1g2/; g2x2 D x2g2: (5.11)
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The comultiplication of zH is determined by �.gi / D gi ˝ gi , i D 1; 2, and

�.x1/D x1˝1Cg1˝x1; �.y1/Dy1˝1Cg1˝y1; �.x2/D x2˝1Cg2˝x2: (5.12)

Clearly dim zH D pGC3f 2.

5.3. The split case

In this subsection, we deal with B.L1.1;G//; Let � be as above with f divisible by pd
with d D ord q. Let K � H WD B.L1.1;G//#k� be the Hopf subalgebra

K D khx1; g1; g2i:

We shall consider the restricted enveloping algebra

L D u.l/;

where l is the restricted Lie algebra defined as follows. Let V.G/ be the simple sl.2/-
module of highest weight G. Let E D . 0 10 0 /. Pick a basis .vn/n2I0;G of V.G/ such that

E � vn D vnC1; n 2 I0;G�1; E � vG D 0:

Let l D V.G/ Ì kE, a Lie subalgebra of the motion Lie algebra V.G/ Ì sl.2/; it follows
from Lemma 2.8 that l is restricted with p-operation equal to 0. That is, L is presented by
generators v0 and E with defining relations, in terms of vnC1 D Evn � vnE, n 2 I0;G�1,

vmvn D vnvm; vpn D 0; m; n 2 I0;G; EvG � vGE D 0; Ep D 0:

Proposition 5.2. The Hopf algebra H D B.L1.1; G//#k� fits into a split abelian exact
sequence k! K

�
�! H

�
�! L! k, where � is the inclusion and � is defined by

�.g1/ D 1; �.g2/ D 1; �.x1/ D 0; �.y1/ D E; �.x2/ D v0: (5.13)

Proof. By assumption, the Hopf subalgebra K is commutative. In addition L is cocom-
mutative. Notice that dimK D pf 2. We see by inspection thatK is normal, i.e.,HKC D
KCH . Thus we have an abelian exact sequence

k! K
�
�! H ! H=HKC ! k:

Since dimH D pGC3f 2, dimH=HKC D pGC2 D dimL. Now (5.13) determines an
algebra map � WH ! L by (5.2) and the defining relations of B.L1.1;G//. The map � is
surjective, has HKC � ker � and preserves the comultiplication since the classes of y1
and x2 are primitive in H=HKC. By dimension counting, � induces an isomorphism of
Hopf algebras H=HKC ! L.

Observe that �.zn/ D vn, for all n � 0. To define a splitting, we argue as in the proof
of Lemma 4.4. The universal property of u.l/ implies the existence of a unique algebra
map s WL D u.l/! H such that

s.E/ D ��.y1/; s.vn/ D ��.zn/; 8n D 0; 1; : : : :
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Clearly �s D idL. To see that s is L-colinear, it will be enough to verify that the maps
.s˝ idL/� and .id˝�/�s agree onE and v0, because both .s˝ idL/� and .idH ˝�/�s
are algebra maps andE and v0 generateL as an algebra. This follows at once from (5.12).

Let now r WH ! K be the linear map defined on the basis of H arising from (5.7) by

r
�
gc1g

b
2x
m1
1 y

m2
1 z

nG
G � � � z

n1
1 z

n0
0

�
D

´
gc1g

b
2x
m1
1 ; if m2 C nG C � � � C n0 D 0;

0; otherwise:

As in the proof of Lemma 4.4, we see that r is aK-linear retraction of � and that rs D "L1K .
Moreover, r is a coalgebra map. To see this, we consider the subspace I D ker r which
coincides with the linear span of all monomials gc1g

b
2x
m1
1 y

m2
1 z

nG
G : : : z

n1
1 z

n0
0 such that

m2 C nG C � � � C n0 > 0. The defining relations of H imply that I is a left ideal. We
claim that �.I/ � I ˝ H C H ˝ I . Indeed, (5.12) implies that �.y1/; �.x2/ 2 I ˝
H CH ˝ I . By [4, Lemma 4.2.5] and the comultiplication formula of the bosonization,
there exist �j;n 2 k such that

�.zn/ D zn ˝ 1C

nX
jD0

�j;n x
n�j
1 g

j
1g2 ˝ zj ; 8n 2 I0;G:

Thus�.zn/2 I ˝H CH ˝ I , for all n� 0. Then the claim follows. Since r jK D idK ,
we conclude that r is a coalgebra map. Thus .s; r / is a splitting and the proof of the
Proposition is complete.

