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The space of actions, partition metric
and combinatorial rigidity

Miklés Abért and Gabor Elek

Abstract. We introduce a natural pseudometric on the space of actions of d-generated groups. In
this pseudometric, the zero classes correspond to the weak equivalence classes defined by Kechris,
and the metric identification is compact. We achieve this by employing symbolic dynamics and an
ultraproduct construction which also facilitates the extension of our results to unitary representa-
tions. As a byproduct, we show that the weak equivalence class of every free non-amenable action
contains an action that satisfies the measurable von Neumann problem.

1. Introduction

Let (X, B, i) be a non-atomic standard Borel probability space. Unless otherwise speci-
fied, we assume (X, 8, u) is the unit interval equipped with the usual Borel subsets and
Lebesgue measure. An automorphism of (X, B, ) is defined as a measure-preserving
Borel isomorphism of (X, 8, ). We identify two isomorphisms if they act the same way
up to a nullset. We define Aut(X, 8, i) as the group of equivalence classes of automor-
phisms of (X, 8B, ). Using a dense sequence {A4,};2; in the measure algebra M (X, )
(see Section 2), one can define a metric on Aut(X, 8B, 1) as

8(p.¥) = 27" u(@(An) A Y (An)).

where A denotes symmetric difference. The metric § induces the weak topology on
Aut(X, 8, i). The metric space (Aut(X, B, i), §) is separable and complete, making
the group of automorphisms a Polish group.

For a finite alphabet S, let A(S) = Aut(X, 8, u)® denote the set of maps from S
to Aut(X, 8B, n). In other words, A(S) corresponds to the set of probability measure-
preserving (p.m.p.) actions of the free group Fgs on (X, 8, ). The metric § extends
to A(S) and defines the weak topology on it. For more details, see the book of
Kechris [11]. Note that the space A(S) contains all p.m.p. actions of groups generated
by |S| elements, where words in Fg that evaluate to 1 act trivially.

Inspired by a classical concept in representation theory, Kechris [11] introduced the
weak containment relation on A(S) as follows.
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Definition 1.1. Let f, g € A(S) be two Fg-actions. Then f weakly contains g (f > g)if
for any n > 2, Borel partition C : X — {1,2,...,n}, afinite set F C Fg and ¢ > 0 there
exists a Borel partition D : X — {1,2,...,n} such that

lu(fyDi N Dj) —u(gyCiNCj)l=e (1=<i,j<n, yeF),
where Cy = C~1(k) and Dy = D~ 1(k).

This means that the way g acts on finite partitions of the standard Lebesgue space can
be simulated by f with arbitrarily small error. The actions f and g are weakly equiv-
alent, f ~ g, if they weakly contain each other. If I" is a countable group, the weak
equivalence of probability measure-preserving actions of I' can be defined analogously to
the weak equivalence of Fg-actions.

One can immediately observe that if the actions f and g are conjugates, then they are
weakly equivalent. However, the converse is far from being true, for example, all essen-
tially free p.m.p. actions of the integers are pairwise weakly equivalent. Nevertheless,
Kechris [11, Proposition 10.1] gave an equivalent definition for weak containment that
involves the notion of conjugacy. Let f, g € A(S). Then f weakly contains g (f > g) if
C(g) € C(f) where the closure is in the weak topology [ 11, Proposition 10.1]. Here, C(g)
denotes the conjugates of g in A(S).

The aim of this paper is to introduce and study the notion of partition metric, a nat-
ural pseudometric on A(S) such that the zero classes are exactly the weak equivalence
classes and the metric identification of A(S) with respect to this pseudometric is compact.
In the following, we give a condensed description of how to define the partition metric.
For details, see Section 2.

One can extract the local structure of an action f € A(S) by taking the stabilizer
of a yu-random point in X. This gives a probability measure on the space of subgroups
of Fs invariant under conjugation by Fs. Such measures are called invariant random sub-
groups (IRS). The term was coined in [2], where it is proved that every IRS arises as the
stabilizer of a p.m.p. action. The IRS of an action encodes information about its freeness
but omits many other details. For instance, all free actions have trivial IRSs.

Proposition 1. Weakly equivalent actions have the same IRS.

For an IRS A, let A(S, A) (the fiber of A) be the set of actions in A(S) with IRS A.

The notion of symbolic dynamics can be extended from free actions to an arbitrary
element f € A(S) as follows. A Borel partition C : X — {1, ..., k} defines a colored
random rooted graph. This graph is constructed as the k-vertex-colored Schreier graph of
the action on the orbit of a p-random point of X. Applying the Hausdorff distance on the
set of k-Borel partition of X leads to the partition metric pd(f, g).

This introduces a third equivalent definition of weak equivalence, complementing
those given by Kechris. Specifically, two actions f and g are weakly equivalent if their
partition distance equals zero.
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Theorem 1. The function pd is a pseudometric on A(S). The zero classes of pd corre-
spond exactly to the weak equivalence classes. Also, the metric identification of A(S)
with this pseudometric is compact. Moreover, the fiber A(S, A) of any invariant random
subgroup A is compact as well.

This metric identification is referred to as the space of actions modulo weak equiv-
alence. The type of convergence within this space is called local-global convergence.
The notions of partition metric and local-global convergence come from graph con-
vergence theory. The partition metric has been introduced by Bollob4s and Riordan in
that setting [5]. Hatami, Lovdsz, and Szegedy [10] later developed the concept of local-
global convergence for sequences of finite graphs with bounded degrees, demonstrating
that graphings can serve as limit objects. The graph theoretic analogue of an IRS is a
unimodular random rooted graph that has been introduced by Aldous and Lyons in [4].