Proposition 5.3. The Hopf algebraH DB.L1.1;G//#k� and its doubleD.H/ have fgc.

Proof. This follows from Proposition 5.2 and Theorem 3.6.

5.4. The general case

Recall that q 2 k� has order d , that f is a multiple of pd and that � D hg1; g2W g
f
1 D

g
f
2 D 1; g1g2 D g2g1i ' Z=f � Z=f .

Theorem 5.4. The Hopf algebra zH D B.Lq.1;G//#k� has fgc.

Proof. Consider the bilinear form � W� � � ! k� determined by

�.gi ; gj / D

8̂̂<̂
:̂
1; i D j;

q; i D 1; j D 2;

1; i D 2; j D 1:

Then � is a 2-cocycle in � . Let # W � � � ! k�, #.g; h/ D �.g; h/�.h; g/�1 be the
associated antisymmetric bilinear form. Thus,

#.gi ; gj / D

8̂̂<̂
:̂
1; i D j;

q; i D 1; j D 2;

q�1; i D 2; j D 1:
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As in Section A.3 of the Appendix, let F� W
k�
k�YD ! k�

k�YD be the monoidal functor
associated to � . The image under F� of the braided vector space V D L1.1;G/ in Section
5.2 is F� .V / D V with the same grading as V and �-action (A.4); that is,

g1 � x1 D x1; g1 � y1 D y1 C x1; g1 � x2 D qx2;

g2 � x1 D q
�1x1; g2 � y1 D q

�1.y1 C ax1/; g2 � x2 D x2;

deg x1 D g1; degy1 D g1; deg x2 D g2:

(5.14)

Hence F� .V / D Lq.1;G/. By Lemma A.4. the bosonization zH D B.Lq.1;G//#k� is a
cocycle deformation of the bosonization H D B.L1.1; G//#k� . By Proposition 5.3, the
double D.H/ has fgc. Hence zH also has fgc, as claimed.

Corollary 5.5. Let q 2 G1. The Nichols algebra B.Lq.1;G// has fgc.

6. Pointed Hopf algebras over abelian groups

6.1. A class of braided vector spaces

We now proceed with a family of Hopf algebras which are bosonizations of some Nichols
algebras introduced in [3], analogues in odd characteristic of Nichols algebras appearing
in [4]. We show that, up to a cocycle deformation, the Hopf algebra H D B.V.q; a//#k�
fits into a split abelian exact sequence k! K ! H ! u.l/! k, where the restricted
Lie algebra l is determined explicitly.

Data. We shall consider braided vector spaces depending on:

ı two positive integers t < � ;

ı a matrix q D .qij /i;j2I� such that

qij qj i D 1; qi i D 1; i; j 2 I� ; i ¤ j: (6.1)

ı a family a D .aij /i2ItC1;� ;
j2It

with entries in Fp . We lift this family to Z as follows:

˘ when aij ¤ 0, we take

rij 2 ¹1 � p; 2 � p; : : : ;�2;�1º such that rij � 2aij mod p; (6.2)

and then we set Gi;j WD �rij 2 Ip�1.

˘ when aij D 0, we lift it to Gi;j D 0.

The family G WD .Gi;j /i2ItC1;� ;
j2It

, equivalent to a, is the ghost; both a and G are needed.
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Definition. We define a braided vector space .V.q;a/; c/ from the data above. First, it has
a decomposition V.q; a/ D V1 ˚ � � � ˚ Vt ˚ � � � ˚ V� such that

c.Vi ˝ Vj / D Vj ˝ Vi ; i; j 2 I� :

Then we assume:

• If j 2 It , then Vj ' V.1; 2/ (the blocks). Let ¹xj ; yj º be a basis of Vj realizing (4.1):

c.xj ˝ xj / D xj ˝ xj ; c.yj ˝ xj / D xj ˝ yj ;

c.xj ˝ yj / D .yj C xj /˝ xj ; c.yj ˝ yj / D .yj C xj /˝ yj :
(6.3)

• If i 2 ItC1;� , then dim Vi D 1; these are the points. We fix a basis ¹xiº of Vi . Thus,
¹xi W i 2 I�º q ¹yj W j 2 Itº is a basis of V.q; a/.
The braidings cij D cjVi˝Vj , i; j 2 I� are given by the data q and a as follows:

ı If i; j 2 I� , then
c.xi ˝ xj / D qijxj ˝ xi : (6.4)

ı If i; j 2 It are blocks, then cij D qij � , � being the flip, for i ¤ j while cjj is given
by (6.3).

ı If j 2 It a block and i 2 ItC1;� is a point, then cj.Vi˚Vj /˝.Vi˚Vj / is given by (6.4)
and

c.yj ˝ xi / D qj ixi ˝ yj ; c.xi ˝ yj / D qij .yj C aijxj /˝ xi : (6.5)

As in [4], V.q; a/ is described by a diagram of the following shape:

�
1

G1;tC1
G1;tC3

�
2

G2;��1

�
3

G3;tC2

�
t�1

Gt�1;�

�
t

Gt;�

�
tC1

�
tC2

�
tC3

�
��1

�
�

That is, there are t blocks, � � t points and a line decorated by Gk;` when Gk;`¤ 0, joining
the block k with the point `; this graph is admissible in the sense of [4, Definition 1.3.7].

Remark 6.1. The data above is an ab-triple T D .n; q; a/ of rank � , cf. Section A.1, as
follows:

• n D .nj /j2I� is given by nj D 2, if 1 � j � t ; and nj D 1, if t < j � � .

• the matrix q D .qij /i;j2I� is as given above with the constraint (6.1);

• the family t D .tij /i;j2I� , where tij 2 End knj is given by

tij D 0; when t < j � � or 1 � i; j � t I

tij .xj / D 0; tij .yj / D aijxj ; when 1 � j � t and t < i � �:

If t D � D 1, then we have the restricted Jordan plane as in Section 4. If t D 1 and
� D 2, then we recover Lq.1;G/ as in Section 5.
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Grading. The subspace U of V D V.q; a/ spanned by .xi /i2I� is a braided subspace
and U � V is a filtration of braided vector spaces. The associated graded vector space
grV D U˚ V=U is of diagonal type; indeed, if Nyj is the class of yj in V=U, j 2 It , then
.xi /i2I� q . Nyj /j2It is a basis of grV and the braiding of grV is given by

c.xi ˝ xk/ D qik xk ˝ xj ; c. Nyj ˝ xi / D qj i xi ˝ Nyj ;

c.xi ˝ Nyj / D qij Nyj ˝ xi ; c. Nyj ˝ Ny`/ D qj` Ny` ˝ Nyj ;
for all i; k 2 I� ; j; ` 2 It :

Precisely, letQ' Z�Ct be the free abelian group with basis .˛i /i2I� q . ǰ /j2It ; then the
braiding is given by the bilinear form pWQ �Q! k� defined by

p.˛i ˝ j̨ / D p.˛i ˝ ǰ / D p.ˇi ˝ j̨ / D p.ˇi ˝ ǰ / D qij

whenever i and j make sense. By (6.1), B.grV/ is a quantum linear space and we have

p.
 ˝ ı/ D p.ı ˝ 
/ 8
; ı 2 Q:

Now consider the grading of V and its extension to T .V/ given by

deg xi D ˛i ; degyj D ǰ :

Given points h; ` 2 ItC1;� we set

ùh;n WD .adc y1/n1 � � � .adc yt /ntxh; n D .n1; : : : ; nt / 2 Nt
0I (6.6)

Ah WD
®
n 2 Nt

0W 0 � n � Gh D .Gh;1; : : : ;Gh;t /
¯
; ordered lexicographically: (6.7)

In terms of the bilinear form p, we also set

ph;`Im;n WD p degùh;m;degù`;n D

� Y
k;j2It

q
mknj
kj

�� Y
k2It

q
mk
k`

�� Y
j2It

q
nj
hj

�
qh`;

for m 2 Ah, n 2 A`.