An intriguing property of the partition metric is that the weak equivalence class of an
action approximately satisfying a combinatorial property always contains an action sat-
isfying it exactly. We demonstrate this phenomenon on the measurable von Neumann
problem. A conjecture attributed to John von Neumann posits that any non-amenable
group contains a free subgroup on two generators. However, this conjecture is not uni-
versally valid, as non-amenable torsion groups exist [12]. Nevertheless, the conjecture
remains unresolved in the measurable setting, as stated below [9].

Problem 1 (Gaboriau-Lyons). Is it true that for any free p.m.p. action of a countable non-
amenable group I there exists a free p.m.p. action of [, on the same space such that for
p-almost all x € X, the x-orbits satisfy xF2 c xT9

The conjecture was settled in the affirmative for large enough Bernoulli actions by
Gaboriau and Lyons [9]. Using their result, we prove the following theorem.

Theorem 2. For any free p.m.p. action of a countable non-amenable group T, there exists
a weakly equivalent action for which Problem 1 has an affirmative solution.

The novel technique introduced in our paper is the use of ultraproducts. This allows
us to extend our results to unitary representations.

Remark 1. The first version of this paper was uploaded to arXiv more than ten years ago.
Since then, it has been cited and used in several research papers. Partly because of that,
we decided not to change the mathematical content in this version. We hope that we made
the exposition more clear.

The paper is built as follows. In Section 2, we define the basic notions and prove
some lemmas. In Section 3, we introduce the ultraproduct technique needed. We prove
compactness of the space of actions in Section 4. This will lead to the proof of Theo-
rem 2 in Section 5. In Section 6, we prove Proposition | and establish the equivalence of
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Kechris’ notion of weak equivalence and our version using symbolic dynamics. Finally,
in the short Section 7, we finish the proof of Theorem 1. Note that in a follow-up paper,
Tucker-Drob [14] defined another pseudometric on the space of actions using Kechris’
original notion and showed its compactness (using the ultraproduct technique).

2. Preliminaries

In this section, we provide the basic definitions and some relevant lemmas.

Invariant random subgroups and Schreier graphs. Let S be a finite set, and let the
group Fg act transitively by permutations on the pointed countable set X. We define the
Schreier graph of this action as follows: the vertex set is X, and for each s € S and ver-
tex x, there is an s-labeled edge going from x to x*. Let us root the Schreier graph at the
distinguished point of X. Then the Schreier graph is a rooted, connected, edge-labeled
graph. We identify Schreier graphs that are isomorphic as rooted, edge-labeled graphs. A
particular case is when H is a subgroup of g and the action is the right coset action:
we denote the corresponding Schreier graph by Sch(IFs/H, S), rooted at H. It is easy to
see that every Schreier graph can be obtained this way and that H can be obtained by
evaluating all the returning walks in the graph using the edge labels.

For an abstract alphabet S, let SC(S) denote the set of isomorphism classes of Schreier
graphs for the free group Fg. An external way to get an element of SC(S) is to take any
2|S |-regular graph and then label the directed edges by S U S™! such that the following
hold:

(1) for every vertex x and every s € S U S~1, there is exactly one s-labeled edge
leaving and arriving to x;

(2) for every directed edge, its label is the formal inverse of the label of the reverted

edge.

For two rooted Schreier graphs G; and G», let the distance d(G1, G,) = %, where r
is the maximal integer such that the r-balls around the root of G; and G, are isomorphic.
The metric d turns SC(S) into a totally disconnected, compact space. The group Fg acts
on SC(S) continuously by moving the root along the path that represents the acting word.

Let SCi(S) denote the set of rooted Schreier graphs together with a k-vertex color-
ing. We can define the metric similarly to that for ordinary Schreier graphs, just that we
consider vertex-colored isomorphisms of rooted balls in the definition of r. Again, this
metric turns SCx (S) into a totally disconnected, compact space, and Fg acts on SCg(S)
continuously by moving the root. Clearly, the color-forgetting map SC (S) — SC(S) is
a continuous [F g-equivariant surjection.

Let Sub(Fs) denote the set of subgroups of Fg. We can endow Sub(Fg) with the
topology inherited from the product topology on the set of subsets of Fg: {0, 1}Fs. This
turns Sub(Fg) into a compact space. The group Fg acts on Sub(Fg) continuously by con-

jugation. A random subgroup of Fg is called an invariant random subgroup (IRS) if its
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distribution is a Borel measure invariant under the conjugation action. The name IRS was
coined in [2].

For f € A(S), let the type of f be Stabpg (x) where x is a uniform p-random point
in X. It is easy to see that the type is an IRS of Fg. In [2], it is proved that every IRS
arises as the type of a p.m.p. action. For an IRS A, let A(S, 1) the fiber of A be the set
of actions in A(S) with type A. Another way to look at the type of an action f € A(S)
is to consider the Schreier graph of the action of Fg on the orbit of a uniform p-random
point in X, rooted at x. From this point of view, the type is a Borel probability distribution
on SC(S) that is invariant under moving the root. This identification matches with the
canonical bijection between SC(S) and Sub(Fy), so there is no ambiguity.