Remark 6.2. In the definition (6.6), adc means the braided adjoint. However, it could
be replaced by a sequence of q-commutators (with various q). More precisely, given h 2
ItC1;� and n D .n1; : : : ; nt / 2 Nt

0, set ù D ùh;n. Then

ù D yj eù � q eùyj ; (6.8)

where j D min¹i 2 It Wni ¤ 0º, zn D .0; : : : ; 0; nj � 1; njC1; : : : ; nt /, eù D ùh;zn and

q D qjh
Y
j�i�t

q
ni
j i :

See the proof of [4, Lemma 7.2.3]. In particular, if q D 1 is the matrix with all entries
equal to 1, then q D 1 and we can replace adc by the usual adjoint in (6.6).
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The Nichols algebra B.V.q; a//. The following result is not included in [3] but its proof
is similar to that of [3, Sections 4.3.1 and 6.1].

Lemma 6.3. The algebra B.V.q; a// is presented by generators xi , i 2 I� , yj , j 2 It ,
and relations

x
p
j D 0; y

p
j D 0; yjxj � xjyj C

1
2
x2j D 0; j 2 It I (6.9)

xkxj D qkj xjxk ; xkyj Dqkj yjxk ; ykyj Dqkj yjyk k¤j 2It I (6.10)

xjxh D qjh xhxj ; j 2 It ; h 2 ItC1;� I (6.11)

.adc yj /1CGjh.xh/ D 0; j 2 It ; h 2 ItC1;� I (6.12)

ù
p

h;n D 0; n 2 Ah; h 2 ItC1;� I (6.13)

ùh;mù`;n D ph;`Im;nù`;nùh;m; h; ` 2 ItC1;� ; m 2 Ah; n 2 A`: (6.14)

A basis of B.V.q; a// is given by B D°
x
m1
1 y

m2
1 � � �x

m2t�1
t y

m2t
t

Y
h2ItC1;�

n2Ah

ù
nh;n
h;n W0� nh;n; mj < p if j 2 I2t ; h 2 ItC1;� ; n 2Ah

±
:

(6.15)
Hence dimB.V.q; a// D p2tC

P
h2ItC1;�

jAhj.

Proof. Argue as in the proofs of [3, Sections 4.3.1 and 6.1]; relation (6.14) follows as in
the discussion in [4, p. 107].

6.2. A suitable realization

In order to realize V.q; a/ in k�
k�YD for some finite group � , we need to assume that the

entries of the matrix q are roots of 1. Set

d WD lcm¹ord qij W i; j 2 I�ºI

then d is coprime to p D char k. Fix a positive integer f which is a multiple of pd . A
suitable choice of group is

� D .Z=f /� D hg1i ˚ � � � ˚ hg� i; where ordg1 D ordg2 D � � � ordg� D f:

In other words, � is generated by g1; : : : ; g� with relations

g
f
i D 1; gigj D gjgi ; i; j 2 I� : (6.16)

It is not difficult to see that V.q; a/ can be realized in k�
k�YD by

gk � V` D qk`idV` ; k 2 It ; ` 2 I� ; k ¤ `I or k; ` 2 ItC1;� I

gi � xj D qijxj ; gi � yj D qij .yj C aijxj /; i 2 ItC1;� ; j 2 It ;

gj � xj D xj ; gj � yj D yj C xj ; j 2 It ;

deg x` D g`; degyj D gj ; ` 2 I� ; j 2 It :