The partition metric. Let U(S) and Ug (S) denote the set of IF g -invariant Borel probabil-
ity distributions on SC(S) and SCg (S), respectively. Both sets are compact and metrizable
under the weak topology. Let ds and dg  denote the metrics on SC(S) and SCy(S),
respectively, which define the weak topology on these sets. Let us endow the set of com-
pact subsets of U (S), Comp(Ug (S)) with the Hausdorff metric dy,ys,s k- It is important
to note that both Ug (S) and Comp(Ug (S)) are compact metric spaces with respect to the
metrics defined above. Note that the Hausdorft metric dp,ys,s % depends on the choice of
the metric dg ;. However, the topology of Comp (U (.S)) does not.

For f € A(S) and a Borel partition C : X — {1,...,k}, let ‘Ilf : X — SC(S) be
the Borel map, where lI'J? (x) is the k-vertex-colored Schreier graph of the action of Fg
on the orbit of x (with x as the root). Then the push-forward measure (\IJj?)*(,u) is an
element of Ug(S).

Definition 2.1. By considering all possible k-Borel partitions C of X, the closure of
UC(\IJ}:)*(/L) gives us a compact subset H§ (f) € Comp(Ug(S)). This set is called the

global k-type of f.

Definition 2.2. Let f, g € A(S) be two actions. The k-partition pseudodistance pd; ( f, g)
is defined as follows:

pdy (f+ 8) = ditaus, 5.4 (U5 )a (). (¥ ().

Definition 2.3. The partition pseudometric, denoted as pd( f, g), is given by

o0

pd(fg) =) zik pdi (£, 8).

k=1

Thus, the actions f are encoded with the element [[7o; H § (f) of the compact
“codespace” [[re; Comp(Uk(S)). The main theorem entails that if for a sequence
of actions {f}52,, the associated codes are convergent to an element s of the space

[Tr2; Comp(Uk(S)), then we have an action f € A(S) such that s is the code of f.
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Unitary representations. Let I be a countable group and «, 8 : I' — U(H) be unitary
representations of I" on a complex separable Hilbert space H. We say that 8 weakly con-

tains (in the sense of Zimmer) [11] « if for any finite orthonormal system vy, va, ..., U,
in H, a finite set FF C I', and a real number ¢ > 0, there exists an orthonormal system
wi, W, ..., W, suchthatforany 1 <i,j,<mandy € F

e (y)vi, vj) — (B(Ywi, wj)| <e.

We say that two representations are weakly equivalent if they weakly contain each other
in the sense of Zimmer. Note that the original definition of weak containment and weak
containment in the sense of Zimmer are slightly different (see [11, Appendix H]). In our
paper, weak containment always means weak containment in the sense of Zimmer. We
say that a unitary representation « contains B, if f is isomorphic to a subrepresentation
of «. Now fix a unitary representation «. Let us consider the countable set of pairs (F, n),
where F' C I is a finite set and n > 1 is a natural number. For any such pair, we have a
product set pPXIFl = ¢ F.n, Where D is the unit disc of the complex plane. Let K r , (o)
be the closure of the set

{@ @ (a(y)vi,v;) | (v1,v2,...,v,) is an orth. syst.}

yeF 1<i,j<n

in Cr,. Again, we associate a closed subset Q(«) of a compact product set to a
representation by

Q@) =[[Krn@ C[]Cra

F,n F.n

The following lemma is straightforward.

Lemma 2.1. The unitary representation o is weakly equivalent to B if and only

if Q) = Q(p).
We shall prove the following analogue of Theorem 1.
Theorem 3. The image of Q is compact.

Measure algebras. In [11], the author uses the measure algebra formalism instead of
measure spaces. Similarly, we find the use of measure algebras advantageous in our proofs.
Hence in this subsection, we list some well-known facts about measure algebras and
group actions of measure algebras. A measure algebra M is a Boolean algebra with a
finitely additive measure u that is a complete metric space with respect to the distance
d(A, B) = u(AAB). If (X, u) is a Lebesgue probability space, then the equivalence
classes of Borel sets (two sets are equivalent if their symmetric distance has measure zero)
form a measure algebra, the Lebesgue algebra. Any separable atomless measure alge-
bra is in fact isomorphic to the Lebesgue algebra. In general, if (X, #4, i) is a measure
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space with a sigma-algebra, then M (X, ) denotes the associated measure algebra. Let
o M(X,pn) = M(Y,v) be an injective (measure-preserving) homomorphism between
measure algebras. Then there exists a surjective Borel map @, : ¥ — X such that for any
Borel set A C X, ®;1(4) = a(A), where A denotes the element of the measure algebra
represented by the set A.

Definition 2.4. Let ¢ : Fg — Aut(M(X, p)) be a representation of Fg by measure alge-
bra automorphisms. Then there exists fy € A(S) such that for any y € Fg and Borel
set A, v (y)(A) = Jw(¥)(A). The action fy is called the action associated with .

If v :Fs > Aut(M(X, n)) and ¢ : Fs — Aut(M(Y, v)) are representations and
o M(X, u) - M(Y,v) is an injective measure-preserving isomorphism commuting
with the representations, then the associated map ®, commutes (up to null sets) with
the associated actions fy., fo € A(S). Then we say that fy contains fy.

3. The ultraproduct technique

The main technical tools in our paper are the ultraproducts of actions and representations.
In this section, we briefly recall the construction of ultrapowers of probability measure
spaces from [7]. Let (X, u) be a standard Borel probability measure space and w be a
nonprincipal ultrafilter. Let lim,, be the associated ultralimit lim,, : /°° — R. The ultra-
power of the set X is defined in the following way. Let X = [172, Xi, where each X; is
a copy of our X, equipped with the atomless probability measure u, that we denote by w;
to avoid confusion. We say that p = {p;}$2,,4 = {¢i}72, € X are equivalent, j ~ 7, if

{ieN|p =q}eow.