(6.17)
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Let zH denote the Hopf algebra B.V.q;a//#k�; it has a presentation by generators xi ,
yj , gk , i; k 2 I� , j 2 It with relations (6.9), (6.10), (6.11), (6.12), (6.13), (6.14), (6.16)
and those induced by (6.17). The comultiplication is given by

�.xi /Dxi˝1Cgi˝xi ; �.yj /Dyj˝1Cgj˝yj ; �.gi /Dgi˝gi ; i2I� ; j 2It : (6.18)

One has
dim zH D p2tC

P
h2ItC1;�

jAhjf � :

6.3. The split case

In this subsection we deal with B.V.1; a//, where 1 2 k� has all entries equal to 1. Let
� be as above with f divisible by pd with d D ord q. Consider the Hopf subalgebra
K � H D B.V.1; a//#k�

K D khx1; : : : ; xt ; g1; : : : ; g� i:

We shall consider the restricted enveloping algebra

L D u.l/;

where l is the restricted Lie algebra defined by the following steps.

ı g WD g1 ˚ � � � ˚ gt is the direct sum of r copies gj ' sl.2/, j 2 It .

ı Ej 2 gj is the element corresponding to . 0 10 0 /; n WD kE1 ˚ � � � ˚ kEt ,! g.

ı For any point h 2 ItC1;� , let V.Gh;j / be the simple gj -module of highest weight
Gh;j . Pick a basis .vh;j In/n2I0;Gh;j

of V.Gh;j / such that

Ej � vh;j Im D vh;j ImC1; 0 � m < Gh;j ; Ej � vh;Ghij D 0:

ı For any point h 2 ItC1;� , let V.Gh/ be the simple g-module

V.Gh/ WD V.Gh;1/˝ � � � ˝ V.Gh;t /:

Recalling the notation (6.7), a basis of V.Gh/ is formed by the elements

vh;m WD vh;1;Œm1� ˝ � � � ˝ vh;t;Œmt �; m D .m1; : : : ; mt / 2 Ah:

For h 2 ItC1;� , set vh WD vh;1;Œ0� ˝ � � � ˝ vh;t;Œ0�. Then for any m 2 Ah, we have

vh;m D E
m1
1 � � �E

mt
t � vh:

Indeed, V.Gh/ is the simple g-module of highest weight Gh D .Gh;1; : : : ;Gh;t /.

ı Finally, let l D V.G/ Ì n, where

V.G/ WD V.GtC1/˚ � � � ˚ V.G� /:
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By Lemma 2.8, l is a restricted Lie algebra with p-operation equal to 0. The restricted
enveloping algebra L D u.l/ is presented by generators Ej , j 2 It , and vh, h 2 ItC1;� ;
set

vh;m D .adE1/m1 � � � .adEt /mt .vh/:

Then the defining relations are

EjEk D EkEj ; j; k 2 It I (6.19)

.adEj /1CGjh.vh/ D 0; j 2 It ; h 2 ItC1;� I (6.20)

vh;mvi;n D vi;nvh;m; i; h 2 ItC1;� ; m 2 Ah; n 2 Ai I (6.21)

E
p
j D 0; j 2 It I (6.22)

v
p

h;m D 0; h 2 ItC1;� ; m 2 Ah: (6.23)

One has
dimL D p

tC
P
h2ItC1;�

jAhj:

Remark 6.4. Clearly l is a Lie subalgebra of V.G/ Ì g; we do not need the reference to
g here but it will be necessary in further developments.

Proposition 6.5. The Hopf algebra H D B.V.1; a//#k� fits into a split abelian exact
sequence k!K

�
�!H

�
�!L!k, where � is the inclusion and � WH!L is determined by

�.gi / D 1; i 2 I� ; �.xj / D 0; �.yj / D Ej ; j 2 It ; �.x`/ D v`; ` 2 ItC1;� : (6.24)

The proof has the same pattern as the proof of Proposition 5.2.