Define X := X / ~. Now let #(X;) denote the Boolean algebra of Borel subsets of X;,
with measure ;. Then let P = [172, #(Xi) and P = [/;/I where [ is the ideal of ele-
ments {4; }°2, suchthat {i € N | A; = @} € w. Notice that elements of & can be identified
with certain subsets of X: if

7=[Hpi}i21€X and A=[{4;}{2,] € P,
then p € A if and only if {i € N | p; € A;} € w. Clearly, for A = [{4;}22,] and
B = [{B;}72,], the following hold:
o AT =[{AgR,
. B =[{A4; UB;}2 ],
B = [{4; N B;}2 ]

Thus, & forms a Boolean algebra on X. An important subalgebra of P, denoted P’, is
associated with sequences where, for a Borel set A € X, A; = A for all i. Clearly, the

AU
AN
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Boolean algebra &’ is isomorphic to the Boolean algebra of Borel sets of X. Define
(A) = limy, w;(A;). Then & : # — R is a finitely additive probability measure. We
will call A = [{4;}52,] the ultraproduct of the sets {A4;}52 ;.

Definition 3.1. N C X is a nullset if for any ¢ > 0 there exists a set A, € P such
that N C A, and 71(A4,) < . The set of nullsets is denoted by .

Definition 3.2. We call B € X a measurable set if there exists B € # such that
BABeN.

Proposition 2 ([7, Proposition 2.2]). The measurable sets form a o-algebra B, and
w(B) = w(B) defines a probability measure on B,. We denote this measure space

by (X, 10).

It is important to note that the measure algebra of this space is not separable.
Let { f7}22, C A(S). The ultraproduct of these actions f is defined in the following
way:

FyUpif2iD) = [y (pi)}32,].

This way we defined a measure-preserving action of Fg on the ultraproduct space.
If fi = f forall i, then f = f, is called the ultrapower of f. A o-algebra B! C B,
is Fg-invariant if, forany y € Fg and U € 8., f,(y)(U) € B,,.

Proposition 3. Let f € A(S) and f, be its ultrapower. Let 8B, be an Fg-invariant sep-
arable subalgebra of B, on X containing the algebra P’'. Then the associated Fg-action
g € A(S) (see Definition 2.4) is weakly equivalent to f.

Proof. The measure algebra M (X, &#’) is isomorphic to the measure algebra M (X, 1),
hence g contains f.

Now let 4 : X — {1,2,...,k} be a measurable partition of X such that A~1(i) € B,
and let V1, Va, ..., Vi be elements of 2 such that (A~ (i)AV;) = Oforany 1 <i <k.
Then we have a sequence of Borel partitions {X = V] U Vi...U Vki }$2, such that
[{V/}i2,] = Vjforany 1 < j < k. By definition, for any ¢ > 0 and y € Fy, the set

AL = V0 (V) =BV N gy V)| < &)
is in the ultrafilter w. Therefore, the action f* weakly contains the action g. ]

Proposition 4. Let f and f, be as described earlier. Suppose h € A(S) is weakly
contained in f. Then there exists an Fg-invariant separable subalgebra B, of B,
containing P’ such that the associated Fg-action g contains h.

Proof. Tdentify X with the product space [[{0, 1}, equipped with the usual product mea-
sure . If s is a 0 — 1-string of length k, let As be the elements of X starting with the
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string 5. Let St(n) denote the set of strings of length n. Let y;, y2, ... be an enumeration
of the elements of Fg. By our assumption, for any n > 1, there exists a Borel partition
of X into 2" pieces

such that for any 1 <i < k and strings s,, 5, we have that

1
l(Bg, N fy, ng) — Ay, NIy, Ag,)| < T

Notice that for k < n, B} is well defined if s is a string of length k. Simply let

B'= J B
s; starts with s
Observe that |
|(BS N fy, Bg) — n(As N hy, Ag)| < on
if the strings s and s’ have length not greater than 7.
Let By = [{B}2,]. Then clearly,

E(B_s N fw()’)B_s’) = pu(4s N hyAs/)

for all strings s, s’ and y € Fg. Hence the subalgebra €,, generated by the sets By is I
-invariant and Fs-equivariantly isomorphic to the measure algebra of (X, ut). Therefore,
if B/, contains €, then the associated action f;, contains /. [ ]

The following corollary was also proved in [6, Proposition 4.7]

Theorem 4. If f € A(S) weakly contains h € A(S), then there exists g € A(S) that is
weakly equivalent to f that contains h.

3.1. The ultraproduct of unitary representations

Let H be separable, complex Hilbert space and o, o5, . . . be unitary representations of
the countable group I'. We define the ultraproduct of the representations in the follow-
ing way. First, we recall the notion of the ultrapower of H. Let [],—;H be the set of
bounded sequences in H, and let V C [];2, H be the set of vectors {v,}22 | such that
limy, (v, v,) = 0. Clearly, V is a subspace of [[7—; H with a well-defined inner product

on[[,2, H/V =[], H by

({vnnzi)s Bwntpzg]) = licgn(vn, Wn),
where [{v,}°2,] denotes the element in [], H representing {v,}3>, € [[72, H. It is
a standard result that [ [, H is a nonseparable Hilbert space. The ultraproduct action is

defined by
2o (V) () = [{an(y)(Wn)}pZ4].
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Clearly, o is a unitary representation of I'. Again, we consider the special case,
when a, = o for all n > 1. Let H C [1, H be the subspace consisting of vectors in
the form [{v; }$2,], where v; = v; for any i, j > 1. Then we have the following analogue
of Proposition 3.

Proposition 5. Let HCKCcC [1, H be a separable T -invariant subspace. Then the
restriction of a, on K is weakly equivalent to «.

Proof. Clearly, «, weakly contains «. It is enough to show that o weakly contains o,.
Letv,,v,,...,v;, € K, F C I" be a finite set and & > 0, where v; = [{v}]}52,]. Let

Syij = {n [ Ha@)vi', vf) = {@w(y)y;, ;)] < &}

By the definition of the ultraproduct, Sy,;,; € @. Hence (e (\i<i j<k Syi,j € @ as
well. Thus the lemma follows. m

Now we prove the analogue of Proposition 4.

Proposition 6. Let « : I' — U(H) be a representation that weakly contains the repre-
sentation § : I' — U(H). Then there exists § : I' — U(H) weakly equivalent to o that
contains §.

Proof. Let{v,}52, be an orthonormal basis for H . Enumerate the elements of I', {y; }
Since a weakly contains §, there exists an orthonormal system w{’, w3, ..., w; such that
forany 1 <1i, j,k <n,

[}
i=1"

1
e (yiywy. wie) = (8(vi)vy vi)l < -
Letw; = [{w/};2,] € [1, H, where w? =0if n < j. Then forany i, j, k > 1,
(o (yi)w;, we) = (8(yi)vy, vi).

Hence «, restricted to the I'-invariant subspace generated by H and the vectors {w; }f‘;l
contains 4. u

4. Compactness

4.1. The combinatorics of finite balls

Define U™ as the finite family of r-balls (up to rooted, labeled isomorphisms) around
the roots of Fg-Schreier graphs, that is, elements of SC(S). We apply the following
convention. If x, y € V(k), k € U™, and

d(root(k), x) = d(root(x),y) =r,
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then x and y are not adjacent in «. That is, we set vertices on the boundary to be non-
adjacent. Let WS be the set of reduced words of length at most 7 in Fg. For x € U"S,
we have a partition P, of WS

w1 =p, W2

if wj(root(k)) = wy(root(x)). By our convention, k; = k; if and only if P, = Py,.
For f € A(S),let Wy : X — SC(S) be the Borel map, where Wy (x) is the Schreier graph
of the action of Fg on the orbit of x (with x as the root). For a point x € X, we call the r-
ball around W, (x) the r-ball type of x with respectto f.If k € U™ then T (k) € SC(S)
denotes the set of Schreier graphs G such that B, (root(G)) ~ k. Clearly, T (k) is a clopen
set. Define
T(k. f) = U7 (T ()

as the measurable set of points x € X such that the r-ball type of x is k.

We also consider labeled balls. Let U™S- be the finite set of all [ vertex label-
ings of the elements of U”S, up to rooted labeled isomorphisms. Thus we have a map
U™S! — U™S mapping a vertex labeled graph to the underlying unlabeled graph. Again,
for ¥ € U™S, T(K) denotes the set of elements o € SC;(S) such that the r-ball around
the root of & is isomorphic to k. If f € A(S)and D : X — {1,2,...,1} is a Borel par-
tition, then the r-ball around the root of \IIJP (x) is called the (7, )-ball type of x with
respect to f and D. For & € U5, we denote by T'(%, f, D) the set of vertices x € X
with (r, [)-type k.

4.2. The compactness of the global types

We begin with a simple lemma.

Lemma 4.1. Let {f,}72, C A(S) be a sequence of actions. Also, let {A, | X —
{1,2,...,1}}52, be a sequence of partitions and [, respectively, A be their ultraproducts.
Then for any & € U5,

lim (TR, fo. An)) = F(T®. [ A)).

Proof. Let x, € X, and X := [{x,}52,]. Then, the (r, /)-ball type of x with respect to 7
is ¥ if and only if the set of numbers n for which the type of x, with respect to f; is ¥ is
an element of the ultrafilter w. Hence

[{T(E’ fn» An)}fto=1] = T(E7 ?»2)7

and the lemma follows. [

n=

compact subsets of Ug (S') with the Hausdorff metric.

Now let { f,,}°2, be as above such that H § (f) is a Cauchy sequence in the space of

Lemma 4.2. We have that
lim HE(f) = HECP). .1)
n—>00
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Proof. Let p € Hk(f) where p = (\IJA) (n) with 4 = [{4, 192;]. By Lemma 4.1, it
follows that

m(¥ ")« (1) = p.
Recall that the ultralimit with respect to w is Xvell defined for any compact metric
space. If 11ma,(l11 ")« (1) = p, then hmkﬁoo(\ll N (/,L) = p for some subsequence.
This proves that for all k > 1 we have that hrn,,_,oo H (fn) contains H k( f). Now

let {(\IJ ")u()}52, be a sequence in Ui (S) converglng to an element p. Then by
Lemma 4. 1, we have that p € Hp S(f). Therefore, H (f) contains lim,_ s H (fn)- =

Proposition 7. The set {[[r—, HX(f)} is compact in [, Comp(Ug(S)).