Proof. EvidentlyK is commutative, L is cocommutative and dimK D ptf � . By inspec-
tion, K is normal, i.e., HKC D KCH . Thus we have an abelian exact sequence

k! K
�
�! H ! H=HKC ! k:

We have dimH=HKC D dimL. By the defining relations of B.V.1; a//, see Remark 6.2,
the assignment (6.24) determines a Hopf algebra map � WH ! L, which is surjective and
has HKC � ker� . Thus � induces an isomorphism of Hopf algebras H=HKC ! L.

Observe that �.ùh;n/ D vh;n, for all h;n. The section s WL D u.l/! H is the unique
algebra map such that

s.Ej / D ��.yj / D �g
�1
j yj ; s.vh/ D ��.xh/ D �g

�1
h xh; 8j 2 It ; h 2 ItC1;� :

We appeal again to Remark 6.2 to see that s is indeed well defined. As in the proof of
Proposition 5.2, we get that s is an L-colinear section of � .

Observe that the generic element of the basis ofH arising from (6.15) can be expressed
as

u D g
b1
1 � � �g

b�
�
x
m1
1 � � � x

mt
t y

n1
1 � � �y

nt
t

Y
h2ItC1;�

n2Ah

ù
nh;n
h;n :
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Let r WH ! K be the linear map defined on u by the formula

r .u/ D

´
g
b1
1 � � �g

b�
�
x
m1
1 � � � x

mt
t ; if nk D nh;n D 0; 8k; h;nI

0; otherwise:

Clearly, r is a K-linear retraction of � and rs D "L1K . We claim that r is a coalgebra
map. To see this, we consider the subspace I D ker r which is the linear span of the
monomials

g
b1
1 � � �g

b�
�
x
m1
1 � � � x

mt
t y

n1
1 � � �y

nt
t

Y
h2ItC1;�

n2Ah

ù
nh;n
h;n W n1 C � � � C nh C

X
h2ItC1;�

n2Ah

nh;n > 0:

By the defining relations of H , I is a left ideal.
We claim that �.I/ � I ˝ H C H ˝ I . First, �.yj /; �.xh/ 2 I ˝ H C H ˝ I

for all j 2 It , h 2 ItC1;� by (6.18). Next, by [4, Lemmas 7.2.3 (b) and 7.2.4] and the
comultiplication formula of the bosonization, we have

�.ùh;n/ 2 ùh;n ˝ 1C
X
0�k�n

H ˝ùh;k � I ˝H CH ˝ I; 8h;n:

Let u, v be monomials in I such that �.u/; �.v/ 2 I ˝ H C H ˝ I . Then �.uv/ 2
I ˝H CH ˝ I . By a recursive argument, the second claim follows. Since r jK D idK ,
we get the first claim, i.e., that r is a coalgebra map. Thus .s; r / is a splitting and the proof
of the Proposition is complete.

Proposition 6.6. The Hopf algebra H D B.V.1; a//#k� and its double D.H/ have fgc.

Proof. This follows from Proposition 6.5 and Theorem 3.6.

6.4. The general case

Theorem 6.7. The Hopf algebra zH D B.V.q; a//#k� has fgc.

Proof. By Corollary A.8, the bosonization zH D B.V.q;a//#k� is a cocycle deformation
of the bosonization H D B.V.1; a//#k� . By Proposition 6.6, the double D.H/ has fgc.
Hence zH also has fgc, as claimed.

SinceH is free over B.V.q;a//, Theorem 6.7 together with [5, Theorem 3.2.1] implies
the following result.

Corollary 6.8. The Nichols algebra B.V.q; a// has fgc.

A. Cocycle-equivalence of Nichols algebras

In this appendix, we describe braided vector spaces over abelian groups and spell out con-
ditions for their Nichols algebras being twist-equivalent. Except in Corollary A.8, char k
is arbitrary.
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A.1. Braided vector spaces over abelian groups

Definition A.1. Let � 2 N. An ab-triple (of rank � ) is a collection T D .n;q; t/ where

• n D .nj /j2I� is a family of positive integers, normalized by n1 � n2 � � � � � n� ;

• q D .qij /i;j2I� is a matrix with invertible entries and

• t D .tij /i;j2I� is a family where tij 2 End knj satisfies tij D 0 when dimVj D 1 and
tiktjk D tjktik for all i; j; k.