SEA(S)

Proof. Let{ fu}o> ;. f be as in the previous lemmas. By Lemma 4.2, it is enough to prove
that there exists g € A(S) such that for all k > 1, Hk(g) Hk (f) holds.
Let € C B, be an Fg-invariant separable subalgebra. Then,

y(w;’»w) < EJ(‘I’%)*(M),

where the left-hand side is taken over the set of all €-partitions and the right-hand side
is taken over the set of all B, -partitions. Therefore, if we pick € in such a way that
Ua (\IJ%,)*(/L) contains a dense subset of H§ (f), then H§ (g) = H§ (f), where g is the
action associated to €. ]

Proof of Theorem 3. We need to show that the space of representations modulo weak
equivalence is compact. Let {@;}72, be a sequence of unitary representations on the
Hilbert space H such that {Q(«;)}72, is convergent, that is, for any finite set F C I’
and n > 1, {KF(a;)}72, converges to some compact set L, in the Hausdorff metric.
We need to prove that there exists a representation « such that Kr , (o) = L F , for any F
and any n. Let «,, be the ultraproduct of the o;’s on [, H. For eachi > 1 and k > 1,

pick orthonormal systems {v; >¥)n_ | such that

K, ke,
D D (v =2k,
yeF 1<p,q<n
and the set {ZF }%=; is dense in LF . Let T8 = [{v’ k. 241 Let K be the I'-invariant
subspace of ]_[w H generated by H and the vectors | J Fan Uizs U P v n. Let o be the
restriction of the ultraproduct action ¢, onto K. By definition, Lr , € K ,(c) for any F

and n. Now we prove the converse. Let x € Kr ,(«). Fix a real number ¢ > 0. Then there
exists Wy, Wy, ..., W, € ]_[w H such thatforany y € Fand1 <i,j <n

Ko ()w;, w;) — xyi | <e,

where x,,; ; is the coordinate of x associated to the triple (y, i, j). By the definition of
the ultraproduct, there exist orthonormal systems {tk, té‘, e, t,’f },2":1 C H such that for
anyl < p,g<n

hm(ak(J/)t, AF) = (a()w;. w)).
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Hence we have a subsequence {ny }7> , such that
lim {a, ()™, %) = (a(y)w;, w;) (4.2)

k—o00
for any triple (y,i, j) as above. Therefore, there exists an element y € L r , such that each

coordinate of y differs from the corresponding coordinate of x by at most . Consequently,
Lrn = Krn(@). "

Remark. In [6, Corollary 4.5], the authors prove an interesting compactness result: if
{a,}22, C A(S) is a sequence of actions, then there is a subsequence ng <n; <np:--
and {by, }3>; C A(S) such that a,, ~ by, and {by, }32, converges in A(S) in the weak
topology.

The reader may ask what is the relation of this result to our compactness theorem. In
fact, the two theorems are independent as they use a different topology. The result stated
in [6, Corollary 4.5] does not concern the compactness of the space of weak equivalence
classes since it is quite possible that the sequence {a, }5> , converges to an action a € A(S)
and the sequence {by, }y>, converges to an action b € A(S) such that a and b are not
weakly equivalent. Indeed, let a,, = a for each n > 1, where a is a free action of the free
group Fg that is not weakly equivalent to the Bernoulli action b. Such actions exist, for
example, by [1]. By a result of Abért and Weiss [3], a weakly contains b. This implies that
there exists a sequence of actions {b, }52, such that b, is equivalent to a, and {b,}5>,
converges to b (here we used the definition of weak containment given in the Introduction).

5. The proof of Theorem 2

Before starting the proof of the theorem, let us make some remarks. Weak equivalence of
group actions shows some similarity to orbit equivalence of group actions. It is known that
all free ergodic actions of a countably infinite amenable group are both weakly equivalent
and orbit equivalent. By Epstein’s theorem [8], for any non-amenable countable group I',
there exist uncountably many pairwise orbit-inequivalent free actions of I". On the other
hand, it is proved in [1] that for several non-amenable groups, there exist uncountably
many pairwise weakly inequivalent actions. According to Popa’s superrigidity theo-
rem [13], there exist free actions o of Kazhdan groups I' that are rigid in the sense that
if another action is orbit equivalent to «, then the two actions are in fact isomorphic.
In [1], it was shown that if two strongly ergodic profinite actions of a countable group
are weakly equivalent, then they are isomorphic. This is however somewhat weaker than
actual rigidity.

Question 5.1. Does there exist a countable group I" with a weakly rigid action?

Remark. After this paper was out on arXiv, Robin Tucker-Drob proved that such weakly
rigid actions do not exist [14]. We leave the question here for historical consistency.
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Proof of Theorem 2. Let I" be a countable group and o : I' ~, (X, ) be a free action of T".
According to a recent result of Abért and Weiss [3], @ weakly contains all the Bernoulli
actions of I". By [6, Proposition 4.7], there exists an action 8 : I' ~, (Y, v) that is weakly
equivalent to o and contains the Bernoulli action § : ' ~, [0, 1]¥

map 7 from Y to [0, 1]¥ commuting with the I'-actions. By the theorem of Gaboriau and
]I‘

. That is there exists a

Lyons, there exists a free p.m.p. action y of the free group of two generators on [0, 1
such that for any ¢ € F, and almost all y € [0, 1]T, y(¢)(y) = g(y) for some g € T,
where g(y) is the image of y under the Bernoulli action. Now we define the action y’ of IF»
on (Y,v) the following way. Let x € Y, then y’(¢)(x) = B(g)(x) if y(¢) (7 (x)) = g(7w (x)).
Clearly, y’ is a free action of I, satisfying the condition of Theorem 2. ]

6. The weak equivalence notions are equivalent

The goal of this section is to prove that our definition of weak equivalence and Kechris’s
original definition is, in fact, equivalent. That is, the following theorem holds.