An ab-triple is nilpotent if every tij is nilpotent.

We attach a braided vector space to an ab-triple .n;q; t/ by the following recipe. Let
V D

L
j2I�

Vj be a vector space with a decomposition such that dim Vj D nj for all
j 2 I� ; pick a basis of Vj , pull back tij to tij 2 EndVj and define c 2 GL.V ˝ V / by

c.x ˝ y/ D qij
�
y C tij .y/

�
˝ x; x 2 Vi ; y 2 Vj : (A.1)

The proof of the following result is left to the reader.

Lemma A.2. The pair .V; c/ is a braided vector space that can be realized over kƒ
kƒYD ,

where ƒ ' Z� with canonical basis ˛1; : : : ; ˛� , by

V˛i D Vi ; ˛i * x D qij
�
x C tij .x/

�
; x 2 Vj ; i; j 2 I� :

A.2. Cocycle equivalence

We start by discussing the relationship between cocycle deformation and bosonization, as
it appears in [30]. LetH be a Hopf algebra; let � WH ˝H ! k be an invertible 2-cocycle;
let H� be the Hopf algebra which is H as coalgebra and has multiplication

x �� y D �.x.1/; y.1//x.2/y.2/�
�1.x.3/; y.3//; x; y 2 H: (A.2)

Let now R be a Hopf algebra in H
HYD and A WD R#H the bosonization with canonical

projection and injection � WA!H and �WH ! A. Let �� WA˝A! k be given by �� WD
�.� ˝ �/; this is an invertible 2-cocycle on A. Then � WA�� !H� and �WH� ! A�� are
still Hopf algebra maps. Hence A�� ' R�#H� whereR� is a Hopf algebra in H�H� YD that
coincides with R as vector subspace of A, with multiplication

x �� y D �.x.0/; y.0//x.1/y.1/; x; y 2 R� : (A.3)

Lemma A.3 ([9, Lemma 2.13]). If R D
L
n2N0

R.n/ is a graded Hopf algebra in HHYD ,
then R� is a graded Hopf algebra in H�

H�
YD with R.n/ D R� .n/ as vector spaces for all

n � 0. Also, R is a Nichols algebra if and only if R� is.

A.3. Cocycles over an abelian group

We fix an abelian group � . Let � W� � � ! k� be a group 2-cocycle: �.gh; k/�.g; h/ D
�.g; hk/�.h; k/, for all g; h; k 2 � . Then the map # W� � � ! k� given by

#.g; h/ D �.g; h/��1.h; g/; g; h 2 �;
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is bilinear and antisymmetric. Let F� W
k�
k�YD ! k�

k�YD be the monoidal functor that
assigns V 7! F� .V / D V with the same grading and action

g *� v D #.g; h/g * v; g; h 2 �; v 2 Vh; (A.4)

where * is the action on V . The braiding c� in F� .V /˝ F� .W / is given by

c� .v ˝ w/ D #.g; h/c.v ˝ w/; v 2 Vg ; w 2 Wh; g; h 2 �: (A.5)

Fix V 2 ��YD and let A D B.V /#k�; as before � WA! k� and �Wk� ! A are the
canonical projection and the inclusion. Clearly, the linear extension � Wk� ˝ k� ! k of
� is a 2-cocycle as in the previous subsection. Let �� D �.� ˝ �/ be as above.

Lemma A.4. The Hopf algebra A�� is isomorphic to B.V /�#k� with the same comulti-
plication of B.V / and the multiplication given by

x:��y D �.g; h/xy; x 2 B.V /g ; y 2 B.V /h; g; h 2 �: (A.6)

Furthermore B.V /� ' B.F� .V //.