Theorem 5. The actions f, g € A(S) are weakly equivalent if and only if for any k > 1,
H§(f) = H(g).

The “if” part is easy. Let C : X — {1,2,...,k} be a Borel partition. Let {C" | X —
{1,2,...,k}}5, be a sequence of Borel partitions such that

lim (UE"). (1) = (W) ()
n—oo
in the weak topology. Then for any finite set F C Fg and ¢ > 0,
(G NCH) —u(gyCinC)l<e (1=i.j=nyekF),

provided that » is large enough.
The “only if” part is more complex and will be demonstrated in the next two
subsections.

6.1. The proof of Proposition 1

First, we have the following lemma.

Lemma 6.1. Let f.g € A(S) be Fs-actions. Assume that for everyr > 0 and k € U™,
it holds that u(T (k, f)) = u(T (x, g)). Then, the IRSs of [ and g coincide.

Proof. Invariant random subgroups are invariant measures on the compact totally dis-
connected space Sub(Fg) which we identified with SC(S) in Section 2. Thus it is
enough to show that for any clopen subset 7' (k) € SC(S), it holds that /L(\IJJTI (T(x))) =
w(W; (T (x))) (see Section 4.1). However by definition, /L(‘-Iijl(T(K))) = u(T(k, 1)),
M(W;l(T(/c))) = u(T (k, g)), thus the lemma follows. |



The space of actions, partition metric and combinatorial rigidity 15

So, we need to prove that if f, g € A(S) are weakly equivalent, then for every r > 0
and k € U™S, we have that u(T (k, f)) = u(T (k. g)). The following technical lemma
will be crucial.

Lemma 6.2. Let f € A(S). Then for any r > 0 and § > 0, there exist a positive

integer n, g r and a finite partition X = U:L;Elf L; U E, s, ¢ with the following properties.

(1) w(Ersz) <.
(2) Each L; is a subset of T(k, f) for some k € U™S. We denote this element k
by T(L).

() Ifwy,wy € WS and wy #p,_,, | Wo, then

o(L;)
fw1(Li) N fU)z(Li) =40.

The equivalence relation =p, has been defined in Section 4.1. Note that by our
second condition, if wq =P.1, W2 then fu,(Li) = fuw,(Li).

Proof. According to Luzin’s theorem, there exists a compact set Cs C X such that
w(X\Cs) < %, and all the coordinates of f € A(S) = Aut(X, )5 are continuous on Cs.
Let x € Cs. Define A(x) by

Ax) = dx (fu, (X), fw, (X)),

inf
wi,w2€W"S, fuy (X)# fuy (x)
where dy is the standard metric on the unit interval X . Note that A(x) = 0 if and only if x
is a fixed point of the action f. Let y > 0 be a real number such that

,u(x|0<)t(x)<)()<g.

By uniform continuity, there exists an ¢ > 0 such that if x, y € Cs and dx (x, y) < ¢, then
dx (fi (x), fw(»)) < x forany w € WS Now let E.s5.r=X\Cs U{x|0<A(x) <y}
For k € U™, choose an arbitrary finite partition of 7 (k, )\ E r8,f by subsets of diameter
less than ¢. Let L be such a subset, x, y € L and wy #p, wo. Then dx (fu, (x), fuw, (X)) > x

and dx (fuw,(x), fuw,(¥)) < x. Hence fu,(x) # fu,(y), thatis, fu, (L) and fy,(L) are
disjoint subsets. ]

We fix the integer r > 0 and § > 0 until the end of the proof of Theorem 5.

Now, let us introduce the notion of height for r-types. The set U5 is an ordered set,
where k < A if Py is a refinement of P,. The height function A4, : U” S N is defined
in the following way. If k is a minimal element, then let A, (k) = 1, ,(1) = h;1(1).
If k is a minimal element in U"S\X,(1), then let h, (k) = 2, ,(2) = hl(2). It
3-(1), Z,(2), ..., 2, (k) are already defined, then let &, (k) = k + 1 if k is minimal
in the set U5\ | J¥_, =,(/) and let &, (k + 1) = b7 (k + 1).

Let P := J/24/ L; U E, 5.5 be a partition of X satisfying the conditions of
Lemma 6.2. Let p > 0. We say that a partition P := | J;=’/ L? U Eia,f is a p-simulation
of P if
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(D) |p(Li) = (L)) < pforany 1 <i <nps, .

@) 11wy (Li) O fu, (L)) = 108wy (L) N gup (L)) < pforany 1 <i, j <n,5 s
and wy, w, € WHS,

Note that by weak equivalence, such p-simulations must exist.