Proof. The first part follows from the discussion above; (A.6) is particular instance of
(A.3). For the second part we show that the degree one homogenous component of B.V /�
is F� .V / and apply Lemma A.3. If y 2 Vh, then

g:��y D �
�
g; �.y/

�
g��1.g; 1/C �.g; h/ gy��1.g; 1/C �.g; h/ gh��1

�
g; �.y/

�
D �.g; h/gy:

Similarly, .gy/:��g�1 D �.gh; g�1/gyg�1��1.g; g�1/ so the action is given by

.g:��y/:��g
�1
D �.g; h/.gy:��g

�1/ D �.g; h/�.gh; g�1/gyg�1��1.g; g�1/

D �.g; h/�.h; g/�1g * y D g *�� y:

Definition A.5 ([6], [9, Section 2.4]). Two braided Hopf algebras R and S are cocycle-
equivalent if there exist a Hopf algebra H and an invertible 2-cocycle � WH ˝H ! k
such that

• R is realizable in HHYD ;

• S is isomorphic to R� as a braided Hopf algebra.

The following definition extends [6, Lemma 4.3] and [9, Section 2.4].

Definition A.6. Two braided vector spaces .V; c/ and .V 0; c0/ arising from ab-triples
.n;q; t/ and .n0;q0; t0/ are twist-equivalent if

n D n0; t D t0; qi i D q
0
i i ; qij qj i D q

0
ij q
0
j i ; i; j 2 I� : (A.7)

Lemma A.7. If the braided vector spaces .V; c/ and .V 0; c0/ arising from the ab-triples
.n; q; t/ and .n0; q0; t0/ are twist-equivalent, then the Nichols algebras B.V / and B.V 0/

are cocycle-equivalent.
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Proof. By (A.7) there exists a linear isomorphism  WV ! V 0 preserving the decomposi-
tions V D

L
i2I�

Vi and V 0 D
L
i2I�

V 0i and intertwining the endomorphisms tij and t0ij .
We realize .V; c/ as in Lemma A.2. We consider the unique bilinear form � Wƒ�ƒ! k�,
hence a group 2-cocycle, given by

�.˛i ; j̨ / D

´
q0ij q

�1
ij ; i � j;

1; i > j:
(A.8)

We claim that  W V� ! V 0 is an isomorphism in kƒ
kƒYD . Clearly  preserves the

grading. Assume i � j and let x 2 Vi , y 2 Vj . Then

j̨ *� x
(A.4)
D �. j̨ ; ˛i /�

�1.˛i ; j̨ /qj i
�
x C tj i .x/

�
D .q0ij /

�1qij qj i
�
x C tj i .x/

� (A.7)
D q0j i

�
x C tj i .x/

�
I

˛i *� y
(A.4)
D �.˛i ; j̨ /�

�1. j̨ ; ˛i /qij
�
y C tij .i/

�
D q0ij

�
y C tij .i/

�
:

Thus  preserves the action ofƒ, hence it extends to an isomorphism‰WB.V� /!B.V 0/

of Hopf algebras in kƒ
kƒYD . Now B.F� .V // ' B.V /� by Lemma A.4.

The following statement is needed in the paper. Assume that char k D p is odd. Let
V.q; a/ and V.q0; a/ be two braided vector spaces as in Section 6 with the same � . By
hypothesis, qi i D q0i i D 1, and qij qj i D q0ij q

0
j i D 1, for all i; j 2 I� .

Corollary A.8. Assume that there exists a positive integer f such that

p divides f; (A.9)

ord qij divides f; ord q0ij divides f; 8i; j 2 I� : (A.10)

Let � D .Z=f /� . Then V.q; a/ and V.q0; a/ are realizable in k�
k�YD and there exists an

invertible 2-cocycle � Wk� ˝ k�! k such that B.V.q0;a// is isomorphic to B.V.q;a//�
as Hopf algebras in k�

k�YD .

Proof. The proof of the first claim on the realizations is straightforward using the hypothe-
ses (A.9) and (A.10). By (A.10), there is a unique bilinear form � W� � � ! k� given by
(A.8). Then the second claim follows as in the proof of Lemma A.7.
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