Lemma 6.3. Letk € U™S. Then

lim Supu( U L;.’\T(K,g)) <38 (6.1)

p=0 LiCT(k,f)
Proof. Forl <i <n,s r,let
LY = {x € L | gu, (x) # gu, (x) if wy #p, ) wa}. 6.2)

Observe that if x € Zf , then the r-ball type of x with respect to g is less than or equal to
the r-ball type of x with respect to f. Also, by the definition of a p-simulation

lim p(Lf) = p(Li). 6.3)
p—0
Now we need another lemma to proceed. ]

Lemma 6.4. Foranyn > 1,

,L( U T()L,f))—ﬂ( U T(A,g))

Ashr(A)=n Ashr(Q)=n

<. (6.4)

Proof. By definition,
u( U m,f)) < Y o+,
Ahr(A)<n i,hr(Li)<n
where A, (L;) is defined as i, (A),if L; C T(A, f). Also,
u( U T(k,g)) > Y
Ahr(AM)<n i,hr(Li)<n
by the observation after (6.2). Hence by (6.3),
u( U m,g)) > u( U T(M)) ~5.
Ahr(A)<n Ay (A)<n
Since f weakly contains g, the reverse inequality must hold:
(U ran)ze( U )-8
Ahr(A)=n Ahr(A)=n
That is,

<é. n

'u( U T(A,f))—u( U T(A,g))
Ak (A)<n

Ahr(A)=n
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Now we finish the proof of Lemma 6.3. By the definition of the subset L;’s, it follows

that
',L( U T(A,f))— > n

Ay (A)<hy (k) Li,hy(Li)<hr (k)
By the observation after (6.2), if x is an element of | J; ;. 7. 1) zf\T(K, g), then the
r-ball type of x with respect to g is strictly smaller than &, (x). Also, if x € Lf and
h(L;) < hr(x), then the r-ball type of x with respect to g is strictly smaller than A, (x),
as well. Therefore, we have that

U r@e92 U v |J IATk.e.

Ashr (A)<hy (k) Johr (Lj)<hy (k) Li,LiCT (k. f)

<. (6.5)

Thus by (6.3), if p is small enough, then

u( U T(l,g))z( > M(Lj))—5+u( U Lf\T(K,g)).

Aok (W) <hy (k) Johr (Lj)<hy () Li,LiCT(x,f)
(6.6)
Adding up the inequalities (6.4) (forn = h, (k) + 1), (6.5), and (6.6), we get the statement
of Lemma 6.3. u

Now we finish the proof of Proposition 1. Since Lemma 6.3 holds for arbitrarily
small positive § and limy—q u(L?) = u(L;) holds for all 1 <i <n,s s, we get that
(T (k,g)) < u(T(k, [)). As the reverse inequality must also hold, we have the equation

(T, g)) = u(T (ke 1))

This finishes the proof of Proposition 1. |

6.2. The end of the proof of Theorem 5

The following lemma is a straightforward consequence of [11, Proposition 10.1], which
was previously mentioned in the Introduction. We leave the details for the reader to verify.

Lemma 6.5. The following statements are equivalent for f, g € A(S):

*  f weakly contains g.

e Foranym,n,k,l > 1,68 >0, finite set F C T, and partitions A: X —{1,2,...,k}, B:
X —{1,2,...,1}, there exist partitions C : X — {1,2,...,k}, D: X —{1,2,...,1}
such that forall 1 <ry,ra,....rhm <k, 1 <q1,92,....qn <L, v1,¥2,....Vm € F
and81,52,...,8,, e F

‘u«( N s©on) s, (Dq,)) - u( M en ) 0 () s, (Bq,->)
i=1 j=1 i=1 j=1

Now let C : X — {1,2,...,1} be a Borel partition of X. It is enough to prove that for
any ¢ > 0 and r > 0, there exists a partition C' : X — {1,2,...,[} of X such that

(T (T @) = () (T @) < £ (6.7)

< 4.
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holds for all ¥ € U5, Indeed, it means that Hé (f) < Hé (2).
For the rest of the proof, we fix an integer r > 0 and a real number § > 0. Let
Ts = Un”s’f L; U E, s r be a Borel partition of X as in Lemma 6.2. We say that a pair

i=1
of partitions of X, (C*, T(gp ) is a p-simulation of the pair (C, Ty) if
. T8p is a p-simulation of Ty,

« forany ¥ € U™S* and L; C T([<], f), we have

(10 N e ) =n(tin () S @)

w»;eW”S ijWr’S

< p, (6.8)

where k' (w;) denotes the label of w; (root(k)) in k¥ and [«] denotes the underlying r-ball
type of k. By Lemma 6.5, such p-simulation exists.

Now by definition,
TR0 [ fu-1(Crwy) = TR, £.C). (6.9)
ijWr’S
Similarly,
T(R.9N () gu-1(Crw;) =T .g.C). (6.10)
ijWr’S

Hence by the definition of the L;’s, we have

‘u( g (Lm N fw,-I(CE(wj))))_(‘IJJ?)*(/L)(T(E)) <8, (6.11)

Li,LicT([].f) wj WS

Also, by (6.10), we have

‘u( U (L,f’ N gwj-l(c;m,))))—(wgc)*(m(T(%))

Li,L;CT([K]./) wjEWnS

<u((r@en U w)o( U mvr@e)) e

L;,L;CT([k],f) L;,L;CT([k],f)

Therefore, by Lemma 6.3, and the fact that u (7' ([], f)) = u(T([], g)), if both § and p
are sufficiently small, then

[(UE) (T @) = (¥ )w (T ®))] < ¢

holds. This finishes the proof of Theorem 5. ]

7. The proof of Theorem 1

Finally, we are able to prove Theorem 1. By Theorem 5, the weak equivalence classes
correspond exactly to the zero classes of pd. Also, by Proposition 7, the metric space of
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the zero classes is compact. The compactness of the fiber A(S, 1) follows directly from
the definition of the partition pseudometric pd. This finishes the proof of Theorem 1. =
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